
à x HA + B Sinh@c + d xDL
Ha + b Sinh@c + d xDL2

âx

� Derivation: Integration by parts

� Rule: If  a A + b B = 0, then

à x HA + B Sinh@c + d xDL
Ha + b Sinh@c + d xDL2

âx �
B x Cosh@c + d xD

a d Ha + b Sinh@c + d xDL -
B

a d
à Cosh@c + d xD
a + b Sinh@c + d xD âx

� Program code:

IntAx_*IA_+B_.*Sinh@c_.+d_.*x_DM�Ia_+b_.*Sinh@c_.+d_.*x_DM^2,x_SymbolE :=

B*x*Cosh@c+d*xD�Ha*d*Ha+b*Sinh@c+d*xDLL -

Dist@B�Ha*dL,Int@Cosh@c+d*xD�Ha+b*Sinh@c+d*xDL,xDD �;
FreeQ@8a,b,c,d,A,B<,xD && ZeroQ@a*A+b*BD

IntAx_*IA_+B_.*Cosh@c_.+d_.*x_DM�Ia_+b_.*Cosh@c_.+d_.*x_DM^2,x_SymbolE :=

B*x*Sinh@c+d*xD�Ha*d*Ha+b*Cosh@c+d*xDLL -

Dist@B�Ha*dL,Int@Sinh@c+d*xD�Ha+b*Cosh@c+d*xDL,xDD �;
FreeQ@8a,b,c,d,A,B<,xD && ZeroQ@a*A-b*BD
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à Sinh@a + b xDm Tanh@a + b xDn âx

� Reference: G&R 2.423.18'

� Derivation: Algebraic expansion

� Basis: Sinh@zD Tanh@zD = Cosh@zD - Sech@zD
� Rule:

à Sinh@a + b xD Tanh@a + b xD âx �
Sinh@a + b xD

b
- à Sech@a + b xD âx

� Program code:

Int@Sinh@a_.+b_.*x_D*Tanh@a_.+b_.*x_D,x_SymbolD :=

Sinh@a+b*xD�b - Int@Sech@a+b*xD,xD �;
FreeQ@8a,b<,xD

� Reference: G&R 2.423.34'

Int@Cosh@a_.+b_.*x_D*Coth@a_.+b_.*x_D,x_SymbolD :=

Cosh@a+b*xD�b + Int@Csch@a+b*xD,xD �;
FreeQ@8a,b<,xD

� Rule: If  m + n - 1 = 0, then

à Sinh@a + b xDm Tanh@a + b xDn âx �
Sinh@a + b xDm Tanh@a + b xDn-1

b m

� Program code:

Int@Sinh@a_.+b_.*x_D^m_*Tanh@a_.+b_.*x_D^n_,x_SymbolD:=

Sinh@a+b*xD^m*Tanh@a+b*xD^Hn-1L�Hb*mL �;
FreeQ@8a,b,m,n<,xD && ZeroQ@m+n-1D

Int@Cosh@a_.+b_.*x_D^m_*Coth@a_.+b_.*x_D^n_,x_SymbolD :=

Cosh@a+b*xD^m*Coth@a+b*xD^Hn-1L�Hb*mL �;
FreeQ@8a,b,m,n<,xD && ZeroQ@m+n-1D
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� Derivation: Integration by substitution

� Basis: If  m, n,
m+n-1

2
Î Z, then Sinh@zDm Tanh@zDn =

I-1+Cosh@zD2M m+n-1

2

Cosh@zDn ¶zCosh@zD
� Note: This rule is used if  m + n  is odd since it requires fewer steps and results in a simpler antiderivative than the other rules in this section.

� Rule: If  m, n,
m+n-1

2
Î Z, then

á Sinh@a + b xDm Tanh@a + b xDn âx �
1

b
SubstBá

I-1 + x2M m+n-1

2

xn
âx, x, Cosh@a + b xDF

� Program code:

Int@Sinh@a_.+b_.*x_D^m_.*Tanh@a_.+b_.*x_D^n_.,x_SymbolD :=

Dist@1�b,Subst@Int@Regularize@H-1+x^2L^HHm+n-1L�2L�x^n,xD,xD,x,Cosh@a+b*xDDD �;
FreeQ@8a,b<,xD && IntegersQ@m,n,Hm+n-1L�2D

� Basis: If  m, n,
m+n-1

2
Î Z, then Cosh@zDm Coth@zDn =

I1+Sinh@zD2M m+n-1

2

Sinh@zDn ¶zSinh@zD

Int@Cosh@a_.+b_.*x_D^m_.*Coth@a_.+b_.*x_D^n_.,x_SymbolD :=

Dist@1�b,Subst@Int@Regularize@H1+x^2L^HHm+n-1L�2L�x^n,xD,xD,x,Sinh@a+b*xDDD �;
FreeQ@8a,b<,xD && IntegersQ@m,n,Hm+n-1L�2D

� Reference: G&R 2.411.1, CRC 567a

� Rule: If  m > 1 ì n < -1, then

à Sinh@a + b xDm Tanh@a + b xDn âx �
Sinh@a + b xDm Tanh@a + b xDn+1

b m
-

n + 1

m
à Sinh@a + b xDm-2 Tanh@a + b xDn+2 âx

� Program code:

Int@Sinh@a_.+b_.*x_D^m_*Tanh@a_.+b_.*x_D^n_,x_SymbolD :=

Sinh@a+b*xD^m*Tanh@a+b*xD^Hn+1L�Hb*mL -

Dist@Hn+1L�m,Int@Sinh@a+b*xD^Hm-2L*Tanh@a+b*xD^Hn+2L,xDD �;
FreeQ@8a,b<,xD && RationalQ@8m,n<D && m>1 && n<-1

� Reference: G&R 2.411.2, CRC 567b

Int@Cosh@a_.+b_.*x_D^m_*Coth@a_.+b_.*x_D^n_,x_SymbolD :=

Cosh@a+b*xD^m*Coth@a+b*xD^Hn+1L�Hb*mL +

Dist@Hn+1L�m,Int@Cosh@a+b*xD^Hm-2L*Coth@a+b*xD^Hn+2L,xDD �;
FreeQ@8a,b<,xD && RationalQ@8m,n<D && m>1 && n<-1
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� Reference: G&R 2.411.6, CRC 568b

� Rule: If  m < -1 ì n > 1, then

à Sinh@a + b xDm Tanh@a + b xDn âx �
Sinh@a + b xDm+2 Tanh@a + b xDn-1

b Hn - 1L -

m + 2

n - 1
à Sinh@a + b xDm+2 Tanh@a + b xDn-2 âx

� Program code:

Int@Sinh@a_.+b_.*x_D^m_*Tanh@a_.+b_.*x_D^n_,x_SymbolD :=

Sinh@a+b*xD^Hm+2L*Tanh@a+b*xD^Hn-1L�Hb*Hn-1LL -

Dist@Hm+2L�Hn-1L,Int@Sinh@a+b*xD^Hm+2L*Tanh@a+b*xD^Hn-2L,xDD �;
FreeQ@8a,b<,xD && RationalQ@8m,n<D && m<-1 && n>1

� Reference: G&R 2.411.5, CRC 568a

Int@Cosh@a_.+b_.*x_D^m_*Coth@a_.+b_.*x_D^n_,x_SymbolD :=

-Cosh@a+b*xD^Hm+2L*Coth@a+b*xD^Hn-1L�Hb*Hn-1LL +

Dist@Hm+2L�Hn-1L,Int@Cosh@a+b*xD^Hm+2L*Coth@a+b*xD^Hn-2L,xDD �;
FreeQ@8a,b<,xD && RationalQ@8m,n<D && m<-1 && n>1

� Reference: G&R 2.411.2, CRC 567b

� Rule: If  m > 1, then

à Sinh@a + b xDm Tanh@a + b xDn âx �
Sinh@a + b xDm Tanh@a + b xDn-1

b m
-

m + n - 1

m
à Sinh@a + b xDm-2 Tanh@a + b xDn âx

� Program code:

Int@Sinh@a_.+b_.*x_D^m_*Tanh@a_.+b_.*x_D^n_.,x_SymbolD:=

Sinh@a+b*xD^m*Tanh@a+b*xD^Hn-1L�Hb*mL -

Dist@Hm+n-1L�m,Int@Sinh@a+b*xD^Hm-2L*Tanh@a+b*xD^n,xDD �;
FreeQ@8a,b,n<,xD && RationalQ@mD && m>1

� Reference: G&R 2.411.1, CRC 567a

Int@Cosh@a_.+b_.*x_D^m_*Coth@a_.+b_.*x_D^n_.,x_SymbolD :=

Cosh@a+b*xD^m*Coth@a+b*xD^Hn-1L�Hb*mL +

Dist@Hm+n-1L�m,Int@Cosh@a+b*xD^Hm-2L*Coth@a+b*xD^n,xDD �;
FreeQ@8a,b,n<,xD && RationalQ@mD && m>1
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� Reference: G&R 2.411.3

� Rule: If  n > 1, then

à Sinh@a + b xDm Tanh@a + b xDn âx � -
Sinh@a + b xDm Tanh@a + b xDn-1

b Hn - 1L +

m + n - 1

n - 1
à Sinh@a + b xDm Tanh@a + b xDn-2 âx

� Program code:

Int@Sinh@a_.+b_.*x_D^m_.*Tanh@a_.+b_.*x_D^n_,x_SymbolD :=

-Sinh@a+b*xD^m*Tanh@a+b*xD^Hn-1L�Hb*Hn-1LL +

Dist@Hm+n-1L�Hn-1L,Int@Sinh@a+b*xD^m*Tanh@a+b*xD^Hn-2L,xDD �;
FreeQ@8a,b,m<,xD && RationalQ@nD && n>1

� Reference: G&R 2.411.4

Int@Cosh@a_.+b_.*x_D^m_.*Coth@a_.+b_.*x_D^n_,x_SymbolD :=

-Cosh@a+b*xD^m*Coth@a+b*xD^Hn-1L�Hb*Hn-1LL +

Dist@Hm+n-1L�Hn-1L,Int@Cosh@a+b*xD^m*Coth@a+b*xD^Hn-2L,xDD �;
FreeQ@8a,b,m<,xD && RationalQ@nD && n>1

� Reference: G&R 2.411.5, CRC 568a

� Rule: If  m < -1 ì m + n + 1 ¹ 0, then

à Sinh@a + b xDm Tanh@a + b xDn âx �
Sinh@a + b xDm+2 Tanh@a + b xDn-1

b Hm + n + 1L -

m + 2

m + n + 1
à Sinh@a + b xDm+2 Tanh@a + b xDn âx

� Program code:

Int@Sinh@a_.+b_.*x_D^m_*Tanh@a_.+b_.*x_D^n_.,x_SymbolD:=

Sinh@a+b*xD^Hm+2L*Tanh@a+b*xD^Hn-1L�Hb*Hm+n+1LL -

Dist@Hm+2L�Hm+n+1L,Int@Sinh@a+b*xD^Hm+2L*Tanh@a+b*xD^n,xDD �;
FreeQ@8a,b,n<,xD && RationalQ@mD && m<-1 && NonzeroQ@m+n+1D

� Reference: G&R 2.411.6, CRC 568b

Int@Cosh@a_.+b_.*x_D^m_*Coth@a_.+b_.*x_D^n_.,x_SymbolD :=

-Cosh@a+b*xD^Hm+2L*Coth@a+b*xD^Hn-1L�Hb*Hm+n+1LL +

Dist@Hm+2L�Hm+n+1L,Int@Cosh@a+b*xD^Hm+2L*Coth@a+b*xD^n,xDD �;
FreeQ@8a,b,n<,xD && RationalQ@mD && m<-1 && NonzeroQ@m+n+1D
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� Reference: G&R 2.411.4

� Rule: If  n < -1 ì m + n + 1 ¹ 0, then

à Sinh@a + b xDm Tanh@a + b xDn âx �
Sinh@a + b xDm Tanh@a + b xDn+1

b Hm + n + 1L +

n + 1

m + n + 1
à Sinh@a + b xDm Tanh@a + b xDn+2 âx

� Program code:

Int@Sinh@a_.+b_.*x_D^m_.*Tanh@a_.+b_.*x_D^n_,x_SymbolD:=

Sinh@a+b*xD^m*Tanh@a+b*xD^Hn+1L�Hb*Hm+n+1LL +

Dist@Hn+1L�Hm+n+1L,Int@Sinh@a+b*xD^m*Tanh@a+b*xD^Hn+2L,xDD �;
FreeQ@8a,b,m<,xD && RationalQ@nD && n<-1 && NonzeroQ@m+n+1D

� Reference: G&R 2.411.3

Int@Cosh@a_.+b_.*x_D^m_.*Coth@a_.+b_.*x_D^n_,x_SymbolD :=

Cosh@a+b*xD^m*Coth@a+b*xD^Hn+1L�Hb*Hm+n+1LL +

Dist@Hn+1L�Hm+n+1L,Int@Cosh@a+b*xD^m*Coth@a+b*xD^Hn+2L,xDD �;
FreeQ@8a,b,m<,xD && RationalQ@nD && n<-1 && NonzeroQ@m+n+1D
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à u Sinh@vD Hyper@wD âx

� Derivation: Algebraic expansion

� Basis: Sinh@vD Cosh@wD =
1

2
Sinh@v + wD +

1

2
Sinh@v - wD

� Rule: If  v, w Î Px ì v + w ¹ 0 ì v - w ¹ 0, then

à u Sinh@vD Cosh@wD âx �
1

2
à u Sinh@v + wD âx +

1

2
à u Sinh@v - wD âx

� Program code:

Int@u_.*Sinh@v_D*Cosh@w_D,x_SymbolD :=

Dist@1�2,Int@u*Regularize@Sinh@v+wD,xD,xDD +

Dist@1�2,Int@u*Regularize@Sinh@v-wD,xD,xDD �;
HPolynomialQ@v,xD && PolynomialQ@w,xD ÈÈ IndependentQ@Cancel@v�wD,xDL && NonzeroQ@v+wD && NonzeroQ@v- D

� Derivation: Algebraic expansion

� Basis: Sinh@vD Sinh@wD =
1

2
Cosh@v + wD -

1

2
Cosh@v - wD

� Rule: If  v, w Î Px ì v + w ¹ 0 ì v - w ¹ 0, then

à u Sinh@vD Sinh@wD âx �
1

2
à u Cosh@v + wD âx -

1

2
à u Cosh@v - wD âx

� Program code:

Int@u_.*Sinh@v_D*Sinh@w_D,x_SymbolD :=

Dist@1�2,Int@u*Regularize@Cosh@v+wD,xD,xDD -

Dist@1�2,Int@u*Regularize@Cosh@v-wD,xD,xDD �;
HPolynomialQ@v,xD && PolynomialQ@w,xD ÈÈ IndependentQ@Cancel@v�wD,xDL && NonzeroQ@v+wD && NonzeroQ@v- D

� Basis: Cosh@vD Cosh@wD =
1

2
Cosh@v - wD +

1

2
Cosh@v + wD

Int@u_.*Cosh@v_D*Cosh@w_D,x_SymbolD :=

Dist@1�2,Int@u*Regularize@Cosh@v-wD,xD,xDD +

Dist@1�2,Int@u*Regularize@Cosh@v+wD,xD,xDD �;
HPolynomialQ@v,xD && PolynomialQ@w,xD ÈÈ IndependentQ@Cancel@v�wD,xDL && NonzeroQ@v+wD && NonzeroQ@v- D
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� Derivation: Algebraic expansion

� Basis: Sinh@vD Tanh@wD = Cosh@vD - Cosh@v - wD Sech@wD
� Rule: If  n > 0 ì x Ï v - w ¹ 0, then

à u Sinh@vD Tanh@wDn âx � à u Cosh@vD Tanh@wDn-1 âx - Cosh@v - wD à u Sech@wD Tanh@wDn-1 âx

� Program code:

Int@u_.*Sinh@v_D*Tanh@w_D^n_.,x_SymbolD :=

Int@u*Cosh@vD*Tanh@wD^Hn-1L,xD - Cosh@v-wD*Int@u*Sech@wD*Tanh@wD^Hn-1L,xD �;
RationalQ@nD && n>0 && FreeQ@v-w,xD && NonzeroQ@v-wD

� Basis: Cosh@vD Coth@wD = Sinh@vD + Cosh@v - wD Csch@wD
Int@u_.*Cosh@v_D*Coth@w_D^n_.,x_SymbolD :=

Int@u*Sinh@vD*Coth@wD^Hn-1L,xD + Cosh@v-wD*Int@u*Csch@wD*Coth@wD^Hn-1L,xD �;
RationalQ@nD && n>0 && FreeQ@v-w,xD && NonzeroQ@v-wD

� Derivation: Algebraic expansion

� Basis: Sinh@vD Coth@wD = Cosh@vD + Sinh@v - wD Csch@wD
� Rule: If  n > 0 ì x Ï v - w ¹ 0, then

à u Sinh@vD Coth@wDn âx � à u Cosh@vD Coth@wDn-1 âx + Sinh@v - wD à u Csch@wD Coth@wDn-1 âx

� Program code:

Int@u_.*Sinh@v_D*Coth@w_D^n_.,x_SymbolD :=

Int@u*Cosh@vD*Coth@wD^Hn-1L,xD + Sinh@v-wD*Int@u*Csch@wD*Coth@wD^Hn-1L,xD �;
RationalQ@nD && n>0 && FreeQ@v-w,xD && NonzeroQ@v-wD

� Basis: Cosh@vD Tanh@wD = Sinh@vD - Sinh@v - wD Sech@wD
Int@u_.*Cosh@v_D*Tanh@w_D^n_.,x_SymbolD :=

Int@u*Sinh@vD*Tanh@wD^Hn-1L,xD - Sinh@v-wD*Int@u*Sech@wD*Tanh@wD^Hn-1L,xD �;
RationalQ@nD && n>0 && FreeQ@v-w,xD && NonzeroQ@v-wD
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� Derivation: Algebraic expansion

� Basis: Sinh@vD Sech@wD = Cosh@v - wD Tanh@wD + Sinh@v - wD
� Rule: If  n > 0 ì x Ï v - w ¹ 0, then

à u Sinh@vD Sech@wDn âx � Cosh@v - wD à u Tanh@wD Sech@wDn-1 âx + Sinh@v - wD à u Sech@wDn-1 âx

� Program code:

Int@u_.*Sinh@v_D*Sech@w_D^n_.,x_SymbolD :=

Cosh@v-wD*Int@u*Tanh@wD*Sech@wD^Hn-1L,xD + Sinh@v-wD*Int@u*Sech@wD^Hn-1L,xD �;
RationalQ@nD && n>0 && FreeQ@v-w,xD && NonzeroQ@v-wD

� Basis: Cosh@vD * Csch@wD = Cosh@v - wD * Coth@wD + Sinh@v - wD
Int@u_.*Cosh@v_D*Csch@w_D^n_.,x_SymbolD :=

Cosh@v-wD*Int@u*Coth@wD*Csch@wD^Hn-1L,xD + Sinh@v-wD*Int@u*Csch@wD^Hn-1L,xD �;
RationalQ@nD && n>0 && FreeQ@v-w,xD && NonzeroQ@v-wD

� Derivation: Algebraic expansion

� Basis: Sinh@vD Csch@wD = Sinh@v - wD Coth@wD + Cosh@v - wD
� Rule: If  n > 0 ì x Ï v - w ¹ 0, then

à u Sinh@vD Csch@wDn âx � Sinh@v - wD à u Coth@wD Csch@wDn-1 âx + Cosh@v - wD à u Csch@wDn-1 âx

� Program code:

Int@u_.*Sinh@v_D*Csch@w_D^n_.,x_SymbolD :=

Sinh@v-wD*Int@u*Coth@wD*Csch@wD^Hn-1L,xD + Cosh@v-wD*Int@u*Csch@wD^Hn-1L,xD �;
RationalQ@nD && n>0 && FreeQ@v-w,xD && NonzeroQ@v-wD

� Basis: Cosh@vD Sech@wD = Sinh@v - wD Tanh@wD + Cosh@v - wD
Int@u_.*Cosh@v_D*Sech@w_D^n_.,x_SymbolD :=

Sinh@v-wD*Int@u*Tanh@wD*Sech@wD^Hn-1L,xD + Cosh@v-wD*Int@u*Sech@wD^Hn-1L,xD �;
RationalQ@nD && n>0 && FreeQ@v-w,xD && NonzeroQ@v-wD
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à xm Sinh@a + b xnDp Cosh@a + b xnD âx

� Reference: G&R 2.479.6

� Rule: If  m, n, p Î Z ì p ¹ -1 ì 0 < n £ m, then

à xm Sinh@a + b xnDp Cosh@a + b xnD âx �
xm-n+1 Sinh@a + b xnDp+1

b n Hp + 1L -
m - n + 1

b n Hp + 1L à xm-n Sinh@a + b xnDp+1
âx

� Program code:

Int@x_^m_.*Sinh@a_.+b_.*x_^n_.D^p_.*Cosh@a_.+b_.*x_^n_.D,x_SymbolD :=

x^Hm-n+1L*Sinh@a+b*x^nD^Hp+1L�Hb*n*Hp+1LL -

Dist@Hm-n+1L�Hb*n*Hp+1LL,Int@x^Hm-nL*Sinh@a+b*x^nD^Hp+1L,xDD �;
FreeQ@8a,b<,xD && IntegersQ@m,n,pD && p¹-1 && 0<n£m

� Reference: G&R 2.479.3

Int@x_^m_.*Cosh@a_.+b_.*x_^n_.D^p_.*Sinh@a_.+b_.*x_^n_.D,x_SymbolD :=

x^Hm-n+1L*Cosh@a+b*x^nD^Hp+1L�Hb*n*Hp+1LL -

Dist@Hm-n+1L�Hb*n*Hp+1LL,Int@x^Hm-nL*Cosh@a+b*x^nD^Hp+1L,xDD �;
FreeQ@8a,b<,xD && IntegersQ@m,n,pD && p¹-1 && 0<n£m
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à Sinh@a + b xDm Cosh@a + b xDn âx

� Reference: G&R 2.411.5, CRC 568a, A&S 4.5.86a with m + n + 2 = 0

� Rule: If  m + n + 2 = 0 ì m + 1 ¹ 0, then

à Sinh@a + b xDm Cosh@a + b xDn âx �
Sinh@a + b xDm+1 Cosh@a + b xDn+1

b Hm + 1L

� Program code:

Int@Sinh@a_.+b_.*x_D^m_.*Cosh@a_.+b_.*x_D^n_,x_SymbolD :=

Sinh@a+b*xD^Hm+1L*Cosh@a+b*xD^Hn+1L�Hb*Hm+1LL �;
FreeQ@8a,b,m,n<,xD && ZeroQ@m+n+2D && NonzeroQ@m+1D

� Derivation: Integration by substitution

� Basis: If n-1

2
Î Z, then Sinh@zDm Cosh@zDn = Sinh@zDm I1 + Sinh@zD2M n-1

2 Sinh¢@zD
� Note: This rule is used for odd n since it requires fewer steps and results in a simpler antiderivative than the other rules in this section.

� Rule: If n-1

2
Î Z í Ø J m-1

2
Î Z í 0 < m < nN, then

à Sinh@a + b xDm Cosh@a + b xDn âx �
1

b
SubstBà xm I1 + x2M n-1

2 âx, x, Sinh@a + b xDF

� Program code:

Int@Sinh@a_.+b_.*x_D^m_*Cosh@a_.+b_.*x_D^n_,x_SymbolD :=

Dist@1�b,Subst@Int@Regularize@x^m*H1+x^2L^HHn-1L�2L,xD,xD,x,Sinh@a+b*xDDD �;
FreeQ@8a,b,m<,xD && OddQ@nD && Not@OddQ@mD && 0<m<nD

� Basis: If m-1

2
Î Z, then Sinh@zDm Cosh@zDn = Cosh@zDn I-1 + Cosh@zD2M m-1

2 Cosh¢@zD
Int@Sinh@a_.+b_.*x_D^m_*Cosh@a_.+b_.*x_D^n_,x_SymbolD :=

Dist@1�b,Subst@Int@Regularize@x^n*H-1+x^2L^HHm-1L�2L,xD,xD,x,Cosh@a+b*xDDD �;
FreeQ@8a,b,n<,xD && OddQ@mD && Not@OddQ@nD && 0<n<=mD
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� Reference: G&R 2.411.3

� Rule: If  m > 1 ì n < -1, then

à Sinh@a + b xDm Cosh@a + b xDn âx �
Sinh@a + b xDm-1 Cosh@a + b xDn+1

b Hn + 1L -

m - 1

n + 1
à Sinh@a + b xDm-2 Cosh@a + b xDn+2 âx

� Program code:

Int@Sinh@a_.+b_.*x_D^m_*Cosh@a_.+b_.*x_D^n_,x_SymbolD :=

Sinh@a+b*xD^Hm-1L*Cosh@a+b*xD^Hn+1L�Hb*Hn+1LL -

Dist@Hm-1L�Hn+1L,Int@Sinh@a+b*xD^Hm-2L*Cosh@a+b*xD^Hn+2L,xDD �;
FreeQ@8a,b<,xD && RationalQ@8m,n<D && m>1 && n<-1

� Reference: G&R 2.411.4

Int@Sinh@a_.+b_.*x_D^m_*Cosh@a_.+b_.*x_D^n_,x_SymbolD :=

Sinh@a+b*xD^Hm+1L*Cosh@a+b*xD^Hn-1L�Hb*Hm+1LL -

Dist@Hn-1L�Hm+1L,Int@Sinh@a+b*xD^Hm+2L*Cosh@a+b*xD^Hn-2L,xDD �;
FreeQ@8a,b<,xD && RationalQ@8m,n<D && m<-1 && n>1

� Reference: G&R 2.411.2, CRC 567b, A&S 4.5.85b

� Rule: If  m > 1 í m-1

2
Ï Z í m + n ¹ 0 í Ø J n-1

2
Î Z í n > 1N, then

à Sinh@a + b xDm Cosh@a + b xDn âx �
Sinh@a + b xDm-1 Cosh@a + b xDn+1

b Hm + nL -

m - 1

m + n
à Sinh@a + b xDm-2 Cosh@a + b xDn âx

� Program code:

Int@Sinh@a_.+b_.*x_D^m_*Cosh@a_.+b_.*x_D^n_,x_SymbolD :=

Sinh@a+b*xD^Hm-1L*Cosh@a+b*xD^Hn+1L�Hb*Hm+nLL -

Dist@Hm-1L�Hm+nL,Int@Sinh@a+b*xD^Hm-2L*Cosh@a+b*xD^n,xDD �;
FreeQ@8a,b,n<,xD && RationalQ@mD && m>1 && NonzeroQ@m+nD

� Reference: G&R 2.411.1, CRC 567a, A&S 4.5.85a

Int@Sinh@a_.+b_.*x_D^m_*Cosh@a_.+b_.*x_D^n_,x_SymbolD :=

Sinh@a+b*xD^Hm+1L*Cosh@a+b*xD^Hn-1L�Hb*Hm+nLL +

Dist@Hn-1L�Hm+nL,Int@Sinh@a+b*xD^m*Cosh@a+b*xD^Hn-2L,xDD �;
FreeQ@8a,b,m<,xD && RationalQ@nD && n>1 && NonzeroQ@m+nD
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� Reference: G&R 2.411.5, CRC 568a, A&S 4.5.86a

� Rule: If  m < -1 ì m + n + 2 ¹ 0, then

à Sinh@a + b xDm Cosh@a + b xDn âx �
Sinh@a + b xDm+1 Cosh@a + b xDn+1

b Hm + 1L -

m + n + 2

m + 1
à Sinh@a + b xDm+2 Cosh@a + b xDn âx

� Program code:

Int@Sinh@a_.+b_.*x_D^m_*Cosh@a_.+b_.*x_D^n_,x_SymbolD :=

Sinh@a+b*xD^Hm+1L*Cosh@a+b*xD^Hn+1L�Hb*Hm+1LL -

Dist@Hm+n+2L�Hm+1L,Int@Sinh@a+b*xD^Hm+2L*Cosh@a+b*xD^n,xDD �;
FreeQ@8a,b,n<,xD && RationalQ@mD && m<-1 && NonzeroQ@m+n+2D

� Reference: G&R 2.411.6, CRC 568b, A&S 4.5.86b

Int@Sinh@a_.+b_.*x_D^m_*Cosh@a_.+b_.*x_D^n_,x_SymbolD :=

-Sinh@a+b*xD^Hm+1L*Cosh@a+b*xD^Hn+1L�Hb*Hn+1LL +

Dist@Hm+n+2L�Hn+1L,Int@Sinh@a+b*xD^m*Cosh@a+b*xD^Hn+2L,xDD �;
FreeQ@8a,b,m<,xD && RationalQ@nD && n<-1 && NonzeroQ@m+n+2D

� Derivation: Integration by substitution

� Basis: If 1
m

Î Z, then Sinh@zDm

Cosh@zDm =
J Sinh@zDm
Cosh@zDm N1�m

m 1-J Sinh@zDm
Cosh@zDm N2�m ¶z

Sinh@zDm

Cosh@zDm

� Note: This rule should be replaced with a more general one.

� Rule: If  1
m

Î Z í 1

m
> 1, then

à Sinh@a + b xDm

Cosh@a + b xDm
âx �

1

b m
SubstBà x1�m

1 - x2�m âx, x,
Sinh@a + b xDm

Cosh@a + b xDm
F

� Program code:

Int@Sinh@a_.+b_.*x_D^m_*Cosh@a_.+b_.*x_D^n_,x_SymbolD :=

Dist@1�Hb*mL,Subst@Int@x^H1�mL�H1-x^H2�mLL,xD,x,Sinh@a+b*xD^m�Cosh@a+b*xD^mDD �;
FreeQ@8a,b<,xD && ZeroQ@m+nD && IntegerQ@1�mD && 1�m>1

� Basis: If 1
n

Î Z, then Cosh@zDn
Sinh@zDn =

J Cosh@zDn
Sinh@zDn N1�n

n 1-J Cosh@zDn
Sinh@zDn N2�n ¶z

Cosh@zDn
Sinh@zDn

Int@Sinh@a_.+b_.*x_D^m_*Cosh@a_.+b_.*x_D^n_,x_SymbolD :=

Dist@1�Hb*nL,Subst@Int@x^H1�nL�H1-x^H2�nLL,xD,x,Cosh@a+b*xD^n�Sinh@a+b*xD^nDD �;
FreeQ@8a,b<,xD && ZeroQ@m+nD && IntegerQ@1�nD && 1�n>1
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à xm Ia + b Cosh@d + e xD2 + c Sinh@d + e xD2Mn
âx

� Derivation: Algebraic simplification

� Basis: a + b Cosh@zD2 + c Sinh@zD2 =
1

2
H2 a + b - c + Hb + cL Cosh@2 zDL

� Rule: If  m Î Z ì m > 0 ì a + b ¹ 0 ì a + c ¹ 0, then

à xm

a + b Cosh@d + e xD2 + c Sinh@d + e xD2
âx � 2 à xm

2 a + b - c + Hb + cL Cosh@2 d + 2 e xD âx

� Program code:

IntAx_^m_.�Ia_.+b_.*Cosh@d_.+e_.*x_D^2+c_.*Sinh@d_.+e_.*x_D^2M,x_SymbolE :=

Dist@2,Int@x^m�H2*a+b-c+Hb+cL*Cosh@2*d+2*e*xDL,xDD �;
FreeQ@8a,b,c,d,e<,xD && IntegerQ@mD && m>0 && NonzeroQ@a+bD && NonzeroQ@a+cD
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à xm Ha + b Sinh@c + d xD Cosh@c + d xDLn âx

� Derivation: Algebraic simplification

� Basis: Sinh@zD Cosh@zD =
1

2
Sinh@2 zD

� Rule: If  m Î Z ì m > 0, then

á xm

a + b Sinh@c + d xD Cosh@c + d xD âx � á xm

a +
1

2
b Sinh@2 c + 2 d xD âx

� Program code:

IntAx_^m_.�Ia_+b_.*Sinh@c_.+d_.*x_D*Cosh@c_.+d_.*x_DM,x_SymbolE :=

Int@x^m�Ha+b*Sinh@2*c+2*d*xD�2L,xD �;
FreeQ@8a,b,c,d<,xD && IntegerQ@mD && m>0

� Derivation: Algebraic simplification

� Basis: Sinh@zD Cosh@zD =
1

2
Sinh@2 zD

� Rule: If  n -
1

2
Î Z, then

à Ha + b Sinh@c + d xD Cosh@c + d xDLn âx � à a +
1

2
b Sinh@2 c + 2 d xD n

âx

� Program code:

IntAIa_+b_.*Sinh@c_.+d_.*x_D*Cosh@c_.+d_.*x_DM^n_,x_SymbolE :=

Int@Ha+b*Sinh@2*c+2*d*xD�2L^n,xD �;
FreeQ@8a,b,c,d<,xD && HalfIntegerQ@nD
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à Sinh@a + b xnDp Cosh@a + b xnDp âx

� Derivation: Algebraic simplification

� Basis: Sinh@zD Cosh@zD =
1

2
Sinh@2 zD

� Rule: If  n, p Î Z, then

à Sinh@a + b xnDp Cosh@a + b xnDp
âx �

1

2
à Sinh@2 a + 2 b xnDp

âx

� Program code:

Int@Sinh@a_.+b_.*x_^n_D^p_.*Cosh@a_.+b_.*x_^n_D^p_.,x_SymbolD :=

Dist@1�2,Int@Sinh@2*a+2*b*x^nD^p,xDD �;
FreeQ@8a,b<,xD && IntegersQ@n,pD
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à Ha Csch@c + d xD + a Sinh@c + d xDLn âx

� Derivation: Algebraic simplification

� Basis: Csch@zD + Sinh@zD = Cosh@zD Coth@zD
� Rule:

à Ha Csch@c + d xD + a Sinh@c + d xDLn âx � à Ha Cosh@c + d xD Coth@c + d xDLn âx

� Program code:

IntAIa_.*Csch@c_.+d_.*x_D+b_.*Sinh@c_.+d_.*x_DM^n_,x_SymbolE :=

Int@Ha*Cosh@c+d*xD*Coth@c+d*xDL^n,xD �;
FreeQ@8a,b,c,d,n<,xD && ZeroQ@a-bD

IntAIa_.*Sech@c_.+d_.*x_D+b_.*Cosh@c_.+d_.*x_DM^n_,x_SymbolE :=

Int@H-a*Sinh@c+d*xD*Tanh@c+d*xDL^n,xD �;
FreeQ@8a,b,c,d,n<,xD && ZeroQ@a+bD
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à Sech@vDm Ha + b Tanh@vDLn âx

� Derivation: Algebraic simplification

� Basis: a+b Tanh@zD
Sech@zD = a Cosh@zD + b Sinh@zD

� Rule: If  m, n Î Z ì m + n = 0 í m-1

2
Î Z, then

à Sech@vDm Ha + b Tanh@vDLn âx � à Ha Cosh@vD + b Sinh@vDLn âx

� Program code:

IntASech@v_D^m_.*Ia_+b_.*Tanh@v_DM^n_., x_SymbolE :=

Int@Ha*Cosh@vD+b*Sinh@vDL^n,xD �;
FreeQ@8a,b<,xD && IntegersQ@m,nD && m+n==0 && OddQ@mD

IntACsch@v_D^m_.*Ia_+b_.*Coth@v_DM^n_., x_SymbolE :=

Int@Hb*Cosh@vD+a*Sinh@vDL^n,xD �;
FreeQ@8a,b<,xD && IntegersQ@m,nD && m+n==0 && OddQ@mD
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à xm Csch@a + b xDn Sech@a + b xDp âx

� Derivation: Algebraic simplification

� Basis: Csch@zD Sech@zD = 2 Csch@2 zD
� Rule: If  n Î Z, then

à xm Csch@a + b xDn Sech@a + b xDn âx � 2n à xm Csch@2 a + 2 b xDn âx

� Program code:

Int@x_^m_.*Csch@a_.+b_.*x_D^n_.*Sech@a_.+b_.*x_D^n_., x_SymbolD :=

Dist@2^n,Int@x^m*Csch@2*a+2*b*xD^n,xDD �;
FreeQ@8a,b<,xD && RationalQ@mD && IntegerQ@nD

� Derivation: Integration by parts

� Rule: If  n, p Î Z ì m > 0 ì n ¹ p, then

à xm Csch@a + b xDn Sech@a + b xDp âx �

xm à Csch@a + b xDn Sech@a + b xDp âx - m à xm-1 Kà Csch@a + b xDn Sech@a + b xDp âxO âx

� Program code:

Int@x_^m_.*Csch@a_.+b_.*x_D^n_.*Sech@a_.+b_.*x_D^p_., x_SymbolD :=

Module@8u=Block@8ShowSteps=False,StepCounter=Null<, Int@Csch@a+b*xD^n*Sech@a+b*xD^p,xDD<,
x^m*u - Dist@m,Int@x^Hm-1L*u,xDDD �;

FreeQ@8a,b<,xD && RationalQ@mD && IntegersQ@n,pD && m>0 && n¹p
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à u Ha Tanh@vDm + b Sech@vDmLn âx

� Derivation: Algebraic simplification

� Basis: If  a2 + b2 = 0, then a Tanh@zD + b Sech@zD = a TanhB z

2
-

Π

4

a

b
F

� Rule: If  a2 - b2 = 0 í n

2
Î Z, then

à Ha Tanh@vD + b Sech@vDLn âx � an à TanhBv
2

-
Π

4

a

b
Fn

âx

� Program code:

IntAIa_.*Tanh@v_D+b_.*Sech@v_DM^n_,x_SymbolE :=

Dist@a^n,Int@Tanh@v�2-Pi�4*a�bD^n,xDD �;
FreeQ@8a,b<,xD && ZeroQ@a^2+b^2D && EvenQ@nD

� Basis: If  a2 - b2 = 0, then a Coth@zD + b Csch@zD = a CothB z

2
+

Π ä

4

a-b

b
F

IntAIa_.*Coth@v_D+b_.*Csch@v_DM^n_,x_SymbolE :=

Dist@a^n,Int@Coth@v�2+Pi*I�4*Ha-bL�bD^n,xDD �;
FreeQ@8a,b<,xD && ZeroQ@a^2-b^2D && EvenQ@nD

� Derivation: Algebraic simplification

� Basis: a Sech@zD + b Tanh@zD =
a+b Sinh@zD
Cosh@zD

� Rule: If  m, n Î Z í J m n-1

2
Î Z ë m n < 0N í Ø Hm = 2 ì a - b = 0L, then

à u Ha Tanh@vDm + b Sech@vDmLn
âx � à u Ha + b Sinh@vDmLn

Cosh@vDm n
âx

� Program code:

IntAu_.*Ia_.*Sech@v_D^m_.+b_.*Tanh@v_D^m_.M^n_.,x_SymbolE :=

Int@u*Ha+b*Sinh@vD^mL^n�Cosh@vD^Hm*nL,xD �;
FreeQ@8a,b<,xD && IntegersQ@m,nD && HOddQ@m*nD ÈÈ m*n<0L && Not@m==2 && ZeroQ@a-bDD

IntAu_.*Ia_.*Csch@v_D^m_.+b_.*Coth@v_D^m_.M^n_.,x_SymbolE :=

Int@u*Ha+b*Cosh@vD^mL^n�Sinh@vD^Hm*nL,xD �;
FreeQ@8a,b<,xD && IntegersQ@m,nD && HOddQ@m*nD ÈÈ m*n<0L && Not@m==2 && ZeroQ@a+bDD
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