Trig Function Integration Problem 1

1
f : ax
1+Sin[a+Dbx]

= The Rubi results are simple and symmetric:

I nt [; x]
1+Sin[a+bx]

Cos[a +bx]

b(1+Sinfa+bx])

1
S berrovrrrild

Cos[a+bx]

b(-1+Sinfa+bx])

m The Mathematica results are more complicated and not symmetric:

1
J-—dlx
l1+Sin[a+bx]

ZSin[% (a+bx)]| (Cos[% (a+bx)]+Sin[% (a+bx)])

b (l+Sinfa+bx])

1
J.—dlx
1-Sin[a+bx]

ZSin[% (a+bx) |

b (Cos[% (@a+bx) | —Sin[% (@a+bx)])
m The Maple results are simple and symmetric:

int (1/7(1l+sin(a+b=xx)), x);

2

b (1+Tan[% (a+bx)])

int (1/7(1l-sin(a+b=xx)), x);

2

b (71+Tan[§ (a+hbx)])



Trig Function Integration Problem 2

1
j dx
1+ Sec[a + b Xx]

= The Rubi result is simple:

1
Int[—, x]
1+ Sec[a+bx]

Sin[a+bx]

b (1+Cos[a+bx])

X -

m The Mathematica result is unnecessarily complicated:

1
J.—dlx
1+Sec[a+bx]

2603[% (a+bx) | Sec[a+bx] ((a+bx)Cos[% (a+bx)]| 7Sin[% (a+bx)])

b (1+Secfa+bx])

m The Maple result includes a term whose derivative is 1, the same as the derivative of x:
int (1/ (1+sec (a+b=xx)), x);

Tan[% (a+bx)] 2ArcTan[Tan[% (@a+bx)]]
- +

b b




Trig Function Integration Problem 3
fSin[x] Tan[n x] dx

m The Rubi results are simple, expressed in trigonometric form and grow modestly with n:

Int [Sin[x] Tan[x], X]
ArcTanh [Sin[x]] -Sin[x]
Int [Sin[x] Tan[2 x], X]

ArcTanh {\/27 Si n[x}]

V2

-Sin[x]

Int [Sin[x] Tan[3 x], X]

1 3Sin[x] ]
— ArcTanh| ——— | - Sin[x]
3 1+2Sin[x)?

Int [Sin[x] Tan[4 x], X]

E\/ﬁArcTanh{i2 Sinix]

4

1 2Sin[x
+Z\/2+\/? ArcTanh[#] -Sin[x]
2-V2 242

m The Mathematica results grow unpredictably, are expressed in terms of logarithms and not in closed-form
when n is 4:

JSi n[x] Tan[x] dx
~Log[cos [ ] -sin[_]] - tog[oos [ ] +sin[>]] -sinix)
JSi n[x] Tan[2 x] dx

s[2]-(-1++2)sin[%
é-ZiﬁArcTan[co [2]-[-2-v2)s {2}]_

2i+/2 ArcTan +2+2 Log|V2 +2Sinix]| -
[ ] { }

V2 Log

4+2~/2 Cos[x] 72\/2_Sin[x}} 7\/?Log{72 (72+\/2_Cos[x] +\/2_Sin[x])] ~8Sin[x]

J.Si n[x] Tan[3 x] dx



1 X X 1 X X 1 1
——Log{Oos{—} —Sin[—” +—Log[Oos[—} +Sin[—” - —Log[-1+2Sin[x]]+—Log[l+2Sin[x]]-Sin[x]
3 2 2 3 2 2 6 6

JSi n[x] Tan[4 x] dx

1
— Root Sum|1 + 18 &,
16

Sin[x]
Cos [x]-#1

2ArcTan{ }—iLOQ[l—ZCOS[XJttlJrHlZ]+2ArcTan{ Sinix

] ] #1% - i Log[1 -2 Cos [x] =1 + 112 ] 116
Cos [x]-#1

&] -
11’
Sin(x]

m The Maple results are simple, but expressed in terms of logarithms when n is odd:
int (sin (x) *tan (x), Xx);
Log[Sec [x] + Tan[x]] - Sin[x]
int (sin (x) *tan (2 xx), X);

ArcTanh {\E Si n[x}]

Vo

-Sin[x]

int (sin (x) xtan (3 xx), X);

1 1 1 1
—gLog[—l+Sin[x]1 +gLog[1+Sin[x1] —gLog[—l+25in[xj]+gLog[1+25in[x1] -Sin[x]

int (sin (x)*tan (4 xX), X);

E\/ﬁArcTanh{i2 Sinix]

4

+ 3\/2+\/27 ArcTanh[M] -Sin[x]

22 4 V212

Note that these systems give similar results to the above for the cosine function.



Trig Function Integration Problem 4

f\/a+ bSin[x] dx

= Rubi instantaneously computes the general case, and the special cases are relatively simple:

I nt [Va+bSin[x] , x]

2EIIipticE{4l (-7m+2X), %} Vva+bSin[x]

a+b Sin[x]
a+b

I nt [V1+Sin[x] , x]

2 Cos [X]
V1+Sin[x]

I nt [Vl-Sin[x] , x]

2 Cos [x]
V1-Sin[x]

= Mathematica requires 24 seconds to compute the general case, and the special cases are more
complicated:

jVa+bSin[x] dx

2EIIipticE[% (r-2Xx), %} Vva+bSin[x]

a+b Sin[x]
a+b
JVl+Si n[ix] dx
2 (-Cos[Z]+Sin[Z]) Vi+Sinix]

Oos[g] +Sin[§}
JVl—Sin[x] dx

2 (Cos[5]+Sin[Z]) V1-Sinix]

Oos[%] —Sin[g}



m The Maple result for the general case is more complicated (note that Maple defines EllipticE and F
differently than Mathmatica):

int (sgrt (a+b=xsin (x)), x);

1 \/a+bSin[x] \/b(lSin[x}) \/ b (1+Sin(x])
2 (a-bh) -
b Cos[x] Va+bSin[x] a-b a+h a-b

o a+bSin(x] a-b o a+bSin[x] a-b
(a+b)EII|pt|cF[ — , a b}7<a+b)EII|pt|cE{ — , a b}
- + - +

int (sgrt (1+sin (x)), x);

2(Sin[x]-1) V1+Sin[x]
Cos [X]

int (sgrt (1-sin (x)), x);

2 Cos [X]
V1-Sin[x]



Trig Function Integration Problem 5

fSec[a+bx] dx & J\/Sec[a+bx]2 dx

= The Rubi results are symmetric and simple:

I nt [Sec[a+bx], x]

ArcTanh[Sin[a+bx]]
b

I nt [\/Sec[a+bx]2, x]

ArcSinh[Tan[a+bx]]
b

m The Mathematica results are symmetric but not simple:

J.Sec[a+bx] dx

Log[Oos[%ﬂ’%} 7Sin[2+b7xH Log [ Cos |
- +

b b

J"\/ Sec[a+bx]? dx

1
- —Cos[a+bx]
b

1 1 1 1

Log[Oos[— (a+bx)] —Sin[— (a+bx)” —Log[Oos[— (a+bx)] +Sin[— (a+bx)H] Sec[a+bx]?
2 2 2 2

m The Maple results are relatively simple but not symmetric:

int (sec (a+b=xx), X);

Log[Secfa+bx] +Tan[a+bx]]
b

int (sgrt (sec (a+b=xx)"2), x);

2ArcTanh[(-1+Cos[a+bx]) Csc[a+bx]] Cos[a+bx]/ Secla+hx]?
b




Trig Function Integration Problem 6

J-\/Sec[x]z dx & J.\/Csc[x]z dx

m The Rubi results are simple and symmetric:

| nt [\/ Sec [x]?, x]

ArcSi nh [Tan[x]]

I nt ['\/Csc[x]2 , x]

-ArcCsch [Tan [x]]

m The Mathematica results are symmetric but more complicated:

J\/ Sec[x]% dx

Cos [x] (—Log {Cos[g] - Si n{%” +Log{Oos{§

+Si n{%”] Sec [x]2
J\/ Csc[x]? dx

X X
Csc [x]2 (7Log[2003[7H +Log[2 Si n[fu) Sinix]
2 2
m The Maple results are not symmetric and more complicated:
int (sgrt (sec (x)”"2), X);
-2 ArcTanh[ (-1 +Cos[x]) Csc[x]] Cos[x] + Sec [x]?

int (sgrt (csc (x)"2), x);

1 1 1-Cos [x
— Va4 ——— Sin[x] Log ol

2 1- Cos [x]? Sin[x]



Trig Function Integration Problem 7

f«/1+8ec[x] dx & J.\/1+Csc[x] dx

m The Rubi results are simple, expressed in terms of elementary functions and symmetric:

I nt [V1+Sec[x] , x]

2 ArcTanh {\/1 - Sec [X] } Tan [x]

V1 -Secix] V1+Sec[x]

I nt [V1+Csc[x] , x]

2ArcTanh[\/l—Csc[xJ } Cot [x]

V1-Cscix] V1+Csclx]

m The Mathematica results are large, not expressed in terms of elementary functions and not symmetric:

JVl +Sec [x] dx

71+\57(72+ﬁ) Cos [ %]

4ﬁ(3+2v2_)J [17VZ_+(72+\/2_)003[2H

l+COS{§}
X 12 Tan[X
[71+ﬁ+(72+ﬁ) Oos[—” B lipticF[Aresin[ ——* ], 17-12v2 | +
2 3-2+2
Tan[ﬂ
2B lipticPi [—3+2\/2_, _Arcsin[i}, 1742%?}
3-2+2
Sec[g]Sec[x]\/1+Sec[x} /{\/—(—1+V27+(—2+\/27) Oos{%”sec{z}z

J-V1+Csc[x] dx

2ArcTan{\/71+Csc[x] } Cot [x]

V-1+Csc[x] V1+GCsclx]

m The Maple results are expressed in terms of elementary functions, but large and not symmetric:

int (sgrt (1+sec (x)), X);

Cos [Xx] Cos [X] 1+ Cos[X]
72ArcTanh{ - Tan[x}]
1+ Cos [X]



int (sgrt (L+csc (X)), X);

1-Cs /2 Sin[x] -Sin(x]
-1+Cos[x] - S 2 [

1-Cos [X]
] +4ArcTan{ _—
Log

ﬁ+l]+

Sin[x]

1SS /2 Sin[x] -Sin(x]
-1+Cos([x] + S 2 [

1CsX] /2 Sin[x] -Sin[x]
-1 +Cos[X] + S ] 2 [
1-Cos [X]

4ArcTan{ Snix] \/2_—1}+Log{

1-Cos[x] Sin[x] -Sin[x]
~1+Cos[x] - [0 V2 [




Trig Function Integration Problem 8

J.’\/aCOS[X] + b Sin[x] dx

= Rubi returns a relatively simple result by using the identity a cos(z)+b sin(z) = sqrt(a*2+b"2) cos(z-
arctan(a,b)):

I nt [Vc*Cos[x—d] , x]

2+/cCos[d-x] EllipticE[ X, 2]

Cos [d - x]

I nt [\/aOos[x] +bSin[x] , x]

2EIIipticE[% (x -ArcTan[a, b]), 2] VaCos[x] +b Sin(x]

aCos[x]+b Sin[x]

~/ @2+b?

m Mathematica knows the identity, but instead returns a complicated expression involving a hypergeometric
function:

JVC*Cos[x—d] dx

2+/c Cos[d-x] EIIipticE[d%, 2]
VCos [d-x]

JVaOos[x] +b Sin[x] dx

{—b (a? + b?) Hyper geonet ri cPFQH—%, —E} {i} Cos [x—ArcTan{EHZ} Si n[x—ArcTan[E}

+

4 4 a a

Sin[forcTan[EH 2ad 1+5 Cos[x}72a(a2+b2)Cos{forcTan{E]
a a? a
2a’b 1+E Sin[x}+azbSin[x—ArcTan[E ]+b3Sin{x—ArcTan{EH
a2 a a
b2 [
ab [1+— YaCos[x] +bSin[x] Sin[forcTan[—H
a? a

m The Maple result is huge (hote that Maple defines EllipticE differently than Mathmatica):

2
+

/

| eaf count (int (sgrt (c xcos (x-d)), X));



2(:\/1-003[“%x 2 \/1-2005[‘%* 2 EllipticE[Cos[%X], V2 |

c\/-1+2005[d%2 sin[ZX
| eaf count (int (sqrt (a*=cos (x) +b*sin (x)), x));

6985



Trig Function Integration Problem 9

m The Rubi results are simple and expressed in trigonometric form:

Sin[x]

Va+bSin[x]?

Int[

J

ArcTan[ a+b-b Cos [x]? Sec[x]}
Vb
Vb
- [&, «]
V1+Sin[x]?
) Cos [X]
—ArcSm[ ]
V2
Int[ Sin[x] x]

V1-Sin[x]?

Cos [x] Log [Cos [X]]

Cos [x]?

m The Mathematica results are simple but can involve the imaginary unit:

j Sin[x]

_ dx

\a+bSin[x]?

Log[\/Z_\/—b Cos[x] +V2a+b-bCos[2X]
Vb

J\ Si n[x]
—_—  dx
A1 +Sin[x]?
iLog[iﬁCos[x] +V3-Cos[2xX] }
j Si n[x]

_ dx

A 1-Sin[x]?

Cos [x] Log[Cos [x]]

Cos [x]2



The Maple results are more complicated:

int (sin(x)/sqgrt (a+b=*sin (x)"2), x);

\/‘ (a+bSin(x]?) (-1+Sin[x]?) ArcTan[ 2bSin(x)?+a-b
2\/b7\/—(a+bsin[x]2> (-1+Sin(x]2)

2+/b Cos[x]+/a+bSin[x]?

int (sin(x)/sgrt (L+sin (x)"2), Xx);

\/Cos [x]? (1+Sin[x]?) ArcSin[Sin[x]?]

2Cos[x] \/1+Sin[x]?
int (sin(x)/sqgrt (L-sin (x)"2), x);

(-1+Sin(x]?) (Log[Sin[x]-1] +Log[1+Sin[x]])

2Cos[x]\1-Sin[x]?



Trig Function Integration Problem 10

Cot[X] dx

Va+bTmﬂxF+chﬂxﬁ
= Rubi is able to integrate the expression:

Cot [Xx]

Int[

%]

\/a+bTan[x]2+cTan[x]4

ArcTanh [ 2\/?\/a+bTan[x]2+c Tan[x]4 } ArcTanh {2\/a—b+c \/a+bTan[x]2+c Tan[x]4
2 a+b Tan[x]? 2a-b+(b-2c) Tan[x)?
- +
2+Va 2vVa-b+c

m Mathematica is unable to integrate the expression in 60 seconds:

j Cot [X]
dx
\/a+ b Tan[x]2 +c Tan[x]*

$Abort ed

= Maple is unable to integrate the expression:

int (cot (x) /sqgrt (a+bxtan (x)"2+c=xtan (x)”"4), X);

J Cot [X]
dx
\/a\+bTan[x}2+cTan[x}4



