
à Hc Ha + b xLnLm âx

� Derivation: Reciprocal rule for integration

� Basis: ¶x
Ha f@xDnLm

f@xDm n = 0

� Rule: If  m n + 1 = 0, then

à Hc Ha + b xLnLm âx �
Ha + b xL Hc Ha + b xLnLm Log@a + b xD

b

� Program code:

IntAIc_.*Ia_.+b_.*x_M^n_.M^m_,x_SymbolE :=

Ha+b*xL*Hc*Ha+b*xL^nL^m*Log@a+b*xD�b �;
FreeQ@8a,b,c,m,n<,xD && ZeroQ@m*n+1D

� Derivation: Power rule for integration

� Basis: ¶x
Ha f@xDnLm

f@xDm n = 0

� Rule: If  m n + 1 ¹ 0, then

à Hc Ha + b xLnLm âx �
Ha + b xL Hc Ha + b xLnLm

b Hm n + 1L

� Program code:

IntAIc_.*Ia_.+b_.*x_M^n_M^m_,x_SymbolE :=

Ha+b*xL*Hc*Ha+b*xL^nL^m�Hb*Hm*n+1LL �;
FreeQ@8a,b,c,m,n<,xD && NonzeroQ@m*n+1D
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à Ha xm + b xnLp âx

� Derivation: Algebraic simplification

� Basis: a zm + b zn = zm Ha + b zn-mL
� Note: Since  m p + 1 = n - m, rule for Ùxn-1 Ha + b xnLp âx applies.

� Rule: If  p Î Z ì m p + 1 = n - m, then

à Ha xm + b xnLp âx � à xm p Ha + b xn-mLp âx

� Program code:

IntAIa_.*x_^m_.+b_.*x_^n_.M^p_,x_SymbolE :=

Int@x^Hm*pL*Ha+b*x^Hn-mLL^p,xD �;
FreeQ@8a,b,m,n<,xD && IntegerQ@pD && ZeroQ@m*p+1-n+mD && Not@IntegersQ@m,nDD

� Derivation: Algebraic simplification

� Basis: a zm + b zn = zm Ha + b zn-mL
� Note: Since  m p + 1 = n - m, rule for à x

n-1

p Ha + b xnL p

âx applies.

� Rule: If  p Î F ì m p + 1 = n - m, then

à Ha xm + b xnLp âx � à Hxm Ha + b xn-mLLp âx

� Program code:

IntAIa_.*x_^m_.+b_.*x_^n_.M^p_,x_SymbolE :=

Int@Hx^m*Ha+b*x^Hn-mLLL^p,xD �;
FreeQ@8a,b,m,n<,xD && FractionQ@pD && ZeroQ@m*p+1-n+mD
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à Ha xm + b xn + c xqLp âx

� Derivation: Algebraic simplification

� Basis: a zm + b zn + c zq = zm Ha + b zn-m + c zq-mL
� Rule: If  m, n, q Î Z ì p Î F ì n £ m £ q, then

à Ha xm + b xn + c xqLp âx � à Hxm Ha + b xn-m + c xq-mLLp âx

� Program code:

IntAIa_.*x_^m_.+b_.*x_^n_.+c_.*x_^q_.M^p_,x_SymbolE :=

Int@Hx^m*Ha+b*x^Hn-mL+c*x^Hq-mLLL^p,xD �;
FreeQ@8a,b,c<,xD && IntegersQ@m,n,qD && FractionQ@pD && m<=n<=q
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à u xm

a xn + b xp
âx

� Derivation: Algebraic simplification

� Basis: xm

a xn+b xp
=

xm-n

a+b xp-n

� Rule: If  m, n, p Î F ì 0 < n £ p, then

à u xm

a xn + b xp
âx � à u xm-n

a + b xp-n
âx

� Program code:

IntAu_.*x_^m_.�Ia_.*x_^n_.+b_.*x_^p_M,x_SymbolE :=

Int@u*x^Hm-nL�Ha+b*x^Hp-nLL,xD �;
FreeQ@8a,b<,xD && FractionQ@8m,n,p<D && 0<n<=p

� Derivation: Algebraic simplification

� Basis: xm

a xn+b xp
=

xm-n

a+b xp-n

� Rule: If  m, n, p Î F ì 0 < n £ p ì v is not a polynomial in x, then

à u xm-n + v

a xn + b xp
âx � à u xm-n

a + b xp-n
âx + à v

a xn + b xp
âx

� Program code:

IntAIu_.*x_^m_.+v_M�Ia_.*x_^n_.+b_.*x_^p_M,x_SymbolE :=

Int@u*x^Hm-nL�Ha+b*x^Hp-nLL,xD + Int@v�Ha*x^n+b*x^pL,xD �;
FreeQ@8a,b<,xD && FractionQ@8m,n,p<D && 0<n<=p && Not@PolynomialQ@v,xDD
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à xm Hu + v + ºL âx

� Derivation: Algebraic simplification

� Basis: xm Hu + v + ºL = xm u + xm v + º

� Rule:

à xm Hu + v + ºL âx � à Hxm u + xm v + ºL âx

� Program code:

If@ShowSteps,
Int@x_^m_.*u_,x_SymbolD :=

ShowStep@"","Int@x^m*Hu+v+ºL,xD","Int@x^m*u+x^m*v+º,xD",Hold@
Int@Map@Function@x^m*ðD,uD,xDDD �;

SimplifyFlag && FreeQ@m,xD && SumQ@uD,
Int@x_^m_.*u_,x_SymbolD :=

Int@Map@Function@x^m*ðD,uD,xD �;
FreeQ@m,xD && SumQ@uDD
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à Ha + b xnLp

x
âx

� Reference: CRC 276b

� Rule: If  a > 0, then

à 1

x a + b xn
âx � -

2

n a
ArcTanhB a + b xn

a
F

� Program code:

IntA1�Ix_*Sqrt@a_+b_.*x_^n_.DM,x_SymbolE :=

-2*ArcTanh@Sqrt@a+b*x^nD�Rt@a,2DD�Hn*Rt@a,2DL �;
FreeQ@8a,b,n<,xD && PosQ@aD

� Reference: CRC 277

� Rule: If  Ø Ha > 0L, then

à 1

x a + b xn
âx �

2

n -a
ArcTanB a + b xn

-a
F

� Program code:

IntA1�Ix_*Sqrt@a_+b_.*x_^n_.DM,x_SymbolE :=

2*ArcTan@Sqrt@a+b*x^nD�Rt@-a,2DD�Hn*Rt@-a,2DL �;
FreeQ@8a,b,n<,xD && NegQ@aD

� Reference: G&R 2.110.1, CRC 88b

� Rule: If  p Î F ì p > 0, then

à Ha + b xnLp

x
âx �

Ha + b xnLp

n p
+ a à Ha + b xnLp-1

x
âx

� Program code:

IntAIa_+b_.*x_^n_.M^p_�x_,x_SymbolE :=

Ha+b*x^nL^p�Hn*pL +

Dist@a,Int@Ha+b*x^nL^Hp-1L�x,xDD �;
FreeQ@8a,b,n<,xD && FractionQ@pD && p>0
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� Reference: G&R 2.110.2, CRC 88d

� Rule: If  p Î F ì p < -1, then

à Ha + b xnLp

x
âx � -

Ha + b xnLp+1

a n Hp + 1L +
1

a
à Ha + b xnLp+1

x
âx

� Program code:

IntAIa_+b_.*x_^n_.M^p_�x_,x_SymbolE :=

-Ha+b*x^nL^Hp+1L�Ha*n*Hp+1LL +

Dist@1�a,Int@Ha+b*x^nL^Hp+1L�x,xDD �;
FreeQ@8a,b,n<,xD && FractionQ@pD && p<-1
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à 1

Ha + b xL c + d x
âx

� Reference: G&R 2.246.1', CRC 147a', A&S 3.3.30'

� Rule: If b c-a d

b
> 0, then

á 1

Ha + b xL c + d x
âx � -

2

b b c-a d

b

ArcTanhB c + d x

b c-a d

b

F

� Program code:

IntA1�IIa_.+b_.*x_M*Sqrt@c_.+d_.*x_DM,x_SymbolE :=

-2*ArcTanh@Sqrt@c+d*xD�Rt@Hb*c-a*dL�b,2DD�Hb*Rt@Hb*c-a*dL�b,2DL �;
FreeQ@8a,b,c,d<,xD && PosQ@Hb*c-a*dL�bD

� Reference: G&R 2.246.2, CRC 148, A&S 3.3.29

� Rule: If  Ø J b c-a d

b
> 0N, then

á 1

Ha + b xL c + d x
âx �

2

b a d-b c

b

ArcTanB c + d x

a d-b c

b

F

� Program code:

IntA1�IIa_.+b_.*x_M*Sqrt@c_.+d_.*x_DM,x_SymbolE :=

2*ArcTan@Sqrt@c+d*xD�Rt@Ha*d-b*cL�b,2DD�Hb*Rt@Ha*d-b*cL�b,2DL �;
FreeQ@8a,b,c,d<,xD && NegQ@Hb*c-a*dL�bD
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à 1

a + b x c + d x
âx

� Rule: If a + c = 0 ì a > 0, then

à 1

a + b x c + b x
âx �

1

b
ArcCoshBb x

a
F

� Program code:

IntA1�ISqrt@a_+b_.*x_D*Sqrt@c_+b_.*x_DM,x_SymbolE :=

ArcCosh@b*x�aD�b �;
FreeQ@8a,b,c<,xD && ZeroQ@a+cD && PositiveQ@aD

� Rule: If  b + d = 0 ì a + c > 0, then

à 1

a + b x c + d x
âx �

1

b
ArcSinBa - c + 2 b x

a + c
F

� Program code:

IntA1�ISqrt@a_+b_.*x_D*Sqrt@c_+d_.*x_DM,x_SymbolE :=

ArcSin@Ha-c+2*b*xL�Ha+cLD�b �;
FreeQ@8a,b,c,d<,xD && ZeroQ@b+dD && PositiveQ@a+cD

� Rule: If  a d - b c > 0 ì d > 0 ì b > 0, then

à 1

a + b x c + d x
âx �

2

b d
ArcSinhB b c + d x

a d - b c
F

� Program code:

IntA1�ISqrt@a_.+b_.*x_D*Sqrt@c_.+d_.*x_DM,x_SymbolE :=

2�HRt@b,2D*Sqrt@dDL*ArcSinh@Rt@b,2D*Sqrt@c+d*xD�Sqrt@a*d-b*cDD �;
FreeQ@8a,b,c,d<,xD && NonzeroQ@a*d-b*cD && PositiveQ@d�Ha*d-b*cLD && Not@NegativeQ@a*d-b*cDD && PosQ@ D
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� Rule: If  a d - b c > 0 ì d > 0 ì Ø Hb > 0L, then

à 1

a + b x c + d x
âx �

2

-b d
ArcSinB -b c + d x

a d - b c
F

� Program code:

IntA1�ISqrt@a_.+b_.*x_D*Sqrt@c_.+d_.*x_DM,x_SymbolE :=

2�HRt@-b,2D*Sqrt@dDL*ArcSin@Rt@-b,2D*Sqrt@c+d*xD�Sqrt@a*d-b*cDD �;
FreeQ@8a,b,c,d<,xD && NonzeroQ@a*d-b*cD && PositiveQ@d�Ha*d-b*cLD && Not@NegativeQ@a*d-b*cDD && NegQ@ D

� Rule: If  a d - b c ¹ 0 ì b d > 0, then

à 1

a + b x c + d x
âx �

2

b d
ArcTanhB b d a + b x

b c + d x
F

� Program code:

IntA1�ISqrt@a_.+b_.*x_D*Sqrt@c_.+d_.*x_DM,x_SymbolE :=

2�Rt@b*d,2D*ArcTanh@Rt@b*d,2D*Sqrt@a+b*xD�Hb*Sqrt@c+d*xDLD �;
FreeQ@8a,b,c,d<,xD && NonzeroQ@a*d-b*cD && PosQ@b*dD

� Rule: If  a d - b c ¹ 0 ì Ø Hb d > 0L, then

à 1

a + b x c + d x
âx �

2

-b d
ArcTanB -b d a + b x

b c + d x
F

� Program code:

IntA1�ISqrt@a_.+b_.*x_D*Sqrt@c_.+d_.*x_DM,x_SymbolE :=

2�Rt@-b*d,2D*ArcTan@Rt@-b*d,2D*Sqrt@a+b*xD�Hb*Sqrt@c+d*xDLD �;
FreeQ@8a,b,c,d<,xD && NonzeroQ@a*d-b*cD && NegQ@b*dD
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à Ha + b xLm Hc + d xLn âx

� Derivation: Algebraic simplification

� Basis: If  a + c ³ 0, then Ha + zLm Hc - zLm = Ha c - Ha - cL z - z2Lm

� Rule: If  m Î F ì b + d = 0 ì a + c > 0, then

à Ha + b xLm Hc + d xLm âx � à Ia c + Ha d + b cL x + b d x2Mm
âx

� Program code:

IntAIa_.+b_.*x_M^m_*Ic_+d_.*x_M^m_,x_SymbolE :=

Int@Ha*c+Ha*d+b*cL*x+b*d*x^2L^m,xD �;
FreeQ@8a,b,c,d<,xD && FractionQ@mD && ZeroQ@b+dD && PositiveQ@a+cD

� Derivation: Algebraic simplification

� Basis: If  b c - a d = 0 and n is an integer, then Ha + b xLm Hc + d xLn = J d

b
Nn Ha + b xLm+n

� Rule: If  b c - a d = 0 ì m Ï Z ì n Î Z, then

à Ha + b xLm Hc + d xLn âx �
d

b

n

à Ha + b xLm+n âx

� Program code:

IntAIa_.+b_.*x_M^m_.*Ic_.+d_.*x_M^n_.,x_SymbolE :=

Dist@Hd�bL^n,Int@Ha+b*xL^Hm+nL,xDD �;
FreeQ@8a,b,c,d,m<,xD && ZeroQ@b*c-a*dD && Not@IntegerQ@mDD && IntegerQ@nD

� Rule: If  b c - a d = 0 ì m Ï Z ì n Ï Z ì m + n + 1 = 0, then

à Ha + b xLm Hc + d xLn âx �
Ha + b xLm+1 Hc + d xLn Log@a + b xD

b

� Program code:

IntAIa_.+b_.*x_M^m_*Ic_.+d_.*x_M^n_,x_SymbolE :=

Ha+b*xL^Hm+1L*Hc+d*xL^n*Log@a+b*xD�b �;
FreeQ@8a,b,c,d,m,n<,xD && ZeroQ@b*c-a*dD && Not@IntegerQ@mDD && Not@IntegerQ@nDD && ZeroQ@m+n+1D &&

HLeafCount@a+b*xD<LeafCount@c+d*xD ÈÈ LeafCount@a+b*xD==LeafCount@c+d*xD && PosQ@aDL
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� Rule: If  b c - a d = 0 ì m Ï Z ì n Ï Z ì m + n + 1 ¹ 0, then

à Ha + b xLm Hc + d xLn âx �
Ha + b xLm+1 Hc + d xLn

b Hm + n + 1L

� Program code:

IntAIa_.+b_.*x_M^m_*Ic_.+d_.*x_M^n_,x_SymbolE :=

Ha+b*xL^Hm+1L*Hc+d*xL^n�Hb*Hm+n+1LL �;
FreeQ@8a,b,c,d,m,n<,xD && ZeroQ@b*c-a*dD && Not@IntegerQ@mDD && Not@IntegerQ@nDD &&

NonzeroQ@m+n+1D

� Reference: G&R 2.155, CRC 59a

� Rule: If  b c - a d ¹ 0 ì m + n + 2 = 0 ì n + 1 ¹ 0, then

à Ha + b xLm Hc + d xLn âx � -
Ha + b xLm+1 Hc + d xLn+1

Hn + 1L Hb c - a dL

� Program code:

IntAIa_.+b_.*x_M^m_.*Ic_.+d_.*x_.M^n_,x_SymbolE :=

-Ha+b*xL^Hm+1L*Hc+d*xL^Hn+1L�HHn+1L*Hb*c-a*dLL �;
FreeQ@8a,b,c,d,m,n<,xD && NonzeroQ@b*c-a*dD && ZeroQ@m+n+2D && NonzeroQ@n+1D

� Reference: G&R 2.151, CRC 59b

� Rule: If  b c - a d ¹ 0 ì n Î F ì n > 0, then

à Hc + d xLn

a + b x
âx �

Hc + d xLn

b n
+
b c - a d

b
à Hc + d xLn-1

a + b x
âx

� Program code:

IntAIc_.+d_.*x_M^n_.�Ia_.+b_.*x_M,x_SymbolE :=

Hc+d*xL^n�Hb*nL +

Dist@Hb*c-a*dL�b,Int@Hc+d*xL^Hn-1L�Ha+b*xL,xDD �;
FreeQ@8a,b,c,d<,xD && NonzeroQ@b*c-a*dD && FractionQ@nD && n>0
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� Reference: G&R 2.151, CRC 59b

� Note: Experimental!

� Rule: If  b c - a d ¹ 0 ì m Ï Z, then

à Ha + b xLm Hc + d xL âx �
Ha + b xLm+1 Hc + d xL

b Hm + 2L +
b c - a d

b Hm + 2L à Ha + b xLm âx

� Program code:

IntAIa_.+b_.*x_M^m_*Ic_.+d_.*x_M,x_SymbolE :=

Ha+b*xL^Hm+1L*Hc+d*xL�Hb*Hm+2LL +

Dist@Hb*c-a*dL�Hb*Hm+2LL,Int@Ha+b*xL^m,xDD �;
FreeQ@8a,b,c,d,m<,xD && NonzeroQ@b*c-a*dD && Not@IntegerQ@mDD

� Reference: G&R 2.155, CRC 59a

� Rule: If  b c - a d ¹ 0 ì m + n + 1 ¹ 0 ì n > 0 ì m Ï Z ì Hn Î Z ê Hm Î F ì Hn £ m ê -1 £ m < 0LLL, then

à Ha + b xLm Hc + d xLn âx �
Ha + b xLm+1 Hc + d xLn

b Hm + n + 1L +
n Hb c - a dL
b Hm + n + 1L à Ha + b xLm Hc + d xLn-1 âx

� Program code:

IntAIa_.+b_.*x_M^m_*Ic_.+d_.*x_M^n_,x_SymbolE :=

Ha+b*xL^Hm+1L*Hc+d*xL^n�Hb*Hm+n+1LL +

Dist@n*Hb*c-a*dL�Hb*Hm+n+1LL,Int@Ha+b*xL^m*Hc+d*xL^Hn-1L,xDD �;
FreeQ@8a,b,c,d,m<,xD && NonzeroQ@b*c-a*dD && NonzeroQ@m+n+1D && RationalQ@nD && n>0 &&

Not@IntegerQ@mDD && HIntegerQ@nD ÈÈ FractionQ@mD && Hn<=m ÈÈ -1<=m<0LL

� Reference: G&R 2.155, CRC 59a

� Rule: If  b c - a d ¹ 0 ì n < -1 ì Ø Hm Î Z ì n Î ZL ì Hm Ï Q ê n ³ m ê -1 £ m < 0L, then

à Ha + b xLm Hc + d xLn âx � -
Ha + b xLm+1 Hc + d xLn+1

Hn + 1L Hb c - a dL +
b Hm + n + 2L

Hn + 1L Hb c - a dL à Ha + b xLm Hc + d xLn+1 âx

� Program code:

IntAIa_.+b_.*x_M^m_.*Ic_.+d_.*x_M^n_,x_SymbolE :=

-Ha+b*xL^Hm+1L*Hc+d*xL^Hn+1L�HHn+1L*Hb*c-a*dLL +

Dist@b*Hm+n+2L�HHn+1L*Hb*c-a*dLL,Int@Ha+b*xL^m*Hc+d*xL^Hn+1L,xDD �;
FreeQ@8a,b,c,d,m<,xD && NonzeroQ@b*c-a*dD && RationalQ@nD && n<-1 && Not@IntegersQ@m,nDD &&

HNot@RationalQ@mDD ÈÈ n>=m ÈÈ -1<=m<0L
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� Reference: G&R 2.155, CRC 59a

� Rule: If  b c - a d ¹ 0 ì n + 1 ¹ 0 ì n Ï Q ì m + n < -1, then

à Ha + b xLm Hc + d xLn âx � -
Ha + b xLm+1 Hc + d xLn+1

Hn + 1L Hb c - a dL +
b Hm + n + 2L

Hn + 1L Hb c - a dL à Ha + b xLm Hc + d xLn+1 âx

� Program code:

IntAIa_.+b_.*x_M^m_.*Ic_.+d_.*x_M^n_,x_SymbolE :=

-Ha+b*xL^Hm+1L*Hc+d*xL^Hn+1L�HHn+1L*Hb*c-a*dLL +

Dist@b*Hm+n+2L�HHn+1L*Hb*c-a*dLL,Int@Ha+b*xL^m*Hc+d*xL^Hn+1L,xDD �;
FreeQ@8a,b,c,d,m,n<,xD && NonzeroQ@b*c-a*dD && NonzeroQ@n+1D && Not@RationalQ@nDD &&

RationalQ@m+nD && Simplify@m+nD<-1

� Reference: G&R 2.153.3, CRC 59c

� Rule: If  n Ï Z, then

à Ha + b xL Hc + d xLn âx �
Ha + b xL Hc + d xLn+1

d Hn + 1L -
b

d Hn + 1L à Hc + d xLn+1 âx

� Program code:

IntAIa_.+b_.*x_M*Ic_.+d_.*x_M^n_,x_SymbolE :=

Ha+b*xL*Hc+d*xL^Hn+1L�Hd*Hn+1LL -

Dist@b�Hd*Hn+1LL,Int@Hc+d*xL^Hn+1L,xDD �;
FreeQ@8a,b,c,d,n<,xD && Not@IntegerQ@nDD

� Reference: G&R 2.153.3, CRC 59c

� Rule: If  Ø Hm Î Z ì n Î ZL ì m > 0 ì n < -1, then

à Ha + b xLm Hc + d xLn âx �
Ha + b xLm Hc + d xLn+1

d Hn + 1L -
b m

d Hn + 1L à Ha + b xLm-1 Hc + d xLn+1 âx

� Program code:

IntAIa_.+b_.*x_M^m_*Ic_.+d_.*x_M^n_,x_SymbolE :=

Ha+b*xL^m*Hc+d*xL^Hn+1L�Hd*Hn+1LL -

Dist@b*m�Hd*Hn+1LL,Int@Ha+b*xL^Hm-1L*Hc+d*xL^Hn+1L,xDD �;
FreeQ@8a,b,c,d<,xD && RationalQ@8m,n<D && Not@IntegersQ@m,nDD && m>0 && n<-1
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� Derivation: Integration by substitution

� Basis: If n, p Î Z, then Ha+b xLn�p
c+d x

= p
IHa+b xL1�pMn+p-1

b c-a d+d IHa+b xL1�pMp ¶xHa + b xL1�p

� Rule: If  -1 < m < 0, then

à Ha + b xLn�p
c + d x

âx � p SubstBà xn+p-1

b c - a d + d xp
âx, x, Ha + b xL1�pF

� Program code:

IntAIa_.+b_.*x_M^m_�Ic_+d_.*x_M,x_SymbolE :=

Module@8p=Denominator@mD<,
Dist@p,Subst@Int@x^Hm*p+p-1L�Hb*c-a*d+d*x^pL,xD,x,Ha+b*xL^H1�pLDDD �;

FreeQ@8a,b,c,d<,xD && RationalQ@mD && -1<m<0

� Derivation: Integration by substitution

� Basis: If n, p Î Z, then Ha+b xLn�p
c+d x

= p

Ha+b xL1�p
Hc+d xL1�p

m+p-1

b -d
Ha+b xL1�p
Hc+d xL1�p

p ¶x
Ha+b xL1�p
Hc+d xL1�p

� Rule: If  -1 < m < 0 ì m + n = -1, then

à Ha + b xLm�p Hc + d xLn âx � p SubstBà xm+p-1

b - d xp
âx, x,

Ha + b xL1�p
Hc + d xL1�p F

� Program code:

IntAIa_.+b_.*x_M^m_*Ic_.+d_.*x_M^n_,x_SymbolE :=

Module@8p=Denominator@mD<,
Dist@p,Subst@Int@x^Hm*p+p-1L�Hb-d*x^pL,xD,x,Ha+b*xL^H1�pL�Hc+d*xL^H1�pLDDD �;

FreeQ@8a,b,c,d<,xD && RationalQ@8m,n<D && -1<m<0 && m+n==-1
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à Ha + b xLn Hc + d xLn

x
âx

� Rule: If  a c > 0, then

à 1

x a + b x c + d x
âx � -

2

a c
ArcTanhB a c a + b x

a c + d x
F

� Program code:

IntA1�Ix_*Sqrt@a_+b_.*x_D*Sqrt@c_+d_.*x_DM,x_SymbolE :=

-2*ArcTanh@Rt@a*c,2D*Sqrt@a+b*xD�Ha*Sqrt@c+d*xDLD�Rt@a*c,2D �;
FreeQ@8a,b,c,d<,xD && PosQ@a*cD

� Rule: If  Ø Ha c > 0L, then

à 1

x a + b x c + d x
âx � -

2

-a c
ArcTanB -a c a + b x

a c + d x
F

� Program code:

IntA1�Ix_*Sqrt@a_+b_.*x_D*Sqrt@c_+d_.*x_DM,x_SymbolE :=

-2*ArcTan@Rt@-a*c,2D*Sqrt@a+b*xD�Ha*Sqrt@c+d*xDLD�Rt@-a*c,2D �;
FreeQ@8a,b,c,d<,xD && NegQ@a*cD

� Reference: G&R 2.265b

� Rule: If  n Î F ì n > 0 ì a d + b c = 0, then

à Ha + b xLn Hc + d xLn

x
âx �

Ha + b xLn Hc + d xLn

2 n
+ a c à Ha + b xLn-1 Hc + d xLn-1

x
âx

� Program code:

IntAIa_+b_.*x_M^n_*Ic_+d_.*x_M^n_�x_,x_SymbolE :=

Ha+b*xL^n*Hc+d*xL^n�H2*nL +

Dist@a*c,Int@Ha+b*xL^Hn-1L*Hc+d*xL^Hn-1L�x,xDD �;
FreeQ@8a,b,c,d<,xD && FractionQ@nD && n>0 && ZeroQ@a*d+b*cD
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� Rule: If  n Î F ì n > 0 ì a d + b c ¹ 0, then

à Ha + b xLn Hc + d xLn

x
âx �

Ha + b xLn Hc + d xLn

2 n
+

Ha d + b cL
2

à Ha + b xLn-1 Hc + d xLn-1 âx + a c à Ha + b xLn-1 Hc + d xLn-1

x
âx

� Program code:

IntAIa_+b_.*x_M^n_*Ic_+d_.*x_M^n_�x_,x_SymbolE :=

Ha+b*xL^n*Hc+d*xL^n�H2*nL +

Dist@Ha*d+b*cL�2,Int@Ha+b*xL^Hn-1L*Hc+d*xL^Hn-1L,xDD +

Dist@a*c,Int@Ha+b*xL^Hn-1L*Hc+d*xL^Hn-1L�x,xDD �;
FreeQ@8a,b,c,d<,xD && FractionQ@nD && n>0 && NonzeroQ@a*d+b*cD

� Reference: G&R 2.268b, CRC 122

� Rule: If  n Î F ì n < -1 ì a d + b c = 0, then

à Ha + b xLn Hc + d xLn

x
âx � -

Ha + b xLn+1 Hc + d xLn+1

2 a c Hn + 1L +
1

a c
à Ha + b xLn+1 Hc + d xLn+1

x
âx

� Program code:

IntAIa_+b_.*x_M^n_*Ic_+d_.*x_M^n_�x_,x_SymbolE :=

-Ha+b*xL^Hn+1L*Hc+d*xL^Hn+1L�H2*a*c*Hn+1LL +

Dist@1�Ha*cL,Int@Ha+b*xL^Hn+1L*Hc+d*xL^Hn+1L�x,xDD �;
FreeQ@8a,b,c,d<,xD && FractionQ@nD && n<-1 && ZeroQ@a*d+b*cD

� Rule: If  n Î F ì n < -1 ì a d + b c ¹ 0, then

à Ha + b xLn Hc + d xLn

x
âx � -

Ha + b xLn+1 Hc + d xLn+1

2 a c Hn + 1L -

a d + b c

2 a c
à Ha + b xLn Hc + d xLn âx +

1

a c
à Ha + b xLn+1 Hc + d xLn+1

x
âx

� Program code:

IntAIa_+b_.*x_M^n_*Ic_+d_.*x_M^n_�x_,x_SymbolE :=

-Ha+b*xL^Hn+1L*Hc+d*xL^Hn+1L�H2*a*c*Hn+1LL -

Dist@Ha*d+b*cL�H2*a*cL,Int@Ha+b*xL^n*Hc+d*xL^n,xDD +

Dist@1�Ha*cL,Int@Ha+b*xL^Hn+1L*Hc+d*xL^Hn+1L�x,xDD �;
FreeQ@8a,b,c,d<,xD && FractionQ@nD && n<-1 && NonzeroQ@a*d+b*cD
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à Ha + b xLn Hc + d xLp

x
âx

� Derivation: Algebraic expansion

� Basis: Ha+b xLn
x

= b Ha + b xLn-1 +
a Ha+b xLn-1

x

� Rule: If  n, p Î F ì n > 0 ì n - p Î Z, then

à Ha + b xLn Hc + d xLp

x
âx � b à Ha + b xLn-1 Hc + d xLp âx + a à Ha + b xLn-1 Hc + d xLp

x
âx

� Program code:

IntAIa_+b_.*x_M^n_*Ic_+d_.*x_M^p_�x_,x_SymbolE :=

Dist@b,Int@Ha+b*xL^Hn-1L*Hc+d*xL^p,xDD +

Dist@a,Int@Ha+b*xL^Hn-1L*Hc+d*xL^p�x,xDD �;
FreeQ@8a,b,c,d<,xD && FractionQ@8n,p<D && n>0 && IntegerQ@n-pD

� Derivation: Algebraic expansion

� Basis: Ha+b xLn
x

=
Ha+b xLn+1

a x
-

b Ha+b xLn
a

� Rule: If  n, p Î F ì n < -1 ì n - p Î Z, then

à Ha + b xLn Hc + d xLp

x
âx �

1

a
à Ha + b xLn+1 Hc + d xLp

x
âx -

b

a
à Ha + b xLn Hc + d xLp âx

� Program code:

IntAIa_+b_.*x_M^n_*Ic_+d_.*x_M^p_�x_,x_SymbolE :=

Dist@1�a,Int@Ha+b*xL^Hn+1L*Hc+d*xL^p�x,xDD -

Dist@b�a,Int@Ha+b*xL^n*Hc+d*xL^p,xDD �;
FreeQ@8a,b,c,d<,xD && FractionQ@8n,p<D && n<-1 && IntegerQ@n-pD
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à xm Ha + b xLn Hc + d xLn âx

� Reference: G&R 2.174.2

� Rule: If  n Î F ì m + 2 n + 1 = 0 ì m > 1 ì a d + b c = 0, then

à xm Ha + b xLn Hc + d xLn âx �
xm-1 Ha + b xLn+1 Hc + d xLn+1

2 b d Hn + 1L +
1

b d
à xm-2 Ha + b xLn+1 Hc + d xLn+1 âx

� Program code:

IntAx_^m_*Ia_.+b_.*x_M^n_*Ic_.+d_.*x_M^n_,x_SymbolE :=

x^Hm-1L*Ha+b*xL^Hn+1L*Hc+d*xL^Hn+1L�H2*b*d*Hn+1LL +

Dist@1�Hb*dL,Int@x^Hm-2L*Ha+b*xL^Hn+1L*Hc+d*xL^Hn+1L,xDD �;
FreeQ@8a,b,c,d<,xD && FractionQ@nD && RationalQ@mD && m+2*n+1==0 && m>1 && ZeroQ@a*d+b*cD

� Rule: If  n Î F ì m + 2 n + 1 = 0 ì m > 1 ì a d + b c ¹ 0, then

à xm Ha + b xLn Hc + d xLn âx �
xm-1 Ha + b xLn+1 Hc + d xLn+1

2 b d Hn + 1L -

a d + b c

2 b d
à xm-1 Ha + b xLn Hc + d xLn âx +

1

b d
à xm-2 Ha + b xLn+1 Hc + d xLn+1 âx

� Program code:

IntAx_^m_*Ia_.+b_.*x_M^n_*Ic_.+d_.*x_M^n_,x_SymbolE :=

x^Hm-1L*Ha+b*xL^Hn+1L*Hc+d*xL^Hn+1L�H2*b*d*Hn+1LL -

Dist@Ha*d+b*cL�H2*b*dL,Int@x^Hm-1L*Ha+b*xL^n*Hc+d*xL^n,xDD +

Dist@1�Hb*dL,Int@x^Hm-2L*Ha+b*xL^Hn+1L*Hc+d*xL^Hn+1L,xDD �;
FreeQ@8a,b,c,d<,xD && FractionQ@nD && RationalQ@mD && m+2*n+1==0 && m>1 && NonzeroQ@a*d+b*cD

� Reference: G&R 2.174.1, CRC 119

� Rule: If  n + 1 ¹ 0 ì a d + b c = 0, then

à x Ha + b xLn Hc + d xLn âx �
Ha + b xLn+1 Hc + d xLn+1

2 b d Hn + 1L

� Program code:

IntAx_*Ia_.+b_.*x_M^n_*Ic_.+d_.*x_M^n_,x_SymbolE :=

Ha+b*xL^Hn+1L*Hc+d*xL^Hn+1L�H2*b*d*Hn+1LL �;
FreeQ@8a,b,c,d,n<,xD && NonzeroQ@n+1D && ZeroQ@a*d+b*cD
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� Rule: If  n Î F, then

à x Ha + b xLn Hc + d xLn âx �
Ha + b xLn+1 Hc + d xLn+1

2 b d Hn + 1L -
a d + b c

2 b d
à Ha + b xLn Hc + d xLn âx

� Program code:

IntAx_*Ia_.+b_.*x_M^n_*Ic_.+d_.*x_M^n_,x_SymbolE :=

Ha+b*xL^Hn+1L*Hc+d*xL^Hn+1L�H2*b*d*Hn+1LL -

Dist@Ha*d+b*cL�H2*b*dL,Int@Ha+b*xL^n*Hc+d*xL^n,xDD �;
FreeQ@8a,b,c,d<,xD && FractionQ@nD

� Rule: If  n Î F ì m + 2 n + 1 ¹ 0 ì m > 1 ì Hm + n = 0 ê a d + b c = 0L, then

à xm Ha + b xLn Hc + d xLn âx �
xm-1 Ha + b xLn+1 Hc + d xLn+1

b d Hm + 2 n + 1L -
a c Hm - 1L

b d Hm + 2 n + 1L à xm-2 Ha + b xLn Hc + d xLn âx

� Program code:

IntAx_^m_*Ia_.+b_.*x_M^n_*Ic_.+d_.*x_M^n_,x_SymbolE :=

x^Hm-1L*Ha+b*xL^Hn+1L*Hc+d*xL^Hn+1L�Hb*d*Hm+2*n+1LL -

Dist@a*c*Hm-1L�Hb*d*Hm+2*n+1LL,Int@x^Hm-2L*Ha+b*xL^n*Hc+d*xL^n,xDD �;
FreeQ@8a,b,c,d<,xD && FractionQ@nD && RationalQ@mD && NonzeroQ@m+2*n+1D && m>1 &&

HZeroQ@m+nD ÈÈ ZeroQ@a*d+b*cDL

� Rule: If  n Î F ì m + 2 n + 1 ¹ 0 ì m > 1 ì m + n ¹ 0 ì a d + b c ¹ 0, then

à xm Ha + b xLn Hc + d xLn âx �
xm-1 Ha + b xLn+1 Hc + d xLn+1

b d Hm + 2 n + 1L -

Hm + nL Ha d + b cL
b d Hm + 2 n + 1L à xm-1 Ha + b xLn Hc + d xLn âx -

a c Hm - 1L
b d Hm + 2 n + 1L à xm-2 Ha + b xLn Hc + d xLn âx

� Program code:

IntAx_^m_*Ia_.+b_.*x_M^n_*Ic_.+d_.*x_M^n_,x_SymbolE :=

x^Hm-1L*Ha+b*xL^Hn+1L*Hc+d*xL^Hn+1L�Hb*d*Hm+2*n+1LL -

Dist@Hm+nL*Ha*d+b*cL�Hb*d*Hm+2*n+1LL,Int@x^Hm-1L*Ha+b*xL^n*Hc+d*xL^n,xDD -

Dist@a*c*Hm-1L�Hb*d*Hm+2*n+1LL,Int@x^Hm-2L*Ha+b*xL^n*Hc+d*xL^n,xDD �;
FreeQ@8a,b,c,d<,xD && FractionQ@nD && RationalQ@mD && NonzeroQ@m+2*n+1D && m>1 &&

NonzeroQ@m+nD && NonzeroQ@a*d+b*cD
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� Reference: G&R 2.176, CRC 123

� Rule: If  m + 1 ¹ 0 ì m + 2 n + 3 = 0 ì a d + b c = 0, then

à xm Ha + b xLn Hc + d xLn âx �
xm+1 Ha + b xLn+1 Hc + d xLn+1

a c Hm + 1L

� Program code:

IntAx_^m_*Ia_+b_.*x_M^n_*Ic_+d_.*x_M^n_,x_SymbolE :=

x^Hm+1L*Ha+b*xL^Hn+1L*Hc+d*xL^Hn+1L�Ha*c*Hm+1LL �;
FreeQ@8a,b,c,d,n<,xD && NonzeroQ@m+1D && ZeroQ@m+2*n+3D && ZeroQ@a*d+b*cD

� Rule: If  n Î F ì m < -1 ì m + 2 n + 3 = 0, then

à xm Ha + b xLn Hc + d xLn âx �

xm+1 Ha + b xLn+1 Hc + d xLn+1

a c Hm + 1L -
Hm + n + 2L Ha d + b cL

a c Hm + 1L à xm+1 Ha + b xLn Hc + d xLn âx

� Program code:

IntAx_^m_*Ia_+b_.*x_M^n_*Ic_+d_.*x_M^n_,x_SymbolE :=

x^Hm+1L*Ha+b*xL^Hn+1L*Hc+d*xL^Hn+1L�Ha*c*Hm+1LL -

Dist@Hm+n+2L*Ha*d+b*cL�Ha*c*Hm+1LL,Int@x^Hm+1L*Ha+b*xL^n*Hc+d*xL^n,xDD �;
FreeQ@8a,b,c,d<,xD && FractionQ@nD && RationalQ@mD && m<-1 && ZeroQ@m+2*n+3D

� Rule: If  n Î F ì m < -1 ì Hm + n + 2 = 0 ê a d + b c = 0L, then

à xm Ha + b xLn Hc + d xLn âx �
xm+1 Ha + b xLn+1 Hc + d xLn+1

a c Hm + 1L -
b d Hm + 2 n + 3L

a c Hm + 1L à xm+2 Ha + b xLn Hc + d xLn âx

� Program code:

IntAx_^m_*Ia_+b_.*x_M^n_*Ic_+d_.*x_M^n_,x_SymbolE :=

x^Hm+1L*Ha+b*xL^Hn+1L*Hc+d*xL^Hn+1L�Ha*c*Hm+1LL -

Dist@b*d*Hm+2*n+3L�Ha*c*Hm+1LL,Int@x^Hm+2L*Ha+b*xL^n*Hc+d*xL^n,xDD �;
FreeQ@8a,b,c,d<,xD && FractionQ@nD && RationalQ@mD && m<-1 && HZeroQ@m+n+2D ÈÈ ZeroQ@a*d+b*cDL
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� Rule: If  n Î F ì m < -1 ì m + n + 2 ¹ 0 ì m + 2 n + 3 ¹ 0 ì a d + b c ¹ 0, then

à xm Ha + b xLn Hc + d xLn âx �
xm+1 Ha + b xLn+1 Hc + d xLn+1

a c Hm + 1L -

Hm + n + 2L Ha d + b cL
a c Hm + 1L à xm+1 Ha + b xLn Hc + d xLn âx -

b d Hm + 2 n + 3L
a c Hm + 1L à xm+2 Ha + b xLn Hc + d xLn âx

� Program code:

IntAx_^m_*Ia_+b_.*x_M^n_*Ic_+d_.*x_M^n_,x_SymbolE :=

x^Hm+1L*Ha+b*xL^Hn+1L*Hc+d*xL^Hn+1L�Ha*c*Hm+1LL -

Dist@Hm+n+2L*Ha*d+b*cL�Ha*c*Hm+1LL,Int@x^Hm+1L*Ha+b*xL^n*Hc+d*xL^n,xDD -

Dist@b*d*Hm+2*n+3L�Ha*c*Hm+1LL,Int@x^Hm+2L*Ha+b*xL^n*Hc+d*xL^n,xDD �;
FreeQ@8a,b,c,d<,xD && FractionQ@nD && RationalQ@mD && m<-1 && NonzeroQ@m+n+2D &&

NonzeroQ@m+2*n+3D && NonzeroQ@a*d+b*cD
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à xm Ha + b xLn Hc + d xLp âx

� Rule: If  m Î Z ì m > 0, then

à xm a + b x

c + d x
âx �

xm a + b x c + d x

d Hm + 1L -

a c m

d Hm + 1L à xm-1

a + b x c + d x
âx +

a d - b c H2 m + 1L
2 d Hm + 1L à xm

a + b x c + d x
âx

� Program code:

IntAx_^m_.*Sqrt@a_+b_.*x_D�Sqrt@c_.+d_.*x_D,x_SymbolE :=

x^m*Sqrt@a+b*xD*Sqrt@c+d*xD�Hd*Hm+1LL -

Dist@a*c*m�Hd*Hm+1LL,Int@x^Hm-1L�HSqrt@a+b*xD*Sqrt@c+d*xDL,xDD +

Dist@Ha*d-b*c*H2*m+1LL�H2*d*Hm+1LL,Int@x^m�HSqrt@a+b*xD*Sqrt@c+d*xDL,xDD �;
FreeQ@8a,b,c,d<,xD && IntegerQ@mD && m>0

� Rule:

à a + b x

x2 c + d x
âx � -

a + b x c + d x

c x
+
b c - a d

2 c
à 1

x a + b x c + d x
âx

� Program code:

IntASqrt@a_+b_.*x_D�Ix_^2*Sqrt@c_.+d_.*x_DM,x_SymbolE :=

-Sqrt@a+b*xD*Sqrt@c+d*xD�Hc*xL +

Dist@Hb*c-a*dL�H2*cL,Int@1�Hx*Sqrt@a+b*xD*Sqrt@c+d*xDL,xDD �;
FreeQ@8a,b,c,d<,xD
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� Rule: If  m Î Z ì m < -2, then

à xm a + b x

c + d x
âx �

xm+1 a + b x c + d x

c Hm + 1L -

b c + a d H2 m + 3L
2 c Hm + 1L à xm+1

a + b x c + d x
âx -

b d Hm + 2L
c Hm + 1L à xm+2

a + b x c + d x
âx

� Program code:

IntAx_^m_.*Sqrt@a_+b_.*x_D�Sqrt@c_.+d_.*x_D,x_SymbolE :=

x^Hm+1L*Sqrt@a+b*xD*Sqrt@c+d*xD�Hc*Hm+1LL -

Dist@Hb*c+a*d*H2*m+3LL�H2*c*Hm+1LL,Int@x^Hm+1L�HSqrt@a+b*xD*Sqrt@c+d*xDL,xDD -

Dist@b*d*Hm+2L�Hc*Hm+1LL,Int@x^Hm+2L�HSqrt@a+b*xD*Sqrt@c+d*xDL,xDD �;
FreeQ@8a,b,c,d<,xD && IntegerQ@mD && m<-2

� Derivation: Algebraic expansion

� Basis: xm Ha + b xLn =
xm-1 Ha+b xLn+1

b
-

a xm-1 Ha+b xLn
b

� Basis: If  m ³ 0 is an integer, then  xm = Úk=0
m H-aLm-k Binomial@m,m-kD

bm
Ha + b xLk

� Rule: If  m, p - n Î Z í m > 0 í p - n < 0 í Jm > 3 ë n ¹ -
1

2
N, then

à xm Ha + b xLn Hc + d xLp âx � â
k=0

m H-aLm-k Binomial@m, m - kD
bm

à Ha + b xLn+k Hc + d xLp âx

� Program code:

IntAx_^m_.*Ia_+b_.*x_M^n_*Ic_.+d_.*x_M^p_.,x_SymbolE :=

Sum@Dist@H-aL^Hm-kL�b^m*Binomial@m,m-kD,Int@Ha+b*xL^Hn+kL*Hc+d*xL^p,xDD,8k,0,m<D �;
FreeQ@8a,b,c,d,n,p<,xD && IntegersQ@m,p-nD && m>0 && Not@IntegerQ@nDD && p-n<0 &&

Hm>3 ÈÈ n=!=-1�2L
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� Derivation: Algebraic expansion

� Basis: xm Ha + b xLn =
xm-1 Ha+b xLn+1

b
-

a xm-1 Ha+b xLn
b

� Basis: If  m and p - n are integers and 0 < p - n £ m, then

xm Ha + b xLn = Úk=0
p-n-1 H-aLm-k Binomial@m,m-kD

bm
Ha + b xLn+k + Úk=0

m-p+n I-
a

b
Mm-k

Binomial@m-k-1,p-n-1D
H-aLp-n xk Ha + b xLp

� Rule: If  m, p - n Î Z ì 0 < p - n £ m, then

à xm Ha + b xLn Hc + d xLp âx � â
k=0

p-n-1 H-aLm-k Binomial@m, m - kD
bm

à Ha + b xLn+k Hc + d xLp âx +

â
k=0

m-p+n I-
a

b
Mm-k

Binomial@m - k - 1, p - n - 1D
H-aLp-n à xk Ha + b xLp Hc + d xLp âx

� Program code:

IntAx_^m_.*Ia_+b_.*x_M^n_*Ic_.+d_.*x_M^p_,x_SymbolE :=

Sum@Dist@H-aL^Hm-kL�b^m*Binomial@m,m-kD,Int@Ha+b*xL^Hn+kL*Hc+d*xL^p,xDD,8k,0,p-n-1<D +

Sum@Dist@H-a�bL^Hm-kL�H-aL^Hp-nL*Binomial@m-k-1,p-n-1D,Int@x^k*Ha+b*xL^p*Hc+d*xL^p,xDD,8k,0,m-p+n<D
FreeQ@8a,b,c,d,n,p<,xD && IntegersQ@m,p-nD && 0<p-n<=m && Not@IntegerQ@nDD

� Derivation: Algebraic expansion

� Basis: xm Ha + b xLn =
xm Ha+b xLn+1

a
-

b xm+1 Ha+b xLn
a

� Basis: If  m and p - n are integers, m < 0 and p - n > 0, then

xm Ha + b xLn = Úk=0
p-n-1 am-k Binomial@k-m-1,-m-1D

H-bLm Ha + b xLn+k + Úk=0
-m-1

J-
b

a
Nk Binomial@p-n+k-1,p-n-1D

ap-n xm+k Ha + b xLp

� Rule: If  m, p - n Î Z ì m < 0 ì p - n > 0, then

à xm Ha + b xLn Hc + d xLp âx � â
k=0

p-n-1 am-k Binomial@k - m - 1, -m - 1D
H-bLm à Ha + b xLn+k Hc + d xLp âx +

â
k=0

-m-1 I-
b

a
Mk

Binomial@p - n + k - 1, p - n - 1D
ap-n

à xm+k Ha + b xLp Hc + d xLp âx

� Program code:

IntAx_^m_.*Ia_+b_.*x_M^n_*Ic_.+d_.*x_M^p_,x_SymbolE :=

Sum@Dist@a^Hm-kL�H-bL^m*Binomial@k-m-1,-m-1D,Int@Ha+b*xL^Hn+kL*Hc+d*xL^p,xDD,8k,0,p-n-1<D +

Sum@Dist@H-b�aL^k�a^Hp-nL*Binomial@p-n+k-1,p-n-1D,Int@x^Hm+kL*Ha+b*xL^p*Hc+d*xL^p,xDD,8k,0,-m-1<D �;
FreeQ@8a,b,c,d,n,p<,xD && IntegersQ@m,p-nD && m<0 && p-n>0 && Not@IntegerQ@nDD

Integration Rules for Algebraic Functions of Linears


