Integration Rules for (sin”j)”*m (a+a sin”k)"n

Integration Rules for
f(sinj(z))m (a+ bsin"(z))n dz when j> =1 /\ k?=1 /\ a® = b?
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Legend:

» Therule number in acolored region indicates the rule to use for integralsin that region.

The rule number next to a colored line indicates the rule to use for integrals on that line.

A whiteregion or line indicates thereis no rule for integralsin that region or on that line.

A solid black line indicates integrals on that line are handled by rulesin another section.

A dashed black line on the border of aregion indicates integrals on that border are handled by the rule for that region.
The arrow(s) following a rule number indicates the direction the rule drivesintegrands in the nxm exponent plane.

A ¢ following arule number indicates the rule transforms the integrand into aform handled by another section.

A red (stop) disk indicates the terminal rule to use for the point at the center of the disk.

A cyan disk indicates the non-terminal rule to use for the point at the center of the disk.



Integration Rules for (sin”*))”"m (a+a sin™k)"™n

Integration Rules for
[(a+ bsink(z))n dz when k? =1 /\ a’ =b?

] 1
Rulea: : - dx
a+bSin[c+dx]
m Reference: G& R 2.555.3', CRC 337", A& S4.3.134'/5'
m Derivation: Rulelbwithm=0,k =1landn = -1

m Ruleal: If a2 - b2 = 0, then

dx —

1 Cos[c +d x]
fa+bSin[c+dx] "d(b+aSin[c+dx])

= Program code:

Int [1/(a_+b_. #sinfc_. +d_. #x_1), x_Symbol ] :
-Cos [c+d*x]/ (d*x (b+axSi n[c+d*x])) /;
FreeQ[{a, b, c,d}, x] && ZeroQ[a"2-b"2]

m Reference: G& R 2.555.4', CRC 338'/9', A& S4.3.134'/5'

Int [1/(a_+b_. *Cos [c_. +d_. #x_]), x_Symbol ] :
Sin[c+dxx]/ (d% (b+axCos [c+d*xx])) /;
FreeQ[{a, b, c,d}, x] && ZeroQ[a"2-b"2]

= Derivation: Algebraic expansion

: 1 1
= Basis == -
a+bz a

bz
a (a+b z)

» Note: Therulefor integrands of the sameform when a2 - b2 # 0 could subsumethisrule, but theresulting antiderivativewill ook lesslikethe
integrand involving sinesinstead of cosecants.

m Rulea2: Ifa2 - b2 = 0, then

1 X b Csc[c +dx]
j dx — _-_j ax
a+bCsc[c+dx] a aJda+bGCsclc+dx]

= Program code:

Int [1/(a_+b_. #sin[c_. +d_. #x_]1"(-1)), x_Synbol | : =
x/a - Dist[b/a,Int [1/(sin[c+dxx]*(a+b/sin[c+d*x])),Xx]1] /;
FreeQ[{a, b, c,d}, x] && ZeroQ[a"2-b"2]



Integration Rules for (sin”*))”"m (a+a sin™k)"™n

Ruleb: J\/a+bSin[c+dx]k d X

m Derivation: Rule3bwithm=0,k =1landn = %

m Rulebl: If a2 - b2 = 0, then

2bCos[c +dx]

J\/a+bSin[c+dx] dx — -
dva+bSin[c+dx]

= Program code:

Int [Sgrt [a_+b_. xsin[c_. +d_. *x_11, x_Synbol ] : =
-2xbxCos [c+dxXx]/ (d*Sqrt [a+b*Si n[c+dxx]1]) /;
FreeQ[{a, b, c,d}, x] && ZeroQ[a"2-b"2]

Int [Sgrt [a_+b_. xCos[c_. +d_. *x_11, x_Synbol ] : =
2xb*xSi n[c+d*x]/ (d*Sqrt [a+bxCos [c+d*Xx]]) /;
FreeQ[{a, b, c,d}, x] && ZeroQ[a"2-b"2]

= Author: Martin on sci.math.symbolicon 10 March 2011

m Ruleb2: I1f a2 - b2 = 0, then

Va va Cot [c +dX]

2
j«/a+szc[c+dx] dx — - ArcTan[

va+bCsclc+dx]

= Program code:

Int [Sgrt [a_+b_. xsin[c_. +d_. *x_1"(-1)]1,x_Synbol ] : =
-2xSgrt [a]/dxArcTan [ (Sgrt [a]*Cot [c+dxx])/Sqrt [a+bxCsc [c+d*X]]] /;
FreeQ[{a, b, c,d}, x] && ZeroQ[a’2-b"2]

]



Integration Rules for (sin”*))”"m (a+a sin™k)"™n

1
Rulec:j d x
Va+bSin[c+dx]

= Note: Although not essential, thisrule producesa simpler antiderivativethan rulec3.

= Rulecl:If a-b =0,then

1 2 c+dx c+dx
j dx — Oos[ ]ArcTanh[Si n[ ]]
Va+bCos[c +dx] d+va+bCos[c+dx] 2 2

= Program code:

Int [1/Sqrt [a_+b_. *sin[c_. +Pi /2+d_. #x_11, x_Synbol | : =
2/ (dxSgrt [a+bxCos [c+d*xx]]) *Cos [ (c+d*x) /2] xArcTanh[Si n[ (c+d=*x) /2]1] /;
FreeQ[{a, b, c,d}, x] & & ZeroQ[a-b]

= Note: Although not essential, thisrule producesa simpler antiderivativethan rulec3.

m Rulec2: If a+b =0,then

1 2 o rc+dx c+dx
J dx — - Sln[ ]ArcTanh[Oos[ ”
Va+bCos[c+dx] dva+bCos[c+dx] 2 2

= Program code:

Int [1/Sqrt [a_+b_. #sin[c_. +Pi /2+d_. #x_]1, x_Synbol ] : =
-2/ (dxSqrt [a+bxCos[c+d*x]])*Si n[ (c+dxx) /2] *ArcTanh [Cos [ (c+d=*X) /2]] /;
FreeQ[{a, b, c,d}, x] & ZeroQ[a+b]

m Rulec3: If a2 - b2 = 0, then

1 2 c+dx b ~rc+dx nwb
J dx — Oos[ ——] ArcTanh[Sln[ -_H
Va+bSin[c+dx] dva+bSin[c+dx] 2 4a 2 4a

= Program code:

Int [1/Sqrt [a_+b_. #sin[c_. +d_. #x_]1,x_Symbol ] : =
2/ (dxSqgrt [a+bxSin[c+d*xx]])*Cos [ (c+d*x) /2-Pi xb/ (4*a) ]*xArcTanh [Si n[ (c+dxx) /2-Pi xb/ (4%xa)1] /;
FreeQ[{a, b,c,d}, x] && ZeroQ[a"2-b"2]



Integration Rules for (sin”*))”"m (a+a sin™k)"™n

Rules15-16: J(a+szc[c+dx])”d1x

m Derivation: Rule6withm=0andk = -1
» Rulel5: If a2-b2=0 A n < -1,then

Cot [c+dXx] (a+bCsc[c+dx])"
J\(a+szc[c+dx])”d1x—>— +

d (2n+1)

1
z—j(a (2n+1) -b(n+1) Csc[c+dx]) (a+bCsc[c+dx])™! dx
ac (2n+1)

= Program code:

Int [(a_+b_. #sin[c_. +d_. #x_1"(-1))"n_, x_Synbol | : =

-Cot [c+d*Xx]* (a+b*xCsc[c+d*x])"n/ (d* (2xn+1)) +

Di st [1/(a”2% (2xn+1)),Int [ (a* (2*n+1) - (bx(n+1l))*sin[c+d*x]" (-1)) % (a+bxsi n[c+d*x]" (-1))" (n+1), x]] /;
FreeQ[{a, b,c,d}, x] && ZeroQ[a"2-b"2] && Rational Q[n] && n<-1

= Derivation: Rule3awithm=0andk = -1
m Rulel6: If a2-b2=0 A n>1 A n#2,then

b2 Cot [c +d x] (a+b Csc[c +dx])"2
J(a+bCSC[C+dX])ndX — - +

d(n-1)

a
—1 (a(n-1) +b (3n-4) Csc[c+dx]) (a+bCsc[c+dx])"?dx
n-

= Program code:

Int [(a_+b_. #sin[c_. +d_. »x_1"(-1))"n_, x_Synbol | : =

-b”2xCot [c+d*Xx]* (a+b*Csc [c+d*x])" (n-2)/(d* (n-1)) +

Di st [a/(n-1),Int [ (a*x(n-1)+ (b* (3*xn-4))*Si n[C+d*Xx]" (-1)) * (a+b*si n[c+d*x]1" (-1))" (n-2), x]1]1 /;
FreeQ[{a, b,c,d}, x] & ZeroQ[a"2-b"2] && Rational Q[n] && n>1 && n#2



Integration Rules for (sin”*))”"m (a+a sin™k)"™n

Integration Rules for
[(sin'@)" (a+bsin“@)" dzwhen 2 =1 [\ k? =1 /\ & = b?

Va+bSin[c+dx]
Sin[c +dXx]

Ruled: j

= Derivation: Piecewise constant extraction and trig substitution

OOS[;—]

2 =0
v a+b Cos[z]

m Basis If a-b =0,thend,

= Basis If a-b=0,thena+bCos[z] =2aCos[£]’
= Note: Although not essential, thisrule producesa simpler antiderivativethan rule d3.

= Ruledl: If a-b = 0,then

Jw/a+bCos[c+dx] 4 23003[%] J‘Oos[c*;x]

dx

X —
Cos[c +dx] va+bCos[c+dx] Cos[c +dx]

22 b Cos 23]

— ArcTanh[\/? Si n[
dva+bCos[c+dx]

c+dx]]

= Program code:

Int [Sqrt [a_+b_. sin[c_. +Pi /2+d_. »x_]1/sin[c_. +Pi /2+d_. #x_], x_Synbol | : =
2xSqrt [2]xb*xCos [ (c+dxx) /2] / (d=Sqrt [a+b*Cos [c+dxx]]) *ArcTanh[Sqrt [2]*Si n[ (c+d=*Xx) /2]] /;
FreeQ[{a, b,c,d}, x] & ZeroQ[a-b]



Integration Rules for (sin”*))”"m (a+a sin™k)"™n

= Derivation: Piecewise constant extraction and trig substitution

sin[Z]

= Basis If a+b =0,thene, —2—
Va+b Cos[z]

=0

= Basis If a+b=0,thena+bCos[z] =2aSi n[%]2
= Note: Although not essential, thisrule producesa simpler antiderivativethan rule d3.

= Ruled2: If a+b =0,then

J«/a+bCos[c+dx] ZaSi”[c+:x] JSin[c+§X]
dx — dx

Cos[c +d x] va+bCos[c+dx] Cos[c +d x]

24/2 a Sin[&9x
— (=] ArcTanh[«/?Cos[

C+dX]]
dvVa+bCos[c+dx]

= Program code:

Int [Sqrt [a_+b_. #sin[c_. +Pi /2+d_. »x_]1/sin[c_. +Pi /2+d_. #x_],x_Synbol ] : =
2%xSqrt [2]1*axSi n[ (c+dxx) /2]/ (d*Sqrt [a+b*xCos [c+dxx]])*ArcTanh [Sqrt [2]*Cos [ (c+dxX)/2]] /;
FreeQ[{a, b, c,d}, x] & & ZeroQ[a+b]

= Derivation: Piecewiseconstant extraction and trig substitution

= Ruled3: If a2 - b2 = 0, then

+d X 7 b

a+bSinc+dx 2V2 b Cos[== - 77] c+dx nb

Y +. e »axi dx — 2 e ArcTanh[Vz Sin[ i ——H
Sinfc+dx] dva+bSin[c+dx] 2 4a

= Program code:

Int [Sqrt [a_+b_. #sin[c_. +d_. »x_]11/sin[c_. +d_. »x_],x_Synbol | : =
2%xSqrt [2] *bxCos [ (c+dxX) /2-Pi xb/ (4%a) 1/ (d*=Sqrt [a+bxSi n[c+d*x]1]) *
ArcTanh[Sgrt [2]*Si n[ (c+dxXx) /2-Pi xb/ (4%xa)1] /;
FreeQ[{a, b, c,d}, x] && ZeroQ[a"2-b"2]



Integration Rules for (sin”*))”"m (a+a sin™k)"™n

1
Rulee: dx

k+1

Sin[c+dx]7\/a+b8in[c+dx]"

m  Author: Martin on sci.math.symbolicon 10 March 2011

= Derivation: Algebraic expansion

k-1

+ k 2
= Basis If k? = 1, then ——2 Yasbz bz~

K+ PEY
272 + a+h zX azz ay a+bz*

m Rulee If k2 =1 A a?-b? =0,then

dx — — dx - — dx
Kol a kel

Sin[c+dx] T 8 J yJasbsinc+dx]k

. k-1
J 1 1 \/a+bS|n[c+dx]'< b Sin[c+dx]7Z

Sin[c+dx]T\/a+bSin[c+dx]k

= Program code:

Int [1/(sin[c_. +d_. «x_]*Sqrt [a_+b_. »sin[c_. +d_. «x_]1), x_Synbol | : =
Di st [1/a,Int [Sqrt [a+b*si n[c+dxx]]/si n[c+d*x], X]] -
Di st [b/a, I nt [1/Sgrt [a+bxSi n[c+d*Xx]], X]1] /;

FreeQ[{a, b,c,d}, x] && ZeroQ[a"2-b"2]

Int [1/Sqrt [a_+b_. #sin[c_. +d_. #x_]"(-1)1, x_Synbol ] : =
1/axInt [Sqrt [a+b*si n[c+d*x]" (-1)]1, X] -
b/axl nt [sin[c+dxx]" (-1)/Sqrt [a+bxsi n[c+d*x]" (-1)1, X1 /;
FreeQ[{a, b, c,d}, x] && ZeroQ[a"2-b"2]



Integration Rules for (sin”*))”"m (a+a sin™k)"™n

1
Rulef:j dx
VSin[c+dx] Ya+bSin[c+dx]

m Bass F(z|0)=z
m Note: Thisisa special caseof therulefor a2 # b2,

m Rulefl:lf a-b=0 A a>0,then

1 V2 ) c+dx
j dx — ArcSi n[Tan[ ——]]
A/Sin[c+dx] Ya+bSin[c+dx] d+va 2 4

= Program code:

Int [1/(Sart [sin[c_. +Pi /2+d_. »x_]11Sqrt [a_+b_. #sin[c_. +Pi /2+d_. *x_]1), x_Synbol | : =
Sqrt [2]/ (dxSqgrt [a]) *ArcSi n[Tan[ (c+d=*x) /21] /;
FreeQ[{a, b,c,d}, x] & & ZeroQ[a-b] && PositiveQ[a]

Int [1/(Sqrt [sinfc_. +d_. +x_]1#Sqrt [a_+b_. #sin[c_. +d_. »x_]1), x_Synbol | : =
Sgrt [2]/ (d=Sgrt [a]) *ArcSin[Tan[ (c+dxx) /2-Pi /411 /;
FreeQ[{a, b,c,d}, x] & ZeroQ[a-b] && PositiveQ[a]

= Author: Martin 10 March 2011
= Derivation: ???

= Rulef2: If a2 - b2 = 0, then

/b Cos[c +dX]
V2 A/Sinfc+dx] Va+bSin[c+dx]

J‘ 1 V2 vVb

dx — ——ArcTan[
A/Sinfc+dx] Va+bSin[c+dx] ad

= Program code:

Int [1/(Sqrt [sin[c_. +d_. +x_11+Sqrt [a_+b_. #sin[c_. +d_. xx_]1),x_Synbol ] : =
-Sgrt [2]*Sqrt [b]/ (axd) xArcTan[Sqrt [b]*Cos [c+d*x]1/(Sqrt [2]*Sqrt [Sin[c+dxx]]1*Sqrt [a+b*Sin[c+d*xx]1])]
FreeQ[{a, b,c,d}, x] && ZeroQ[a"2-b"2] && Not [ZeroQ[a-b] && PositiveQ[a]]



Integration Rules for (sin”*))”"m (a+a sin™k)"™n

Va+bSin[c+dx]

Ruleg: dx
VSin[c +dx]

= Author: Martin 10 March 2011
= Derivation: ???

m Ruleg: If a2 - b2 = 0, then

Ya+bSin[c+dx] 24b vb Cos[c +dX]
J dx — -—— ArcTan
AVSin[c+dx] d A/Sin[c+dx] Ya+bSin[c+dx]

m  Program code:

Int [Sqrt [a_+b_. sin[c_. +d_. #x_11/Sqrt [sin[c_. +d_. #x_]],x_Synbol | : =
-2xSgrt [b]/d=ArcTan[Sqrt [b]*Cos [c+d*Xx]/ (Sqrt [Si n[c+d*x]]+Sqrt [a+b*Sin[c+d*x]1])] /;
FreeQ[{a, b, c,d}, x] && ZeroQ[a"2-b"2]



Integration Rules for (sin”*))”"m (a+a sin™k)"™n

Ruleh: J‘ VSinic+dx] ax

Va+bSin[c+dx]

= Derivation: Algebraic expansion

= Bass Ve =m- 2
Va+bz bVz bVz Vasbz

m Ruleh: If a2 - b2 = 0, then

vVSin[c+dx] 1 rva+bSin[c+dx] a 1
j dx — _j dlx——j ax
Va+bSin[c+dx] A/Sin[c+dx] bJ/Sinc+dx] Va+bSin[c+dx]

= Program code:

Int [Sqrt [sin[c_. +d_. «x_]11/Sqrt [a_+b_. »sin[c_. +d_. #x_]], x_Synbol | : =
Di st [1/b, Int [Sgrt [a+bxsi n[c+d*x]]/Sqrt [sin[c+d*x]], x]] -
Di st [asb, Int [1/(Sqrt [sin[c+dxx]]*Sgrt [a+bxsi n[c+d*x]1]),X]] /;
FreeQ[{a, b, c,d}, x] && ZeroQ[a"2-b"2]



Integration Rules for (sin”*))”"m (a+a sin™k)"™n

_ (Sin[c+dx]j)m/2
Rulel:j ~ dx
(a+bSin[c+dx]k)

m Derivation: Rulelbwithn = -2and2j km+k -2 =0

m Rulei:1f j2=k2=1 A a%2-b2=0 A 2j km+k -2 =0,then

)m-jk

J (Sinfc+dx1)" aCos[c+dx] (Sinfc+dx] )"
dx

1 )
dx — - + J\(Sin[c+dx]J
(a+bSin[c+dx]")2 3bd(a+bSin[c+dx]")2 6ab

= Program code:

Int [(sin[c_. +d_. x_1%j _. )*m. /(a_+b_. #sinfc_. +d_. #x_]"k_. )"2, x_Synbol ] : =
—axCos [C+d*X]* (Sin[c+d*Xx]"] ) nV (3xbxd* (a+b*Si n[c+d*x]"k)"2) +
1/ (6xaxb) *l nt [ (sin[c+d*xx]"j )" (m-] xk), X] /;

FreeQ[{a, b, c,d}, x] && OneQ[j *2, k"2] && ZeroQ[a"2-b"2] && Rational Q[m] &&
Zer oQ[2x] xkxmrk-2]

m Derivation: Rulelbwith2j km+n+k =0
= Note: Unfortunately thisinterestinglooking rule seemsto be of no use except for the above special casewhenn = -2.

L] Rule:lfj2=k2=1/\az—b2=0/\2j km+n+k=0/\j km>0/\n<—1,then

J-(Sin[c+dx]j)m(a+b8in[c+dx]k)nd1x —

aCos[c+dx] (Sinfc+dx] )" (a+bSin[c+dx]k)"
bd (2n+1)

+

n+1

mJ(SIn[C+dX]')m] k (a+bSin[C+dX]k)n+2le
an(2n+1l)

= Program code:

(* Int [(sin[c_. +d_. #x_17j _. )"m_. (a_+b_. »sin[c_. +d_. «x_]"k_. )"n_, x_Symbol | : =

axCos [C+d*X]* (Sin[c+d*xXx]1"] ) "mk (a+bxSi n[c+d*x] k)~n/ (bxd* (2xn+1)) +

Di st [(n+1)/ (2%axb* (2%xn+1)), I nt [(Sin[c+dxXx]"] )" (m-] xk) * (a+bxSi n[c+d*x] k)" (n+2), x]] /;
FreeQ[{a, b, c,d}, x] && OneQ[j *2, k"2] && ZeroQ[a"2-b"2] && Rational Q[m n] &&

Zer oQ[2x] xkxmrn+k] && | *kxm>0 && n<-1 =)



Integration Rules for (sin”*))”"m (a+a sin™k)"™n

J-Csc[c+dx] (a+bCsc[c+dx])"dx

= Note: Although theintegrand equals m which iseasily integrated, thisantiderivativeismoresimilar in form to theintegrand.

m Rule If a2 - b2 = 0, then

Csc[c +dx] Cot [c +d X]
J dx — -
a+bCsc[c+dx] d (b+aCsc[c+dx])

= Program code:

Int [sinfc_. +d_. #x_]"(-1)/(a_+b_. #sin[c_. +d_. »x_]"(-1)), x_Synbol | : =
-Cot [c+d*x]/ (d* (b+axCsc [c+d*x])) /;
FreeQ[{a, b, c,d}, x] && ZeroQ[a’2-b"2]

= Derivation: Rulebwithj m= -1,k = -1andn = 3
m Rule If a2 - b2 = 0, then

2b Cot [c +dX]

J.Csc[c+dx]«/a+szc[c+dx] dx — -
dva+bGCsclc+dx]

= Program code:

Int [sin[c_. +d_. *x_]"(-1)*Sqrt [a_+b_. *sin[c_. +d_. »x_17(-1)1, x_Synbol ] : =
-2xbxCot [c+dxXx]/ (dxSqrt [a+b*Csc [c+dxXx]1]) /;
FreeQ[{a, b, c,d}, x] && ZeroQ[a"2-b"2]

= Author: Martin on sci.math.symbolicon 10 March 2011

m Rule If a2 - b2 = 0, then

va Cot [c +dX]
V2 va+bCsc[c +dX]

J~ Csc[c +dx]

a
dx — -—ArcTan[
va+bCsc[c+dx] b

= Program code:

Int [1/(sin[c_. +d_. «x_]*Sqrt [a_+b_. »sin[c_. +d_. #x_]"(-1)1), x_Symbol | : =
-Sgrt [2%xa]/ (bxd) *ArcTan[Sqrt [a]*Cot [c + dxXx]/(Sqrt [2]*Sqrt [a + bxCsc[c + dxx]1)] /;
FreeQ[{a, b, c,d}, x] && ZeroQ[a"2-b"2]



Integration Rules for (sin”*))”"m (a+a sin™k)"™n

J‘Csc[c+dx]2 (a+bCsc[c+dx])"dx

m Derivation: Rulelawithj m=-2andk = -1

m Rulelf a2-b2=0 An#-1 An#l1 An#2then

Jbsc[c+dx]2 (a+bCsc[c+dx])"dx —

Cot [c+dXx] (a+bCsc[c+dx])" n
) d@2n+1) b @2n+1)

stc[c+dx] (a+bCscc+dx])™! dx

= Program code:

Int [sin[c_. +d_. »x_]1"(-2)*(a_+b_. »sin[c_. +d_. #x_]"(-1))"n_., x_Synbol | : =
-Cot [c+d*X]* (a+bxCsc [c+d*x])"n/ (d* (2xn+1)) +
Di st [n/ (bx(2xn+1)), I nt [Sin[c+d*x]" (-1) % (a+b*si n[c+dxx]" (-1))"(n+1),x]1] /;
FreeQ[{a, b, c,d}, x] & ZeroQ[a”2-b"2] && Rational Q[n] &&% n<-1

m Derivation: Rule2withj m=-2andk = -1

m Rulelf a2-b2=0 An>-1 An#l A n#2then

stc[c+dx]2 (a+bCsc[c+dx])"dx —

Cot [c+dXx] (a+bCsc[c+dx])" bn
- +
d((n+1) a(n+1)

szc[c+dx] (a+bCsc[c+dx])"dx

= Program code:

Int [sin[c_. +d_. #x_]"(-2)*(a_+b_. »sin[c_. +d_. #x_]"(-1))~n_., x_Symbol | : =
-Cot [c+d*x]* (a+b*xCsc [c+d*x])"n/(d*(n+1)) +
Di st [bxn/ (ax (n+1)), I nt [Sin[c+d*x]" (-1) * (a+b*si n[c+d*x]" (-1))"n, x]]1 /;
FreeQ[{a, b, c,d}, x] && ZeroQ[a"2-b"2] && Rational Q[n] && n>-1 && n#l && n#2



Integration Rules for (sin”*))”"m (a+a sin™k)"™n
. iym/2
j(S|n[c+dx]1) (a+bCsc[c+dx])"?dx

= Derivation: Algebraic expansion

s Bass 1 - zVa+b/z _ az
Va+b/z b b Va+b/z

m Rulelf j2=1 A a2-b2=0 A j m=-3,then

Singc+dxyi)™? 1 _ . a Singc+dxy )™
J\ ( ) dx — —j(Sin[c+dx]J)W2” Va+bCsc[c+dx] dXx - — ( ) dx
Va+bCsclc+dx] b b ) va+bCsc[c+dx]

= Program code:

Int [(sin[c_. +d_. »x_1%j _. )"m_/Sqrt [a_+b_. xsin[c_. +d_. #x_1"(-1)1, x_Synbol | : =
Di st [1/b, Int [(sin[c+dxXx]"] )™ (m+] ) *Sqrt [a+bxsi n[c+d*x]” (-1)],Xx]1] -
Di st [a/b, Int [(sin[c+dxXx]"] )™ (M) ) /Sqrt [a+bxsi n[c+dxx]" (-1)1,x1] /;

FreeQ[{a, b,c,d}, x] && OneQ[j *2] && ZeroQ[a"2-b"2] && Rational Q[m] && | *m=-3/2

= Derivation: Rule5withj m= %,k =-landn = —%

m Rulelf j2=1 A a?2-b%2=0 A j m=1,then
(Si n[c+dx]J')m/2
dx —
va+bCsclc+dx]

2 Cos[c+dX] aj 1 a
_ - = X
d(Sin[c+dx]j)m/2w/a+szc[c+dx] b (Sin[c+dx]i)m/2\/a+szc[c+dx]

= Program code:

Int [(sin[c_. +d_. »x_]%j _. )"m_/Sqrt [a_+b_. xsin[c_. +d_. #x_]1"(-1)1, x_Synbol | : =
-2xCos [Cc+dxx]/ (d* (Sin[c+dxx]"j ) mkSqrt [a+bxCsc [c+d*x]]) -
Di st [asb, Int [1/((sin[c+d*x]"j ) "mkSqgrt [a+bxsi n[c+d*x]" (-1)1),x1] /;
FreeQ[{a, b,c,d}, x] && OneQ[j 2] && ZeroQ[a”2-b"2] && Rational Q[m] && j *m=1/2



Integration Rules for (sin”*))”"m (a+a sin™k)"™n

= Derivation: Ruledawithj m= %,k =-1landn = ;

m Rulelf j2=1 A a2-b2=0 A j m=1,then

‘J\(Sin[c+dx]i)"v2 (@a+bCsclc+dx])¥2dx —

2a2Cos[c+dx] bvI\«/a+szc[c+dx]
+

d(Sin[c+dx]J)W2Va+szc[c+dx] (Sin[c+dx]J')m/2

= Program code:

Int [(sin[c_. +d_. #x_17%j _. )"m_ (a_+b_. #sin[c_. +d_. »x_]"(-1))"(3/2), x_Symbol ] : =
-2xa”2xCos [C+d*x]/ (d* (Sin[c+d*xx]1"j ) mkSqrt [a+bxCsc [c+dxX]]) +
Di st [b, I nt [Sqrt [a+b*si n[c+dxX]" (-1)]/(Sin[c+d*x]1"j ) "m x]] /;

FreeQ[{a, b,c,d}, x] && OneQ[j *2] && ZeroQ[a”2-b"2] && Rational Q[m] && j *m=1/2

= Derivation: Piecewise constant extraction

Vb+af[z] =0
Vf[z] \/ a+bf[z]?!

m Rulelfj2=1 A a2-b2=0 Aj m=-1 A n?2=1,then

= Bass If 3,

J\(Sin[c+dx]i)m/2 (a+bCsclc+dx])"?dx —

dx

(Sin[c+dx]J)"V2\/b+aSin[c+dx] J-(b+asin[c+dx])“/2

Sin[c+dx]Mb/2

Ava+bCsclc+dx]

= Program code:

Int [(sin[c_. +d_. #x_]7j _. ) m #(a_+b_. #sin[c_. +d_. #x_]"(-1))"n_, x_Symbol | : =
Dist [(Sin[c+d*x]"] ) "meSqrt [b+a*Si n[c+dxXx]]/Sqrt [a+bxCsc [c+d*Xx]],
Int [(b+axsi n[c+d*x])”n/sin[c+d*x]" (n+1/2),x]] /;
FreeQ[{a, b,c,d}, x] & OneQ[j *2] && ZeroQ[a”2-b"2] && Rational Q[m n] && j *m=-1/2 && n"2==1/4



Integration Rules for (sin”*))”"m (a+a sin™k)"™n

JCsc[c+dx]”V2 (a+bSin[c+dx])"?dx

= Derivation: Algebraic expansion

= Bass 1 _ V1/z Va+bz _ avl/z
V1/z Va+bz b bVa+bz

m Rule If a2 - b2 = 0, then

1
j dx —
AV Csclc+dx] Va+bSin[c+dx]

1 vV Cs d
—J\/Csc[c+dx] Va+bSin[c+dx] dlx—ij crc+dx
b bJ \asbSin[c+dx]

dx

= Program code:

Int [1/(Sqrt [sin[c_. +d_. #x_]"(-1)1%Sqrt [a_+b_. #sin[c_. +d_. xx_]1), x_Symbol | : =
Di st [1/b, I nt [Sgrt [Sin[c+d*x]”" (-1)]*Sqrt [a+bxsi n[c+d*Xx]], x]] -
Di st [a/b, I nt [Sgrt [Sin[c+d*x]" (-1)]1/Sqrt [a+b*sin[c+d*x]1]1, X]] /;

FreeQ[{a, b, c,d}, x] && ZeroQ[a"2-b"2]

= Derivation: Piecewise constant extraction

Basis: 8, («/f (z] Vfrz? ) =0

= Rulelf a2-b2=0 An?=1

jVCsc[c+dx] (a+bSin[c+dx])"?dx —

a+bSin[c+d n/2
A/Csc[c+dx] VSin[c+dx] j( M dx
A/Sin[c+dx]

= Program code:

Int [Sqrt [sin[c_. +d_. #x_1"(-1) 1 (a_+b_. #sin[c_. +d_. »x_1)"n_, x_Symbol | : =
Di st [Sqrt [Csc[c+d*x]]*Sqrt [Sin[c+dxx]],Int [ (a+bxsin[c+dxx]1)"n/Sqrt [sin[c+dxXx]]1,X]1] /;
FreeQ[{a, b,c,d}, x] & ZeroQ[a"2-b"2] && Rational Q[n] && n"2==1/4



Integration Rules for (sin”*))”"m (a+a sin™k)"™n

Rules9 -10: J(Sin[c+dx]j)m\/a+b8in[c+dx]" dx

m Derivation: Rule9bwith2j km+k +2 =0

m RuleQa: If j2=k?2=1 A a?-b?=0 A 2j km+k+2 =0,then

2aCos[c+dx] (Sin[c+dx]i)rmj k

J‘(Sin[c+dx]j)m\/a+b8in[c+dx]k dx — -

d\/a+bSi nic +dxik
= Program code:

Int [(sinfc_. +d_. +x_]7j _. )"m #Sqrt [a_+b_. *sin[c_. +d_. xx_]1"k_. 1, x_Synbol | : =
-2xa*xCos [C+dxX]* (Si n[C+d*x ] ) (mk] xk) / (d*Sqrt [a+b*Si n[c+d*x]"k]) /;
FreeQ[{a, b,c,d, m}, x] & & OneQ[j 2, k"2] && ZeroQ[ar2-b"2] && Zer 0Q[2x] xk*mkk+2]

= Derivation: Rule4b withn = %

m Rule9b:If j2=k?=1 A a?-b2=0A jkms-1 A 2j km+k+2 #0,then

Sinfc+dx])"Va+bSin[c+dx]X dx —
J( [ 1) N [ ]

2aCos[c+dx] (Sin[c+dx]i)rn+jk b (2] km+k+2)

+ 51 K " j(Sin[C"dX]j)mk\/a+bSin[c+dX]k dx
d2j kmik+1)\asbSinfcsdxgs 2 (21 kmeksed)

= Program code:

Int [(sinfc_. +d_. #x_]7j _. )"m_. «Sqrt [a_+b_. »sin[c_. +d_. «x_]"k_. ], x_Synbol | : =

2%a*CoS [C+d*xX]* (Si n[C+d*X]"] )™ (M) *xK) / (d* (2] *kxmtk+1) *Sqrt [a+b*Si n[c+d*x]1"k]) +

Di st [b* (2%] xkxmek+2) / (a* (2%] xkxmek+1)), I nt [(Sin[c+d*x]"] )™ (m+] xk) *Sgrt [a+b*si n[c+dxx]1"k], x]]1 /;
FreeQ[{a, b, c,d}, x] && OneQ[j *2, k2] && ZeroQ[a"2-b"2] && Rational Q[m] &&

j *k*me-1 && Nonzer oQ[2x] xkxmrk+2]



Integration Rules for (sin”*))”"m (a+a sin™k)"™n

= Derivation: Rule3b withn = %

m RulelO: If j2=k?=1 Aa?-b>?=0A2jm+1#0 Ajkm>0Ajkmgl Ajkmg2, then

J(Sin[c+dx]j)m\/a+b8in[c+dx]" dx —s

2bCos[c+dx] (Sinfc+dx] )™ a(2j kmsk-1)
+
bk (2] m+1)

J(Sin[c+dx]j)mj I(\/a+bSin[c+dx]" dx

dk (2j me1) \a+bSin[c+dx]

= Program code:

Int [(sin[c_. +d_. #x_]7j _. ) m_. «Sqrt [a_+b_. »sin[c_. +d_. «x_]"k_. ], x_Synbol | : =

-2xbxCos [C+dxX]* (Si n[C+d*x]"] ) AV (dxk* (2%] *m+1) *Sqrt [a+b*Si n[c+d*x]"k]) +

Di st [ax (2%] *kxmek-1) / (bxk* (2%] *m1)), I nt [ (Sin[c+dxx]"] )™ (m-j xk) *Sqrt [a+bxsi n[c+d*x] k], x]1] /;
FreeQ[{a, b,c,d}, x] && OneQ[j *2, k"2] && ZeroQ[a"2-b"2] && Rational Q[m] &&

Nonzer oQ[2x%] xm+1l] && j xk*m>0 && j xkxmpl && j xkxmg2



Integration Rules for (sin”*))”"m (a+a sin™k)"™n

. (Sinfc+dx] )"
Rules13-14: dx

(a+bSi n[C+dX]k)j ke 53>

2

k+3

= Derivation: Rule5withj k m+n + > = 0

k

. Rule13:lfj2=k2=l/\az—b2=0/\j Km+n+ ;3=0/\n>—1/\n¢1/\n¢2,then

J(Sin[c+dx]j)m(a+bSin[c+dx]k)nd1x —

Cos[c +dX] (Sin[c+dx]1')m+jk (a+bSinfc+dx1¥)"
- +

d(n+1)

an

b—lJ.(Sin[c+dx]i)m*j “ (a+bSin[c+dx1¥)"ax
(n+1)

= Program code:

Int [(sin[c_ +d_. »x_]7j _. )"m_. *(a_+b_. sin[c_. +d_. «x_]1"k_. )*n_, x_Synbol | : =
-Cos [C+d*X]* (Sin[Cc+d*x]"] )N (m+] xk) = (a+b*Si n[c+d*x]"k) n/ (d%(n+1)) +
Di st [a*n/ (bx(n+1)), Int [(Sin[C+d*X]"] )" (M+] k) = (a+b*Si n[c+d*x]"k)"n, X111 /;
FreeQ[{a, b,c,d}, x] && OneQ[j *2, k"2] && ZeroQ[a"2-b"2] && Rational Q[m n] &&
Zer oQ[j *kxmen+ (k+3) /2] && n>-1 && n#l && n#2

k+3

s Derivation: Rule6withj k m+n + = = 0

k

= Rulel4:1fj2=k?=1Aa2-b?=0 \jkmen+ 2 =0 Ajkmzl Ajkms2 An<-1, then

J(Sin[c+dx]j)m(a+bSin[c+dx]")nd1x —

Cos[c +d X] (Sin[c+dx]1')rmjk (a+bSin[c+dx1k)"
- +

d(2n+1)

n n+1

—J(Sin[c+dx]j)m(a+bSin[c+dx]k) dx
a((2n+1)

= Program code:

Int [(sinfc_. +d_. #x_]7j _. )"m_. »(a_+b_. #sin[c_. +d_. xx_]1"k_. )*n_, x_Synbol | : =
-Cos [C+d*X]* (Sin[c+d*x]"] )" (M) *K) * (a+b*Si n[c+d*x] k) n/ (d* (2xn+1)) +
Di st [n/ (ax (2xn+1)), I nt [(Sin[c+dxx]"] ) mk (a+bxsi n[c+dxx]1 k)" (n+1), x]] /;
FreeQ[{a, b, c,d}, x] & neQI[j 2, k"2] && ZeroQ[a”2-b"2] && Rational Q[m n] &&
Zer oQ[j *k*men+ (k+3) /2] && j *kxmgl && | xk*mg2 && n<-1



Integration Rules for (sin”*))”"m (a+a sin™k)"™n

Rules11 —12: (Sinte+dx1)”

d X

k+1

(a+bSin[C+dX]k)jkmFZ

» Derivation: Ruledb withj k m+n + k;1 =0

= Rulell:If j2=k?=1 Aa2-b>=0 /\ j kmsns+ -

;l=0/\n>0/\n¢§/\n¢l/\n¢2,then
J(Sin[c+dx]j)m(a+bSin[c+dx]k)nd1x —

a Cos[c +dX] (Sin[c+dx]j)m+j : (a+bSin[c+dx]k)"'1

dn *
b@2n-1 . i
¥J‘(Sin[c+dx]l)m” : (a+bSin[c+dx]k)n'1d1x

n

= Program code:

Int [(sin[c_ +d_. »x_17j _. )"m_. *(a_+b_. sin[c_. +d_. «x_]1"k_. )*n_, x_Synbol | : =
—axCos[C+d*X]* (Si n[Cc+d*x]"j ) (m+] xKk) * (a+b*Si n[c+d*x] k)" (n-1) / (d*n) +
Di st [b* (2xn-1) /n, Int [(Sin[c+d*x]"] )" (mk] %K) » (a+bxSi n[c+d*x] k)" (n-1), x]1] /;

FreeQ[{a, b,c,d}, x] && OneQ[j "2, k"2] && ZeroQ[a"2-b"2] && Rational Q[m n] &&
Zer oQ[j *kxmen+ (k+1) /2] && n>0 && n#1/2 &% n#l && n#2

= Derivation: Rulelbwithj k m+n+ 2 -0

" Rule121fj2=k?=1 Aa2-b?=0 \jkmen+ 2 =0 Ajkmzl Ajkms2 An<-1, then

J(Sin[c+dx]j)m(a+b8in[c+dx]k)nd1x —

aCos[c+dx] (Sinfc+dx] )" (a+bSin[c+dx]k)"
bd 2n+1) '

n+1

mJ(SIn[C+dX]J)m-J K (a+bSin[C+dX]k)n+ld1X
(2n+1)

= Program code:

Int [(sin[c_ +d_. »x_]7j _. )"m_. *(a_+b_. »sin[c_. +d_. «x_1"k_. )"n_, x_Synbol | : =
axCos [C+d*X]* (Sin[c+d*xXx]1"] )*mk (a+bxSi n[c+d*x] k) n/ (bxd* (2xn+1)) +
Dist [(n+1)/ (b*x (2%n+1)), I nt [(sin[c+d*x]"] )" (m-j xk) = (a+bxSi n[c+d*x] k)" (n+1), x]]1 /;

FreeQ[{a, b,c,d}, x] && OneQ[j *2, k"2] && ZeroQ[a"2-b"2] && Rational Q[m n] &&
Zer oQ[j *kxmen+ (k+1) /2] && j *kxmgl && j xkxmg2 && n<-1



Integration Rules for (sin”*))”"m (a+a sin™k)"™n

Rules7 - 8: JSin[c+dx]%l (a+bSin[c+dx]*)" ax

m Reference: G& R 2.555.?
= Derivation: Rulelb withj m= <=

m Rule7:1f k2 =1 A a2-b2=0 A n<-1,then
k-1
JSin[c+dx]T (a+bSin[c+dx]k)nd1x —

b Cos [C +d X] Sin[c+dx]%1 (a+bSinfc+dxk)"

+

ad (2n+1)

n+1 )n+1

JSin[c+dx]k;(a+bSin[c+dx]k dx

a(2n+1)

= Program code:

Int [(a_+b_. #sin[c_. +d_. »x_1)"n_, x_Synbol | : =

bxCos [C+d*Xx]* (a+bxSi n[c+d*x])~n/ (a*xd* (2xn+1)) +

Di st [(n+1)/ (a*(2%xn+1)), I nt [ (a+bxsin[c+dxx]1)" (n+1),Xx]1] /;
FreeQ[{a, b, c,d}, x] && ZeroQ[a"2-b"2] && Rational Q[n] && n<-1

Int [sin[c_. +d_. #x_]"(-1)*(a_+b_. »sin[c_. +d_. #x_]"~(-1))"n_, x_Synbol | : =
bxCot [c+d*X]* (a+b*Csc[c+d*x])"n/ (a*d* (2*xn+1)) +
Dist [(n+l)/(a*x(2%*n+1)),Int [sin[c+d*x]" (-1) % (a+b/si n[c+d*x])" (n+1),Xx]] /;
FreeQ[{a, b, c,d}, x] && ZeroQ[a"2-b"2] && Rational Q[n] && n<-1

m Reference: G& R 2.555.? inverted

= Derivation: Rule3b withj m= kz;l

. Rule8:|fk2=1/\a2—b2=0/\n>0/\n¢%/\n#l/\n;ez,then
k-1
JSin[c+dx]T (a+bSin[c+dx]k)ndlx —

b Cos [C +d X] Sin[c+dx]kz;1 (a+bSin[c+dx]")n'1
- +

dn

a@2n-1 k- _
;J-Sin[c+dx]71 (a+bSin[c+dx]k)n Lax
n

= Program code:

Int [(a_+b_. #sin[c_. +d_. »x_1)"n_, x_Synbol | : =
-bxCos [C+d*X]* (a+bxSin[c+d*x])”" (n-1)/ (d%n) +
Di st [a* (2xn-1)/n, I nt [ (a+bxsi n[c+d*x])" (n-1),x]1] /;
FreeQ[{a, b, c,d}, x] && ZeroQ[a"2-b"2] && Rational Q[n] && n>0 && n#l && n#2



Integration Rules for (sin”*))”"m (a+a sin™k)"™n

Int [sin[c_. +d_. #x_]"(-1)*(a_+b_. »sin[c_. +d_. #x_]"(-1))~n_., x_Symbol | : =
-bxCot [C+d*Xx]* (a+bxCsc [c+d*xx])" (n-1)/ (d%n) +
Di st [ax (2«xn-1)/n, I nt [Sin[c+d*Xx]" (-1) % (a+b*si n[c+d*x]" (-1))" (n-1),x]1] /;
FreeQ[{a, b,c,d}, x] & ZeroQ[a”"2-b"2] && Rational Q[n] & n>0 && n#l1/2 && n#l && n#2



Integration Rules for (sin”*))”"m (a+a sin™k)"™n

Rules1-6: J(Sin[c+dx]j)m(a+bSin[c+dx]k)nd1x
m Derivation: Recurrence7withA=0,B=1andm=m-1
m Rulelalf j2=k?=1 A a%?-b>=0 A jkm>1 A n<-1,then

J(Sin[c+dx]j)m(a+bSin[c+dx]")nd1x —

Cos[c +dX] (Sin[c+dx]J')mjk(a+bSin[c:+dx]'<)n 1

+ .
d(@2n+1) aZz (2n+1)

k-3

)n+1

J(Sin[c+dx]j)m2jk(a(jkm+ )—b(jkm—n+ )Sin[c+dx]") (a+bSin[c+dx]* dx

= Program code:

Int [(sinfc_. +d_. #x_]7j _. )"m.. »(a_+b_. #sin[c_. +d_. xx_1"k_. )*n_, x_Synbol | : =
-Cos [C+d*X]* (Sin[c+d*x]"] )N (m-j *k) * (a+b*Si n[c+d*x] k) n/ (d* (2xn+1)) +
Di st [1/ (a"2* (2xn+1)),
Int [(sin[c+d*Xx]"] )" (M-2%] xK) *
(ax (] xk*me (k-3) /2) -b* (j xkxm-n+ (k-3) /2) *Si n[C+d*X]"K) » (a+b*si n[c+dxx]"k)" (n+1), x]1] /;
FreeQ[{a, b,c,d}, x] && OneQ[j *2, k"2] && ZeroQ[a"2-b"2] && Rational Q[m n] &&
j *kxm>1l && j xkxmg2 && n<-1

= Derivation: Recurrence7withA=1andB =0
= Derivation: Recurrence12withA=0,B=1andm=m-1
m Rulelb:If j2=k?=1 A a?-b?2=0 A0<jkm<l A ns-1,then
J(Si nic +dxjl )m (a+bSinfc +dx]k)ndlx —

aCos[c+dx] (Sinfc+dx] )" (a+bSin[c+dx]¥)" 1

+ .
bd (2n+1) b2 (2n+1)

k-1 )n+1

dx

. K+l
j(Sin[c+dx]J) 'k(—b (j k m+ )+a[j Kmen+ — )Sin[c+dx]"] (a+bSinfc+dx]*

= Program code:

Int [(sinfc_. +d_. #x_]7j _. )"m_. »(a_+b_. #sin[c_. +d_. »x_]"k_. )*n_, x_Synbol | : =
axCos [C+d*X]* (Sin[c+d*xXx]1"] ) "mk (a+bxSi n[c+d*x] k)~n/ (bxd* (2xn+1)) +
Di st [1/ (b"2%(2xn+1)),
Int [(sin[c+dxXx]"] )™ (M-] %K) *
(-b* (j *kxmr (k-1) /2) +a* (j *k*men+ (k+1) /2) xSi n[C+d*x ] k) * (a+bxSi n[c+d*x] k)" (n+1), x]]1 /;
FreeQ[{a, b,c,d}, x] && OneQ[j *2, k"2] && ZeroQ[a"2-b"2] && Rational Q[m n] &&
0<j *k*mcl && ns<-1



Integration Rules for (sin”*))”"m (a+a sin™k)"™n

m Derivation: Recurrence8withA=0,B=1andm=m-1

= Rule21fj2=k?=1Aa?-b2=0 A\ jkmen+ <220 Ajkms>1 A\ -1<n<0 /\jkm-1¢n,then

J(Sin[c+dx]1)m(a+bSin[c+dx]")nd1x —

Cos[c +d X] (Sin[c+dx]j)mk(a+bSin[c+dx]'<)n 1
- +
d (i kmen+<2) b (j kmen+5L)

. k-3
J-(Sin[c+dx]1) 21k (b (j K m+

]+anSin[c+dx]k (a+bSin[c+dx]")nd1x

= Program code:

Int [(sinfc_. +d_. #x_]7j _. )"m_. »(a_+b_. #sin[c_. +d_. xx_]1"k_. )*n_, x_Synbol | : =
-Cos [C+d*X]* (Sin[c+d*x]"] )N (m-] %K) * (a+b*Si n[c+d*x]1 k) n/ (d* (j *k*mn+ (k-1)/2)) +
Di st [1/ (b* (] *kxmen+ (k-1)/2)),
Int [(sin[c+d*X]"] )™ (M-2x%] *K) * (b* (] *k*m+ (k-3) /2) +axn*si n[Cc+d*X]"K) *» (a+b*si n[c+dxx]"k)"n, Xx1] /;
FreeQ[{a, b, c,d}, x] & OneQIj "2, k"2] && ZeroQ[a”2-b"2] && Rational Q[m n] &&
Nonzer oQ[j skxmen+ (k-1) /2] && j xkxm>1 && | xkxm#2 && -1<n<0 && j *kxm-1#n

m Derivation: Recurrence9withA=a,B=bandn=n-1

= Rule3alf j2=k?=1Aa2-b>=0 A\ jkmen+ 220 Ajkm2-1 Ajkmz1r Ajkmz2 An>1 /A n#2then
J(Sin[c+dx]1)m(a+bSin[c+dx]")nd1x —

b2 Cos [c +d X] (Sin[c+dx]j)m“jk (a+bSin[C+dX]k)n-2 a

- + .
d(j kmens+ <2) j kmens <2

j(Sin[c+dx]j)m(a (2] kmen+k) +b (2j kme3n+k-3) Sinfc+dx]¥) (a+bSin[c+dx]k)n_2dlx

= Program code:

Int [(sin[c_. +d_. »x_]7j _. )*m_. *(a_+b_. sin[c_. +d_. «x_]1"k_. )"n_, x_Synbol | : =
-b"2xCos [C+dxX]* (Si n[C+d*x]"] )N (mk] xKk) * (a+b*Si n[c+d*x ] k)" (N-2) / (d* (j *k*xmen+ (k-1)/2)) +
Di st [a/ (j *xkxmen+ (k-1) /2),
Int [(sin[c+d*Xx]"] ) "mk
(ax (2] *kxmn+K) +bx (2] *kxm+3xn+k-3) *si n[C+d*x ] k) * (a+bxsi n[c+d*x] k)" (n-2), Xx]1] /;
FreeQ[{a, b,c,d}, x] && OneQ[j *2, k"2] && ZeroQ[a"2-b"2] && Rational Q[m n] &&
Nonzer oQ[j xkxmen+ (k-1) /2] && | xkxme-1 && | xkxmgl && j xkxmg2 && n>1 && n#2



Integration Rules for (sin”*))”"m (a+a sin™k)"™n

m Derivation: Recurrence8withA=a,B=bandn=n-1

m Derivation: Recurrence9withA=0,B=1andm=m-1

Note: Inthecasen = =, thisrulesimplifiesto rule 10,

Rule3b: If j2=k?=1 Aa?-b2=0 A jkm>0 Ajkmz1 Ajkmz2 A o<n<1 A n# 3, then

J(Sin[c+dx]j)m(a+bSin[c+dx]")ndlx -

bCos[c+dx] (Sinfc+dx] )" (a+bSin[c+dx]¥)"" 1

- + .
d (i kmen+<2) j kmens S

k-1

j(Sin[c+dx]j)mjk(b (jkm+ )+a(jkm+2n+ )Sin[c+dx]k) (a+bSinfc+dx1%)"" ax

= Program code:

Int [(sinfc_. +d_. #x_]7j _. )"m_. »(a_+b_. #sin[c_. +d_. xx_]1"k_. )*n_, x_Synbol | : =
-bxCos [C+d*X]* (Sin[C+d*X]"] ) "mk (a+bxSi n[C+d*x] k)" (n-1) / (d* (j *k*men+ (k-1)/2)) +
Di st [1/ (] *kxmen+ (k-1)/2),
Int [(sin[c+dxXx]"] )™ (M-] %K) *
(b* (j *kxm (k-1) /2) +a* (] *k*m+2xn+ (k-3) /2) *Si n[C+d*X]"K) » (a+b*si n[c+dxx]"k)" (n-1), x1] /;
FreeQ[{a, b, c,d}, x] & neQI[j 2, k"2] && ZeroQ[a”2-b"2] && Rational Q[m n] &&
j xk*m>0 && | xk+mpl && j xkxmg2 && 0<n<l && n#l/2

= Derivation: Recurrencel0OwithA=a,B=bandn=n-1

m Ruleda If j2=k?2=1 A a%?-b?>=0 Ajkm<-1 An>1A n#2then

J(Sin[c+dx]j)m(a+bSin[c+dx]")nd1x —

a?Cos[c+dx] (Sinfc+dx11)™ " (a+bSingc+dxik)"? a
+

d (i kms S2) j kme <2

j(Sin[c+dx]j)mk (b (2j km-n+k+3)+a (2j kmen+k) Sinfc+dx1¥) (a+bSinfc+dx1*)" ax

= Program code:

Int [(sinfc_. +d_. #x_]7j _. )"m_. »(a_+b_. #sin[c_. +d_. xx_]1"k_. )*n_, x_Synbol | : =
an2xCos [C+dxX]* (Si n[C+d*x]"] )™ (Mk] xK) » (a+b*Si n[c+d*x ] K)™ (N-2) / (d* (j *kxmw (k+1) /2)) +
Di st [a/ (j *kxms (k+1) /2),
Int [(sin[c+dxXx]"] )™ (Mk] %K) *
(b* (2%] xkxm-n+k+3) +a* (2*] *kxmrn+K) xSi n[c+d*x]"K) *» (a+bxSi n[c+dxx]1"k)” (n-2), x]] /;
FreeQ[{a, b, c,d}, x] & & neQI[j 2, k"2] && ZeroQ[a”2-b”"2] && Rational Q[m n] &&
j *kxmk-1 && n>1 && n#2



Integration Rules for (sin”*))”"m (a+a sin™k)"™n

m Derivation: Recurrencel0withA=1andB =0

m Derivation: RecurrencellwithA=a,B=bandn=n-1

= Note: Inthecasen = %,thisrulesimplifi&storule9b.

= Ruledb:If j2=k?=1 Aa*-b2=0 A\ jkm<-1 Ao<n<1 A n#z then

J(Sin[c+dx]j)m(a+bSin[c+dx]")ndlx -

aCos[c+dX] (Sin[c+dx]J')rmj s (a+bSin[c+dx]k)n'l 1
+

) j km+

k+1
2

d (i kms <2

k+3

. k+1 -
J(Sin[c+dx]1) Jk(b (j km-n+ )+a(j Kmen s+ — ]Sin[c+dx]k) (a+bsSinfc+dx1¥) ax

= Program code:

Int [(sinfc_. +d_. #x_]7j _. )"m_. »(a_+b_. #sin[c_. +d_. xx_]1"k_. )*n_, x_Synbol | : =
axCos [C+d*X]* (Sin[C+dxX]1"] )™ (M) xKk) * (@a+b*Si n[c+d*x ] k)N (n-1) / (d* (] *k*m+ (k+1)/2)) +
Di st [1/ (] xkxm+ (k+1)/2),
Int [(sin[c+d*Xx]"] )™ (M) %K) *
(b* (j xkxm-n+ (k+3) /2) +a* (j *xkxmen+ (k+1) /2) *Si n[C+d*X]"K) » (a+b*si n[c+dxx]*k)" (n-1), x]1] /;
FreeQ[{a, b, c,d}, x] & neQI[j 2, k"2] && ZeroQ[a”2-b"2] && Rational Q[m n] &&
j *k*nx-1 && 0<n<l && n#l/2

m Derivation: RecurrencellwithA=1andB =0

= Rule5:1fj2=k?=1Aa?-b2=0 A\ jkme<2 20 A\jkms-1 A -1<n<0 then

J(Sin[c+dx]j)m(a+bSin[c+dx]k)ndlx —

Cos [c +d X] (Sin[c+dx]i)m”-k(a+bSin[c+dx]k)n 1
+ .
d (i kms ) b (i km+ <2

k+3

f(Sin[c+dx]i)”"j “ [-an+b (j km+n + )Sin[c+dx]k) (a+bSin[c+dx1¥)" ax

= Program code:

Int [(sinfc_. +d_. #x_]7j _. )"m_. »(a_+b_. #sin[c_. +d_. xx_1"k_. )*n_, x_Synbol | : =
Cos [C+dxX]* (Si n[C+d*x ] )™ (M) xK) * (a+b*Si n[c+d*x] k) n/ (d* (J *k*xme (k+1) /2)) +
Di st [1/ (b* (j *k+me (k+1) /2)),
Int [(sin[c+dxXx]"] )™ (Mk] xK) * (-a*xn+bx* (j *xkxmen+ (k+3) /2) *Si n[c+d*xXx]1 k) » (a+b*si n[c+d*x]"k)"n, x1] /;
FreeQ[{a, b, c,d}, x] & neQI[j 2, k"2] && ZeroQ[a”2-b”"2] && Rational Q[m n] &&
Nonzer oQ[j *kxm+ (k+1) /2] && j *kxme-1 && -1<n<0



Integration Rules for (sin”*))”"m (a+a sin™k)"™n

m Derivation: Recurrencel2withA=1andB =0

m Rule6:1f j2=k?=1 A a2-b2=0 Aj km<O A n=-1,then

J(Sin[c+dx]j)m(a+bSin[c+dx]")nd1x —

Cos[c +dX] (Sin[c+dx]J')m*jk(a+bSin[c:+dx]'<)n 1
- + .
d (2n+1) aZz (2n+1)
Com k+3 ] k+3) ) nel
j(Sin[c+dx]J) (a(jkm+2n+ )—b(]km+n+ )S|n[c+dx]k) (a+bsSin[c+dx]*)" dx

= Program code:

Int [(sinfc_. +d_. #x_]7j _. )"m_. »(a_+b_. #sin[c_. +d_. »x_]1"k_. )*n_, x_Synbol ] : =
-Cos [C+d*X]* (Sin[c+d*x]"] )" (M) k) * (a+b*Si n[c+d*x] k) n/ (d* (2xn+1)) +
Di st [1/ (a"2* (2xn+1)),
Int [(sin[c+d*Xx]"] ) mk
(ax (j *kxme2xn+ (k+3) /2) -bx (j *k*men+ (k+3) /2) xSi n[c+d*x] k) * (a+bxsi n[c+d*x] k)" (n+1),Xx]1] /;
FreeQ[{a, b,c,d}, x] && OneQ[j *2, k"2] && ZeroQ[a"2-b"2] && Rational Q[m n] &&
j *k*mk0 && n<-1



