Integration Rules for Inverse Hyperbolic Cosine Functions

ArcCoshf[a + b x]"dx

m Reference: CRC 582', A& S4.6.44
m Derivation: Integration by parts

= Rule

(a+bx) ArcCosh[a+bx] “-1l+a+bx v1l+a+bx
b b

J-ArcOosh[a+bx] dx —

= Program code:

Int [ArcCosh[a_. +b_. *x_],x_Synbol ] : =
(a+bxx) xArcCosh [a+bxx]/b - Sgrt [-1+a+bxx]*Sqrt [1+a+bxx]/b /;
FreeQ[{a, b}, x]

= Derivation: Iterated integration by parts
s Rule If n > 1,then

(a+bx) ArcCoshl[a+bx]"
jArcCosh[a+bx]”d1x — . -

nv-1+a+bx YV1+a+bx ArcCosh[a+bx]"!
b

+n (n-1) J~ArcOosh[a+bx]”'2 dx

= Program code:

I nt [ArcCosh[a_. +b_. *x_1"n_, x_Synbol ] : =
(a+b*x) *ArcCosh [a+b*x]1"n/b -
nxSqrt [-1+a+bxx]*Sqrt [1+a+b*x]*ArcCosh [a+b*x]1” (n-1) /b +
Di st [n*x (n-1), I nt [ArcCosh[a+b*x]" (n-2),x]] /;

FreeQ[{a, b}, x] & Rational Q[n] && n>1



Integration Rules for Inverse Hyperbolic Cosine Functions

= Derivation: Integration by substitution

1

. _ Sinh[ArcCosh[z]] ’
= Bass ArcCosh[z] ~ ArcCosh[z] ArcCosh’[z]
= Rule
1 Si nhi ntegral [ArcCosh[a+bx]]
J dx —
ArcCoshla +b x] b

= Program code:

Int [1/ArcCosh[a_. +b_. #x_1, x_Synbol | : =
Si nhl nt egral [ArcCosh[a+bxx]]/b /;
FreeQ[{a, b}, x]

= Derivation: Integration by substitution

1

» Basis _ = ShiAcCoshizl] arcCosh’[z]
ArcCosh[z] ArcCosh[z]
= Rule
J~ 1 v-l+a+bx Yl+a+bx Coshlntegral [ArcCosh[a+bx]]
dXx — - +
ArcCosh[a+bx]? b ArcCosh[a+bx] b

= Program code:
Int [1/ArcCosh[a_. +b_. #x_]1"2, x_Synbol | : =

-Sgrt [-1l+a+bxx]*Sqrt [1+a+bxx]/ (bxArcCosh [a+bxx]) + Coshl ntegral [ArcCosh[a+bxx]]/b /;
FreeQ[{a, b}, x]

= Derivation: Integration by substitution

= Bass 1 - Sinh[ArcCosh[z]] AI’CQ)Sh'[Z]
v ArcCosh[z] v ArcCosh[z]
= Rule
1 V7 Erf [VArcCosh[a+bx] ] Vo Erfi [VArcCosh[a+bx] ]
dx — - +
A/ ArcCosh[a+bx] 2b 2b

= Program code:

Int [1/Sart [ArcCosh[a_. +b_. *x_11, x_Synbol | : =
-Sgrt [Pi 1%Erf [Sgrt [ArcCosh[a+b%x]1]]1/ (2xb) +
Sqrt [Pi 1xErfi [Sqrt [ArcCosh[a+bxx]11/ (2xb) /;

FreeQ[{a, b}, x]



Integration Rules for Inverse Hyperbolic Cosine Functions

= Derivation: Integration by parts

= Rule

jVNcCosh[a+bx] ax _, Brb VArcCoshfa+bx]
b

' Erf [VArcCosh[a+bx] ] V7 Erfi [\/ArcCosh[a+bx] ]
4b i 4b

= Program code:

Int [Sgrt [ArcCosh[a_. +b_. *x_11,x_Synbol ] : =
(a+b*x) *Sgrt [ArcCosh [a+b*x]]1/b -
Sqrt [Pi 1xErf [Sqrt [ArcCosh[a+bxx]]11/ (4xb) -
Sgrt [Pi 1xErfi [Sgrt [ArcCosh[a+bxx111/ (4xb) /;
FreeQ[{a, b}, x]

m Derivation: Inverted iterated integration by parts
m Rulelf n<-1 A n#-2then

(a+bx) ArcCosh[a+bx]™?
chOosh[a+bx]“dlx — - +
b(n+1) (n+2)

V-1+a+bx v/1+a+bx ArcCosh[a+bx]"! 1
+
b (n+1) (n+1) (n+2)

jAr cCosh[a+b x]™? dx

= Program code:

Int [ArcCosh[a_. +b_. *x_]”n_, x_Synbol ] : =
- (a+bxx) *ArcCosh [a+b*x 1" (n+2) / (b* (n+1) * (n+2)) +
Sgrt [-1+a+b*x]1*Sqrt [1+a+bxx]*ArcCosh [a+bxx]” (n+1) / (bx(n+1)) +
Di st [1/((n+1)*(n+2)), I nt [ArcCosh [a+bxx]" (n+2),X]] /;

FreeQ[{a, b}, x] & Rational Q[n] && n<-1 && n!=-2
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m Rulelf n¢o V -1<n <1, then

JNcmsh[a+bx]”dx —

ArcCosh[a+bx]"Gama[n+1, -ArcCosh[a+bXx]] Ganma[n+1, ArcCosh[a+bX]]

+

2b (-ArcCosh[a+bx])" 2b

= Program code:

Int [ArcCosh[a_. +b_. *x_]”n_, x_Synbol ] : =
ArcCosh[a+b*x]*nxGamma [n+1, -Ar cCosh [a+bxX]]/ (2xbx (-ArcCosh [a+b*x])”n) +
Gamma [n+1, ArcCosh [a+bxx]1]/ (2xb) /;

FreeQ[{a, b, n}, x] && (Not [Rational Q[n]] || -1<n<1)



Integration Rules for Inverse Hyperbolic Cosine Functions

XMArcCosh[a + b x] dx

m Reference: CRC 584, A& S4.6.52
m Derivation: Integration by parts

s Rule If m+1 # 0, then

ij Cosh[asbx] d x™1 ArcCosh[a+bx] b J~ x Ml
X closh[a+DX X — -

m+ 1 m+lJ yC1ia+bx Vita+bx

= Program code:

Int [x_“m. *ArcCosh[a_. +b_. xx_]1,x_Synbol ] : =

X" (mrl) *ArcCosh [a+bxx]/ (m+1l) -

Di st [b/ (mel), I nt [X™ (Mmel) / (Sqrt [-1+a+b*x]1%Sqrt [1l+a+bxx]), x]]1 /;
FreeQ[{a, b, m}, x] && Nonzer oQ[m+1]
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XxMArcCoshl[a x]" dx

= Rule
1 1 ,
J X dx — - —— z Erf[\/?\/ArcOosh[ax] ]+ dl Erfi [V?VArcOosh[ax] ]
v/ ArcCosh[ax] 4a% \ 2 4az \ 2

= Program code:

Int [x_/Sart [ArcCosh[a_. #x_]], x_Synbol | : =
-Sgrt [Pi /21%Erf [Sqrt [2]*Sqrt [ArcCosh[axx]]]1/ (4*xa”2) +
Sqrt [Pi /2]%Erfi [Sqgrt [2]*Sqrt [ArcCosh[axx]1]1]/ (4%a”2) /;
FreeQJa, x]

= Rule

X
J dx —
ArcCosh[ax]3/2

2 -1 1 1 / 1 /
- xV-l+ax Vi:ax + — g Erf[\/Z A/ ArcCosh[ax] ]+—2 g Erfi [\/2 v ArcCosh[ax] ]
a

a+ ArcCoshlax] a?

= Program code:

Int [x_/ArcCosh[a_. #x_]1"(3/2), x_Synbol | : =
-2xx*xSqrt [-l+axx]+Sqrt [1+axx]/ (a*Sqrt [ArcCosh[axx]]) +
Sgrt [Pi /2]1«Erf [Sqrt [2]1%Sqrt [ArcCosh[axx]]]/a"2 +
Sqrt [Pi /2]%Erfi [Sgrt [2]*Sqrt [ArcCosh[axx]]]/a"2 /;
FreeQJa, x]

s Rule If n > 1,then

nxv-1l+ax Y1l+ax ArcCosh[ax]"!
ijrcCosh[ax]“dlx — - 2 -
a

ArcCosh[ax]" x2ArcCosh[ax]" n (n-1)
+ + Jx ArcCosh[ax]"? dx
4 a2 2 4

= Program code:

Int [x_*xArcCosh[a_. *x_]"n_, x_Synbol ] : =
-Nxx*Sqrt [-1l+axx]*Sqrt [1+axx]*Ar cCosh [axx]” (n-1)/ (4*a) -
ArcCosh[axx]”n/ (4xa”2) + x"2xArcCosh[a*x]"n/2 +
Di st [nx(n-1) /4, | nt [xxArcCosh [a*x]" (n-2),X1] /;

FreeQ[a, x] && Rational Q[n] && n>0
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m Rulelf n<-1 A n#-2,then

xV-1+ax V1+ax ArcCosh[ax]"!
forcCosh[ax]”dlx — +
a((n+1)
ArcCosh[ax]™2 2 x2 ArcCosh[ax]"? 4
- + jx ArcCosh[ax]"*? dx
aZ (n+1) (n+2) (n+1) (n+2) (n+1) (n+2)

= Program code:

Int [x_*ArcCosh[a_. *x_]"n_, x_Synbol ] : =
X*Sqrt [-1+axx]*Sqrt [1+a*Xx]+ArcCosh[a*x]” (n+1l)/ (a*x(n+1l)) +
ArcCosh[a*x]” (nN+2)/ (a"2% (N+1) * (N+2)) -
2xx"2xArcCosh [a*x]” (N+2) / ((N+1) * (N+2)) +
Di st [4/ ((n+1) % (n+2)), | nt [x*ArcCosh [a*x]" (n+2),X]1] /;
FreeQ[a, x] && Rational Q[n] &% n<-1 && n#-2

s Rule If n > 1,then

dx —

J-ArcOosh[ax]“

x3

anv-1+ax V1l+ax ArcCosh[ax]"!
2x
ArcCosh[ax]" a?n (n-1) .J‘ArcOosh[ax]”'2

dx

2 x2 2 X

= Program code:

I nt [ArcCosh [a_. #x_1"n_/x_"3, x_Synbol | : =
axN*Sqart [-1+axx]*Sqrt [1+axx]*Ar cCosh [axXx]" (n-1)/ (2xX) -
ArcCosh [a*x]"n/ (2xx"2) -
Di st [a"2xnx(n-1) /2, I nt [ArcCosh [a*x]" (n-2) /X, X]] /;
FreeQ[a, x] && Rational Q[n] && n>1
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m Rulelf mez A m<-3 A n> 1, then

Jx”%rcOosh[a x1"

anx™24/-1+ax Y1l+ax ArcCosh[ax]"!
(m+1) (Mm+2)

dx —

+

x™L ArcCosh[ax]" a2 (m+3) x™3 ArcCosh[ax]"

(m+ 1) (m+1) (m+2) '
a% (m+3)? a?n (n-1)

Jx”‘*z ArcCosh[ax]"dx -

- = Jx“chmsh[aX]“'z dx
(m+1) (Mm+2)

(Mm+1) (Mm+2)

= Program code:

Int [x_“m xArcCosh[a_. *x_1"n_, x_Synbol ] :
axnxX" (M+2) *Sgrt [-1+axx]+Sqrt [1+a*x]*ArcCosh [axx]” (n-1) / ((M+l) * (M:2)) +
X" (m+l) *Ar cCosh [a*x]1*n/ (m+1) -
an2x (Mk3) xX (Mm+-3) *Ar cCosh [a*x]1 n/ ((Mel) % (M2)) +
Di st [a"2% (M+3)"2/ ((me1l) % (M+2) ), | nt [X" (m+2) *Ar cCosh [axx]"n, Xx]] -

Di st [a”"2%n* (n-1) / ((m+1) % (m+2) ), | nt [X* (m+2) *Ar cCosh [a*x]" (n-2), X]] /;

FreeQ[a, x] && IntegerQ[m] && Rational Q[n] && nmk-3 && n>1

m Rulelf mez A m>1 An<-1An#-2then

jmecmsh[a x1"

x™y/-1+ax v1+ax ArcCosh[ax]"!

dx — +
a(n+1)
mx™! ArcCosh[ax]™? (m+1) x™! ArcCosh[a x]"+?
a2 (n+1) (n+2) ) (n+1) (n+2) '
(m+1)?

m(m-1)

jme cCosh[ax]™? dx -

-~ 7 jx“chwsh[ax]”*z dx
(n+1) (n+2)

aZ (n+1) (n+2)

= Program code:

Int [x_~m xArcCosh[a_. *x_1"n_, x_Synbol ] : =

X meSqrt [-1+axx]*Sqrt [1+axx]xArcCosh [a*x]” (n+1)/ (a*(n+l)) +

mex” (Mm-1) *Ar cCosh [a*x]1” (N+2) / (a"2% (n+1) * (N+2)) -

(me1) X~ (m+1) *Ar cCosh [axX]” (N+2) / ((N+1) * (N+2)) +

Di st [ (m+1)"2/ ((n+1) % (n+2)), I nt [x*mxAr cCosh [axx]" (n+2), X]] -

Di st [mx (m-1) / (a”2% (N+1) * (n+2)), | nt [X" (m-2) *Ar cCosh [a*x]" (n+2), X]1] /;
FreeQ[a, x] && IntegerQ[m] && Rational Q[n] &% m>1 && n<-1 && n#-2
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= Derivation: Integration by substitution

ArcCosh[axP]"
X

= Basis = %ArcOosh[a xP1" Tanh [Ar cCosh[a xP]] 8x ArcCosh[a xP]

Rule lf nez A n > 0,then

ArcCosh[axP]" 1
j dx — — Subst [jx” Tanh[x] dx, X, ArcOosh[axp]]
X p

Program code:

I nt [ArcCosh [a_. #x_"p_. 1*n_. /x_, x_Synbol | : =
Di st [1/p, Subst [I nt [x*nxTanh [x], X1, X, ArcCosh [axx"p]]1] /;
FreeQ[{a, p}, x] & IntegerQ[n] && n>0

= Derivation: Integration by partsand substitution

x™1 ArcCoshp[ax]"-!

V-l+ax Vi+sax

Basis: If me z, = alm ArcCosh[ax]"! Cosh[ArcCosh[ax]]™! 64 Ar cCosh[ax]

Rule If me z A m# -1, then

x™L ArcCosh[ax]" n
Jx”%rcOosh[ax]"dlx — - Subst [jx“‘l Cosh[x]1™! dx, x, ArcCosh[ax]]
m+ 1 a™l (m+1)

= Program code:

Int [x_"m_. xArcCosh[a_. xx_1"n_, x_Synbol ] : =

XN (me1) *Ar cCosh [a*x]”n/ (M+1) -

Di st [n/ (a® (m+1) = (M+1) ), Subst [I nt [X" (n-1) *Cosh [x]" (m+1), X], X, ArcCosh[a*Xx]]] /;
FreeQ[{a, n}, x] & IntegerQ[m] && m¢-1
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f(a+bArcmsh[C+dx])”dx

= Derivation: Integration by substitution
m Basis (a+bArcCosh[c+dx])" = % (a+b ArcCosh[c+dx])"Sinh[ArcCosh[c +dx]] 8xArcCosh[c +dx]

= Rule If n ¢ z, then

1
j(a+bArcOosh[c+dx])“d1x — ESubst [j(a+bx)”Si nh[x] dx, X, ArcCosh[c+dx]]

= Program code:

Int [(a_+b_. *ArcCosh[c_. +d_. xx_1)"n_, x_Synbol | : =
Di st [1/d, Subst [I nt [ (a+b*X)”n*Si nh[x], X], X, ArcCosh[c+d*x]]] /;
FreeQ[{a, b, c,d}, x] & Not [I nt eger Q[n]]
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XM (a+bArcCosh[c +dx])"dx

= Derivation: Integration by substitution

m Bass Ifme z x™(a+bArcCosh[c+dx])" =
L (a+bArcCosh[c+dx])" (Cosh[ArcCosh[c +dx]] -c)™Si nh[ArcCosh[c +dx]] 0xArcCosh[c +d x]

dml

m Rulelf mez An¢z A m>O0,then

1
Jxm (a+b ArcCosh[c+dx])"dx — —18ubst [J(a+bx)“ (Cosh[x] -¢c)™Si nh[x] dx, X, ArcCosh[c+dx]]
dITN—

= Program code:

Int [x_"m_. (a_+b_. »ArcCosh[c_. +d_. »x_1)"n_, x_Synbol | : =
Di st [1/d” (m+1), Subst [I nt [ (a+b*x)”*n* (Cosh[x]-c)"m«Si nh[x], X1, X, ArcCosh[c+d*x]]] /;
FreeQ[{a, b,c,d}, x] & & IntegerQ[m] && Not [I ntegerQ[n]] && m>0



Integration Rules for Inverse Hyperbolic Cosine Functions

C m
u Ar cCosh [—] dx
a+bx"
= Derivation: Algebraic smplification
m Basis; ArcCosh[z] =ArcSech[§]
= Rule
c m a bxh,m
juArcOosh[—] dx — uArcSech[—+ dx
a+bxn c c

= Program code:

Int [u_. »ArcCosh[c_. /(a_. +b_. #x_"n_.)]*m..,x_Synbol | : =
I nt [uxArcSech[a/c+bxx*n/c]1"m X] /;
FreeQ[{a, b, c, n, m}, X]
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fc ArcCosh[a+b x] dx

= Rule If 1-c2Log[f]? #0,then

-l+a+b x

a+bx-c Ty (l+a+bx) Log[f]
JAchrcCosh[aubx] dx —s chrcCOSh[a+bx]

b (1-c?Log[f1?)

= Program code:

Int [f_~(c_. *ArcCosh[a_. +b_. x_]), x_Symbol | : =
(a+bxx-c*xSqrt [ (-1+a+bxx) / (1+a+bxx)]* (1+a+bxx)*Log[f])/ (bx(1-c*2xLog[f 172))
f~ (cxArcCosh [a+bxXx]) /;
FreeQ[{a, b,c,f}, x] & NonzeroQ[l-c"2xLog][f ]*2]
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ArcCosh[u] dx

m Derivation: Integration by parts
m Rule If uisfreeof inversefunctions, then

X Ox U

d
V-1+u vV1+u

X

JArcOosh[u] dx — X ArcCosh[u] -j

= Program code:

I nt [ArcCosh[u_1,x_Synbol ] : =
X*Ar cCosh [u] -
I nt [Regul ari ze [x*D[u, x]/(Sgrt [-1+ul*Sqrt [1+u]), x], X1 /;
I nver seFuncti onFreeQI[u, x] && Not [Functi onOf Exponenti al Of Li near [u, X]]



Integration Rules for Inverse Hyperbolic Cosine Functions
m _n ArcCosh[u
X" e (Ul qx

m Derivation: Algebraic simplification

m Basis e"AcCoshiz] o (z+\/—1+z V1i+z )n

n
m Basis Ifn e z, e"AcCoshiz] . [z + / vz 5 /ﬁ ]
1l+z 1+z

m Rulelf nez A uisapolynomal inx,then

jenmcmsh[u] dx —» J(u+\/—1+u V1+u )nle

= Program code:
Int [E*(n_. *ArcCosh[u_]), x_Symbol | :=

Int [(u+Sgrt [-1+u]l*Sgrt [1+u])”n, X] /;
I nt eger Q[n] && Pol ynoni al Q[u, X]

m Derivation: Algebraic simplification
n
m Bass e AcCoshiz] - (Z +V-1+z V1+2z )

m Rulelf nez A uisapolynomal inx,then

n
Jxme“”CQSh[“] dx — jxm(u+«/—1+u V1+u) dx

= Program code:

Int [x_"m_. «E* (n_. *ArcCosh[u_]), x_Symbol | : =
Int [Xx*mk (U+Sqrt [-1+u]*Sqrt [1+u]l)”™n, xX] /;
Rati onal Q[m] && I ntegerQ[n] && Pol ynom al Q[u, X]



