Integration Recurrence Equations for Trigonometric Expressions

Trig Integration Recurrence Equations

Sine Integration Recurrence Equations

JSin[c+dx]™(A+BSin[c+dx]) (a+bSinfc+dx])"dx when a?-b?==0

= Symmetric sinerecurrence 1a: If a2 - b2 == 0, then
d (m+1) JSin[c+dx]m(A+BSin[c+dx]) (a+bSin[c+dx])"dx =

aACos[c+dx]Sin[c+dx]™! (a+bSin[c+dx])"!+
d

JSin[cJ,dx]m*l ((Ab+aB) (m+1) -Ab (n-1) + (aAn+ (aA+bB) (m+1)) Sin[c+dx]) (@a+bSin[c+dx])"dx

m Symmetricsinerecurrence 1b: If a2 - b2 = 0, then
d(m+n+1) |Sin[c+dx]"(A+BSin[c+dx]) (a+bSin[c+dx])"dx =
-bBCos[c+dx]Sin[c+dx]™! (a+bSin[c+dx])" !+
dJSin[c+dx]m(aAn+ (aA+bB) (m+1) + (Ab+aBn+ (Ab+aB) (m+n)) Sin[c+dx]) (a+bSin[c+dx])"!dx

m Symmetric sinerecurrence2a: If a - b? == 0, then
a’d (2n+1) JSin[c+dx]m(A+BSin[c+dx]) (a+bSin[c+dx])"dx =
a (Ab-aB) Cos[c+dx]Sin[c+dx]M(a+bSin[c+dx])"+
djSin[c+dx]”F1 (-m(Ab-aB)+ (bBn+aA((n+1) +m(@A-bB))Sin[c+dx]) (a+bSin[c+dx])"™ dx

» Symmetricsinerecurrence2b: If a2 - b2 == 0, then
b%d (2n+1) jSin[c+dx]m(A+BSin[c+dx]) (a+bSin[c+dx])"dx =
-b (Ab-aB) Cos[c+dx]Sin[c+dx]™ (a+bSin[c+dx])"+
dJSin[c+dx]m(aA(2n+1) +(@aA-bB) (m+l) - (Ab-aB) (m+n+2)Sin[c+dx]) (a+bSin[c+dx])"™ dx

m Symmetricsinerecurrence3a: If a2 - b? == 0, then
ad (m+n+1) JSin[c+dx]m(A+BSin[c+dx]) (a+bSin[c+dx])"dx =
-aBCos[c+dx]Sin[c+dx]™(a+bSin[c+dx])"+
dJ-Sin[c+dx]"F1 (@aBm+ (bBn+aA(m+n+1)) Sin[c+dx]) (a+bSin[c+dx])"dx

= Symmetricsinerecurrence 3b: If a2 - b? == 0, then
ad (m+1) JSin[c+dx]m(A+BSin[c +dx]) (@+bSin[c+dx])"dx =
aACos[c+dx]Sin[c+dx]™! (a+bSin[c+dx])"+
d-J-Sin[c+dx]m+1 (aB(Mm+1) -bAn+aAmM+n+2)Sin[c+dx]) (a+bSin[c+dx])"dx
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JSin[c+dx]™(A+BSin[c+dx]+CSin[c+dx]?)
(a+bSin[c+dx])"dx when a?-b%2#0
= Sinerecurrence la:
d (m+1) jSin[c+dx]m(A+BSin[c+dx]+CSin[c+dx]2) (a+bSin[c+dx])"dx =
ACos[c+dx]Sin[c+dx]™! (a+bSin[c+dx])"+
d.[Sin[c+dx]'“*1 (@B (m+1) -bAn+ (aA+ (@aA+bB+aC) (m+1)) Sinfc+dx]+

b (A(+1)+ (A+C) (m+1)) Sin[c+dx]?) (a+bSin[c+dx])""dx

m Sinerecurrence 1b:
d (m+n+2) [Sinfc+dx]™(A+BSin[c+dx]+CSin[c+dx]?) (a+bSin[c+dx])"dx =
-CCos[c+dx]Sin[c+dx]™! (a+bSin[c+dx])"+
djSin[c+dx]m(a (A(n+1) + (A+C) (m+1)) + (Ab+aB+ (Ab+aB+bC) (m+n+1)) Sin[c+dx] +

(aCn+bB (m+n+2)) Sin[c+dx]?) (a+bSin[c+dx])""dx

m Sinerecurrence 2a:
bd (n+1) (a®-b?) JSin[c+dx]m(A+BSin[c+dx] +CSin[c+dx]?) (a+bSin[c+dx])"dx =
-(Ab?-abB+a’C) Cos[c+dx]Sin[c+dx]™(a+bSin[c+dx])"" +
dJ.Sin[c+dx]”*1 (m(Ab?-abB+a®’C) +b (@aA-bB+aC) (n+1)Sin[c+dx] -

(b (Ab-aB+bC) (n+1) + (Ab®-abB+a?C) (m+1)) Sin[c+dx]?) (a+bSin[c+dx])"" dx

m Sinerecurrence 2b:
ad (n+1) (a®-b?) ISin[c+dx]m(A+BSin[c+dx] +CSin[c+dx]?) (a+bSin[c+dx])"dx =
(Ab®-abB+a®C) Cos[c+dx]Sin[c+dx]™ (a+bSin[c+dx])""+
djSin[c+dx]m(A(a2—b2) (n+1) - (Ab®>-abB+a®C) (m+1) -

a(Ab-aB+bC) (n+1) Sin[c+dx]+ (Ab®-abB+a’C) (m+n+3)Sin[c+dx]?) (a+bSin[c+dx])""dx

m Sinerecurrence 3a:
bd (m+n+2) jSin[c+dx]m(A+BSin[c+dx]+CSin[c+dx]2) (a+bSin[c+dx])"dx =
-CCos[c+dx]Sin[c+dx]™(a+bSin[c+dx])™ +
djSin[c+dx]”*1 (aCm+b (A+ (A+C) (m+n+1)) Sinfc+dx]+ (bB(n+1)+ (bB-aC) (m+1)) Sin[c+dx]?)

(a+bSin[c+dx])"dx

= Sinerecurrence 3b:
ad (m+1) jSin[c +dx]™ (A+BSin[c+dx] +CSin[c+dx]?) (a+bSin[c+dx])"dx =

ACos[c+dx]Sin[c+dx]™ (a+bSin[c+dx])™+
d

jSin[c+dx]"‘*1 ((aB-bA) (m+1) -bA(n+1) +a (A+ (A+C) (m+1)) Sin[c+dx]+bA (m+n+3)Sinc+dx]?)
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(a+bSin[c+dx])"dx
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Cosecant Integration Recurrence Equations

JCsc[c+dx]™(A+BCsc[c+dx]) (a+bCsc[c+dx])"dx when a?-b?==0

= Symmetric cosecant recurrence 1a: If a2 - b? == 0, then
dmJCsc[c+dx]m(A+BCsc[c+dx]) (@a+bCsc[c+dx])"dx =
aACos[c+dx] Csc[c+dx]™! (a+bCsc[c+dx])"?!+
desc[c+dx]m*1((Ab+aB) m-Ab (n-1) + (aAn+ (aA+bB) m Csc[c+dx]) (a+bCsc[c+dx])"!dx

= Symmetric cosecant recurrence 1b: If a2 - b? == 0, then
d (m+n) JCsc[c+dx]m(A+BCsc[c+dx]) (a+bCsclc+dx])"dx =
-bBCos[c+dx] Csc[c+dx]™! (a+bCsc[c+dx])"!+
df@c[c+dx]m(aAn+(aA+bB) m+ (Ab+aBn+ (Ab+aB) (men-1)) Csc[c+dx]) (a+bCsc[c+dx])"!dx

= Symmetric cosecant recurrence 2a: If a? - b? == 0, then

a’d (2n+1) JCsc[c+dx]"‘(A+BCsc[c+dx]) (a+bCsc[c+dx])"dx =
a (Ab-aB) Cos[c+dx] Csc[c+dx]™(a+bCsc[c+dx])"+
dJ.Csc[c+dx]lTFl

(-(Ab-aB) (m-1) + (bBn+aA(n+1) + (aA-bB) (m-1)) Csc[c +dx]) (a+bCsc[c+dx])"!dx

m Symmetric cosecant recurrence 2b: If a2 - b2 = 0, then
b%d (2n+1) stc[c+dx]m(A+BCsc[c+dx]) (a+bCsc[c+dx])"dx =
-b (Ab-aB) Cos[c+dx] Csc[c+dx]™! (a+bCsc[c+dx])"+

dszc[c+dx]”WaA(2n+1) +(@aA-bB)ym- (Ab-aB) (m+n+1) Csc[c+dx]) (a+bCsc[c+dx])™!dx

= Symmetric cosecant recurrence 3a: If a2 - b? == 0, then
ad (m+n) szc[c+dx]m(A+BCsc[c +dx]) (a+bCsc[c+dx])"dx =

-aBCos[c+dx]Csc[c+dx]™(a+bCsc[c+dx])"+
desc[c+dx]rTFl (aB(m-1) + (bBn+aA (m+n)) Csc[c +dXx]) (a+bCsc[c+dx])"dx

= Symmetric cosecant recurrence 3b: If a2 - b? == 0, then
admJbsc[c+dx]"WA+BCsc[c+dx]) (a+bCsc[c+dx])"dx =
aACos[c+dx]Csc[c+dx]™! (a+bCsc[c+dx])"+
desc[c+dx]rml (aBm-bAn+aA (m+n+1) Csc[c+dx]) (a+bCsc[c+dx])"dx



Integration Recurrence Equations for Trigonometric Expressions

JCsclc+dx]™(A+BCsc[c+dx] +CCsc[c+dx]?)
(a+bCsc[c+dx])"dx when a?2-b2#0
m Cosecant recurrence la:
dijsc[c+dx]’“(A+BCsc[c+dx]+CCsc[c+dx]2) (a+bCsc[c+dx])"dx =
ACos[c+dx] Csc[c+dx]™! (a+bCsc[c+dx])"+
dJCsc[c+dx]m*1 (aBm-bAn+ (aA+ (aA+aC+bB)m Csc[c+dx]+b (A(n+1)+ (A+C) m Csclc+dx]?)

(a+bCsclc+dx])"!dx

m Cosecant recurrence 1b:
d (m+n+1) stc[c+dx]m(A+BCsc[c+dx]+CCsc[c+dx]2) (a+bCsclc+dx])"dx =
-CCos[c+dx] Csc[c+dx]™! (a+bCsc[c+dx])"+
dj@c[c+dx]m(a (AMM+1)+ (A+C)m + (bA+aB+ (bA+aB+bC) (m+n)) Csc[c +dx] +

(@aCn+bB (m+n+1)) Csclc+dx]?) (a+bCsclc+dx])""dx

m Cosecant recurrence 2a:
bd (n+1) (a®-b?) f&c[c+dx]m(A+BCsc[c+dx] +CCsc[c+dx]?) (a+bCsc[c+dx])"dx =
-(Ab?-abB+a®C) Cos[c+dx] Csc[c+dx]™(a+bCsc[c+dx])"" +
dJCsc[cJ,dx]"*l ((Ab?-abB+a’C) (m-1) +b (aA-bB+aC) (n+1) Csc[c+dx] -

((Ab>-abB+b*C) (n+1) + (Ab?-abB+a®C) m) Csc[c +dx]?) (a+bCsc[c+dx])"" dx

m Cosecant recurrence 2b:
ad (n+1) (a®-b?) JCsc[c+dx]m(A+BCsc[c+dx] +CCsc[c+dx]?) (a+bCsc[c+dx])"dx =
(Ab?-abB+a?C) Cos[c+dx] Csc[c+dx]™! (a+bCsclc+dx])""+
desc[c+dx]m(A(a2—b2) (n+1) - (Ab®>-abB+a’C) m-

a(bA-aB+bC) (n+1) Csc[c+dx] + (Ab®-abB+a®C) (m+n+2) Csc[c+dx]?) (a+bCsclc+dx])"" dx

m Cosecant recurrence 3a:
bd (m+n+1) szc[c+dx]m(A+BCsc[c+dx]+CCsc[c+dx]2) (a+bCsclc+dx])"dx =
-CCos[c+dx]Csc[c+dx]™(a+bCsc[c+dx])"!+
dJCsc[c+dx]ml (aCc(m-1) +b (A+ (A+C) (m+n)) Csc[c+dx] + (bB (n+1)+ (bB-aC) m Csclc+dx]?)

(a+bCsc[c+dx])"dx

m Cosecant recurrence 3b:
adijsc[c+dx]"‘(A+BCsc[c+dx] +CCsc[c+dx]?) (a+bCsc[c+dx])"dx =
ACos[c+dx] Csc[c+dx]™! (a+bCsc[c+dx])™!+
dJ‘Csc[c+dx]rml

((aB-bA) m-bA(M+1)+a (A+ (A+C)m Csc[c +dx] +bA (m+n+2) Csc[c+dx]2) (a+bCsclc +dx])"dx
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Tangent Integration Recurrence Equations

JTan[c +d x]™ (A+BTan[c +dx]) (a+bTan[c +dx])"dx when a +b? =0

= Symmetric tangent recurrence 1a (10): If a2 + b2 == 0, then
d (m+1) |Tan[c+dx]M(a+bTan[c +dx])" (A+BTan[c +d x]) dX =
AaTan[c+dx]™! (a+bTan[c+dx])"?! -

d |Tan[c +d x]™! (Ab (n-1) - (Ab+Ba) (m+1) + (Aa (m+n) -Bb (m+1)) Tan[c +d x]) (a+bTan[c+dx])"*dx

= Symmetric tangent recurrence 1b (9): If a? + b? == 0, then
d (m+n) |Tan[c+dx]™(a+bTan[c+dx])" (A+BTan[c +dx]) dx =
BbTan[c+dx]™! (a+bTan[c +dx]) "+

d |[Tan[c+dx]M™(Aa (n+m) -Bb (m+1) + (Ba (n-1) + (Ab+Ba) (m+n)) Tan[c +d x]) (a+bTan[c +dx])"!dx

= Symmetric tangent recurrence2a (7): If a2 + b? == 0, then
2a’nd |[Tan[c+dx]™(a+bTan[c +dx])" (A+BTan[c +dx]) dx ==
-a (Ab-Ba) Tan[c+dx]M™(a+bTan[c +d x])" +
d [Tan[c +dx]™?! ((Ab-Ba) m+ (Bb (m-n) +Aa (m+n)) Tan[c +d x]) (a+bTan[c +dx])™! dx

= Symmetric tangent recurrence 2b (12): If a? + b2 = 0, then
2a?nd [Tan[c+dx]™ (a+bTan[c +dx])" (A+BTan[c +dx]) dx ==
-—a(@aA+bB) Tan[c +d x]¥*™(a+bTan[c +d x])" +
d |[Tan[c +dx]™(bB (m+1) +aA (m+2n+1) - (Ab-aB) (m+n+1) Tan[c +dx]) (a+bTan[c+dx])™!dx

= Symmetric tangent recurrence 3a (8): If a2 + b2 == 0, then
ad (m+n) |Tan[c+dx]™(a+bTan[c+dx])" (A+BTan[c +dx]) dx ==
aBTan[c+dx]M(a+bTan[c+dx])" +

d |Tan[c +d x]™?! (- (Bam) + (Aam+ (Aa-Bb) n) Tan[c +d x]) (a+bTan[c +dx])" dx

= Symmetric tangent recurrence 3b (11): If a2 + b2 == 0, then
ad (m+1) |Tan[c+dx]™(a+bTan[c +dx])" (A+BTan[c +d x]) dx ==
aATan[c+dx]™! (a+bTan[c +d x])" -

d [Tan[c +dx]™! (Abn-Ba (m+1) +Aa (m+n+1) Tan[c +d x]) (a+bTan[c +dx])" dx
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JTan[c +d x]™ (A+BTan[c +d x] +CTan[c +d x]?)
(a+bTan[c +dx])"dx when a?+b? #0

= Tangent recurrence la:
d (m+1) |Tan[c+dx]™ (A+BTan[c+dx] +CTan[c+dx]?) (a+bTan[c+dx])"dx =
ATan[c +dx]™! (a+bTan[c +d x])" +
d |Tan[c +d x]™? (aB(m+1)—Abn+(bB—a(A—C))(m+1)Tan[c+dx]+

b (C(m+1) -A(m+n+1)) Tan[c +dx]?) (a+bTan[c+dx])""dx

= Tangent recurrence 1b:
d (m+n+1) Tan[c+dx]m(A+BTan[c+dx]+CTan[c+dx]2) (a+bTan[c +dx])"dx ==
CTan[c+dx]™! (a+bTan[c +dx])" +
d |[Tan[c+dx]™((Aa (m+n+1) -C(m+1) a) +

(aB+b (A-C)) (m+n+1) Tan[c+dx] + (aCn+bB (m+n+1)) Tan[c +dx]?) (a+bTan[c +dx])"* dx

= Tangent recurrence 2a:
bd (n+1) (a®+b?) JTan[c+dx]"‘(A+BTan[c+dx] +CTan[c +dx]?) (a+bTan[c+dx])"dx =
(Ab?>-abB+a’C) Tan[c +dx]™ (a+bTan[c +dx])"* +
d [Tan[c +dx]™! (- (Ab®-abB+a?C) m+b (bB+a (A-C)) (n+1) Tan[c +d X] -

(b (Ab-aB) (m+n+1) -C(-a?m+b? (n+1))) Tan[c +d x]?) (a+bTan[c +dx])"** dx

= Tangent recurrence 2b:
ad (n+1) (a®+b?) fTan[c+dx]m(A+BTan[c +dx] +CTan[c+dx]?) (a+bTan[c+dx])"dx =
-(Ab*-abB+a’C) Tan[c +d x]™! (a+bTan[c +dx])"" +
d [Tan[c+dx]™(-a (bB-aC) (m+1) +A (a® (n+1) +b> (M+n+2)) +

a(aB-b (A-C)) (n+1) Tan[c +dx] + (Ab?-abB+a®C) (m+n+2) Tan[c +d x]?) (a+bTan[c +dx])"" dx

= Tangent recurrence 3a:
bd (m+n+1) [Tan[c+dx]™ (A+BTan[c+dx] +CTan[c +dx]?) (a+bTan[c +dx])"dx =
CTan[c +dx]™ (a+bTan[c +dx])™! -
d |[Tan[c +dx]™?!

(aCm-b (A-C) (m+n+1) Tan[c +d x] +(aCm—bB(m+n+1))Tan[c+dx]2) (a+bTan[c +dx])"dx

= Tangent recurrence 3b:
ad (m+1) [Tan[c+dx]™(A+BTan[c +dXx] +CTan[c+dx]2) (a+bTan[c +dx])"dx ==
ATan[c+dx]™! (a+bTan[c +dx])"?! +
d |Tan[c +d x]™!

(@B (m+1) -Ab (m+n+2) -a (A-C) (m+1) Tan[c +d x] - Ab (m+n+2)Tan[c+dx]2) (a+bTan[c +dx])"dx



