
Trig Integration Recurrence Equations
Sine Integration Recurrence Equations

Ù Sin@c + d xDm HA + B Sin@c + d xDL Ha + b Sin@c + d xDLn â x when a2 -b2 � 0

� Symmetric sine recurrence 1a: If  a2 - b2 � 0, then

d Hm + 1L à Sin@c + d xDm HA + B Sin@c + d xDL Ha + b Sin@c + d xDLn
âx �

a A Cos@c + d xD Sin@c + d xDm+1 Ha + b Sin@c + d xDLn-1
+

d

à Sin@c + d xDm+1 HHA b + a BL Hm + 1L - A b Hn - 1L + Ha A n + Ha A + b BL Hm + 1LL Sin@c + d xDL Ha + b Sin@c + d xDLn-1
âx

� Symmetric sine recurrence 1b: If  a2 - b2 � 0, then

d Hm + n + 1L à Sin@c + d xDm HA + B Sin@c + d xDL Ha + b Sin@c + d xDLn
âx �

-b B Cos@c + d xD Sin@c + d xDm+1 Ha + b Sin@c + d xDLn-1
+

d à Sin@c + d xDm Ha A n + Ha A + b BL Hm + 1L + HA b + a B n + HA b + a BL Hm + nLL Sin@c + d xDL Ha + b Sin@c + d xDLn-1
âx

� Symmetric sine recurrence 2a: If  a2 - b2 � 0, then

a2 d H2 n + 1L à Sin@c + d xDm HA + B Sin@c + d xDL Ha + b Sin@c + d xDLn
âx �

a HA b - a BL Cos@c + d xD Sin@c + d xDm Ha + b Sin@c + d xDLn
+

d à Sin@c + d xDm-1 H-m HA b - a BL + Hb B n + a A Hn + 1L + m Ha A - b BLL Sin@c + d xDL Ha + b Sin@c + d xDLn+1
âx

� Symmetric sine recurrence 2b: If  a2 - b2 � 0, then

b2 d H2 n + 1L à Sin@c + d xDm HA + B Sin@c + d xDL Ha + b Sin@c + d xDLn
âx �

-b HA b - a BL Cos@c + d xD Sin@c + d xDm+1 Ha + b Sin@c + d xDLn
+

d à Sin@c + d xDm Ha A H2 n + 1L + Ha A - b BL Hm + 1L - HA b - a BL Hm + n + 2L Sin@c + d xDL Ha + b Sin@c + d xDLn+1
âx

� Symmetric sine recurrence 3a: If  a2 - b2 � 0, then

a d Hm + n + 1L à Sin@c + d xDm HA + B Sin@c + d xDL Ha + b Sin@c + d xDLn
âx =

-a B Cos@c + d xD Sin@c + d xDm Ha + b Sin@c + d xDLn
+

d à Sin@c + d xDm-1 Ha B m + Hb B n + a A Hm + n + 1LL Sin@c + d xDL Ha + b Sin@c + d xDLn
âx

� Symmetric sine recurrence 3b: If  a2 - b2 � 0, then

a d Hm + 1L à Sin@c + d xDm HA + B Sin@c + d xDL Ha + b Sin@c + d xDLn
âx =

a A Cos@c + d xD Sin@c + d xDm+1 Ha + b Sin@c + d xDLn
+

d à Sin@c + d xDm+1 Ha B Hm + 1L - b A n + a A Hm + n + 2L Sin@c + d xDL Ha + b Sin@c + d xDLn
âx
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Ù Sin@c + d xDm HA + B Sin@c + d xD + C Sin@c + d xD2L
Ha + b Sin@c + d xDLn â x when a2 -b2 ¹ 0

� Sine recurrence 1a:

d Hm + 1L à Sin@c + d xDm IA + B Sin@c + d xD + C Sin@c + d xD2M Ha + b Sin@c + d xDLn
âx �

A Cos@c + d xD Sin@c + d xDm+1 Ha + b Sin@c + d xDLn
+

d à Sin@c + d xDm+1 Ia B Hm + 1L - b A n + Ha A + Ha A + b B + a CL Hm + 1LL Sin@c + d xD +

b HA Hn + 1L + HA + CL Hm + 1LL Sin@c + d xD2M Ha + b Sin@c + d xDLn-1
âx

� Sine recurrence 1b:

d Hm + n + 2L à Sin@c + d xDm IA + B Sin@c + d xD + C Sin@c + d xD2M Ha + b Sin@c + d xDLn
âx �

-C Cos@c + d xD Sin@c + d xDm+1 Ha + b Sin@c + d xDLn
+

d à Sin@c + d xDm Ia HA Hn + 1L + HA + CL Hm + 1LL + HA b + a B + HA b + a B + b CL Hm + n + 1LL Sin@c + d xD +

Ha C n + b B Hm + n + 2LL Sin@c + d xD2M Ha + b Sin@c + d xDLn-1
âx

� Sine recurrence 2a:

b d Hn + 1L Ia2
- b2M à Sin@c + d xDm IA + B Sin@c + d xD + C Sin@c + d xD2M Ha + b Sin@c + d xDLn

âx �

-IA b2
- a b B + a2 CM Cos@c + d xD Sin@c + d xDm Ha + b Sin@c + d xDLn+1

+

d à Sin@c + d xDm-1 Im IA b2
- a b B + a2 CM + b Ha A - b B + a CL Hn + 1L Sin@c + d xD -

Ib HA b - a B + b CL Hn + 1L + IA b2
- a b B + a2 CM Hm + 1LM Sin@c + d xD2M Ha + b Sin@c + d xDLn+1

âx

� Sine recurrence 2b:

a d Hn + 1L Ia2
- b2M à Sin@c + d xDm IA + B Sin@c + d xD + C Sin@c + d xD2M Ha + b Sin@c + d xDLn

âx �

IA b2
- a b B + a2 CM Cos@c + d xD Sin@c + d xDm+1 Ha + b Sin@c + d xDLn+1

+

d à Sin@c + d xDm IA Ia2
- b2M Hn + 1L - IA b2

- a b B + a2 CM Hm + 1L -

a HA b - a B + b CL Hn + 1L Sin@c + d xD + IA b2
- a b B + a2 CM Hm + n + 3L Sin@c + d xD2M Ha + b Sin@c + d xDLn+1

âx

� Sine recurrence 3a:

b d Hm + n + 2L à Sin@c + d xDm IA + B Sin@c + d xD + C Sin@c + d xD2M Ha + b Sin@c + d xDLn
âx =

-C Cos@c + d xD Sin@c + d xDm Ha + b Sin@c + d xDLn+1
+

d à Sin@c + d xDm-1 Ia C m + b HA + HA + CL Hm + n + 1LL Sin@c + d xD + Hb B Hn + 1L + Hb B - a CL Hm + 1LL Sin@c + d xD2M
Ha + b Sin@c + d xDLn

âx

� Sine recurrence 3b:

a d Hm + 1L à Sin@c + d xDm IA + B Sin@c + d xD + C Sin@c + d xD2M Ha + b Sin@c + d xDLn
âx =

A Cos@c + d xD Sin@c + d xDm+1 Ha + b Sin@c + d xDLn+1
+

d

à Sin@c + d xDm+1 IHa B - b AL Hm + 1L - b A Hn + 1L + a HA + HA + CL Hm + 1LL Sin@c + d xD + b A Hm + n + 3L Sin@c + d xD2M
n
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à Sin@c + d xD IHa B - b AL Hm + 1L - b A Hn + 1L + a HA + HA + CL Hm + 1LL Sin@c + d xD + b A Hm + n + 3L Sin@c + d xD2M
Ha + b Sin@c + d xDLn

âx
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Cosecant Integration Recurrence Equations

Ù Csc@c + d xDm HA + B Csc@c + d xDL Ha + b Csc@c + d xDLn â x when a2 -b2 � 0

� Symmetric cosecant recurrence 1a: If  a2 - b2 � 0, then

d m à Csc@c + d xDm HA + B Csc@c + d xDL Ha + b Csc@c + d xDLn
âx �

a A Cos@c + d xD Csc@c + d xDm+1 Ha + b Csc@c + d xDLn-1
+

d à Csc@c + d xDm+1 HHA b + a BL m - A b Hn - 1L + Ha A n + Ha A + b BL mL Csc@c + d xDL Ha + b Csc@c + d xDLn-1
âx

� Symmetric cosecant recurrence 1b: If  a2 - b2 � 0, then

d Hm + nL à Csc@c + d xDm HA + B Csc@c + d xDL Ha + b Csc@c + d xDLn
âx �

-b B Cos@c + d xD Csc@c + d xDm+1 Ha + b Csc@c + d xDLn-1
+

d à Csc@c + d xDm Ha A n + Ha A + b BL m + HA b + a B n + HA b + a BL Hm + n - 1LL Csc@c + d xDL Ha + b Csc@c + d xDLn-1
âx

� Symmetric cosecant recurrence 2a: If  a2 - b2 � 0, then

a2 d H2 n + 1L à Csc@c + d xDm HA + B Csc@c + d xDL Ha + b Csc@c + d xDLn
âx �

a HA b - a BL Cos@c + d xD Csc@c + d xDm Ha + b Csc@c + d xDLn
+

d à Csc@c + d xDm-1

H-HA b - a BL Hm - 1L + Hb B n + a A Hn + 1L + Ha A - b BL Hm - 1LL Csc@c + d xDL Ha + b Csc@c + d xDLn+1
âx

� Symmetric cosecant recurrence 2b: If  a2 - b2 � 0, then

b2 d H2 n + 1L à Csc@c + d xDm HA + B Csc@c + d xDL Ha + b Csc@c + d xDLn
âx �

-b HA b - a BL Cos@c + d xD Csc@c + d xDm+1 Ha + b Csc@c + d xDLn
+

d à Csc@c + d xDm Ha A H2 n + 1L + Ha A - b BL m - HA b - a BL Hm + n + 1L Csc@c + d xDL Ha + b Csc@c + d xDLn+1
âx

� Symmetric cosecant recurrence 3a: If  a2 - b2 � 0, then

a d Hm + nL à Csc@c + d xDm HA + B Csc@c + d xDL Ha + b Csc@c + d xDLn
âx =

-a B Cos@c + d xD Csc@c + d xDm Ha + b Csc@c + d xDLn
+

d à Csc@c + d xDm-1 Ha B Hm - 1L + Hb B n + a A Hm + nLL Csc@c + d xDL Ha + b Csc@c + d xDLn
âx

� Symmetric cosecant recurrence 3b: If  a2 - b2 � 0, then

a d m à Csc@c + d xDm HA + B Csc@c + d xDL Ha + b Csc@c + d xDLn
âx =

a A Cos@c + d xD Csc@c + d xDm+1 Ha + b Csc@c + d xDLn
+

d à Csc@c + d xDm+1 Ha B m - b A n + a A Hm + n + 1L Csc@c + d xDL Ha + b Csc@c + d xDLn
âx
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Ù Csc@c + d xDm HA + B Csc@c + d xD + C Csc@c + d xD2L
Ha + b Csc@c + d xDLn â x when a2 -b2 ¹ 0

� Cosecant recurrence 1a:

d m à Csc@c + d xDm IA + B Csc@c + d xD + C Csc@c + d xD2M Ha + b Csc@c + d xDLn
âx �

A Cos@c + d xD Csc@c + d xDm+1 Ha + b Csc@c + d xDLn
+

d à Csc@c + d xDm+1 Ia B m - b A n + Ha A + Ha A + a C + b BL mL Csc@c + d xD + b HA Hn + 1L + HA + CL mL Csc@c + d xD2M
Ha + b Csc@c + d xDLn-1

âx

� Cosecant recurrence 1b:

d Hm + n + 1L à Csc@c + d xDm IA + B Csc@c + d xD + C Csc@c + d xD2M Ha + b Csc@c + d xDLn
âx �

-C Cos@c + d xD Csc@c + d xDm+1 Ha + b Csc@c + d xDLn
+

d à Csc@c + d xDm Ia HA Hn + 1L + HA + CL mL + Hb A + a B + Hb A + a B + b CL Hm + nLL Csc@c + d xD +

Ha C n + b B Hm + n + 1LL Csc@c + d xD2M Ha + b Csc@c + d xDLn-1
âx

� Cosecant recurrence 2a:

b d Hn + 1L Ia2
- b2M à Csc@c + d xDm IA + B Csc@c + d xD + C Csc@c + d xD2M Ha + b Csc@c + d xDLn

âx �

-IA b2
- a b B + a2 CM Cos@c + d xD Csc@c + d xDm Ha + b Csc@c + d xDLn+1

+

d à Csc@c + d xDm-1 IIA b2
- a b B + a2 CM Hm - 1L + b Ha A - b B + a CL Hn + 1L Csc@c + d xD -

IIA b2
- a b B + b2 CM Hn + 1L + IA b2

- a b B + a2 CM mM Csc@c + d xD2M Ha + b Csc@c + d xDLn+1
âx

� Cosecant recurrence 2b:

a d Hn + 1L Ia2
- b2M à Csc@c + d xDm IA + B Csc@c + d xD + C Csc@c + d xD2M Ha + b Csc@c + d xDLn

âx �

IA b2
- a b B + a2 CM Cos@c + d xD Csc@c + d xDm+1 Ha + b Csc@c + d xDLn+1

+

d à Csc@c + d xDm IA Ia2
- b2M Hn + 1L - IA b2

- a b B + a2 CM m -

a Hb A - a B + b CL Hn + 1L Csc@c + d xD + IA b2
- a b B + a2 CM Hm + n + 2L Csc@c + d xD2M Ha + b Csc@c + d xDLn+1

âx

� Cosecant recurrence 3a:

b d Hm + n + 1L à Csc@c + d xDm IA + B Csc@c + d xD + C Csc@c + d xD2M Ha + b Csc@c + d xDLn
âx =

-C Cos@c + d xD Csc@c + d xDm Ha + b Csc@c + d xDLn+1
+

d à Csc@c + d xDm-1 Ia C Hm - 1L + b HA + HA + CL Hm + nLL Csc@c + d xD + Hb B Hn + 1L + Hb B - a CL mL Csc@c + d xD2M
Ha + b Csc@c + d xDLn

âx

� Cosecant recurrence 3b:

a d m à Csc@c + d xDm IA + B Csc@c + d xD + C Csc@c + d xD2M Ha + b Csc@c + d xDLn
âx =

A Cos@c + d xD Csc@c + d xDm+1 Ha + b Csc@c + d xDLn+1
+

d à Csc@c + d xDm+1

IHa B - b AL m - b A Hn + 1L + a HA + HA + CL mL Csc@c + d xD + b A Hm + n + 2L Csc@c + d xD2M Ha + b Csc@c + d xDLn
âx
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Tangent Integration Recurrence Equations

Ù Tan@c + d xDm HA + B Tan@c + d xDL Ha + b Tan@c + d xDLn â x when a2 + b2 � 0

� Symmetric tangent recurrence 1a (10): If  a2 + b2 � 0, then

d Hm + 1L à Tan@c + d xDm Ha + b Tan@c + d xDLn HA + B Tan@c + d xDL âx �

A a Tan@c + d xDm+1 Ha + b Tan@c + d xDLn-1
-

d à Tan@c + d xDm+1 HA b Hn - 1L - HA b + B aL Hm + 1L + HA a Hm + nL - B b Hm + 1LL Tan@c + d xDL Ha + b Tan@c + d xDLn-1
âx

� Symmetric tangent recurrence 1b (9): If  a2 + b2 � 0, then

d Hm + nL à Tan@c + d xDm Ha + b Tan@c + d xDLn HA + B Tan@c + d xDL âx �

B b Tan@c + d xDm+1 Ha + b Tan@c + d xDLn-1
+

d à Tan@c + d xDm HA a Hn + mL - B b Hm + 1L + HB a Hn - 1L + HA b + B aL Hm + nLL Tan@c + d xDL Ha + b Tan@c + d xDLn-1
âx

� Symmetric tangent recurrence 2a (7): If  a2 + b2 � 0, then

2 a2 n d à Tan@c + d xDm Ha + b Tan@c + d xDLn HA + B Tan@c + d xDL âx �

-a HA b - B aL Tan@c + d xDm Ha + b Tan@c + d xDLn
+

d à Tan@c + d xDm-1 HHA b - B aL m + HB b Hm - nL + A a Hm + nLL Tan@c + d xDL Ha + b Tan@c + d xDLn+1
âx

� Symmetric tangent recurrence 2b (12): If  a2 + b2 � 0, then

2 a2 n d à Tan@c + d xDm Ha + b Tan@c + d xDLn HA + B Tan@c + d xDL âx �

-a Ha A + b BL Tan@c + d xD1+m Ha + b Tan@c + d xDLn
+

d à Tan@c + d xDm Hb B Hm + 1L + a A Hm + 2 n + 1L - HA b - a BL Hm + n + 1L Tan@c + d xDL Ha + b Tan@c + d xDLn+1
âx

� Symmetric tangent recurrence 3a (8): If  a2 + b2 � 0, then

a d Hm + nL à Tan@c + d xDm Ha + b Tan@c + d xDLn HA + B Tan@c + d xDL âx �

a B Tan@c + d xDm Ha + b Tan@c + d xDLn
+

d à Tan@c + d xDm-1 H-HB a mL + HA a m + HA a - B bL nL Tan@c + d xDL Ha + b Tan@c + d xDLn
âx

� Symmetric tangent recurrence 3b (11): If  a2 + b2 � 0, then

a d Hm + 1L à Tan@c + d xDm Ha + b Tan@c + d xDLn HA + B Tan@c + d xDL âx �

a A Tan@c + d xDm+1 Ha + b Tan@c + d xDLn
-

d à Tan@c + d xDm+1 HA b n - B a Hm + 1L + A a Hm + n + 1L Tan@c + d xDL Ha + b Tan@c + d xDLn
âx
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Ù Tan@c + d xDm HA +B Tan@c + d xD +C Tan@c + d xD2L
Ha + b Tan@c + d xDLn â x when a2 + b2 ¹ 0

� Tangent recurrence 1a:

d Hm + 1L à Tan@c + d xDm IA + B Tan@c + d xD + C Tan@c + d xD2M Ha + b Tan@c + d xDLn
âx �

A Tan@c + d xDm+1 Ha + b Tan@c + d xDLn
+

d à Tan@c + d xDm+1 Ia B Hm + 1L - A b n + Hb B - a HA - CLL Hm + 1L Tan@c + d xD +

b HC Hm + 1L - A Hm + n + 1LL Tan@c + d xD2M Ha + b Tan@c + d xDLn-1
âx

� Tangent recurrence 1b:

d Hm + n + 1L à Tan@c + d xDm IA + B Tan@c + d xD + C Tan@c + d xD2M Ha + b Tan@c + d xDLn
âx �

C Tan@c + d xDm+1 Ha + b Tan@c + d xDLn
+

d à Tan@c + d xDm IHA a Hm + n + 1L - C Hm + 1L aL +

Ha B + b HA - CLL Hm + n + 1L Tan@c + d xD + Ha C n + b B Hm + n + 1LL Tan@c + d xD2M Ha + b Tan@c + d xDLn-1
âx

� Tangent recurrence 2a:

b d Hn + 1L Ia2
+ b2M à Tan@c + d xDm IA + B Tan@c + d xD + C Tan@c + d xD2M Ha + b Tan@c + d xDLn

âx �

IA b2
- a b B + a2 CM Tan@c + d xDm Ha + b Tan@c + d xDLn+1

+

d à Tan@c + d xDm-1 I-IA b2
- a b B + a2 CM m + b Hb B + a HA - CLL Hn + 1L Tan@c + d xD -

Ib HA b - a BL Hm + n + 1L - C I-a2 m + b2 Hn + 1LMM Tan@c + d xD2M Ha + b Tan@c + d xDLn+1
âx

� Tangent recurrence 2b:

a d Hn + 1L Ia2
+ b2M à Tan@c + d xDm IA + B Tan@c + d xD + C Tan@c + d xD2M Ha + b Tan@c + d xDLn

âx �

-IA b2
- a b B + a2 CM Tan@c + d xDm+1 Ha + b Tan@c + d xDLn+1

+

d à Tan@c + d xDm I-a Hb B - a CL Hm + 1L + A Ia2 Hn + 1L + b2 Hm + n + 2LM +

a Ha B - b HA - CLL Hn + 1L Tan@c + d xD + IA b2
- a b B + a2 CM Hm + n + 2L Tan@c + d xD2M Ha + b Tan@c + d xDLn+1

âx

� Tangent recurrence 3a:

b d Hm + n + 1L à Tan@c + d xDm IA + B Tan@c + d xD + C Tan@c + d xD2M Ha + b Tan@c + d xDLn
âx �

C Tan@c + d xDm Ha + b Tan@c + d xDLn+1
-

d à Tan@c + d xDm-1

I a C m - b HA - CL Hm + n + 1L Tan@c + d xD + Ha C m - b B Hm + n + 1LL Tan@c + d xD2M Ha + b Tan@c + d xDLn
âx

� Tangent recurrence 3b:

a d Hm + 1L à Tan@c + d xDm IA + B Tan@c + d xD + C Tan@c + d xD2M Ha + b Tan@c + d xDLn
âx �

A Tan@c + d xDm+1 Ha + b Tan@c + d xDLn+1
+

d à Tan@c + d xDm+1

Ia B Hm + 1L - A b Hm + n + 2L - a HA - CL Hm + 1L Tan@c + d xD - A b Hm + n + 2L Tan@c + d xD2 M Ha + b Tan@c + d xDLn
âx
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