
à Erf@a + b xDn âx

� Reference: G&R 5.41

� Derivation: Integration by parts

� Rule:

à Erf@a + b xD âx �
Ha + b xL Erf@a + b xD

b
+

1

b Π ãHa+b xL2

� Program code:

Int@Erf@a_.+b_.*x_D,x_SymbolD :=

Ha+b*xL*Erf@a+b*xD�b + 1�Hb*Sqrt@PiD*E^Ha+b*xL^2L �;
FreeQ@8a,b<,xD

� Derivation: Integration by parts

� Rule:

à Erf@a + b xD2 âx �
Ha + b xL Erf@a + b xD2

b
-

4

Π

à Ha + b xL Erf@a + b xD
ãHa+b xL2

âx

� Program code:

Int@Erf@a_.+b_.*x_D^2,x_SymbolD :=

Ha+b*xL*Erf@a+b*xD^2�b -

Dist@4�Sqrt@PiD,Int@Ha+b*xL*Erf@a+b*xD�E^Ha+b*xL^2,xDD �;
FreeQ@8a,b<,xD

Integration Rules for Error Functions



à xm Erf@a + b xDn âx

� Derivation: Integration by parts

� Rule: If  m + 1 ¹ 0, then

à xm Erf@a + b xD âx �
xm+1 Erf@a + b xD

m + 1
-

2 b

Π Hm + 1L à xm+1

ãHa+b xL2
âx

� Program code:

Int@x_^m_.*Erf@a_.+b_.*x_D,x_SymbolD :=

x^Hm+1L*Erf@a+b*xD�Hm+1L -

Dist@2*b�HSqrt@PiD*Hm+1LL,Int@x^Hm+1L�E^Ha+b*xL^2,xDD �;
FreeQ@8a,b,m<,xD && NonzeroQ@m+1D

� Derivation: Integration by parts

� Rule: If  m Î Z í m + 1 ¹ 0 í Jm > 0 ë m-1

2
Î ZN, then

à xm Erf@b xD2 âx �
xm+1 Erf@b xD2

m + 1
-

4 b

Π Hm + 1L à xm+1 Erf@b xD
ãb2 x2

âx

� Program code:

Int@x_^m_.*Erf@b_.*x_D^2,x_SymbolD :=

x^Hm+1L*Erf@b*xD^2�Hm+1L -

Dist@4*b�HSqrt@PiD*Hm+1LL,Int@x^Hm+1L*E^H-b^2*x^2L*Erf@b*xD,xDD �;
FreeQ@b,xD && IntegerQ@mD && m+1!=0 && Hm>0 ÈÈ OddQ@mDL

� Derivation: Integration by substitution

� Basis: xm f@a + b xD =
1

b
J-

a

b
+

a+b x

b
Nm

f@a + b xD ¶xHa + b xL
� Rule: If  m Î Z ì m > 0, then

à xm Erf@a + b xD2 âx �
1

b
SubstBà -

a

b
+
x

b

m

Erf@xD2 âx, x, a + b xF

� Program code:

Int@x_^m_.*Erf@a_+b_.*x_D^2,x_SymbolD :=

Dist@1�b,Subst@Int@H-a�b+x�bL^m*Erf@xD^2,xD,x,a+b*xDD �;
FreeQ@8a,b<,xD && IntegerQ@mD && m>0

Integration Rules for Error Functions



à xm Erf@b xD
ãb2 x2

âx

� Derivation: Integration by parts special case

� Rule:

à x Erf@b xD
ãb2 x2

âx � -
Erf@b xD
2 b2 ãb2 x2

+
1

b Π

à 1

ã2 b2 x2
âx

� Program code:

IntAx_*E^Ic_.*x_^2M*Erf@b_.*x_D,x_SymbolE :=

-E^H-b^2*x^2L*Erf@b*xD�H2*b^2L +

Dist@1�Hb*Sqrt@PiDL,Int@E^H-2*b^2*x^2L,xDD �;
FreeQ@8b,c<,xD && ZeroQ@c+b^2D

� Derivation: Integration by parts

� Rule: If  m Î Z ì m > 1, then

à xm Erf@b xD
ãb2 x2

âx � -
xm-1 Erf@b xD
2 b2 ãb2 x2

+
1

b Π

à xm-1

ã2 b2 x2
âx +

m - 1

2 b2
à xm-2 Erf@b xD

ãb2 x2
âx

� Program code:

IntAx_^m_*E^Ic_.*x_^2M*Erf@b_.*x_D,x_SymbolE :=

-x^Hm-1L*E^H-b^2*x^2L*Erf@b*xD�H2*b^2L +

Dist@1�Hb*Sqrt@PiDL,Int@x^Hm-1L*E^H-2*b^2*x^2L,xDD +

Dist@Hm-1L�H2*b^2L,Int@x^Hm-2L*E^H-b^2*x^2L*Erf@b*xD,xDD �;
FreeQ@8b,c<,xD && ZeroQ@c+b^2D && IntegerQ@mD && m>1

� Derivation: Inverted integration by parts

� Rule: If  m
2

Î Z í m < -1, then

à xm Erf@b xD
ãb2 x2

âx �
xm+1 Erf@b xD
ãb2 x2 Hm + 1L -

2 b

Π Hm + 1L à xm+1

ã2 b2 x2
âx +

2 b2

m + 1
à xm+2 Erf@b xD

ãb2 x2
âx

� Program code:

IntAx_^m_*E^Ic_.*x_^2M*Erf@b_.*x_D,x_SymbolE :=

x^Hm+1L*E^H-b^2*x^2L*Erf@b*xD�Hm+1L -

Dist@2*b�HSqrt@PiD*Hm+1LL,Int@x^Hm+1L*E^H-2*b^2*x^2L,xDD +

Dist@2*b^2�Hm+1L,Int@x^Hm+2L*E^H-b^2*x^2L*Erf@b*xD,xDD �;
FreeQ@8b,c<,xD && ZeroQ@c+b^2D && EvenQ@mD && m<-1

Integration Rules for Error Functions



à Erfc@a + b xDn âx

� Derivation: Integration by parts

� Rule:

à Erfc@a + b xD âx �
Ha + b xL Erfc@a + b xD

b
-

1

b Π ãHa+b xL2

� Program code:

Int@Erfc@a_.+b_.*x_D,x_SymbolD :=

Ha+b*xL*Erfc@a+b*xD�b - 1�Hb*Sqrt@PiD*E^Ha+b*xL^2L �;
FreeQ@8a,b<,xD

� Derivation: Integration by parts

� Rule:

à Erfc@a + b xD2 âx �
Ha + b xL Erfc@a + b xD2

b
+

4

Π

à Ha + b xL Erfc@a + b xD
ãHa+b xL2

âx

� Program code:

Int@Erfc@a_.+b_.*x_D^2,x_SymbolD :=

Ha+b*xL*Erfc@a+b*xD^2�b +

Dist@4�Sqrt@PiD,Int@Ha+b*xL*Erfc@a+b*xD�E^Ha+b*xL^2,xDD �;
FreeQ@8a,b<,xD

Integration Rules for Error Functions



à xm Erfc@a + b xDn âx

� Derivation: Integration by parts

� Rule: If  m + 1 ¹ 0, then

à xm Erfc@a + b xD âx �
xm+1 Erfc@a + b xD

m + 1
+

2 b

Π Hm + 1L à xm+1

ãHa+b xL2
âx

� Program code:

Int@x_^m_.*Erfc@a_.+b_.*x_D,x_SymbolD :=

x^Hm+1L*Erfc@a+b*xD�Hm+1L +

Dist@2*b�HSqrt@PiD*Hm+1LL,Int@x^Hm+1L�E^Ha+b*xL^2,xDD �;
FreeQ@8a,b,m<,xD && NonzeroQ@m+1D

� Derivation: Integration by parts

� Rule: If  m Î Z í m + 1 ¹ 0 í Jm > 0 ë m-1

2
Î ZN, then

à xm Erfc@b xD2 âx �
xm+1 Erfc@b xD2

m + 1
+

4 b

Π Hm + 1L à xm+1 Erfc@b xD
ãb2 x2

âx

� Program code:

Int@x_^m_.*Erfc@b_.*x_D^2,x_SymbolD :=

x^Hm+1L*Erfc@b*xD^2�Hm+1L +

Dist@4*b�HSqrt@PiD*Hm+1LL,Int@x^Hm+1L*E^H-b^2*x^2L*Erfc@b*xD,xDD �;
FreeQ@b,xD && IntegerQ@mD && m+1!=0 && Hm>0 ÈÈ OddQ@mDL

� Derivation: Integration by substitution

� Basis: xm f@a + b xD =
1

b
J-

a

b
+

a+b x

b
Nm

f@a + b xD ¶xHa + b xL
� Rule: If  m Î Z ì m > 0, then

à xm Erfc@a + b xD2 âx �
1

b
SubstBà -

a

b
+
x

b

m

Erfc@xD2 âx, x, a + b xF

� Program code:

Int@x_^m_.*Erfc@a_+b_.*x_D^2,x_SymbolD :=

Dist@1�b,Subst@Int@H-a�b+x�bL^m*Erfc@xD^2,xD,x,a+b*xDD �;
FreeQ@8a,b<,xD && IntegerQ@mD && m>0

Integration Rules for Error Functions



à xm Erfc@b xD
ãb2 x2

âx

� Derivation: Integration by parts special case

� Rule:

à x Erfc@b xD
ãb2 x2

âx � -
Erfc@b xD
2 b2 ãb2 x2

-
1

b Π

à 1

ã2 b2 x2
âx

� Program code:

IntAx_*E^Ic_.*x_^2M*Erfc@b_.*x_D,x_SymbolE :=

-E^H-b^2*x^2L*Erfc@b*xD�H2*b^2L -

Dist@1�Hb*Sqrt@PiDL,Int@E^H-2*b^2*x^2L,xDD �;
FreeQ@8b,c<,xD && ZeroQ@c+b^2D

� Derivation: Integration by parts

� Rule: If  m Î Z ì m > 1, then

à xm Erfc@b xD
ãb2 x2

âx � -
xm-1 Erfc@b xD

2 b2 ãb2 x2
-

1

b Π

à xm-1

ã2 b2 x2
âx +

m - 1

2 b2
à xm-2 Erfc@b xD

ãb2 x2
âx

� Program code:

IntAx_^m_*E^Ic_.*x_^2M*Erfc@b_.*x_D,x_SymbolE :=

-x^Hm-1L*E^H-b^2*x^2L*Erfc@b*xD�H2*b^2L -

Dist@1�Hb*Sqrt@PiDL,Int@x^Hm-1L*E^H-2*b^2*x^2L,xDD +

Dist@Hm-1L�H2*b^2L,Int@x^Hm-2L*E^H-b^2*x^2L*Erfc@b*xD,xDD �;
FreeQ@8b,c<,xD && ZeroQ@c+b^2D && IntegerQ@mD && m>1

� Derivation: Inverted integration by parts

� Rule: If  m
2

Î Z í m < -1, then

à xm Erfc@b xD
ãb2 x2

âx �
xm+1 Erfc@b xD

ãb2 x2 Hm + 1L +
2 b

Π Hm + 1L à xm+1

ã2 b2 x2
âx +

2 b2

m + 1
à xm+2 Erfc@b xD

ãb2 x2
âx

� Program code:

IntAx_^m_*E^Ic_.*x_^2M*Erfc@b_.*x_D,x_SymbolE :=

x^Hm+1L*E^H-b^2*x^2L*Erfc@b*xD�Hm+1L +

Dist@2*b�HSqrt@PiD*Hm+1LL,Int@x^Hm+1L*E^H-2*b^2*x^2L,xDD +

Dist@2*b^2�Hm+1L,Int@x^Hm+2L*E^H-b^2*x^2L*Erfc@b*xD,xDD �;
FreeQ@8b,c<,xD && ZeroQ@c+b^2D && EvenQ@mD && m<-1

Integration Rules for Error Functions



à Erfi@a + b xDn âx

� Derivation: Integration by parts

� Rule:

à Erfi@a + b xD âx �
Ha + b xL Erfi@a + b xD

b
-

ãHa+b xL2

b Π

� Program code:

Int@Erfi@a_.+b_.*x_D,x_SymbolD :=

Ha+b*xL*Erfi@a+b*xD�b - E^Ha+b*xL^2�Hb*Sqrt@PiDL �;
FreeQ@8a,b<,xD

� Derivation: Integration by parts

� Rule:

à Erfi@a + b xD2 âx �
Ha + b xL Erfi@a + b xD2

b
-

4

Π

à Ha + b xL ãHa+b xL2

Erfi@a + b xD âx

� Program code:

Int@Erfi@a_.+b_.*x_D^2,x_SymbolD :=

Ha+b*xL*Erfi@a+b*xD^2�b -

Dist@4�Sqrt@PiD,Int@Ha+b*xL*E^Ha+b*xL^2*Erfi@a+b*xD,xDD �;
FreeQ@8a,b<,xD

Integration Rules for Error Functions



à xm Erfi@a + b xDn âx

� Derivation: Integration by parts

� Rule: If  m + 1 ¹ 0, then

à xm Erfi@a + b xD âx �
xm+1 Erfi@a + b xD

m + 1
-

2 b

Π Hm + 1L à xm+1 ãHa+b xL2

âx

� Program code:

Int@x_^m_.*Erfi@a_.+b_.*x_D,x_SymbolD :=

x^Hm+1L*Erfi@a+b*xD�Hm+1L -

Dist@2*b�HSqrt@PiD*Hm+1LL,Int@x^Hm+1L*E^Ha+b*xL^2,xDD �;
FreeQ@8a,b,m<,xD && NonzeroQ@m+1D

� Derivation: Integration by parts

� Rule: If  m Î Z í m + 1 ¹ 0 í Jm > 0 ë m-1

2
Î ZN, then

à xm Erfi@b xD2 âx �
xm+1 Erfi@b xD2

m + 1
-

4 b

Π Hm + 1L à xm+1 ãb2 x2 Erfi@b xD âx

� Program code:

Int@x_^m_.*Erfi@b_.*x_D^2,x_SymbolD :=

x^Hm+1L*Erfi@b*xD^2�Hm+1L -

Dist@4*b�HSqrt@PiD*Hm+1LL,Int@x^Hm+1L*E^Hb^2*x^2L*Erfi@b*xD,xDD �;
FreeQ@b,xD && IntegerQ@mD && m+1!=0 && Hm>0 ÈÈ OddQ@mDL

� Derivation: Integration by substitution

� Basis: xm f@a + b xD =
1

b
J-

a

b
+

a+b x

b
Nm

f@a + b xD ¶xHa + b xL
� Rule: If  m Î Z ì m > 0, then

à xm Erfi@a + b xD2 âx �
1

b
SubstBà -

a

b
+
x

b

m

Erfi@xD2 âx, x, a + b xF

� Program code:

Int@x_^m_.*Erfi@a_+b_.*x_D^2,x_SymbolD :=

Dist@1�b,Subst@Int@H-a�b+x�bL^m*Erfi@xD^2,xD,x,a+b*xDD �;
FreeQ@8a,b<,xD && IntegerQ@mD && m>0

Integration Rules for Error Functions



à xm Erfi@b xD
ãb2 x2

âx

� Derivation: Integration by parts special case

� Rule:

à x ãb2 x2 Erfi@b xD âx �
ãb2 x2 Erfi@b xD

2 b2
-

1

b Π

à ã2 b2 x2 âx

� Program code:

IntAx_*E^Ic_.*x_^2M*Erfi@b_.*x_D,x_SymbolE :=

E^Hb^2*x^2L*Erfi@b*xD�H2*b^2L -

Dist@1�Hb*Sqrt@PiDL,Int@E^H2*b^2*x^2L,xDD �;
FreeQ@8b,c<,xD && ZeroQ@c-b^2D

� Derivation: Integration by parts

� Rule: If  m Î Z ì m > 1, then

à xm ãb2 x2 Erfi@b xD âx �
xm-1 ãb2 x2 Erfi@b xD

2 b2
-

1

b Π

à xm-1 ã2 b2 x2 âx -
m - 1

2 b2
à xm-2 ãb2 x2 Erfi@b xD âx

� Program code:

IntAx_^m_*E^Ic_.*x_^2M*Erfi@b_.*x_D,x_SymbolE :=

x^Hm-1L*E^Hb^2*x^2L*Erfi@b*xD�H2*b^2L -

Dist@1�Hb*Sqrt@PiDL,Int@x^Hm-1L*E^H2*b^2*x^2L,xDD -

Dist@Hm-1L�H2*b^2L,Int@x^Hm-2L*E^Hb^2*x^2L*Erfi@b*xD,xDD �;
FreeQ@8b,c<,xD && ZeroQ@c-b^2D && IntegerQ@mD && m>1

� Derivation: Inverted integration by parts

� Rule: If  m
2

Î Z í m < -1, then

à xm ãb2 x2 Erfi@b xD âx �
xm+1 ãb2 x2 Erfi@b xD

m + 1
-

2 b

Π Hm + 1L à xm+1 ã2 b2 x2 âx -
2 b2

m + 1
à xm+2 ãb2 x2 Erfi@b xD âx

� Program code:

IntAx_^m_*E^Ic_.*x_^2M*Erfi@b_.*x_D,x_SymbolE :=

x^Hm+1L*E^Hb^2*x^2L*Erfi@b*xD�Hm+1L -

Dist@2*b�HSqrt@PiD*Hm+1LL,Int@x^Hm+1L*E^H2*b^2*x^2L,xDD -

Dist@2*b^2�Hm+1L,Int@x^Hm+2L*E^Hb^2*x^2L*Erfi@b*xD,xDD �;
FreeQ@8b,c<,xD && ZeroQ@c-b^2D && EvenQ@mD && m<-1

Integration Rules for Error Functions


