Integration Recurrence Equations for Trigonometric Expressions

Integration Recurrence Equations for
f(sinj(z))m (A+Bsin*(z) + Csin®*(2))(a+b sin"(z))n dz when

2=1/\K*=1/\a?+p?

m Recurrencel: If j2 = k? = 1, then

2b (n+1) (a®-b?) J(Sin[z]i)m(A+BSin[z]k+CSin[z]2k) (a+bSin[z]")ndlz =
-2 (a®C-abB+hb?A) Cos[z] (Sin[z]j)m(a+bSin[z]k)n+1+
j(Sin[z]J)ka ((a?C-abB+b?A) (2j km+k-1) +2b (n+1) (a (C+A) -bB) Sin[z]*-

n+1

(2 (b?A-abB+b?C) (n+1) + (a®?C-abB+b?A) (2j km+k+1)) Sin[z]?¥) (a+bSin[z]¥)"" dz

m Recurrence2: If j2 = k2 = 1, then

b (2] km+2n+k+3) j(Sin[z]j)m(A+BSin[Z]"+CSin[ZJ”) (a+bsingz1)" az
—ZCQ)S[Z] (Sln[z]J)m(a+bsln[Z]k)n+l+
.J-(Sin[z]j)mjk (aC(2j kmek-1) +b (2A+ (A+C) (2] kme2n+k+1)) Sin[z]*+

(2bB (n+1) + (0B-aC) (2] km+k+1)) Sin[z]12¥) (a+bSin[z1¥)"az

m Recurrence3: If j2 = k? = 1, then

(2] km+2n+k +3) J(Si niz]! )m(A+ BSin[z]*+CSin[z]?¥) (a+bSi n[z]")ndlz

~2CCos[z] (Sin(z) )™ * (a+bSin[z]*)"

J-(Sin[z]j)m
(a RAM+1)+ (A+C) (2] km+k+1))+ (2bA+2aB+(bA+aB+bC) (2] km+2n+k+1)) Sin[zi*+
(2aCn+bB (2j km+2n+k+3)) Sin[z]?¥) (a+bSin[Z]")n‘ldlZ

m Recurrence4: If j2 = k? = 1,then

(2j kms+k +1) j(Sin[z]j)m(A+BSin[z]k+CSin[z]2k) (a+bSin[z1¥)"az =
2 ACos[z] (Sin[z]j)m « (a+bSin[z]k)n+
f(Sin[Z]j)mjk (aB(2j kmek+1) -2bAn+ (2aA+ (@A+aCsbB) (2] kmek+1)) Sin[z]*+

b (2A(N+1)+ (A+C) (2] kmsek+1)) Sin[z]?¥) (a+bSin[z1*)"" az
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= Recurrence5: If j 2 = k? = 1,then

a(2j kmek+1) j(Sin[z]i)m(A+BSin[z]k+CSin[z]2k) (a+bSin[Z]k)ndlz =
2 ACos[z] (Sin(z] )™ “ (a+bSinz1¥)""+
j(Sin[z]i)m+jk ((@B-bA) (2] kmsk+1) -2bA(n+1)+a (2A+ (A+C) (2] kmek+1)) Sin[z]*+

bA(2j kme2n+k+5) Sin[z]2X) (a+bSinfz]¥)"az

m Recurrence6: If j 2 = k? = 1, then

2a (n+1) (a?-b?) j(Si nizy )m(A+BSi n[zl*+Csin[z]?*) (a+bsi n[z]k)ndlz =

+

2 (i2A-abB+a2C) Cos[z] (Sin[z])™ “ (a+bSinfz]*

J(Sin[z]j)m
(2A (a?2-Db?) (n+1) - (a2C-abB+b?A) (2j km+k+1)-2a (bA-aB+bC) (n+1) Sin[z]*+
(b2A-abB+a’C) (2] kme2n+k+5) Sin[z]2¥) (a+bSin[z1¥)™

)n+1

dz
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Integration Recurrence Equations for
f(sinj(z))m (A+Bsin*(z) + Csin®*(2))(a+b sin"(z))n dz when
i2=1/\k?=1/\a?=p?
m Recurrence7:If j2 =k2 =1 A a?-Db? =0, then

2a%> (2n+1) J(Sin[z]i)m(A+BSin[z]k) (a+bSin[z]k)ndlz =
2a (bA-aB) Cos[z] (Sin[z]!)" (a+bSin[z]*)"+
j(Sin[z]J')"”k (-(bA-aB) (2j kmsk-1) +

(2(bBn+aA(n+1))+(@aA-bB) (2j km+k-1)) Sin[z]¥) (a+bSin[z]k)”*1dlz
m Recurrence8: If j2 =k? =1 A a2-b? =0, then

a(2j kms2n+k+1) j(Sin[z]i)m(A»fBSin[z]k) (a+bsin(z1*)"dz =
-2aBCos[z] (Sin[z]j)m(a+bSin[z]k)n+

J(Sin[z]i)mik (aB(2j kms+k-1) + 2bBn+aA (2j kme2n+k+1)) Sin[z]*) (a+bSin[z]¥)" az
m Recurrence9: If j2=k2=1 A a?-Db2 =0,then

(2] km+2n+k+1)j(Sin[z]j)m(A+BSin[z]") (a+bSin[z]k)ndlz=
-2bBCos[z] (Sin[z]j)m+jk (a+bSin[z]k)n_l+
J(Sin[z]j)m(ZaAn+(aA+bB) (2j kmsk+1) +

(2(bA+aBn)+ (bA+aB) (2j km+2n+k-1)) Sin[z]¥) (a+bSin[z]k)”'1dlz
m Recurrencel0: If j2 =k? =1 A a%2-b? =0,then

(2j km+k +1) ~J-(Sin[z]i)m(A+BSin[z]k) (a+bSin[z]k)ndlz =
2aACos(z] (Sinfzl )™ ¥ (asbSinz1¥)" 4
j(Sin[z]i)m’jk ((bA+aB) (2] kmsk+1) -2bA(N-1) + (2aAn+ (@A+bB) (2j kmek+1)) Sin[z]¥)

(a+bSi n[z]k)n_l dz
m Recurrencell: If j2=k?2 =1 A a%2-b2 =0,then

a(2j kmek+1) f(Si nizy! )m(A+BSi n[z1*) (a+bSi n[z]k)ndlz =

2aACos[z] (Si n[z]i)rmj k (a+bsin[z1*)"+

J(Sin[z]j)mjk (aB(2j km+k+1) -2bAn+aA (2] km+2n+k+3) Sin[z]¥) (a+bSin[z]k)ndlz
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Recurrence12: If j2 = k? =1 A a? - b? = 0, then

2a%2 (2n+1) f(Sin[z]i)m(A+BSin[z]k) (a+bSin[z]k)ndlz =
-2b (b A-aB) Cos[z] (Sin[z]i)ij k (a+bSingz1¥)"+
J(Sin[z]i)m(ZaA(2n+l)+(aA—bB) (2j km+k+1) - (bA-aB) (2] km+2n+k+3) Sin[z]¥)

) n+l

(a+bSin[z]* dz



