Integration Rules for Error Functions

Erf [a+bx]"dXx

m Reference G&R 5.41
m Derivation: Integration by parts
= Rule

(a+bx) Erf [a+bX] 1
+

b b7 e@b?

jEI’f [a+bXx]dXx —

= Program code:

Int [Erf [a_. +b_. *x_],x_Synbol ] : =
(a+bxx) xErf [a+b*x]1/b + 1/ (bxSqgrt [Pi ]*xE* (a+bxx)"2) /;
FreeQ[{a, b}, x]

= Derivation: Integration by parts

= Rule

(a+bx) Erf [a+bXx]2 4 (a+bx) Erf [a+bX]
JErf [a+bXx]?dXx — - j

b Vi

e(a+bx)2

= Program code:

Int [Erf [a_. +b_. *x_]"2, x_Synbol ] : =

(a+bxx) xEr f [a+b*x]1"2/b -

Di st [4/Sgrt [Pi ], nt [ (a+b*x) *Erf [a+bxXx]/E* (a+bxx)"2,x1] /;
FreeQ[{a, b}, x]



Integration Rules for Error Functions

XMErf [a+bx]"dx

m Derivation: Integration by parts

s Rule If m+1 # 0, then

x™LErf [a+bx] 2b xm+1
Jmerf[a+bx]dx — - j dx
m+1 4’7.(. (m+1) e(Z:l+bX)2
= Program code:
Int [x_"m.«Erf [a_. +b_. *x_], x_Synbol ] : =
XN (mel) xEr f [a+b*x]/ (m+l) -
Di st [2xb/ (Sqrt [Pi 1% (m+1)), I nt [x" (m+1) /EN (a+b*x)*2, X111 /;
FreeQ[{a, b, m}, x] && Nonzer oQ[m+1]
= Derivation: Integration by parts
= Rule If mez/\ m+1 #0 /\ (m>0 \/ mTleZ),then
x™LErf [bx]2 4b x™LErf [bx]
Jmerf[bx]de — - J — dx
m+1 V7 (m+1) e x

= Program code:

Int [x_“m. *Erf [b_. *x_]72,x_Synbol ] : =

XN (mel) *Er f [bxx]72/ (mel) -

Di st [4xb/ (Sqrt [Pi 1% (m+1)), I nt [X” (mel) *EN (-b"2%Xx"2) xEr f [bxx], X]] /;
FreeQ[b, x] & IntegerQ[m] & & m+1!=0 && (M>0 || OddQ[m])

= Derivation: Integration by substitution

a a+b x
b b

] Basisxmf[a+bx]=%(- )mf[a+bx]ax(a+bx)

m RuleIf mez A m> 0,then

1 a x\m
Jmerf [a+bXx]?dx — ESubst [j(—g+a) Erf [x]%dX, X, a+bx]

= Program code:

Int [x_“m. «xErf [a_+b_. *x_]172, x_Synbol ] : =
Di st [1/b, Subst [Int [ (-a/b+x/b)*mkErf [x]1"2, x], X, a+b*x1] /;
FreeQ[{a, b}, x] && IntegerQ[m] && m>0



Integration Rules for Error Functions

XMErf [b x
[ ]dlx

2 yv2
ebx

= Derivation: Integration by parts special case

= Rule

x Erf [bx] Erf [bx] 1 1
J 2 w2 le - - 2 2+ J\ 2 w2
ebx 2b2@bx b‘\/; ebe

= Program code:

Int [x_»E" (c_. »x_"2)=Erf [b_. xx_], x_Synbol | : =
-EN (-b"2xx"2) xEr f [bxx]/ (2xb"2) +
Di st [1/ (bxSgrt [Pi 1), | nt [E* (-2%xb"2%xx"2),Xx]] /;
FreeQ[{b,c}, x] && ZeroQ[c+b"2]

m Derivation: Integration by parts

s RuleIf mez A m> 1,then

XMErf [bx] x™LErf [bx] 1 xm-1 m-1 x™2Erf [bx]
j—zz dx — - — + j 22d1X+ j —rs dx
ebx 2bzebx b‘\/; e2bx 2b2 ebx
= Program code:
Int [x_"m_«E" (c_. #x_"2)«Erf [b_. »x_], x_Synbol | : =
XN (M-1) *EN (-b”2xx"2) xEr f [bxx]1/ (2xb"2) +
Di st [1/ (b*xSgrt [Pi 1), I nt [X® (m-1) *E" (-2xb"2xx"2), X]] +
Di st [(m-1)/(2xb"2), | nt [X" (M-2) *E" (-b"2xx"2) xEr f [bxx]1, X1] /;
FreeQ[{b,c}, x] & ZeroQ[c+b"2] && | ntegerQ[m] && m>1
= Derivation: Inverted integration by parts
= Rule If r2_ne z /\ m< -1, then
XMErf [bx] x™LErf [bx] 2b xm1 2b%2 ~x™2Erf[bx]
j—zz dx — s - J‘ 22le+ j s dx
@b’ x @b’ x (m+1) F(m+l) @2 b x m+1 @b’ x

= Program code:

Int [x_"m_«E" (c_. »x_"2)«Erf [b_. #x_], x_Symbol | : =
XN (mel) BN (-bA2%x"2) xEr f [bxx]/ (mM+l) -
Di st [2xb/ (Sqgrt [Pi 7% (m+1)), I nt [X" (Mm+1) *EN (-2xb"2xx"2), X]] +
Di st [2xb"2/ (m+1), | nt [X" (Me2) *EN (-b"2xx"2) %Er f [bxx], x1]1 /;
FreeQ[{b,c}, Xx] && ZeroQ[c+b"2] && EvenQ[m] && nk-1



Integration Rules for Error Functions

Erfcl[a+bx]"dx

m Derivation: Integration by parts
= Rule

(a+bx) Erfc[a+bx] 1

b b7 e@b?

jErfc[a+bx] dx —

= Program code:

Int [Erfc[a_. +b_. *x_],x_Synbol ] : =
(a+bxx) xErfc [a+bxx]/b - 1/ (b*Sqrt [Pi ]*E® (a+b*xx)"2) /;
FreeQ[{a, b}, x]

= Derivation: Integration by parts

= Rule

(a+bx) Erfc[a+bx]? 4 (a+bx) Erfc[a+bX]
~J-Erfc[a+bx]2d1x — + j

b Vi

e(a+bx)2

= Program code:

Int [Erfc[a_. +b_. *x_]"2, x_Synbol ] : =

(a+bxx) *xErf c [a+b*xx]"2/b +

Di st [4/Sgrt [Pi 1,1 nt [ (a+b*xx) *Erfc [a+bxx]/E" (a+b*x)"2, x]]1 /;
FreeQ[{a, b}, x]



Integration Rules for Error Functions

xMErfcl[a+bx]"dx

m Derivation: Integration by parts

s Rule If m+1 # 0, then

dx

x™LErfcla+bx] 2b J~ xm+1

Jmerfc[a+bx]dx — +
m+ 1 Vr (m+1)

e(a+bx)2

= Program code:

Int [x_“m.*Erfc[a_. +b_. *x_1,x_Synbol ] : =

XN (mel) xErf c [a+bxx]/ (Mm+l) +

Di st [2xb/ (Sqrt [Pi 1% (m+1)), I nt [x" (m+1) /EN (a+b*x)*2, X111 /;
FreeQ[{a, b, m}, x] && Nonzer oQ[m+1]

= Derivation: Integration by parts

= Rule If mez/\ m+1#£0 /\ (m>0 \/ mTleZ),then
x™LErfc[bx]? 4b Jxml Erfclbx]
+
m+ 1 Vr (m+1)

dx

Jmerfc[b x12dx —

2 w2
ebx

= Program code:

Int [x_“m.*xErfc[b_. *x_172,x_Synbol ] : =

xN (mel) xErfc [b*x]172/ (Mm+1l) +

Di st [4xb/ (Sqrt [Pi 1% (m+1)), I nt [X (mel) xEN (-b"2%Xx"2) xErf c [bxx], X111 /;
FreeQ[b, x] & IntegerQ[m] & & m+1!=0 && (M>0 || OddQ[m])

= Derivation: Integration by substitution

a a+b x
b b

] Basisxmf[a+bx]=%(- )mf[a+bx]ax(a+bx)

m RuleIf mez A m> 0,then

1 a x\m
Jmerfc[a+bx]2dx — ESubst [j(—g+a) Erfc[x]?dx, X, a+bx]

= Program code:

Int [x_“m.xErfc[a_+b_. *x_172,x_Synbol ] : =
Di st [1/b, Subst [Int [ (-a/b+x/b) mxErfc[x]1"2, x], X, a+b*x1] /;
FreeQ[{a, b}, x] && IntegerQ[m] && m>0



Integration Rules for Error Functions

XMErfcfbx
[ ]dl

2 yv2
ebx

X

= Derivation: Integration by parts special case

= Rule

J*xErfc[bx] Erfc[bx] 1 J~ 1
——————————————— q -

dx -
2 y2 22 2 y2
ebx 2b2@bx b'\/; ebe

= Program code:

I'nt [x_»E" (c_. »x_"2)=Erfc[b_. #x_], x_Synbol | : =
-EN (-b"2xx"2) xErf c [bxx]/ (2xb"2) -
Di st [1/ (bxSgrt [Pi 1), | nt [E* (-2%xb"2%xx"2),Xx]] /;
FreeQ[{b,c}, x] && ZeroQ[c+b"2]

m Derivation: Integration by parts

s RuleIf mez A m> 1,then

XMErfc[bx] x™LErfc[bx] 1 xm-1 m-1 rx™2Erfc[bx]
j—zz dx — - — - j 22d1X+ j -~ dx
ebx 2bzebx b‘\/; e2bx 2b2 ebx
= Program code:
Int [x_"m_«E" (c_. #x_"2)*Erfc[b_. »x_],x_Synbol | : =
=X (Mm-1) *EN (-b"2xx72) xEr f c [bxx]/ (2xb"2) -
Di st [1/ (b*xSgrt [Pi 1), I nt [X® (m-1) *E" (-2xb"2xx"2), X]] +
Di st [(m-1)/(2xb"2), I nt [X" (M-2) *xE" (-b~2xx"2) xErf c [bxx], x1] /;
FreeQ[{b,c}, x] & ZeroQ[c+b"2] && | ntegerQ[m] && m>1
= Derivation: Inverted integration by parts
= Rule If r2_ne z /\ m< -1, then
XMErfc[bx] x™LErfclbx] 2b xm1 2b%2 x™2Erfcbx]
j—zz dx — s + J‘ 22le+ j P~ dx
@b’ x @b’ x (m+1) F(m+l) @2 b x m+1 @b’ x

= Program code:

Int [x_"m_«E" (c_. »x_"2)=Erfc[b_. x_], x_Synbol | : =
XN (mel) *EN (-b"2xx"2) xErf c [bxx]1/ (mel) +
Di st [2xb/ (Sqgrt [Pi 7% (m+1)), I nt [X" (Mm+1) *EN (-2xb"2xx"2), X]] +
Di st [2xb"2/ (m+1), | nt [X" (M2) xEN (-b"2xx"2) xErf c [bxx], X]1 /;
FreeQ[{b,c}, Xx] && ZeroQ[c+b"2] && EvenQ[m] && nk-1



Integration Rules for Error Functions

Erfi [a+bx]"dx

m Derivation: Integration by parts

= Rule

(a+bx) Erfi [a+bx] e(asbx)?

b b

jErfi [a+bX] dXx —

= Program code:

Int [Erfi [a_. +b_. *x_], x_Synbol ] : =
(a+bxx) xErfi [a+bxx]/b - E* (a+bxx)"2/ (b*Sqrt [Pi 1) /;
FreeQ[{a, b}, x]

= Derivation: Integration by parts

= Rule

(a+bx) Erfi [a+bx]2
b

4
JErfi [a+bXx]2dx — - j(a+bx) e@DX))* Erfi ra+bx] dx
T

= Program code:

Int [Erfi [a_. +b_. *x_]72, x_Synbol ] : =

(a+bxx) xErfi [a+bxx]"2/b -

Di st [4/Sgrt [Pi 1,1 nt [ (a+bxx) *E" (a+bxx)"2xErfi [a+bxx], X]]1 /;
FreeQ[{a, b}, x]



Integration Rules for Error Functions

XTErfi [a+bx]"dx

m Derivation: Integration by parts
s Rule If m+1 # 0, then

Xx™LErfi [a+bx] 2b
m+ 1 V7 (m+1)

Jmerfi [a+bXx]dXx — jx“le(a*bx)zdx

= Program code:

Int [x_“m.*Erfi [a_. +b_. *x_1,x_Synbol ] : =

XN (mel) xErfi [a+bxx]/ (ml) -

Di st [2xb/ (Sqrt [Pi 1% (m+1)), I nt [x" (m+1) *EN (a+b*x)~2, x1]1 /;
FreeQ[{a, b, m}, x] && Nonzer oQ[m+1]

= Derivation: Integration by parts

= Rule If mez/\ m+1#0 /\ (m>0 \/ mTleZ),then
Xx™LErfi [bx]2 4b
m+ 1 V7 (m+1)

jmerfi [bx]?dx — Jxm*lebzxz Erfi [bx] dx

= Program code:

Int [x_“m.*Erfi [b_. *x_172,x_Synbol ] : =

xN (mel) xErfi [bxx]172/ (m+l) -

Di st [4xb/ (Sqrt [Pi 1% (me1)), I nt [X” (mel) *xEN (bA2%x"2) xEr fi [bxx], X]] /;
FreeQ[b, x] & IntegerQ[m] & & m+1!=0 && (M>0 || OddQ[m])

= Derivation: Integration by substitution

a a+b x
b b

] Basisxmf[a+bx]=%(- )mf[a+bx]ax(a+bx)

m RuleIf mez A m> 0,then

) 1 a x\m .
Jmerf| [a+bXx]?dx — ESubst [j(—g+a) Erfi [x]%dx, X, a+bx]

= Program code:

Int [x_“m.*Erfi [a_+b_. *x_172,x_Synbol ] : =
Di st [1/b, Subst [Int [ (-a/b+x/b) mxErfi [x]1"2, x], X, a+b*x1] /;
FreeQ[{a, b}, x] && IntegerQ[m] && m>0



Integration Rules for Error Functions

XMErfi [bx
[ ]dl

2 yv2
eb X

X

= Derivation: Integration by parts special case

= Rule

b2X2 -
e Erfi [bx 1
J-Xebzxz Erfi [bx]dx — X1 J-e“’zxzdlx

2 b2 bV
= Program code:
Int [x_»E" (c_. #x_"2)Erfi [b_. #x_], x_Synbol | : =
EM (b"2xx"2) xErfi [bax]/ (2xb"2) -
Di st [1/ (bxSqrt [Pi 1), | nt [E* (2xb"2xx"2), x]] /;
FreeQ[{b, c}, Xx] && ZeroQ[c-b"2]
= Derivation: Integration by parts
m Rule:If mez A m> 1,then
x™1 e X* Erfi [bx 1 m-1
jxmebzxz Erfi [bx]dx — X1 Jxmleszxzdx— ‘fxr'“zcebz’(2 Erfi [bx] dx
2 b? b v 2 b?

m  Program code:

Int [x_"m_«E" (c_. #x_"2)«Erfi [b_. »x_], x_Synbol | : =

XN (m-1) xEN (b"2xx"2) xErfi [bxx]/ (2xb"2) -

Di st [1/ (b*xSgrt [Pi 1), | nt [Xx? (m-1) *xE" (2xb"2%x"2),x]] -

Di st [(m-1)/(2xb"2), I nt [X" (M-2) *E* (b"2%x"2) xErfi [bxx]1,X1] /;
FreeQ[{b,c}, x] & ZeroQ[c-b"2] && |ntegerQ[m] && m>1

= Derivation: Inverted integration by parts

. m
= Rule If 5 €Z /\ m< -1, then

1 ob?%x? i 2
x™L e X" Erfi [bx] 2b Jx“lezbzxzdx- 2b

jxmcebzx2 Erfi [bx]dx — -
m+1 Vr (m+1)

jx”‘*z e X Erfi [bx] dx
m+1

= Program code:

Int [x_"m_«E" (c_. »x_"2)Erfi [b_. #x_], x_Symbol | : =
XN (mel) BN (b"2%x72) xErfi [bxx]/ (mM+l) -
Di st [2xb/ (Sgrt [Pi J%(m+1)), I nt [X" (m+1) *EN (2xb"2%x72), x1] -
Di st [2xb"2/ (m1), | nt [X" (Mm+2) *EN (b"2xx72) xErfi [bxx], x1] /;
FreeQ[{b, c}, x] && ZeroQ[c-b"2] && EvenQ[m] && nmk-1



