Integration Rules for Zeta Functions

Zeta[s, a+bx]dx

m Derivation: Algebraic simplification
m Basis {2, 2 =yP®)

= Rule

jZeta[Z, a+bx]dx — jPoI yGammal[l, a+bx] dx

= Program code:

Int [Zeta[2,a . +b_. *x_1,x_Synbol ] : =
I nt [Pol yGamma [1, a+bxx], X] /;
FreeQ[{a, b}, x]

= Derivation: Primitiverule

3(s2)

n iS:
Basis: 52

=-s{(s+1, 2

m Rulelf s#1 A s # 2, then

Zeta[s -1, a+bx]
b (s-1)

J.Zeta[s, a+bx]dx — -

= Program code:

Int [Zeta[s_,a_. +b_. *x_1,x_Synbol ] : =
-Zeta[s-1, a+bxx]1/ (bx(s-1)) /;
FreeQ[{a, b, s}, x] && NonzeroQ[s-1] && NonzeroQ[s-2]



Integration Rules for Zeta Functions

xMZeta[s, a+bx]dx

m Derivation: Algebraic simplification
m Basis {2, 2 =yP®)

= Rule: If me @, then

jmeeta[Z, a+bx]dx — [xM™PolyGamm[l, a+bx] dx

= Program code:

Int [x_"m.*xZeta[2,a_. +b_. xx_],x_Synbol ] : =
I nt [x*mxPol yGamma [1, a+b*x]1, X1 /;
FreeQ[{a, b}, x] & Rati onal Q[m]

m Derivation: Integration by parts
m Rulelf m>0 A s#1 A s #2,then

xMZeta[s -1, a+bx]
b (s-1)

m
jmeeta[s, a+bx]dx — - + jx’“Zeta[s—l, a+bx]dx
b (s-1)

= Program code:

Int [x_“m.*xZeta[s_,a_.+b_.xx_]1,x_Synbol ] : =
-x"mxZet a[s-1, a+bxx]/ (bx(s-1)) +
Di st [mV (bx(s-1)), I nt [x* (m-1)=xZeta[s-1, a+bxx], x]] /;
FreeQ[{a, b, s}, x] && Rational Q[m] && m>0 &% NonzeroQ[s-1] && NonzeroQ[s-2]

= Derivation: Inverted integration by parts
m Rulelf me-1 As#1 As#2then

x™l Zetal[s, a+bx] bs
jmeeta[s, a+bx]dx — + Jx”‘*lzeta[s+1, a+bx] dx
m+ 1 m+1

= Program code:

Int [x_“m.*xZeta[s_,a_.+b_.xx_],x_Synbol ] : =
X" (mel) xZet a[s, a+bxx]/ (mel) +
Di st [b*s/ (m1), I nt [X* (m+1) *Zet a[s+1, a+b*x], x11 /;
FreeQ[{a, b, s}, x] & Rational Q[m] &% nx-1 && NonzeroQ[s-1] && Nonzer oQ[s-2]



