
à 1

a + b xn
âx

� Derivation: Algebraic expansion

� Basis: 1

a+b zn
=

1

a
-

b

a Hb+a z-nL
� Rule: If  n Î F ì n < 0, then

à 1

a + b xn
âx �

x

a
-
b

a
à 1

b + a x-n
âx

� Program code:

IntA1�Ia_+b_.*x_^n_M,x_SymbolE :=

x�a - Dist@b�a,Int@1�Hb+a*x^H-nLL,xDD �;
FreeQ@8a,b<,xD && FractionQ@nD && n<0
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à 1

a + b xn
âx

� Reference: CRC 278

� Derivation: Primitive rule

� Basis: ArcSinh¢@zD =
1

1+z2

� Rule: If  a > 0 ì b > 0, then

á 1

a + b x2
âx � ArcSinhB b x

a
F

� Program code:

IntA1�Sqrt@a_+b_.*x_^2D,x_SymbolE :=

ArcSinh@Rt@b,2D*x�Sqrt@aDD�Rt@b,2D �;
FreeQ@8a,b<,xD && PositiveQ@aD && PosQ@bD

� Reference: G&R 2.271.4b, CRC 279, A&S 3.3.44

� Derivation: Primitive rule

� Basis: ArcSin¢@zD =
1

1-z2

� Rule: If  a > 0 ì Ø Hb > 0L, then

á 1

a + b x2
âx �

1

-b
ArcSinB -b x

a
F

� Program code:

IntA1�Sqrt@a_+b_.*x_^2D,x_SymbolE :=

ArcSin@Rt@-b,2D*x�Sqrt@aDD�Rt@-b,2D �;
FreeQ@8a,b<,xD && PositiveQ@aD && NegQ@bD
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� Reference: CRC 278'

� Rule: If  Ø Ha > 0L ì b > 0, then

á 1

a + b x2
âx �

1

b
ArcTanhB b x

a + b x2
F

� Program code:

IntA1�Sqrt@a_+b_.*x_^2D,x_SymbolE :=

ArcTanh@Rt@b,2D*x�Sqrt@a+b*x^2DD�Rt@b,2D �;
FreeQ@8a,b<,xD && Not@PositiveQ@aDD && PosQ@bD

� Reference: CRC 279'

� Rule: If  Ø Ha > 0L ì Ø Hb > 0L, then

á 1

a + b x2
âx �

1

-b
ArcTanB -b x

a + b x2
F

� Program code:

IntA1�Sqrt@a_+b_.*x_^2D,x_SymbolE :=

ArcTan@Rt@-b,2D*x�Sqrt@a+b*x^2DD�Rt@-b,2D �;
FreeQ@8a,b<,xD && Not@PositiveQ@aDD && NegQ@bD

� Rule: If  a > 0, then

á 1

a + b x4
âx �

1

a I-
b

a
M1�4 EllipticFBArcSinB -

b

a

1�4
xF, -1F

� Program code:

IntA1�Sqrt@a_+b_.*x_^4D,x_SymbolE :=

EllipticF@ArcSin@Rt@-b�a,4D*xD,-1D�HSqrt@aD*Rt@-b�a,4DL �;
FreeQ@8a,b<,xD && PositiveQ@aD
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� Basis: ¶x

a
a+b x4

a

a+b x4
= 0

� Rule: If  Ø Ha > 0L, then

á 1

a + b x4
âx �

a+b x4

a

I-
b

a
M1�4

a + b x4
EllipticFBArcSinB -

b

a

1�4
xF, -1F

� Program code:

IntA1�Sqrt@a_+b_.*x_^4D,x_SymbolE :=

Sqrt@Ha+b*x^4L�aD�HRt@-b�a,4D*Sqrt@a+b*x^4DL*EllipticF@ArcSin@Rt@-b�a,4D*xD,-1D �;
FreeQ@8a,b<,xD && Not@PositiveQ@aDD
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à xm

a + b xn
âx

� Rule: If  a > 0, then

á x2

a + b x4
âx �

1

a I-
b

a
M3�4 EllipticEBArcSinB -

b

a

1�4
xF, -1F -

1

a I-
b

a
M3�4 EllipticFBArcSinB -

b

a

1�4
xF, -1F

� Program code:

IntAx_^2�Sqrt@a_+b_.*x_^4D,x_SymbolE :=

1�HSqrt@aD*Rt@-b�a,4D^3L*EllipticE@ArcSin@Rt@-b�a,4D*xD,-1D -

1�HSqrt@aD*Rt@-b�a,4D^3L*EllipticF@ArcSin@Rt@-b�a,4D*xD,-1D �;
FreeQ@8a,b<,xD && PositiveQ@aD

� Basis: ¶x

a
a+b x4

a

a+b x4
= 0

� Rule: If  Ø Ha > 0L, then

á x2

a + b x4
âx �

a+b x4

a

I-
b

a
M3�4

a + b x4
EllipticEBArcSinB -

b

a

1�4
xF, -1F -

a+b x4

a

I-
b

a
M3�4

a + b x4
EllipticFBArcSinB -

b

a

1�4
xF, -1F

� Program code:

IntAx_^2�Sqrt@a_+b_.*x_^4D,x_SymbolE :=

Sqrt@Ha+b*x^4L�aD�HRt@-b�a,4D^3*Sqrt@a+b*x^4DL*EllipticE@ArcSin@Rt@-b�a,4D*xD,-1D -

Sqrt@Ha+b*x^4L�aD�HRt@-b�a,4D^3*Sqrt@a+b*x^4DL*EllipticF@ArcSin@Rt@-b�a,4D*xD,-1D �;
FreeQ@8a,b<,xD && Not@PositiveQ@aDD
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à Ha + b xnLp âx

� Derivation: Integration by substitution

� Basis: a +
b

z2
= -

a+b J 1

z
N2

J 1

z
N2 ¶z

1

z

� Rule:

á a +
b

x2
âx � -SubstBá a + b x2

x2
âx, x,

1

x
F

� Program code:

IntASqrtAa_.+b_.�x_^2E,x_SymbolE :=

-Subst@Int@Sqrt@a+b*x^2D�x^2,xD,x,1�xD �;
FreeQ@8a,b<,xD

� Reference: G&R 2.110.2', CRC 88d'

� Rule: If  n Hp + 1L + 1 = 0, then

à Ha + b xnLp
âx �

x Ha + b xnLp+1

a

� Program code:

IntAIa_+b_.*x_^n_M^p_,x_SymbolE :=

x*Ha+b*x^nL^Hp+1L�a �;
FreeQ@8a,b,n,p<,xD && ZeroQ@n*Hp+1L+1D

� Reference: G&R 2.110.1, CRC 88b

� Rule: If  p Î F ì p > 0 ì n p + 1 ¹ 0, then

à Ha + b xnLp
âx �

x Ha + b xnLp

n p + 1
+

a n p

n p + 1
à Ha + b xnLp-1

âx

� Program code:

IntAIa_+b_.*x_^n_M^p_,x_SymbolE :=

x*Ha+b*x^nL^p�Hn*p+1L +

Dist@a*n*p�Hn*p+1L,Int@Ha+b*x^nL^Hp-1L,xDD �;
FreeQ@8a,b,n<,xD && FractionQ@pD && p>0 && NonzeroQ@n*p+1D
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� Reference: G&R 2.110.2, CRC 88d

� Rule: If  p Î F ì p < -1, then

à Ha + b xnLp
âx � -

x Ha + b xnLp+1

a n Hp + 1L +
n Hp + 1L + 1

a n Hp + 1L à Ha + b xnLp+1
âx

� Program code:

IntAIa_+b_.*x_^n_M^p_,x_SymbolE :=

-x*Ha+b*x^nL^Hp+1L�Hn*Hp+1L*aL +

Dist@Hn*Hp+1L+1L�Ha*n*Hp+1LL,Int@Ha+b*x^nL^Hp+1L,xDD �;
FreeQ@8a,b,n<,xD && FractionQ@pD && p<-1

� Reference: G&R 2.110.6, CRC 88c

� Rule: If  p Ï Z, then

á a +
b

x

p

âx �

x Ia +
b

x
Mp+1

a
+
b p

a
á

Ia +
b

x
Mp

x
âx

� Program code:

IntAIa_+b_.�x_M^p_,x_SymbolE :=

x*Ha+b�xL^Hp+1L�a +

Dist@b*p�a,Int@Ha+b�xL^p�x,xDD �;
FreeQ@8a,b,p<,xD && Not@IntegerQ@pDD

� Derivation: Integration by substitution

� Note: Transforms p into an integer.

� Rule: If  -1 < p < 0 í p +
1

n
Î Z, let q = Denominator@pD, then

á Ha + b xnLp
âx �

q ap+
1

n

n
SubstBá x

q

n
-1

H1 - b xqLp+
1

n
+1

âx, x,
xn�q

Ha + b xnL1�q F

� Program code:

IntAIa_+b_.*x_^n_M^p_,x_SymbolE :=

Module@8q=Denominator@pD<,
Dist@q*a^Hp+1�nL�n,

Subst@Int@x^Hq�n-1L�H1-b*x^qL^Hp+1�n+1L,xD,x,x^Hn�qL�Ha+b*x^nL^H1�qLDDD �;
FreeQ@8a,b<,xD && RationalQ@8p,n<D && -1<p<0 && IntegerQ@p+1�nD
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à Ha + b Hc xnLmLp
âx

� Derivation: Integration by substitution

� Basis: fAHc xnL1�nE =
x

Hc xnL1�n fAHc xnL1�nE ¶xHc xnL1�n

� Basis: ¶x
x

Hc xnL1�n = 0

� Rule: If  m n Î Z, then

à Ha + b Hc xnLmLp
âx �

x

Hc xnL1�n SubstBà Ha + b xm nLp
âx, x, Hc xnL1�nF

� Program code:

IntAIa_+b_.*Ic_.*x_^n_M^m_M^p_.,x_SymbolE :=

Dist@x�Hc*x^nL^H1�nL,Subst@Int@Ha+b*x^Hm*nLL^p,xD,x,Hc*x^nL^H1�nLDD �;
FreeQ@8a,b,c,m,n,p<,xD && IntegerQ@m*nD

� Derivation: Integration by substitution

� Basis: fAHc xnL1�nE =
x

Hc xnL1�n fAHc xnL1�nE ¶xHc xnL1�n

� Basis: ¶x
x

Hc xnL1�n = 0

� Note: This previously unknown rule not yet implemented.

� Rule:

à fAHc xnL1�nE âx �
x

Hc xnL1�n SubstBà f@xD âx, x, Hc xnL1�nF
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à xm Ha + b xnLp âx

� Derivation: Integration by substitution

� Basis: If m + 1 ¹ 0 and n

m+1
Î Z, then  xm Ha + b xnLp =

1

m+1
Ja + b Hxm+1L n

m+1 Np

¶xxm+1

� Rule: If  m + 1 ¹ 0 í n

m+1
Î Z í n

m+1
> 1, then

à xm Ha + b xnLp
âx �

1

m + 1
SubstBà Ja + b x

n

m+1 Np

âx, x, xm+1F

� Program code:

IntAx_^m_.*Ia_.+b_.*x_^n_M^p_.,x_SymbolE :=

Dist@1�Hm+1L,Subst@Int@Ha+b*x^Hn�Hm+1LLL^p,xD,x,x^Hm+1LDD �;
FreeQ@8a,b,m,n,p<,xD && NonzeroQ@m+1D && IntegerQ@n�Hm+1LD && n�Hm+1L>1 && Not@IntegersQ@m,n,pDD

� Derivation: Algebraic simplification

� Basis: If p Î Z, then  xm Ha + b xnLp = xm+n p Ib +
a

xn
Mp

� Rule: If  p Î Z ì p < 0 ì n Î F ì n < 0, then

à xm Ha + b xnLp
âx � à xm+n p b +

a

xn

p

âx

� Program code:

IntAx_^m_.*Ia_+b_.*x_^n_M^p_,x_SymbolE :=

Int@x^Hm+n*pL*Hb+a�x^nL^p,xD �;
FreeQ@8a,b,m<,xD && IntegerQ@pD && p<0 && FractionQ@nD && n<0

� Reference: G&R 2.110.3

� Derivation: Integration by parts

� Rule: If  m, n Î Z ì p Î F ì p > 0 ì HHn > 0 ì m < -1L ê 0 < -n £ m + 1L, then

à xm Ha + b xnLp
âx �

xm+1 Ha + b xnLp

m + 1
-
b n p

m + 1
à xm+n Ha + b xnLp-1

âx

� Program code:

IntAx_^m_.*Ia_+b_.*x_^n_M^p_,x_SymbolE :=

x^Hm+1L*Ha+b*x^nL^p�Hm+1L -

Dist@b*n*p�Hm+1L,Int@x^Hm+nL*Ha+b*x^nL^Hp-1L,xDD �;
FreeQ@8a,b<,xD && IntegersQ@m,nD && FractionQ@pD && p>0 && Hn>0 && m<-1 ÈÈ 0<-n<=m+1L
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� Reference: G&R 2.110.4

� Derivation: Integration by parts

� Basis: xm Ha + b xnLp = xm-n+1 HHa + b xnLp xn-1L
� Rule: If  m, n Î Z ì p Î F ì p < -1 ì H0 < n £ m ê m £ n < 0L ì m - n + 1 ¹ 0, then

à xm Ha + b xnLp
âx �

xm-n+1 Ha + b xnLp+1

b n Hp + 1L -
m - n + 1

b n Hp + 1L à xm-n Ha + b xnLp+1
âx

� Program code:

IntAx_^m_.*Ia_+b_.*x_^n_M^p_,x_SymbolE :=

x^Hm-n+1L*Ha+b*x^nL^Hp+1L�Hb*n*Hp+1LL -

Dist@Hm-n+1L�Hb*n*Hp+1LL,Int@x^Hm-nL*Ha+b*x^nL^Hp+1L,xDD �;
FreeQ@8a,b<,xD && IntegersQ@m,nD && FractionQ@pD && p<-1 && H0<n<=m ÈÈ m<=n<0L && NonzeroQ@m-n+1D

� Reference: G&R 2.110.1, CRC 88b

� Rule: If  p Î F í p > 0 í m + n p + 1 ¹ 0 í Ø J m+1

n
Î Z í m+1

n
> 0N, then

à xm Ha + b xnLp
âx �

xm+1 Ha + b xnLp

m + n p + 1
+

n p a

m + n p + 1
à xm Ha + b xnLp-1

âx

� Program code:

IntAx_^m_.*Ia_+b_.*x_^n_M^p_,x_SymbolE :=

x^Hm+1L*Ha+b*x^nL^p�Hm+n*p+1L +

Dist@n*p*a�Hm+n*p+1L,Int@x^m*Ha+b*x^nL^Hp-1L,xDD �;
FreeQ@8a,b,m,n,p<,xD && FractionQ@pD && p>0 && NonzeroQ@m+n*p+1D &&

Not@IntegerQ@Hm+1L�nD && Hm+1L�n>0D

� Reference: G&R 2.110.2, CRC 88d

� Rule: If  p Î F ì p < -1 ì m + n Hp + 1L + 1 ¹ 0 ì m - n + 1 ¹ 0, then

à xm Ha + b xnLp
âx � -

xm+1 Ha + b xnLp+1

a n Hp + 1L +
m + n Hp + 1L + 1

a n Hp + 1L à xm Ha + b xnLp+1
âx

� Program code:

IntAx_^m_.*Ia_+b_.*x_^n_M^p_,x_SymbolE :=

-x^Hm+1L*Ha+b*x^nL^Hp+1L�Ha*n*Hp+1LL +

Dist@Hm+n*Hp+1L+1L�Ha*n*Hp+1LL,Int@x^m*Ha+b*x^nL^Hp+1L,xDD �;
FreeQ@8a,b,m,n<,xD && FractionQ@pD && p<-1 && NonzeroQ@m+n*Hp+1L+1D && NonzeroQ@m-n+1D
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� Reference: G&R 2.110.5, CRC 88a

� Rule: If  m + n p + 1 ¹ 0 ì m - n + 1 ¹ 0 ì m + 1 ¹ 0, then

à xm Ha + b xnLp
âx �

xm-n+1 Ha + b xnLp+1

b Hm + n p + 1L -
a Hm - n + 1L
b Hm + n p + 1L à xm-n Ha + b xnLp

âx

� Program code:

IntAx_^m_.*Ia_+b_.*x_^n_.M^p_,x_SymbolE :=

x^Hm-n+1L*Ha+b*x^nL^Hp+1L�Hb*Hm+n*p+1LL -

Dist@a*Hm-n+1L�Hb*Hm+n*p+1LL,Int@x^Hm-nL*Ha+b*x^nL^p,xDD �;
FreeQ@8a,b,m,n,p<,xD && NonzeroQ@m+n*p+1D && NonzeroQ@m-n+1D && NonzeroQ@m+1D &&

Not@IntegersQ@m,n,pDD &&

IIntegersQ@m,nD && H0<n<=m ÈÈ m<=n<0L && HNot@RationalQ@pDD ÈÈ -1<p<0L ÈÈ
IntegerQ@Hm+1L�nD && 0<Hm+1L�n && Not@FractionQ@nDD ÈÈ
Not@RationalQ@mDD && RationalQ@m-nD ÈÈ
RationalQ@nD && MatchQ@m,u_+q_ �; RationalQ@qD && H0<n<=q ÈÈ n<0 && q<0LD ÈÈ
MatchQ@m,u_+q_.*n �; RationalQ@qD && q>=1DM

� Reference: G&R 2.110.6, CRC 88c

� Rule: If  m + 1 ¹ 0 ì m + n Hp + 1L + 1 ¹ 0, then

à xm Ha + b xnLp
âx �

xm+1 Ha + b xnLp+1

a Hm + 1L -
b Hm + n Hp + 1L + 1L

a Hm + 1L à xm+n Ha + b xnLp
âx

� Program code:

IntAx_^m_.*Ia_+b_.*x_^n_.M^p_,x_SymbolE :=

x^Hm+1L*Ha+b*x^nL^Hp+1L�Ha*Hm+1LL -

Dist@b*Hm+n*Hp+1L+1L�Ha*Hm+1LL,Int@x^Hm+nL*Ha+b*x^nL^p,xDD �;
FreeQ@8a,b,m,n,p<,xD && NonzeroQ@m+1D && NonzeroQ@m+n*Hp+1L+1D && Not@IntegersQ@m,n,pDD &&

IIntegersQ@m,nD && Hn>0 && m<-1 ÈÈ 0<-n<=m+1L ÈÈ
Not@RationalQ@mDD && RationalQ@m+nD ÈÈ
RationalQ@nD && MatchQ@m,u_+q_ �; RationalQ@qD && Hn>0 && q<0 ÈÈ 0<-n<=qLD ÈÈ
MatchQ@m,u_+q_*n �; RationalQ@qD && q<0DM
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� Derivation: Integration by substitution

� Note: Transforms p into an integer.

� Rule: If  -1 < p < 0 í p +
m+1

n
Î Z í gcd@m + 1, nD = 1, let q = Denominator@pD, then

á xm Ha + b xnLp
âx �

q ap+
m+1

n

n
SubstBá x

q Hm+1L
n

-1

H1 - b xqLp+
m+1

n
+1

âx, x,
xn�q

Ha + b xnL1�q F

� Program code:

IntAx_^m_.*Ia_+b_.*x_^n_M^p_,x_SymbolE :=

Module@8q=Denominator@pD<,
q*a^Hp+Hm+1L�nL�n*

Subst@Int@x^Hq*Hm+1L�n-1L�H1-b*x^qL^Hp+Hm+1L�n+1L,xD,x,x^Hn�qL�Ha+b*x^nL^H1�qLDD �;
FreeQ@8a,b<,xD && RationalQ@8m,n,p<D && -1<p<0 && IntegerQ@p+Hm+1L�nD && GCD@m+1,nD==1
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à Hxm Ha + b xnLLp âx

� Rule: If  m p - n + 1 = 0 ì p + 1 ¹ 0, then

à Hxm Ha + b xnLLp
âx �

Hxm Ha + b xnLLp+1

b n Hp + 1L xm Hp+1L

� Program code:

IntAIx_^m_.*Ia_+b_.*x_^n_.MM^p_,x_SymbolE :=

Hx^m*Ha+b*x^nLL^Hp+1L�Hb*n*Hp+1L*x^Hm*Hp+1LLL �;
FreeQ@8a,b,m,n,p<,xD && ZeroQ@m*p-n+1D && NonzeroQ@p+1D

� Rule: If  m p + n Hp + 1L + 1 = 0 ì p + 1 ¹ 0, then

à Hxm Ha + b xnLLp
âx � -

Hxm Ha + b xnLLp+1

a n Hp + 1L xm-1

� Program code:

IntAIx_^m_.*Ia_+b_.*x_^n_.MM^p_.,x_SymbolE :=

-Hx^m*Ha+b*x^nLL^Hp+1L�Ha*n*Hp+1L*x^Hm-1LL �;
FreeQ@8a,b,m,n,p<,xD && ZeroQ@m*p+n*Hp+1L+1D && NonzeroQ@p+1D
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à xq Hxm Ha + b xnLLp âx

� Rule: If  q + m p - n + 1 = 0 ì p + 1 ¹ 0, then

à xq Hxm Ha + b xnLLp
âx �

Hxm Ha + b xnLLp+1

b n Hp + 1L xm Hp+1L

� Program code:

IntAx_^q_.*Ix_^m_.*Ia_+b_.*x_^n_.MM^p_,x_SymbolE :=

Hx^m*Ha+b*x^nLL^Hp+1L�Hb*n*Hp+1L*x^Hm*Hp+1LLL �;
FreeQ@8a,b,m,n,p<,xD && ZeroQ@q+m*p-n+1D && NonzeroQ@p+1D

� Rule: If  q + m p + n Hp + 1L + 1 = 0 ì p + 1 ¹ 0, then

à xq Hxm Ha + b xnLLp
âx � -

Hxm Ha + b xnLLp+1

a n Hp + 1L xm-1-q

� Program code:

IntAx_^q_.*Ix_^m_.*Ia_+b_.*x_^n_.MM^p_.,x_SymbolE :=

-Hx^m*Ha+b*x^nLL^Hp+1L�Ha*n*Hp+1L*x^Hm-1-qLL �;
FreeQ@8a,b,m,n,p,q<,xD && ZeroQ@q+m*p+n*Hp+1L+1D && NonzeroQ@p+1D
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à Ia + b x2Mm Ic + d x2Mn
âx

� Derivation: Algebraic simplification

� Basis: If  b c - a d = 0 and  m Î Z, then Ha + b x2Lm
= J b

d
Nm Hc + d x2Lm

� Rule: If  b c - a d = 0 ì m Î Z, then

à Ia + b x2Mm Ic + d x2Mn
âx �

b

d

m

à Ic + d x2Mn+m
âx

� Program code:

IntAIa_+b_.*x_^2M^m_.*Ic_+d_.*x_^2M^n_,x_SymbolE :=

Dist@Hb�dL^m,Int@Hc+d*x^2L^Hn+mL,xDD �;
FreeQ@8a,b,c,d,n<,xD && ZeroQ@b*c-a*dD && IntegerQ@mD

� Reference: CRC 232, A&S 3.3.50'

� Rule: If  a d-b c

a
> 0, then

á 1

Ia + b x2M c + d x2
âx �

1

a a d-b c

a

ArcTanhB
x a d-b c

a

c + d x2
F

� Program code:

IntA1�IIa_+b_.*x_^2M*Sqrt@c_+d_.*x_^2DM,x_SymbolE :=

ArcTanh@x*Rt@Ha*d-b*cL�a,2D�Sqrt@c+d*x^2DD�Ha*Rt@Ha*d-b*cL�a,2DL �;
FreeQ@8a,b,c,d<,xD && PosQ@Ha*d-b*cL�aD
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� Reference: CRC 233, A&S 3.3.49

� Rule: If  Ø J a d-b c

a
> 0N, then

á 1

Ia + b x2M c + d x2
âx �

1

a b c-a d

a

ArcTanB
x b c-a d

a

c + d x2
F

� Program code:

IntA1�IIa_+b_.*x_^2M*Sqrt@c_+d_.*x_^2DM,x_SymbolE :=

ArcTan@x*Rt@Hb*c-a*dL�a,2D�Sqrt@c+d*x^2DD�Ha*Rt@Hb*c-a*dL�a,2DL �;
FreeQ@8a,b,c,d<,xD && NegQ@Ha*d-b*cL�aD

� Rule: If  a > 0 ì c > 0, then

á 1

a + b x2 c + d x2
âx �

1

a c -
d

c

EllipticFBArcSinB -
d

c
xF, b c

a d
F

� Program code:

IntA1�ISqrt@a_+b_.*x_^2D*Sqrt@c_+d_.*x_^2DM,x_SymbolE :=

1�HSqrt@aD*Sqrt@cD*Rt@-d�c,2DL*EllipticF@ArcSin@Rt@-d�c,2D*xD, b*c�Ha*dLD �;
FreeQ@8a,b,c,d<,xD && PositiveQ@aD && PositiveQ@cD &&

HPosQ@-c*dD && HNegQ@-a*bD ÈÈ Not@RationalQ@Rt@-a*b,2DDDL ÈÈ NegQ@-c*dD && NegQ@-a*bD &&

Not@RationalQ@Rt@a*b,2DDDL
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� Derivation: Piecewise constant extraction

� Basis: ¶x

a+b x2

a

a+b x2
= 0

� Rule: If  Ø Ha > 0 ì c > 0L, then

á 1

a + b x2 c + d x2
âx �

a+b x2

a

c+d x2

c

a + b x2 c + d x2
á 1

1 +
b

a
x2 1 +

d

c
x2

âx

� Program code:

IntA1�ISqrt@a_+b_.*x_^2D*Sqrt@c_+d_.*x_^2DM,x_SymbolE :=

Sqrt@Ha+b*x^2L�aD*Sqrt@Hc+d*x^2L�cD�HSqrt@a+b*x^2D*Sqrt@c+d*x^2DL*Int@1�HSqrt@1+b�a*x^2D*Sqrt@1+d�c
FreeQ@8a,b,c,d<,xD && Not@PositiveQ@aD && PositiveQ@cDD &&

HPosQ@-c*dD && HNegQ@-a*bD ÈÈ Not@RationalQ@Rt@-a*b,2DDDL ÈÈ NegQ@-c*dD && NegQ@-a*bD &&

Not@RationalQ@Rt@a*b,2DDDL

� Rule: If  a > 0 ì c > 0, then

á a + b x2

c + d x2
âx �

a

c -
d

c

EllipticEBArcSinB -
d

c
xF, b c

a d
F

� Program code:

IntASqrt@a_+b_.*x_^2D�Sqrt@c_+d_.*x_^2D,x_SymbolE :=

Sqrt@aD�HSqrt@cD*Rt@-d�c,2DL*EllipticE@ArcSin@Rt@-d�c,2D*xD, b*c�Ha*dLD �;
FreeQ@8a,b,c,d<,xD && PositiveQ@aD && PositiveQ@cD
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� Derivation: Piecewise constant extraction

� Basis: ¶x
a+b x2

a+b x2

a

= 0

� Rule: If  Ø Ha > 0 ì c > 0L, then

á a + b x2

c + d x2
âx �

a + b x2 c+d x2

c

c + d x2 a+b x2

a

á
1 +

b

a
x2

1 +
d

c
x2

âx

� Program code:

IntASqrt@a_+b_.*x_^2D�Sqrt@c_+d_.*x_^2D,x_SymbolE :=

Sqrt@a+b*x^2D*Sqrt@Hc+d*x^2L�cD�HSqrt@c+d*x^2D*Sqrt@Ha+b*x^2L�aDL*Int@Sqrt@1+b�a*x^2D�Sqrt@1+d�c*x^

FreeQ@8a,b,c,d<,xD && Not@PositiveQ@aD && PositiveQ@cDD

� Rule:

à a + b x2 c + d x2 âx �

x

3
a + b x2 c + d x2 +

c b + a d

3 d
á c + d x2

a + b x2
âx -

c Hc b - a dL
3 d

á 1

a + b x2 c + d x2
âx

� Program code:

Int@Sqrt@a_+b_.*x_^2D*Sqrt@c_+d_.*x_^2D,x_SymbolD :=

x�3*Sqrt@a+b*x^2D*Sqrt@c+d*x^2D +

Dist@Hc*b+a*dL�H3*dL,Int@Sqrt@c+d*x^2D�Sqrt@a+b*x^2D,xDD -

Dist@c*Hc*b-a*dL�H3*dL,Int@1�HSqrt@a+b*x^2D*Sqrt@c+d*x^2DL,xDD �;
FreeQ@8a,b,c,d<,xD && NonzeroQ@c*b+a*dD && NonzeroQ@c*b-a*dD
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à Ia + b x2Mm Ic + d x2Mn Ie + f x2Mp
âx

� Derivation: Algebraic simplification

� Basis: If  b c - a d = 0 and  m Î Z, then Ha + b x2Lm
= J b

d
Nm Hc + d x2Lm

� Rule: If  b c - a d = 0 ì m Î Z, then

à Ia + b x2Mm Ic + d x2Mn Ie + f x2Mp
âx �

b

d

m

à Ic + d x2Mm+n Ie + f x2Mp
âx

� Program code:

IntAIa_+b_.*x_^2M^m_.*Ic_+d_.*x_^2M^n_*Ie_+f_.*x_^2M^p_,x_SymbolE :=

Dist@Hb�dL^m,Int@Hc+d*x^2L^Hm+nL*He+f*x^2L^p,xDD �;
FreeQ@8a,b,c,d,e,f,n,p<,xD && ZeroQ@b*c-a*dD && IntegerQ@mD

� Rule: If  c > 0 ì e > 0, then

á 1

Ia + b x2M c + d x2 e + f x2
âx �

1

a c e -
d

c

EllipticPiBb c
a d

, ArcSinB -
d

c
xF, c f

e d
F

� Program code:

IntA1�IIa_+b_.*x_^2M*Sqrt@c_+d_.*x_^2D*Sqrt@e_+f_.*x_^2DM,x_SymbolE :=

1�Ha*Sqrt@cD*Sqrt@eD*Rt@-d�c,2DL*EllipticPi@b*c�Ha*dL, ArcSin@Rt@-d�c,2D*xD, c*f�He*dLD �;
FreeQ@8a,b,c,d,e,f<,xD && PositiveQ@cD && PositiveQ@eD &&

HPosQ@-e*fD && HNegQ@-c*dD ÈÈ Not@RationalQ@Rt@-c*d,2DDDL ÈÈ NegQ@-e*fD && NegQ@-c*dD &&

Not@RationalQ@Rt@c*d,2DDDL
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� Derivation: Piecewise constant extraction

� Basis: ¶x

c+d x2

c

c+d x2
= 0

� Rule: If  Ø Hc > 0 ì e > 0L, then

á 1

Ia + b x2M c + d x2 e + f x2
âx �

c+d x2

c

e+f x2

e

c + d x2 e + f x2
á 1

Ia + b x2M 1 +
d

c
x2 1 +

f

e
x2

âx

� Program code:

IntA1�IIa_+b_.*x_^2M*Sqrt@c_+d_.*x_^2D*Sqrt@e_+f_.*x_^2DM,x_SymbolE :=

Sqrt@Hc+d*x^2L�cD*Sqrt@He+f*x^2L�eD�HSqrt@c+d*x^2D*Sqrt@e+f*x^2DL*

Int@1�HHa+b*x^2L*Sqrt@1+d�c*x^2D*Sqrt@1+f�e*x^2DL,xD �;
FreeQ@8a,b,c,d,e,f<,xD && Not@PositiveQ@cD && PositiveQ@eDD &&

HPosQ@-e*fD && HNegQ@-c*dD ÈÈ Not@RationalQ@Rt@-c*d,2DDDL ÈÈ NegQ@-e*fD && NegQ@-c*dD &&

Not@RationalQ@Rt@c*d,2DDDL

� Derivation: Algebraic expansion

� Basis: e+f z

Ha+b zL =
f

b e+f z
+

b e-a f

b Ha+b zL e+f z

� Rule: If  b e - a f ¹ 0, then

á e + f x2

Ia + b x2M c + d x2
âx �

f

b
á 1

c + d x2 e + f x2
âx +

b e - a f

b
á 1

Ia + b x2M c + d x2 e + f x2
âx

� Program code:

IntASqrt@e_+f_.*x_^2D�IIa_+b_.*x_^2M*Sqrt@c_+d_.*x_^2DM,x_SymbolE :=

Dist@f�b,Int@1�HSqrt@c+d*x^2D*Sqrt@e+f*x^2DL,xDD +

Dist@Hb*e-a*fL�b,Int@1�HHa+b*x^2L*Sqrt@c+d*x^2D*Sqrt@e+f*x^2DL,xDD �;
FreeQ@8a,b,c,d,e,f<,xD && NonzeroQ@b*e-a*fD
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� Derivation: Algebraic expansion

� Basis: 
c+d x2 e+f x2

a+b x2
=

d e+f x2

b c+d x2
+

Hb c-a dL e+f x2

b Ia+b x2M c+d x2

� Rule: If  b c - a d ¹ 0, then

á c + d x2 e + f x2

a + b x2
âx �

d

b
á e + f x2

c + d x2
âx +

b c - a d

b
á e + f x2

Ia + b x2M c + d x2
âx

� Program code:

IntASqrt@c_+d_.*x_^2D*Sqrt@e_+f_.*x_^2D�Ia_+b_.*x_^2M,x_SymbolE :=

Dist@d�b,Int@Sqrt@e+f*x^2D�Sqrt@c+d*x^2D,xDD +

Dist@Hb*c-a*dL�b,Int@Sqrt@e+f*x^2D�HHa+b*x^2L*Sqrt@c+d*x^2DL,xDD �;
FreeQ@8a,b,c,d,e,f<,xD && NonzeroQ@b*c-a*dD

� Derivation: Algebraic expansion

� Basis: e+f z

a+b z
=

f a+b z

b
+

b e-a f

b a+b z

� Rule: If  b e - a f ¹ 0, then

á e + f x2

a + b x2 c + d x2
âx �

f

b
á a + b x2

c + d x2
âx +

b e - a f

b
á 1

a + b x2 c + d x2
âx

� Program code:

IntAIe_.+f_.*x_^2M�ISqrt@a_+b_.*x_^2D*Sqrt@c_+d_.*x_^2DM,x_SymbolE :=

Dist@f�b,Int@Sqrt@a+b*x^2D�Sqrt@c+d*x^2D,xDD +

Dist@Hb*e-a*fL�b,Int@1�HSqrt@a+b*x^2D*Sqrt@c+d*x^2DL,xDD �;
FreeQ@8a,b,c,d,e,f<,xD && NonzeroQ@b*e-a*fD &&

HPosQ@-c*dD && HNegQ@-a*bD ÈÈ Not@RationalQ@Rt@-a*b,2DDDL ÈÈ NegQ@-c*dD && NegQ@-a*bD &&

Not@RationalQ@Rt@a*b,2DDDL

Integration Rules for Algebraic Functions of Binomials



� Rule:

á x2 a + b x2

c + d x2
âx �

x a + b x2 c + d x2

3 d
-

1

3 d
á a c + H2 b c - a dL x2

a + b x2 c + d x2
âx

� Program code:

IntAx_^2*Sqrt@a_+b_.*x_^2D�Sqrt@c_+d_.*x_^2D,x_SymbolE :=

x*Sqrt@a+b*x^2D*Sqrt@c+d*x^2D�H3*dL -

Dist@1�H3*dL,Int@Ha*c+H2*b*c-a*dL*x^2L�HSqrt@a+b*x^2D*Sqrt@c+d*x^2DL,xDD �;
FreeQ@8a,b,c,d<,xD
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à Ha + b xnLp Hc + d xnLq âx

� Derivation: Algebraic simplification

� Basis: If a d - b c = 0, then a+b z

c+d z
=

b

d

� Rule: If  a d - b c = 0 ì p > 0 ì q < -1, then

à Ha + b xnLp Hc + d xnLq
âx �

b

d
à Ha + b xnLp-1 Hc + d xnLq+1

âx

� Program code:

IntAIa_.+b_.*x_^n_M^p_*Ic_.+d_.*x_^n_M^q_.,x_SymbolE :=

Dist@b�d,Int@Ha+b*x^nL^Hp-1L*Hc+d*x^nL^Hq+1L,xDD �;
FreeQ@8a,b,c,d,n<,xD && ZeroQ@a*d-b*cD && RationalQ@8p,q<D && p>0 && q<=-1

� Derivation: Algebraic expansion

� Basis: a+b z

c+d z
=

b

d
+

a d-b c

d Hc+d zL
� Rule: If  a d - b c ¹ 0 ì p > 0 ì q < -1 ì n Î Z ì n > 0, then

à Ha + b xnLp Hc + d xnLq
âx �

a d - b c

d
à Ha + b xnLp-1 Hc + d xnLq

âx +
b

d
à Ha + b xnLp-1 Hc + d xnLq+1

âx

� Program code:

IntAIa_.+b_.*x_^n_M^p_*Ic_.+d_.*x_^n_M^q_.,x_SymbolE :=

Dist@Ha*d-b*cL�d,Int@Ha+b*x^nL^Hp-1L*Hc+d*x^nL^q,xDD +

Dist@b�d,Int@Ha+b*x^nL^Hp-1L*Hc+d*x^nL^Hq+1L,xDD �;
FreeQ@8a,b,c,d,n<,xD && NonzeroQ@a*d-b*cD && RationalQ@8p,q<D && p>0 && q<=-1 &&

IntegerQ@nD && n>0
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� Derivation: Algebraic expansion

� Basis: 1

Ha+b zL Hc+d zL =
b

Hb c-a dL Ha+b zL -
d

Hb c-a dL Hc+d zL
� Rule: If  a d - b c ¹ 0 ì p < -1 ì q < -1 ì n Î Z ì n > 0, then

à Ha + b xnLp Hc + d xnLq
âx �

b

b c - a d
à Ha + b xnLp Hc + d xnLq+1

âx -
d

b c - a d
à Ha + b xnLp+1 Hc + d xnLq

âx

� Program code:

IntAIa_.+b_.*x_^n_M^p_.*Ic_.+d_.*x_^n_M^q_.,x_SymbolE :=

Dist@b�Hb*c-a*dL,Int@Ha+b*x^nL^p*Hc+d*x^nL^Hq+1L,xDD -

Dist@d�Hb*c-a*dL,Int@Ha+b*x^nL^Hp+1L*Hc+d*x^nL^q,xDD �;
FreeQ@8a,b,c,d,n<,xD && NonzeroQ@b*c-a*dD && RationalQ@8p,q<D && p<-1 && q<=-1 &&

IntegerQ@nD && n>0
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à xm Ha + b xnL
c + d xp

âx

� Derivation: Algebraic expansion

� Basis: a+b xn

x Hc+d xpL =
a

c x
+

xn-1 Hb c-a d xp-nL
c Hc+d xpL

� Rule: If  n, p Î F ì 0 < n £ p, then

à a + b xn

x Hc + d xpL âx �
a Log@xD

c
+
1

c
à xn-1 Hb c - a d xp-nL

c + d xp
âx

� Program code:

IntAIa_.+b_.*x_^n_.M�Ix_*Ic_+d_.*x_^p_.MM,x_SymbolE :=

a*Log@xD�c +

Dist@1�c,Int@x^Hn-1L*Hb*c-a*d*x^Hp-nLL�Hc+d*x^pL,xDD �;
FreeQ@8a,b,c,d<,xD && FractionQ@8n,p<D && 0<n<=p

� Derivation: Algebraic expansion

� Basis: a+b xn

x Hc+d xpL =
a

c x
+

xp-1 H-a d+b c xn-pL
c Hc+d xpL

� Rule: If  n, p Î F ì 0 < p < n, then

à a + b xn

x Hc + d xpL âx �
a Log@xD

c
+
1

c
à xp-1 H-a d + b c xn-pL

c + d xp
âx

� Program code:

IntAIa_.+b_.*x_^n_.M�Ix_*Ic_+d_.*x_^p_.MM,x_SymbolE :=

a*Log@xD�c +

Dist@1�c,Int@x^Hp-1L*H-a*d+b*c*x^Hn-pLL�Hc+d*x^pL,xDD �;
FreeQ@8a,b,c,d<,xD && FractionQ@8n,p<D && 0<p<n
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� Derivation: Algebraic expansion

� Basis: x
m Ha+b xnL
c+d xp

=
a xm

c
+

xm+n Hb c-a d xp-nL
c Hc+d xpL

� Rule: If  m, n, p Î F ì m < -1 ì 0 < n £ p, then

à xm Ha + b xnL
c + d xp

âx �
a xm+1

c Hm + 1L +
1

c
à xm+n Hb c - a d xp-nL

c + d xp
âx

� Program code:

IntAx_^m_*Ia_.+b_.*x_^n_.M�Ic_+d_.*x_^p_.M,x_SymbolE :=

a*x^Hm+1L�Hc*Hm+1LL +

Dist@1�c,Int@x^Hm+nL*Hb*c-a*d*x^Hp-nLL�Hc+d*x^pL,xDD �;
FreeQ@8a,b,c,d<,xD && FractionQ@8m,n,p<D && m<-1 && 0<n<=p

� Derivation: Algebraic expansion

� Basis: x
m Ha+b xnL
c+d xp

=
a xm

c
+

xm+p H-a d+b c xn-pL
c Hc+d xpL

� Rule: If  m, n, p Î F ì m < -1 ì 0 < p < n, then

à xm Ha + b xnL
c + d xp

âx �
a xm+1

c Hm + 1L +
1

c
à xm+p H-a d + b c xn-pL

c + d xp
âx

� Program code:

IntAx_^m_*Ia_.+b_.*x_^n_.M�Ic_+d_.*x_^p_.M,x_SymbolE :=

a*x^Hm+1L�Hc*Hm+1LL +

Dist@1�c,Int@x^Hm+pL*H-a*d+b*c*x^Hn-pLL�Hc+d*x^pL,xDD �;
FreeQ@8a,b,c,d<,xD && FractionQ@8m,n,p<D && m<-1 && 0<p<n
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á 1

c x2 Ha + b xnL
âx

� Derivation: Algebraic simplification

� Note: If b
2 c

a
< 0, antiderivative can be expressed more simply as the arcsine or hyperbolic arcsine of a linear term

� Rule: If b
2 c

a
< 0, then

á 1

c x2 Ia +
b

x
M

âx � á 1

b c x + a c x2
âx

� Program code:

IntA1�SqrtAc_.*x_^2*Ia_.+b_.�x_ME,x_SymbolE :=

Int@1�Sqrt@b*c*x+a*c*x^2D,xD �;
FreeQ@8a,b,c<,xD && NegativeQ@b^2*c�aD

� Rule: If  a c > 0, then

á 1

c x2 Ha + b xnL
âx � -

2

n a c
ArcTanhB a c x

c x2 Ha + b xnL
F

� Program code:

IntA1�SqrtAc_.*x_^2*Ia_.+b_.*x_^n_.ME,x_SymbolE :=

-2�Hn*Rt@a*c,2DL*ArcTanh@Rt@a*c,2D*x�Sqrt@c*x^2*Ha+b*x^nLDD �;
FreeQ@8a,b,c,n<,xD && PosQ@a*cD

� Rule: If  Ø Ha c > 0L, then

á 1

c x2 Ha + b xnL
âx � -

2

n -a c
ArcTanB -a c x

c x2 Ha + b xnL
F

� Program code:

IntA1�SqrtAc_.*x_^2*Ia_.+b_.*x_^n_.ME,x_SymbolE :=

-2�Hn*Rt@-a*c,2DL*ArcTan@Rt@-a*c,2D*x�Sqrt@c*x^2*Ha+b*x^nLDD �;
FreeQ@8a,b,c,n<,xD && NegQ@a*cD

Integration Rules for Algebraic Functions of Binomials



� Derivation: Algebraic simplification

� Rule: If  m + n = 2, then

á 1

c xm Ha + b xnL âx � á 1

c x2 Ib + a xm-2M
âx

� Program code:

IntA1�SqrtAc_.*x_^m_.*Ia_.+b_.*x_^n_.ME,x_SymbolE :=

Int@1�Sqrt@c*x^2*Hb+a*x^Hm-2LLD,xD �;
FreeQ@8a,b,c,m,n<,xD && ZeroQ@m+n-2D

� Derivation: Algebraic simplification

� Rule:

á 1

c Ia xp + b x2M
âx � á 1

c x2 Ib + a xp-2M
âx

� Program code:

IntA1�SqrtAc_.*Ia_.*x_^p_+b_.*x_^2ME,x_SymbolE :=

Int@1�Sqrt@c*x^2*Hb+a*x^Hp-2LLD,xD �;
FreeQ@8a,b,c,p<,xD

� Derivation: Algebraic simplification

� Basis: xm Ha xp + b x2-mL = x2 Hb + a xm+p-2L
� Rule: If  m + n = 2, then

á 1

c xm Ha xp + b xnL âx � á 1

c x2 Ib + a xm+p-2M
âx

� Program code:

IntA1�SqrtAc_.*x_^m_.*Ia_.*x_^p_.+b_.*x_^n_.ME,x_SymbolE :=

Int@1�Sqrt@c*x^2*Hb+a*x^Hm+p-2LLD,xD �;
FreeQ@8a,b,c,m,n,p<,xD && ZeroQ@m+n-2D
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à xm
a + b x

c + d x

n

âx

� Program code:

H* IntAIe_.*Ia_.+b_.*x_M�Ic_.+d_.*x_MM^n_,x_SymbolE :=

Dist@e*Hb*c-a*dL,Subst@Int@x^n�Hb*e-d*xL^2,xD,x,e*Ha+b*xL�Hc+d*xLDD �;
FreeQ@8a,b,c,d,e<,xD && FractionQ@nD && NonzeroQ@b*c-a*dD *L

� Program code:

H* IntAx_^m_.*Ie_.*Ia_.+b_.*x_M�Ic_.+d_.*x_MM^n_,x_SymbolE :=

Dist@e*Hb*c-a*dL,Subst@Int@x^n*H-a*e+c*xL^m�Hb*e-d*xL^Hm+2L,xD,x,e*Ha+b*xL�Hc+d*xLDD �;
FreeQ@8a,b,c,d,e<,xD && IntegerQ@mD && FractionQ@nD && NonzeroQ@b*c-a*dD *L

� Program code:

H* IntAIf_+g_.*x_M^m_*Ie_.*Ia_.+b_.*x_M�Ic_.+d_.*x_MM^n_,x_SymbolE :=

Dist@1�g,Subst@Int@x^m*He*Ha-b*f�g+b�g*xL�Hc-d*f�g+d�g*xLL^n,xD,x,f+g*xDD �;
FreeQ@8a,b,c,d,e,f,g<,xD && IntegerQ@mD && m<0 && FractionQ@nD && NonzeroQ@b*c-a*dD *L

Integration Rules for Algebraic Functions of Binomials



á a x + b + a2 x2 âx

� Rule:

á a x + b + a2 x2 âx �
2

3 a
2 a x - b + c x2 a x + b + c x2

� Program code:

Int@Sqrt@a_.*x_+Sqrt@b_+c_.*x_^2DD, x_SymbolD :=

2*H2*a*x-Sqrt@b+c*x^2DL*Sqrt@a*x+Sqrt@b+c*x^2DD�H3*aL �;
FreeQ@8a,b,c<,xD && ZeroQ@c-a^2D

� Rule:

á a x - b + a2 x2 âx �
2

3 a
2 a x + b + c x2 a x - b + c x2

� Program code:

Int@Sqrt@a_.*x_-Sqrt@b_+c_.*x_^2DD, x_SymbolD :=

2*H2*a*x+Sqrt@b+c*x^2DL*Sqrt@a*x-Sqrt@b+c*x^2DD�H3*aL �;
FreeQ@8a,b,c<,xD && ZeroQ@c-a^2D

Integration Rules for Algebraic Functions of Binomials



á a + a2 + b x2 âx

� Rule:

á a + a2 + b x2 âx �
2

3 b x
-a2 + b x2 + a a2 + b x2 a + a2 + b x2

� Program code:

Int@Sqrt@a_+Sqrt@c_+b_.*x_^2DD, x_SymbolD :=

2*H-a^2+b*x^2+a*Sqrt@a^2+b*x^2DL*Sqrt@a+Sqrt@a^2+b*x^2DD�H3*b*xL �;
FreeQ@8a,b,c<,xD && ZeroQ@c-a^2D

� Rule:

á a - a2 + b x2 âx �
2

3 b x
-a2 + b x2 - a a2 + b x2 a - a2 + b x2

� Program code:

Int@Sqrt@a_-Sqrt@c_+b_.*x_^2DD, x_SymbolD :=

2*H-a^2+b*x^2-a*Sqrt@a^2+b*x^2DL*Sqrt@a-Sqrt@a^2+b*x^2DD�H3*b*xL �;
FreeQ@8a,b,c<,xD && ZeroQ@c-a^2D

Integration Rules for Algebraic Functions of Binomials



à u

v + w
âx

� Derivation: Algebraic simplification

� Basis: 1

z+w
=

z-w

z2-w2

� Rule:

á u

a xm + b c xn
âx � á

u Ja xm - b c xn N
a2 x2 m - b2 c xn

âx

� Program code:

IntAu_.�Ia_.*x_^m_.+b_.*Sqrt@c_.*x_^n_DM,x_SymbolE :=

Int@u*Ha*x^m-b*Sqrt@c*x^nDL�Ha^2*x^H2*mL-b^2*c*x^nL,xD �;
FreeQ@8a,b,c,m,n<,xD

� Derivation: Algebraic simplification

� Basis: If  b e2 = d f2, then 1

e a+b z +f c+d z
=

e a+b z -f c+d z

a e2-c f2

� Rule: If  m Î Z ì m < 0 ì b e2 = d f2, then

á u Je a + b xn + f c + d xn Nm
âx � Ia e2 - c f2Mm á u

Je a + b xn - f c + d xn Nm
âx

� Program code:

IntAu_.*Ie_.*Sqrt@a_.+b_.*x_^n_.D+f_.*Sqrt@c_.+d_.*x_^n_.DM^m_,x_SymbolE :=

Dist@Ha*e^2-c*f^2L^m,Int@u*He*Sqrt@a+b*x^nD-f*Sqrt@c+d*x^nDL^H-mL,xDD �;
FreeQ@8a,b,c,d,e,f,n<,xD && IntegerQ@mD && m<0 && ZeroQ@b*e^2-d*f^2D

Integration Rules for Algebraic Functions of Binomials



� Derivation: Algebraic simplification

� Basis: If  a e2 = c f2, then 1

e a+b z +f c+d z
=

e a+b z -f c+d z

Ib e2-d f2M z

� Rule: If  m Î Z ì m < 0 ì a e2 = c f2, then

á u Je a + b xn + f c + d xn Nm
âx � Ib e2 - d f2Mm á u xm n

Je a + b xn - f c + d xn Nm
âx

� Program code:

IntAu_.*Ie_.*Sqrt@a_.+b_.*x_^n_.D+f_.*Sqrt@c_.+d_.*x_^n_.DM^m_,x_SymbolE :=

Dist@Hb*e^2-d*f^2L^m,Int@u*x^Hm*nL*He*Sqrt@a+b*x^nD-f*Sqrt@c+d*x^nDL^H-mL,xDD �;
FreeQ@8a,b,c,d,e,f,n<,xD && IntegerQ@mD && m<0 && ZeroQ@a*e^2-c*f^2D

� Derivation: Algebraic simplification

� Basis: If  a2 = b2 c, then 1

a+b c+d z
= -

a

b2 d z
+

c+d z

b d z

� Rule: If  a2 = b2 c, then

à u

a + b c + d xn
âx � -

a

b2 d
à u

xn
âx +

1

b d
à u c + d xn

xn
âx

� Program code:

IntAu_.�Ia_+b_.*Sqrt@c_+d_.*x_^n_DM,x_SymbolE :=

Dist@-a�Hb^2*dL,Int@u�x^n,xDD +

Dist@1�Hb*dL,Int@u*Sqrt@c+d*x^nD�x^n,xDD �;
FreeQ@8a,b,c,d,n<,xD && ZeroQ@a^2-b^2*cD

Integration Rules for Algebraic Functions of Binomials



� Derivation: Algebraic simplification

� Basis: If  a2 = b2 d, then 1

a z+b c+d z2
=

-a z+b c+d z2

b2 c

� Rule: If  a2 = b2 d, then

á u

a xm + b c + d x2 m
âx � -

a

b2 c
à u xm âx +

1

b c
à u c + d x2 m âx

� Program code:

IntAu_.�Ia_.*x_^m_.+b_.*Sqrt@c_+d_.*x_^n_DM,x_SymbolE :=

Dist@-a�Hb^2*cL,Int@u*x^m,xDD +

Dist@1�Hb*cL,Int@u*Sqrt@c+d*x^nD,xDD �;
FreeQ@8a,b,c,d,m,n<,xD && ZeroQ@n-2*mD && ZeroQ@a^2-b^2*dD

� Derivation: Algebraic simplification

� Basis: If  a2 = c2 d ì b2 = c2 e, then 1

a+b z+c d+e z2
=

1

2 a
+

1

2 b z
-

c d+e z2

2 a b z

� Rule: If  a2 = c2 d ì b2 = c2 e, then

á u

a + b xm + c d + e x2 m
âx �

1

2 a
à u âx +

1

2 b
à u

xm
âx -

c

2 a b
á u d + e x2 m

xm
âx

� Program code:

IntAu_.�Ia_+b_.*x_^m_.+c_.*Sqrt@d_+e_.*x_^n_DM,x_SymbolE :=

Dist@1�H2*aL,Int@u,xDD +

Dist@1�H2*bL,Int@u�x^m,xDD -

Dist@c�H2*a*bL,Int@u*Sqrt@d+e*x^nD�x^m,xDD �;
FreeQ@8a,b,c,d,m,n<,xD && ZeroQ@n-2*mD && ZeroQ@a^2-c^2*dD && ZeroQ@b^2-c^2*eD

Integration Rules for Algebraic Functions of Binomials



� Derivation: Algebraic simplification

� Basis: If  a2 = c2 d ì 2 a b = c2 e, then 1

a+b z+c d+e z
=

1

b z
+

a

b2 z2
-

c d+e z

b2 z2

� Rule: If  a2 = c2 d ì 2 a b = c2 e, then

à u

a + b xn + c d + e xn
âx �

1

b
à u

xn
âx +

a

b2
à u

x2 n
âx -

c

b2
à u d + e xn

x2 n
âx

� Program code:

IntAu_.�Ia_+b_.*x_^n_.+c_.*Sqrt@d_+e_.*x_^n_.DM,x_SymbolE :=

Dist@1�b,Int@u�x^n,xDD +

Dist@a�b^2,Int@u�x^H2*nL,xDD -

Dist@c�b^2,Int@u*Sqrt@d+e*x^nD�x^H2*nL,xDD �;
FreeQ@8a,b,c,d,n<,xD && ZeroQ@a^2-c^2*dD && ZeroQ@2*a*b-c^2*eD

H* IntAu_.�Ie_.*Sqrt@a_.+b_.*x_D+f_.*Sqrt@c_.+d_.*x_DM,x_SymbolE :=

Int@u*He*Sqrt@a+b*xD-f*Sqrt@c+d*xDL�Ha*e^2-c*f^2+Hb*e^2-d*f^2L*xL,xD �;
FreeQ@8a,b,c,d,e,f<,xD *L

� Derivation: Algebraic simplification

� Basis: 1

a x+b c+d x2
=

a x

-b2 c+Ia2-b2 dM x2
-

b c+d x2

-b2 c+Ia2-b2 dM x2

� Rule:

á u

a x + b c + d x2
âx � a à x u

-b2 c + Ia2 - b2 dM x2
âx - b á u c + d x2

-b2 c + Ia2 - b2 dM x2
âx

� Program code:

IntAu_.�Ia_.*x_+b_.*Sqrt@c_.+d_.*x_^2DM,x_SymbolE :=

Dist@a,Int@x*u�H-b^2*c+Ha^2-b^2*dL*x^2L,xDD -

Dist@b,Int@u*Sqrt@c+d*x^2D�H-b^2*c+Ha^2-b^2*dL*x^2L,xDD �;
FreeQ@8a,b,c,d<,xD

Integration Rules for Algebraic Functions of Binomials



� Derivation: Algebraic simplification

� Basis: 1

z+w
=

z-w

z2-w2

� Rule:

á u

e Ha + b xnLp + f Ha + b xnLq
âx � á

u Je Ha + b xnLp - f Ha + b xnLq N
e2 Ha + b xnLp - f2 Ha + b xnLq

âx

� Program code:

IntAu_.�Ie_.*SqrtAIa_.+b_.*x_^n_.M^p_.E+f_.*SqrtAIa_.+b_.*x_^n_.M^q_.EM,x_SymbolE :=

Int@u*He*Sqrt@Ha+b*x^nL^pD-f*Sqrt@Ha+b*x^nL^qDL�He^2*Ha+b*x^nL^p-f^2*Ha+b*x^nL^qL,xD �;
FreeQ@8a,b,e,f<,xD && IntegersQ@n,p,qD

H* IntAu_.�Iv_+a_.*Sqrt@w_DM,x_SymbolE :=

Int@u*v�Hv^2-a^2*wL,xD -

Dist@a,Int@u*Sqrt@wD�Hv^2-a^2*wL,xDD �;
FreeQ@a,xD && PolynomialQ@v,xD *L

H* IntAu_.�Ia_.*x_+b_.*Sqrt@c_+d_.*x_DM,x_SymbolE :=

Int@Ha*x*u-b*u*Sqrt@c+d*xDL�H-b^2*c-b^2*d*x+a^2*x^2L,xD �;
FreeQ@8a,b,c,d<,xD *L

Integration Rules for Algebraic Functions of Binomials



á u a2 - b2 x2

a + b x
âx

� Derivation: Algebraic simplification

� Basis: 
z2-w2

z+w
=

z

z2-w2
-

w

z2-w2

� Rule: If  m n + 1 = 0, then

á u a2 - b2 x2

a + b x
âx � a á u

a2 - b2 x2
âx - b á x u

a2 - b2 x2
âx

� Program code:

IntAu_.*Sqrt@c_+d_.*x_^2D�Ia_+b_.*x_M,x_SymbolE :=

a*Int@u�Sqrt@c+d*x^2D,xD -

b*Int@x*u�Sqrt@c+d*x^2D,xD �;
FreeQ@8a,b,c,d<,xD && ZeroQ@c-a^2D && ZeroQ@d+b^2D

Integration Rules for Algebraic Functions of Binomials



á
b x2 + a + b2 x4

a + b2 x4
âx

� Rule: If  b > 0, then

á
b x2 + a + b2 x4

a + b2 x4
âx �

1

2 b
ArcTanhB 2 b x

b x2 + a + b2 x4

F

� Program code:

IntASqrt@b_.*x_^2+Sqrt@a_+c_.*x_^4DD�Sqrt@a_+c_.*x_^4D,x_SymbolE :=

ArcTanh@Rt@2*b,2D*x�Sqrt@b*x^2+Sqrt@a+c*x^4DDD�Rt@2*b,2D �;
FreeQ@8a,b,c<,xD && ZeroQ@c-b^2D && PosQ@bD

� Rule: If  Ø Hb > 0L, then

á
b x2 + a + b2 x4

a + b2 x4
âx �

1

-2 b
ArcTanB -2 b x

b x2 + a + b2 x4

F

� Program code:

IntASqrt@b_.*x_^2+Sqrt@a_+c_.*x_^4DD�Sqrt@a_+c_.*x_^4D,x_SymbolE :=

ArcTan@Rt@-2*b,2D*x�Sqrt@b*x^2+Sqrt@a+c*x^4DDD�Rt@-2*b,2D �;
FreeQ@8a,b,c<,xD && ZeroQ@c-b^2D && NegQ@bD

Integration Rules for Algebraic Functions of Binomials



á
u v + a + v2

a + v2
âx

� Author: Martin

� Derivation: Algebraic expansion

� Basis: If  a > 0, then a + z2 = a + ä z a - ä z

� Basis: If  a > 0, then 
z+ a+z2

a+z2
=

1-ä

2 a -ä z

+
1+ä

2 a +ä z

� Rule: If  a > 0, then

á
u v + a + v2

a + v2
âx �

1 - ä

2
á u

a - ä v

âx +
1 + ä

2
á u

a + ä v

âx

� Program code:

IntAu_.*Sqrt@v_+Sqrt@a_+w_DD�Sqrt@a_+w_D,x_SymbolE :=

Dist@H1-IL�2, Int@u�Sqrt@Sqrt@aD-I*vD,xDD +

Dist@H1+IL�2, Int@u�Sqrt@Sqrt@aD+I*vD,xDD �;
FreeQ@a,xD && ZeroQ@w-v^2D && PositiveQ@aD && Not@LinearQ@v,xDD

Integration Rules for Algebraic Functions of Binomials



à 1

a c + b c u
âx

� Note: Constant factors in denominator are aggressively factored out to prevent them occurring unnecessarily in logarithm of antiderivative!

� Rule:

à 1

a c + b c u
âx �

1

c
à 1

a + b u
âx

� Program code:

IfAShowSteps,
IntA1�Ia_+b_.*u_M,x_SymbolE :=

Module@8lst=ConstantFactor@a+b*u,xD<,
ShowStep@"","Int@1�Ha*c+b*c*uL,xD","Int@1�Ha+b*uL,xD�c",Hold@
Dist@1�lst@@1DD,Int@1�lst@@2DD,xDDDD �;

lst@@1DD=!=1D �;
SimplifyFlag && FreeQ@8a,b<,xD && I

MatchQAu,f_^Ic_.+d_.*xM �; FreeQ@8c,d,f<,xDE ÈÈ
MatchQ@u,f_@c_.+d_.*xD �; FreeQ@8c,d<,xD && MemberQ@8Tan,Cot,Tanh,Coth<,fDDM,

IntA1�Ia_+b_.*u_M,x_SymbolE :=

Module@8lst=ConstantFactor@a+b*u,xD<,
Dist@1�lst@@1DD,Int@1�lst@@2DD,xDD �;

lst@@1DD=!=1D �;
FreeQ@8a,b<,xD && I

MatchQAu,f_^Ic_.+d_.*xM �; FreeQ@8c,d,f<,xDE ÈÈ
MatchQ@u,f_@c_.+d_.*xD �; FreeQ@8c,d<,xD && MemberQ@8Tan,Cot,Tanh,Coth<,fDDME

Integration Rules for Algebraic Functions of Binomials


