
à FresnelS@a + b xDn âx

� Derivation: Integration by parts

� Rule:

à FresnelS@a + b xD âx �
Ha + b xL FresnelS@a + b xD

b
+

CosA Π

2
Ha + b xL2E
b Π

� Program code:

Int@FresnelS@a_.+b_.*x_D,x_SymbolD :=

Ha+b*xL*FresnelS@a+b*xD�b + Cos@Pi�2*Ha+b*xL^2D�Hb*PiL �;
FreeQ@8a,b<,xD

Int@FresnelC@a_.+b_.*x_D,x_SymbolD :=

Ha+b*xL*FresnelC@a+b*xD�b - Sin@Pi�2*Ha+b*xL^2D�Hb*PiL �;
FreeQ@8a,b<,xD

� Derivation: Integration by parts

� Rule:

à FresnelS@a + b xD2 âx �
Ha + b xL FresnelS@a + b xD2

b
- 2 à Ha + b xL SinB Π

2
Ha + b xL2F FresnelS@a + b xD âx

� Program code:

Int@FresnelS@a_.+b_.*x_D^2,x_SymbolD :=

Ha+b*xL*FresnelS@a+b*xD^2�b -

Dist@2,Int@Ha+b*xL*Sin@Pi�2*Ha+b*xL^2D*FresnelS@a+b*xD,xDD �;
FreeQ@8a,b<,xD

Int@FresnelC@a_.+b_.*x_D^2,x_SymbolD :=

Ha+b*xL*FresnelC@a+b*xD^2�b -

Dist@2,Int@Ha+b*xL*Cos@Pi�2*Ha+b*xL^2D*FresnelC@a+b*xD,xDD �;
FreeQ@8a,b<,xD

Integration Rules for Fresnel Integral Functions



à xm FresnelS@a + b xDn âx

� Derivation: Integration by parts

� Rule: If  m + 1 ¹ 0, then

à xm FresnelS@a + b xD âx �
xm+1 FresnelS@a + b xD

m + 1
-

b

m + 1
à xm+1 SinB Π

2
Ha + b xL2F âx

� Program code:

Int@x_^m_.*FresnelS@a_.+b_.*x_D,x_SymbolD :=

x^Hm+1L*FresnelS@a+b*xD�Hm+1L -

Dist@b�Hm+1L,Int@x^Hm+1L*Sin@Pi�2*Ha+b*xL^2D,xDD �;
FreeQ@8a,b,m<,xD && NonzeroQ@m+1D

Int@x_^m_.*FresnelC@a_.+b_.*x_D,x_SymbolD :=

x^Hm+1L*FresnelC@a+b*xD�Hm+1L -

Dist@b�Hm+1L,Int@x^Hm+1L*Cos@Pi�2*Ha+b*xL^2D,xDD �;
FreeQ@8a,b,m<,xD && NonzeroQ@m+1D

� Derivation: Integration by parts

� Note: Also apply rule when m mod 4 = 1 when a closed-form antiderivative is defined for CosB Π x2

2
F FresnelS@xD.

� Rule: If  m Î Z í m + 1 ¹ 0 í Jm > 0 í m

2
Î Z ë m mod 4 = 3N, then

à xm FresnelS@b xD2 âx �
xm+1 FresnelS@b xD2

m + 1
-

2 b

m + 1
à xm+1 SinB Π

2
b2 x2F FresnelS@b xD âx

� Program code:

Int@x_^m_*FresnelS@b_.*x_D^2,x_SymbolD :=

x^Hm+1L*FresnelS@b*xD^2�Hm+1L -

Dist@2*b�Hm+1L,Int@x^Hm+1L*Sin@Pi�2*b^2*x^2D*FresnelS@b*xD,xDD �;
FreeQ@b,xD && IntegerQ@mD && m+1!=0 && Hm>0 && EvenQ@mD ÈÈ Mod@m,4D==3L

Int@x_^m_*FresnelC@b_.*x_D^2,x_SymbolD :=

x^Hm+1L*FresnelC@b*xD^2�Hm+1L -

Dist@2*b�Hm+1L,Int@x^Hm+1L*Cos@Pi�2*b^2*x^2D*FresnelC@b*xD,xDD �;
FreeQ@b,xD && IntegerQ@mD && m+1!=0 && Hm>0 && EvenQ@mD ÈÈ Mod@m,4D==3L

Integration Rules for Fresnel Integral Functions



� Derivation: Integration by substitution

� Basis: xm f@a + b xD =
1

b
J-

a

b
+

a+b x

b
Nm

f@a + b xD ¶xHa + b xL
� Note: Rule not necessary until a closed-form antiderivative is defined for CosB Π x2

2
F FresnelS@xD.

� Rule: If  m Î Z ì m > 0, then

à xm FresnelS@a + b xD2 âx �
1

b
SubstBà -

a

b
+
x

b

m

FresnelS@xD2 âx, x, a + b xF

� Program code:

H* Int@x_^m_.*FresnelS@a_+b_.*x_D^2,x_SymbolD :=

Dist@1�b,Subst@Int@H-a�b+x�bL^m*FresnelS@xD^2,xD,x,a+b*xDD �;
FreeQ@8a,b<,xD && IntegerQ@mD && m>0 *L

H* Int@x_^m_.*FresnelC@a_+b_.*x_D^2,x_SymbolD :=

Dist@1�b,Subst@Int@H-a�b+x�bL^m*FresnelC@xD^2,xD,x,a+b*xDD �;
FreeQ@8a,b<,xD && IntegerQ@mD && m>0 *L
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à xm SinB Π

2
b2 x2F FresnelS@b xD âx

� Derivation: Integration by parts special case

� Rule:

à x SinB Π

2
b2 x2F FresnelS@b xD âx � -

CosA Π

2
b2 x2E FresnelS@b xD

Π b2
+

1

2 Π b
à SinAΠ b2 x2E âx

� Program code:

Int@x_*Sin@c_.*x_^2D*FresnelS@b_.*x_D,x_SymbolD :=

-Cos@Pi�2*b^2*x^2D*FresnelS@b*xD�HPi*b^2L +

Dist@1�H2*Pi*bL,Int@Sin@Pi*b^2*x^2D,xDD �;
FreeQ@8b,c<,xD && ZeroQ@c-Pi�2*b^2D

Int@x_*Cos@c_.*x_^2D*FresnelC@b_.*x_D,x_SymbolD :=

Sin@Pi�2*b^2*x^2D*FresnelC@b*xD�HPi*b^2L -

Dist@1�H2*Pi*bL,Int@Sin@Pi*b^2*x^2D,xDD �;
FreeQ@8b,c<,xD && ZeroQ@c-Pi�2*b^2D

� Derivation: Integration by parts

� Note: Also apply rule when m mod 4 = 2 when a closed-form antiderivative is defined for CosB Π x2

2
F FresnelS@xD.

� Rule: If  m Î Z ì m > 1 ì Ø Hm mod 4 = 2L, then

à xm SinB Π

2
b2 x2F FresnelS@b xD âx � -

xm-1 CosA Π

2
b2 x2E FresnelS@b xD

Π b2
+

1

2 Π b
à xm-1 SinAΠ b2 x2E âx +

m - 1

Π b2
à xm-2 CosB Π

2
b2 x2F FresnelS@b xD âx

� Program code:

Int@x_^m_*Sin@c_.*x_^2D*FresnelS@b_.*x_D,x_SymbolD :=

-x^Hm-1L*Cos@Pi�2*b^2*x^2D*FresnelS@b*xD�HPi*b^2L +

Dist@1�H2*Pi*bL,Int@x^Hm-1L*Sin@Pi*b^2*x^2D,xDD +

Dist@Hm-1L�HPi*b^2L,Int@x^Hm-2L*Cos@Pi�2*b^2*x^2D*FresnelS@b*xD,xDD �;
FreeQ@8b,c<,xD && ZeroQ@c-Pi�2*b^2D && IntegerQ@mD && m>1 && Not@Mod@m,4D==2D

Int@x_^m_*Cos@c_.*x_^2D*FresnelC@b_.*x_D,x_SymbolD :=

x^Hm-1L*Sin@Pi�2*b^2*x^2D*FresnelC@b*xD�HPi*b^2L -

Dist@1�H2*Pi*bL,Int@x^Hm-1L*Sin@Pi*b^2*x^2D,xDD -

Dist@Hm-1L�HPi*b^2L,Int@x^Hm-2L*Sin@Pi�2*b^2*x^2D*FresnelC@b*xD,xDD �;
FreeQ@8b,c<,xD && ZeroQ@c-Pi�2*b^2D && IntegerQ@mD && m>1 && Not@Mod@m,4D==2D

Integration Rules for Fresnel Integral Functions



� Derivation: Inverted integration by parts

� Rule: If  m Î Z ì m < -2 ì m mod 4 = 0, then

à xm SinB Π

2
b2 x2F FresnelS@b xD âx �

xm+1 SinA Π

2
b2 x2E FresnelS@b xD

m + 1
-

b xm+2

2 Hm + 1L Hm + 2L +

b

2 Hm + 1L à xm+1 CosAΠ b2 x2E âx -
Π b2

m + 1
à xm+2 CosB Π

2
b2 x2F FresnelS@b xD âx

� Program code:

Int@x_^m_*Sin@c_.*x_^2D*FresnelS@b_.*x_D,x_SymbolD :=

x^Hm+1L*Sin@Pi�2*b^2*x^2D*FresnelS@b*xD�Hm+1L - b*x^Hm+2L�H2*Hm+1L*Hm+2LL +

Dist@b�H2*Hm+1LL,Int@x^Hm+1L*Cos@Pi*b^2*x^2D,xDD -

Dist@Pi*b^2�Hm+1L,Int@x^Hm+2L*Cos@Pi�2*b^2*x^2D*FresnelS@b*xD,xDD �;
FreeQ@8b,c<,xD && ZeroQ@c-Pi�2*b^2D && IntegerQ@mD && m<-2 && Mod@m,4D==0

Int@x_^m_*Cos@c_.*x_^2D*FresnelC@b_.*x_D,x_SymbolD :=

x^Hm+1L*Cos@Pi�2*b^2*x^2D*FresnelC@b*xD�Hm+1L - b*x^Hm+2L�H2*Hm+1L*Hm+2LL -

Dist@b�H2*Hm+1LL,Int@x^Hm+1L*Cos@Pi*b^2*x^2D,xDD +

Dist@Pi*b^2�Hm+1L,Int@x^Hm+2L*Sin@Pi�2*b^2*x^2D*FresnelC@b*xD,xDD �;
FreeQ@8b,c<,xD && ZeroQ@c-Pi�2*b^2D && IntegerQ@mD && m<-2 && Mod@m,4D==0
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à xm CosB Π

2
b2 x2F FresnelS@b xD âx

� Derivation: Integration by parts special case

� Rule:

à x CosB Π

2
b2 x2F FresnelS@b xD âx �

SinA Π

2
b2 x2E FresnelS@b xD

Π b2
-

x

2 Π b
+

1

2 Π b
à CosAΠ b2 x2E âx

� Program code:

Int@x_*Cos@c_.*x_^2D*FresnelS@b_.*x_D,x_SymbolD :=

Sin@Pi�2*b^2*x^2D*FresnelS@b*xD�HPi*b^2L - x�H2*Pi*bL +

Dist@1�H2*Pi*bL,Int@Cos@Pi*b^2*x^2D,xDD �;
FreeQ@8b,c<,xD && ZeroQ@c-Pi�2*b^2D

Int@x_*Sin@c_.*x_^2D*FresnelC@b_.*x_D,x_SymbolD :=

-Cos@Pi�2*b^2*x^2D*FresnelC@b*xD�HPi*b^2L + x�H2*Pi*bL +

Dist@1�H2*Pi*bL,Int@Cos@Pi*b^2*x^2D,xDD �;
FreeQ@8b,c<,xD && ZeroQ@c-Pi�2*b^2D

� Derivation: Integration by parts

� Rule: If  m Î Z ì m > 1 ì Ø Hm mod 4 = 0L, then

à xm CosB Π

2
b2 x2F FresnelS@b xD âx �

xm-1 SinA Π

2
b2 x2E FresnelS@b xD

Π b2
-

xm

2 b m Π
+

1

2 Π b
à xm-1 CosAΠ b2 x2E âx -

m - 1

Π b2
à xm-2 SinB Π

2
b2 x2F FresnelS@b xD âx

� Program code:

Int@x_^m_*Cos@c_.*x_^2D*FresnelS@b_.*x_D,x_SymbolD :=

x^Hm-1L*Sin@Pi�2*b^2*x^2D*FresnelS@b*xD�HPi*b^2L - x^m�H2*b*m*PiL +

Dist@1�H2*Pi*bL,Int@x^Hm-1L*Cos@Pi*b^2*x^2D,xDD -

Dist@Hm-1L�HPi*b^2L,Int@x^Hm-2L*Sin@Pi�2*b^2*x^2D*FresnelS@b*xD,xDD �;
FreeQ@8b,c<,xD && ZeroQ@c-Pi�2*b^2D && IntegerQ@mD && m>1 && Not@Mod@m,4D==0D

Int@x_^m_*Sin@c_.*x_^2D*FresnelC@b_.*x_D,x_SymbolD :=

-x^Hm-1L*Cos@Pi�2*b^2*x^2D*FresnelC@b*xD�HPi*b^2L + x^m�H2*b*m*PiL +

Dist@1�H2*Pi*bL,Int@x^Hm-1L*Cos@Pi*b^2*x^2D,xDD +

Dist@Hm-1L�HPi*b^2L,Int@x^Hm-2L*Cos@Pi�2*b^2*x^2D*FresnelC@b*xD,xDD �;
FreeQ@8b,c<,xD && ZeroQ@c-Pi�2*b^2D && IntegerQ@mD && m>1 && Not@Mod@m,4D==0D
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� Derivation: Inverted integration by parts

� Rule: If  m Î Z ì m < -1 ì m mod 4 = 2, then

à xm CosB Π

2
b2 x2F FresnelS@b xD âx �

xm+1 CosA Π

2
b2 x2E FresnelS@b xD

m + 1
-

b

2 Hm + 1L à xm+1 SinAΠ b2 x2E âx +
Π b2

m + 1
à xm+2 SinB Π

2
b2 x2F FresnelS@b xD âx

� Program code:

Int@x_^m_*Cos@c_.*x_^2D*FresnelS@b_.*x_D,x_SymbolD :=

x^Hm+1L*Cos@Pi�2*b^2*x^2D*FresnelS@b*xD�Hm+1L -

Dist@b�H2*Hm+1LL,Int@x^Hm+1L*Sin@Pi*b^2*x^2D,xDD +

Dist@Pi*b^2�Hm+1L,Int@x^Hm+2L*Sin@Pi�2*b^2*x^2D*FresnelS@b*xD,xDD �;
FreeQ@8b,c<,xD && ZeroQ@c-Pi�2*b^2D && IntegerQ@mD && m<-1 && Mod@m,4D==2

Int@x_^m_*Sin@c_.*x_^2D*FresnelC@b_.*x_D,x_SymbolD :=

x^Hm+1L*Sin@Pi�2*b^2*x^2D*FresnelC@b*xD�Hm+1L -

Dist@b�H2*Hm+1LL,Int@x^Hm+1L*Sin@Pi*b^2*x^2D,xDD -

Dist@Pi*b^2�Hm+1L,Int@x^Hm+2L*Cos@Pi�2*b^2*x^2D*FresnelC@b*xD,xDD �;
FreeQ@8b,c<,xD && ZeroQ@c-Pi�2*b^2D && IntegerQ@mD && m<-1 && Mod@m,4D==2
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