
à ArcCosh@a + b xDn âx

� Reference: CRC 582', A&S 4.6.44

� Derivation: Integration by parts

� Rule:

à ArcCosh@a + b xD âx �
Ha + b xL ArcCosh@a + b xD

b
-

-1 + a + b x 1 + a + b x

b

� Program code:

Int@ArcCosh@a_.+b_.*x_D,x_SymbolD :=

Ha+b*xL*ArcCosh@a+b*xD�b - Sqrt@-1+a+b*xD*Sqrt@1+a+b*xD�b �;
FreeQ@8a,b<,xD

� Derivation: Iterated integration by parts

� Rule: If  n > 1, then

à ArcCosh@a + b xDn âx �
Ha + b xL ArcCosh@a + b xDn

b
-

n -1 + a + b x 1 + a + b x ArcCosh@a + b xDn-1

b
+ n Hn - 1L à ArcCosh@a + b xDn-2 âx

� Program code:

Int@ArcCosh@a_.+b_.*x_D^n_,x_SymbolD :=

Ha+b*xL*ArcCosh@a+b*xD^n�b -

n*Sqrt@-1+a+b*xD*Sqrt@1+a+b*xD*ArcCosh@a+b*xD^Hn-1L�b +

Dist@n*Hn-1L,Int@ArcCosh@a+b*xD^Hn-2L,xDD �;
FreeQ@8a,b<,xD && RationalQ@nD && n>1

Integration Rules for Inverse Hyperbolic Cosine Functions



� Derivation: Integration by substitution

� Basis: 1

ArcCosh@zD =
Sinh@ArcCosh@zDD

ArcCosh@zD ArcCosh¢@zD
� Rule:

à 1

ArcCosh@a + b xD âx �
SinhIntegral@ArcCosh@a + b xDD

b

� Program code:

IntA1�ArcCosh@a_.+b_.*x_D,x_SymbolE :=

SinhIntegral@ArcCosh@a+b*xDD�b �;
FreeQ@8a,b<,xD

� Derivation: Integration by substitution

� Basis: 1

ArcCosh@zD2 =
Sinh@ArcCosh@zDD

ArcCosh@zD2 ArcCosh¢@zD
� Rule:

à 1

ArcCosh@a + b xD2
âx � -

-1 + a + b x 1 + a + b x

b ArcCosh@a + b xD +
CoshIntegral@ArcCosh@a + b xDD

b

� Program code:

IntA1�ArcCosh@a_.+b_.*x_D^2,x_SymbolE :=

-Sqrt@-1+a+b*xD*Sqrt@1+a+b*xD�Hb*ArcCosh@a+b*xDL + CoshIntegral@ArcCosh@a+b*xDD�b �;
FreeQ@8a,b<,xD

� Derivation: Integration by substitution

� Basis: 1

ArcCosh@zD =
Sinh@ArcCosh@zDD

ArcCosh@zD ArcCosh¢@zD
� Rule:

á 1

ArcCosh@a + b xD âx � -

Π ErfB ArcCosh@a + b xD F
2 b

+

Π ErfiB ArcCosh@a + b xD F
2 b

� Program code:

IntA1�Sqrt@ArcCosh@a_.+b_.*x_DD,x_SymbolE :=

-Sqrt@PiD*Erf@Sqrt@ArcCosh@a+b*xDDD�H2*bL +

Sqrt@PiD*Erfi@Sqrt@ArcCosh@a+b*xDDD�H2*bL �;
FreeQ@8a,b<,xD
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� Derivation: Integration by parts

� Rule:

à ArcCosh@a + b xD âx �
Ha + b xL ArcCosh@a + b xD

b
-

Π ErfB ArcCosh@a + b xD F
4 b

-

Π ErfiB ArcCosh@a + b xD F
4 b

� Program code:

Int@Sqrt@ArcCosh@a_.+b_.*x_DD,x_SymbolD :=

Ha+b*xL*Sqrt@ArcCosh@a+b*xDD�b -

Sqrt@PiD*Erf@Sqrt@ArcCosh@a+b*xDDD�H4*bL -

Sqrt@PiD*Erfi@Sqrt@ArcCosh@a+b*xDDD�H4*bL �;
FreeQ@8a,b<,xD

� Derivation: Inverted iterated integration by parts

� Rule: If  n < -1 ì n ¹ -2, then

à ArcCosh@a + b xDn âx � -
Ha + b xL ArcCosh@a + b xDn+2

b Hn + 1L Hn + 2L +

-1 + a + b x 1 + a + b x ArcCosh@a + b xDn+1

b Hn + 1L +
1

Hn + 1L Hn + 2L à ArcCosh@a + b xDn+2 âx

� Program code:

Int@ArcCosh@a_.+b_.*x_D^n_,x_SymbolD :=

-Ha+b*xL*ArcCosh@a+b*xD^Hn+2L�Hb*Hn+1L*Hn+2LL +

Sqrt@-1+a+b*xD*Sqrt@1+a+b*xD*ArcCosh@a+b*xD^Hn+1L�Hb*Hn+1LL +

Dist@1�HHn+1L*Hn+2LL,Int@ArcCosh@a+b*xD^Hn+2L,xDD �;
FreeQ@8a,b<,xD && RationalQ@nD && n<-1 && n!=-2
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� Rule: If  n Ï Q ê -1 < n < 1, then

à ArcCosh@a + b xDn âx �

ArcCosh@a + b xDn Gamma@n + 1, -ArcCosh@a + b xDD
2 b H-ArcCosh@a + b xDLn

+
Gamma@n + 1, ArcCosh@a + b xDD

2 b

� Program code:

Int@ArcCosh@a_.+b_.*x_D^n_,x_SymbolD :=

ArcCosh@a+b*xD^n*Gamma@n+1,-ArcCosh@a+b*xDD�H2*b*H-ArcCosh@a+b*xDL^nL +

Gamma@n+1,ArcCosh@a+b*xDD�H2*bL �;
FreeQ@8a,b,n<,xD && HNot@RationalQ@nDD ÈÈ -1<n<1L
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à xm ArcCosh@a + b xD âx

� Reference: CRC 584, A&S 4.6.52

� Derivation: Integration by parts

� Rule: If  m + 1 ¹ 0, then

à xm ArcCosh@a + b xD âx �
xm+1 ArcCosh@a + b xD

m + 1
-

b

m + 1
à xm+1

-1 + a + b x 1 + a + b x
âx

� Program code:

Int@x_^m_.*ArcCosh@a_.+b_.*x_D,x_SymbolD :=

x^Hm+1L*ArcCosh@a+b*xD�Hm+1L -

Dist@b�Hm+1L,Int@x^Hm+1L�HSqrt@-1+a+b*xD*Sqrt@1+a+b*xDL,xDD �;
FreeQ@8a,b,m<,xD && NonzeroQ@m+1D
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à xm ArcCosh@a xDn âx

� Rule:

à x

ArcCosh@a xD âx � -
1

4 a2

Π

2
ErfB 2 ArcCosh@a xD F +

1

4 a2

Π

2
ErfiB 2 ArcCosh@a xD F

� Program code:

IntAx_�Sqrt@ArcCosh@a_.*x_DD,x_SymbolE :=

-Sqrt@Pi�2D*Erf@Sqrt@2D*Sqrt@ArcCosh@a*xDDD�H4*a^2L +

Sqrt@Pi�2D*Erfi@Sqrt@2D*Sqrt@ArcCosh@a*xDDD�H4*a^2L �;
FreeQ@a,xD

� Rule:

à x

ArcCosh@a xD3�2 âx �

-
2 x -1 + a x 1 + a x

a ArcCosh@a xD +
1

a2

Π

2
ErfB 2 ArcCosh@a xD F +

1

a2

Π

2
ErfiB 2 ArcCosh@a xD F

� Program code:

IntAx_�ArcCosh@a_.*x_D^H3�2L,x_SymbolE :=

-2*x*Sqrt@-1+a*xD*Sqrt@1+a*xD�Ha*Sqrt@ArcCosh@a*xDDL +

Sqrt@Pi�2D*Erf@Sqrt@2D*Sqrt@ArcCosh@a*xDDD�a^2 +

Sqrt@Pi�2D*Erfi@Sqrt@2D*Sqrt@ArcCosh@a*xDDD�a^2 �;
FreeQ@a,xD

� Rule: If  n > 1, then

à x ArcCosh@a xDn âx � -
n x -1 + a x 1 + a x ArcCosh@a xDn-1

4 a
-

ArcCosh@a xDn

4 a2
+
x2 ArcCosh@a xDn

2
+
n Hn - 1L

4
à x ArcCosh@a xDn-2 âx

� Program code:

Int@x_*ArcCosh@a_.*x_D^n_,x_SymbolD :=

-n*x*Sqrt@-1+a*xD*Sqrt@1+a*xD*ArcCosh@a*xD^Hn-1L�H4*aL -

ArcCosh@a*xD^n�H4*a^2L + x^2*ArcCosh@a*xD^n�2 +

Dist@n*Hn-1L�4,Int@x*ArcCosh@a*xD^Hn-2L,xDD �;
FreeQ@a,xD && RationalQ@nD && n>0
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� Rule: If  n < -1 ì n ¹ -2, then

à x ArcCosh@a xDn âx �
x -1 + a x 1 + a x ArcCosh@a xDn+1

a Hn + 1L +

ArcCosh@a xDn+2

a2 Hn + 1L Hn + 2L -
2 x2 ArcCosh@a xDn+2

Hn + 1L Hn + 2L +
4

Hn + 1L Hn + 2L à x ArcCosh@a xDn+2 âx

� Program code:

Int@x_*ArcCosh@a_.*x_D^n_,x_SymbolD :=

x*Sqrt@-1+a*xD*Sqrt@1+a*xD*ArcCosh@a*xD^Hn+1L�Ha*Hn+1LL +

ArcCosh@a*xD^Hn+2L�Ha^2*Hn+1L*Hn+2LL -

2*x^2*ArcCosh@a*xD^Hn+2L�HHn+1L*Hn+2LL +

Dist@4�HHn+1L*Hn+2LL,Int@x*ArcCosh@a*xD^Hn+2L,xDD �;
FreeQ@a,xD && RationalQ@nD && n<-1 && n¹-2

� Rule: If  n > 1, then

à ArcCosh@a xDn

x3
âx �

a n -1 + a x 1 + a x ArcCosh@a xDn-1

2 x
-

ArcCosh@a xDn

2 x2
-
a2 n Hn - 1L

2
à ArcCosh@a xDn-2

x
âx

� Program code:

IntAArcCosh@a_.*x_D^n_�x_^3,x_SymbolE :=

a*n*Sqrt@-1+a*xD*Sqrt@1+a*xD*ArcCosh@a*xD^Hn-1L�H2*xL -

ArcCosh@a*xD^n�H2*x^2L -

Dist@a^2*n*Hn-1L�2,Int@ArcCosh@a*xD^Hn-2L�x,xDD �;
FreeQ@a,xD && RationalQ@nD && n>1
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� Rule: If  m Î Z ì m < -3 ì n > 1, then

à xm ArcCosh@a xDn

âx �
a n xm+2 -1 + a x 1 + a x ArcCosh@a xDn-1

Hm + 1L Hm + 2L +

xm+1 ArcCosh@a xDn

Hm + 1L -
a2 Hm + 3L xm+3 ArcCosh@a xDn

Hm + 1L Hm + 2L +

a2 Hm + 3L2

Hm + 1L Hm + 2L à xm+2 ArcCosh@a xDn âx -
a2 n Hn - 1L

Hm + 1L Hm + 2L à xm+2 ArcCosh@a xDn-2 âx

� Program code:

Int@x_^m_*ArcCosh@a_.*x_D^n_,x_SymbolD :=

a*n*x^Hm+2L*Sqrt@-1+a*xD*Sqrt@1+a*xD*ArcCosh@a*xD^Hn-1L�HHm+1L*Hm+2LL +

x^Hm+1L*ArcCosh@a*xD^n�Hm+1L -

a^2*Hm+3L*x^Hm+3L*ArcCosh@a*xD^n�HHm+1L*Hm+2LL +

Dist@a^2*Hm+3L^2�HHm+1L*Hm+2LL,Int@x^Hm+2L*ArcCosh@a*xD^n,xDD -

Dist@a^2*n*Hn-1L�HHm+1L*Hm+2LL,Int@x^Hm+2L*ArcCosh@a*xD^Hn-2L,xDD �;
FreeQ@a,xD && IntegerQ@mD && RationalQ@nD && m<-3 && n>1

� Rule: If  m Î Z ì m > 1 ì n < -1 ì n ¹ -2, then

à xm ArcCosh@a xDn

âx �
xm -1 + a x 1 + a x ArcCosh@a xDn+1

a Hn + 1L +

m xm-1 ArcCosh@a xDn+2

a2 Hn + 1L Hn + 2L -
Hm + 1L xm+1 ArcCosh@a xDn+2

Hn + 1L Hn + 2L +

Hm + 1L2

Hn + 1L Hn + 2L à xm ArcCosh@a xDn+2 âx -
m Hm - 1L

a2 Hn + 1L Hn + 2L à xm-2 ArcCosh@a xDn+2 âx

� Program code:

Int@x_^m_*ArcCosh@a_.*x_D^n_,x_SymbolD :=

x^m*Sqrt@-1+a*xD*Sqrt@1+a*xD*ArcCosh@a*xD^Hn+1L�Ha*Hn+1LL +

m*x^Hm-1L*ArcCosh@a*xD^Hn+2L�Ha^2*Hn+1L*Hn+2LL -

Hm+1L*x^Hm+1L*ArcCosh@a*xD^Hn+2L�HHn+1L*Hn+2LL +

Dist@Hm+1L^2�HHn+1L*Hn+2LL,Int@x^m*ArcCosh@a*xD^Hn+2L,xDD -

Dist@m*Hm-1L�Ha^2*Hn+1L*Hn+2LL,Int@x^Hm-2L*ArcCosh@a*xD^Hn+2L,xDD �;
FreeQ@a,xD && IntegerQ@mD && RationalQ@nD && m>1 && n<-1 && n¹-2
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� Derivation: Integration by substitution

� Basis: ArcCosh@a xpDn
x

=
1

p
ArcCosh@a xpDn Tanh@ArcCosh@a xpDD ¶x ArcCosh@a xpD

� Rule: If  n Î Z ì n > 0, then

à ArcCosh@a xpDn

x
âx �

1

p
SubstBà xn Tanh@xD âx, x, ArcCosh@a xpDF

� Program code:

IntAArcCosh@a_.*x_^p_.D^n_.�x_,x_SymbolE :=

Dist@1�p,Subst@Int@x^n*Tanh@xD,xD,x,ArcCosh@a*x^pDDD �;
FreeQ@8a,p<,xD && IntegerQ@nD && n>0

� Derivation: Integration by parts and substitution

� Basis: If  m Î Z, x
m+1 ArcCosh@a xDn-1

-1+a x 1+a x
=

1

am+2
ArcCosh@a xDn-1 Cosh@ArcCosh@a xDDm+1 ¶x ArcCosh@a xD

� Rule: If  m Î Z ì m ¹ -1, then

à xm ArcCosh@a xDn âx �
xm+1 ArcCosh@a xDn

m + 1
-

n

am+1 Hm + 1L SubstBà xn-1 Cosh@xDm+1 âx, x, ArcCosh@a xDF

� Program code:

Int@x_^m_.*ArcCosh@a_.*x_D^n_,x_SymbolD :=

x^Hm+1L*ArcCosh@a*xD^n�Hm+1L -

Dist@n�Ha^Hm+1L*Hm+1LL,Subst@Int@x^Hn-1L*Cosh@xD^Hm+1L,xD,x,ArcCosh@a*xDDD �;
FreeQ@8a,n<,xD && IntegerQ@mD && m¹-1
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à Ha + b ArcCosh@c + d xDLn âx

� Derivation: Integration by substitution

� Basis: Ha + b ArcCosh@c + d xDLn =
1

d
Ha + b ArcCosh@c + d xDLn Sinh@ArcCosh@c + d xDD ¶x ArcCosh@c + d xD

� Rule: If  n Ï Z, then

à Ha + b ArcCosh@c + d xDLn âx �
1

d
SubstBà Ha + b xLn Sinh@xD âx, x, ArcCosh@c + d xDF

� Program code:

IntAIa_+b_.*ArcCosh@c_.+d_.*x_DM^n_,x_SymbolE :=

Dist@1�d,Subst@Int@Ha+b*xL^n*Sinh@xD,xD,x,ArcCosh@c+d*xDDD �;
FreeQ@8a,b,c,d<,xD && Not@IntegerQ@nDD
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à xm Ha + b ArcCosh@c + d xDLn âx

� Derivation: Integration by substitution

� Basis: If m Î Z,  xm Ha + b ArcCosh@c + d xDLn =

1

dm+1
Ha + b ArcCosh@c + d xDLn HCosh@ArcCosh@c + d xDD - cLm Sinh@ArcCosh@c + d xDD ¶x ArcCosh@c + d xD

� Rule: If  m Î Z ì n Ï Z ì m > 0, then

à xm Ha + b ArcCosh@c + d xDLn âx �
1

dm+1
SubstBà Ha + b xLn HCosh@xD - cLm Sinh@xD âx, x, ArcCosh@c + d xDF

� Program code:

IntAx_^m_.*Ia_+b_.*ArcCosh@c_.+d_.*x_DM^n_,x_SymbolE :=

Dist@1�d^Hm+1L,Subst@Int@Ha+b*xL^n*HCosh@xD-cL^m*Sinh@xD,xD,x,ArcCosh@c+d*xDDD �;
FreeQ@8a,b,c,d<,xD && IntegerQ@mD && Not@IntegerQ@nDD && m>0
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à u ArcCoshB c

a + b xn
Fm

âx

� Derivation:  Algebraic simplification

� Basis: ArcCosh@zD = ArcSechA 1

z
E

� Rule:

à u ArcCoshB c

a + b xn
Fm

âx � à u ArcSechBa
c

+
b xn

c
Fm

âx

� Program code:

IntAu_.*ArcCoshAc_.�Ia_.+b_.*x_^n_.ME^m_.,x_SymbolE :=

Int@u*ArcSech@a�c+b*x^n�cD^m,xD �;
FreeQ@8a,b,c,n,m<,xD
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à fc ArcCosh@a+b xD âx

� Rule: If  1 - c2 Log@fD2 ¹ 0, then

á fc ArcCosh@a+b xD âx �

a + b x - c -1+a+b x

1+a+b x
H1 + a + b xL Log@fD

b I1 - c2 Log@fD2M fc ArcCosh@a+b xD

� Program code:

IntAf_^Ic_.*ArcCosh@a_.+b_.*x_DM,x_SymbolE :=

Ha+b*x-c*Sqrt@H-1+a+b*xL�H1+a+b*xLD*H1+a+b*xL*Log@fDL�Hb*H1-c^2*Log@fD^2LL*

f^Hc*ArcCosh@a+b*xDL �;
FreeQ@8a,b,c,f<,xD && NonzeroQ@1-c^2*Log@fD^2D
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à ArcCosh@uD âx

� Derivation: Integration by parts

� Rule: If u is free of inverse functions, then

à ArcCosh@uD âx � x ArcCosh@uD - à x ¶xu

-1 + u 1 + u
âx

� Program code:

Int@ArcCosh@u_D,x_SymbolD :=

x*ArcCosh@uD -

Int@Regularize@x*D@u,xD�HSqrt@-1+uD*Sqrt@1+uDL,xD,xD �;
InverseFunctionFreeQ@u,xD && Not@FunctionOfExponentialOfLinear @u,xDD
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à xm ãn ArcCosh@uD âx

� Derivation: Algebraic simplification

� Basis: ãn ArcCosh@zD = Jz + -1 + z 1 + z Nn

� Basis: If n Î Z,  ãn ArcCosh@zD � z +
-1+z

1+z
+ z

-1+z

1+z

n

� Rule: If  n Î Z ì u is a polynomial in x, then

à ãn ArcCosh@uD âx � à Ju + -1 + u 1 + u Nn
âx

� Program code:

IntAE^In_.*ArcCosh@u_DM, x_SymbolE :=

Int@Hu+Sqrt@-1+uD*Sqrt@1+uDL^n,xD �;
IntegerQ@nD && PolynomialQ@u,xD

� Derivation: Algebraic simplification

� Basis: ãn ArcCosh@zD = Jz + -1 + z 1 + z Nn

� Rule: If  n Î Z ì u is a polynomial in x, then

à xm ãn ArcCosh@uD âx � à xm Ju + -1 + u 1 + u Nn
âx

� Program code:

IntAx_^m_.*E^In_.*ArcCosh@u_DM, x_SymbolE :=

Int@x^m*Hu+Sqrt@-1+uD*Sqrt@1+uDL^n,xD �;
RationalQ@mD && IntegerQ@nD && PolynomialQ@u,xD
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