Integration Rules for Rational Functions of Trinomials

1

a+bx+cx?

d X

m Reference: G&R 2.172.2, CRC 110a, A& S 3.3.17

= Derivation: Integration by substitution

. 1 2 1 b+2cx
.Bassabxcﬂ:_ Zax[ = ]
o \b2-4ac q_|_b2cx ] \b2-4ac
Vb2-4ac

m RuleIf b2-4ac > 0,then

1 2 b+2cx
—  _dx — ——ArcTanh[—

2
a+bx+cx \/b2—4ac \b2-4ac

= Program code:

Int [1/(a_+b_. *x_+c_. xx_"2), x_Synbol ] : =
Modul e [ {g=Rt [b"2-4xaxc, 2]},
-2xArcTanh [b/q+2xCcxXx/q]/q /;
Rational Q[g] || SgrtNumber Q[q] && Rational Q[b/q]] /;
FreeQ[{a, b, c}, x] && PosQ[b"2-4xaxcC]

Int [1/(a_+b_. *x_+c_. »x_"2), x_Synbol | : =
-2xArcTanh [ (b+2xc*x) /Rt [b"2-4xaxc, 2]]/Rt [b"2-4xaxcC, 2] /;
FreeQ[{a, b, c}, x] && PosQ[b"2-4xaxC]

m Reference: G&R 2.172.4, CRC 109, A& S3.3.16

= Derivation: Integration by substitution

: 1 2 1 b+2
-Bassabxcx2= Zax( +c><]
e V4ac-b? l+[ br2cx ] \ 4ac-b?
\ 4ac-b?

m Rulelf =~ (b2-4ac > 0),then

1 2 b+2cx
—zdlx — —ArcTan[—
a+tbx+cx \/4ac—b2 \4ac-b?

= Program code:

Int [1/(a_+b_. #x_+c_. #x_"2), x_Synbol | : =
Modul e [{g=Rt [4*axCc-b"2, 2]},
2xArcTan[b/q+2xCcxx/ql/q /;
Rational Q[g] || SgrtNumber Q[q] && Rational Q[b/q]] /;
FreeQ[{a, b, c}, x] && NegQ[b”"2-4xaxcC]
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Int [1/(a_+b_. #x_+c_. #x_"2), x_Synbol | : =
2xArcTan[ (b+2xc*x) /Rt [4*xaxC-b"2, 2]1]/Rt [4xaxCc-b"2, 2] /;
FreeQ[{a, b, c}, x] && NegQ[b"2-4xaxcC]
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(a+bx+cx2)ndlx

m Derivation: Algebraic simplification
2
m Bass If b2-4ac =0,thena+bz+cz?-= % (g+cz)

m Rulelfnez A b2-4ac =0,then

" 1 b 2n
J(a+bx+cx2) dx — TJ(—+CX) dx

c 2

m  Program code:

Int [ (a_+b_. #x_+c_. *x_"2)"~n_, x_Synbol | : =
Int [(b/2+Cc*xx)”" (2%n), X]/c”n /;
FreeQ[{a, b,c}, x] & IntegerQ[n] && ZeroQ[b"2-4xaxcC]

m Reference: G&R 2.171.3, GR5 2.263.3, CRC 113

m Ruelfnez An<-1Ab?-4ac #0,then

(b+2cx) (a+bx+cx2)™ 2¢ (2n+3
(a+bX+CX2)nd1X_> + ( + + ) _ cC(2n+3) j(a+bx+cx2)n+1dlx
(n+1) (b?2-4ac) (n+1) (b?2-4ac)

= Program code:

Int [ (a_+b_. #x_+c_. *x_"2)"n_, x_Synbol | : =

(b+2xC*X) *x (a+bxx+C*x"2)” (n+1) / ((N+1) x (b"2-4xaxC)) -

Di st [2xCx (2xn+3) / ((nN+1) x (b"2-4xaxc)), | nt [ (a+bxXx+Cc*x"2)” (n+1), Xx]1] /;
FreeQ[{a, b,c}, x] & IntegerQ[n] && n<-1 &% Nonzer oQ[b”"2-4xaxcC]
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d+ex
dXx
a+bx+cx?
m Reference: G&R 2.175.1, CRC 114
m Rulelf 2cd-be =0,then
d+ex elog[a-bx-cx?]
j—dx -
—a+bx+cx? 2c

= Program code:

Int [(d_. +e_. #x_)/(a_+b_. xx_+c_. #x_"2), x_Synbol | : =
exLog[-a-bxx-cxx"2]/ (2%C) /;
FreeQ[{a, b, c,d, e}, x] & ZeroQ[2xCcxd-bxe] && Negati veCoefficientQ[a]

m Reference: G&R 2.175.1, CRC 114

RuleiIf 2cd-be =0, then

_  _dx —
a+bx+cx? 2¢c

j d+ex elog[a+bx+cx?]

= Program code:

Int [(d_. +e_. #x_)/(a_+b_. xx_+c_. »x_"2), x_Synbol | : =
exLog [a+bxx+Cc*xx"2]/ (2%C) /;
FreeQ[{a, b, c,d, e}, x] & & ZeroQ[2xCcxd-b=xe]

m Reference: A& S3.3.19

m Rulelf Vb2-4ac ¢ /\ae2+cd2-bde¢0,then

dx — + dx

—a+bx+cx? 2c 2¢

j d+ex elLog[a-bx-cx?] 2cd-beJ~ 1

—a+bx+cx?

= Program code:

Int [(d_. +e_. #x_)/(a_+b_. »x_+c_. *x_"2), x_Synbol | : =

exLog[-a-bxx-c*x"2]/(2%xC) +

Di st [Sinplify[(2xcxd-bxe)/ (2xCc)], I nt [1/ (a+bxXx+C*x"2),Xx]] /;
FreeQ[{a, b,c,d, e}, x] & & Not [Rati onal Q[Rt [b”"2-4xaxc, 2]]] && NonzeroQ[axe’2+cxd*2-bxdxe] &&
Negat i veCoef fi ci ent Q[a]
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m Reference: A& S3.3.19

m Rulelf Vb2-4ac ¢0@ /\ae2+cd2-bde¢0,then

d+ex elogfa+bx+cx?’] 2cd-be
JH__________.dx — + Int[
a+bx+cx? 2c 2c

J

a+bx+cx?
m  Program code:

Int [(d_. +e_. »x_)/(a_+b_. »x_+c_. *x_"2), x_Synbol | : =
exLog[a+b*xX+C*Xx"2]/ (2%C) +
Di st [Sinplify[(2xcxd-bxe)/(2xCc)], I nt [1/ (a+bxXx+C*x"2),Xx]] /;
FreeQ[{a, b, c,d, e}, x] & Not [Rati onal Q[Rt [b"2-4xaxCc, 2]]] && Nonzer oQ[axe”2+cxd"2-bxdxe]
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J(d+ex)m(a+bx+cx2)nd1x

m Derivation: Algebraic simplification
m Bass If ae2-bde+cd?=0,thena+bx+cx2=(d+ex) (§+%)

m Rulelf ae?-bde+cd?=0 A n e zthen

m o\ N (& cxyn
(d +ex) (a+bx+cx) dx — | (d+ex) E+_ dx

m  Program code:

Int [(d_+e_. #x_)"m_. »(a_. +b_. #x_+C_. #x_"2)~n_., x_Synbol | : =
Int [ (d+exx)” (m+n) = (a/d+Cc/exx)n, X1 /;
FreeQ[{a, b,c,d, e, m}, x] & & ZeroQ[axe"2-bxdxe+c*xd"2] && | nteger Q[n]

Int [(d_+e_. #x_)"m_. »(a_+c_. »x_"2)"n_., x_Synbol | : =
Int [ (d+e*x)” (m+n) = (a/d+Cc/exx)"n, X1 /;
FreeQ[{a,c,d, e, m}, x] && ZeroQ[axe’2+c*d"2] && | nteger Q[n]

m Rulelf ae?2+cd?2=0 A m+2 (n+1) =0 A n ¢ Z then

e (d+ex)’“(a+cx2)n+l

J(d+ex)m(a+cx2)ndx —

2cd (n+1)

= Program code:
Int [(d_+e_. #x_)"m_(a_+c_. #x_"2)"n_, x_Synbol | : =

ex (d+exX) mk (a+C*X"2)" (N+1) / (2xCc*xdx (nN+1)) /;
FreeQ[{a,c,d,e, mn}, x] & ZeroQ[axe"2+Ccxd"2] && ZeroQ[m+2x (n+1)] && Not [I nt eger Q[n]]

m Rulelfae?2+cd?2=0 A m+n+1#0 A m+2 (n+1) #0 A m< -1 A n ¢ z then

J(d+ex)m(a+cx2)ndlx — -

e(d+ex)m(a+cx2)n+l m+2 (n+1)

+ j(d+ex)m*1 (a+cx2)nd1x
2cd (m+n+1) 2d (m+n+1)

= Program code:

Int [(d_+e_. #x_)"m_(a_+c_. #x_"2)"n_, x_Synbol | : =
—-e* (d+exX)"mk (a+C*xX"2) " (n+1) / (2*Cxd* (M:n+1)) +
Di st [ (m+2% (n+1))/ (2%xd* (men+1)), I nt [ (d+exXx)” (m1) % (a+C*Xx*2)"n, X]] /;

FreeQ[{a, c,d, e, n}, x] & ZeroQ[axe"2+cxd"2] && NonzeroQ[m+n+1] &% Nonzer oQ[M+2x (n+1l)] &&
Rati onal Q[m] &% nk-1 && Not [I nt eger Q[n]]
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m Reference G&R 2.174.2

Rulelf n<-1 Am+2n+1=0 A 2cd-be =0,then

e (@d+ex)™ (a+bx+cx2)" g2 .
( ) +—J-(d+ex)“2 (a+bx+cx2)n1d1x
c

J(d+ex)m(a+bx+cx2)ndlx —_ -

c (m-1)

= Program code:

Int [(d_. +e_. »x_)"m *(a_. +b_. #x_+C_. »x_"2)"n_, x_Synbol | : =
—ex (d+e*xx)" (m-1) » (a+bxx+Cc*x"2)" (n+1) / (Cx (M-1)) +
Di st [e”2/c, I nt [ (d+exXx)" (M-2) x (a+b*x+C*x"2)" (n+1), x]]1 /;
FreeQ[{a, b,c,d, e}, x] & Rational Q[{m n}] && n<-1 && ZeroQ[m+2xn+1] && ZeroQ[2xCcxd-bxe]

m Reference: G&R 2.174.1, CRC 119

Rulelf 2cd-be =0 A n+1 #0,then

e (a+bx+cx2)n+l

2c (n+1)

J(d+ex) (a+bx+cx2)nd1x —

Program code:

Int [(d_. +e_. »x_)*(a_. +b_. #x_+c_. »x_"2)"n_, x_Synbol | : =
ex (a+bxx+cxx"2)" (n+1) / (2xC* (N+1)) /;
FreeQ[{a, b,c,d, e, n}, x] & & ZeroQ[2xcxd-bxe] && NonzeroQ[n+1]

Reference: G&R 2.174.1, CRC 119

Rulelf n+1#0 A-(nez An>0) A2cd-be #0,then

e (a+bx+cx2)n+l 2¢d-be

J(d+eX) (a+bx+cx2)nd1x—> + J(a+bx+cx2)ndx

2c (n+1) 2c

Program code:

I nt [(d_. +e_. *x_)*(a_. +b_. #x_+C_. *x_"Z)"n_, x_Symnbol ] =
ex (a+bxx+Cc*xx"2)" (n+1) / (2%xC* (N+1)) +
Di st [ (2xcxd-bxe) / (2xC), | nt [ (a+bxX+C*Xx"2)"n, X]1] /;
FreeQ[{a, b,c,d, e, n}, x] & NonzeroQ[n+1] && Not [I ntegerQ[n] && n>0] && Nonzer oQ[2xC*d-b=xe]

Int [(d_+e_. #x_)=(a_. +c_. »x_"2)~n_, x_Synbol | : =
ex (a+C*X"2)M (n+1l) / (2%Cx (n+l)) +
Di st [d, Int [ (a+C*x*2)”n, x]] /;
FreeQ[{a, c,d, e, n}, x] & NonzeroQ[n+1] && Not [I nteger Q[n] && n>0]
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m Reference: G&R 2.174.1, CRC 119

m Rulelf m>1 Am+2n+1#20 A -(nezZ Anx2-1) A (min=0YV 2cd-be =0),then

J(d+ex)m(a+bx+cx2)nd1x —

e (d+ex)m! (a+bx+cx2)n+1 (ae?-bde+cd?) (m-1) .
- j(d+ex)”"2 (a+bx+cx?)" dx
c (Mm+2n+1) c (Mm+r2n+1)

= Program code:

Int [(d_. +e_. »x_)"m_*(a_. +b_. #x_+c_. »x_"2)"n_, x_Synbol | : =

ex (d+exx)™ (Mm-1) x (a+bxX+C*X"2)" (N+1) / (C* (Mr2xN+1)) -

Di st [ (a*xe"2-bxdxe+C*d"2) » (Mm-1) / (C* (M2xn+1) ), I nt [ (d+e*x)" (M-2) * (a+bxX+C*xX"2)"n, X]1] /;
FreeQ[{a, b,c,d, e,n}, x] & Rational Q[m && m>1 && NonzeroQ[m+2xn+1] && Not [|I ntegerQ[n] && nx-1] &&
(ZeroQ[m+n] || ZeroQ[2xCcxd-b=xe])

Int [(d_+e_. #x_)"m_ «(a_. +c_. #x_"2)"n_, x_Symbol | : =

—ex (d+exx)" (m-1) / (Cx (M-1) x (a+C*X"2)N (M-1)) +

Di st [ (a*xe”2+c*d"2) /c, I nt [ (d+e*x)" (Mm-2) / (a+C*x"2)"m x1] /;
FreeQ[{a,c,d, e, n}, x] & Rational Q[m] && m>1 && Zer oQ[m¥n]

m Reference: G&R 2.174.1, CRC 119

m Ruelfm>1 Am+«2n+1#20 A -~ (nez Anz-1) Aae’-bde+cd?=0,then

vJ*(d+ex)”‘(a+bx+cx2)ndlx —

e (d+ex)m™! (a+bx+cx2)n+l (2cd-be) (m+n)
+

J\(d+ex)m‘l (a+bx+cx2)ndlx
c (M+2n+1) c (M+2n+1)

= Program code:

Int [(d_. +e_. #x_)"m.. = (a_. +b_. xx_+c_. #x_"2)"n_, x_Synbol | : =

ex (d+exx)™ (Mm-1) x (a+bxX+C*X"2)" (N+1) / (C* (Mr2xN+1)) +

Di st [ (2xCxd-bxe) * (men) / (Cx (M+2xn+1)), I nt [ (d+exX)” (M-1) * (a+b*X+C*x"2)"n, x1] /;
FreeQ[{a, b,c,d, e,n}, x] & Rational Q[m && m>1 &% NonzeroQ[m+2xn+1] && Not [|I nteger Q[n] && n>=-1] &&
Zer oQ[axe2-bxdxe+cxd"2]

Int [(d_+e_. #x_)"m.. = (a_. +c_. #x_"2)"n_, x_Synbol | : =

ex (d+exx)™ (Mm-1) x (a+C*x"2)" (n+1) / (Cx (M2*xn+1)) +

Di st [2xCxd* (M+n) / (Cx (Me2xn+1)), I nt [ (d+exXx)” (M-1) x (a+C*Xx"2)"n, X111 /;
FreeQ[{a,c,d, e, n}, x] & Rational Q[m && nm>1 && NonzeroQ[m+2xn+1] && Not [I ntegerQ[n] && n>=-1] &&
ZeroQ[axe2+c*xd"2]
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m Reference: G& R 2.265c special case
m Rulelf méin+1#0 A m+2 (n+1) =0,then

. xm (bx+cx2)n+l
xm (bx+cx2) dx —

b (m+n+1)

= Program code:

Int [x_"m_«(b_. #x_+C_. #x_"2)"n_, x_Synbol | : =
XAk (bxX+C*x"2)" (n+1) / (bx (men+l)) /;
FreeQ[{b,c, mn}, x] & NonzeroQ[m:n+1] && Zer oQ[m2x (n+1) ]

m Reference: G& R 2.265¢

m Rulelf me«-1 Am+n+1#0 A -~ (nez A n=z-1),then

xM(bx+cx?)"™ ¢ (me2 (Nl
xm(bx+cx2)nd1x — ( ) - AU Jx”“l (bx+cx2)nd1x
b (m+rn+1) b (m+rn+1)

= Program code:

Int [x_"m_«(b_. #x_+C_. #x_"2)"n_, x_Synbol | : =
XAk (bxX+C*x"2)" (n+1) / (bx (men+l)) -
Di st [Cx (M2% (N+1)) / (b*x (Mn+1)), | nt [X™ (mk1) % (bxX+C*Xx"2)"n, X]1] /;
FreeQ[{b, c, n}, x] && Rational Q[m] && nx-1 && NonzeroQ[m+n+1] && Not [I nt eger Q[n] && nx=-1]

m Reference: G&R 2.176, CRC 123

m Rulelf mc<-1 A ae?-bde+cd?#0 A -(NezZ Anz-1) A m+2n+3=0,then

J(d+ex)m(a+bx+cx2)nd1x —

e (d+ex)ml (a+bx+cx2)n+1 . (2cd-be) (m+n+2) j(d+ex)m‘1 (a+bx+cx2)nd1x

(m+1) (ae?-bde+cd?) (m+1) (ae?-bde+cd?
= Program code:

Int [(d_. +e_. #x_)"m_«(a_+b_. #x_+c_. *x_"2)"n_, x_Synbol | : =

ex (d+exx)N (M+l) x (a+bxX+C*X"2)N (N+1) / ((M+1l) x (axe”2-bxdxe+cxd"2)) +

Di st [ (2xC*d-b%€) * (Mrn+2) / ((Mel) » (axe”2-bxdxe+c*d"2)), I nt [ (d+exx)" (Mkl) * (a+bxX+C*x*2)"n, X111 /;
FreeQ[{a, b,c,d, e,n}, x] & Rational Q[m] && nx-1 && NonzeroQ[axe”"2-bxdxe+c*xd"2] &&
Not [l nt eger Q[n] && n=-1] && Zer oQ[M+2xn+3]
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Int [(d_+e_. #x_)"m_(a_+c_. #x_"2)"n_, x_Synbol | : =

ex (d+exX )N (Mrl) * (a+C*X*2) N (N+1) / ((Mk1l) = (axe"2+Ccxd"2)) +

Di st [2xCxd*x (M+N+2) / ((M+1l) » (a*xe"2+C%d"2) ), I nt [ (d+exx)” (M+1) » (a+C*xx"2)"n, x]]1 /;
FreeQ[{a,c,d, e, n}, x] & Rational Q[m] && nkx-1 && NonzeroQ[axe’2+C*xd"2] &&
Not [I nt eger Q[n] && nx-1] && Zer oQ[mM+2xn+3]
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1

a+bx?+cx?

d X

= Derivation: Algebraic expansion

. _ a 1 B cq (q+x?) cq (9-x2)
= Bassletq = \' c +then a+bx2+c x* 2a (a+b x2+c x4) * 2a (a+b x2+c x4)

= Note: Although resulting integrands appear more complicated than the original one, they are of theform required for thefirst two rulesin the
next section.

m Rulelf b2-4ac#0 /\ §>0 /\ (b2—4ac<0 \/ (%eQ /\ - (b2-4ac >0))),Iaq=\/€,then

J* 1 cq q+ X2 cq q-x?

dXx — dXx + — —_ dX
a+bx2+cx? 2a J a+bx2+cx? 2a J a+bx2+cx?

= Program code:

Int [1/(a_+b_. #x_"2+c_. #x_"4), x_Synbol | : =
Modul e [{g=Rt [a/c, 2]},
Di st [c*xq/ (2%a), | nt [ (Q+Xx"2) / (a+b*Xx"2+C*Xx"4), x]] +
Di st [c*xq/ (2%a), | nt [ (-Xx"2) / (a+b*x"2+Cc*x"4), X]]1] /;
FreeQ[{a, b, c}, x] && NonzeroQ[b"2-4xaxc] && PosQ[a/c] &&
(Negati veQ[b”2-4xaxc] || Rational Q[asc] &% Not [PositiveQ[b"2-4xaxCc]])

m Derivation: Algebraic expansion

. a 1 cq (q+x2) cq (q-xz)
= BassLetq = \' Tc +then asbxZicx*  2a (a+b x2+c x*) T 2a (a+b x2+c x*)

= Note: Although resulting integrands appear mor e complicated than the original one, they are of the form required for thefirst two rulesin the
next section.

m Rulelf b2-4ac 0 /\ - (§>0) /\ (b2-4ac<0 \/ (%eQ/\—- (b2-4ac>0))),letq= ’-g , then

1 cq q + X2 cq q - x2
f A ax- 2

dx — - — dx

a+bx2+cx? 2a J a+bx?+cx? 2a J a+bx2+cx?

= Program code:

Int [1/(a_+b_. #x_"2+c_. #x_"4), x_Synbol | : =
Modul e [{g=Rt [-a/c, 2]},
-Di st [c*xq/ (2%a), I nt [ (Q+X"2) / (a+b*X"2+C*x"4), X]] -
Di st [c*xq/ (2%a), I nt [ (Q-X"2) / (a+bxXx"2+C*xx"4),Xx11] /;
FreeQ[{a, b, c}, x] && NonzeroQ[b"2-4xaxc] && NegQ[a/c] &&
(Negati veQ[b"2-4xaxc] || Rational Q[a/c] && Not [PositiveQ[br2-4xaxC]])
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d+ex?
dXx

a+bx?+cx?

= Note: Previously undiscovered rule?

m Rulelf b2-4ac#0 Acd2-ae?=0 /\ - (bd;#>0),then

d _bd+2ae X
d+ex? d ad
—ArcTanh[

dx —

a+bx2+cx? d-ex?
a _bd+2ae
ad

)

= Program code:

Int [(d_+e_. #x_"2)/(a_+b_. #x_"2+c_. #x_"4), x_Synbol | : =
d/ (axRt [- (bxd+2xaxe) / (axd), 2]) *ArcTanh [d*Rt [- (bxd+2xaxe) / (axd), 2] xx/ (d-e*x"2)] /;
FreeQ[{a, b,c, d, e}, x] & & NonzeroQ[b"2-4xaxCc] & ZeroQ[cxd*2-axe”2] && NegQ[ (bxd+2xaxe) / (axd) ]

= Note: Although thisrulewould produce superficially smpler antiderivativesthan the following rule, unfortunately they are discontinuous at the
pointsx = %andx = ‘%-

bd

= Rule If b2—4ac¢0/\cd2-ae2=0/\ *2dae > 0, then

a

d+ex? d aa ~
J— dx — —ArcTan[—]

a+bx2+cx? d-ex?
a bd+2ae
ad

= Program code:

(» Int [(d_+e_. #x_"2)/(a_+b_. xx_"2+c_. #x_"4), x_Synbol | : =
d/ (axRt [ (bxd+2xaxe) / (axd), 2]) xArcTan [dxRt [ (bxd+2xaxe) / (axd), 2] *x/ (d-e*x"2)] /;
FreeQ[{a, b, c,d, e}, x] & NonzeroQ[b”"2-4xaxCc] && ZeroQ[cxd"2-axe”2] && PosQ[ (bxd+2xaxe)/(axd)] =*)
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= Derivation: Algebraic expansion

" Basislfcdz—ae2=0,letq=%andr=\/2cq—bc,then drex? —_ i + i

a+b x2+c x* 2 (qg+r x+c x2) 2 (g-r x+c x2)

m Rulelf b2-4ac#0 Acd?-ae?=0,letq=2,if2cq-bc>0,letr =4/2cg-bc ,then

e
d+ex? e 1 e 1
J—dlx - —j—dx+—f—dlx
a+bx?+cx? 2Jg-rx+cx? 2Jqg+r x+cx?

= Program code:

Int [ (d_+e_. #x_"2)/(a_+b_. #x_"2+c_. #x_"4), x_Synbol | : =
Modul e [{g=Cc*d/e},
Modul e [{r =Rt [2xCc*q-b=*cC, 2]},
Di st [e/2,Int [1/(Q-r *X+C*X"2), X]] +
Di st [e/2,Int [1/ (g+r *X+C*x"2), X111 /;
Not [Negati veQ[2xCcxq-bxC]]] /;
FreeQ[{a, b,c,d, e}, x] & NonzeroQ[b”"2-4xaxc] && ZeroQ[cxd"2-axe”2] && PosQ[ (bxd+2xaxe) / (axd) ]

= Derivation: Algebraic expansion

. ' 2 cd+ae x2 cd-ae -x2
= Bass Letq = %,then d+e x - (qcd+ae) (q+ )+(q ) (a-x2)

a+b x2+c x4 2a (a+b x?+c x4) 2a (a+b x2+c x*)

= Note: Resulting integrandsare of the form of thefirst two rulesin this section.

= Rule If b2—4ac¢0/\cd2—ae2¢0/\ §>0/\ (b2—4ac<0\/ (%eQ/\- (b2—4ac>0))),letq=\/:j,then

J~ d+ex? 4 ch+aeJ* q + %2 4 ch—aeJ* q - x?2 4
-  dx — X + X
a+bx2+cx? 2a a+bx2+cxt 2a a+bx2+cxt

= Program code:

Int [(d_. +e_. #x_"2)/(a_+b_. #x_"2+c_. xx_"4), x_Symbol | : =

Mobdul e [{g=Rt [a/c, 2]},

Di st [ (qxCxd+axe) / (2%a), | nt [ (q+Xx"2) / (a+b*x"2+Cc*x"4), X]] +

Di st [ (qxCxd-axe) / (2%a), | nt [ (q-X"2) / (a+b*x"2+c*x"4),x]11] /;
FreeQ[{a, b,c,d, e}, x] & NonzeroQ[b"2-4xaxc] && Nonzer oQ[cxd"2-axe”2] && PosQ[a/c] &&
(Negati veQ[b”2-4xaxc] || Rational Q[asc] &% Not [PositiveQ[b"2-4xaxCc]])



Integration Rules for Rational Functions of Trinomials

= Derivation: Algebraic expansion

; 2 cd-ae x2 cd+ae _x2
» BassLetq=_[-2 then X __0 ) (a+x?)  (qcd+ae) (q-x?)
¢ a+b x2+c x4 2a (a+h x2+c x*) 2a (a+b x?+c x*)

= Note: Resultingintegrandsare of theform of thefirst two rulesin this section.

= Rule If b2—4ac¢0/\cd2—ae2¢0/\- (%>O) /\ (b2—4ac<0\/ (geQ/\- (b2—4ac>0))),letq= ’—g

then

J d+ex? 4 ch—aeJ* q + %2 4 ch+aeJ* q - x?2 4
—  dx — - X - X
a+bx2+cx? 2a a+bxZ+cx? 2a a+bx2+cxt

= Program code:

Int [(d_+e_. #x_"2)/(a_+b_. xx_"2+c_. #x_"4), x_Synbol | : =

Modul e[{g=Rt [-a/c, 2]},

Di st [-(g*Cxd-axe) / (2%a), | nt [ (q+X"2) / (a+b*x*2+Cc*x"4),Xx]] -

Di st [ (qxCxd+axe) / (2%a), | nt [ (q-X"2) / (a+b*x"2+c*x"4),x]11] /;
FreeQ[{a, b, c, d, e}, x] & & NonzeroQ[b"2-4xaxCc] &% NonzeroQ[cxd"2-axe”2] && NegQ[a/c] &&
(Negat i veQ[b”2-4xaxc] || Rational Q[a/c] && Not [PositiveQ[br2-4xaxc]])



Integration Rules for Rational Functions of Trinomials

a+bx"+cx2n

m Reference: G&R 2.161.1b?

= Derivation: Algebraic expansion

v2cq-bc ,then —~ -3 _r=cz 9 _recz

a+b z2+c z* 2ar qg-rz+cz? 2ar q+r z+cz?

m Rule If b2-4ac<0/\ gez/\n>2/\ac >0,leeqg=+ac,if2cg-bc>0,leir =42cqg-Dbc,then

1 q r -cxn/? q r +c xn/?2
a+bx"+cx2n 2ar Jg-rx"24cx" 2ar Jqger x2icxn

m Basis Letq=+vac andr

= Program code:

Int [1/(a_+b_. #x_"n_+c_. »x_"j _), x_Synmbol ] : =
Modul e [ {g=Rt [axc, 2]},
Modul e [{r =Rt [2xCc*xq-b=*cC, 2]},
Di st [q/ (2%axr), I nt [ (r-cxx*(n/2))/(g-r *x* (n/2) +c*x"n), x1] +
Di st [q/ (2%axr), I nt [ (r+C*x(n/2))/ (g+r *x* (n/2) +c*x"n), x11]1 /;

Not [Negati veQ[2xCcxq-bxCc]1]] /;

FreeQ[{a, b, c}, x] && NegativeQ[br2-4xaxCc] && ZeroQ[j -2xn] && I ntegerQ[n/2] && n>2 &&

Negat i veQ[b"2-4xaxc] && PosQ[axC]

m Reference G&R 2.161.1a

= Derivation: Algebraic expansion

L] BaS|SLetq= Vb2_4aC,then 1 =20 1 _20 1

a+b z+c z2 T b-q+2cz T b+q+2cz

= Rule If b2—4ac¢0/\nez/\n>1/\- (Eez/\b2—4ac<0/\ac>0),|etq=Vb2—4ac,then

2

iaXx » — [—dX - — | ———— dX

J~ 1 2cC 1 2cC 1
a+bx"+c x2n o} b-gq+2cx" q b+g+2cx"

= Program code:

Int [1/(a_+b_. #x_"n_+c_. »x_"j _), x_Synbol ] : =
Modul e [{g=Rt [b"2-4xaxc, 2]},
Di st [2xc/q, | nt [1/ (b-g+2%C*xXx"n), Xx]] -
Di st [2xc/q, | nt [1/ (b+g+2*C*xXx"n), x]1]] /;
FreeQ[{a, b, c}, x] && NonzeroQ[b"2-4xaxc] && ZeroQ[j -2xn] && I ntegerQ[n] && n>1 &&
Not [l nt eger Q[n/2] && NegativeQ[b"2-4xaxCc] &% PosQ[axC]]



Integration Rules for Rational Functions of Trinomials

d X

a+bx"+cx2n

m Reference: G&R 2.177.1, CRC 120

= Derivation: Algebraic expansion

; 1 1 1 x"1 (b+c x"
X (a+b x"+c x2") ax a a+bx"+c x2"

= Note: Although theresulting integrand appear s more complicated than the original one, it iseasily integrated by the substitution u = x".
m Rulelf b2-4ac#0 A - (n<0),then

1 Log[x] 1 rx"™1 (b+cx
f dx — ___j—dlx
x (a+bx"+cx2") a aJa+bx"+cx2n

= Program code:

Int[1/(x_*(a_+b_.*x_An_+c_.*x_Aj_)),x_SynboI] =
Log[x]/a - Dist [1/a,lnt [X"(n-1)=* (b+cxx"n)/ (a+b*xx*n+c*x”" (2%n)), x]1]1 /;
FreeQ[{a, b,c,n}, x] & NonzeroQ[b"2-4xaxc] && ZeroQ[j -2xn] && Not [NegativeQ[n]]

m Reference: G&R 2.176, CRC 123

= Derivation: Algebraic expansion

. m m men n
s Bass X =><__£>< (b+c x")

a+b x"+c x2" a a a+b x"+c x2"

m Rulelf b2-4ac#0 Amnez An>0 A m<-1,then

xm xm+l 1 ~x™ (b+cx")
j—dlx—» __f dx
a+bx"+cx2n a(m+1l) aJda+bx"+cx2n

= Program code:

Int [x_"m_/(a_+b_. #x_~n_+c_. #x_"j _), x_Synbol ] : =
XN (mel) / (a*x (mel)) -
Di st [1/a, | nt [X" (m+n) % (b+CxX”™n) / (a+bxX*n+CxX” (2%n) ), x1] /;
FreeQ[{a, b, c}, x] && NonzeroQ[b"2-4xaxc] && ZeroQ[j -2xn] && IntegersQ[m n] && n>0 && nk-1



Integration Rules for Rational Functions of Trinomials

m Reference: G&R 2.174.1, CRC 119

= Derivation: Algebraic expansion

. xm xm-2n 1 x™2n (a4p x"
m Bass, —M = —— - = (a+ )

a+b x"+c x2" c c a+bxMscx2"

m Rulelf b2-4ac#0 Am2nez A 0<2n < mthen

xm Xm—2n+l 1 Xm—2n (a+bxn)
j— ax — — _j ax
a+bx"+cx2n c(M-2n+1) ¢ J a+bx"+cx2n

= Program code:

Int [x_~m.. /(a_+b_. #x_"n_+c_. »x_"j _), x_Synbol ] : =
XN (mM-2xn+1) / (Cx (M-2xN+1)) -
Di st [1/c, | nt [X® (M-2%n) % (a+bxXx"n) / (a+b*x*n+Cc*xx" (2%n)), x1]1 /;
FreeQ[{a, b, c}, x] && NonzeroQ[b"2-4xaxc] && ZeroQ[j -2xn] && IntegersQ[m n] && 0<2xnsm

= Derivation: Algebraic expansion

» Bass Letq=+ac andr =v2cq-bc ,then —% == i - = 2

a+b z2+c 24 q-r z+c z? q+r z+c 2?

= Rulelf b2-4ac<0 A m gez/\1<%sm<2n/\00prin'eQ[m+1, ni /\ac>0,|etq=\/ac,if20q—bc>0,|et

r=42cq-bc,then
Xm—n/Z c Xm—n/2

xm c
R R
a+bx"+cx2n 2r Jg-r x"24+cx" 2r Jgar x"24cxn

= Program code:

Int [x_"m.. /(a_+b_. #x_"n_+c_. »x_"j _), x_Synbol | : =
Modul e [ {g=Rt [axc, 2]},
Modul e [ {r =Rt [2xcxq-b=*c, 2]},
Di st [c/ (2%r), I nt [X*(M-n/2) /(Q-TF *x" (n/2) +C*x"n), X]] -
Di st [c/ (2%r), | nt [X®(M-Nn/2) / (q+r *X* (n/2) +C*x"n), x11] /;
Not [Negati veQ[2xCcxq-bxCc]1]1] /;
FreeQ[{a, b, c}, x] && NegativeQ[br2-4xaxC] && ZeroQ[j -2xn] && | ntegersQ[m nn/2] &&
1<n/2<nx2xn && CoprimeQ[m+1l, n] && PosQ[axC]



Integration Rules for Rational Functions of Trinomials

m Reference G&R 2.161.1a

= Derivation: Algebraic expansion

u BassLetq: Vb2_4aC,then z" =2C zm _ 2c zm

a+b z+c z2 T b-q+2cz T b+q+2cz

m Rulelf b2-4ac#0 A m nez/\O<m<n/\CoprirreQ[m+1, nj /\- (gez/\b2-4ac<0/\ac>0),let
g=+Vb%-4ac , then

xm 2c xm 2c xm
j—dlx - —J—dlx——j—dlx
a+bx"+cx2n q b-g+2cx" q b+g+2cx"
= Program code:

Int [x_"m.. /(a_+b_. #x_"n_+c_. »x_"j _), x_Synbol | : =
Modul e [{g=Rt [b"2-4xaxc, 2]},
Di st [2xc/q, | nt [X*nV (b-g+2xCxXx"n), X]] -
Di st [2xc/q, | nt [X*mV (b+g+2*C*x"n), X111 /;
FreeQ[{a, b, c}, x] && NonzeroQ[b"2-4xaxc] &% ZeroQ[j -2xn] && IntegersQ[m nn] && 0<nxn &&
Copri meQ[m+1, n] && Not [I nt eger Q[n/2] && Negati veQ[b”2-4xaxc] && PosQ[axc]]

= Derivation: Algebraic expansion

» Bass Letq=+VbZ-4ac,then —2 - (1—9) =, (1+3) i

a+b z+c 22 q/ b-g+2cz q/ b+g+2cz

m Rulelf b2-4ac0 A m nez/\n<m<2n/\00prineQ[m+l, nj /\—- (%ez/\b2-4ac<0/\ac>0),let
g=+Vb2-4ac, then

Xm b Xm—n b Xm—n
J—dx—) 1--— J—dlx+ 1+ — ———C D
a+bx"+cx3?n q b-g+2cx" q b+g+2cx"
= Program code:

Int [x_"m_/(a_+b_. #x_"n_+c_. +x_"j _), x_Synbol | : =
Modul e [ {g=Rt [b"2-4xaxc, 2]},
Di st [1-b/qg, I nt [X? (M-n) / (b-g+2*C*Xx"n), X]] +
Di st [1+b/q, I nt [Xx* (Mm-n) / (b+g+2%xCc*x”n), x]]1] /;
FreeQ[{a, b, c}, x] & NonzeroQ[b"2-4xaxc] && ZeroQ[j -2xn] && IntegersQ[m n] && n<nk2xn &&
Copri meQ[m+1, n] && Not [I nteger Q[n/2] && Negati veQ[b”2-4xaxc] && PosQ[axc]]



Integration Rules for Rational Functions of Trinomials

d+ex"
d X

a+bx"+cx2n

= Derivation: Algebraic expansion

2cq—bc,then d+e z2 __c dr—(cd—eq)z+ c dr+(cd-eq) z

= Basis Letg=+ac andr

a+b z2+c z4 2qr q-r z+c z2 2qr q+r z+c 22
» Rulelf b2-4ac<0 /\ —ez/\n>2 /\ac >0,letq =+ac,if2cg-bc>0,letr =4/2cq-bc ,then
d+exn c dr - (cd-eq) x"/2 c dr + (cd-eq) x"2
J—dlx . f dx + f ax
a+bx"+cx2n 2qr g-r x"24cxn 2qr q+r X2 4c XN

= Program code:

Int [(d_. +e_. #x_"n_)/(a_+b_. #x_"n_+c_. *x_"j _), x_Synbol | : =
Modul e [ {g=Rt [axc, 2]},
Modul e [ {r =Rt [2xcxq-b=*cC, 2]},
Di st [c/ (2xqxr ), I nt [ (dxr - (cCxd-e*q) *x (N/2)) / (q-r *X* (N/2) +C*X*n), X]1] +
Di st [c/ (2xqxr ), I nt [ (dxr + (Cxd-e*q) *x" (N/2)) / (q+r *X* (N/2) +C*x*n), x11] /;
Not [Negati veQ[2xCcxq-bxCc]1]1] /;
FreeQ[{a, b,c,d, e}, x] & Negati veQ[b"2-4xaxc] && ZeroQ[j -2xn] && | ntegerQ[n/2] && n>2 && PosQ[axC]

m Reference: G&R 2.161.1a & G&R 2.161.3

= Derivation: Algebraic expansion

] BasisLetq:\/m,thend*L=(e+—2°d'be) 1 +(e_2°d-be) 1

a+b z+c 22 q b-q+2cz q b+q+2c z

m Rule If b2—4ac¢0/\nez/\n>1/\—- (gez/\b2—4ac<0/\ac>0),|etq=’\/b2—4ac,then

d+exn 2cd-be 1 2cd-be 1
J—dlx—» e+ J dx + |[e - J dx
a+bx"+cx2n [ q ] b-q+2cx" ( q ] b+gq+2cx"

= Program code:

Int [(d_. +e_. #»x_"n_)/(a_+b_. »x_"n_+c_. »x_"j _), x_Synbol | : =
Modul e [{g=Rt [b"2-4xaxc, 2]},
Di st [ (e+(2xcxd-bxe) /q), I nt [1/ (b-g+2*C*X"n), X]] +
Di st [ (e-(2xcxd-bxe) /q), I nt [1/ (b+g+2*C*X"n), x]1]] /;
FreeQ[{a, b, c,d, e}, x] & NonzeroQ[b"2-4xaxC] && ZeroQ[j -2xn] && I ntegerQ[n] && n>1 &&
Not [l nt eger Q[n/2] && NegativeQ[b"2-4xaxC] && PosQ[axC]]



Integration Rules for Rational Functions of Trinomials

XxM(d + e x"
(d+ )dlx

a+bx"+cx2n

= Derivation: Algebraic expansion

. n n-1 _ n
= Bass d+e x . - i_ix (bd ae+czdx)
X (a+b x"+c x2") ax E a+b x"+c x2"

= Note: Although resulting integrand appears more complicated than the original one, it iseasily integrated by the substitution u = x".

m RuleIf b2-4ac # 0,then

dx

d+ex" dLog[x] 1 rx"!'(bd-ae+cdx")
J‘ - —__J‘ dx
x (@a+bx"+cx?) a a

a+bx"+cx2n

= Program code:

I nt [(d_+e_. *x_"n_)/(x_* (a_+b_. *X_n_+C_. *X_"j _)), x_Synbol ] =
dxLog[x]/a - Dist [1/a,|nt [X"(n-1)* (bxd-axe+cxdxx"n) / (a+bxx*n+c*x" (2xn)), x1]1 /;
FreeQ[{a, b,c,d, e, n}, x] & & NonzeroQ[b"2-4xaxc] && Zer 0Q[j -2xn]

= Derivation: Algebraic expansion

x™ (d+e x") _ dxm 1 x™" (bd-ae+cdx")

= Basis

a+bx"+cx2" T a a a+b x"+c x20

= Note: Resultingintegrand hasthe sameform asthe original one so recursion can occur.

m Rulelf b2-4ac#0 Amnez An>0 A m<-1,then

dx

X —» — = —
a+bx"+cx2n a(m+l) a

J~xm(d+ex”) 4 d xm1 1J-xmm (bd-ae+cdx")

a+bx"+cx2n

= Program code:

Int [x_~m_«(d_+e_. #x_"n_)/(a_+b_. #x_"n_+c_. »x_"j _), x_Synbol | : =
d#*x” (Mel) / (a%x (Mel)) -
Di st [1/a, | nt [X" (m+n) x (bxd-axe+cxd*x"n) / (a+b*x n+c*x” (2xn)), x]1 /;
FreeQ[{a, b, c,d, e}, x] & NonzeroQ[b”"2-4xaxC] && ZeroQ[j -2xn] && IntegersQ[mn] && n>0 && nk-1



Integration Rules for Rational Functions of Trinomials

= Derivation: Algebraic expansion

x™ (d+e x") exm™n

x™" (ae+(be-cd)x")
a+b x"+c x2" c

a+b x"+c x2"

= Basis

1
T c
= Note: Resulting integrand hasthe sameform astheoriginal one so recursion can occur.

m Rulelf b2-4ac#0 Amnez A 0<n smthen

X > ——mM — — —
a+bx"+cx2n c(m-n+l1l) ¢

XM (d +ex") e xmn+1 1 rx™" (ae+ (be-cd)xM)
j—dl f dx

a+bx"+cx2n

= Program code:

Int [x_"m_. »(d_+e_. #x_"n_)/(a_+b_. #x_~n_+c_. #x_"j _), x_Synbol | : =
exX" (m-n+l) / (C* (M-n+l)) -
Di st [1/c, | nt [X" (Mm-n) = (a*e+ (bxe-cxd) *xx*n) / (a+b*x"n+Cc*X" (2xn)), X111 /;
FreeQ[{a, b, c,d, e}, x] & & NonzeroQ[b"2-4xaxCc] &% ZeroQ[j -2xn] && I ntegersQ[m n] && 0<nzm

= Derivation: Algebraic expansion

. 2 dr-(cd- dra(cd-
» Bass Letq=+ac andr =+/2cq-bc ,then 2z _ ¢ dr-€dedz ¢ grecdedz

a+b z2+c z4 2qr q-r z+c z? 2qr q+r z+c z?

m Rulelf b2-4ac<0 A m gez/\0<m<n/\CoprimaQ[m+l, nj /\ac>0,|etq=Vac,if20q—bc>0,|et

r=42cq-bc,then

x™ (d +e x") c xM(dr - (cd-eq) x"?) c xM(dr + (cd-eq)x"?)
j dx — j dx + j dx

a+bx"+cx2n 2qr g-r x"24¢xn 2qr

g+r x"24cxn

= Program code:

Int [x_"m_(d_+e_. #x_"n_)/(a_+b_. #x_"n_+c_. »x_"j _), x_Synbol | : =
Modul e [{g=Rt [a*c, 2]},
Modul e [{r =Rt [2xCc*q-b=*cC, 2]},
Di st [C/ (2%q*r ), | nt [X Mk (d*r - (Cxd-€e*(Q) *X (N/2)) / (q-r *X™ (N/2) +C*X"n), X]1] +
Di st [c/ (2%q=r ), | nt [X Mk (d*r + (Cxd-exq) *X™ (N/2)) / (q+r *X™ (n/2) +Cxx"n), X111 /;

Not [Negati veQ[2xCcxq-bxCc]]] /;

FreeQ[{a, b,c,d, e}, x] & NegativeQ[br2-4xaxc] &% ZeroQ[j -2xn] && I ntegersQ[mn/2] &&

0<mkn && Copri neQ[mM+1, n] &% PosQ[axcC]



Integration Rules for Rational Functions of Trinomials

= Derivation: Algebraic expansion

< BassLetq = VB -4ac , then 202 _ (o, 2000e) 21 (o 2edobe) ot

a+b z+c 22 q b-q+2cz q b+q+2cz

m Rulelf b2-4ac#0 A m nez/\O<m<n/\CoprirreQ[m+1, nj /\- (gez/\b2-4ac<0/\ac>0),let
g=+Vb?-4ac , then

XM (d +e x™) 2cd-be xm 2cd-be xm
f—dlx—» e+ J dx + |e - J dx
a+bx"+cx?n ( q ] b-g+2cx" ( q ] b+g+2cx"

= Program code:

Int [x_"m_. «(d_+e_. »x_"n_)/(a_+b_. »x_"n_+c_. #x_"j _), x_Synbol | : =
Modul e [{g=Rt [b"2-4xaxc, 2]},
Di st [ (e+ (2xcxd-bxe) /q), | nt [X*nV (b-q+2%C*x"n), X]] +
Di st [ (e-(2xcxd-b=xe) /q), | nt [X*mV/ (b+q+2*C*x”n), X111 /;
FreeQ[{a, b,c,d, e}, x] & NonzeroQ[b"2-4xaxC] &% ZeroQ[j -2xn] && I ntegersQ[m n] &&
0<nmkn && Copri neQ[m+1, n] &% Not [I ntegerQ[n/2] && NegativeQ[b"2-4xaxc] && PosQ[axC]]



Integration Rules for Rational Functions of Trinomials

(a+bx”+cx2”)pd1x

= Derivation: Algebraic simplification
= Bass|If b?-4ac=0thenasbz"+cz2" =1 (24c2n)’

m Rulelfn, pez An>1Ap<0Ab2-4ac =0,then

1 b 2p
j(a+bx"+cx2”)pd1x — _PJ.(_*.CX”) dx

c 2

= Program code:

Int [(a_+b_. #x_"n_+c_. »x_"j _)"p_, x_Synbol | : =
Di st [1/c”p, I nt [ (b/2+Cc*xx™n)" (2%xp), X1] /;
FreeQ[{a, b, c}, x] && ZeroQ[j -2xn] && IntegersQ[n, p] & & n>1 && p<0 && ZeroQ[b"2-4xaxC]

m Reference: G&R 2.161.5

= Note: G&R 2.161.4 isa special case of G& R 2.161.5.

= Note: Previously undiscovered rule?

m Ruelfnez An>1 Ap<-1Ab%-4ac #0,then

x (b2-2ac+bcx") (a+bx"+cx2n)P*
(a+bXn+CX2”)pd1x — - .
an (p+1) (b?-4ac)

1 +1

J(bZ—Zac+n (p+1) (b?-4ac)+bc (n(2p+3) +1) x") (a+bx"+cx2”)p dx

an (p+1) (b?-4ac)

= Program code:

Int [(a_+b_. #x_"n_+c_. »x_"j _)"p_, x_Synbol | : =
-X* (b"2-2xaxC+bxC*x"n) x (a+b*xx"n+Cc*xx"j )™ (p+1) / (axnx (p+1) » (b"2-4xaxCc)) +
Di st [1/ (a*xn* (p+1) * (br2-4xaxc)),
Int [ (bA2-2%xaxC+nx (P+1) x (b"2-4%xaxC) +b*xCx (N* (2xp+3) +1) *X*n) » (A+b*xx*n+CxXx”" (2%n) )" (p+1), x1]1 /;
FreeQ[{a, b, c}, x] && ZeroQ[j -2xn] && IntegerQ[n] && n>1 && Rational Q[p] && p<-1 &&
Nonzer oQ[b"2-4xaxcC]



Integration Rules for Rational Functions of Trinomials

xm (a+bx”+cx2”)pd1x

m Derivation: Algebraic simplification

2
m Basis If b2-4ac =0,thena+bz"+cz2" = % (g+cz”)

m Rulelfn, pezAn>1Ap<0ADb%2-4ac =0,then
b 1 b 2p
jxm(a+bx“+cx2”) dx — —pJ‘xm(E+cx”) dx
c

m  Program code:

Int [x_"m_. (a_+b_. *x_"n_+c_. #x_"j _)"p_, x_Synbol | : =
Di st [1/c”p, | nt [x mk (b/2+C*X"n)" (2%p), X1] /;
FreeQ[{a, b, c}, x] && ZeroQ[j -2xn] && IntegersQ[mn, p] & & n>1 && p<0 && Zer oQ[b"2-4xaxc]

= Derivation: Trinomial recurrence2withd = 0ande =1

m Rulelf b2-4ac#0 Amnez A 0<n smthen
. X™2041 (g4 b xN 4 x2n) P
xm(a+bx“+cx2”) dx —s -

cC(2np+m+1)

1

JXWZH (@mMm-2n+1)+ (b (np-n+m+1)) x") (a+bxn+cx2n)pd1x
c(2np+m+l)

= Program code:

Int [x_"m_. *(a_+b_. »x_"n_. +c_. »x_"j _)"p_., x_Synbol | : =
XN (M-2xn+1) % (@+b*x n+Cc*xx” (2xn) )~ (p+1) / (Cx (2*n*p+mrl)) -
Di st [1/ (C* (2xn*p+mk1)),
I nt [XA (M-2%n) *Si M[ax (M-2%n+1) + (bx (N*p-n+mr1)) xx N, X] % (a+bxx n+Cc*x” (2%n) )" p, X111 /;
FreeQ[{a, b,c, p}, x] && NonzeroQ[b"2-4xaxc] && ZeroQ[j -2xn] && IntegersQ[m n] && O<n=m



Integration Rules for Rational Functions of Trinomials

m Reference: G& R 2.160.1 special case
m Ruelfmnez Am<-L An>0 A m+n(p+1)+1=0A -(pez A p>0),then

+ —

xm(a+bx”+cx2“)pdlx —
a (m+1) a

Ml (g 4bx"+cx2n)Pt
™ (a i ) ijm*z“(a+bx”+cx2“)pdlx

= Program code:
Int [x_"m_(a_+b_. #x_"n_. +c_. *x_"j _. ) p_, x_Synbol | : =
XN (mel) * (a+b*x n+CxXx"j )™ (p+1) / (a* (m+l)) +

Di st [c/a, I nt [X® (M+2%N) * (a+bxx"n+C*x"j )" p, x1] /;
FreeQ[{a, b, c, p}, x] && ZeroQ[j -2xn] && IntegersQ[mn] && nk-1 && n>0 && ZeroQ[mknx (p+1l)+1] &&

Not [I nt eger Q[p] && p>0]

m Reference: G& R 2.160.1 special case
m Ruelfmnez Am<-1 An>0 A m+2n (p+1)+1=0A -~ (pez A p>0),then

) Xl (a+bx“+cx2“)'D+l b .
xm(a+bx”+cx2“) dx — - — | xmn (a+bx”+cx2“) dx
a (m+1) 2a

= Program code:
Int [x_"m_ (a_+b_. #x_"n_. +c_. *x_"j _. ) p_, x_Synbol | : =
XN (mel) * (a+b*x n+CxXx"j )™ (p+1) / (a* (mkl)) -

Di st [b/ (2%a), | nt [X™ (M+N) * (a+b*xX*n+CxX"j ) p, X111 /;
FreeQ[{a, b, c, p}, x] && ZeroQ[j -2xn] && IntegersQ[mn] && nk-1 && n>0 && ZeroQ[m+2xnx (p+1)+1] &&

Not [I nt eger Q[p] && p>0]

= Derivation: Integration by substitution

1 [(de)é%]axxml

= Bass If % €z thenx™f [x"] = —f
» Rulelf b2-4ac#0 A m+«1#0 A p, %ez/\—-(m+1<0) /\p<0,then

n 2n, P
Subst [J-(a+bxm+cxm) dx, X, xm*l]

J-xm(a+bx”+cx2”)pd1x —
m+1

= Program code:

Int [x_"m_. *(a_+b_. »x_"n_+c_. *x_"j _)"p_, x_Synbol | : =
Di st [1/ (m1), Subst [I nt [ (a+b*x" (n/ (m+1)) +C*x” (2xn/ (M+1)) ) p, X1, X, XA (Mm1) 1] /;
FreeQ[{a, b,c, m n}, x] && NonzeroQ[b"2-4xaxC] && ZeroQ[j -2xn] && Nonzer oQ[m+1l] &&

I nt eger sQ[p, n/ (m+1)] && Not [NegativeQ[m+1]] && p<0



Integration Rules for Rational Functions of Trinomials

= Derivation: Integration by substitution

m1
= Basis If '“*Tl € z,thenx™f [x"] = = (x") 7 M f [x"] B,x"

m+1 Log[x"]
n

= Note: Requirement that - > 0 ensuresLog [x] rather than occursin the antiderivative.

m Rulelf b2-4ac#0 A p, ”“Tlez/\n¢1/\—-(n<0) /\p<0/\ (”“T1>0\/mez),then

1 e
jxm (a+bx”+cx2”)pd1x — — Subst [Jle‘l (a+bx+cx2)pd1x, X, x”]
n

Int [x_"m_. #(a_+b_. «x_"n_+c_. *x_"j _)"p_, x_Synbol | : =
Di st [1/n, Subst [I nt [x" ((M+1) /n-1) x (a+b*x+C*x"2)"p, x], X, X *n]] /;

FreeQ[{a, b,c, m n}, x] & & NonzeroQ[b"2-4xaxc] && ZeroQ[j -2xn] && I ntegersQ[p, (Mm+l)/n] &&
Not [NegativeQ[n]] && p<0 && ((m+1)/n>0 || Not [I nteger Q[m]])

= Derivation: Integration by substitution

m Rulelf b2-4ac#0 Am+1#0 An#l1 A mn, pez/\-CoprirreQ[m+l, nj /\p<0/\ "“T1>O,Iet
g = GCD[mM+ 1, n],then

1 mel n 2ny P
jxm(a+bx”+cx2“)pdx — — Subst [ij'l (a+bx5+ch) dx, X, xg]
g

= Program code:

Int [x_"m_. *(a_+b_. »x_"n_+c_. *x_"j _)"p_, x_Synbol | : =
Modul e [ {g=GCD[m+1, n]},
Di st [1/g, Subst [I nt [x* ((M+1) /g-1) » (a+b*Xx” (n/g) +C*X" (2xn/Qg) ) p, X1, X, x*g11]1 /;
FreeQ[{a, b,c, m n}, x] && NonzeroQ[b"2-4xaxC] && ZeroQ[j -2xn] && Nonzer oQ[m+1l] &&
I ntegersQ[mn, p] &% Not [Copri meQ[m+1,n]] && p<0 && (m+1l)/n>0



Integration Rules for Rational Functions of Trinomials

J-(d+ex”) (a+bx”+cx2”)pd1x

m Derivation: Algebraic simplification
2
m Bass If b2-4ac =0,thena+bz"+cz2" = % (g+cz”)

m Rulelfn, pezAn>1Ap<0ADb%2-4ac =0,then

1 b 2p
J(d+ex“) (a+bx"+cx2”)pdlx — —pJ(d+ex”) (E+an] dx
c

m  Program code:

Int [(d_. +e_. #x_"n_)«(a_+b_. #x_"n_+c_. »x_"j _)"p_, x_Symbol | : =
Di st [1/c”p, | nt [ (d+exx*n) x (b/2+C*xXx"n)" (2xp), X1] /;
FreeQ[{a, b, c,d, e}, x] & ZeroQ[j -2xn] && I ntegersQ[n, p] & n>1 && p<0 && ZeroQ[b"2-4xaxcC]

= Note: Previously undiscovered rule?
= Note: Sincetheresultingintegrand hasthe sameform asthe original one, recursion can occur.
m Ruelfnez An>1 Ap<-1Ab%-4ac #0,then

j(d+ex”) (a+bx”+cx2“)pd1x —

x (abe-b?d+2acd+c (2ae-bd) x")

1
(a+bx"+cx2" Prl_ .
an(p+1) (b?-4ac) an(p+1) (b?-4ac)

j(abe-b2d+2acd-dn (p+1) (b>-4ac)+c (2ae-bd) (n (2p+3) +1) x") (a+bx”+cx2”)p+ld1x

= Program code:

Int [(d_. +e_. »x_"n_)*(a_+b_. »x_"n_+c_. #x_"j _)"p_, x_Symbol | : =
X* (axbxe-b"2xd+2xa*Cxd+Cx (2xaxe-bxd) *xx*n) » (a+b*x n+c*xx” (2xn) )" (p+1) / (a*n* (p+1) = (b"2-4xaxc)) -
Di st [1/ (a*xn* (p+1) * (br2-4xaxc)),
Int [ (axbxe-br"2xd+2xaxCxd-dxnx (p+1l) x (b"2-4%xaxC) +C* (2xaxe-bxd) x (Nx (2xp+3) +1) *x*n) »
(a+bxxn+cxx” (2xn) )~ (p+1), x11 /;
FreeQ[{a, b, c,d, e}, x] & ZeroQ[j -2xn] && I ntegerQ[n] & n>1 && Rational Q[p] && p<-1 &&
Nonzer oQ[b”2-4xaxcC]



Integration Rules for Rational Functions of Trinomials

XM (d + e x") (a+bx”+cx2”)pd1x

= Derivation: Trinomial recurrence2

m Rulelf b2-4ac#0 Amnez A 0<n smthen

1
) ex™™! (a+bx"+cx2n)?
xM(d+ex") (a+bx"+cx?") dx — -

C2np+n+m+1l)

1
P ax

jx””‘ (ae (m-n+1)+ (be (np+m+l) -cd (2np+n+m+1)) x") (a+bx"+cx?")
cC(2np+n+m+1l)

= Program code:

Int [x_"m_. «(d_+e_. »x_"n_. ) (a_+b_. #x_"n_. +c_. #x_"j _)"p_., x_Synbol | : =
exX™ (Mm-Nn+1l) x (a+b*xx*n+c*x” (2xn) ) (p+1) / (C* (2*N*xp+N+mel)) -
Di st [1/(Cx (2xn*p+n+mr1l)),
Int [X"(Mm-n) *Si m[axex (M-N+1) + (bxex (N*p+mk1l) -Cxd* (2xN*xp+n+M1) ) xx*n, X] * (a+b*X N+C*xX" (2xn) )" p, x1] /
FreeQ[{a, b,c,d, e, p}, x] & & NonzeroQ[b"2-4xaxCc] && ZeroQ[j -2xn] && IntegersQ[m n] && O0<nsm

= Derivation: Integration by substitution

= Basis If % € Z, then x™f [x"] = %f [(xm’l)%] By X1

m Rulelf b2-4ac#0 A m+1#0 A p, %ez/\—.(m+1<0) /\p<0,then

2n

Subst [J-(d+ex%) (a+bx%+cxm)pdlx, X, x”‘*l]

J-xm(d+ex”) (a+bx”+cx2")pd1x —
m+1

= Program code:

Int [x_"m_. *(d_+e_. xx_"n_)*(a_+b_. #x_"n_+c_. *x_"j _)"p_, x_Synbol | : =

Di st [1/ (m1), Subst [I nt [ (d+e*x" (n/ (m1))) * (@a+bxx™ (n/ (M+l) ) +CxX™ (2xn/ (Mel) ) ) p, X1, X, X (k1) 1] /;
FreeQ[{a, b,c,d, e, mn}, x] & NonzeroQ[b"2-4xaxc] && ZeroQ[j -2xn] && Nonzer oQ[mM+1l] &&

I nt egersQ[p, n/ (m+1)] && Not [NegativeQ[m+1]] && p<O0



Integration Rules for Rational Functions of Trinomials

= Derivation: Integration by substitution

m1
= Basis If '“*Tl € z,thenx™f [x"] = = (x") 7 M f [x"] B,x"

m+1 Log[x"]
n

= Note: Requirement that - > 0 ensuresLog [x] rather than occursin the antiderivative.

m Rulelf b2-4ac#0 A p, ”“Tlez/\n¢1/\—-(n<0) /\p<0/\ (”“T1>0\/mez),then

1 -
jxm (d+ex") (a+bx”+cx2”)pd1x — — Subst [J S (d +e x) (a+bx+cx2)pd1x, X, x”]
n

= Program code:

Int [x_"m_. *(d_+e_. #x_"n_)*(a_+b_. »x_"n_+c_. *x_"j _)"p_, x_Synbol | : =
Di st [1/n, Subst [I nt [x* ((M+1) /n-1) x (d+e*X) * (a+bxX+C*X"2)"p, X1, X, X nl] /;

FreeQ[{a, b,c,d, e, mn}, x] & NonzeroQ[b"2-4xaxc] && ZeroQ[j -2xn] && | ntegersQ[p, (m:l)/n] &&
Not [NegativeQ[n]] && p<0 && ((mk1)/n>0 || Not [l nteger Q[m]])

= Derivation: Integration by substitution

m Rulelf b2-4ac#0 Am+1#0 An#1 A mn, pez/\-OoprimaQ[m+1, nj /\p<0 m+Tl>0,let
g = GCD[m+ 1, n],then
p 1 LI n n 20\ P
jxm(d+ex") (a+bx"+cx*")"dx — — Subst [jx v (d+exs) (a+bxs +cxg) dx, X, xg]
g

= Program code:

Int [x_"m_. #(d_+e_. »x_"n_)(a_+b_. »x_"n_+c_. *x_"j _)"p_, x_Synbol | : =

Modul e [ {g=CCD[m+1, n]},

Di st [1/g, Subst [l nt [X" ((m+1) /g-1) * (d+exXx" (n/Q) ) * (a+b*X" (n/g) +C*X" (2%*n/Qg) ) "p, X1, X, X 9111 /;
FreeQ[{a, b,c,d, e, mn}, x] & NonzeroQ[b"2-4xaxc] && ZeroQ[j -2xn] && Nonzer oQ[mM+1l] &&

I nt egersQ[m n, p] && Not [Copri meQ[m+1,n]] && p<0 && (m+1)/n>0



Integration Rules for Rational Functions of Trinomials

a+bx"
dXx

c+dxZ+ex"+f x2n

= Note: Previously undiscovered rule?

» RuleIf b2c-a2f (n-1)2=0 A be+2af (n-1) =0 A cd > 0, then

a+bx" a a(n-1)+ycd x
J dx — ArcTan[ ]
c+dxZ+exM+f x2n Acd c(a(n-1) -bx"

= Program code:

Int [ (a_+b_. #x_"n_)/(c_+d_. #x_"2+e_. »x_"n_+f _. «x_"j_), x_Synbol | : =
a/Rt [c*d, 2]*ArcTan [ (n-1) *axRt [c*d, 2] *X/ (C* (a* (n-1) -bxx"*n)) ] /;

FreeQ[{a, b,c,d, e, f,n}, x] & ZeroQ[j -2xn] &&

Zer oQ[b"2xc-an2xf x (N-1)"2] && ZeroQ[bxe+2xaxf x(n-1)] && PosQ[c=xd]

= Note: Previously undiscovered rule?

= RuleIf b2c-a%2f (n-1)2=0 A be+2af (n-1) =0 A -~ (cd > 0),then

a+bxn a a(m-1)+-cd x
dx — ——— ArcTanh
-J-c+dx2+ex”+fx2n _cd [c(a(n-l)-bx“)]

= Program code:

Int[(a_+b_.*x_An_)/(c_+d_.*x_A2+e_.*x_An_+f_.*x_Aj_), x_SynboI] =
a/Rt [-cxd, 2] *ArcTanh [a* (n-1) *Rt [-cxd, 2] *X/ (C* (ax (n-1) -b*x"n))] /;

FreeQ[{a, b,c,d, e, f,n}, x] & ZeroQ[j -2xn] &&
Zer oQ[b”r2xc-an2xf x (N-1)"2] && ZeroQ[bxe+2xaxf x (n-1)] && NegQ[c=*d]



Integration Rules for Rational Functions of Trinomials

xM (a + b x")
c+dx2 (M) L axnif x2n

d X

= Note: Previously undiscovered rule?
m RuleIf a2f (m-n+1)2-b2c (M+1)?=0 A be (m+1) -2af (m-n+1) =0 A cd > 0,then

a a(m-n+1)+vcd xm™!

XM (a+bxM
J dx — —ArcTan[
c+dx2(ml) yoxny4f x2n (m+1) Acd c(@a(m-n+1)+b (m+1) x")

= Program code:

Int [x_"m_. #(a_+b_. #x_"n_. ) /(c_+d_. #x_"k_. +e_. #x_"n_. +f _. #x_"j _), x_Synbol | : =
axArcTan [ax (Mm-n+1) xRt [C*d, 2] *X™ (k1) / (C* (a* (M-N+1) +b* (M+1) *x~n)) ]/ ((M+1) xRt [cxd, 2]) /;

FreeQ[{a, b,c,d, e, f,mn}, x] & ZeroQ[j -2xn] && Zer oQ[k-2x (m+1)] &&
Zer oQ[an2xf » (m-n+1)"2-b"2xCx (M+1)"2] && ZeroQ[bxex (Mkl) -2xaxf » (m-n+1)] && PosQ[cxd]

= Note: Previously undiscovered rule?

m RuleIf a2f (m-n+1)2-b2c (M+1)2=0 A be (m+l)-2af (m-n+1) =0 A - (cd > 0),then

XM (a + b x") a a(m-n+1)+4-cd xm™!
j dx — —ArcTanh[ ]
c+dx2(MD 4 exn4f x2N (m+1) v -cd c(a(m-n+1) +b (m+1) x")

= Program code:

I nt [x_"m_. *(a_+b_. *X_"n_. )/(C_+d_. *X_MK_.+e_xx_Mn_. o +f L xx_Nj _), x_Synbol ] =

axArcTanh [a* (m-n+1) *Rt [-C*d, 2] *X™ (M+1) / (C* (ax (M-N+1) +bx (M:1) *x”n)) 1/ ((m:l) xRt [-Cc=*d, 2]) /;
FreeQ[{a, b,c,d, e, f,mn}, x] & & ZeroQ[j -2xn] && Zer oQ[k-2x (m+1)] &&
ZeroQ[ar2xf » (m-n+1)"2-b"2xc» (M+1)"2] && Zer oQ[bxex (mrl) -2xaxf x (m-n+1)] && NegQ[c=*d]



Integration Rules for Rational Functions of Trinomials

d+ex +f x%2+gx3
dx

a+bx+cx?2+bx3+ax?

m Derivation: Algebraic expansion

m Bass If g=+V8a?+b%-4ac,then a+bx+cx2+bx3+ax4=a(1+%+x2) (l+ (b;qa)x +X2)

= Bass If q= 8a2+b2—4ac then d+e x+f x2+g x3 _ bd-2ae+2ag+dq+(2ad-2af+bg+gq) x _ bd-2ae+2ag-dg+(2ad-2af+bg-gq) x
= s =

a+b x+c x2+b x3+a x4 q (2 a+ (b+q) x+2ax?) q (2a+(b-q) x+2ax?)

m Rulelf 8a2+b2-4ac > 0,then

drex+f x2+gx3 1 rbd-2ae+2ag+dqg+(2ad-2af +bg+gq) x
J. dx — —j dx -
a+bx+cx2+bx3+ax? q 2a+ (b+qg) x+2ax?
1J-bd-Zae+2ag—dq+(2ad—2af+bg-gq)xd1
- X
q 2a+ (b-q) x+2ax?

= Program code:

I nt [(d_. +€_. xX_+f . *X_"2+g_. *x_"3)/(a_+b_. *X_+C_. *X_"2+b_. xx_"3+a_. *X_"4), x_Synbol ] =
Modul e[ {gq=Sqrt [8xa”2+b"2-4xaxC]},
Di st [1/q, I nt [ (bxd-2xaxe+2xaxg+dxq+ (2xa*xd-2xaxf +bxg+g*q) *X) / (2%a+ (b+Q) *x+2*xaxx"2), x]] -
Di st [1/q, I nt [ (bxd-2xaxe+2xaxg-dxq+ (2xa*xd-2xaxf +bxg-g*q) xx) / (2%a+ (b-q) *x+2*xaxx"2), x11]1 /;
FreeQ[{a, b,c,d, e, f, g}, x] & & PosQ[8xa’2+b"2-4xaxcC]

= Derivation: Algebraic expansion

Basis: If g = V8a2 -}.b2 -4 ac ,then d+e x+g x* - bd-2ae+2ag+dg+(2ad+bg+gq) x _ bd-2ae+2ag-dg+(2ad+bg-gq) x

a+b x+c x2+b x3+a x4 q (2 a+ (b+q) x+2ax?) q (2a+(b-q) x+2ax?)

Rule If 8a2+b2-4ac > 0,then

d+ex+gx3 1 rbd-2ae+2ag+dq+ (2ad+bg+gQq) x
J dx — —J dx -
a+bx+cx?+bx3+ax? q 2a+(b+q)x+2ax?
lJ~bd-2ae+2ag—dq+(2<’:10|+bg—QQ)Xdl
— X
q 2a+(b-qg)x+2ax?

= Program code:

I nt [(d_. +€_. *X_+0_. *x_"3)/(a_+b_. *X_+C_. *X_"2+b_. xx_"3+a_. *X_"4), Xx_Synbol ] =
Modul e[ {g=Sqrt [8xa”"2+b"2-4xaxC]},
Di st [1/q, I nt [ (bxd-2xaxe+2xaxg+dxq+ (2*xa*xd+bxg+gxq) xX) / (2*a+ (b+Q) *x+2*xa*xx"2), x]] -
Di st [1/q, I nt [ (bxd-2xaxe+2xaxg-dxq+ (2*xa*xd+bxg-g*q) xX) / (2*a+ (b-q) *x+2*axx"2), x11]1 /;
FreeQ[{a, b,c,d, e, g}, x] && PosQ[8xa"2+b"2-4xaxC]
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Pm[Xx ]

" g
QxP

m Reference G&R 2.104
= Note: Equivalent to the Ostrogradskiy-Her mitemethod but without the need to solve a system of linear equations.
= Note: Findsoneterm of therational part of the antiderivative, thereby reducing the degree of the polynomial in the numerator of the integrand.

= Note: Requirement that m< 2 n - 1 ensuresnew termisa proper fraction.

pm

—— then
gn (me1-np)

m Ruelfp>1 Al<nz<m+l Am+l-np<O0letc =

Pm[x] c xmn+l Pm[x] -cx™" ((m-n+1) n[x] + (L -p) x A [x])
j— dx — +I dax
Qn[x]P On[x]P? n[x]P

= Program code:

| f [ShowsSt eps,

Int [u_*v_"p_,x_Synbol ] :=
Modul e [ {m=Exponent [u, X], n=Exponent [v, X1},
Modul e [{c=Coef fi ci ent [u, x, m]/ (Coefficient [v, X, nN]*(M:1+n*p)), W},
w=Apart [u-c*x” (m-n) % ((M-N+1) *v+ (p+1) *x*D[v, x]), X1;
| f [Zer oQ[w],
ShowSt ep [*
If p>1, 1<n<=m+1l, and mrl-n*p<0, let c=pnV (qnx(M:l-nxp)), then if (Pm[X]-C*x" (m-n)*((m-n+1)*Qn[x]+ (1
"Int [Pm[Xx]1/Qn[X]1"p, X1", "CxX™(Mm-n+1l) /M [x]"(p-1)",
Hol d [Cc#X” (m-n+1) *v" (p+1) 11,
ShowStep ["If p>1, 1l<n<=m#l, and m+l-n*p<0, let c=pnv (qn*(ml-n%p)), then",
“Int [Pm[Xx]1/Qn[X]1"p, X]",
"CxXM (MFN+1) /N [X]N (P-1) +l nt [ (PM[X]-C*X™ (Mm-n) % ((M-n+1) *On [X]+ (1-p) *X*D[Q [X], X])) /A1 [X]1"p, X]",
Hol d [c*Xx™ (Mm-n+1) xv/~ (p+1) + Int [wxv~p,x11111 /;
m:l>=n>1 & & mrnxp<-1 && Fal seQ[Deri vativeDi vides [v,u,x]11] /;
SinplifyFlag & Rational Q[p] &% p<-1 && Pol ynom al Q[u, x] && Pol ynom al Q[v, x] && SumQ[v] &&
Not [Monom al Q[u, X] && Binom al Q[v, x]] &&
Not [Zer oQ[Coef fi ci ent [u, X, 0]] && Zer oQ[Coef ficient [v,Xx,0]]1],

Int [u *v_"p_,x_Synbol ] :=

Modul e [ {m=Exponent [u, Xx], n=Exponent [v, X1},

Modul e [ {c=Coef fi ci ent [u, x, m] / (Coef ficient [v,X, n]*(M1+n*p)), W},

c=Coef ficient [u,x, m/(Coefficient [v,X, n]*(mM1l+n*xp));

w=Apart [u-Cc*x™ (m-n) * ( (M-N+1) *v+ (p+1) *X*D[Vv, X1), X];

| f [Zer oQ[w],

CxX™N (Mm-N+1) *v”" (p+1),
C*XN (Mm-n+1) *v™ (p+1) + I nt [wxv?p,x]11]1 /;
m:l>=n>1 && mknxp<-1 && Fal seQ[Deri vativeDi vides [v,u,x]]] /;

Rati onal Q[p] && p<-1 && Pol ynom al Q[u, X] && Pol ynom al Q[v, X] &% SumQ[v] &&
Not [Monom al Q[u, X] && Bi nom al Q[v, x]] &&
Not [Zer oQ[Coef fi ci ent [u, X, 0]] && ZeroQ[Coefficient [v,x,0]1]11]



Integration Rules for Rational Functions of Trinomials

U+vdx

m Reference: G&R 2.02.5

= Rule

jf' [u] g[v] &xu+f[ulg' [V] 6xvdx — f[u]lg[V]

Program code:
Int [f_"[u_]1#g_[v_1*w_. + f_[u_Jxg_ ' [v_]1xt_.,x _Synbol] :=

fLul*glvl /;
FreeQ[{f, g}, x] && ZeroQ[w-D[u, x]] && Zer oQI[t -D[v, x11]

m Reference: G&R 2.02.2, CRC 2,4

= Rule

ja+bu+cv+---d1x — ax+bjud1x+cjvd1x+---

= Program code:

| f [ShowsSt eps,

Int [u_,x_Synbol ] :=
I f [SplitFreeTerns [u,x][[1]]===0,

ShowStep ["", "I nt [axu+b*V+..., x]", "axl nt [u, x]+bxl nt [v, x]+---", Hol d [
SplitFreelntegrate [u, x]]11,
ShowStep ["", "I nt [a+bxu+CxV+-.., X]1", "axx+b*l nt [u, x]+c*I nt [v, x]+-..", Hol d [

SplitFreelntegrate [u, x]]11]1 /;
SinplifyFlag && SumQ[u],

Int [u_,x_Synbol ] : =
SplitFreel ntegrate [u, x] /;
SunmQ[u]]

SplitFreelntegrate [u_, x_Synbol ] : =

I'f [SunQ[u],
Map [Function[SplitFreelntegrate [#, Xx]], ul,

| f [FreeQ[u, x1,
U%X,

I'f [Mat chQ[u, c_=(a_+b_. »x) /; FreeQ[{a, b,c}, x1],
I nt [u, x],

Modul e [{l st =Spl i t FreeFact ors [u, x]},

Dist [Ist[[1]], Int[lst[[2]],%x111]]]



