
à Hc ProductLog@a + b xDLp âx

� Rule: If  p < -1, then

à Hc ProductLog@a + b xDLp âx �

Ha + b xL Hc ProductLog@a + b xDLp

b Hp + 1L +
p

c Hp + 1L à Hc ProductLog@a + b xDLp+1

1 + ProductLog@a + b xD âx

� Program code:

IntAIc_.*ProductLog@a_.+b_.*x_DM^p_,x_SymbolE :=

Ha+b*xL*Hc*ProductLog@a+b*xDL^p�Hb*Hp+1LL +

Dist@p�Hc*Hp+1LL,Int@Hc*ProductLog@a+b*xDL^Hp+1L�H1+ProductLog@a+b*xDL,xDD �;
FreeQ@8a,b,c<,xD && RationalQ@pD && p<-1

� Derivation: Integration by parts

� Rule: If  Ø Hp < -1L, then

à Hc ProductLog@a + b xDLp âx �

Ha + b xL Hc ProductLog@a + b xDLp

b
- p à Hc ProductLog@a + b xDLp

1 + ProductLog@a + b xD âx

� Program code:

IntAIc_.*ProductLog@a_.+b_.*x_DM^p_.,x_SymbolE :=

Ha+b*xL*Hc*ProductLog@a+b*xDL^p�b -

Dist@p,Int@Hc*ProductLog@a+b*xDL^p�H1+ProductLog@a+b*xDL,xDD �;
FreeQ@8a,b,c<,xD && Not@RationalQ@pD && p<-1D

Integration Rules for Product Logarithm Functions



à 1

d + d ProductLog@a + b xD âx

� Rule:

à 1

d + d ProductLog@a + b xD âx �
a + b x

b d ProductLog@a + b xD

� Program code:

IntA1�Id_+d_.*ProductLog@a_.+b_.*x_DM,x_SymbolE :=

Ha+b*xL�Hb*d*ProductLog@a+b*xDL �;
FreeQ@8a,b,d<,xD

Integration Rules for Product Logarithm Functions



à Hc ProductLog@a + b xDLp

d + d ProductLog@a + b xD âx

� Derivation: Algebraic simplification

� Basis: z

1+z
= 1 -

1

1+z

� Rule:

à ProductLog@a + b xD
d + d ProductLog@a + b xD âx � d x - à 1

d + d ProductLog@a + b xD âx

� Program code:

IntAProductLog@a_.+b_.*x_D�Id_+d_.*ProductLog@a_.+b_.*x_DM,x_SymbolE :=

d*x -

Int@1�Hd+d*ProductLog@a+b*xDL,xD �;
FreeQ@8a,b,d<,xD

� Rule:

à 1

ProductLog@a + b xD Hd + d ProductLog@a + b xDL âx �
ExpIntegralEi@ProductLog@a + b xDD

b d

� Program code:

IntA1�IProductLog@a_.+b_.*x_D*Id_+d_.*ProductLog@a_.+b_.*x_DMM,x_SymbolE :=

ExpIntegralEi@ProductLog@a+b*xDD�Hb*dL �;
FreeQ@8a,b,d<,xD

� Rule: If  c > 0, then

à 1

Sqrt@c ProductLog@a + b xDD Hd + d ProductLog@a + b xDL âx �
Π c

b c d
ErfiB c ProductLog@a + b xD

c
F

� Program code:

IntA1�ISqrt@c_.*ProductLog@a_.+b_.*x_DD*Id_+d_.*ProductLog@a_.+b_.*x_DMM,x_SymbolE :=

Rt@Pi*c,2D*Erfi@Sqrt@c*ProductLog@a+b*xDD�Rt@c,2DD�Hb*c*dL �;
FreeQ@8a,b,c,d<,xD && PosQ@cD

Integration Rules for Product Logarithm Functions



� Rule: If  c < 0, then

à 1

Sqrt@c ProductLog@a + b xDD Hd + d ProductLog@a + b xDL âx �
-Π c

b c d
ErfB c ProductLog@a + b xD

-c
F

� Program code:

IntA1�ISqrt@c_.*ProductLog@a_.+b_.*x_DD*Id_+d_.*ProductLog@a_.+b_.*x_DMM,x_SymbolE :=

Rt@-Pi*c,2D*Erf@Sqrt@c*ProductLog@a+b*xDD�Rt@-c,2DD�Hb*c*dL �;
FreeQ@8a,b,c,d<,xD && NegQ@cD

� Rule: If  p > 0, then

à Hc ProductLog@a + b xDLp

d + d ProductLog@a + b xD âx �

c Ha + b xL Hc ProductLog@a + b xDLp-1

b d
- c p à Hc ProductLog@a + b xDLp-1

d + d ProductLog@a + b xD âx

� Program code:

IntAIc_.*ProductLog@a_.+b_.*x_DM^p_�Id_+d_.*ProductLog@a_.+b_.*x_DM,x_SymbolE :=

c*Ha+b*xL*Hc*ProductLog@a+b*xDL^Hp-1L�Hb*dL -

Dist@c*p,Int@Hc*ProductLog@a+b*xDL^Hp-1L�Hd+d*ProductLog@a+b*xDL,xDD �;
FreeQ@8a,b,c,d<,xD && RationalQ@pD && p>0

� Rule: If  p < -1, then

à Hc ProductLog@a + b xDLp

d + d ProductLog@a + b xD âx �

Ha + b xL Hc ProductLog@a + b xDLp

b d Hp + 1L -
1

c Hp + 1L à Hc ProductLog@a + b xDLp+1

d + d ProductLog@a + b xD âx

� Program code:

IntAIc_.*ProductLog@a_.+b_.*x_DM^p_�Id_+d_.*ProductLog@a_.+b_.*x_DM,x_SymbolE :=

Ha+b*xL*Hc*ProductLog@a+b*xDL^p�Hb*d*Hp+1LL -

Dist@1�Hc*Hp+1LL,Int@Hc*ProductLog@a+b*xDL^Hp+1L�Hd+d*ProductLog@a+b*xDL,xDD �;
FreeQ@8a,b,c,d<,xD && RationalQ@pD && p<-1

Integration Rules for Product Logarithm Functions



� Rule:

à Hc ProductLog@a + b xDLp

d + d ProductLog@a + b xD âx �
Gamma@p + 1, -ProductLog@a + b xDD Hc ProductLog@a + b xDLp

b d H-ProductLog@a + b xDLp

� Program code:

IntAIc_.*ProductLog@a_.+b_.*x_DM^p_.�Id_+d_.*ProductLog@a_.+b_.*x_DM,x_SymbolE :=

Gamma@p+1,-ProductLog@a+b*xDD*Hc*ProductLog@a+b*xDL^p�Hb*d*H-ProductLog@a+b*xDL^pL �;
FreeQ@8a,b,c,d,p<,xD

Integration Rules for Product Logarithm Functions



à xm Hc ProductLog@a + b xDLp âx

� Derivation: Integration by substitution

� Rule: If  m Î Z ì m > 0, then

à xm Hc ProductLog@a + b xDLp âx �
1

b
SubstBà -

a

b
+
x

b

m Hc ProductLog@xDLp âx, x, a + b xF

� Program code:

IntAx_^m_.*Ic_.*ProductLog@a_+b_.*x_DM^p_.,x_SymbolE :=

Dist@1�b,Subst@Int@Dist@Hc*ProductLog@xDL^p,Expand@H-a�b+x�bL^mDD,xD,x,a+b*xDD �;
FreeQ@8a,b,c,p<,xD && IntegerQ@mD && m>0

Integration Rules for Product Logarithm Functions



à xm

d + d ProductLog@a + b xD âx

� Derivation: Integration by substitution

� Rule: If  m Î Z ì m > 0, then

á xm

d + d ProductLog@a + b xD âx �
1

b
SubstBá

I-
a

b
+

x

b
Mm

d + d ProductLog@xD âx, x, a + b xF

� Program code:

IntAx_^m_.�Id_+d_.*ProductLog@a_+b_.*x_DM,x_SymbolE :=

Dist@1�b,Subst@Int@Dist@1�Hd+d*ProductLog@xDL,Expand@H-a�b+x�bL^mDD,xD,x,a+b*xDD �;
FreeQ@8a,b,d<,xD && IntegerQ@mD && m>0

Integration Rules for Product Logarithm Functions



à xm Hc ProductLog@a + b xDLp

d + d ProductLog@a + b xD âx

� Derivation: Integration by substitution

� Rule: If  m Î Z ì m > 0, then

á xm Hc ProductLog@a + b xDLp

d + d ProductLog@a + b xD âx �
1

b
SubstBá

I-
a

b
+

x

b
Mm Hc ProductLog@xDLp

d + d ProductLog@xD âx, x, a + b xF

� Program code:

IntAx_^m_.*Ic_.*ProductLog@a_+b_.*x_DM^p_.�Id_+d_.*ProductLog@a_+b_.*x_DM,x_SymbolE :=

Dist@1�b,Subst@Int@Dist@Hc*ProductLog@xDL^p�Hd+d*ProductLog@xDL,Expand@H-a�b+x�bL^mDD,xD,x,a+b*xDD
FreeQ@8a,b,c,d,p<,xD && IntegerQ@mD && m>0
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à Hc ProductLog@a xnDLp âx

� Derivation: Integration by parts

� Rule: If  n Hp - 1L + 1 = 0 ë Jp -
1

2
Î Z í n Ip -

1

2
M + 1 = 0N, then

à Hc ProductLog@a xnDLp
âx � x Hc ProductLog@a xnDLp

- n p à Hc ProductLog@a xnDLp

1 + ProductLog@a xnD âx

� Program code:

IntAIc_.*ProductLog@a_.*x_^n_DM^p_.,x_SymbolE :=

x*Hc*ProductLog@a*x^nDL^p -

Dist@n*p,Int@Hc*ProductLog@a*x^nDL^p�H1+ProductLog@a*x^nDL,xDD �;
FreeQ@8a,c,n,p<,xD && HZeroQ@n*Hp-1L+1D ÈÈ IntegerQ@p-1�2D && ZeroQ@n*Hp-1�2L+1DL

� Rule: If  Hp Î Z ì n Hp + 1L + 1 = 0L ë Jp -
1

2
Î Z í n Ip +

1

2
M + 1 = 0N, then

à Hc ProductLog@a xnDLp
âx �

x Hc ProductLog@a xnDLp

n p + 1
+

n p

c Hn p + 1L à Hc ProductLog@a xnDLp+1

1 + ProductLog@a xnD âx

� Program code:

IntAIc_.*ProductLog@a_.*x_^n_DM^p_.,x_SymbolE :=

x*Hc*ProductLog@a*x^nDL^p�Hn*p+1L +

Dist@n*p�Hc*Hn*p+1LL,Int@Hc*ProductLog@a*x^nDL^Hp+1L�H1+ProductLog@a*x^nDL,xDD �;
FreeQ@8a,c,n<,xD && HIntegerQ@pD && ZeroQ@n*Hp+1L+1D ÈÈ IntegerQ@p-1�2D && ZeroQ@n*Hp+1�2L+1DL

� Derivation: Integration by substitution

� Basis: Ùf@xD âx = -SubstBà fB 1

x
F

x2
âx, x,

1

x
F

� Rule: If  n Î Z ì n < 0, then

à Hc ProductLog@a xnDLp
âx � -SubstBà Hc ProductLog@a x-nDLp

x2
âx, x,

1

x
F

� Program code:

IntAIc_.*ProductLog@a_.*x_^n_DM^p_.,x_SymbolE :=

-Subst@Int@Hc*ProductLog@a*x^H-nLDL^p�x^2,xD,x,1�xD �;
FreeQ@8a,c,p<,xD && IntegerQ@nD && n<0

Integration Rules for Product Logarithm Functions



à 1

d + d ProductLog@a xnD âx

� Derivation: Integration by substitution

� Basis: Ùf@xD âx = -SubstBà fB 1

x
F

x2
âx, x,

1

x
F

� Rule: If  n Î Z ì n < 0, then

à 1

d + d ProductLog@a xnD âx � -SubstBà 1

x2 Hd + d ProductLog@a x-nDL âx, x,
1

x
F

� Program code:

IntA1�Id_+d_.*ProductLog@a_.*x_^n_DM,x_SymbolE :=

-Subst@Int@1�Hx^2*Hd+d*ProductLog@a*x^H-nLDLL,xD,x,1�xD �;
FreeQ@8a,d<,xD && IntegerQ@nD && n<0

Integration Rules for Product Logarithm Functions



à Hc ProductLog@a xnDLp

d + d ProductLog@a xnD âx

� Rule: If  n Hp - 1L + 1 = 0, then

à Hc ProductLog@a xnDLp

d + d ProductLog@a xnD âx �
c x Hc ProductLog@a xnDLp-1

d

� Program code:

IntAIc_.*ProductLog@a_.*x_^n_.DM^p_.�Id_+d_.*ProductLog@a_.*x_^n_.DM,x_SymbolE :=

c*x*Hc*ProductLog@a*x^nDL^Hp-1L�d �;
FreeQ@8a,c,d,n,p<,xD && ZeroQ@n*Hp-1L+1D

� Rule: If  p Î Z ì n = -
1

p
, then

à ProductLog@a xnDp

d + d ProductLog@a xnD âx �
ap ExpIntegralEi@-p ProductLog@a xnDD

d n

� Program code:

IntAProductLog@a_.*x_^n_.D^p_.�Id_+d_.*ProductLog@a_.*x_^n_.DM,x_SymbolE :=

a^p*ExpIntegralEi@-p*ProductLog@a*x^nDD�Hd*nL �;
FreeQ@8a,d<,xD && IntegerQ@1�nD && ZeroQ@p+1�nD

� Rule: If  1
n

Î Z í p =
1

2
-

1

n
í c n > 0, then

à Hc ProductLog@a xnDLp

d + d ProductLog@a xnD âx �
Π c n

d n a1�n c1�n ErfiB c ProductLog@a xnD
c n

F

� Program code:

IntAIc_.*ProductLog@a_.*x_^n_.DM^p_�Id_+d_.*ProductLog@a_.*x_^n_.DM,x_SymbolE :=

Rt@Pi*c*n,2D�Hd*n*a^H1�nL*c^H1�nLL*Erfi@Sqrt@c*ProductLog@a*x^nDD�Rt@c*n,2DD �;
FreeQ@8a,c,d<,xD && IntegerQ@1�nD && ZeroQ@p-1�2+1�nD && PosQ@c*nD
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� Rule: If  1
n

Î Z í p =
1

2
-

1

n
í c n < 0, then

à Hc ProductLog@a xnDLp

d + d ProductLog@a xnD âx �
-Π c n

d n a1�n c1�n ErfB c ProductLog@a xnD
-c n

F

� Program code:

IntAIc_.*ProductLog@a_.*x_^n_.DM^p_�Id_+d_.*ProductLog@a_.*x_^n_.DM,x_SymbolE :=

Rt@-Pi*c*n,2D�Hd*n*a^H1�nL*c^H1�nLL*Erf@Sqrt@c*ProductLog@a*x^nDD�Rt@-c*n,2DD �;
FreeQ@8a,c,d<,xD && IntegerQ@1�nD && ZeroQ@p-1�2+1�nD && NegQ@c*nD

� Rule: If  n > 0 ì n Hp - 1L + 1 > 0, then

à Hc ProductLog@a xnDLp

d + d ProductLog@a xnD âx �
c x Hc ProductLog@a xnDLp-1

d
- c Hn Hp - 1L + 1L à Hc ProductLog@a xnDLp-1

d + d ProductLog@a xnD âx

� Program code:

IntAIc_.*ProductLog@a_.*x_^n_.DM^p_.�Id_+d_.*ProductLog@a_.*x_^n_.DM,x_SymbolE :=

c*x*Hc*ProductLog@a*x^nDL^Hp-1L�d -

Dist@c*Hn*Hp-1L+1L,Int@Hc*ProductLog@a*x^nDL^Hp-1L�Hd+d*ProductLog@a*x^nDL,xDD �;
FreeQ@8a,c,d<,xD && RationalQ@8n,p<D && n>0 && n*Hp-1L+1>0

� Rule: If  n > 0 ì n p + 1 < 0, then

à Hc ProductLog@a xnDLp

d + d ProductLog@a xnD âx �
x Hc ProductLog@a xnDLp

d Hn p + 1L -
1

c Hn p + 1L à Hc ProductLog@a xnDLp+1

d + d ProductLog@a xnD âx

� Program code:

IntAIc_.*ProductLog@a_.*x_^n_.DM^p_.�Id_+d_.*ProductLog@a_.*x_^n_.DM,x_SymbolE :=

x*Hc*ProductLog@a*x^nDL^p�Hd*Hn*p+1LL -

Dist@1�Hc*Hn*p+1LL,Int@Hc*ProductLog@a*x^nDL^Hp+1L�Hd+d*ProductLog@a*x^nDL,xDD �;
FreeQ@8a,c,d<,xD && RationalQ@8n,p<D && n>0 && n*p+1<0
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� Derivation: Integration by substitution

� Basis: Ùf@xD âx = -SubstBà fB 1

x
F

x2
âx, x,

1

x
F

� Rule: If  n Î Z ì n < 0, then

à Hc ProductLog@a xnDLp

d + d ProductLog@a xnD âx � -SubstBà Hc ProductLog@a x-nDLp

x2 Hd + d ProductLog@a x-nDL âx, x,
1

x
F

� Program code:

IntAIc_.*ProductLog@a_.*x_^n_DM^p_.�Id_+d_.*ProductLog@a_.*x_^n_DM,x_SymbolE :=

-Subst@Int@Hc*ProductLog@a*x^H-nLDL^p�Hx^2*Hd+d*ProductLog@a*x^H-nLDLL,xD,x,1�xD �;
FreeQ@8a,c,d,p<,xD && IntegerQ@nD && n<0

Integration Rules for Product Logarithm Functions



à xm Hc ProductLog@a xnDLp âx

� Program code:

� Derivation: Integration by parts

� Rule: If  m + 1 ¹ 0 í Jp -
1

2
Î Z í 2 Ip +

m+1

n
M Î Z í p +

m+1

n
> 0N ë JØ Ip -

1

2
Î ZM í p +

m+1

n
Î Z í p +

m+1

n
³ 0N, then

à xm Hc ProductLog@a xnDLp
âx �

xm+1 Hc ProductLog@a xnDLp

m + 1
-

n p

m + 1
à xm Hc ProductLog@a xnDLp

1 + ProductLog@a xnD âx

� Program code:

IntAx_^m_.*Ic_.*ProductLog@a_.*x_^n_.DM^p_.,x_SymbolE :=

x^Hm+1L*Hc*ProductLog@a*x^nDL^p�Hm+1L -

Dist@n*p�Hm+1L,Int@x^m*Hc*ProductLog@a*x^nDL^p�H1+ProductLog@a*x^nDL,xDD �;
FreeQ@8a,c,m,n,p<,xD && NonzeroQ@m+1D &&

HIntegerQ@p-1�2D && IntegerQ@2*Simplify@p+Hm+1L�nDD && Simplify@p+Hm+1L�nD>0 ÈÈ
Not@IntegerQ@p-1�2DD && IntegerQ@Simplify@p+Hm+1L�nDD && Simplify@p+Hm+1L�nD>=0L

� Rule: If  m + 1 = 0 ë Jp -
1

2
Î Z í p +

m+1

n
-

1

2
Î Z í p +

m+1

n
< 0N ë JØ Ip -

1

2
Î ZM í p +

m+1

n
Î Z í p +

m+1

n
< 0N, then

à xm Hc ProductLog@a xnDLp
âx �

xm+1 Hc ProductLog@a xnDLp

m + n p + 1
+

n p

c Hm + n p + 1L à xm Hc ProductLog@a xnDLp+1

1 + ProductLog@a xnD âx

� Program code:

IntAx_^m_.*Ic_.*ProductLog@a_.*x_^n_.DM^p_.,x_SymbolE :=

x^Hm+1L*Hc*ProductLog@a*x^nDL^p�Hm+n*p+1L +

Dist@n*p�Hc*Hm+n*p+1LL,Int@x^m*Hc*ProductLog@a*x^nDL^Hp+1L�H1+ProductLog@a*x^nDL,xDD �;
FreeQ@8a,c,m,n,p<,xD &&

HZeroQ@m+1D ÈÈ
IntegerQ@p-1�2D && IntegerQ@Simplify@p+Hm+1L�nD-1�2D && Simplify@p+Hm+1L�nD<0 ÈÈ
Not@IntegerQ@p-1�2DD && IntegerQ@Simplify@p+Hm+1L�nDD && Simplify@p+Hm+1L�nD<0L

Integration Rules for Product Logarithm Functions



� Derivation: Algebraic simplification

� Basis: 1 =
1

1+z
+

z

1+z

� Rule:

à xm Hc ProductLog@a xDLp âx � à xm Hc ProductLog@a xDLp

1 + ProductLog@a xD âx +
1

c
à xm Hc ProductLog@a xDLp+1

1 + ProductLog@a xD âx

� Program code:

IntAx_^m_.*Ic_.*ProductLog@a_.*x_DM^p_.,x_SymbolE :=

Int@x^m*Hc*ProductLog@a*xDL^p�H1+ProductLog@a*xDL,xD +

Dist@1�c,Int@x^m*Hc*ProductLog@a*xDL^Hp+1L�H1+ProductLog@a*xDL,xDD �;
FreeQ@8a,c,m<,xD

� Derivation: Integration by substitution

� Basis: Ùf@xD âx = -SubstBà fB 1

x
F

x2
âx, x,

1

x
F

� Rule: If  m, n Î Z ì n < 0 ì m + 1 ¹ 0, then

à xm Hc ProductLog@a xnDLp
âx � -SubstBà Hc ProductLog@a x-nDLp

xm+2
âx, x,

1

x
F

� Program code:

IntAx_^m_.*Ic_.*ProductLog@a_.*x_^n_DM^p_.,x_SymbolE :=

-Subst@Int@Hc*ProductLog@a*x^H-nLDL^p�x^Hm+2L,xD,x,1�xD �;
FreeQ@8a,c,p<,xD && IntegersQ@m,nD && n<0 && NonzeroQ@m+1D
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à xm

d + d ProductLog@a xnD âx

� Rule:

à 1

x Hd + d ProductLog@a xnDL âx �
Log@ProductLog@a xnDD

d n

� Program code:

IntA1�Ix_*Id_+d_.*ProductLog@a_.*x_^n_.DMM,x_SymbolE :=

Log@ProductLog@a*x^nDD�Hd*nL �;
FreeQ@8a,d,n<,xD

� Rule: If  m > 0, then

à xm

d + d ProductLog@a xD âx �

xm+1

d Hm + 1L ProductLog@a xD -
m

m + 1
à xm

ProductLog@a xD Hd + d ProductLog@a xDL âx

� Program code:

IntAx_^m_.�Id_+d_.*ProductLog@a_.*x_DM,x_SymbolE :=

x^Hm+1L�Hd*Hm+1L*ProductLog@a*xDL -

Dist@m�Hm+1L,Int@x^m�HProductLog@a*xD*Hd+d*ProductLog@a*xDLL,xDD �;
FreeQ@8a,d<,xD && RationalQ@mD && m>0

� Rule: If  m < -1, then

à xm

d + d ProductLog@a xD âx �
xm+1

d Hm + 1L - à xm ProductLog@a xD
d + d ProductLog@a xD âx

� Program code:

IntAx_^m_.�Id_+d_.*ProductLog@a_.*x_DM,x_SymbolE :=

x^Hm+1L�Hd*Hm+1LL -

Int@x^m*ProductLog@a*xD�Hd+d*ProductLog@a*xDL,xD �;
FreeQ@8a,d<,xD && RationalQ@mD && m<-1
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� Rule: If  m + 1 ¹ 0, then

à xm

d + d ProductLog@a xD âx �
xm Gamma@m + 1, -Hm + 1L ProductLog@a xDD

a d Hm + 1L ãm ProductLog@a xD H-Hm + 1L ProductLog@a xDLm

� Program code:

IntAx_^m_.�Id_+d_.*ProductLog@a_.*x_DM,x_SymbolE :=

x^m*Gamma@m+1,-Hm+1L*ProductLog@a*xDD�
Ha*d*Hm+1L*E^Hm*ProductLog@a*xDL*H-Hm+1L*ProductLog@a*xDL^mL �;

FreeQ@8a,d<,xD && NonzeroQ@m+1D

� Derivation: Integration by substitution

� Basis: Ùf@xD âx = -SubstBà fB 1

x
F

x2
âx, x,

1

x
F

� Rule: If  m, n Î Z ì n < 0 ì m + 1 ¹ 0, then

à xm

d + d ProductLog@a xnD âx � -SubstBà 1

xm+2 Hd + d ProductLog@a x-nDL âx, x,
1

x
F

� Program code:

IntAx_^m_.�Id_+d_.*ProductLog@a_.*x_^n_DM,x_SymbolE :=

-Subst@Int@1�Hx^Hm+2L*Hd+d*ProductLog@a*x^H-nLDLL,xD,x,1�xD �;
FreeQ@8a,d<,xD && IntegersQ@m,nD && n<0 && NonzeroQ@m+1D
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à xm Hc ProductLog@a xnDLp

d + d ProductLog@a xnD âx

� Rule:

à Hc ProductLog@a xnDLp

x Hd + d ProductLog@a xnDL âx �
Hc ProductLog@a xnDLp

d n p

� Program code:

IntAIc_.*ProductLog@a_.*x_^n_.DM^p_.�Ix_*Id_+d_.*ProductLog@a_.*x_^n_.DMM,x_SymbolE :=

Hc*ProductLog@a*x^nDL^p�Hd*n*pL �;
FreeQ@8a,c,d,n,p<,xD

� Rule: If  m + n Hp - 1L + 1 = 0 ì m + 1 ¹ 0, then

à xm Hc ProductLog@a xnDLp

d + d ProductLog@a xnD âx �
c xm+1 Hc ProductLog@a xnDLp-1

d Hm + 1L

� Program code:

IntAx_^m_.*Ic_.*ProductLog@a_.*x_^n_.DM^p_.�Id_+d_.*ProductLog@a_.*x_^n_.DM,x_SymbolE :=

c*x^Hm+1L*Hc*ProductLog@a*x^nDL^Hp-1L�Hd*Hm+1LL �;
FreeQ@8a,c,d,m,n,p<,xD && ZeroQ@m+n*Hp-1L+1D && NonzeroQ@m+1D

� Rule: If  p Î Z ì m + n p + 1 = 0, then

à xm ProductLog@a xnDp

d + d ProductLog@a xnD âx �
ap ExpIntegralEi@-p ProductLog@a xnDD

d n

� Program code:

IntAx_^m_.*ProductLog@a_.*x_^n_.D^p_.�Id_+d_.*ProductLog@a_.*x_^n_.DM,x_SymbolE :=

a^p*ExpIntegralEi@-p*ProductLog@a*x^nDD�Hd*nL �;
FreeQ@8a,d,m,n<,xD && IntegerQ@pD && ZeroQ@m+n*p+1D
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� Rule: If  p -
1

2
Î Z í p -

1

2
¹ 0 í m + n Ip -

1

2
M + 1 = 0 í c

p-
1

2

> 0, then

á xm Hc ProductLog@a xnDLp

d + d ProductLog@a xnD âx �
ap-

1

2 cp-
1

2

d n

Π c

p -
1

2

ErfB c ProductLog@a xnD
c

p-
1

2

F

� Program code:

IntAx_^m_.*Ic_.*ProductLog@a_.*x_^n_.DM^p_�Id_+d_.*ProductLog@a_.*x_^n_.DM,x_SymbolE :=

a^Hp-1�2L*c^Hp-1�2L*Rt@Pi*c�Hp-1�2L,2D*Erf@Sqrt@c*ProductLog@a*x^nDD�Rt@c�Hp-1�2L,2DD�Hd*nL �;
FreeQ@8a,c,d,m,n<,xD && IntegerQ@p-1�2D && p-1�2¹0 && ZeroQ@m+n*Hp-1�2L+1D && PosQ@c�Hp-1�2LD

� Rule: If  p -
1

2
Î Z í p -

1

2
¹ 0 í m + n Ip -

1

2
M + 1 = 0 í c

p-
1

2

< 0, then

á xm Hc ProductLog@a xnDLp

d + d ProductLog@a xnD âx �
ap-

1

2 cp-
1

2

d n
-

Π c

p -
1

2

ErfiB c ProductLog@a xnD
-

c

p-
1

2

F

� Program code:

IntAx_^m_.*Ic_.*ProductLog@a_.*x_^n_.DM^p_�Id_+d_.*ProductLog@a_.*x_^n_.DM,x_SymbolE :=

a^Hp-1�2L*c^Hp-1�2L*Rt@-Pi*c�Hp-1�2L,2D*Erfi@Sqrt@c*ProductLog@a*x^nDD�Rt@-c�Hp-1�2L,2DD�Hd*nL �;
FreeQ@8a,c,d,m,n<,xD && IntegerQ@p-1�2D && p-1�2¹0 && ZeroQ@m+n*Hp-1�2L+1D && NegQ@c�Hp-1�2LD

� Rule: If  m + 1 ¹ 0 í p +
m+1

n
> 1, then

à xm Hc ProductLog@a xnDLp

d + d ProductLog@a xnD âx �

c xm+1 Hc ProductLog@a xnDLp-1

d Hm + 1L -
c Hm + n Hp - 1L + 1L

m + 1
à xm Hc ProductLog@a xnDLp-1

d + d ProductLog@a xnD âx

� Program code:

IntAx_^m_.*Ic_.*ProductLog@a_.*x_^n_.DM^p_.�Id_+d_.*ProductLog@a_.*x_^n_.DM,x_SymbolE :=

c*x^Hm+1L*Hc*ProductLog@a*x^nDL^Hp-1L�Hd*Hm+1LL -

Dist@c*Hm+n*Hp-1L+1L�Hm+1L,Int@x^m*Hc*ProductLog@a*x^nDL^Hp-1L�Hd+d*ProductLog@a*x^nDL,xDD �;
FreeQ@8a,c,d,m,n,p<,xD && NonzeroQ@m+1D && RationalQ@Simplify@p+Hm+1L�nDD && Simplify@p+Hm+1L�nD>1
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� Rule: If  m + 1 ¹ 0 í p +
m+1

n
< 0, then

à xm Hc ProductLog@a xnDLp

d + d ProductLog@a xnD âx �

xm+1 Hc ProductLog@a xnDLp

d Hm + n p + 1L -
m + 1

c Hm + n p + 1L à xm Hc ProductLog@a xnDLp+1

d + d ProductLog@a xnD âx

� Program code:

IntAx_^m_.*Ic_.*ProductLog@a_.*x_^n_.DM^p_.�Id_+d_.*ProductLog@a_.*x_^n_.DM,x_SymbolE :=

x^Hm+1L*Hc*ProductLog@a*x^nDL^p�Hd*Hm+n*p+1LL -

Dist@Hm+1L�Hc*Hm+n*p+1LL,Int@x^m*Hc*ProductLog@a*x^nDL^Hp+1L�Hd+d*ProductLog@a*x^nDL,xDD �;
FreeQ@8a,c,d,m,n,p<,xD && NonzeroQ@m+1D && RationalQ@Simplify@p+Hm+1L�nDD && Simplify@p+Hm+1L�nD<0

� Rule: If  m + 1 ¹ 0, then

à xm Hc ProductLog@a xDLp

d + d ProductLog@a xD âx �
xm Gamma@m + p + 1, -Hm + 1L ProductLog@a xDD Hc ProductLog@a xDLp

a d Hm + 1L ãm ProductLog@a xD H-Hm + 1L ProductLog@a xDLm+p

� Program code:

IntAx_^m_.*Ic_.*ProductLog@a_.*x_DM^p_.�Id_+d_.*ProductLog@a_.*x_DM,x_SymbolE :=

x^m*Gamma@m+p+1,-Hm+1L*ProductLog@a*xDD*Hc*ProductLog@a*xDL^p�
Ha*d*Hm+1L*E^Hm*ProductLog@a*xDL*H-Hm+1L*ProductLog@a*xDL^Hm+pLL �;

FreeQ@8a,c,d,m,p<,xD && NonzeroQ@m+1D

� Derivation: Integration by substitution

� Basis: Ùf@xD âx = -SubstBà fB 1

x
F

x2
âx, x,

1

x
F

� Rule: If  m, n Î Z ì n < 0 ì m + 1 ¹ 0, then

à xm Hc ProductLog@a xnDLp

d + d ProductLog@a xnD âx � -SubstBà Hc ProductLog@a x-nDLp

xm+2 Hd + d ProductLog@a x-nDL âx, x,
1

x
F

� Program code:

IntAx_^m_.*Ic_.*ProductLog@a_.*x_^n_.DM^p_.�Id_+d_.*ProductLog@a_.*x_^n_.DM,x_SymbolE :=

-Subst@Int@Hc*ProductLog@a*x^H-nLDL^p�Hx^Hm+2L*Hd+d*ProductLog@a*x^H-nLDLL,xD,x,1�xD �;
FreeQ@8a,c,d,p<,xD && IntegersQ@m,nD && n<0 && NonzeroQ@m+1D
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à f@ProductLog@a + b xDD âx

� Author: Rob Corless 2009-07-10

� Derivation:  Legendre substitution for inverse functions

� Basis: f@ProductLog@xDD = HProductLog@zD + 1L ãProductLog@zD f@ProductLog@xDD ProductLog¢@zD
� Rule:

à f@ProductLog@xDD âx � SubstBà Hx + 1L ãx f@xD âx, x, ProductLog@xDF

� Program code:

Int@u_,x_SymbolD :=

Subst@Int@Regularize@Hx+1L*E^x*SubstFor@ProductLog@xD,u,xD,xD,xD,x,ProductLog@xDD �;
FunctionOfQ@ProductLog@xD,u,xD
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