Integration Rules for Product Logarithm Functions

J(c Product Log[a + bx])P dx

m Rule If p < -1,then

j(c Product Log[a+b x])Pdx —

(a+bx) (c ProductLog[a+bx])P p J~(c ProductLog[a+bx])F’+1dl
X

+
b (p+1) c (p+1) 1+ ProductLog[a+bx]

= Program code:

Int [(c_. «Product Log [a_. +b_. #x_])"p_, x_Synbol | : =

(a+b*x) % (cxProduct Log [a+bxx])"p/ (b* (p+1)) +

Di st [p/(cx(p+1)), I nt [ (cxProduct Log [a+bxx])” (p+1)/ (1+Product Log [a+b*x]),x]] /;
FreeQ[{a, b, c}, x] && Rational Q[p] && p<-1

= Derivation: Integration by parts

s RuleIf - (p <-1),then

J(c Product Log[a+b x])Pdx —

(a+bx) (c ProductLog[a+bx])P J-(c Product Log[a +b x])P 4
- X

b 1 +ProductLog[a+bx]

= Program code:

Int [(c_. #ProductLog[a_. +b_. »x_1)"p_., x_Symbol | : =
(a+bxXx) » (cxProduct Log [a+b*x])"p/b -
Di st [p, | nt [ (cxProduct Log [a+bxXx])"p/ (1+Product Log [a+b*x]), x1] /;
FreeQ[{a, b, c}, x] && Not [Rational Q[p] && p<-1]



Integration Rules for Product Logarithm Functions

1
d +d Product Log[a + b x]

d X

= Rule

1 a+bx
j dx —
d +d Product Log[a +b x] b d Product Log[a +b x]

= Program code:

Int [1/(d_+d_. «Product Log [a_. +b_. *x_1), x_Synbol | : =
(a+bxx) / (bxd*Product Log [a+bxX]) /;
FreeQ[{a, b, d}, x]



Integration Rules for Product Logarithm Functions

(c ProductLog[a +bx])P

dXx
d + d Product Log[a + b x]

= Derivation: Algebraic simplification
= Basis = =1-—
= Rule

Product Log[a + b x] 1

j dx — dx-j dx
d +dProduct Log[a +bXx] d+dProductLog[a+bx]

= Program code:

I'nt [Product Log [a_. +b_. »x_]1/(d_+d_. «Product Log [a_. +b_. xx_]), x_Synbol | : =
dxx -
Int [1/(d+d%Product Log [a+bxXx]), X] /;

FreeQ[{a, b, d}, x]

= Rule

J~ 1 a Expl nt egral Ei [ProductlLog[a+bx]]
X —
Product Log[a +b x] (d +d Product Log[a+b x]) bd

= Program code:

I nt [1/(Pr oduct Log [a_. +b_. #x_]« (d_+d_. Product Log [a_. +b_. #x_1)), x_Synbol | : =
Expl nt egral Ei [ProductlLog [a+bxx]]/ (bxd) /;
FreeQ[{a, b, d}, x]

= Rule If ¢ > 0, then

1 Vre /¢ ProductLog[a+bX]
j dx — El’fl[ ]
Sqgrt [c Product Log[a+bx]] (d+dProductLog[a+bx]) bcd A

= Program code:

Int [1/(Sqrt [c_. «Product Log [a_. +b_. *x_11(d_+d_. xProduct Log [a_. +b_. xx_])), x_Symbol | : =
Rt [Pi xc, 21%Erfi [Sqgrt [c*Product Log [a+bxx]]/Rt [c,2]]1/ (bxc*d) /;
FreeQ[{a, b,c,d}, x] & PosQc]



Integration Rules for Product Logarithm Functions

m Rule If ¢ < 0,then

1 AV-rmc A/c Product Log[a +b Xx]
| ax - & ]
Sqrt [c ProductLog[a +b x]] (d+d Product Log[a+b x]) bcd N

= Program code:

Int [1/(Sart [c_. »Product Log [a_. +b_. *x_]] (d_+d_. «Product Log [a_. +b_. xx_])), x_Synbol ] : =
Rt [-Pi xc, 2] *Erf [Sqrt [cxProduct Log [a+b*xx]]/Rt [-C, 211/ (bxcxd) /;
FreeQ[{a, b,c,d}, x] &% NegQ[c]

s Rule If p > 0,then

dx —

J-(c Product Log[a +b x])P
d +d Product Log[a +b x]

c (a+bx) (cProductLog[a+bx])P-? (c Product Log[a +b x])P-?
_C pJ\

dx
bd d +d Product Log[a+b x]
= Program code:
Int [(c_. *ProductLog [a_. +b_. #x_])"p_/(d_+d_. «Product Log [a_. +b_. #x_1), x_Synbol | : =
Cx (a+bxx) % (CxProduct Log [a+bxx])” (p-1) / (bxd) -
Di st [c*p, | nt [ (cxProduct Log [a+bxXx])” (p-1) / (d+d*Product Log [a+b*x]), X111 /;
FreeQ[{a, b,c,d}, x] & Rational Q[p] && p>0
m Rule If p < -1,then
(c ProductLog[a+bx])P
dx —
d +d Product Log[a +b x]
(a+bx) (c ProductLog[a+bx])P 1 J-(c ProductLog[a+bx])P+1dl
- X
bd(p+1) c (p+1) d+dProductLog[a+bx]

= Program code:

Int [(c_. «Product Log [a_. +b_. #x_]1)"p_/(d_+d_. «Product Log [a_. +b_. #x_1), x_Synbol | : =
(a+bxx) % (cxProduct Log [a+bxXx])"p/ (bxd* (p+1)) -
Di st [1/(cx(p+1)), | nt [ (cxProductLog [a+bxx])”" (p+1)/ (d+dxProduct Log [a+b*x]), x]] /;
FreeQ[{a, b,c,d}, x] & Rational Q[p] && p<-1



Integration Rules for Product Logarithm Functions

= Rule

(c Product Log[a +bx])P 4 Gamma[p +1, -ProductlLog[a+bx]] (c ProductLog[a+bx])P
X —
d +d Product Log[a+b x] bd (-ProductLog[a+bx])P

= Program code:

Int [(c_. «ProductLog [a_. +b_. #x_]1)"p_. /(d_+d_. xProduct Log [a_. +b_. xx_]), x_Synmbol ] : =
Gamme [p+1, -Product Log [a+b#x]]* (c*Product Log [a+bxx])”p/ (b*dx (-Product Log [a+b*x]1)"p) /;
FreeQ[{a, b, c, d, p}, x]



Integration Rules for Product Logarithm Functions

x™ (c Product Log[a + b x])P dx

= Derivation: Integration by substitution
s RuleIf mez A m> 0,then

1 a x\m
Jxm(c Product Log[a+b x])Pdx — ESubst [J(_B+E) (c Product Log[x]1)P dx, X, a+bx]

= Program code:

Int [x_"m_. (c_. »Product Log [a_+b_. »x_])"p_., x_Symbol | : =
Di st [1/b, Subst [I nt [Di st [ (cxProduct Log [x])”p, Expand [ (-a/b+x/b)"m]1, X1, X, a+bxx]1 /;
FreeQ[{a, b, c, p}, x] && IntegerQ[m] && m>0



Integration Rules for Product Logarithm Functions

Xm
d + d Product Log[a + b x]

dXx

= Derivation: Integration by substitution

» RuleIf mez A m> 0,then

a X m
xm 1 (-5+%)
dx — —Subst[ dx, X, a+bx]
d +d Product Log[a +b x] b d +d Product Log[x]

= Program code:

Int [x_"m_.. /(d_+d_. «Product Log [a_+b_. #x_1), x_Synmbol | : =
Di st [1/b, Subst [I nt [Di st [1/ (d+d%Product Log [x]), Expand [ (-a/b+x/b)"m] 1, x1, X, a+b*x]11 /;
FreeQ[{a, b, d}, x] & IntegerQ[m && m>0



Integration Rules for Product Logarithm Functions

XM (c Product Log[a +b x])P
d + d Product Log[a + b x]

dXx

= Derivation: Integration by substitution

» RuleIf mez A m> 0,then

x™ (¢ Product Log[a +bx])P 1 (_%+%)m(c Product Log [x])P
dx — —Subst[ dx, X, a+bx]
d +d Product Log[a +b x] b d +d Product Log[x]

= Program code:

Int [x_"m_. »(c_. «Product Log [a_+b_. xx_])"p_. /(d_+d_. «Product Log [a_+b_. #x_]1), x_Synbol | : =
Di st [1/b, Subst [I nt [Di st [ (c*ProductLog [x])”p/ (d+d=Product Log [x]), Expand [ (-a/b+x/b)"m]], X1, X, a+b*X]]
FreeQ[{a, b,c,d, p}, x] & IntegerQ[m && m-0



Integration Rules for Product Logarithm Functions

J.(c Product Log[a x"])P dx

m Derivation: Integration by parts

. Rule:lfn(p—1)+1=0\/ (p—%ez/\n(p—%)+1=0),then

(c Product Log[ax"])P
dx

j(c Product Log[a x"])Pdx — x (c Product Log[ax”])p—an-
1 +Product Log[ax"]

= Program code:

Int [(c_. #Product Log [a_. #x_"n_])"p_., x_Synbol | : =
X* (CxProduct Log [a*x"n])"p -
Di st [n*p, I nt [ (cxProduct Log [a*Xx*n])”"p/ (1+Product Log [a*Xx"n]), X]] /;
FreeQ[{a, c, n, p}, x] & (ZeroQ[nx(p-1)+1] || IntegerQ[p-1/2] && ZeroQ[n*(p-1/2)+1]1)

m Rulelf (pez An(p+1)+1=0) \/ (p—%ez/\n(p+%)+l=0),then

X (c Product Log[a x"])P np (c Product Log[a x"])P*!
j(c Product Log[ax"])Pdx — + j dx
np+1 c (np+1) 1 + Product Log[a x"]
= Program code:

I'nt [(c_. »ProductLog [a_. x_"n_])"p_.,x_Synbol | : =

X (C*Product Log [a*x"n])"p/ (n*xp+1) +

Di st [nxp/ (Cx (nxp+1)), I nt [ (cxProduct Log [a*x"n])” (p+1)/ (1+Product Log [a*x"n]), x]] /;
FreeQ[{a,c,n}, x] && (IntegerQ[p] && ZeroQ[nx(p+1l)+1] || IntegerQ[p-1/2] && ZeroQ[n=x(p+1/2)+1])

= Derivation: Integration by substitution
'] 1
m Bass ff [X] dx = -Subst [JT dx, X, ;]

m Rulelf nez A n<0,then

(c Product Log[ax™"])P

1
j(c Product Log[ax"])Pdx — -Subst [J dx, X, —]
X

X2
= Program code:

I'nt [(c_. »ProductLog [a_. x_"n_])"p_.,x_Synbol | : =
-Subst [I nt [ (c*Product Log [a*Xx” (-n)1)"p/Xx"2, X1, X, 1L/X] /;
FreeQ[{a, c, p}, x] && IntegerQ[n] && n<0



Integration Rules for Product Logarithm Functions

1
d +d Product Log[a x"]

d X

m Derivation: Integration by substitution

f 1

[S] dx, X, —]

X

» Basis [f [x] dx = -Subst [J

m Rulelf nez A n<O0,then

1 1 1
j dx — -Subst [J dx, X, —]
d +d Product Log[a x"] x2 (d +d Product Log[ax™"]) X

= Program code:

Int [1/(d_+d_. «Product Log [a_. #x_"n_]), x_Synbol | : =
-Subst [I nt [1/ (X"2% (d+d*Pr oduct Log [a*Xx” (-n) 1)), X1, X, 1/x] /;
FreeQ[{a, d}, x] & IntegerQ[n] && n<0



Integration Rules for Product Logarithm Functions

(c Product Log[a x"])P
d +d Product Log[a x"]

d X

m Rulelf n (p-1) +1 =0,then

—

J- (c Product Log[a x"])P 4 ¢ x (c Product Log[ax"])P-?
X
d +d Product Log[a x"] d

= Program code:

Int [(c_. «Product Log [a_. #x_"n_. 1)*p_. /(d_+d_. Product Log [a_. #x_"n_. 1), x_Synbol | : =
cxX* (CxProduct Log [a*x*n])”" (p-1)/d /;
FreeQ[{a, c,d,n, p}, x] & ZeroQ[n* (p-1)+1]

m Rulelf pez A n=—%,then

_)
d +d Product Log[a x"] dn

J~ Product Log[a x"]P g aP Expl ntegral Ei [-p ProductLog[ax"]]
X

= Program code:

I'nt [Product Log [a_. »x_"n_. ]"p_. /(d_+d_. Product Log [a_. #x_"n_. 1), x_Synbol ] : =
a”p*Expl nt egral Ei [-pxProduct Log [a*x"n]]/ (d%n) /;
FreeQ[{a, d}, x] & IntegerQ[l/n] && ZeroQ[p+1/n]

. 1 1 1
= Rule If Fez/\p=5-;/\cn>0,then

(c Product Log[ax"])P Vrecn ~.4/c Product Log[a x"]
j dX — ——— Erfi [ ]
d +d Product Log[a x"] dnal/ncl/m Ners

= Program code:

Int [(c_. »Product Log [a_. #x_"n_. ])"p_/(d_+d_. «Product Log [a_. #x_"n_. 1), x_Synmbol | : =
Rt [Pi xc%n, 2]/ (dxnxa” (1/n)*c” (1/n))*Erfi [Sqrt [cxProduct Log [a*x"n]]/Rt [C*n, 2]] /;
FreeQ[{a, c,d}, x] & IntegerQ[1l/n] && ZeroQ[p-1/2+1/n] && PosQ[c=xn]



Integration Rules for Product Logarithm Functions

. 1 1 1
= Rule: If Fez/\p:z-ﬁ/\cn<0,then

(c Product Log[a x"])P vV-ncn 4/c Product Log[a x"]
dX — —— Erf [ ]
d +d Product Log[a x"] dnal/mcl/m —n

= Program code:

Int [(c_. «Product Log [a_. #x_"n_. ]1)"p_/(d_+d_. «Product Log [a_. »x_"n_. 1), x_Synbol | : =
Rt [-Pi xc*n, 2]/ (dxn%a” (1/n) *c” (1/n)) +Erf [Sqrt [c*Product Log [a*x"n]]/Rt [-Cxn, 2]] /;
FreeQ[{a, c,d}, x] & IntegerQ[1/n] && ZeroQ[p-1/2+1/n] && NegQ[c=xn]

m Rulelf n>0 An(p-1) +1 > 0,then

(c Product Log[ax"])P?!

(c Product Log[a x"])P ¢ X (c Product Log[ax"])P-!
J dx —

-c (n(p-1) +1)J
d+dProduct Log[a x"] d P

d +d Product Log[a x"]

= Program code:

Int [(c_. «Product Log [a_. #x_"n_. 1)"p_. /(d_+d_. «Product Log [a_. #x_"n_. 1), x_Synbol | : =
cxX* (CxProduct Log [a*x*n])”" (p-1)/d -
Di st [c*x (nx(p-1)+1), Int [ (cxProduct Log [a*x*n])” (p-1) / (d+d*Pr oduct Log [a*x"n]), X]] /;
FreeQ[{a, c,d}, x] & Rational Q[{n,p}] && n>0 && nx(p-1)+1>0

m Rulelf n>0 Anp+1<0,then

—

d +d Product Log[a x"] d(np+1) _c(np+1)

J-(c Product Log[a x"])P 4 X (c Product Log[ax"])P 1 J-(c Product Log[a x"])P*! 4
X
d +d Product Log[a x"]

= Program code:

Int [(c_. «Product Log [a_. #x_"n_. ])*p_. /(d_+d_. Product Log [a_. #x_"n_. 1), x_Synbol | : =
X* (CxProduct Log [a*x"n])"p/ (d* (n*p+1)) -
Di st [1/ (cx(nxp+1)), I nt [ (cxProduct Log [a*x*n])” (p+1) / (d+d%Pr oduct Log [a*x"n]), Xx]]1 /;
FreeQ[{a, c,d}, x] & Rational Q[{n, p}] && n>0 && nxp+1<0



Integration Rules for Product Logarithm Functions

= Derivation: Integration by substitution

» Basis [f [x] dx = -Subst [jf[;] dx, X, %]

XZ

m Rulelf nez A n<O0,then

(c Product Log[a x"])P (c Product Log[ax™"71)P 1
f dx — -Subst [f dx, X, —]
d +d Product Log[a x"] x2 (d +d Product Log[ax™"]) X

= Program code:

Int [(c_. «Product Log [a_. #x_"n_])"p_. /(d_+d_. «Product Log [a_. *x_"n_]), x_Synbol ] : =
-Subst [I nt [ (cxProduct Log [a*x” (-n)1)"p/ (X*2% (d+d*Pr oduct Log [a*x” (-n)1)), X1, X, 1/x] /;
FreeQ[{a, c,d, p}, x] & IntegerQ[n] && n<0



Integration Rules for Product Logarithm Functions

x™ (c Product Log[a x"])P dx

= Program code:

m Derivation: Integration by parts
= Rule If m+1¢0/\ (p—%ez/\z(pﬁ“*Tl)ez/\ p+m'Tl>0) \/ (—- (p—%ez) /\p+m*Tlez/\p+m*leo),then

jxm (c Product Log[ax"])Pdx —

x™1 (c Product Log[a x"])P np jxm (c Product Log[a x"])P 4
X
m+ 1 m+ 1 1 + Product Log[a x"]

= Program code:

I'nt [x_"m_. = (c_. »Product Log [a_. »x_"n_. ])*p_., x_Synbol | : =
XN (mrl) » (cxProduct Log [a*x”n])~p/ (m:l) -
Di st [nxp/ (m+1), I nt [X*mk (CxProduct Log [a*x"n])”~p/ (1+Product Log [a*x"n]), x]] /;
FreeQ[{a,c, mn, p}, x] & NonzeroQ[m+1l] &&
(I ntegerQ[p-1/2] && Integer Q[2*Si nplify[p+(Mml)/n]] & Sinplify[p+(ml)/n]>0 ||
Not [l nt eger Q[p-1/2]1] && IntegerQ[Sinplify [p+(ml)/n]] && Sinplify[p+(ml)/n]>=0)

. Rule:lfm+1=0\/ (p—%ez/\pﬂ“’Tl-%ez/\ p+m*Tl<0) \/ (- (p—%ez) /\p+”“Tlez/\p+m*Tl<0),then

J-xm (c Product Log[ax"])Pdx —

+
m+np+1 c (m+np+1)

x™1 (¢ Product Log[ax"])P np J-xm (c Product Log[a x"])P+! 4
X
1 +Product Log[ax"]

= Program code:

Int [x_"m_. «(c_. »Product Log [a_. »x_"n_. ])*p_., x_Synbol | : =
XN (ml) » (cxProduct Log [a*x"n]) p/ (m:n%xp+1l) +
Di st [n*xp/ (Cx (M:n*p+1)), | nt [Xx*mk (C*Product Log [a*x*n])”" (p+1)/ (1+Product Log [a*x"n]), x]1] /;
FreeQ[{a,c, mn, p}, x] &&
(ZeroQ[m+1] ||
I ntegerQ[p-1/2] && IntegerQ[Sinplify[p+(mMml)/n]1-1/2] && Sinplify [p+(ml)/n]<0 ||
Not [I nt eger Q[p-1/2]1]1 && IntegerQ[Sinplify [p+(ml)/n]] && Sinplify[p+(m1l)/n]<0)



Integration Rules for Product Logarithm Functions

m Derivation: Algebraic simplification

z

. _ 1
= Bass 1= l+Z+l+Z

= Rule

XM (c Product Log[ax])P 1 J-xm (c Product Log[a x])P*! 4
X

jxm (c Product Log[ax])Pdx — J dx + —

1 +Product Log[aXx] c 1 +Product Log[ax]

= Program code:

Int [x_"m_. *(c_. »Product Log [a_. »x_1)"p_., x_Synbol | : =

I nt [Xx*mk (CxProduct Log [axXx])"p/ (1+Product Log [a*x]), X] +

Di st [1/c, | nt [X"mk (CxProduct Log [a*x])” (p+1)/ (1+Product Log [a*x]), x]] /;
FreeQ[{a, ¢, m}, X]

= Derivation: Integration by substitution
o 7] 1
m Bass J'f [X] dX = -Subst [ ——dx, X, ;]

m Rulelf mnez An<0 A m+1#0,then

(c Product Log[ax™"])P

1
jxm (c Product Log[ax"])P dx — -Subst [j dx, X, —]
X

X M2

= Program code:

Int [x_"m_. *(c_. «ProductLog [a_. »x_"n_])"p_., x_Synbol | : =
-Subst [I nt [ (c*xProduct Log [a*x” (-n) 1)~ p/X™ (Mm+2), X1, X, 1/x] /;
FreeQ[{a, c, p}, x] & IntegersQ[mn] && n<0 && Nonzer oQ[m+1]



Integration Rules for Product Logarithm Functions

Xm
d + d Product Log[a x"]

dXx

= Rule

dx —

X (d +d Product Log[ax"]) dn

J- 1 Log[Product Log[a x"]]

= Program code:

Int [1/(x_x(d_+d_. «Product Log [a_. #x_"n_. 1)), x_Synbol | : =
Log [Product Log [a*x*n]]1/ (dxn) /;
FreeQ[{a, d, n}, x]

= Rule If m> 0, then

Xm
J dx —
d +d Product Log[aXx]

Xm+l m Xm
d (m+1) Product Log[a x] ) m+ 1 JPr oduct Log[a x] (d +d Product Log[ax])

= Program code:

Int [x_"m.. /(d_+d_. «Product Log [a_. »x_]), x_Synbol ]| : =

XN (mel) / (d» (m+1) *Product Log [a*x]) -

Di st [mv (m1), I nt [x*nv (Product Log [a*Xx]* (d+dxProduct Log [a*x])), X]1] /;
FreeQ[{a, d}, x] & Rational Q[m] && m>0

= Rule If m< -1, then

xm x Ml XM Pr oduct Log[a X]
dx — -
d +d Product Log[aXx] d (m+1) d +d Product Log[aXx]

= Program code:

Int [x_"m.. /(d_+d_. «Product Log [a_. »x_]), x_Synbol ]| : =
XN (mel) / (d% (mel)) -
I nt [x*mxPr oduct Log [a*Xx]/ (d+d*Product Log [a*Xx]), X] /;
FreeQ[{a, d}, x] & Rational Q[m] && nx-1

dx



Integration Rules for Product Logarithm Functions

s Rule If m+1 # 0, then

dx —

J- xm xMGanma[m+1, - (m+1) Product Log[a x]]
d +d Product Log[ax] ad (m+1) emProductloglax]l (_ (m4+ 1) Product Log[ax])™

= Program code:

Int [x_"m_.. /(d_+d_. «Product Log [a_. #x_]), x_Synbol | : =
x mxGamma [m+1, - (m+1) xProduct Log [a*x]]/
(axd* (m+1) *E” (mxPr oduct Log [a#*Xx]) % (- (m+1) *Pr oduct Log [a*Xx])"m) /;
FreeQ[{a, d}, x] & & Nonzer oQ[m+1]

= Derivation: Integration by substitution

X2

» Basis [f [x] dx = -Subst [Jf[;] dx, X, ;]

m Rulelf mnez An<0 A m+1#0,then

xm 1 1
j dx — -Subst [J dx, x, —
d +d Product Log[a x"] x™2 (d +d Product Log[ax™"]) X

= Program code:

Int [x_"m.. /(d_+d_. «Product Log [a_. #x_"n_]), x_Symbol ] : =
-Subst [I nt [1/ (X" (m+2) % (d+d*Product Log [a*X” (-n) 1)), X1, X, 1/x]1 /;
FreeQ[{a, d}, Xx] & IntegersQ[m n] &% n<0 && Nonzer oQ[mk1]



Integration Rules for Product Logarithm Functions

XM (c Product Log[a x"])P

dx
d +d Product Log[a x"]
= Rule
(c Product Log[ax"])P (c Product Log[a x"])P
J dx —
X (d+dProductLog[ax"]) dnp

= Program code:

Int [ (c_. «Product Log [a_. #x_"n_. 1)"p_. /(x_*(d_+d_. «Product Log [a_. »x_"n_. 1)), x_Synbol ] : =
(c*xProduct Log [a*x*n])"p/ (dxnxp) /;
FreeQ[{a, c,d, n, p}, X]

m Rulelf min(p-1)+1=0 A m+1#0,then

—

d +d Product Log[a x"] d (m+1)

J-xm (c Product Log[a x"])P 4 ¢ x™1 (c Product Log[ax"])P?!
X

= Program code:

Int [x_"m_. «(c_. «ProductLog[a_. #x_"n_. 1)"p_. /(d_+d_. «Product Log [a_. #x_"n_. 1), x_Synbol | : =
CcxX™ (M+1) % (cxProduct Log [a*Xx*n] )" (p-1) / (d» (m+1)) /;
FreeQ[{a, c,d, mn, p}, x] & Zer oQ[men« (p-1)+1] && Nonzer oQ[m+1]

m Rulelf pez A menp+1=0,then

—

d +d Product Log[a x"] dn

J- XM™Pr oduct Log[a x"]P a aP Expl ntegral Ei [-p ProductLog[ax"]]
X

= Program code:

Int [x_"m_. «Product Log [a_. #x_"n_. 1*p_. /(d_+d_. xProduct Log [a_. #x_"n_. 1), x_Synbol ] : =
a"pxExpl ntegral Ei [-pxProductLog[a*x"n]]/(d%n) /;
FreeQ[{a,d, mn}, x] & IntegerQ[p] && Zer oQ[Mmknp+1]



Integration Rules for Product Logarithm Functions

. Rule:lfp—%ez/\p—%;eo/\m+n(p—%)+1=0/\ —— > 0,then
P-z
1 1
Xx™ (c Product Log[a x"])P aPzcPz e /¢ Product Log[a x"]
X — - Erf[ ]
dn P-3 .
1
P-z

J d +d Product Log[a x"]

*Product Log [a_. #x_"n_. 1), x_Synbol ] : =

= Program code:
Int [x_"m_. «(c_. «Product Log [a_. #x_"n_. 1)"p_/(d_+d
an (p-1/2) xc” (p-1/2) xRt [Pi xc/ (p-1/2), 21 *Erf [Sqrt [c*Product Log [a*x*n]]1/Rt [c/ (p-1/2),2]]1/ (d%n) /;

FreeQ[{a,c,d, mn}, x] & I ntegerQ[p-1/2] && p-1/2#0 && Zer oQ[m+n=x (p-1/2)+1] && PosQ[c/ (p-1/2)]

" Rule:lfp—%ez/\p—%;eo/\m+n(p—%)+1=0/\ —~_ <0,then
Pz
P1 P1 ,\/ d n
a*t"2ct 2 ¢ Product Log[a x"]
Erfi[ J ]
-
1
P-z

XM (c Product Log[a x"])P
d +d Product Log[a x"]

*Product Log [a_. #x_"n_. 1), x_Synbol | : =

= Program code:
Int [x_"m_. #(c_. «ProductLog [a_. »x_"n_. 1)"p_/(d_+d
an (p-1/2)xc” (p-1/2) xRt [-Pi xc/ (p-1/2), 2]1xErfi [Sqrt [c*Product Log [a*Xx*n]]/Rt [-c/ (p-1/2),2]]1/ (d*n) /;

FreeQ[{a,c,d, mn}, x] & I ntegerQ[p-1/2] && p-1/2#0 && ZeroQ[m+nx* (p-1/2)+1] && NegQ[c/ (p-1/2)]

X™ (¢ Product Log[a x"])P?!

m Rulelf m«1#0 /\ p+m*Tl > 1,then
Xx™ (c Product Log[a x"])P
j X —
d +d Product Log[a x"]
¢ x™Ll (c Product Log[ax"])Pt ¢ (m+n (p-1) +1) j
d (m+1) m+ 1 d +d Product Log[a x"]
*Product Log [a_. #x_"n_. 1), x_Synbol | : =

= Program code:
*Product Log [a_. *x_"n_. 1) p_. /(d_+d

Int [x_"m. *(c_.
CcxX”™ (M+1) % (cxProduct Log [a*x*n] )" (p-1) / (d* (m+1)) -
Di st [C*x (men* (p-1) +1) / (m+1), | nt [X*mk (c*Product Log [a*x”*n])" (p-1) / (d+d*Pr oduct Log [a*x"n]), Xx1] /;
FreeQ[{a,c,d, mn, p}, x] && NonzeroQ[m+1l] && Rational Q[Si nplify[p+(ml)/n]] && Sinplify[p+(ml)/n]>1



Integration Rules for Product Logarithm Functions

. m+1
= Rulelf me1#0 /\ p+ 22 <0 then

x™ (¢ Product Log[a x"])P
f dx

—_—
d +d Product Log[a x"]
x™1 (¢ Product Log[ax"])P m+ 1 J-xm (c Product Log[a x"])P+! 4
- X
d (m+«np+1) c (M+knp+1) d +d Product Log[a x"]

= Program code:

Int [x_"m_. «(c_. «ProductLog[a_. #x_"n_. 1)"p_. /(d_+d_. «Product Log [a_. *x_"n_. 1), x_Synbol ] : =

X" (mel) » (CxProduct Log [a*x*n] ) p/ (d* (menxp+1)) -

Di st [ (m+l)/ (C*x (menxp+1)), | nt [X*me (CxProduct Log [a*x"n])” (p+1) / (d+d*Product Log [a*x*n]), x1] /;
FreeQ[{a,c,d, mn, p}, x] && NonzeroQ[m+1l] && Rational Q[Si nplify[p+(ml)/n]] && Sinplify[p+(ml)/n]<0

s Rule If m+1 # 0, then

Jxm (c Product Log[ax])P 4 xMGmra[m+p+1, - (m+1) ProductlLog[ax]] (c Product Log[ax])P
X —

d +d Product Log[ax] ad (m+1) emProductloglax]l (_ (m4 1) Product Log[a x])™P

= Program code:

Int [x_"m_. (c_. «ProductLog [a_. »x_1)"p_. /(d_+d_. «Product Log [a_. *x_]), x_Synbol | : =
X meGamma [m+p+1, - (m+1) *Product Log [a*x]]* (cxProduct Log [a*x])”"p/
(axd* (M+1) *EN (mePr oduct Log [a*X]) * (- (m+1) *Pr oduct Log [a*Xx])”" (m«p)) /;
FreeQ[{a,c,d, m p}, x] && NonzeroQ[m1]

= Derivation: Integration by substitution

x2

» Bass [f [x] dx = -Subst [Jf[I] dx, X, %]

m Rulelf mnez An<0 A m+1#0,then

Xx™ (c Product Log[a x"])P (c Product Log[ax™"])P 1
J- dx — -Subst [j dx, X, —]
d +d Product Log[a x"] x™2 (d +d Product Log[ax™"]) X

= Program code:

Int [x_"m_. »(c_. «Product Log [a_. #x_"n_. ])"p_. /(d_+d_. «Product Log [a_. #x_"n_. 1), x_Synbol | : =
-Subst [I nt [ (c*xProduct Log [a*x” (-n)1)"p/ (X" (m+2) » (d+d*Pr oduct Log [a*x” (-n)])), X1, X, 1/Xx] /;
FreeQ[{a,c,d, p}, x] & IntegersQ[m n] && n<0 && Nonzer oQ[M+1]



Integration Rules for Product Logarithm Functions

f [Product Log[a + b x]] dx

m  Author: Rob Corless2009-07-10
m Derivation: Legendresubstitution for inversefunctions
m Basis: f [Product Log[x]] = (ProductLog[z] + 1) ePreductloglz] { Product Log[x]] Product Log’ [z]

= Rule

Jf [Product Log[x]] dx — Subst [J(x +1) e f [x] dx, X, Product Log[x]]

= Program code:

Int [u_,x_Synbol ] : =
Subst [I nt [Regul ari ze [ (x+1) *xE*x*Subst For [Product Log [x], u, X], X], X1, X, Product Log [x]] /;
Funct i onOf Q[Product Log [X], u, X]



