Hyperbolic Substitution Integration Rules

f [SInh[u]] 6xSi nh[u] dx

= Derivation: Integration by substitution
m Basis: f [Sinh[z]] Cosh[z] =f [Sinh[z]] 8,Sinh[z]

= Rule

1
Jf [Sinh[a+bx]] Cosh[a+bx]dx —s ESubst [jf [x] dX, X, Si nh[a+bx]]

= Program code:

Int [u_xCosh[c_. »(a_. +b_. »x_) ], x_Symbol | : =
Di st [1/ (bxc), Subst [I nt [Regul ari ze [Subst For [Si nh[c* (a+b*x) ], u, x], X1, X1, X, Sinh[c* (a+b*x)1]]1 /;
FreeQ[{a, b, c}, x] && Functi onOf Q[Si nh[cx (a+b*x) ], u, X, True]

= Derivation: Integration by substitution

» Basis f [Sinh[z]] Coth[z] = %aza nhz]

= Rule

f [x]

1
Jf [Sinh[a+bXx]] Coth[a+bXx]dx — ESubst [J dx, X, Si nh[a+bx]]

X

= Program code:

Int [u_«Coth[c_. «(a_. +b_. «x_)], x_Symbol | : =
Di st [1/ (bxc), Subst [I nt [Regul ari ze [Subst For [Si nh[cx (a+b*x) ], u, x]1/X, X], X], X, Sinh[c* (a+bxx)11] /;
FreeQ[{a, b, c}, x] && Functi onOf Q[Si nh[c* (a+b*x)], u, X, True]



Hyperbolic Substitution Integration Rules

f [Cosh[u]] 8xCosh[u] dx

= Derivation: Integration by substitution
m Basis: f [Cosh[z]] Sinh[z] =f [Cosh[z]] 8,Cosh[z]

= Rule

1
Jf [Cosh[a+bx]] Sinh[a+bx]dx — ESubst [jf [x] dx, X, Oosh[a+bx]]

= Program code:

Int [u_xSinh[c_. »(a_. +b_. »x_)], x_Synbol | : =
Di st [1/ (bxc), Subst [I nt [Regul ari ze [Subst For [Cosh [c* (a+b*Xx) ], u, X1, X1, X1, X, Cosh[c* (a+b*x)1]]1 /;
FreeQ[{a, b, c}, x] && Functi onOf Q[Cosh[c* (a+b*x)], u, X, True]

= Derivation: Integration by substitution

» Basis f [Cosh[z]] Tanh[z] = % 8, Cosh[z]

= Rule

f [x]

1
Jf [Cosh[a+bx]] Tanh[a+b x] dx — ESub:st [J dx, X, Oosh[a+bx]]

X

= Program code:

Int [u_sTanh[c_. (a_. +b_. x_)], x_Symbol ] : =
Di st [1/ (bxc), Subst [I nt [Regul ari ze [Subst For [Cosh [cx (a+b*Xx) ], u, x]1/x, X], X], X, Cosh[c* (a+bxx)11] /;
FreeQ[{a, b, c}, x] && Functi onOf Q[Cosh[c* (a+b*Xx)], u, X, True]



Hyperbolic Substitution Integration Rules

f [Coth[u]] 6xCot h[u] dx

= Derivation: Integration by substitution
m Basis: f [Coth[z]] Csch[z]? = -f [Coth[z]] 8,Coth[z]

= Rule

1
Jf [Coth[a+bx]] Csch[a+bx]?dx —s —ESubst [Jf [x] dx, X, Coth[a+bx]]

= Program code:

Int [u_xCsch[c_. »(a_. +b_. xx_) ]2, x_Symbol | : =
-Di st [1/ (bxc), Subst [I nt [Regul ari ze [Subst For [Cot h[Cc* (a+b*Xx) ], u, X1, X1, X1, X, Coth[c* (a+bxx)11] /;
FreeQ[{a, b, c}, x] && Functi onOf Q[Cot h[c* (a+b*x)], u, X, True] && NonsumQ[u]

= Derivation: Integration by substitution

f [Coth[z]]
Coth[z]" (1-Coth[z]?)

m Basis If n € z thenf [Coth[z]] Tanh[z]" = 8;,Coth[z]

s Rule If n € z, then

1 f [x]
jf [Coth[a+bx]] Tanh[a+bXx]"dx — BSubst [I
Xn

—— dXx, X, Coth[a+bx]]
(1-x%)

= Program code:

Int [u_sTanh[c_. »(a_. +b_. »x_)]*n_., x_Synbol | : =
Di st [1/ (bxc), Subst [I nt [Regul ari ze [Subst For [Cot h[Ccx (a+b*x) ], u, X1/ (x"nx (1-x"2)), x], X1, X, Cot h[C* (a+bx:
FreeQ[{a, b,c}, x] & IntegerQ[n] && Functi onO Q[Cot h[c* (a+bxx)], u, x, True] && TryPureTanhSubst [uxTanh [«



Hyperbolic Substitution Integration Rules

= Derivation: Integration by substitution

froothizl 4
T o~ o2 z

= Basis f [Coth[z]] = o

Coth[z]
= Rule

f [x]
1-x2

1
J\f[Coth[a+bx]]d1x—> BSubst [j dx, X, Coth[a+bx]]

= Program code:

| f [ShowsSt eps,

Int [u_,x_Synbol ] :=
Modul e [ {v=Funct i onCf Hyper bol i c [u, X]},
ShowStep ["", "I nt [f [Cot h[a+bxx]], x]", "Subst [I nt [f [x]/(1-x"2), x], X, Coth[a+bxx]]/b", Hol d [
Di st [1/Coeffi cient [v, X, 1], Subst [I nt [Regul ari ze [Subst For [Coth[v], u, x]/(1-x"2),x], x],X,Coth[v]]1l]l /;
Not Fal seQ[v] && Functi onCOf Q[Coth[Vv], u, X, True] && TryPureTanhSubst [u, X]] /;
SinmplifyFl ag,

Int [u_,x_Synbol ] : =
Modul e [ {v=Functi onCf Hyperbol i c [u, x]},
Di st [1/Coefficient [v, x, 1], Subst [I nt [Regul ari ze [Subst For [Cot h[v], u, x]/ (1-x"2), x], x], X, Coth[v]]] /;
Not Fal seQ[v] && FunctionO Q[Coth[v], u, X, True] && TryPureTanhSubst [u, X11]



Hyperbolic Substitution Integration Rules

f [Tanh[u]] 6x Tanh[u] dXx

= Derivation: Integration by substitution
» Basis f [Tanh[z]] Sech[z]? = f [Tanh[z]] 8, Tanh[z]

= Rule

1
Jf [Tanh[a+bx]] Sech[a+bx]2dx — : Subst [Jf [x] dx, X, Tanh[a+bx]]

= Program code:

Int [u_xSech[c_. »(a_. +b_. xx_) ]2, x_Symbol | : =
Di st [1/ (bxc), Subst [I nt [Regul ari ze [Subst For [Tanh [c* (a+b*Xx) ], u, X1, X1, X1, X, Tanh [c* (a+b*x)1]]1 /;
FreeQ[{a, b, c}, x] && Functi onOf Q[Tanh[c* (a+b*x)], u, X, True] && NonsumQ[u]

= Derivation: Integration by substitution

f [Tanh[z]]
Tanh[z]" (1-Tanh[z]?)

m Basis If n € z, thenf [Tanh[z]] Coth[z]" = 8; Tanh[z]

s Rule If n € z, then

1 f [x]
jf [Tanh[a+bx]] Coth[a+bXx]"dx — BSubst [f
Xn

—— dXx, X, Tanh[a+bx]]
(1-x%)

= Program code:

Int [u_xCoth[c_. »(a_. +b_. »x_)]*n_., x_Synbol | : =
Di st [1/ (bxc), Subst [I nt [Regul ari ze [Subst For [Tanh [Cx (a+b*x) ], u, X1/ (X"nx (1-x"2)), X1, X1, X, Tanh [C* (a+b*:
FreeQ[{a, b,c}, x] & IntegerQ[n] && Functi onO Q[Tanh[c (a+bxx)], u, x, True] && TryPureTanhSubst [uxCot h [



Hyperbolic Substitution Integration Rules

= Derivation: Integration by substitution

f [Tanh[z]] )
2 9z

m Bass f [Tanh[z]] = TTann (212

Tanh[z]

= Rule

1 f [x]
Jf [Tanh[a+b Xx]] dX — m Subst [j

. dx, X, Tanh[a+bx]]
1-X

= Program code:

| f [ShowsSt eps,

Int [u_,x_Synbol ] :=
Modul e [ {v=Funct i onCf Hyper bol i c [u, X]},
ShowStep ["", "I nt [f [Tanh[a+b*x]], x]", "Subst [I nt [f [x]/(1-x"2), X], X, Tanh[a+b*x]]/b", Hol d [
Di st [1/Coeffi cient [v, X, 1], Subst [I nt [Regul ari ze [Subst For [Tanh[v], u, x]/(1-x"2), x], X1, X, Tanh[v]]11]1 /;
Not Fal seQ[v] && Functi onCOf Q[Tanh[Vv], u, X, True] && TryPureTanhSubst [u, X]] /;
SinmplifyFl ag,

Int [u_,x_Synbol ] : =
Modul e [ {v=Functi onCf Hyperbol i c [u, x]},
Di st [1/Coefficient [v, x, 1], Subst [I nt [Regul ari ze [Subst For [Tanh[v], u, x]/ (1-x"2), x], X1, X, Tanh[v]]] /;
Not Fal seQ[v] && FunctionOf Q[Tanh[v], u, X, True] && TryPureTanhSubst [u, X11]



Hyperbolic Substitution Integration Rules

TrigSinplify[u] dx

m Derivation: Algebraic simplification
= Note: TrigSimplify needsto betried after trig and hyperbolicrulesaretried, but before unrestricted trig and hyperbolic substitutions!

» Rule: If trig simplification simplifesu, then

fudlx — [ TrigSinplify[u] dx

= Program code:

Int [u_, x_Synbol ] : =
Modul e [{v=TrigSi mplify[u]},
I nt [v, x] /;
v=!=u] /;
Not [Mat chQ[u, w_. = (a_. +b_. #v_)"m_. »(c_. +d_. »v_)"n_. /;
FreeQ[{a, b,c,d}, x] & IntegersQ[mn] & m0 && n<0]]



