Integration Rules for Logarithm Functions

Log[c (a+b (d+ex)"P] dx

m Reference: G&R 2.728.1, CRC 499, A& S4.1.49
m Derivation: Integration by parts
= Rule

d L b (d nyp
jLog[c (b (drex)P] ax — LX) Ltoglc & ([@+ex)7) ]_npx
e

= Program code:

Int [Log[c_. »(b_. #(d_. +e_. »x_)"n_. )*p_. ], x_Synbol | : =
(d+exx) xLog[c* (bx (d+exx)*n)"p]l/e - nxp*X /;
FreeQ[{b, c,d, e, n, p}, X]

» Reference: G&R 2.728.1
m Derivation: Integration by parts

= Rule If n <0, then

(d+ex) Log[c (a+b (d+ex)")P] 1
JLog[c (a+b (d+ex)MP]1dx — —bnpj dx
e b+a(d+ex)™"
= Program code:
Int [Log[c_. »(a_+b_. (d_. +e_. *x_)"*n_)"p_. ], x_Symbol | : =
(d+exx) xLog [C* (a+bx (d+exx)” n)~p]l/e -
Di st [b*nxp, I nt [1/ (b+ax (d+exx)" (-n)), x]1] /;
FreeQ[{a, b,c,d, e, p}, x] & Rational Q[n] &% n<0
= Reference: G&R 2.728.1
= Derivation: Integration by parts
s Rule If = (n <0),then
(d+ex) Log[c (a+b (d+ex)")P] 1
J-Log[c (a+b (d+ex)")P]dx — -npx+anpj—d1x
e a+b (d+ex)n

= Program code:

Int [Log[c_. »(a_+b_. #(d_. +e_. »x_)"n_. )*p_. ], x_Synbol | : =
(d+exx) xLog[C* (a+bx (d+exx) n)~pl/e - NxpxX +
Di st [axnxp, | nt [1/ (a+bx (d+e*xx)”™n), x1] /;

FreeQ[{a, b,c,d, e, n, p}, x] & Not [Rational Q[n] && n<0]



Integration Rules for Logarithm Functions

J.(a+bLog[c (d +ex)"1)P dx

m Reference; CRC 492

= Derivation: Primitiverule

1

m Basis dxLogl ntegral [x] = Log[x]

= Rule

dx —
Log[c (d+eXx)] ce

J 1 Logl ntegral [c (d+eX)]

= Program code:

Int [1/Log[c_. »(d_. +e_. »x_)], x_Synbol ] : =
Logl ntegral [cx(d+exX)]/ (Cxe) /;
FreeQ[{c, d, e}, x]

= Derivation: Primitiverule
m Basis dx Expl ntegral Ei [X] = ex_x
= Rule

1 (d +ex) Explntegral Ei [w
X —

d
a+blog[c (d+ex)"] benebn (c (d+ex)n)i/m

= Program code:

Int [1/(a_. +b_. xLog[c_. »(d_. +e_. »x_)~n_. ]), x_Synbol | : =
(d+exx) xExpl ntegral Ei [(a+bxLog[c* (d+exx)"n])/ (bxn)]/ (bxexnxE" (a/ (bxn))*(Cx(d+exx)”n)”*(1/n)) /;
FreeQ[{a, b, c,d, e, n}, x]



Integration Rules for Logarithm Functions

= Rule If bn > 0,then

. \/a+b Log[c (d+ex)"]
J 1 o A7x A/bn (d+ex)Erf|[ — ]
'\/a+bLog[C (d+eX)n] bene% (C (d+ex)n)l/n

= Program code:

Int [1/Sqrt [a_. +b_. xLog[c_. »(d_. +e_. »x_)"n_. ]], x_Symbol | : =
Sgrt [Pi 1%Rt [bxn, 2] % (d+exx) *Erfi [Sqrt [a+bxLog[C* (d+exx)"n]]/Rt [b*n, 211/
(bxexn*E" (a/ (bxn) ) % (Cx (d+exx)” n)” (1/n)) /;
FreeQ[{a, b,c,d, e, n}, x] & & PosQ[bxn]

m Rule If - (bn > 0),then

\/a+b Log[c (d+ex)"]
J~ 1 " AV v-bn (d+ex) Erf[ —
—_
va+bLog[C (d+ex)"] benebr (c (d+ex)nim

= Program code:

Int [1/Sqrt [a_. +b_. xLog[c_. = (d_. +e_. »x_)"n_. ]], x_Symbol | : =
Sgrt [Pi 1*Rt [-bxn, 2] * (d+exx) xErf [Sqrt [a+bxLog[C* (d+exx)*n]]/Rt [-b*n, 211/
(bxexn*E" (a/ (bxn) ) % (Cx (d+exx)”n)” (1/n)) /;
FreeQ[{a, b,c,d, e, n}, x] & & NegQ[bxn]

m Reference: G&R 2.711.1, CRC 490
m Derivation: Integration by parts
» Rule If p > 0, then

(d+ex) (a+blog[c (d+ex)"])P

J(a+bLog[c (d+ex)")Pdx — —bnpj(a+bLog[c (d+ex)"1)P-tax

e

= Program code:

Int [(a_. +b_. xLog[c_. »(d_. +e_. »x_)"n_. ])*p_, x_Synbol ] : =
(d+exx) * (a+bxLog[Cx (d+exx)”~n])"p/e -
Di st [bxnxp, I nt [ (a+bxLog[c* (d+exx)”n])" (p-1),Xx]]1 /;
FreeQ[{a, b,c,d, e,n}, x] & Rational Q[p] & p>0
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= Derivation: Inverted integration by parts
= RuleIf p < -1,then
j(a+bLog[c (d+ex)"NHPdx —

(d+ex) (a+bLog[c (d+ex)"])P+ 1

- j(a+bLog[c (d+ex)"])Ptax
ben (p+1) bn (p+1)

= Program code:

Int [(a_. +b_. xLog[c_. »(d_. +e_. »x_)~n_. ])~p_, x_Synbol | : =
(d+exX) x (a+bxLog [C* (d+exX)*n])" (p+1l) / (bxexnx (p+1l)) -
Di st [1/ (bxnx (p+1)), I nt [ (a+bxLog[c* (d+exx)"n])" (p+1),Xx]1] /;
FreeQ[{a, b,c,d, e, n}, x] & Rational Q[p] && p<-1

= Derivation: Inverted integration by parts
m Rule If 2 p ¢ z, then

a+bLog[c (d+ex)"]

(d+ex)Garrma[p+1, - —

] (a+blLog[c (d+ex)"])P

J(a+bLog[c (d+ex)"])Pdx —

a+b Log[c (d+ex)"
e(—+ g[c (d+ex)"]

p%Cdexnl/n
— ebr (c (d+ex)")

= Program code:

Int [(a_. +b_. xLog[c_. »(d_. +e_. »x_)~n_. ])*p_, x_Synbol ] : =
(d+exx) *Gamua [p+1, - (a+bxLog[C* (d+exXx)”~n]) / (bxn)]* (a+bxLog[C* (d+exx)"n])"p/
(ex (- (a+bxLog[cx (d+exx)"n]) / (bxn) ) p*E" (a/ (bxn)) * (Cx (d+exx)"n)" (1/n)) /;
FreeQ[{a, b,c,d, e, n, p}, x] & Not [I nt eger Q[2xp]]



Integration Rules for Logarithm Functions

xMLog[c (a+bx™P]dx

m Reference: G&R 2.728.2

= Derivation: Primitiverule

Log[1+x]
X

m Bass 84 Pol yLog[2, -Xx] = -
= Rule

Log[1 +b x"]
j—dl

Pol yLog[2, -bx"]

X —
X n
= Program code:
Int [Log[1+b_. #x_"n_. 1/x_, x_Synbol | : =
-Pol yLog [2, -b*xx"*n]/n /;
FreeQ[{b, n}, x]
= Derivation: Derivation: Algebraic expansion
m Basis Ifa>0,Log[az] =Log[a] +Log[z]
= Rule If ac > 0,then
b x"
Log[c (a+bx")] Log 1+ 2
J. dx — Log[ac] Log[x] + — — dx
X X

= Program code:

Int [Log[c_. »(a_+b_. #x_"n_.)]/x_, x_Symbol ] : =

Log[axCc]*xLog[X] +
Int [Log[l+b*x"n/a]/x, Xx] /;
FreeQ[{a, b,c,n}, x] & PositiveQ[axcC]
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= Derivation: Integration by parts

= Rule
b x" - b x"
Log[c (a+bx")P] Log[c (a+bxM)P] Log[—Tx] x“lLog[—TX]
dx — -bp dx
X n a+bx"
= Program code:
Int [Log[c_. »(a_+b_. »x_"n_. )*p_. ] /x_, x_Synbol | : =
Log[c* (a+b*x"n)~p]lxLog[-bxx*n/a]l/n -
Di st [b*p, I nt [x" (n-1) xLog [-bxx~n/a]/ (a+b*x"n), x]11 /;
FreeQ[{a, b, c, n, p}, X]
m Reference: G&R 2.728.1, CRC 501, A& S4.1.50'
= Rule If m+1 # 0,then
x™1 Log[c (bx")P] npxm™!
JxmLog[c (bx")P]1dx — J _oe
m+ 1 (m+1)2

= Program code:

Int [x_"m_. «Log[c_. » (b_. »x_"n_. )*p_. ], x_Synbol | : =
XN (mel) xLog [Cx (bxX2n)Ap]/ (Mkl) - nxpxx”™ (Ml)/ (Mel)"2 /;
FreeQ[{b,c, mn, p}, x] & NonzeroQ[m+1]

m Reference: G&R 2.728.1, CRC 501, A& S4.1.50

m Rulelf m#r1#0 A m-n+1#0,then

dx

ijLOQ[C (@+bx™Pldx — ™ Log[c (a+bx")P] _ban' XN

m+ 1 m+1 a+bx"

= Program code:

Int [x_"m_. «Log[c_. #(a_+b_. »x_~n_. )~p_. ], x_Synbol | : =
XN (mel) xLog [C* (a+b*x*n)"*p]/ (Mm+1l) -
Di st [bxnxp/ (Mm+1), | nt [x" (men) / (a+b*x"n), x11 /;
FreeQ[{a, b,c,mn, p}, x] & & NonzeroQ[m+1] && Nonzer oQ[m-n+1]
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x™(a+bLog[cx"])Pdx

s Rule If m+1 # 0, then

. 1) (asbL "
M x™1 Expl nt egr al Ei [ () (a"bnog[cx D ]
dx —

a+blogfcx"] bnea(bLnl) (Cx“)mT1

= Program code:

Int [x_"m. /(a_. +b_. xLog[c_. #x_"n_. 1), x_Synbol | : =
x™ (mel) xExpl ntegral Ei [ (m+1l) = (a+bxLog[c*x*n])/ (bxn) ]/ (bxnxE* (a*x (m+1l) / (bxn)) % (C*xx*n)”™ ((m+1) /n)) /;
FreeQ[{a, b,c, mn}, x] && Nonzer oQ[mM+1]

» Rule!lf mel #0 /\ r;“—nl > 0, then

J - Vi xm*lErfi[thr)“—l «/a+bLog[cx“]]
X n
—

dx
va+bLog[cx"] a(m1) el
bn ?—: e 5 (cx") W

= Program code:

Int [x_"m. /Sqrt [a_. +b_. xLog[c_. #x_"n_. 11, x_Synbol | : =
Sqrt [Pi 1#x™ (mel) xErfi [Rt [ (m+1)/ (bxn), 2]1%Sqrt [a+bxLog[c*x*n]]]1/
(bxnxRt [ (m+1) / (bxn), 2] *EM (ax (Mm+1) / (b*n)) %= (C*x~n)” ((m+1) /n)) /;
FreeQ[{a, b,c, mn}, x] & NonzeroQ[m+1l] && PosQ[ (m+1) / (b%n)]

= RuleIf mel#0 /\ - (’;“—nl >0),then

A x™1 Erf [J—rg’—l va+bLog[c x"] ]
J xm n
N

dx

vJa+bLog[c x" a (mv1) mel
al ] bn —r;“—: e o (cx")w

= Program code:

Int [x_"m. /Sqrt [a_. +b_. xLog[c_. *x_"n_. 11, x_Synbol | : =
Sqrt [Pi 1*x™ (mwl) xErf [Rt [- (m+1) / (bxn), 2]1%Sqrt [a+bxLog[c*Xx*n]]]1/
(bxnxRt [- (m+1) / (bxn), 2] *E" (a* (mk1) / (bxn)) % (C*x*n)" ((m«1) /n)) /;
FreeQ[{a, b,c, m n}, x] && NonzeroQ[m+1] && NegQ[ (m+1) / (bxn)]
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s Reference: G&R 2.721.1, CRC 496, A& S4.1.51
= Derivation: Integration by parts

m Rulelf m#1£0 A p > 0,then

x™l (a+bLlog[cx"])? bnp

jxm (a+blog[cx"])Pdx — JXm (a+bLog[cx"])Ptdx

m+ 1 m+1
= Program code:

Int [x_"m_. «(a_. +b_. xLog[c_. »x_"n_. 1)"p_, x_Synbol ] : =

XN (mel) x (a+bxLog [c*x*n]) p/ (M+1l) -

Di st [bxnxp/ (M+1), | nt [x mk (a+bxLog[c*x*n])" (p-1), x]] /;
FreeQ[{a, b,c,mn}, x] & & NonzeroQ[m+1l] && Rational Q[p] && p>0

m Reference: G& R 2.724.1, CRC 495
= Derivation: Inverted integration by parts
m Rulelf mei#1#0 A p<-1,then

x™l (a+blLog[cx"])? bnp

jxm (a+blog[cx"])Pdx — J-xm (a+bLog[c x"])Ptax

m+1 m+ 1
= Program code:

Int [x_"m_. «(a_. +b_. xLog[c_. #x_"n_. 1)"p_, x_Synbol | : =

XN (mel) » (a+bxLog [C*Xx*n] )" (p+1) / (bxn* (p+1)) -

Di st [ (m+1) / (b*nx (p+1)), | nt [x mk (a+bxLog[C*Xx*n])" (p+1), x1] /;
FreeQ[{a, b,c, m n}, x] && NonzeroQ[m+1] && Rational Q[p] && p<-1

s Rule If m+1 # 0, then

(m+1) (a+bLog[c x"])
- bn

xm*lGarrrra[p+1, ] (a+blog[cx"])P

a (ml) ms1

Jxm (a+bLog[cx"])Pdx —
(m+1) @ on (cx“)T(

(me1) (a+b Log[c x"]) \ P
- bn )

= Program code:

Int [x_"m_. «(a_. +b_. xLog[c_. #x_"n_. 1)"p_, x_Synbol | : =
XN (mel) *Gammua [p+1, - (m+1) * (a+b*xLog [c*x”n]) / (b*xn) ] % (a+bxLog[c*x"n])"p/
((mel) *EN (a% (me1) / (bxn) ) % (C*x*n) " ((me1) /n) » (- (M+1) » (a+bxLog [C*x”*n]) / (bxn) )" p) /;
FreeQ[{a, b,c,mn, p}, x] & & NonzeroQ[m+1]



Integration Rules for Logarithm Functions

= Note: Need arulefor arbitrarily deep nesting of power s!

= Rule

jLog[a (b x"P19dx — Subst [JLog [X"P19dx, x"P, a (b x“)"]

= Program code:

Int [Log[a_. »(b_. #x_"n_. )*p_]~q_., x_Symbol | : =
Subst [I nt [Log [X" (n*p) 170, X1, X (n*xp), ax (bxx*n)~p] /;
FreeQ[{a, b, n, p, q}, X]

= Rule

jLog[a (b (c x™P)y91" dx — Subst [J\Log[x”pq]r dx, x"P9 a (b (c x”)p)q]

= Program code:

Int [Log[a_. »(b_. »(c_. »x_~n_. ) p_)"q_]~r_., x_Synbol ] : =
Subst [l nt [Log [X" (n*p=*Q) ]r, X], X (Nxp*q), ax (b*x (C*xx*n)~p)~q] /;
FreeQ[{a, b,c,n,p,q,r}, x]

m Rule If m+1 # 0, then

JxmLog[a (bx"P19d@x — Subst [J‘X”‘Log[x”p]q dx, x"P, a (b x“)p]

= Program code:

Int [x_"m_. «Log[a_. (b_. »x_"n_. )*p_]"q_., x_Synbol | : =
Subst [I nt [x*mkLog [X" (n*xp) 1, X1, X" (N*p), ax (bxx*n)~p] /;
FreeQ[{a, b, mn, p, g}, x] && Nonzer oQ[mM+1] && Not [X" (nxp)===ax* (b*xx*n)"p]

= Rule If m+1 # 0, then

J-xmLog[a (b (c x")P)97" dx — Subst [jxmLog [X"PA1" dx, x"P9, a (b (c x“)p)q]

= Program code:

Int [x_~m_. «Log[a_. #(b_. »(c_. *x_"n_. ) p_)~q_]*r_., x_Synbol ] : =
Subst [l nt [x*mkLog [X" (nxpxq) 1°r, X], X* (nxpxq), a* (b*x (cxx*n)”p)*ql /;
FreeQ[{a,b,c,mn,p,q,r}, x] & NonzeroQ[m+1l] && Not [X" (nxpxq)===ax (bx (C*Xx"*n)"*p)~q]
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xMLog[c (a+bx)"]Pdx

s Rule:lf m>0 A p > 0,then
= Rule

m b L b nip
meLog[c (@+bx)"1Pdx — x7 (a+bx) Log[c (a+bx)71"
b (m+1)

am

b (m+1)

jx”” Log[c (a+bx)"]P dx - jxmLog[c (a+bx)"1P 1 ax

m+1

= Program code:

Int [x_"m_. «Log[c_. «(a_+b_. »x_)~n_. |*p_, x_Synbol | : =
X mk (a+bxx) xLog [C* (a+bxx)"*n] p/ (b* (Mkl)) -
Di st [a*xm/ (bx (Mm+1)), I nt [X" (M-1) xLog [C* (a+b*x)~n]”p, X]1] -
Di st [nxp/ (m+1), I nt [X*mkLog [C* (a+b*x)~n]” (p-1),Xx]1] /;
FreeQ[{a, b,c,n}, x] & Rational Q[{m p}] && m0 && p>0

m Rule If p > 0, then

dx

Log[c (a+bx)"]P (a+bx) Log[c (a+bx)"]P bnp rLog[c (a+bx)n]P?t
J. dx — + J‘
X2 ax a X

= Program code:

Int [Log[c_. »(a_+b_. »x_)"n_. [*p_/x_"2,x_Synbol | : =
- (a+bxx) xLog[C* (a+bxX)*Nn]"p/ (a*x) +
Di st [bxnxp/a, | nt [Log[C* (a+bxx)"n]” (p-1) /X, X]1] /;
FreeQ[{a, b, c, n}, x] & Rational Q[p] && p>0

m Rulelf m<-1 A m#-2 A p>0,then

™1l (a+bx) Log[c (a+bx)"]P
J-xmLog[c (a+bx)MPdx — X (a+bx) toglc (a+5x) 1 -
a (m+1)

bnp
a (m+1)

b (m+2)

Jx”“l Log[c (a+bx)"]Pdx - Jx”“l Log[c (a+bx)"1Ptdax

a (m+1)
= Program code:

Int [x_"m_. «Log[c_. «(a_+b_. »x_)~n_. |*p_, x_Synbol ] : =
XN (mel) x (a+bxx) xLog [C* (a+bxX)*n] p/ (a*x (M+l)) -
Di st [ (bx(mM+2))/ (ax (m+1)), I nt [X* (m+l) xLog[C* (a+b*x)~n]”p, X]1] -
Di st [bxnxp/ (ax (m+1)), | nt [x* (mrl) xLog [C* (a+b*x)*n]1” (p-1),Xx]1] /;
FreeQ[{a, b,c,n}, x] & Rational Q[{m p}] && nx-1 && mi=-2 && p>0
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m Rulelf mez Am>0A-~(pe A p>0),then

1 a x\m
J-xmLog[c (a+bx)"Pdx — ESubst [J(—B+E) Log[c x"1P dx, X, a+bx]

= Program code:

Int [x_"m_. «Log[c_. «(a_+b_. »x_)~n_. |*p_, x_Synbol ] : =
Di st [1/b, Subst [Int [ (-a/b+x/b)~ mkLog[Cc*Xx*n]"p, X1, X, a+bxx]]1 /;
FreeQ[{a, b,c,n, p}, x] & IntegerQ[m] && m>0 && Not [Rational Q[p] && p>0]



Integration Rules for Logarithm Functions

Log[c (a+bx)"]P 4
(d+ex)™m

X

m Reference G&R 2.728.2

m Derivation: Primitiverule

. Pol yLog[2, d+e Log[1l-d-e
. Bass:ax(- yLogl2, d+ Xl): 9l X1

e d+e x

m Rulelface-bcd-e =0,then

Log[c (a+bx)] Pol yLog[2, 1-ac-bc x]
j dx — -

d+ex e

= Program code:

Int [Log[c_. »(a_. +b_. »x_)]/(d_+e_. »x_), x_Synbol | : =
-Pol yLog [2, 1-axc-bxCcxx]/e /;
FreeQ[{a, b, c,d, e}, x] & & ZeroQ[axCxe-bxcxd-e]

m Derivation: Integration by parts

= Rulelf bd-ae #0,then

Jiogm(a+bxW]

b(d+ex)] n e(a+bx)]
d+ex

+ — PolyLog|2, -
bd-ae yhod

1
dx — —-Log[c(a-rbx)”]Log[
e e bd-ae

= Program code:

Int [Log[c_. »(a_. +b_. #x_)"n_. ]/(d_+e_. »x_), x_Symbol | : =
Log[cx (a+b*x)~n]xLog[bx (d+exx) / (bxd-axe)]1/e +
nxPol yLog [2, -e* (a+bxX) / (bxd-axe)]/e /;

FreeQ[{a, b,c,d, e, n}, x] & NonzeroQ[bxd-axe]
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= Derivation: Integration by parts

m Rulelf p>0 A bd-ae #0,then

dx —

Log[c (a+bx)"]P
f d+ex

1

— Log[c (a+bx)“]pLog[ dx
e

bd-ae a+bx

b (d+e x) ] bnp J‘Log[c (a+bx)nye-t LOg[bb(ngZ)]
e

= Program code:

Int [Log[c_. »(a_+b_. #x_)"n_. ]*p_. /(d_. +e_. #x_), x_Synbol ] : =

Log[cx (a+bxx)~n]”pxLog[bx (d+exx) / (bxd-axe)]/e -

Di st [bxnxp/e, | nt [Log[C* (a+bxx)"n]” (p-1) xLog [bx* (d+exX) / (bxd-axe) ]/ (a+bxx), x]] /;
FreeQ[{a, b,c,d, e,n}, x] & Rational Q[p] && p>0 && NonzeroQ[bxd-axe]

= Note: Log[z] = -PolyLog[l, 1-2]

m Rulelf p>0 Abd-ae=0 A agh-b (f h-1) =0,then

Log[c (a+bx)"1PLog[h (f +gXx)] Log[c (a+bx)"1P PolyLog[2, 1-h (f +gx)]
J. dx — - +

d+ex e

bnp J~Log[c (a+bx)"1P 1 PolyLog[2, 1-h (f +gX)] 4
X

e a+bx

= Program code:

Int [Log[c_. »(a_+b_. #x_)"n_. [*p_. xLog [h_. # (f _. +g_. #x_)]/(d_+e_. #x_), x_Symbol ] : =
Modul e [{q=Si npl i fy [1-hx (f +g*x) ]},
-Log[cx (a+b*x)~n]”pxPol yLog [2,q]/e +
Di st [bxnxp/e, | nt [Log[c* (a+bxx)~n]” (p-1) *Pol yLog [2, q]/ (a+bxXx), x]1]1 /;
FreeQ[{a, b,c,d, e, f,g,h,n}, x] & Rational Q[p] && p>0 && ZeroQ[bxd-axe] && ZeroQ[axgxh-bx (f xh-1)]

m Rulelf p>0 Abd-ae=0 A ag -bf =0,then

X —

J~Log[c (a+bx)"1P PolyLog[m h (f +gx)] 4
d+ex

Log[c (a+bx)"1P Pol yLog[m+ 1, h (f +gx)] ban~Log[c (a+bx)"1Pt Pol yLog[m+1, h (f +gXx)] 4
- X
e e a+bx

= Program code:

Int [Log[c_. »(a_+b_. »x_)"n_. ]*p_. #Pol yLog [m_, h_. « (f _. +g_. #x_)]/(d_+e_. #x_), x_Symbol ] : =
Log[c* (a+b*x)~n]”pxPol yLog [m+1, hx (f +g*x)]/e -
Di st [bxnxp/e, | nt [Log[Cx* (a+bxx)"n]” (p-1) *Pol yLog [m+1, h* (f +g*X) 1/ (a+bxx), x]1]1 /;

FreeQ[{a, b,c,d, e, f,g,h,mn}, x] & Rational Q[p] && p>0 && ZeroQ[bxd-axe] && Zer oQ[axg-bxf ]



Integration Rules for Logarithm Functions

= Derivation: Integration by parts
m Rulelfm pez A m<-1 A p>0,then

= Rule

j(d+ex)mLog[c (a+bx)"Pdx —

(d+ex)™! Log[c (a+bx)"]P bnp (d+ex)™! Log[c (a+bx)”]p‘1d1
X
e (m+1) e(m+1)j a+bx

= Program code:

Int [(d_. +e_. »x_)"m_. «Log[c_. »(a_. +b_. »x_)~n_. [*p_, x_Synbol ] : =

(d+exx)” (m:l) xLog [C* (a+bxXx)*n] p/ (e*x (M+l)) -

Di st [bxnxp/ (ex (m+1)), I nt [Regul ari ze [ (d+e*x)” (m+1l) xLog [C* (a+bxx)~n]” (p-1) / (a+bxXx), x], x]1]1 /;
FreeQ[{a, b,c,d, e, n}, x] & IntegersQ[m p] && nk-1 && p>0



Integration Rules for Logarithm Functions

Log[c (a+bx™"]P dx

fix1

X

Subst [j dx, X, x”]

n

= Note: Theb/x in theresulting integrand will betransformed to b x bytherulej@ dx —

m Rulelf pez A p > 0,then

JLog[c (a+;)n]pd1x _ (b+ax)Log[C (a+§)n]p+ban*Log[c (a+§)n]p'l "

a a X

= Program code:

Int [Log[c_. »(a_+b_. /x_)~n_. ]*p_, x_Symbol | :=
(b+axx) xLog[Cc* (a+b/Xx)"n]"p/a +
Di st [b/axn*p, | nt [Log[Cc* (a+b/X)"n]" (p-1) /X, X]1] /;
FreeQ[{a, b,c,n}, x] & IntegerQ[p] && p>0



Integration Rules for Logarithm Functions

= Rule
JLog[c (a+bx2)n]2d1x — x Log|c (a+bx2)n]2+8n2x—4nxLog[c (a+bx2)n] + «/1_ (n a)
-b
[4nLog[M]—4nNcTanh[mx] [Log[- +x]+Log[ Va +x] -
\[5_+ -b x \[a_ \[:T;- \[:B_
nLog[— +x] +nLog[ +x] —2nLog[ Va +x]Log[£—mX]+
-b V-b vV-b 2 24a&
2n|-09[-ﬁ+x] LOQ[%[1+\/TX]]+4ArcTanh[Tx]Log[c (a+bx2)n]+

1 +-b x
2 n Pol yLog[2, - -

2 24la

| -2nPolyLog|2, %(1 — X]]]

= Program code:

Int [Log[c_. »(a_+b_. #x_"2)"n_. |*2, x_Synbol | :=
Xx*Log [Cx (a+b*x"2)"n]"2 +
8xN"2xX -
4xnxXxLog [Cx (a+b*xx"2)"n] +
(nxSqrt [a]/Sqrt [-b]) =*(
4xnxLog [ (-Sqrt [a]+Sqrt [-b]*x)/(Sqrt [a]+Sqrt [-b]*Xx)] -
4xnxArcTanh [Sqrt [-b]*x/Sqgrt [a]]*(Log[-Sqrt [a]/Sqrt [-b]+x] + Log[Sqgrt [a]l/Sqrt [-b]+Xx]) -
nxLog[-Sgrt [a]/Sqrt [-b]+x]"2 +
nxLog[Sqrt [a]/Sqrt [-b]+x]1"2 -
2xnxLog [Sqrt [a]/Sqrt [-b]+x]xLog[1/2-Sqgrt [-b]1*Xx/ (2%Sqrt [a])] +
2xnxLog[-Sgrt [a]/Sqrt [-b]+x]xLog[ (1+Sgrt [-b]*x/Sqrt [a]) /2] +
4xArcTanh [Sgrt [-b]*x/Sqrt [a]]*Log[c* (a+b*x"*2)"n] +
2xnxPol yLog [2, 1/2-Sgrt [-b]*x/ (2%Sgrt [a])] -
2xn*xPol yLog [2, (1+Sqrt [-b]*x/Sqrt [a])/2]) /;
FreeQ[{a, b, c, n}, x]



Integration Rules for Logarithm Functions

Log[d (a+bx +cx2)"]"ax

m Derivation: Integration by parts

= Rule

J-Log[d (a+x (b+cx))"1?dx — xLog[d (a+bX+CX2)n]2'

dXx

x Log[d (a+bx +cx2)" x2 Log[d (a+bx+cx2)"
Zb”f g[d (a+bx+ )]dlx-4cnj g[d (a+bx+cx?)7]

a+bx+cx? a+bx+cx?

= Program code:

Int [Log[d_. »(a_. +b_. »x_+c_. #x_"2)"n_. |*2, x_Synbol | : =

x*xLog [d* (a+bxX+C*x"2)~n]" 2 -

Di st [2xbxn, | nt [x*xLog [d* (a+bxXx+Cx*Xx"2)~n]/ (a+bxX+C*xx"2), x]] -

Di st [4xcxn, | nt [x"2xLog [d* (a+bxX+C*x"*2)"n]/ (a+b*x+C*x"2),x]] /;
FreeQ[{a, b, c, d, n}, x]



Integration Rules for Logarithm Functions

xMLog[a Log[bx"]P] dx

m Derivation: Integration by parts

= Rule

1
Jlog[aLog[bx”]p]dx — X Log[aLog[bx"]P] —np~f

= Program code:

Int [Log[a_. *Log[b_. *x_"n_. ]"p_. 1, x_Synbol ] : =
x*xLog[axLog [bxx*n] p] -
Di st [nxp, Int [1/Log [b*x"n], x1] /;

FreeQ[{a, b, n, p}, x]

= Derivation: Integration by parts

= Rule

— dx
Log[b x"]

Log[a Log[b x"1P] Log[b x"] (-p +Log[aLog[bx"]P])
J- dxXx —
X n

= Program code:

Int [Log[a_. xLog[b_. xx_"n_. ]"p_. 1/x_, x_Symbol ] :=
Log [b*x~n]=* (-p+Log[axLog[b*x*n]"p]l)/n /;
FreeQ[{a, b, n, p}, X]

m Derivation: Integration by parts

= Rule If m+1 # 0, then

1
ijLOQ[aLOg[bXn]p] dx — x™ Log(aLog[b x"1"] - np j x™
m+ 1 m+ 1

= Program code:

Int [x_“m. xLog[a_. xLog[b_. *x_"~n_. 1"p_. 1, x_Synbol ] : =
xN (mrl) xLog [axLog [bxx~n]” p]/ (mkl) -
Di st [nxp/ (m+1), I nt [X*nm/Log [bxx"n], x1] /;

FreeQ[{a, b, mn, p}, x] & NonzeroQ[m+1]

Log[b x"]

dx



Integration Rules for Logarithm Functions

Log[a+bx]m

c+d x

d X

X

a+b x a (bc-ad) x f b bc-ad
[mdx] [E+ crin | 5 (be-ad)x [E_(ca,dx)d a, (Pe-ad
X - X

X = (bc-ad) x c+d X bc-ad c+d x
c+d X c+d X

= Bass

m Rulelf mez A m>0 A bc-ad #0,then

Log [ &b Log[2+ 2] b d Log [
J [C+dX] dx — Subst [J c c dx, X, (be- : ) X] Subst [J
C+0X

= Program code:

ICD

Int [Log[(a_. +b_. »x_)/(c_+d_. +x_)]~m.. /x_, x_Synbol ]
Subst [I nt [Log[a/Cc+Xx/c]1 VX, X], X, (bxC-axd) X/ (C+d*Xx)] -
Subst [I nt [Log[b/d-x/d]*nVX, X], X, (bxc-axd)/ (c+dxx)] /;
FreeQ[{a, b,c,d}, x] & & IntegerQ[m] && m>0 && Nonzer oQ[bxc-axd]

b_
[3

Q|><



Integration Rules for Logarithm Functions

A+BLog[c +dx]

d X

va+bLog[c +dXx]

= Derivation: Algebraic expansion

= Bass A+Bz - b A-aB +BVa+bz
Va+bz bVa+bz b

m RuleIf bA-aB#0,then

J~ A+BLlog[c +dXx] 4 bA—aBJ- 1

B
dx+—jVa+bLog[c+dx] dx
va+bLlog[c+dx] b AJa+bLlog[c+dx] b

= Program code:

Int [(A_. +B_. xLog[c_. +d_. #x_1)/Sqrt [a_+b_. xLog[c_. +d_. xx_1]1, x_Synbol | : =
Di st [ (bxA-axB) /b, Int [1/Sqrt [a+bxLog[c+dxXx]1], X]] +
Di st [B/b, Int [Sgrt [a+bxLog[c+d*x]], x]] /;

FreeQ[{a, b, c, d, A B}, Xx] & NonzeroQ[bxA-axB]



Integration Rules for Logarithm Functions

fa Log[u] d X

m Derivation: Algebraic simplification
m Bags f2Loglg]l - galogif]

= Rule

JfaLog[u] dx —s juaLog[f] dx

= Program code:

Int [f_~(a_. *Log[u_1), x_Synbol | : =
I nt [u® (axLog[f 1), x] /;
FreeQ[{a, f}, x]



Integration Rules for Logarithm Functions

f [Log[ax"]] d
X

X

= Derivation: Integration by substitution

f [Log[ax"]]
X

= Basis = %f [Log[aXx"]] &xLog[ax"]

= Rule

f [Log[ax"]]
j— dx

1
— — Subst [ff [x]dx, X, Log[ax”]]
X n

= Program code:

| f [Showst eps,

Int [u_/x_,x_Synbol | : =
Modul e [ {l st =Functi onOf Log [u, X1},
ShowStep ["", "I nt [f [Log[a*x*n]]/Xx, Xx]", " Subst [I nt [f [X], X], X, Log[a*x*n]]/n", Hol d [
Di st [1/1 st [[3]], Subst [Int [I st [[1]],X],X,Log[lst[[2]11111] /;
Not [Fal seQ[lst]]1]1 /;
SinplifyFlag & & NonsunmQ[u],

Int [u_/x_, x_Synbol | : =

Modul e [ {l st =Functi onOf Log [u, X1},

Di st [1/1 st [[3]], Subst [Int [Ist[[1]],X],X,Log[lst[[21]111] /;
Not [Fal seQ[lst11] /;
NonsumQ[u] |

m Derivation: Algebraic simplification

. 1 1
= Bass =
ax+bxz X (a+b z)

= Rule

1 1
j dx — dx
ax+bxLog[cx"]™ X (a+bLog[cx"1T™

= Program code:

Int [1/(a_. #x_+b_. #x_xLog[c_. #x_"n_. 1"m.. ), x_Symbol ] : =
Int [1/(X* (a+bxLog[Cc*x*n]1"m)), x] /;
FreeQ[{a, b,c, mn}, x]



Integration Rules for Logarithm Functions

Log[c +d f2aPX] dx

= Derivation: Primitiverule
m Basis 84 Pol yLog[2, -c e*] = -Log[1l +cC eX]
= Rule

Pol yLog[2, -c fa+hx]

Log[1l+cfaP*x] dx — -
J. g[ ] b Log[f]

= Program code:

Int [Log[Ll+c_. »f _~(a_. +b_. #x_)], x_Symbol | : =
-Pol yLog [2, -cxf ~ (a+bxXx) ]/ (bxLog[f]1) /;
FreeQ[{a, b, c, f}, x]

= Derivation: Integration by parts
m Basis dxLog[c +dg[x]] = axLog[1+ dg#]

m RuleIfc # 1,then

dfa+bx dfa+bx
JLog[c+dfa+bX]dx — x Log[c+dfaPx] _x Log[1+ ]+jLog[1+ ]dlx
c c

= Program code:

Int [Log[c_+d_. #f _"(a_. +b_. #x_)], x_Symbol | : =
xxLog [c+d*f " (a+bxx)] - xxLog[l+d/c*f" (a+bxx)] +
I nt [Log[l+d/cxf” (a+bxx)1]1, x] /;

FreeQ[{a, b,c,d, f}, x] & NonzeroQ[c-1]



Integration Rules for Logarithm Functions

xMLog[c +d f2aPX] dx

m Derivation: Integration by parts

= Rule: If m> 0, then

xMPol yLog[2, -cf a"bx]

jxmLog[1+cfa*bx] dx — - J m-1 p0|y|_0g[ _Cfa+bx] dx

b Log[f] bLog[f]

= Program code:

Int [x_"m_. «Log[l+c_. «f _~(a_. +b_. »x_)], x_Synbol | : =

-x"mxPol yLog [2, -cxf " (a+bxx) ]/ (bxLog[f]) +

Di st [nv (bxLog[f 1), |nt [x*(m-1)=%Pol yLog[2, -cxf” (a+bxx)]1,x1] /;
FreeQ[{a, b,c,f}, x] & Rational Q[m] && m>0

= Derivation: Integration by parts

m Basis dxLog[c +dg[x]] —axLog[l w]
m Rulelfc #1 A m> 0,then
x™! Log[c+dfarbx] xmed Log[l dfabx] d fasbx
jxmLog[c+dfa*bx]dx — - jx Log[1+ ] dx
m+1 m+

= Program code:

Int [x_"m_. «Log[c_+d_. «f _~(a_. +b_. #x_) ], x_Synbol | : =
XN (mel) xLog [c+d*f~ (a+b*xx) ]/ (m+1l) - X~ (ml)xLog[l+d/c*f” (a+bxx)]/ (M+l) +
Int [x*mkLog [1+d/c*f” (a+bxx)], xX] /;

FreeQ[{a, b,c,d, f}, x] &k NonzeroQ[c-1] && Rational Q[m] && m>0



Integration Rules for Logarithm Functions

Log[u] dx

m Reference: A& S4.1.53
m Derivation: Integration by parts
» Rule: If uisan algebraic function of x, then

X Oy U
dx

jLog[u] dx — x Log[u] —J-
u

= Program code:

I nt [Log[u_],Xx_Synbol ] : =

xxLog [u] -

I nt [Regul ari ze [x*D[u, x]/u, x1, X] /;
Al gebr ai cFuncti onQ[u, X]



