Integration Rules for Rational Functions of Linears

audx

m Reference: CRC 1

= Rule

Jadlx — ax

= Program code:

Int [a_,x_Synbol ] : =
axx /;
| ndependent Q[a, Xx]

= Derivation: Power rulefor integration
= Rule

c (a+bx)?

Jc (a+bx)dx —
2b

= Program code:

Int [c_(a_+b_. #x_), x_Symbol | : =
Cx (a+bxx)"2/ (2xb) /;
FreeQ[{a, b, c}, x]

m Reference G&R 2.02.1, CRC 2
m Derivation: Constant extraction

m Rulelf n+1 # 0,then

Jc (a+bx)"dx — cf(a+bx)“d1x

= Program code:

Int [c_x(a_+b_. #x_)"n_, x_Symbol | : =
Di st [c, I nt [ (a+bxx)”n, x]1] /;
FreeQ[{a, b,c,n}, x] & NonzeroQ[n+1]



Integration Rules for Rational Functions of Linears

m Reference G&R 2.02.1, CRC 2
m Derivation: Constant extraction

= Rule

jaudlx — afudlx

= Program code:

| f [ShowsSt eps,

Int [a_*u_,x_Synbol ] : =
Modul e [ {l st =Const ant Fact or [u, x]},
ShowStep ["", "I nt [axu, x]", "axlnt [u, x]", Hol d [
Di st [axl st [[1]1],Int [Ist[[2]1],x1]111]1 /;
SinplifyFlag & FreeQ[a, Xx] &% Not [Mat chQ[u, b_=v_ /; FreeQ[b, x]111],

Int [a_*u_,x_Synbol ] : =
Modul e [ {l st =Const ant Fact or [u, x]},
Di st [axl st [[1]],Int [Ist[[21],X]1] /;
FreeQ[a, x] && Not [Mat chQ[u, b_xv_ /; FreeQ[b, x1]111



Integration Rules for Rational Functions of Linears

m Derivation: Constant extraction

= Note: Constant factorsin denominatorsare aggr essively factored out to prevent them occurring unnecessarily in logarithm ter msof
antiderivatives!

= Rule

jaudlx — ajudlx

= Program code:

I f [Showst eps,

Int [u_,x_Synbol ] : =
Modul e [ {l st =Const ant Fact or [Si npl i fy [Denom nator [u]l], X1},
ShowStep ["", "I nt [axu, x]", "axlnt [u, x]", Hol d [
Dist[1/]st [[1]],!nt [Numerator [u]/lst [[2]],%X]1]11] /;
Ist[[1]1]1='=1] /;
SinplifyFlag & (
Mat chQ[u, 1/(a_+b_. x) /; FreeQ[{a, b},x1] ||
Mat chQ[u, x*m_. /(a_+b_. #x~n_) /; FreeQ[{a, b, mn}, x] & ZeroQ[m-n+1]1] ||
Mat chQ[u, 1/((a_. +b_. #x) = (c_+d_. #x)) /; FreeQ[{a, b,c,d},x1] |l
Mat chQ[u, (d_. +e_. »x)/(a_+b_. »x+c_. #x*2) /; FreeQ[{a, b,c,d, e}, x]] ||
Mat chQ[u, (c_. = (a_. +b_. »x)~n_)~m_ /; FreeQ[{a, b,c, mn}, x] & ZeroQ[mxn+1]]),

Int [u_,x_Synbol ] : =
Modul e [ {l st =Const ant Fact or [Si npl i fy [Denom nator [u]], X1},
Dist [1/1st [[1]],!nt [Nunmerator [u]/lst[[2]1],x1] /;
Ist[[1]]1=!=1] /;

Mat chQ[u, 1/ (a_+b_. #x) /; FreeQ[{a, b}, xI] ||
Mat chQ[u, xm_. /(a_+b_. #x~n_) /; FreeQ[{a, b, mn}, x] & ZeroQ[m-n+1]1] ||
Mat chQ[u, 1/((a_. +b_. #x) = (c_+d_. #x)) /; FreeQ[{a, b,c,d},x1] ||
Mat chQ[u, (d_. +e_. »x)/(a_+b_. »x+c_. #x"2) /; FreeQ[{a, b,c,d, e}, x]] ||
Mat chQ[u, (c_. »(a_. +b_. »x)~n_)*m_ /; FreeQ[{a, b,c, mn}, x] & ZeroQ[mkn+1]]]



Integration Rules for Rational Functions of Linears

m Derivation: Constant extraction

= Note: Constant factorsin denominatorsare aggr essively factored out to prevent them occurring unnecessarily in logarithm ter msof
antiderivatives!

= Rule

jaudlx — ajudlx

= Program code:
I f [Showst eps,

Int [u_/v_, x_Synbol ] : =
Modul e [ {l st =Const ant Fact or [v, x]},
ShowStep ["", "I nt [a*u, x]", "axlnt [u, x]", Hol d [
Dist[l/1st[[1]],Int [u/lst[[2]],x111] /;
Ist[[1]]1=!=1] /;
SinplifyFlag & Not [Fal seQ[Deri vati veDi vi des [v, u, x]11,

Int [u_/v_, x_Synbol | : =
Modul e [ {I st =Const ant Fact or [v, X]},
Dist[l/lst[[1]],Int [u/lst[[21]1,%X1] /;
Ist[[1]1]1=!=1] /;
Not [Fal seQ[Deri vati veDi vi des [v, u, x]] ]]

= Derivation: Piecewise constant extraction

foxam
-fixn™ =

m Bags: 9y
m Ruelfmen=0 Av+w=0

Ju viw dx — v™wW' ju dx

= Program code:

Int [u_.*v_"m x*w *n_, x_Synbol ] : =
(vAmewtn) =l nt [u, X1 /;
FreeQ[{m n}, x] && ZeroQ[m«n] && Zer oQ[V+Ww]



Integration Rules for Rational Functions of Linears

= Derivation: Piecewise constant extraction

(a+b x™P

xmP (—b—;im)p

m Bass: 9y =0

» Ruelfa+d=0Ab+c=0Am+n=0Ap+q=0

m N (a+bx™MP (c+dxn)d m
ju (a+bx™MP (c+dx")%dx — _— jux P dx
X

= Program code:

Int [u_. (a_ +b_. #x_"m_. )"p_. #(c_. +d_. »x_"n_. )"q_., x_Synbol | :=
(a+bxx m)Ap* (C+d*Xn)Agq/X" (Mkp) %I Nt [u*X” (Mkp), X] /;
FreeQ[{a, b,c,d, mn, p,q}, Xx] && ZeroQ[a+d] && ZeroQ[b+c] && ZeroQ[m+n] && Zer oQ[p+q]



Integration Rules for Rational Functions of Linears

J.(a+bX)nd1X

m Reference: G&R 2.01.2, CRC 27, A&S3.3.15

m Derivation: Reciprocal rulefor integration

= Rule
1 Log[a-b x]
j_ ax - 2227
-a+bx b
= Program code:
Int [1/(a_+b_. *x_), x_Symbol ] : =
Log[-a-bxx]/b /;
FreeQ[{a, b}, x] && Negati veCoefficientQ[a]
m Reference: G&R 2.01.2, CRC 27, A& S3.3.15
m Derivation: Reciprocal rulefor integration
= Rule
1 Log[a+bX]
j dX —» ———
a+bx b

= Program code:

Int [1/(a_. +b_. #x_),x_Synbol | : =
Log[a+bxx]/b /;
FreeQ[{a, b}, x]

m Reference: G&R 2.01.1, CRC 7
= Derivation: Power rulefor integration

m Rulelfn+1 #0,then

Xn+l
JX” dx —
n+1

= Program code:

Int [x_~n_.,x_Synbol ] : =
XN (n+1) / (n+1) /;
I ndependent Q[n, x] && NonzeroQ[n+1]



Integration Rules for Rational Functions of Linears

m Reference: G&R 2.01.1, CRC 23, A& S3.3.14
= Derivation: Power rulefor integration

m Rulelfn+1 #0,then

(a+bx)n+t

f(a+bx)“d1x —
b (n+1)

= Program code:

Int [(a_. +b_. »x_)"n_, x_Synbol | : =
(a+b*x)” (n+1) / (b*x (n+1)) /;
FreeQ[{a, b, n}, x] &% NonzeroQ[n+1]



Integration Rules for Rational Functions of Linears

axMebx"4+...dx

m Reference: CRC 1,2,4,7,9

= Rule
bx%2 c¢x3
J\a+bx+cx2+mdlx—>ax+ + 3 + e
= Program code:
| f [ShowsSt eps,
Int [u_,x_Synbol ] :=
| f [Pol ynomi al Q[u, x],
ShowSt ep ["", "I nt [a+b*X+C*X"2+..., X]", "axX+b*X"2/2+C*x"3/3+..." , Hol d [
I nt egr at eMonom al Sum[u, x]11,
ShowStep ["", "I nt [a+b/X+C*X mk..., X]", "axX+bxLog [X]+C*X" (M+1l) / (Me1l) +...", Hol d [

I nt egr at eMonom al Sum[u, x1111 /;
SinplifyFlag & Monom al SumQ[u, x],

Int [u_,x_Synbol ] : =
I nt egr at eMonom al Sum(u, x] /;
Monom al SunQ[u, x]]

m Reference: G&R 2.02.2, CRC 2,4

= Rule

Jau+bv+-~d1x — afudlx+b V dX + .-

= Program code:

| f [ShowsSt eps,

Int [u_,x_Synbol ] :=
Modul e [ {l st =Spl i t Monom al Ter ns [u, X]},
ShowStep ["", "I nt [axu+b*V+..., x]", "axl nt [u, x]+bxl nt [v, Xx]+---", Hol d [
Int [Ist[[1]],%x] + SplitFreelntegrate[lst[[2]],%x11] /;
SunQI[l st [[1]1]1] && Not [FreeQ[lst [[1]1],x]] && Ist [[2]]1=!=0] /;
SinplifyFlag && SumQ[u],

Int [u_,x_Synbol ] : =

Modul e [ {l st =Spl i t Monom al Ter ns [u, X]},

Int [Ist[[1]],%x] + SplitFreelntegrate [Ist[[2]1],X] /;
SumQ[l st [[1]]1] && Not [FreeQ[lst [[1]],Xx]] && Ist [[2]]=!=0] /;
SunQ[u]]



Integration Rules for Rational Functions of Linears

= Derivation: Algebraic expansion
m BasisSz (U+V +-) =ZU+ZV +-.-

m Rule If me z, then

Jxm (U+V+:)dX — [ xTu+xMv +...dx

= Program code:

| f [ShowsSt eps,

Int [x_“m. *u_,x_Synbol ] : =
ShowStep ["", "I nt [XM (U+V+--2), X]", "I nt [XT%U+XT%V +..., Xx]", Hol d [
I nt [Map [Functi on [x"mx#], ul, X111 /;

SinplifyFlag & | ntegerQ[m] && SunQ[u],

Int [x_"m_. %u_, x_Synbol ] : =
I nt [Map [Functi on [X*mks], ul, X1 /;
I ntegerQ[m] && SumQlu]]



Integration Rules for Rational Functions of Linears

1

d X

n
X (a+bxM
Derivation: I ntegration by substitution
Basis If u=1+22" then —~__ =-2 1 5,u
a X (a+b x") an 1-u?

Rule:If n >0 A a e Q,then

1
JX (a+hbxM

Program code:

Int [1/(x_x(a_+b_. #x_"n_.)), x_Synbol | : =

-2xArcTanh [1+2xbxx"n/a]l/ (axn) /;

2
dXx — -— ArcTanh|1 +

an

a

FreeQ[{a, b, n}, x] && PosQ[n] && (Rational Q[a] || Rational Q[b/a])

Reference: G& R 2.118.1, CRC 84

Derivation: Algebraic expansion and reciprocal rulefor integration

. 1 1 b x-1
Bas's: X (a+bx") _ ax _ a (a+bx")

Rule:lf n>0 A - (a € Q),then

1
J—dlx
X (a+bxM

Program code:

Int [1/(x_x(a_+b_. #x_"n_.)), x_Synbol ] : =

Log[x]/a - Log[a+bxx~n]/(axn) /;

Log[x]

—

Log[a+b x"]

a

FreeQ[{a, b, n}, x] && PosQ[n] && Not [Rational Q[a] ||

an

Rat i onal Q[b/a]]




Integration Rules for Rational Functions of Linears

= Derivation: Reciprocal rulefor integration

1 ~ 1
= Bass X (a+bx") T ynl (b,,i)
7

s Rule If = (n > 0),then
J- 1 Log[b+ax™]
X (a+bxM) an

= Program code:

Int [1/(x_x(a_+b_. #x_"n_. )), x_Synbol | : =
-Log [b+a*x” (-n) ]/ (a*n) /;
FreeQ[{a, b, n}, x] && NegQ[n]

= Derivation: Algebraic simplification
m Bassax+bx"=x (a+bx"1)

= Rule
1 1
J’— dx — j— dx
ax+bx" x(a+bx“‘1)

m  Program code:

Int [1/(a_. #x_+b_. »x_"n_), x_Synmbol | : =
Int [1/(X* (a+b*xx” (n-1))), X] /;
FreeQ[{a, b, n}, x]



Integration Rules for Rational Functions of Linears

XM (a+bx)"dx

m Reference: G&R 2.110.2, CRC 26b special casewithm+n +2 =0
m Rulelfm+n+2=0 A n+1#0,then

x™! (a+bx)nt

jxm (@+bx)"dx — -
a(n+1l)

= Program code:

Int [x_"m_. «(a_+b_. »x_)"n_, x_Synbol | : =
XN (M+1l) % (a+b*xx)™ (n+1) / (ax (n+1)) /;
FreeQ[{a, b, m n}, x] & ZeroQ[m:n+2] && Nonzer oQ[n+1]

m Reference: G&R 2.110.2, CRC 26b

= Derivation: Integration by parts

. b n
= Bass x™ (a+bx)" = xmn2 L0

m Ruelfmnez AO<m<-n-2 A 2m+n+1>0,then

x™L @a+bx)™  min+2
jxm(a+bx)”dlx — - + jxm(a+bx)“+ldx
a(n+1) a(n+1)

= Program code:

Int [x_"m_. «(a_+b_. »x_)"n_, x_Synbol | : =

XN (Mel) % (a+b*xx)™ (n+1) / (ax (n+1)) +

Di st [ (M+n+2) / (a*x (n+1)), I nt [X "mk (a+b*x)” (n+1), x]]1 /;
FreeQ[{a, b}, X] & & IntegersQ[mn] && 0<nk-n-2 && 2xm+n+1>0



Integration Rules for Rational Functions of Linears

m Reference: G&R 2.110.1, CRC 26a
= Derivation: Inverted integration by parts
m Rulelfm nez A 0<n<m/2,then

x™l (a+bx)" an L
jxm(a+bx)”dlx — + jxm (a+bx)"*dx
m+n+1 m+n+1

= Program code:

Int [x_"m_«(a_. +b_. #x_)"n_., x_Symbol | : =

XN (mel) % (a+bxx)”An/ (Men+1) +

Di st [axn/ (m+n+1), | nt [X*mkx (a+bxx)”" (n-1), x]]1 /;
FreeQ[{a, b}, x] & IntegersQ[mn] && 0<n<nv2

m Reference: G&R 2.110.6, CRC 88c

= Derivation: Integration by parts

xm

0 (a+b X)m“n+2

m Basisx™(a+bx)" =
m Rulelfm nez AO<n<-m-2 A m+2n-1>0,then

x™l (a+bx)™l b (m+n+2)

jxm(a+bx)“dlx — JX’M (a+bx)"dx

a (m+1) a (m+1)

= Program code:

Int [x_"m_«(a_. +b_. #x_)"n_., x_Symbol | : =

XN (mel) % (a+bxx)” (n+1) / (a% (Mkl)) -

Di st [b* (men+2) / (ax (Mmel) ), I nt [X» (mel) % (a+bxx)”n, x11 /;
FreeQ[{a, b}, X] && IntegersQ[mn] && 0<n<-m-2 && m+2xn-1>0

m Reference: G&R 2.110.5, CRC 26¢
= Derivation: Inverted integration by parts
m Rulelfm nez A 0<m<n/2then

x™ (a +b x)n+t am

jxm(a+bx)”dx — fx”"l (a+bx)"dx

b (m+n+1) _b (m+n+1)

= Program code:

Int [x_"m_. «(a_. +b_. »x_)"~n_, x_Synmbol ] : =

X mk (a+b*xx)”™ (n+1) / (b* (Mrn+l)) -

Di st [axm/ (bx (men+1)), | nt [X* (M-1) » (a+b*x)”"n, x1]1 /;
FreeQ[{a, b}, x] & IntegersQ[m n] && 0<nkn/2



Integration Rules for Rational Functions of Linears

J(a+bx)m(0+dx)”d1x

m Derivation: Algebraic simplification
m Basis If bc+ad=0,then (a+bx) (c+dx) =ac+bdx?

m Rulelfnez A bc+ad=0,then

f(a+bx)” (c+dx)"dx — ~J-(ac+bdx2)ndlx

= Program code:

Int [(a_+b_. #x_)"n_. »(c_+d_. »x_)"n_., x_Synbol | : =
I nt [ (axC+bxd*x"2)"n, x] /;
FreeQ[{a, b,c,d}, x] & IntegerQ[n] && ZeroQ[bxc+axd]

m Derivation: Algebraic simplification
m BasisIf bc-ad=0andn ezthen (a+bx)™(c+dx)" = (%)n (a+bx)m™n

m Rulelf bc-ad=0 A n e zthen

d n
j(a+bx)m(c+dx)”d1x — (E] j(a+bx)”*“dlx

= Program code:

Int [(a_+b_. #x_)"m_. = (c_+d_. #x_)"n_., x_Synbol | : =

Di st [(d/b)”~n, I nt [ (a+bxx)” (m+n), xX]] /;
FreeQ[{a, b,c,d, m}, x] & ZeroQ[bxc-axd] && I ntegerQ[n] &&
(Not [IntegerQ[m]] || Leaf Count [a+bxx]<=Leaf Count [c+dxX])



Integration Rules for Rational Functions of Linears

= Derivation: Integration by substitution

bc+ad 2bdx then 1 - 2 1 3, U

n i S = - Tz
Basis: If u hoad t boad’ (asb x) (c+d x) bc-ad 1-u?

= Note: If bc -ad ¢ @, partial fraction expansion producestwo nicer looking log terms.

m Rulelf bc-adeg A bc-ad #0,then

1 2 bc+ad 2bdx
J dx — ——ArcTanh[ + ]
(a+bx) (c+dx) bc-ad bc-ad bc-ad

= Program code:

Int [1/((a_+b_. »x_)*(c_+d_. »x_)),x_Synbol | : =
-2xArcTanh [ (bxc+axd) / (bxc-axd) + 2xbxdxx/ (bxc-axd)]/ (bxc-axd) /;
FreeQ[{a, b,c,d}, x] & Rational Q[bxc-a*d] && bxc-axd!=0

m Reference: G& R 2.155, CRC 59a special casewhen m+n +2 = 0
m Rulelfm+n+2=0 A bc-ad#0 A n+1#0,then

(a+bx)™! (c+dx)n+l

f(a+bx)m(c+dx)“dx —_ -
(n+1) (bc-ad)

= Program code:

Int [(a_+b_. #x_)"m_. = (c_+d_. »x_)"n_, x_Synbol | : =
- (a+b*x)N (M+l) * (C+d*x) N (N+1) / ((n+1) * (bxc-axd)) /;
FreeQ[{a, b,c,d, mn}, x] && ZeroQ[m+n+2] && NonzeroQ[bxc-axd] && NonzeroQ[n+1]

m Reference: G&R 2.155, CRC 59a

= Derivation: Integration by parts

(c+d x)"

- m no_ men+2 _(C+dX) "
m Basis (a+bx)™(c+dx)" = (a+bx) (a+b x) "2

m Rulelfmnez Abc-ad#0 AO<m<-n-2 A 2m+n+1>0,then

(a+bx)™! (c+dx)n+l b (m+n+2)

f(a+bx)m(c+dx)“dx — - J(a+bx)m(0+dX)”*1dx

(n+1) (bc-ad) +(n+1) (bc-ad)

= Program code:

Int [(a_+b_. #x_)"m_. »(c_+d_. »x_)"n_, x_Synbol | : =
- (a+b*x)" (M+l) * (C+d*x)” (N+1) / ((n+1) * (bxc-axd)) +
Di st [b* (men+2) / ((N+1) x (bxc-axd)), | nt [ (a+bxXx)*mk (C+dxx)”" (n+1), x]]1 /;
FreeQ[{a, b,c,d}, x] & IntegersQ[m n] && NonzeroQ[bxc-axd] && O<nmk-n-2 && 2xm+n+1>0



Integration Rules for Rational Functions of Linears

m Reference: G&R 2.151, CRC 59b
= Derivation: Inverted integration by parts

m Rulelf m nez A bc-ad#0 A 0<n <mthen

(a+bx)™l (c+dx)" n (bc-ad)
+

j(a+bx)m(c+dx)”dx — j(a+bx)m(c+dx)”‘1dx

b (m+n+1) b (m+n+1)

= Program code:

Int [(a_+b_. #x_)"m_ % (c_+d_. #x_)~n_., x_Synbol | : =

(a+b*x) "N (M+l) » (C+d*x)~n/ (b* (Men+1)) +

Di st [nx (bxc-a%d) / (bx (m:n+1)), I nt [ (a+b*x) me (C+d*x)” (n-1), x]]1 /;
FreeQ[{a, b,c,d}, x] & IntegersQ[m n] && NonzeroQ[bxc-axd] &% O<nh<=m



Integration Rules for Rational Functions of Linears

xM(@+bx)" (c +dx)Pdx

m Derivation: Algebraic simplification
m Basis If bc+ad=0,(a+bx) (c+dx) =ac+bdx?

m Rulelfnez A bc+ad=0,then

jxm (a+bx)" (c+dx)"dx — ~J-xm(ac+bdx2)nd1x

= Program code:

Int [x_"m_. *(a_+b_. »x_)"n_. *(c_+d_. #x_)"n_., x_Synbol | : =
I nt [X*mk (axC+bxd*x"2)"n, x] /;
FreeQ[{a, b,c,d, m}, x] & |IntegerQ[n] && ZeroQ[bxc+axd]

= Derivation: Integration by substitution
= Basis 0y (X (a+bx”)"+1) = (a+bxMP (a+b (n (p+1) +1) x")
m Rulelf ad-bc (n (p+1) +1) =0,then

cXx (a+bxnyp

J(a+bx“)p (c+dx™) dx —
a

= Program code:

Int [(a_+b_. #x_"n_. )"p_. #(c_+d_. #x_"n_. ), x_Synbol | :=
CxX* (a+b*x*n)" (p+1) /a /;
FreeQ[{a, b,c,d, n, p}, x] && ZeroQ[axd-b*C* (n*(p+1)+1)]

= Derivation: Integration by substitution
= Basis o (x™! (a+bx”)p+1) =xM(@a+bxMP (a(m+1l) +b (Men (p+1) +1) x")
m Rulelf m#1#0 A ad (m+1) -bc (m+n (p+1) +1) =0,then

cx™ (a+bxm)P+t

jxm (a+bx™MP (c+dx") dx —
a (m+1)

= Program code:

Int [x_"m_. «(a_+b_. #x_"n_. )"p_. »(c_+d_. »x_"n_. ), x_Symbol | : =
CxX™ (M+l) * (a+bxx™n)” (p+1) / (ax (Mel)) /;
FreeQ[{a, b,c,d, mn, p}, x] & NonzeroQ[m1l] && ZeroQ[axdx (m+1l) -bxCx (men* (p+1)+1) ]



Integration Rules for Rational Functions of Linears

= Derivation: Integration by substitution
= Basis 9y (x™! (a+bx")P*) =xM(a+bx")P (a (M+1) +b (M+n (p+1) +1) x")
m Rulelf mig+1#0 A ad (m+g+1) -bc (m+g+n (p+1) +1) =0,then

c er-q+l (a+ b Xn)p+1

jxm (a+bx™P (cx9+dx"™9) dx —
a(m+q+1)

= Program code:

Int [x_"m_. #(a_+b_. #x_"n_. )*p_. »(c_. »x_"q_. +d_. »x_"r_. ), x_Symbol | : =
CxX™ (Mrq+1) » (a+bxx”n)” (p+1) / (a*x (M:q+1)) /;
FreeQ[{a, b,c,d, mn, p,q,r}, x] & ZeroQ[r-n-q] && NonzeroQ[m+g+1l] &&
Zer oQ[axd* (M+g+1) -bxC* (Mrq+n* (p+1) +1) ]

m Rulelf min+2#0 Af (bc (m+1) +ad (n+1)) -bde (m+n+2) =0,then

f (a+bx)™1 (c+dx)"?

bd (m+n+2)

f(a+bx)m(c+dx)“ (e+f x)dx —

= Program code:

I nt [(a_+b_. *x_)"m_. *(C_+d_. *x_)"n_. *(e_+f . *x_), X_Synbol ] =
fx(a+b*x)” (Ml) * (C+d*x)” (n+1) / (bxd* (Mn+2)) /;
FreeQ[{a, b,c,d,e,f,mn}, x] & NonzeroQ[mn+2] && Zer oQ[f = (b*C* (m+1l) +a*xd* (n+1))-bxdxe*x (Mn+2) ]

m Rulelfn, pez AO<n<2 A p>5,then

(a+bx)™ (c+dx)P*t bec(n+1l)+ad (p+1)

Jx (a+bx)" (c+dx)Pdx — J-(a+bx)”(c+dx)pdlx

bd (2+n+p) bd (2+n+p)

= Program code:

I nt [X_* (a_+b_. *x_)"n_. *(C_+d_. *X_)"p_. , X_Synbol ] =

(a+b*x)™ (n+1) * (C+dxXx) " (p+1) / (bxd* (2+n+p)) -

Di st [ (bxCcx (n+1) +axd* (p+1))/ (b*dx (2+n+p)), Int [ (a+bxx)*n*(c+d*xx)"p, X111 /;
FreeQ[{a, b,c,d, n, p}, x] & | ntegersQ[n, p] && 0<n<=2 && p>5
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m Ruelfmn, pez AO<m<2 AO<n<2 A p>5,then

- . x™L (a+bx)™l (c+dx)P+
jx (a+bx)" (c+dx)Pdx — -
bd (1+m+n+p)

bc (m+«n) +ad (m+p)

ac (m-1)

jx”*z (a+bx)" (c+dx)Pdx - JX”” (a+bx)" (c+dx)Pdx

bd (1+m+n+p) bd (1+m+n+p)

= Program code:

Int [x_"m_(a_+b_. #x_)"n_. #(c_+d_. »x_)"p_., x_Synbol | : =

XN (M-1) % (a+b*x) N (N+1) * (C+dxXx) " (p+1) / (bxd* (L+men+p)) -

Di st [axC* (Mm-1) / (bxd* (L+men+p)), |nt [X*(M-2) % (a+bxx) n* (C+d*x)"p, X]] -

Di st [ (b*Cx (men) +axd* (Mp)) / (bxd* (L+men+p)), | nt [X* (M-1) %= (a+bxX) nx (C+d*x)" p, X111 /;
FreeQ[{a, b,c,d, n, p}, x] & IntegersQ[mn, p] && 0<nk=2 && 0<n<=2 && p>5



