Integration Rules for Gamma Functions

jGarrrra[n, a+bx]dx

m Derivation: Integration by parts
= Rule

(a+bx) Ganma[n, a+bx] Gamma[n+1, a+bXx]

JGarma[n, a+bx]dx — -
b b

= Program code:

Int [Gamma[n_, a_. +b_. *x_], x_Synbol ] : =
(a+bxx) *Gamma [n, a+bxx] /b -
Gama [n+1, a+bxx]/b /;

FreeQ[{a, b}, x]



Integration Rules for Gamma Functions

xMGamma[n, a+bx] dx

m Derivation: Integration by parts

m RuleIf mez V a > 0,then

x™l Gamma[n, ax] Gamma[m+n+1, ax]
jxm(hm[n ax]dx — -
m+ 1 (m+ 1) am™!

= Program code:

Int [x_“m.*Gnma[n_,a_.*x_],x_Synbol ] : =
XN (mel) *Ganmma [n, axX]/ (ml) -
Gamma [men+1, axx]/ ((m:l) *a” (m+l)) /;
FreeQ[{a, n}, x] && (IntegerQ[m] || PositiveQ[a])

m Derivation: Integration by parts

= Rule

Jm : 4 x™l Ganma[n, ax] x™! Gamma[m+n+1, ax]
xMGamma[n, ax] dx — -
m+ 1 (m+1) (ax)m!

= Program code:

Int [x_"m.+Gmma[n_,a_»Xx_],x_Synbol ] : =

XN (mel) *Gamma [n, axx]/ (m:l) -

XN (Mtl) *Ganmma [Mmen+1, a*x]/ ( (M+l) » (a*xx)” (m+l)) /;
FreeQ[{a, m n}, X]

= Derivation: Integration by parts
= Rule If m> 0, then

xM(a+bx) Gamma[n, a+bx] xMGama[n+1, a+bx]
JmeamTa[n a+bx]dx — - -
b (m+1) b (m+1)

am m

jxml Ganmmaf[n, a+bx] dx+ ———
b (m+1)

_ J\xm'lGamra[n+1, a+bx] dx
b (m+1)

= Program code:

Int [x_“m.*Gamma[n_,a_+b . *x_],x_Synbol ] : =
X mk (a+b*x) *Gamma [n, a+bxx]/ (bx (m:l)) -
x "meGamma [n+1, a+bxx]/ (bx (m:l)) -
Di st [axmV/ (bx (m+1)), I nt [X" (M-1) *Ganma [n, a+bxx], X]] +
Di st [nvV (bx (m+1)), | nt [x* (m-1)*Gamma [n+1, a+bxx]1, X1] /;
FreeQ[{a, b, n}, x] & Rational Q[m] && m>0



Integration Rules for Gamma Functions

LogGamma[a + b x] dx

= Derivation: Primitiverule

m Bass

L WP
= =logl'(2)

= Rule

Pol yGama[-2, a+b x]

jLogGamra[a+bx] dx — -

= Program code:

Int [LogGmma[a_. +b_. *x_]1, x_Synbol ] : =
Pol yGamma [-2, a+b*x]/b /;
FreeQ[{a, b}, x]



Integration Rules for Gamma Functions

xMLogGanmma[a + b x] dx

m Derivation: Integration by parts
= Rule: If m> 0, then

XxMPol yGamua[-2, a+bx]
b

m
jxmLogGam[a+bx]dx — —ijml Pol yGamma[-2, a+b x] dx

= Program code:

Int [x_"m . xLogGamma[a_. +b_. *x_], x_Synbol ] : =

x mkPol yGamma [-2, a+bxx]/b -

Di st [mvb, I nt [x" (m-1) *Pol yGamma [-2, a+b*x], x1] /;
FreeQ[{a, b}, x] & Rational Q[m] && m>0



Integration Rules for Gamma Functions

Pol yGanma [n, a + b x] dx

= Derivation: Primitiverule

) O (n) 2)
= Bass % =yMD(2)

= Rule

Pol yGama[n -1, a+bx]

JPO| yGanma[n, a+bx] dx — -

= Program code:

Int [Pol yGamma[n_,a . +b_. *x_1,x_Synbol ] : =
Pol yGamma [n-1, a+b*x]/b /;
FreeQ[{a, b, n}, X]



Integration Rules for Gamma Functions

xMPol yGamma[n, a + b x] dx

m Derivation: Integration by parts
= Rule: If m> 0, then

XxMPol yGama[n -1, a+bx]
b

m
JmeoI yGamal[n, a+bx]dx — -Bjx”” Pol yGamma[n -1, a+bx] dx

= Program code:

Int [x_"m_. xPol yGamma [n_,a_. +b_. *x_], x_Synbol ] : =
x"mkPol yGanma [n-1, a+bxx]/b -
Di st [mvb, I nt [x" (m-1) *Pol yGamma [n-1, a+bxx], x]]1 /;
FreeQ[{a, b, n}, x] && Rational Q[m && m>0

= Derivation: Inverted integration by parts
m Rule If m< -1, then

x™1 Pol yGamma[n, a+bx] b

JmeoI yGnmmal[n, a+bx] dx — jxm*l Pol yGamma[n +1, a+b x] dx

m+ 1 m+1

= Program code:

Int [x_“m_. xPol yGama[n_,a_. +b_. *x_], x_Synbol ] :
XN (mel) xPol yGamma [n, a+bxx]/ (m+1l) -
Di st [b/ (mel), | nt [x” (m+1) xPol yGamma [n+1, a+bxx]1, X1] /;
FreeQ[{a, b, n}, x] && Rational Q[m] && nk-1



Integration Rules for Gamma Functions

J.Garrrra[a+bx]” Pol yGamma [0, a + b x] dx

= Derivation: Primitiverule

ar@"
0z

m Bass =ny@@rE"
= Rule

Ganmaf[a +b x]"
bn

fGarma[a+bx]“PoI yGma[0, a+bx]dx —

= Program code:

Int [Ganma[a_. +b_. *x_]1”n_. xPol yGamma [0, a_. +b_. *x_], x_Synbol ] : =
Gamma [a+b*x]~n/ (bxn) /;
FreeQ[{a, b, n}, X]

= Derivation: Primitiverule

s A"
n Bass'ﬂ
(24

=ny@@z+ 1) @H"

= Rule

((a+bx) nn
j((a+bx)!)”PonGamm[O, l+a+bx]dx — —b
n

= Program code:

Int [((a_. +b_. #x_))"n_. xPol yGamma [0, c_. +b_. #x_], x_Symbol | : =
((a+bxx) 1)Y~An/ (bxn) /;
FreeQ[{a, b,c, n}, x] & & ZeroQ[a-Cc+1]



