Integration Rules for Inverse Sine Functions

ArcSin[a+bx]"dx

m Reference: G&R 2.813.1, CRC 441, A& S4.4.58
m Derivation: Integration by parts
= Rule

(a+bx) ArcSinfa+bx] /1-(a+bx)?
+

b b

JArcSin[a+bx] dx —

= Program code:

Int [ArcSin[a_. +b_. *x_1, x_Synbol ] : =
(a+bxx) xArcSi n[a+bxx]/b + Sgrt [1-(a+bxx)*2]/b /;
FreeQ[{a, b}, x]

m Reference: CRC 465
= Derivation: Iterated integration by parts

s Rule If n > 1,then

) (a+bx) ArcSin[a+bx]"
jArcSm[a+bx]“d1x — . +

nyl-(a+bx)2 ArcSin[a+bx]"!

b

-n(n-1) chSin[a+bx]“'2dx

= Program code:

Int [ArcSin[a_. +b_. *x_]1"n_, x_Synbol ] : =
(a+bxx) *ArcSi n[a+b*x]*n/b +
nxSqrt [1- (a+b*xx)"2]1*xArcSi n[a+bxx]” (n-1) /b -
Di st [nx (n-1), I nt [ArcSi n[a+b*x]" (n-2),Xx]1] /;
FreeQ[{a, b}, x] && Rational Q[n] && n>1



Integration Rules for Inverse Sine Functions

= Derivation: Integration by substitution

1

s _ Cos[ArcSin[z]] .,
= Bass ArcSin[z] = ArcSin[z] ArcSin’[z]
= Rule
1 Coslntegral [ArcSin[a+bx]]
J - dx —
ArcSin[a+bx] b

= Program code:

Int [1/ArcSin[a_. +b_. »x_],x_Synbol | : =
Cosl ntegral [ArcSin[a+bxx]]1/b /;
FreeQ[{a, b}, x]

= Derivation: Integration by substitution

1 _ Cos[ArcSin[z]] Ar cSi n’[z]

= Basis - = -
ArcSin[z]? ArcSin[z]?

= Rule

dx —

ArcSinf[a+bx]? _bArcSin[a+bx] b

J 1 V1-(a+hx)? Sinlntegral [ArcSin[a+bx]]

= Program code:

Int [1/ArcSin[a_. +b_. »x_]"2, x_Synmbol | : =
-Sgrt [1-(a+bxx)”~2]1/ (b*ArcSin[a+b*x]) - Sinlntegral [ArcSin[a+b*x]]/b /;
FreeQ[{a, b}, x]

m Derivation: Integration by substitution

= Basis ! - SLsACSINZI ArcSin’[z]
VArcSin[z] VArcSin[z]

= Rule

1 1 2
J dx — — /2 x Fresnel C[ — “ArcSin[a+bx] ]
VArcSin[a+bx] b 4

= Program code:

Int [1/Sqrt [ArcSin[a_. +b_. «x_]],x_Synbol | : =
Sgrt [2«+Pi 1xFresnel C[Sqrt [2/Pi 1+Sqrt [ArcSi n[a+bxx]]1]1/b /;
FreeQ[{a, b}, x]



Integration Rules for Inverse Sine Functions

= Derivation: Integration by parts

= Rule

b Ar cSi b 1 2
JVArcSin[a+bx] dx — (a+bx) VAcSIn[a+bx] ——Jg FresneIS[ — \/ArcSin[a+bx]]

b b 7

= Program code:

Int [Sgrt [ArcSin[a_. +b_. *x_11,x_Synbol ] : =
(a+bxx) *Sqrt [ArcSi n[a+bxx]]/b -

Sqrt [Pi /2]1%Fresnel S[Sqrt [2/Pi 1xSqrt [ArcSi n[a+bxx]1]1]1/b /;
FreeQ[{a, b}, x]

m Derivation: Inverted iterated integration by parts
m Rulelf n<-1 A n#-2then

) (a+bx) ArcSin[a+bx]n?
JArcSm[a+bx]”d1x — +
b(n+1) (n+2)

V1-(a+bx)2 ArcSinfa+bx]"! 1

- jArcSi nla+bx]"? dx
b (n+1) (n+1) (nN+2)

m  Program code:

Int [ArcSin[a_. +b_. *x_]”n_, x_Synbol ] : =
(a+bxx) *ArcSi n[a+b*xx]1" (n+2) / (bx (n+1) * (N+2)) +
Sqrt [1- (a+bxx)"2]xArcSi n[a+b*x]” (n+1)/ (bx (n+1l)) -
Dist [1/((n+1)*(n+2)),|nt [ArcSi n[a+bxx]" (n+2), x]] /;
FreeQ[{a, b}, X] && Rational Q[n] && n<-1 && n!=-2

" Rulelfn¢o V -1<n<1 then

) iArcSin[a+bx]" (I'[n+1, i ArcSin[a+bx]] T[n+1l, -2aArcSin[a+bx]]
jArcSm[a+bx]"d1x —

2b (L ArcSin[a+bx])" ) (- ArcSin[fa+bx])"
= Program code:

Int [ArcSin[a_. +b_. *x_]”n_, x_Synbol ] : =
| *ArcSi n[a+b*x1"n/ (2xb) *
(Gamma [n+1, | *ArcSin[a+bxx]]/ (I *ArcSi n[a+b*x])"n -
Gamma [n+1, -1 *ArcSi n[a+b*x]]1/ (-l *ArcSi n[a+bxx])"n) /;
FreeQ[{a, b, n}, x] & & (Not [Rational Q[n]] || -1<n<1)



Integration Rules for Inverse Sine Functions

XMArcSin[a+bx] dx

m Reference: G&R 2.831, CRC 453, A& S4.4.65
m Derivation: Integration by parts
s Rule If m+1 # 0, then

. x™L ArcSin[a+bx] b xm1
jxmArcS| nfa+bx]dx — n - 1 dx
m m
¥ ¥ \/1—a2—2a

b x - b% x2

= Program code:

Int [x_"m.xArcSin[a_. +b_. *x_1,x_Synbol ] : =

XN (mel) *ArcSi n[a+b*x]/ (m+l) -

Di st [b/ (mel), I nt [X™ (me1l) /Sqart [1-a”2-2xaxbxx-b"2xx"2]1, Xx1] /;
FreeQ[{a, b, m}, x] && Nonzer oQ[m+1]



Integration Rules for Inverse Sine Functions

XMArcSi n[ax]"dx

= Rule
X A 2V ArcSin[ax]
j dx — —— Fresnel S ]
VArcSin[ax] 2 a? AV

= Program code:

Int [x_/Sart [ArcSin[a_. «x_11, x_Synbol | : =
Sqrt [Pi 1/ (2%xa”2) xFresnel S[2xSqrt [ArcSi n[axx]1]1/Sqrt [Pi 1] /;
FreeQJa, x]

= Rule

24V ArcSin[ax] ]
Vo

dx — - + Fr esnel C[

ArcSin[ax]3/2 avVArcSin[ax] a?

J X 2X'\/1-a2X2 24w

= Program code:

Int [x_/ArcSin[a_. «x_]1"(3/2), x_Synbol | : =
-2xx*xSqrt [1-a”2xx"2]/ (a*Sqrt [ArcSin[a*x]1]) + 2xSgrt [Pi ]/a"2xFresnel C[2xSqrt [ArcSi n[a*x]1]1/Sqrt [Pi 1]
FreeQJ[a, x]

m RuleIf n>1,then

. nx+1-a2x2 ArcSinfax]"!
X ArcSin[ax]"dx —

4a

ArcSin[ax]"™ x2ArcSin[ax]" n(n-1) )
+ - Jx ArcSin[ax]"? dx
4 a2 2 4

= Program code:

Int [x_*ArcSin[a_. *x_]"n_, x_Synbol ] : =
Nxx*Sqrt [1-a”2+x"2]%xArcSi n[a*x]" (n-1)/ (4*a) -
ArcSi n[axx]”n/ (4xa"2) + x"2xArcSin[axx]"n/2 -
Di st [nx(n-1) /4, I nt [x*ArcSi n[a*x]" (n-2),x]]1 /;
FreeQ[a, x] && Rational Q[n] && n>0



Integration Rules for Inverse Sine Functions

m Rulelf n<-1 A n#-2,then

. x\1-a2x2 ArcSinf[ax]ml
X ArcSin[ax]"dx —

a(n+1l)

ArcSin[fax]™2 2x2ArcSin[ax]"?2 4

+ -
az (n+1) (n+2) (n+1) (n+2) (n+1) (n+2)

Jx ArcSin[ax]"? dx

= Program code:

Int [x_*ArcSin[a_. *xx_]”n_,x_Synbol ] : =
Xx*Sqrt [1-a”2xx"2]%ArcSi n[axx]” (n+1) / (a* (n+1l)) -
ArcSi n[axx]” (n+2) /("2 (N+1) * (N+2)) +
2xX"2%xArcSi n[axx]1" (n+2) / ((n+1) *(n+2)) -
Di st [4/ ((n+1) % (n+2)), | nt [X*ArcSi n[a*x]" (n+2), x1] /;
FreeQ[a, x] && Rational Q[n] && n<-1 && n#-2

s Rule If n > 1,then

dx — - - dx

x3 2X 2 x2 2

JArcSin[ax]“ any1l-a2x2 ArcSin[ax]™! ArcSin[ax]" a?n (n-1) J~ArcSin[ax]”‘2
_— +

X

= Program code:

Int [ArcSin[a_. #x_]"n_/x_"3,x_Synbol | : =
—axnN*xSqrt [1-a”2xx"2]1xArcSi n[axXx]” (n-1)/ (2%x) -
ArcSi n[axx]"n/ (2%x"2) +
Di st [a"2xn%(n-1) /2, I nt [ArcSi n[a*x]" (n-2) /X, X]1] /;
FreeQ[a, x] && Rational Q[n] && n>1



Integration Rules for Inverse Sine Functions

m Rulelf mez A m<-3 A n> 1, then

anx™2+/1-a2x2 ArcSin[ax]"-1
XMArcSin[ax]"dx — - +

(m+1) (M+2)

x™L ArcSin[ax]™ a2 (m+3) x™3 ArcSin[ax]"

(m+1) (m+1) (Mm+2) *
aZ (m+3)?2

aZn (n-1)
(m+1) (m+2)

fx”“z ArcSin[ax]"dX + ———~
(m+1) (m+2)

jx”“z ArcSin[ax]"?dx
= Program code:

Int [x_"m xArcSin[a_. *Xx_]"n_, x_Synbol ] : =

—axN*xX" (Me2) *Sqrt [1-a”2xx"2]1*ArcSi n[a*x]1" (n=-1) / ((m1l) » (M+2)) +
XN (Mme1) *ArcSi n[a*x]*n/ (m:1l) -

an2x (M3) »X™ (Mk3) *ArcSi n[a*x]1n/ ((Mel) * (Mk2)) +

Di st [a”"2% (M+3) "2/ ((mel) x (Me2)), I nt [X™ (M+2) *ArcSi n[axx]1”n, Xx]]1 +

Di st [a"2xn* (n-1) / ((M+1) % (m+2) ), | nt [X" (M+2) *Ar cSi n[a*x]” (n-2),x]] /;
FreeQ[a, x] && I ntegerQ[m] && Rational Q[n] && nk-3 && n>1

m Rulelf mez A m>1 An<-1An#-2then

xM4/1-a2x2 ArcSinf[ax]"?
xMArcSin[ax]"dx —

a(n+1)

mx™1 ArcSin[ax]™2 (m+1) x™! ArcSin[ax]"2
+

a2 (n+1) (n+2) (n+1) (n+2)
(m+1)?2

m(m-1)
(n+1) (n+2)

jmecSi niax]™?dx + jx”*z ArcSin[ax]"? dx
aZ (n+1) (n+2)

= Program code:

Int [x_“m xArcSin[a_. *x_]"n_, x_Synbol ] : =
X meSqrt [1-a”2xx"2]*ArcSi n[axx]” (n+1l) / (ax(n+l)) -
mex”™ (M-1) *Ar cSi n[axX]” (N+2) / (a”2% (N+1) * (N+2)) +
(mel) xX™ (mel) *ArcSi n[a*xx]1” (n+2) / ((n+1) * (n+2)) -
Dist [(m1)22/ ((n+1) % (n+2)), | nt [X*mxArcSi n[axx]”" (n+2), Xx]] +
Di st [mx (m-1) / (2% (n+1) % (n+2)), | nt [X? (M-2) *ArcSi n[a*x]”* (n+2), X111 /;
FreeQ[a, x] && IntegerQ[m] && Rational Q[n] &% m>1 && n<-1 && n#-2



Integration Rules for Inverse Sine Functions

= Derivation: Integration by substitution

= Basis M = %ArcSi nfaxP]" Cot [ArcSin[axP]] 8y ArcSi n[a xP]

m Rulelf nez A n>0,then

ArcSin[axP]" 1 _
J— dx — — Subst [jx” Cot [x] dXx, X, ArcSi n[axp]]
X p

= Program code:

Int [ArcSin[a_. «x_"p_. 1"n_. /x_,x_Synbol | : =
Di st [1/p, Subst [I nt [x*nxCot [X], X1, X, ArcSi n[a*x"pl11] /;
FreeQ[{a, p}, x] & IntegerQ[n] && n>0

= Derivation: Integration by partsand substitution

s Basis If me z, X ACSnlaxi™ almArcSi nfax]™!Sin[ArcSin[ax]]™! 8, ArcSin[ax]

\ 1-a2 x?
m Rulelf mez A m# -1,then

) x™L ArcSin[ax]" n . )
JxmArcS| nfax]"dx — - Subst [Jx”'l Sin[x]™!dx, x, ArcSi n[ax]]
m+ 1 a™l (m+1)

= Program code:

Int [x_“m.*ArcSin[a_. *x_]"n_, x_Synbol ] : =

XN (m+1) ®xArcSi n[axx]1*n/ (m+1l) -

Di st [n/ (a” (m+1) % (m+1) ), Subst [l nt [X" (n-1) *Si n[x]" (m+1), X], X, ArcSin[a*x]]1]1 /;
FreeQ[{a, n}, x] && |IntegerQ[m] && m¢-1



Integration Rules for Inverse Sine Functions

f(a+bArcSin[C+dx])”dx

= Derivation: Integration by substitution
m Bass (a+bArcSin[c+dx])" = % (a+bArcSin[c+dx])"Cos[ArcSin[c +dx]] 8xArcSin[c +dx]

= Rule If n ¢ z, then

1
j(a+bArcSin[c+dx])“dlx — ESubst [j(a+bx)”Cos[x]d1x, X, ArcSin[c+dx]]

= Program code:

Int [(a_+b_. *ArcSin[c_. +d_. #x_1)"n_, x_Synbol | : =
Di st [1/d, Subst [I nt [ (a+b*x)~nxCos [x], X], X, ArcSin[c+d*x]1]1] /;
FreeQ[{a, b, c,d}, x] & Not [I nt eger Q[n]]



Integration Rules for Inverse Sine Functions

xM(@a+bArcSin[c +dx])"dx

= Derivation: Integration by substitution

m Bass Ifmez xM™(a+bArcSin[c+dx])" =
L a+bArcSin[c+dx])" (Sin[ArcSin[c+dx]] -c)™Cos[ArcSin[c+dx]] dxArcSin[c +dx]

dml

m Rulelf mez An¢z A m>O0,then

1
Jxm(a+bArcSin[c+dx])”dx — —18ubst [J(a+bx)“ (Sin[x] -c)™Cos [x] dXx, X, ArcSin[c+dx]]
dITN—

= Program code:

Int [x_"m_. «(a_+b_. »ArcSin[c_. +d_. »x_])"n_, x_Synbol | : =
Di st [1/d” (m+1), Subst [I nt [ (a+b*x)"n* (Si n[x]-c)*mxCos [X], X], X, ArcSin[c+d*x]]] /;
FreeQ[{a, b,c,d}, x] & & IntegerQ[m] && Not [I ntegerQ[n]] && m>0



Integration Rules for Inverse Sine Functions

X ArcSin[a+bx]"

\/1- (a+bx)?

d X

= Derivation: Integration by parts

s Rule If n > 1,then

JxArcSin[a+bx]”
dx —
V1-(a+bx)?2
V1-(a+bx)? ArcSinfa+bx]" n _ a [ ArcSin[fa+bx]"
- +—JNCS|n[a+bx]”‘1dx—— dx
b2 b b —
1-(a+bx)

= Program code:

Int [x_#ArcSin[a_. +b_. #x_]"n_/Sqrt [u_], x_Synbol | : =
-Sgrt [u]*ArcSi n[a+b*x]1"n/b"2 +
Di st [n/b, Int [ArcSi n[a+bxx]” (n-1),x]] -
Di st [a/b, I nt [ArcSi n[a+b*x]*n/Sgrt [u], x1] /;
FreeQ[{a, b}, x] && ZeroQ[u-1+(a+bxx)"2] && Rational Q[n] && n>1



Integration Rules for Inverse Sine Functions

m

uArcSi n[ d x

a+bx”]

= Derivation: Algebraic smplification
m Basis ArcSin[z] = ArcCsc[%]
= Rule

) c m a bxh,m
juArcSm[—] dx — uArcCsc[—+
a+bx" c c

dx

= Program code:

Int [u_. »ArcSin[c_. /(a_. +b_. »x_~n_.)]*m.., x_Synbol | : =
I nt [uxArcCsc [a/Cc+bxx*n/c1"m x] /;
FreeQ[{a, b, c, n, m}, X]



Integration Rules for Inverse Sine Functions
fc ArcSi n[a+b X] dx

= Rule If 1+c2Log[f]? #0,then

1, 2
J}cArcSin[a+bx] dx — a+bx+c 1—(a+bx) LOg[f] chrcSin[a+bx]

b (1+c?Log[f1?)

= Program code:

Int [f_~(c_. «ArcSin[a_. +b_. »x_]), x_Synbol | : =
fA(cxArcSin[a+bxx])*(a+bxx+cxSqrt [1- (a+bxx)*2]1xLog[f]1)/ (b*x(l+c*2xLog[f ]172)) /;
FreeQ[{a, b,c,f}, x] & NonzeroQ[l+c"2xLog][f ]*2]



Integration Rules for Inverse Sine Functions

v ArcSin[u] dx

m Derivation: Integration by parts

m Rule If uisfreeof inversefunctions, then

, , X Ay U
jArcSm[u] dx — X ArcSin[u] —J—dlx

1-u?

= Program code:

Int [ArcSin[u_]1,x_Synbol ] :=
X*ArcSin[u] -
I nt [Regul ari ze [xx*D[u, x]1/Sqgrt [1-u”2], X1, X] /;
I nver seFuncti onFreeQI[u, x] && Not [Functi onOf Exponenti al Of Li near [u, X]]

= Derivation: Integration by parts

s Rule If m+1 # 0 A uisfreeof inversefunctions, then

dx

x™L ArcSin[u] 1 x™1 a5 u
m+ 1 m+ 1

JmecSin[u]dx — -
V1-u?

= Program code:

Int [Xx_“m.*ArcSin[u_],x_Synbol ] : =
XN (mel) *ArcSin[ul/ (mel) -
Di st [1/ (m+1), I nt [Regul ari ze [x" (m+1) *D[u, x]/Sqrt [1-u”2], x], X111 /;
FreeQ[m x] && NonzeroQ[m+1] && | nverseFuncti onFreeQ[u, X] &&
Not [Functi onOf Q[x” (mk1l), u, x]] &&
Not [Functi onCf Exponenti al Of Li near [u, X]]



