Integration Rules for Inverse Hyperbolic Cotangent Functions

ArcCot h[ax]" dx

m Reference: CRC 586, A& S4.6.48
m Derivation: Integration by parts

= Rule

Log[1 -a?x?]
J-ArcOoth[ax] dx — X ArcCoth[aXx] + —8 —

2a
= Program code:
Int [ArcCoth[a_. #x_],x_Synbol ] : =
Xx*ArcCot h[a*x] + Log[l-a”2xx"2]/(2%a) /;
FreeQ[a, x]
= Derivation: Integration by parts
m Rulelf nez A n>1,then
x ArcCot h[a x]"1
chOoth[ax]”dlx —>xArcCoth[ax]”—anj dx
1-a?x?

= Program code:

Int [ArcCoth[a_. *x_]”n_, x_Synbol ] : =

x*Ar cCot h [a*x]”n -

Di st [a*n, | nt [xxArcCot h [a*x]" (n-1) / (1-a"2xx"2),Xx]1] /;
FreeQ[a, x] && I ntegerQ[n] && n>1



Integration Rules for Inverse Hyperbolic Cotangent Functions

XMArcCot h[a x]" dx

m Derivation: Iterated integration by parts
m Rulelf nez A n>0,then

ArcCoth[ax]"™ x2ArcCoth[ax]"
+
2 a? 2

n
JxArcCoth[ax]”dlx - - +2—JNC®th[aX]”‘1dx
a

= Program code:

Int [x_*xArcCoth[a_. *x_]”n_.,x_Synbol ] : =
-ArcCot h[a*x]”n/ (2%xa”2) + x"2xArcCoth[a*x]"n/2 +
Di st [n/ (2%a), I nt [ArcCot h[a*x]” (n-1),Xx1] /;
FreeQ[a, x] && I ntegerQ[n] && n>0

= Derivation: Iterated integration by parts
m Rulelfnez A n>0 A m>1,then

x™L ArcCoth[ax]” x™! ArcCoth[ax]"
J.xmArcCoth[ax]”dlx — - + +
a2 (m+1) m+ 1

n m-1

fx”*l ArcCot h[ax]"! dx + jxmchmth[ax]”dx

a (m+1) aZ (m+1)

= Program code:

Int [x_“m xArcCoth[a_. *x_1"n_.,x_Synbol ] : =
=X (m-1) *ArcCot h[a*x]”n/ (a"2% (M+1)) + X~ (m+1l)*ArcCot h[a*x]”n/ (m«l) +
Di st [n/ (ax (m+1)), | nt [x* (m-1) *xArcCot h [axx]” (n-1), x]] +
Dist [(m-1)/(@"2%(m+1)), I nt [x*(Mm-2)*ArcCot h[a*x]”n, x]1] /;

FreeQ[a, x] && IntegerQ[n] && n>0 && Rational Q[m] && m>1
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= Derivation: Integration by parts

m Rulelf nez A n> 1, then

X

ArcCoth[ax]" 2
j—dlx —>2ArcOoth[ax]”ArcOoth[1— ]-2an

ArcCothlax]"*! ArcCoth[1 - %]

l-ax 1-a2x?
= Program code:
Int [ArcCoth[a_. #x_1"n_/x_, x_Synbol | : =
2%xArcCot h[axx]” nxArcCoth[1-2/ (1-a%x)] -
Di st [2xaxn, | nt [ArcCot h[a*x]" (n-1)*ArcCot h[1-2/ (1-axx)]/ (1-a”2*x"2),x]1] /;
FreeQ[a, x] & IntegerQ[n] &% n>1
= Derivation: Integration by parts
m Rulelf nez A n > 0,then
ArcCothl[ax]" ArcCoth[ax]" ArcCot h[ax]"1
j—dx_,-—+anj dx
x2 X

= Program code:

Int [ArcCoth[a_. #x_]1"n_. /x_"2,x_Synbol | : =

-ArcCot h[a*x]"n/X +

Di st [a*n, | nt [ArcCot h[a*x]" (n-1) /(X% (1-a"2%x"2)),x]1] /;
FreeQ[a, x] && I ntegerQ[n] && n>0

m Derivation: Inverted iterated integration by parts

m Rulelf nez A n>0,then

X —

J*ArcCOth[ax]“d] a2 ArcCoth[ax]" ArcCothlax]"

x3 2 2 x2
= Program code:

Int [ArcCoth[a_. #x_1"n_. /x_"3,x_Synbol | : =
an2xArcCot h[axx]*n/2 - ArcCoth[axx]”n/ (2xXx"2) +
Di st [axn/2, | nt [ArcCot h[a*x]” (n-1) /x"2,Xx]] /;

FreeQ[a, x] && | ntegerQ[n] && n>0

an

2

X (1—a2 x2)

ArcCot h[ax]"-1

x2

dx

dx



Integration Rules for Inverse Hyperbolic Cotangent Functions

= Derivation: Inverted iterated integration by parts
m Rulelfnez A n>0 A m< -3, then

x™L ArcCoth[ax]" a2x™3 ArcCoth[ax]"
m+ 1 m+ 1
aZ (m+3)

jxmArcmt h[ax]"dx —

an

Jxm*lArcOoth[ax]“'ldlx+ Jxm*zArcCoth[ax]”dlx

m+1 m+ 1

= Program code:

Int [x_"m xArcCoth[a_. *x_1"n_.,x_Synbol ] : =
XN (ml) *Ar cCot h [a*x]1”n/ (M+1l) - a”2xx” (mk3) *Ar cCot h [a*x]*n/ (m+1) -
Di st [axn/ (m+1), | nt [x" (m+1) *xArcCot h[a*x]” (n-1), x]] +
Di st [a"2% (Mm+3) / (m1), | nt [x® (M+2) *ArcCot h [a*x]"n, X]] /;

FreeQ[a, x] && IntegerQ[n] && n>0 && Rational Q[m] && nk-3
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ArcCot h[a x]"

dXx
c +dX
= Derivation: Integration by parts
» Rulelf a2c?=d> Anez A n>0,then
ArcCot h[ax]" ArcCoth[ax]”Log[cfdcx] an ArcCoth[ax]”‘lLog[cf;X]
- o~ dx — - + — dx
c+dx d 1-a?x?

= Program code:

Int [ArcCoth[a_. #x_1"n_. /(c_+d_. »x_), x_Synbol | : =

-ArcCot h[a*x]*nxLog[2xC/ (C+dxx)]/d +

Di st [axn/d, | nt [ArcCot h [axx]” (n-1) xLog[2%C/ (C+d*Xx)]/ (1-a"2xx"2),x]1] /;
FreeQ[{a, c,d}, x] && ZeroQ[a’2xc"2-d"2] && IntegerQ[n] && n>0
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XMArcCot h[a x]"

d X
c +dX
= Derivation: Integration by parts
» Rulelf a2c?=d> Anez A n>0,then
2 - 2
Ar cCot h[a x]" ArcCothlax]"Log[2- =] 4, (CArcCothlax]"!Log[2- =]
—_—  dXx —> - — dx
X (c +dXx) c c 1-a?x?
= Program code:
Int [ArcCoth[a_. #x_1"n_. /(x_#(c_+d_. xx_)),x_Synbol | : =
ArcCot h[a*x]”nxLog[2-2%C/ (C+d*Xx)]/C -
Di st [axn/c, | nt [ArcCot h[axx]” (n-1) xLog[2-2xC/ (C+dxX) ]/ (1-a”2xx"2),x]] /;
FreeQ[{a, c,d}, x] && ZeroQ[a’2xc"2-d"2] && IntegerQ[n] && n>0
= Derivation: Integration by parts
m Rulelf a2c?2=d> Anez A n>0,then
2 - 2
Ar cCot h[a x]" ArcCothlax]"Log[2- =] 4 (ArcCothlax]"'Llog[2- =]
—_—dX — - — dx
cx+dx? c c 1-a?x?

= Program code:

Int [ArcCoth[a_. »x_]"n_. /(c_. #x_+d_. #x_"2), x_Synmbol | : =

ArcCot h[a*x]”"nxLog[2-2%C/ (C+d*X)]/C -

Di st [a*n/c, | nt [ArcCot h[a*x]” (n-1) *xLog[2-2%C/ (C+d*X) ]/ (1-a"2%xx"2),Xx]] /;
FreeQ[{a, c,d}, x] && ZeroQ[a’2xc"2-d"2] && |ntegerQ[n] && n>0
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m Derivation: Algebraic simplification
» Bass —=— == - c

c+d x d " d (c+d x)

m Rulelf a2¢c?=d> Am>0 Anez A n>D0,then

J-xmArcCoth[ax]“ CJX’T*lArcCoth[ax]"dl
X

1
dx — ajx”” ArcCoth[ax]"dx - m

c+dX c+dx

= Program code:

Int [x_"m_. «ArcCoth[a_. «x_]"n_. /(c_+d_. #x_), x_Synmbol ] : =
Di st [1/d, | nt [X" (m-1) *ArcCot h[a*x]"n, X]] -
Di st [c/d, I nt [X" (m-1) *ArcCot h [a*Xx]”n/ (C+d*Xx), X]] /;
FreeQ[{a, c,d}, x] && ZeroQ[a’2xc"2-d"2] && Rational Q[m] & & m>0 && I ntegerQ[n] && n>0

= Derivation: Algebraic simplification

" Basis —— = = -
c+d X [

dx
c (c+d x)

m Rulelf a2c?=d> A m<-1 Anez A n>D0,then

XMArcCot h[ax]" 1 d rx™L ArcCoth[ax]"
j dx — —jxmArcCoth[ax]“dlx——J dx
c

c+dX c c+dx

= Program code:

Int [x_"m_xArcCoth[a_. »x_]"n_. /(c_+d_. »x_), x_Synbol | : =
Di st [1/c, | nt [X*"mxAr cCot h [a*x]”n, X]] -
Di st [d/c, I nt [X® (m+1) *ArcCot h [a*X]”n/ (C+d*X), X]] /;
FreeQ[{a, c, d}, x] && ZeroQ[a’2xc"2-d"2] && Rational Q[m] && nmk-1 && IntegerQ[n] && n>0
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ArcCot h[a x]"

d X
c +d x?2
= Derivation: Reciprocal rulefor integration
m RuleIf a2c +d = 0, then
1 Log[ArcCot h[ax]]
j dx —
(c +dx2) ArcCoth[ax] ac
= Program code:
Int [1/((c_+d_. »x_"2)»ArcCoth[a_. #x_]), x_Synbol | : =
Log[ArcCot h[axx]]/ (axc) /;
FreeQ[{a, c,d}, x] && ZeroQ[a’2xCc+d]
= Derivation: Power rulefor integration
m Rulelf a2c+d=0 A n ¢ -1,then
ArcCoth[ax]" ArcCot h[a x]"!
f TP ax o
c +dx? ac (n+1)

= Program code:

Int [ArcCoth[a_. »x_]"n_. /(c_+d_. xx_"2), x_Synbol | : =
ArcCot h[axx]” (n+1) / (a*xCx (n+1)) /;
FreeQ[{a, c,d, n}, x] & ZeroQ[a"2xc+d] && NonzeroQ[n+1]
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XMArcCot h[a x]"

= Derivation: Algebraic expansion

X 1 1

u is: = -
Bads: 1-a% x? a (1-a%x?) a (l-ax)

m Rulelf a2c+d=0 A n> 0,then

dx —

J-x ArcCot h[ax]"

c+dx?

= Program code:

Int [x_sArcCoth[a_. »x_]"n_. /(c_+d_. #x_"2),x_Synbol | : =

ArcCot h [a*x]” (n+1) / (dx (n+1)) +

c +d x?2

ArcCot h[a x]"+!

d(n+1)

Di st [1/ (a*c), I nt [ArcCot h[a*x]"n/ (1-a*x), x]] /;
FreeQ[{a,c,d}, x] & ZeroQ[a"2xc+d] && Rational Q[n] && n>0

= Derivation: Algebraic expansion

. 1 a 1
= Bass = +
X (l—a2 X2) 1-a2 x? X (l+ax)

» RulelIf a2¢c +d

0 A n>0,then

ArcCot h[ax]"
j—dx =

X (c+dx2)

= Program code:

ArcCot h[a x]"+1

c (n+1)

1

+ —_—
ac

1

c

Int [ArcCoth[a_. #x_1"n_. /(x_#(c_+d_. «x_"2)), x_Synbol | : =

ArcCot h[a*x]” (n+1)/(C*(n+1)) +

Di st [1/c, | nt [ArcCoth[a*x]"n/ (X% (l+axx)),x]] /;
FreeQ[{a,c,d}, x] & ZeroQ[a"2xc+d] && Rational Q[n] && n>0

I

d X

ArcCoth[ax]"

l-ax

ArcCot h[ax]"
_— dX

X (L+ax)

dx
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= Derivation: Algebraic expansion

. 1 a 1
= Basis = +
x (1-a%x2) 1-a2x2  x (l+ax)

m Rulelf a2c+d =0 A n > 0,then

dx — + —
cx+dx3 c(n+1) c

J*ArcCoth[ax]” ArcCot h[a x]"+? 1J-ArcOoth[ax]”dl
- - o ax

X (1+ax)

= Program code:

Int [ArcCoth[a_. »x_]"n_. /(c_. #x_+d_. #x_"3), x_Synbol | : =
ArcCot h[axx]” (n+1)/(Cc*x(n+l)) +
Di st [1/c, Int [ArcCot h[a*x]"n/ (X% (1+axX)), X]1] /;

FreeQ[{a, c,d}, x] && ZeroQ[a’2xc+d] && Rational Q[n] && n>0

= Derivation: Algebraic expansion

; x? 1
n : = = -
Bass c+d x? d

c
d (c+d x?)

m Rulelf a2c+d=0 A m>1 A n>0,then

jxmArcOoth[ax]“ c J*X”*ZArcCoth[ax]“

1
dx — ajxmch@th[ax]“dx—a

c +dx?2 c +d x2

m  Program code:

Int [x_"m_*ArcCoth[a_. »x_]"n_. /(c_+d_. xx_"2), x_Synbol | : =
Di st [1/d, | nt [X" (m-2) *ArcCot h[a*x]”n, X]] -
Di st [c/d, | nt [X" (m-2) *Ar cCot h [a*X]”n/ (C+d*x"2),Xx]] /;
FreeQ[{a, c,d}, x] && ZeroQ[a’2xc+d] && Rational Q{m n}] & & m1 && n>0

m Derivation: Algebraic expansion

: 1 1 d x2
= Basis =z X

c+dx2 e (c+d x2)

m Rulelf a2¢c+d=0 A m< -1 A n > 0,then

dx — — |xMArcCoth[ax]"dx - —

dx

J‘XmArcOOth[ax]“ 1J~ d jXWZNcmth[aX]nd
X

c c +d x?2

c+dx? c

= Program code:

Int [x_"m_*ArcCoth[a_. »x_]"n_. /(c_+d_. #x_"2), x_Synbol | : =
Di st [1/c, | nt [X*mxAr cCot h [a*x]”n, X]] -
Di st [d/c, | nt [X" (m+2) *Ar cCot h [a*X]”n/ (C+d*x"2),Xx]1] /;
FreeQ[{a, c,d}, x] && ZeroQ[a’2xc+d] && Rational Q[{m n}] && nk-1 && n>0
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= Derivation: Integration by substitution

m Basis Ifmezoras 0, x™ArcCot h[ax] - Coth[ArcCoth[ax]]™ArcCoth[ax] 8, Ar cCot h [ax]

1-a2 x2 aml

m Ruelfa?c+d=0Amne@ A (n<0VYne¢z) A (mezV a>0),then

dx —
c +d x2 a™lc

XMArcCot h[ax]"
j Subst [JX” Cot h[x]1Mdx, X, ArcOoth[ax]]

m  Program code:

Int [x_"m_. »ArcCoth[a_. #x_]"n_/(c_+d_. xx_"2), x_Synbol | : =
Di st [1/ (a” (m+1) xc), Subst [I nt [x nxCot h[x]"m x], X, ArcCot h[a*x]]] /;
FreeQ[{a, c,d}, x] && ZeroQ[a’2xc+d] && Rational Q[{m n}] & & (n<0 || Not [I ntegerQ[n]]) && (I ntegerQ[m]

m Derivation: Integration by substitution

. m n
= Bass xMArcCot h[a x] - é (Coth[ArcCoth[ax]]

1-a% x? a

)mArcOOth[ax]"axArcCoth[ax]

m Ruelfa?c+d=0Amne@ A (n<0Vne¢z) A - (mezV a>0),then

XMArcCot h[ax]" 1 Coth[x]\™
J dx — —— Subst [Jx” (—) dx, X, ArcOoth[ax]]
c+dx2 ac a

= Program code:

Int [x_"m_. «ArcCoth[a_. «x_1"n_/(c_+d_. xx_"2), x_Synbol | : =
Di st [1/ (axc), Subst [I nt [x"n%(Coth[x]/a)"m x], X, ArcCot h[axx]]1] /;
FreeQ[{a, c,d}, x] & ZeroQ[a"2xc+d] &% Rational Q[{mn}] &% (n<0 || Not [IntegerQ[n]]) && Not [I nteger Q[
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ArcCoth[ax]" ArcCot h[u] dx

c +d x?2

= Derivation: Algebraic simplification

m Basis; ArcCot h[z] = %Log[l+§] —%Log[l—%]

s Rulelfazesd=0 An>o A (2= (1-2Z2) \/ w2= (1- Z)°) then

JA,Cooth[aX]nA,Cooth[u]dl 1JArcOoth[ax]“Log[1+§] 1J‘ArcOoth[ax]”Log[1—H

X — — dx - —
c+dx? 2

dx

c+dx? c+dx?

= Program code:

Int [ArcCoth[a_. #x_]1"n_. »ArcCoth[u_]/(c_+d_. #x_"2), x_Synbol | : =
Di st [1/2,1nt [ArcCot h[axx]*nxLog[Regul ari ze [1+1/u, x]]/ (C+d*x"2),x]] -
Di st [1/2, I nt [ArcCot h[axx]"nxLog[Regul ari ze [1-1/u, x]]1/ (C+d*x"2), x1] /;
FreeQ[{a, c,d}, x] && ZeroQ[a’2xc+d] && Rational Q[n] && n>0 && (ZeroQ[u"2-(1-2/(1+axx))"2] || Zer oQ[uX.
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ArcCoth[ax]" Log[u] dx
c +dx?

= Derivation: Integration by parts

2
l+ax

2
-Rule:lfazc+d=0/\n>0/\(1-u)2=(1- ),then

ArcCoth[ax]" Log[u] ArcCoth[ax]"PolyLog[2, 1-u] n ArcCoth[ax]"!PolylLog[2, 1-u]
J\ dx — —EJ‘ dx

c +dx? 2ac c +dx?

m  Program code:

Int [ArcCoth[a_. »x_]"n_. xLog[u_1/(c_+d_. »x_"2),x_Symbol | : =
ArcCot h[a*x]”nxPol yLog [2, 1-u]/ (2*axC) -
Di st [n/2, I nt [ArcCot h[axx]" (n-1)%Pol yLog [2, 1-u]/ (C+d*Xx"2),X]] /;
FreeQ[{a, c,d}, x] && ZeroQ[a’2xc+d] && Rational Q[n] && n>0 && Zer oQ[ (1-u)"2-(1-2/ (1l+axx))"2]

m Derivation: Integration by parts

2
l-ax

2
-Rule:lfa20+d=0/\n>0/\(1-u)2=(1_ ),then

X

J‘ArcOoth[ax]”Log[u] a ArcCot h[ax]" Pol yLog[2, 1-u] n J~ArcC0th[ax]“‘1 Pol yLog[2, 1-u] 4
X — - + —
c+dx? 2ac 2 c+dx?

= Program code:

Int [ArcCoth[a_. »x_]"n_. xLog[u_1/(c_+d_. xx_"2),x_Symbol | : =
-ArcCot h[axx]"n%Pol yLog [2, 1-u]/ (2%xa*C) +
Di st [n/2, I nt [ArcCot h[axx]” (n-1)%Pol yLog [2, 1-u]/ (C+d*Xx"2),X]] /;
FreeQ[{a, c,d}, x] && ZeroQ[a’2xc+d] && Rational Q[n] && n>0 && Zer oQ[ (1-u)"2-(1-2/ (1l-a%x))"2]
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ArcCot h[ax]" Pol yLog[p, u]

d X
c +d x?2
= Derivation: Integration by parts
2 2
m Rulelf a2c+d=0 ANn>0 A u2= (1'1+ax) , then
ArcCot h[ax]1" Pol yLog[p, ul
J- dx —
c+dx2

ArcCot h[ax]" Pol yLog[p+1, ul] n J*ArcCO'[h[ax]”‘1 Pol yLog[p + 1, u] a
- + — X
2

2ac c+dx?

= Program code:

Int [ArcCoth[a_. #x_]"n_. xPol yLog [p_, u_1/(c_+d_. xx_"2), x_Synbol | : =
-ArcCot h[axx]*n%Pol yLog [p+1, u]l/ (2*xaxC) +
Di st [n/2, I nt [ArcCot h[axx]" (n-1) %Pol yLog [p+1, u]/ (c+d*x"2),x]] /;
FreeQ[{a, c,d, p}, x] & ZeroQ[a"2xc+d] && Rational Q[n] && n>0 && ZeroQ[u"2-(1-2/ (1l+axx))"2]

m Derivation: Integration by parts

2
* Ruelfa’csd=0An>0 A= (1- )" then

l-ax

X —

J-ArcCot h[ax]" Pol yLog[p, u]l g

c +dx?2

ArcCot h[ax]" Pol yLog[p+1, ul n J-ArcCoth[ax]”'l Pol yLog[p + 1, u] 4
- = X
2ac 2 c+dx?

= Program code:

Int [ArcCoth[a_. #x_]"n_. xPol yLog [p_, u_1/(c_+d_. «x_"2), x_Synbol | : =
ArcCot h[a*x]”nxPol yLog [p+1, u]/ (2*axc) -
Di st [n/2, I nt [ArcCot h[a*x]" (n-1)xPol yLog [p+1, u]/ (c+d*x"2), x1] /;
FreeQ[{a,c, d, p}, X] & & ZeroQ[a"2xc+d] && Rational Q[n] && n>0 && Zer oQ[u”2-(1-2/ (1-axX))"2]
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ArcTanh[ax]MArcCot h[ax]"

c +d x?2

d X

= Derivation: Integration by parts

m Rulelf a2c+d=0 A mnez A 0<n<mthen

dx —

J~ArcTanh[a X]MArcCoth[ax]"

c+dx?

dx

ArcTanh[ax]™! ArcCoth[ax]" n J*ArcTanh[ax]m*l ArcCot h[ax]"?

ac (m+1) m+ 1 c+dx?

= Program code:

Int [ArcTanh [a_. #x_]"m_. »ArcCot h[a_. #x_]"n_. /(c_+d_. xx_"2), x_Symbol | : =
ArcTanh [a*x]” (m+1) *Ar cCot h[a*x]”n/ (a*C* (m«1)) -
Di st [n/ (m+1), I nt [ArcTanh [a*x]” (m+1) *Ar cCot h [a*x]1” (n-1) / (c+d*x"2),Xx]1] /;
FreeQ[{a, c,d}, x] && ZeroQ[a”2xc+d] && IntegersQ[mn] &% 0<n<m
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(c +dx2)mArcCoth[ax]”d1x

m Rulelf a2¢c+d=0 A ¢ > 0,then

l-ax . iVi-ax . l-ax
JNcmth[ax] N 2 ArcCothlax] ArcTan[ Vl+ax ] i Pol yLog[z, -—Vux] i Pol yLog[z, “1+ax ]
B —————— —_ - - +
"’C+dX2 ayc ayc a\/c

= Program code:

Int [ArcCoth[a_. #x_1/Sqrt [c_+d_. #x_"2]1, x_Synbol | : =
-2xArcCot h[axx]*ArcTan [Sqrt [1-axx]/Sqrt [1+a*x]]/ (a*Sqrt [c]) -
| *Pol yLog [2, -| *Sqrt [1-axx]/Sqrt [1+axx]]/ (a*Sqrt [c]) +
| *Pol yLog [2, | *Sgrt [1-axx]/Sqrt [1+axx]1]1/ (a*xSqrt [c]) /;
FreeQ[{a,c,d}, x] && ZeroQ[a"2xc+d] && PositiveQ[c]

4/ 1-a2 x? =0

c-ca?x?

m Bass: 9,

m Rulelf a2c+d=0 A - (c > 0),then

ArcOoth[ax] V1-a2x? ArcOoth[ax]d]
dx — X
4 ¢ +dx? v ¢ +dx2 V1-a?2x2

= Program code:

Int [ArcCoth[a_. »x_]/Sqrt [c_+d_. xx_"2], x_Synbol | : =
Sgrt [1-an2%x72]1/Sqrt [c+d*Xx~2] I nt [ArcCot h[a*xx]/Sqrt [1-a”*2%x"2], X] /;
FreeQ[{a, c,d}, x] && ZeroQ[a”2xc+d] && Not [PositiveQ[c]]

m RuleIf a2c +d = 0, then

ArcCot h[a x] 1 x ArcCot h[a x]
(c+dx?) acc+dx? cyc+dx?

= Program code:

Int [ArcCoth[a_. #x_1/(c_+d_. #x_"2)"(3/2),x_Synbol | : =
-1/ (axc*Sqrt [c+d*Xx"2]) +
x*ArcCot h[axx]/ (c*Sqrt [c+d*x"2]) /;

FreeQ[{a, c,d}, x] && ZeroQ[a’2xCc+d]
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m Rulelf a?2c+d=0 A n>1,then

ArcCoth[ax]" nArcCoth[ax]"™! x ArcCoth[ax]" Ar cCot h[a x]"-2
—————dx — - + +n (n-1) ;7 dx
(c +dx?) acAc+dx? cyc+dx? (c+dx?)

®  Program code:

Int [ArcCoth[a_. »x_]"n_/(c_+d_. #x_"2)"(3/2),x_Synbol | : =
-nxAr cCot h [axx]” (n-1) / (a*C*Sgrt [C+d*Xx"2]) +
x*ArcCot h[a*x]”n/ (c*Sqrt [c+d*x"2]) +
Di st [nx(n-1), I nt [ArcCot h[a*x]" (n-2) / (c+d*x"2)" (3/2),x]] /;
FreeQ[{a, c,d}, x] && ZeroQ[a’2xc+d] && Rational Q[n] && n>1

m Rulelf a2c+d=0 An<-1An#-2then

JArcOoth[ax]”
—_— dXx —>
(C +dX2)3/2

ArcCot h[a x]M? x ArcCot h[a x]"*2 1 J\ArcOoth[ax]'”z

. dx
(n+1) (n+2) (C+dX2)3/2

ac (n+1l)yc+dx? c(n+1) (n+2)\yc+dx?

= Program code:

Int [ArcCoth[a_. #x_1"n_/(c_+d_. #x_"2)"(3/2),x_Synbol | : =

ArcCot h[axx]” (n+1)/ (a*xCx (N+1) *Sqrt [C+d*x"2]) -

X*ArcCot h[a*x]” (n+2) / (Cx (N+1) » (N+2) *Sqrt [C+d*x"2]) +

Dist [1/((n+1l)*(n+2)), I nt [ArcCot h[a*x]”" (n+2) / (c+d*x"2)" (3/2),x]] /;
FreeQ[{a,c,d}, x] & ZeroQ[a"2xc+d] && Rational Q[n] && n<-1 && n#-2

m Rulelf a2c+d=0 A m> 0,then

j(c+dx2)mArcCoth[ax] dx —

(c+dx2)m x(c+dx2)mArcOoth[ax] 2¢cm
+

+ j(c+dx2)mlNc®th[ax] dx
2am(2m+1) (2m+1) 2m+1

= Program code:

Int [(c_+d_. #x_"2)"m_. *ArcCot h[a_. »x_], x_Synbol | : =
(C+d*X"2) AV (2%axMmk (2%me1)) +
X% (C+d*Xx"2) meAr cCot h [a*X]/ (2*m+1) +
Di st [2xC*nm/ (2«m1), I nt [ (C+d*x"2)" (m-1) xArcCot h [a*x], X]] /;
FreeQ[{a, c,d}, x] && ZeroQ[a’2xc+d] && Rational Q[m] && m>0
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= Rule If a20+d=0/\m<—1/\m¢—%,theﬂ

J\(c+dx2)mArcOoth[ax] dx —

(c+dx2)rml X (c+dx2)m'lArcCoth[ax]

2m+3

4ac (m+1)2 2c (m+1)

= Program code:

Int [(c_+d_. #x_"2)"m_ »ArcCoth[a_. x_], x_Synbol | : =
- (C+d*x"2)N (mkl) / (d*axCx (Mkl)N2) -
X% (C+d*Xx"2)" (mr1l) *ArcCot h[a*Xx]/ (2%xC» (M+1l)) +

+
2c (m+1)

j(c+dx2)mlNc®th[ax] dx

Di st [ (2xm+3) / (2%Cx (M+1)), I nt [ (C+d*x"2)” (m+1) *Ar cCot h [a*xx], x]] /;
FreeQ[{a, c,d}, x] & ZeroQ[a’2xc+d] && Rational Q[m] && mk-1 && m¢-3/2

= Rule If a2c+d=0/\m<—1/\m¢-%/\n>1,then

J(o+dx2)mNc®th[ax]”dx —

n (c+dx2)m+1 ArcCothfax]"! x (c+dx2)rm1ArcCoth[ax]n

4ac (m+1)2 2c (m+1)

2m+3 nn-1
—+j(c+dx2)mlNc®th[ax]”dx+#
2¢c (m+1) 4 (m+1)2

= Program code:

Int [(c_+d_. #x_"2)"m_ »ArcCoth[a_. #x_]"n_, x_Synbol | : =

-Nx (C+d*x"2)” (mk1) *Ar cCot h [a*x]” (n-1) / (4*xa*C* (m+1)"2) -

X% (C+d*x"2)" (m+1) *ArcCot h[ax*x]1"n/ (2%C* (M+1)) +

+

J(c +d xz)mArcOoth[ax]”'2 dx

Di st [ (2xm+3) / (2%Cx (M+1)), I nt [ (C+d*x"2)” (mk1) *Ar cCot h [a*x]”n, x]] +
Di st [nx(n-1)/ (4% (Mm+1)"2), I nt [ (c+d*x"2) mxAr cCot h [a*x]" (n-2),x]] /;
FreeQ[{a,c,d}, x] && ZeroQ[a"2xc+d] && Rational Q[{m n}] && nx-1 && m¢-3/2 && n>1
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Derivation: Integration by parts

Rule:1f a2c+d=0 A m<-1 A n<-1,then

J(c+dx2)mNc®th[ax]“dx —

(c+dx2)rmlArcOoth[ax]n+1 2a (m+1)
+

jx (c+dx2)mArcOO'[h[ax]n+l dx
ac (n+1) n+1

Program code:

Int [(c_+d_. #x_"2)"m_ »ArcCoth[a_. #x_]"n_, x_Synbol | : =

(C+d*x"2)" (mr1) xArcCot h [a*x]" (n+1) / (a*C* (n+1)) +

Di st [2%xa* (m+1) / (n+1), I nt [X* (C+d*Xx"2) mkAr cCot h [a*x]" (n+1), X]] /;
FreeQ[{a, c,d}, x] && ZeroQ[a’2xc+d] && Rational Q{m n}] && nk-1 && n<-1

Derivation: I ntegration by substitution

Basis Ifme z, (1 -a2x2)"ArcCoth[ax]" = - £2° Csch[ArcCot h[ax]]2 (™Y ArcCoth[ax]" 84 ArcCot h[a x]

a

Ruleilf a2c+d=0 Amez Ane@ A m<-1A (n<0 V n¢z),then

-c)m

j(c+dx2)mArcCoth[ax]”d1x — S Subst [Ix“ Csch[x1? ™D dx, x, ArcCoth[ax]]

a

Program code:

Int [(c_+d_. #x_"2)"m_ »ArcCoth[a_. #x_]"n_, x_Synbol | : =
-Di st [ (-c)”nVa, Subst [I nt [x*n*Csch[x]" (2% (m+1)), x], X, ArcCot h[a*x]]] /;

FreeQ[{a, c,d}, x] && ZeroQ[a’2xc+d] && |IntegerQ[m] && Rational Q[n] && nmk-1 && (n<0 || Not [I nt eger Q[n]

Basis Ifa2 ¢ + d =o,D[anE Verdx? x] =0

4/ 1-a2 x2 ’

RuleIf a2c+d =0 A m neQ/\m<—1/\ (n<0V n¢ez) /\m-%ez/\-(c>0),then

1
c™z4/c+dx?

1-a2x2

J(c+dx2)mArcOoth[ax]”dlx — (l—azxz)mArcOoth[ax]”dlx

Program code:

(* Int [(c_+d_. #x_"2)"m_»ArcCoth[a_. »x_]"n_, x_Symbol | : =
cA(M-1/2)%Sqrt [c+d*x"2]/Sqrt [1-a’2xx"2] %I nt [ (1-a"2xx"2) mxAr cCot h [a*x]"n, X] /;

FreeQ[{a, c,d}, x] && ZeroQ[a’2xc+d] && Rational Q[{m n}] && nmk-1 & & (n<0 || Not [I ntegerQ[n]]) && I ntege
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xm(C+dx2)pArcCoth[ax]”d1x

m Derivation: Integration by parts
m Rulelf a2c+d=0 Ape An>0A p#-1,then

(c+dx2)p+lArcOoth[ax]n n

j(c +dx2)pArcOoth[ax]“‘1 dx

x(c+dx2)pArcCoth[ax]”d1x — +
2d (p+1) 2a (p+1)

= Program code:

Int [x_x(c_+d_. #x_"2)"p_. *ArcCot h[a_. »x_]"n_., x_Symbol | : =

(C+d*x"2)" (p+1) xArcCot h [a*x]1°n/ (2xd* (p+1)) +

Di st [n/ (2*ax (p+1)), I nt [ (c+d*x"2)"pxArcCot h [a*x]” (n-1), x]] /;
FreeQ[{a, c,d}, x] && ZeroQ[a’2xc+d] &% Rational Q[{n, p}] & n>0 && p#-1

m Rulelf a2c+d=0 A p € Q,then

J x (c+dx?)P x(c+dx2)p+l 1J-(1—(2p+3)a2x2) (c+dx?)P

dx — - +
ArcCot h[ax]? acArcCoth[ax] a ArcCot h[a x]

dx

= Program code:

Int [x_#(c_+d_. »x_"2)"p_. /ArcCoth[a_. xx_]"2, x_Synbol | : =

-X* (C+d*x"2)" (p+1) / (axCxArcCot h [a*X]) +

Di st [1/a,Int [(1-(2%p+3) *a”2%xx"2) x (C+d*x"2)"*p/ArcCot h [a*x], x]] /;
FreeQ[{a, c,d}, x] && ZeroQ[a’2xc+d] && Rational Q[p]

m Rulelf a?2c+d=0 An<-1 A n#-2then

Jx ArcCot hfax]"
dx —
(c+dx2)2

X ArcCoth[ax]™!  (1+a?x?) ArcCothlax]"? 4 xArcCoth[ax]'“Zd]
+ + X
ac (n+1) (c+dx?) d(n+1) (n+2) (c+dx?) (n+1) (n+2)

(c+dx?)?
= Program code:

Int [x_»ArcCoth[a_. «x_]"n_/(c_+d_. xx_"2)"2, x_Synbol | : =

X*ArcCot h[a*x]” (n+1) / (a*C* (N+1) * (C+d*Xx"2)) +

(1+a”2%xx"2) xAr cCot h [axXx]” (N+2) / (d* (N+1) * (N+2) » (C+d*x"2)) +

Di st [4/((n+1)*(n+2)), | nt [x*xArcCot h[a*x]” (n+2) / (C+d*x"2)"2,x]1] /;
FreeQ[{a, c,d}, x] & ZeroQ[a’2xc+d] && Rational Q[n] && n<-1 && n#-2
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= Derivation: Integration by parts

m Rulelf a2c+d=0A mn, 2pez A m<-1 An>0A m+2p+3=0,then
Jxm (c+dx2)pArcOoth[ax]"dlx —

x™L (¢ +dx2)P" ArcCoth[ax]" an
( ) - Jx”‘*l (c+dx2)pArcCoth[ax]“'1dlx
c (m+1) m+1

= Program code:
Int [x_"m_(c_+d_. x_"2)"p_. *ArcCot h[a_. »x_]1"n_., x_Symbol | : =
XN (Mel) % (C+d*x"2) " (p+1) *ArcCot h [a*x]”"n/ (C* (M+1)) -

Di st [a*n/ (m+1), | nt [X" (M+1) * (C+d*x"2) pxArcCot h [a*x]" (n-1),X]] /;
FreeQ[{a, c,d}, x] && ZeroQ[a’2xc+d] && IntegersQ[mn, 2xp] && nk-1 && n>0 && Zer oQ[M+2xp+3]

m Derivation: Integration by parts

m Rulelf a2c+d=0Amn, 2pezZ An<-1 A m+2p+2=0,then
Jxm (c+dx2)pArcOoth[ax]"d1x—>

xm (c+dx2)p"1ArcCoth[ax]n+1 m

- Jx”"l (c+dx2)pArcOoth[ax]”*1dlx
ac (n+1) a(n+1)

= Program code:

Int [x_"m_(c_+d_. #x_"2)"p_. »ArcCot h [a_. #x_]"n_., x_Synbol | : =
X Mk (C+d*x"2)" (p+1) *ArcCot h [a*x]” (n+1) / (a*C* (n+1)) -
Di st [nV (a* (n+1)), I nt [X" (M-1) % (C+d*x"2)*p*ArcCot h [a*x]” (n+1), Xx]] /;
FreeQ[{a, c,d}, x] && ZeroQ[a’2xc+d] && IntegersQ[m n, 2xp] && n<-1 && Zer oQ[M+2xp+2]
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= Derivation: Algebraic expansion

; x2 1
u . = = -
Basis: c+d x? d

c
d (c+d x?)

m Rulelf a?2c+d=0 A mn, 2pez Am>1 Angz-1Ap<-1,then

1 .
Jxm (c+dx2)pArcOoth[ax]”d1x — EJ-X”*Z (c+dx2)p ' ArcCothra x]" dx -

c
afxmz (c+dx2)pArcOoth[ax]”d1x

= Program code:

Int [x_"m_x(c_+d_. *x_"2)"p_=»ArcCoth[a_. x_]"n_., x_Synbol | : =
Di st [1/d, | nt [X" (M-2) * (C+d*Xx"2)" (p+1) xArcCot h [a*x]"n, X]] -
Di st [c/d, | nt [X" (M-2) % (C+d*Xx"2)"p*Ar cCot h [a*x]”n, x]] /;
FreeQ[{a, c,d}, x] && ZeroQ[a’2xc+d] && IntegersQ[mn, 2xp] && m>1l && n#-1 && p<-1

= Derivation: Algebraic expansion

: 1 1 d x2
= Bass: == X
c+d x? c c (c+d x?)

m Rulelf a2c+d=0 A mn, 2pez A m<O Ang-1Ap<-1,then

1 .
jxm (c+dx2)pArcCoth[ax]”d1x — —jxm (c+dx2)p Y ArcCothrax]" dx -
c

d
_Jxmz (c+dx2)pArcCoth[ax]”dlx
c

= Program code:

Int [x_"m_(c_+d_. #x_"2)"p_#ArcCoth[a_. »x_]"n_., x_Synbol | : =
Di st [1/c, I nt [X mk (C+d*x*2)" (p+1) *ArcCot h [a*x]”n, Xx]] -
Di st [d/c, I nt [X" (Mm+2) % (C+d*x"2) pxArcCot h [a*x]”n, Xx]] /;
FreeQ[{a, c,d}, x] & ZeroQ[a’2xc+d] && |ntegersQ[mn, 2xp] && nk0 && n#-1 && p<-1
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= Derivation: Integration by parts

m Rulelf a2c+d=0A mn, 2pez Am<-1 An>0A m+2p+3¢0,then

5 x™1 (¢ +dx2)p+1ArcOoth[ax]n
x™(c+dx?)" ArcCoth[ax]"dx — -

c (m+1)

an aZ (m+2p+3)

fxm*l (c+dx2)pArcOoth[ax]”'l dx + jx”‘*z (c +dx2)pArcCoth[ax]"dlx

m+1 m+1

= Program code:

Int [x_"m_ (c_+d_. #x_"2)"p_. *ArcCot h[a_. xx_]1"n_., x_Symbol | : =
XN (mel) * (C+d*x"2) "N (p+1) *ArcCot h [a*x]1"n/ (C* (M+1)) -
Di st [a*n/ (m+1), | nt [X® (mel) » (C+d*x"2)"pxArcCot h [axx]” (n-1), x]] +
Di st [a"2% (M2%p+3) / (M+1), | nt [X® (M+2) % (C+d*xx"2)*pxArcCot h [axx]1"n, x]] /;
FreeQ[{a, c,d}, x] & ZeroQ[a"2xc+d] && IntegersQ[mn, 2xp] && nk-1 && n>0 && Nonzer oQ[M+2xp+3]

= Derivation: Integration by parts

m Rulelfa?c+d=0Amn, 2peZ An<-1 A m+2p+2 #0,then

) x™ (c +dx2‘)""1ArcOoth[ax]n+l
x™ (c+dx?)" ArcCoth[ax]"dx — N -
ac (n+1)

m a(m+2p+2)

jx”*l (c+d x2)p ArcCot h[ax]1™! dx + jx”‘*l (c +dx2)p ArcCot hfa x]1"?! dx

a(n+1) n+1

= Program code:

Int [x_"m_. *(c_+d_. #x_"2)"p_. xArcCot h [a_. xx_]"n_., x_Synbol | : =
XA (C+d*x"2) " (p+1) xArcCot h [axx]” (n+1) / (a*C* (n+1)) -
Di st [mV (ax (n+1)), I nt [X* (M-1) % (C+d*x"2) p*xArcCot h[a*x]” (n+1), x]] +
Di st [ax (Mk2xp+2) / (n+1), I nt [X™ (M+1) % (C+d*xx"2) p*xArcCot h[a*x]” (n+1), Xx]1] /;
FreeQ[{a, c,d}, x] && ZeroQ[a’2xc+d] && | ntegersQ[mn, 2xp] && n<-1 && Nonzer oQ[M+2xp+2]
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= Derivation: Integration by substitution

m Basis Ifp e zand (me zor a > 0),
(e +f x™ (1-a2x2)? ArcCoth[ax]" =

- LD eamif Coth[ArcCoth[ax]]™) Csch[ArcCoth[ax]]2 ®*) ArcCot h[ax]" 8¢ ArcCot h[ax]

aml

m Ruelfa?c+d=0Amne@ ApezAp<-1A (N<0Vne¢gz) A (mezV a>0),then

(-c)P

J(e+f x™) (c+dx2)pArcOoth[ax]“d1x — -
am+l

Subst [fx“ (ea™+f Coth[x]™ Csch[x]? ®+1) ax, x, ArcCoth[ax]]

= Program code:

Int [(e_. +f_. »x_"m. ) (c_+d_. #x_"2)"p_»ArcCoth[a_. #x_]"n_, x_Symbol | : =
-Di st [(-c)"p/a”™ (m+1), Subst [I nt [Expand [x*n*Tri gReduce [Regul ari ze [ (exa”m«f *xCot h [X]"m) xCsch [X]" (2% (p+.
FreeQ[{a,c,d, e, f}, x] & ZeroQ[a"2xc+d] && Rational Q[{m n}] && IntegerQ[p] && p<-1 & (n<0 || Not [l nt«

= Derivation: Integration by substitution

m Bass Ifp € z,
xMm(1-a2x2)? ArcCothfax]" =

_ (-1)P (Ooth[ArcOoth[ax]]
a a

)mCsch[ArcOOth[ax]]“p*l) ArcCoth[ax]" 8, ArcCot h[ax]

m Ruelfa?c+d=0AmMneQ ApezAp<-1A (N<0Vnegz) A-(mezV a>D0),then

(-c)P

Jxm(c+dx2)pArc®th[ax]”dx — - Subst [jx" (Coth[x] 7a)™Csch[x]? ®*D) ax, x, ArcOoth[ax]]

a

= Program code:

Int [x_"m_. *(c_+d_. xx_"2)"p_#ArcCot h[a_. »x_]"n_, x_Synbol | : =
-Di st [ (-c)”p/a, Subst [I nt [x*n% (Cot h[x]/a)*mkCsch[x]" (2% (p+1)), x], X, ArcCot h[a*x]]1] /;
FreeQ[{a, c,d}, x] && ZeroQ[a’2xc+d] && Rational Q[{m n}] && IntegerQ[p] && p<-1 & & (n<0 || Not [I nt eger
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. Basislfa2c+d=0,D[°p_E— Vordx® x] =0
A 1-a? x?

m Rulelf a?2c+d=0 A m neQ/\p<—1/\ (n<0V n¢ez) /\p-%ez/\-(c>0),then

1
cp'E\/c+dx2
\/1-a2x2

Jxm(c+dx2)pArcmth[ax]”dx — x™ (1 -a? xz)pArcOoth[ax]"dlx

= Program code:

(% Int [x_"m_. »(c_+d_. #x_"2)"p_»ArcCoth[a_. »x_]"n_, x_Synmbol | : =
cN(p-1/2)*Sqrt [c+d*x"2]/Sqrt [1-a”2xx"2]*| nt [x mk (1-a*2xx"2) pxArcCot h [a*x]”n, x] /;
FreeQ[{a, c,d}, x] && ZeroQ[a’2xc+d] && Rational Q[{m n, p}] && p<-1 & (n<0 || Not [I ntegerQ[n]]) && Int«



Integration Rules for Inverse Hyperbolic Cotangent Functions

ArcCothla + b x"] dx

m Reference: CRC 586, A& S4.6.48
m Derivation: Integration by parts

= Rule

(a+bx) ArcCoth[a+bx] Log[l- (a+bx)?]
+
b 2b

jArcOoth[a+bx]d1x —

= Program code:

Int [ArcCoth[a_+b_. *x_1,x_Synbol ] : =
(a+bxx) *ArcCot h [a+b*x]/b + Log[l-(a+bxx)"2]/(2xb) /;
FreeQ[{a, b}, x]

m Reference: CRC 586, A& S4.6.48
= Derivation: Integration by parts
= Rule If n € @, then
Xn

JArcCoth[a+bx”]d1x—>xArcOoth[a+bx“]—an dx
1-a?2-2abx"-b2x2"

= Program code:

Int [ArcCoth[a_+b_. *x_~n_1],x_Synbol ] : =

X*Ar cCot h [a+b*x"n] -

Di st [b*n, I nt [X"n/ (1-a”2-2xaxb*x"n-b"2xXx" (2xn)), x]1] /;
FreeQ[{a, b}, x] & Rational Q[n]
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XMArcCoth[a + b x"] dx

= Derivation: Algebraic expansion

m Basis ArcCoth[z] = %Log[1+;] -%Log[l-é]

1 1
ArcCothl[a +b x"] 1 L09[1+a+bxn] 1 LOg[l_a+bxn]
dX » - | ————————dx-— | —————————dX
X 2 X 2 X

Int [ArcCoth[a_. +b_. »x_"n_. 1/x_, x_Symbol | : =
Dist [1/2,Int [Log[l+1/ (a+b*x”n)]/x, Xx]] -
Dist [1/2,Int [Log[1l-1/ (a+bxx”n)]/x,Xx]1] /;

FreeQ[{a, b, n}, x]

= Rule

= Program code:

m Reference: CRC 590, A& S 4.6.60
= Derivation: Integration by parts

m Rulelfmneg A m+l#0 A m+1#n,then

J~mAr Cothasbx"] x™1 ArcCot h[a + b x"] bn J- XN
X c a+bx X — -
1-a?

m+ 1 m+ 1 -2abx"-bZx2n

= Program code:

Int [x_“m.*ArcCoth[a_+b_. *x_"n_.],x_Synbol ] : =

XN (me1l) *Ar cCot h [a+b*x"n]/ (m+1) -

Di st [bxn/ (m+1), | nt [X® (men) / (1-a”2-2xaxb*x"n-b"2%x" (2%n)), x1] /;
FreeQ[{a, b}, x] & Rational Q[{m n}] & & mr1#0 && mrl#n



Integration Rules for Inverse Hyperbolic Cotangent Functions

ArcCothl[a + b x]"dx

= Derivation: Integration by substitution

m Rulelf nez A n> 1, then

1
JNcmth[a+bx]”dx — ESubst [jArcOoth[x]”dlx, X, a+bx]

= Program code:

Int [ArcCoth[a_+b_. *x_]”n_.,x_Synbol ] : =
Di st [1/b, Subst [I nt [ArcCot h[Xx]"n, X], X, a+b*xx]] /;
FreeQ[{a, b}, x] && IntegerQ[n] && n>1



Integration Rules for Inverse Hyperbolic Cotangent Functions

XMArcCoth[a + b x]"dx

= Derivation: Integration by substitution

m Ruelfmnez A m>0 A n> 1, then

1
Jx”%rcOoth[anbx]”dlx — —18ubst U-(x—a)mArcCoth[x]“dlx, X, a+bx]
bml-

= Program code:

Int [x_"m. xArcCoth[a_+b_. *x_]”n_, x_Synbol ] : =
Di st [1/b” (m+1), Subst [I nt [ (x-a)*mxArcCot h[x]”n, x], X, a+b*x]] /;
FreeQ[{a, b}, X] & & IntegersQ[mn] & & m>0 && n>1



Integration Rules for Inverse Hyperbolic Cotangent Functions

ArcCoth[a + b x] 4
c +dx"

X

= Derivation: Algebraic simplification
- 1 1 1 1
» Basis ArcCoth[z] = Log[1 + ;] -3 Log[1- ;]

m Ruelfnez A -~ (n=2Ab%c+d=0),then
1 1
Ar cCot h[b X] 1 (Log[l+ 4] 1 (Log[l- 5]
- " dX - - | — " ax-—- | ———"" ax
c+dxn 2 c+dxn 2 c+dxn
= Program code:

Int [ArcCoth[b_. +x_]/(c_+d_. #x_"n_. ), x_Symbol | : =
Dist [1/2,Int [Log[1l+1/ (bxx)]/ (C+d*x"n), x]] -
Dist [1/2,1nt [Log[1l-1/(b%x)]/ (c+d*xx"n), x]] /;
FreeQ[{b, c, d}, x] & IntegerQ[n] &% Not [n==2 && Zer oQ[b”2xc+d]]

= Derivation: Algebraic simplification
» Basis ArcCoth[z] = = Log[1 + l] -1 Log[1- 3]
2 z 2 z

m Ruelfnez A - (n=1Aad-bc =0),then

1 1
ArcCot h[a +b x] 1 LOg[1+ a+bx] 1 LOg[l_ a+bx]
P I L Y I L 1
c+dx" 2 c+dx" 2 c+dx"

= Program code:

Int [ArcCoth[a_+b_. »x_1/(c_+d_. #x_"n_. ), x_Symbol ] : =
Dist [1/2,Int [Log[1l+1/ (a+bxX)]1/ (C+d*xx*n), Xx]] -
Dist [1/2,Int [Log[1l-1/(a+bxXx)]1/ (c+d*x"n), x]1] /;
FreeQ[{a, b,c,d}, x] & IntegerQ[n] && Not [n==1 && ZeroQ[axd-bxc]]



Integration Rules for Inverse Hyperbolic Cotangent Functions

C m
u Arcooth[ ——]" ax
a+bx"
= Derivation: Algebraic simplification
m Basis; ArcCot h[z] =ArcTanh[§]
= Rule
c m a bxh,m
juArcOoth[—] dx — uArcTanh[—+ dx
a+bxn c c

= Program code:

Int [u_. »ArcCoth[c_. /(a_. +b_. #x_"n_.)]*m.., x_Synbol | : =
I nt [uxArcTanh [a/c+bxx*n/c]1"m X] /;
FreeQ[{a, b, c, n, m}, X]



Integration Rules for Inverse Hyperbolic Cotangent Functions

f[x, ArcCoth[a+bXx]] dx
1-(a+bx)?

= Derivation: Integration by substitution

= Basis ‘1[—';1 = f [Coth[ArcCoth[z]]] ArcCot h’[z]

m Basisr+sx+t x2= -S40t ( - (S"z”)z)

4t s2-4rt
m Basis 1-Coth[z]%2 =-Csch[z]?

= Rule

f [x, ArcCoth[a+bXx]] 1 a Coth[x]
J dx — —Subst[ff[——+—, x]dlx, x,ArcOoth[a+bx]]
1-(a+bx)? b b b

= Program code:

| f [ShowsSt eps,

Int [u_*v_"~n_.,x_Synbol ] : =

Modul e [ {t np=I nver seFuncti onCf Li near [u, X1},

ShowStep ["", "I nt [f [X, ArcCot h [a+b*x]]/ (1-(a+b*xx)"2), x]1",

"Subst [I nt [f [-a/b+Cot h[x]/b, x], x], X, ArcCot h[a+b*x]]/b", Hol d [
Di st [ (-Di scri m nant [v, x]/ (4xCoefficient [v, Xx,2]))"n/Coefficient [tnp[[1]],X, 1],
Subst [I nt [Regul ari ze [Subst For | nver seFuncti on [u, t mp, x]* (-Csch [x]*2)" (n+1), x], x], X, tnpl1l1]1 /;
Not Fal seQ[t mp] && Head[tnp]===ArcCoth && ZeroQ[Di scri m nant [v,x]*tnp[[1]1]172-D[v, x1*21]1 /;

SinplifyFlag & QuadraticQ[v, x] & |IntegerQ[n] && n<0 && PosQ[Di scri m nant [v, x]] &% MatchQ[u, r_. »f _™

Int [u_*v_"n_.,x_Synbol ] : =
Modul e [ {t np=I nver seFuncti onCf Li near [u, X1},
Di st [ (-Di scri m nant [v, x]/ (4xCoefficient [v, Xx,2]))”n/Coefficient [tnp[[1]],X, 1],
Subst [I nt [Regul ari ze [Subst For | nver seFuncti on [u, t mp, x]* (-Csch[x]"2)" (n+1), x], x], X, tnpll /;
Not Fal seQ[t mp] && Head[tnp]===ArcCoth && ZeroQ[Di scri m nant [v, x]*tnp[[1]1]172-D[v, x1"21]1 /;
Quadrati cQ[v, x] & IntegerQ[n] && n<0 && PosQ[Di scri m nant [v, x]] & & MatchQlu, r_. xf _~w_ /; FreeQIf, x]



Integration Rules for Inverse Hyperbolic Cotangent Functions

u enArcCoth[v] dx

m Derivation: Algebraic simplification

(l+Z)"/2

m Bass If 1 e z e"Arcothizl o 0+2)
2 ! (-1+z)"/2

= Rule If % € z, then

n/2
Ju @"ArcOthivl gy j—u (1+v) dx
(-1+v)n2

= Program code:

Int [u_. «E*(n_. *ArcCoth[v_]), x_Synbol | : =
Int [ux(1+v)"(n/2)/(-1+v)~(n/2),X] /;
EvenQ[n]

= Derivation: Algebraic simplification

1

1
o—_
-2z f1-2
22 22

m Bass e" ArcCoth[z] _

= Rule If "2;1 € z, then

n

Je“”cc‘“h["] dx —s J ! + ! dx
' 1 ’ 1

= Program code:

Int [E*(n_. *ArcCoth[v_]), x_Synmbol | : =
Int [Expand [ (1/Sqrt [1-1/v”~2] + 1/ (x%Sqgrt [1-1/v~2]1))”n], x] /;
QddQ[n]



Integration Rules for Inverse Hyperbolic Cotangent Functions

m Derivation: Algebraic simplification
o N ArcCoth[z 1 1
m Bass e [z1 = o _
-2 oz f1-2
22 22

s Rule If me @ /\ ”2—1 € Z, then

JxmenArcCoth[v] dX —s Jxm 1 . 1 dx

= Program code:

Int [x_"m_. «E* (n_. *ArcCoth[v_]), x_Synbol | : =
I nt [Expand [x*m« (1/Sqrt [1-1/v~2] + 1/ (x*Sqrt [1-1/v~2]))~n],Xx] /;
Rati onal Q[m] && OddQ[n]

= Derivation: Integration by parts
= Rule
X @™ cCoth[a+bx]/2

b
J-eArcOoth[a+bx]/2 dx — X eArcOoth[a+b x1/2 _ _ j dx
2 1-(a+bx)?

= Program code:

Int [E*(ArcCoth[a_. +b_. »x_1/2), x_Symbol | : =

X*EM (ArcCot h [a+bxXx]/2) -

Di st [b/2, I nt [x*E" (ArcCot h [a+b*x]/2)/ (1-(a+bxx)"2),x1] /;
FreeQ[{a, b}, x]

= Derivation: Integration by parts

m RuleIf mez A m> 0,then

dx

m+1 ,ArcCot h[a+bx]/2 m+1 LArcCot h[a+bx]/2
JXmeNcCoth[a+bx]/2 dx —s X @ b JX €

m+ 1 _2(m+1) 1-(a+bx)?

= Program code:

Int [x_"m_. «E* (ArcCoth[a_. +b_. »x_1/2), x_Synbol | : =

XN (mel) *EN (ArcCot h [a+bxx]/2) / (M+1l) -

Di st [b/ (2% (me1)), I nt [x (m+1) *xE* (ArcCot h [a+b*x]/2)/ (1-(a+bxx)"2),x1] /;
FreeQ[{a, b}, x] && IntegerQ[m] && m>0



Integration Rules for Inverse Hyperbolic Cotangent Functions

m Derivation: Algebraic simplification

n-1 n n
L 17 z41-2 @)™ 1e2)™2
Basis If == e z,e" ezl (1 - 22)" = - :

1-22
a
f [x] ,a—ﬁ
X
—:O

\ll-f [x12

Le n-1 1
] Rule.IfTez/\ m—zez,then

= Basis: 9y

J-u (1-v)”*§ (1+v)"‘*§ dx

Ju @n ArcCoth[v] (l—vz)mdlx - -

= Program code:

Int [u_. «E* (n_. *ArcCoth[v_])=*(1-v_"2)"m.., x_Synbol | : =
-(-1)"M((n-1)/2) *vxSqrt [1-1/v~2]/Sqrt [1-vA2] I nt [ux (1-v)* (Mm-n/2) % (1+v)~ (men/2), X1 /;
QddQ[n] && IntegerQ[m-1/2]

= Derivation: Algebraic simplification

m Basis @M@zl (1 _72) = _7z (1 +2) 4,1‘1%

m RuleIf mez A m> 0,then

Ju ArcCothiv] (a_aVZ)md]X — -amJuv (lL+v)

Int [u_. «E*ArcCot h [v_]=(a_+b_. xv_"2)~m_., x_Synbol | : =
-Di st [a"m | nt [Expand [uxVv* (1+V)*Sqrt [1-1/v/~2] % (1-v~A2)" (m-1), x1,X1]1 /;
FreeQ[{a, b}, x] && ZeroQ[a+b] && IntegerQ[m] && m>0

= Program code:



Integration Rules for Inverse Hyperbolic Cotangent Functions

. -af 2\m
m Bass. oy M =0
(1-f x12)

s Rule If a #£ 1, then
(a—avz)m

juaeArCCOth[V] (a—avz)mdlx _ -
(1-v2)"

JU eArcCothiv] (1 —Vz)mdlx

= Program code:

Int [u_. «E*ArcCot h [v_]=(a_+b_. xv_"2)"m_., x_Synbol | : =
(a+bxv~2) Ay (1-vA2)Amil nt [uxE*ArcCot h[v]* (1-v~2)"m x] /;
FreeQ[{a, b}, x] & ZeroQ[a+b] && NonzeroQ[a-1]

Derivation: Algebraic simplification

14"
m Basis e"ArcCoth[z]l _ ( +?)

RuleIf nez /\ m- g € Z, then

m mg.ﬂ _ m_E
U en ArcCothiv] (1_1) dx —s Uul+v) "2 (-1+v) 2 dx
v2 yZm

Program code:

Int [u_. «E*(n_. #ArcCoth[v_])=(1-1/v_"2)"m_., x_Synbol | : =
Int [ux (L+v)”® (Mn/2) % (-1+v)” (m-n/2) /Vv" (2%xm), X] /;
I nteger Q[n] && I ntegerQ[m-n/2]

Derivation: Algebraic simplification

m Basis e"ArcCoth[z]l _ (l+?)n
(1_i)n/2

722

Rule:lf ne @ A 2 me z, then

1 m 1 n 1 m--
J-u@nArcCoth[V] (1__) dx —s JU (1+_) (1__) Zd]X
v2 v v?2

Program code:

Int [u_. «E*(n_. #ArcCoth[v_])=(1-1/v_"2)"m.., x_Synbol | : =
I nt [Expand [ux (1+1/v)"nx(1-1/v*2)~(m-n/2), X1, X] /;
Rati onal Q[n] && I nteger Q[2xm]



Integration Rules for Inverse Hyperbolic Cotangent Functions

m Derivation: Piecewise constant extraction and algebraic ssimplification

1
m Basis e~ cOothizl _ 1+

] Basis;axm=o

()
fx12

= Rule If 2 me z,then
a m 1
a\m = 1 1\™3
u e~ eothiv] (a——] dx — —VZ) ju (1+—) (1——) © dx
(-3 L v
VZ

= Program code:

Int [u_. +ENArcCoth [v_](a_+b_. /v_"2)"m_., x_Synbol | : =
(a+b/vA2) Ay (1-1/vA2) Akl nt [ux (1+1/v) % (1-1/v~A2)N (m-1/2), x] /;
FreeQ[{a, b}, x] & ZeroQ[a+b] && I nteger Q[2xm]



Integration Rules for Inverse Hyperbolic Cotangent Functions

Ar ¢ Cot h[bfc"dx] dx

Derivation: Algebraic simplification
» Basis ArcCoth[z] = = Log[1 + 1] -1 Log[1- i]
2 z 2 z

= Rule

ArcCot h[b f c+dx ! Log|1 ! ! Log|1 !
J ¢ [ ]le - EJOQ[ +bfc+dx]dx_5jog[ _bfc+dx]dlx

= Program code:

I nt [Ar cCot h [b_. *»f A (C_. +d_. *X_)], Xx_Synbol ] i =
Dist [1/2,Int [Log[l+1/ (bxf” (c+d*x))]1,X]] -
Dist [1/2,Int [Log[1l-1/ (bxf~ (c+d*x))1,X]1] /;

FreeQ[{b, c, d, f}, x]



Integration Rules for Inverse Hyperbolic Cotangent Functions

x™ Ar ¢ Cot h[bf“dx] dx

m Derivation: Algebraic simplification

. 1 1 1 1
» Basis ArcCoth[z] = 3 Log[1 + ;] - ELog[l- ;]
m RuleIf mez A m> 0,then

x™ArcCot h[b f &+ dx —>£ x™Lo [1+ ! ]dlx—E x™Lo [1- ! ]dlx
2 g b fc+dx 2 9 b fc+dx

= Program code:

Int [x_"m_. «ArcCoth[b_. «f _~(c_. +d_. »x_)], x_Synbol | : =
Di st [1/2, I nt [x*mxkLog [1+1/ (b*f" (c+dxx))],Xx]] -
Dist [1/2,Int [ X mkLog[1-1/ (b*f" (c+dxx))1,Xx]1] /;
FreeQ[{b,c,d,f}, x] & IntegerQ[m] && m>0



Integration Rules for Inverse Hyperbolic Cotangent Functions

v ArcCot h[u] dx

m Derivation: Integration by parts
m Rule If uisfreeof inversefunctions, then

AU
dx

X
JArcOoth[u] dx — X ArcCot h[u] -J >
1-u

= Program code:

Int [ArcCoth[u_],Xx_Synbol ] : =

X*ArcCot h[u] -

I nt [Regul ari ze [x*D[u, x]/ (1-u”2), x1, X1 /;
I nver seFuncti onFreeQ[u, x]

= Derivation: Integration by parts

m Rule If m+1 # 0 A uisfreeof inversefunctions, then

J- ™ A cCot h g x™1 ArcCot h[u] 1 x™L g, u
xM™Arc [u] dX — - f
m+ 1 m+ 1 1-u?

= Program code:

Int [x_“m. *ArcCoth[u_],x_Synbol ] : =
X~ (mel) xArcCot h [u]l/ (mel) -
Di st [1/ (m+1), I nt [Regul ari ze [X" (m+1) *D[u, x]/ (1-u”2), x1, X1] /;
FreeQ[m x] && NonzeroQ[m+1] && | nverseFunctionFreeQ[u, X] &&
Not [Functi onOf Q[x” (mk1l), u, x]] &&
Fal seQ[Power Vari abl eExpn [u, m1, X]1



Integration Rules for Inverse Hyperbolic Cotangent Functions

= Derivation: Integration by parts
m Rule If uisfreeof inversefunctions, let w = jv dx, if wisfreeof inversefunctions, then

Wy U

1-u?

dx

ijrcOoth[u] dx — wArcCothf[u] —f

= Program code:

Int [v_*ArcCoth[u_1], x_Synbol ] : =
Modul e [ {w=Bl ock [ {ShowSt eps =Fal se, St epCounter =Nul | }, Int [v,Xx]1},
wxAr cCot h [u] -
I nt [Regul ari ze [wxD[u, x]/ (1-u”*2), x1, X1 /;
I nver seFuncti onFreeQ[w, x11 /;
I nver seFuncti onFreeQ[u, x] &&
Not [Mat chQ[v, x"m_. /; FreeQ[m x]1]] &&

Fal seQ[Functi onCOf Li near [vxArcCoth[u], x]1



