Integration Rules for (sin”™j)”*m (a+b sin”k)”™n

Integration Rules for
f(sinj(z))m (a+b sink(z))n dz when j> =1 /\ k?=1

Domain Map
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L egend:

» Therule number in acolored region indicates the rule to use for integralsin that region.

The rule number next to a colored line indicates the rule to use for integrals on that line.

A white region or line indicates thereis no rule for integralsin that region or on that line.

A solid black line indicatesintegrals on that line are handled by rules in another section.

A dashed black line on the border of aregion indicatesintegrals on that border are handled by the rule for that region.
The arrow(s) following a rule number indicates the direction the rule drives integrands in the nxm exponent plane.

A ¢ following arule number indicates the rule transforms the integrand into a form handled by another section.

A red (stop) disk indicates the terminal rule to use for the point at the center of the disk.

A cyan disk indicates the non-terminal rule to use for the point at the center of the disk.



Integration Rules for (sin”*))”*m (a+b sin”k)"™n

Integration Rules for
f(sinj(z))m dz when j2=1

Rule a: fSi nic +dx] dx

m Reference: G& R 2.01.5, CRC 290, A& S4.3.113
m Derivation: Rule8b withm=1andj =1
= Note: Thisruleisan unnecessary special case of rule 8b, but it savesa step.

= Ruleal:

. Cos[c +dx]
jS|n[c+dx]d1x — _f

= Program code:

Int [sin[c_.+d_. *x_1, x_Synbol ] :
-Cos [c+d*x]/d /;
FreeQ[{c, d}, x]

m Reference: G&R 2.01.6, CRC 291, A& S4.3.114

Int [Cos[a_. +b_. xx_1, x_Synbol ] :
Sin[a+bxx]/b /;
FreeQ[{a, b}, x]

m Reference: G&R 2.526.1, CRC 295, A& S4.3.116'

= Derivation: Integration by substitution

1

m Basis: Csc[z] = - Toesr?

Cos’[z]
= Rulea2:

ArcTanh[Cos[c +d x]]

J-Csc[c+dx]d1x—> "

= Program code:

Int [1/sin[c_. +d_. »x_],x_Synbol | : =
-ArcTanh [Cos [c+dxXx]1]/d /;
FreeQ[{c, d}, x]



Integration Rules for (sin”*))”*m (a+b sin”k)"™n

= Reference: G&R 2.526.9', CRC 294, A& S4.3.117

Int [Sec[a_.+b_.*x_]1,x_Synbol ] : =
ArcTanh[Sin[a+bxx]]1/b /;
FreeQ[{a, b}, x]



Integration Rules for (sin”*))”*m (a+b sin”k)"™n

Ruleb: [Sin[c+dx]? dx

m Reference: G&R 2.513.5, CRC 296

m Derivation: Rule8bwithm=2andj =1

= Note: Thisruleisan unnecessary special case of rule8b, but it savesa step.
= Rulebl:

Cos[c+dx] Sin[c+dX]

X
J.Sin[c+dx]2dlx — —
2 2d

= Program code:

Int [sin[c_.+d_. *x_]1"2,x_Synbol ] : =
X/2 - Cos[C+d*x]*Sin[c+dxx]/(2xd) /;
FreeQ[{c, d}, x]

m Reference: G&R 2.513.11, CRC 302

Int [Cos[a_.+b_. *x_]172,x_Synbol ] : =
X/2 + Cos[a+bxx]*Sin[a+bxx]/(2xb) /;
FreeQ[{a, b}, x]

m Reference: G&R 2.526.2, CRC 308

s Derivation: Rule7b withm= -2 andj =1

= Note: Thisruleisan unnecessary special case of rule 7b, but it savesa step.
= Ruleb2:

Cot [c +d X]
stc[c+dx]2dx -

= Program code:

Int [1/sin[c_. +d_. »x_]"2,x_Synbol | : =
-Cot [c+dxx]/d /;
FreeQ[ {c, d}, x]

m Reference: G&R 2.526.10, CRC 312

Int [Sec[a_. +b_. *x_]”2, x_Synbol ] : =
Tan[a+bxx]/b /;
FreeQ[{a, b}, x]



Integration Rules for (sin”*))”*m (a+b sin”k)"™n

Rules7 -8 J(Si nfc+dx] ) dx

= Derivation: Integration by substitution

m-2
= Bass If ; € z,thenCsc[z]™= - (1 +Cot [2]%)Z Cot’[z]
= Note: Thisruleisused for odd m< -2 sinceit requiresfewer stepsand resultsin smpler antiderivativesthan rule 7b.

. m
m Rule7a: If 5 €Z /\ m< -2, then

m-2

1 -
fSin[c+dx]mdx — —ESubst [J(1+x2)7dx, x, Cot [c+dx]]

= Program code:

Int [sin[c_.+d_. *x_1"m_, x_Synbol ] : =
Di st [-1/d, Subst [I nt [Expand [ (1+x"2)" ((-m-2) /2), X], X], X, Cot [c+d*x]]1] /;
FreeQ[{c, d}, x] && EvenQ[m] && nmk-2

Int [Sec[a_.+b_.*x_1”n_,x_Synbol ] : =
Di st [1/b, Subst [I nt [Regul ari ze [ (1+x"2)” ((n-2)/2), X], X1, X, Tan[a+b*x]11] /;
FreeQ[{a, b}, x] & EvenQ[n] && n>2

m Reference: G&R 2.510.3, CRC 309

m Reference: G&R 2.552.3 special casewhena = 0

s Derivation: RuleSb witha =1,b =0,k =j andn =0
C1fF 2 m

= Rule7b:1fj?2=1 A Z ¢z /\ m<-1, then

o 2 Cos[c +d X] (Sin[c+dx]i)m+l
(Sinfc+dx] ) dx —

2m+j +3

+ J-(Si n[c+dx]j)rm2 dx
d((2m+j +1) 2m+j +1

= Program code:

Int [(sinfc_. +d_. #x_]7j _. )"m_, x_Synbol | : =

2%xCos [C+d*X]* (Sin[C+d*xX]1"] )N (mel) / (d* (2%mj +1)) +

Dist [(2«xm] +3)/ (2xmsj +1), I nt [(Sin[c+d*xx]1"j )" (Mm2), x]1] /;
FreeQ[{c,d}, x] & OneQ[j 2] && Not [EvenQ[m]] && Rational Q[m] && nk-1

m Reference: G&R 2.510.6, CRC 313

Int [Cos[a_. +b_. *x_]”n_, x_Synbol ] : =

-Si n[a+bxx]*Cos [a+b*x]” (n+1) / (bx (n+1)) +

Di st [(n+2)/(n+1), I nt [Cos [a+bxXx]" (N+2), x]] /;
FreeQ[{a, b}, x] &% Rational Q[n] && n<-1
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Int [Sec[a_. +b_. *x_]1”n_, x_Synbol ] : =

Si n[a+bxx]*Sec [a+b*x]" (n-1) / (bx(n-1)) +

Di st [(n-2)/(n-1), I nt [Sec [a+bxx]" (n-2),x]] /;
FreeQ[{a, b}, x] & Rational Q[n] && n>1

= Derivation: Integration by substitution
m-1
m Basis If mTl €z thenSin[z]"= - (1 -Oos[z]z)T Cos’[z]
= Note: Thisruleisused for odd m> 1 sinceit requiresfewer stepsand resultsin simpler antiderivativesthan rule 8b.

= Rule8a If mTl €z /\ m> 1, then

1 m1
fSin[c+dx]mdx — —ESubst [j(l-xz)lex, X, Oos[c+dx]]

= Program code:

Int [sin[c_.+d_. *x_1"m_, x_Synbol ] : =
Di st [-1/d, Subst [I nt [Expand [ (1-x"*2)" ((m-1)/2), x], X1, X, Cos [c+d*x]]] /;
FreeQ[{c,d}, x] && OddQ[m] && m>1

Int [Cos[a_.+b_.*x_1”n_,x_Synbol ] : =
Di st [1/b, Subst [I nt [Expand [ (1-x"2)” ((n-1)/2), x], X], X, Sin[a+b*x]]1] /;
FreeQ[{a, b}, x] & OddQ[n] && n>1

m Reference: G&R 2.510.2, CRC 299
m Reference: G&R 2.552.3 inverted special casewhena = 0
m Derivation: Rule2b withk =j andn =0
. 2 m-1
= Rule8b:If j¢=1 Tez/\m>1,then

Cm 2Cos[c+dx] (Sin[c+dx]!
(Sinfc+dx]) dx — - +
d(2m+j -1) 2m+j -1

m-1 .
) 2m+j -3

j(Si nic +dx]} )m2 dx

= Program code:

Int [(sinfc_. +d_. +x_]7j _. )"m_, x_Synbol | : =

-2%xCos [C+d*xX]* (Sin[Cc+dxx]"j )N (M-1) / (d* (2%mwj -1)) +

Dist [(2xm+] -3)/ (2xmsj -1), I nt [(Sin[c+d*xx]"j )" (Mm-2),x]] /;
FreeQ[{c,d}, x] && OneQ[j 2] && Not [ddQ[m]] && Rational Q[m] && nm>1
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m Reference: G&R 2.510.5, CRC 305

Int [Cos[a_.+b_.*x_1”n_,x_Synbol ] : =

Si n[a+bxx]*Cos [a+b*x]” (n-1) / (b*xn) +

Di st [ (n-1) /n, I nt [Cos [a+b*x]" (n-2),X]] /;
FreeQ[{a, b}, x] & Rational Q[n] && n>1

Int [Sec[a_.+b_.*x_1”n_,x_Synbol ] : =
-Sin[a+b*x]*Sec [a+b*X]” (n+1) / (bxn) +
Di st [(n+1) /n, I nt [Sec [a+b*x]" (n+2),X]] /;
FreeQ[{a, b}, x] & Rational Q[n] && n<-1



Integration Rules for (sin”*))”*m (a+b sin”k)"™n

Integration Rules for
[(a+b sink(z))n dz when k? =1

1
Rulec: f dx

a+bSin[c+dxik

= Note: Although thisrule produces a slightly more complicated antiderivativethan rule c2 and c4, it is continuous provided a2 - b2 > 0.

m Rulecl: If a2 - b2 > 0, then

dx ArcTan[ bCos[c +dx] ]

1 X 2
— +
J“bs'”[“dxl Vaz-b2  d~fa?-b? a+ya2-b2 +bSin[c+dx]

= Program code:

Int [1/(a_+b_. sinfc_. +d_. #x_]), x_Symbol | : =

x/Rt [a"2-b"2,2] +

2/ (dxRt [a”"2-b"2, 2]) *ArcTan [Si m[bxCos [c+d*Xx]/ (a+Rt [a*2-b"2, 2]+bxSin[c + d*x])]] /;
FreeQ[{a, b,c,d}, x] & PositiveQ[ar2-b 2]

Int [1/(a_+b_. *Cos [c_. +d_. #x_]), x_Symbol ] : =
X/Rt [a"2-b"2,2] - 2/ (dxRt [a"2-b"2, 2]) xArcTan [Si m[b*Si n[c+dxx]/ (a+Rt [a"2-b"2, 2]1+bxCos[c + dxx])]1] /
FreeQ[{a, b,c,d}, x] & PositiveQ[ar2-b"2]

m Reference: G&R 2.553.3a, A& S4.3.133a
= Note: Although nonessential, thisrule producesa sightly simpler antiderivativethan rulec3.

m Rulec2: If a2 - b2 > 0, then

1 2 (a-b) Tan[% (c +dx)
J dx — —ArcTan[ [2 i ]]

a+bCos[c+dXx] dm m

= Program code:

Int [1/(a_+b_. #sin[c_. +Pi /2+d_. #x_1), x_Synbol | : =
2xArcTan[ (a-b)*Tan[ (c+dx) /2] /Rt [a"2-b"2, 2]]/ (d*=Rt [a"2-b"2, 2]) /;
FreeQ[{a, b,c,d}, x] && PosQ[a"2-b"2]



Integration Rules for (sin”*))”*m (a+b sin”k)"™n

= Reference: G& R 2.551.3a, A& S4.3.131a

m Rulec3: If a2 - b2 > 0, then

1 2 b +a Tan l(c+dx)
J dx — —ArcTan[ [2 ]]

a+bSin[c+dx] d /az-bz «/az-bz

= Program code:

Int [1/(a_+b_. #sinfc_. +d_. #x_]), x_Symbol | : =
2xArcTan[ (b+axTan[ (c+d%x) /2]) /Rt [a®"2-b"2,2]]/ (d%xRt [a”2-b"2, 2]) /;
FreeQ[{a, b, c,d}, x] & PosQ[a”2-b"2]

m Reference: G&R 2.553.3b', A& S4.3.133b’
= Note: Although nonessential, thisrule produces a slightly simpler antiderivativethan rulecb.

m Rulec4: If - (a2 -b2 > 0),then

1 2 (a—b)Tan[%(C+dx)]
dx — -—ArcTanh[ ]

a+bCos[c+dx] dm m

= Program code:

Int [1/(a_+b_. #sin[c_. +Pi /2+d_. »x_1), x_Synbol ] : =
-2xArcTanh [ (a-b) *Tan[ (c+dxx) /2] /Rt [b"2-a"2, 2]]/ (d+xRt [b"2-a"2, 2]) /;
FreeQ[{a, b,c,d}, x] & & NegQ[a"2-b"2]

m Reference: G& R 2.551.3b', A& S4.3.131b'

m Rulec5: If - (a2 -b? > 0),then

1 2 b +a Tan £(c+dx)
J dx — ——ArcTanh[ [2 ]]

a+bSin[c+dx] dm m

= Program code:

Int [1/(a_+b_. »sin[c_. +d_. #x_1), x_Symbol | : =
-2xArcTanh [ (b+axTan[ (c+dxx) /2]) /Rt [b~A2-a72,2]]/ (dxRt [br2-a"2, 2]) /;
FreeQ[{a, b, c,d}, x] && NegQ[a"2-b"2]



Integration Rules for (sin”*))”*m (a+b sin”k)"™n

= Derivation: Algebraic expansion

= Basis —— = -
a+b/z a

b
a (b+az)

m Rulect: If a2 - b2 # 0, then

1 X b 1
j dx — ———j - dx
a+bCsc[c+dx] a aJb+aSin[c+dx]

= Program code:

Int [1/(a_+b_. #sin[c_. +d_. #x_1"(-1)), x_Synbol ] : =
x/a - Dist[b/a,Int [1/(b+axsin[c+d*x]), x]] /;
FreeQ[{a, b, c,d}, x] & NonzeroQ[a’2-b"2]



Integration Rules for (sin”*))”*m (a+b sin”k)"™n

Ruled: J(a+bSi n[c+dx]")2d1x

m Derivation: Rule12withm= 0

m Ruled: If k2 = 1, then

k+1 2b2Cos[c+dx] Sin[c+dx]k
J-(a+b8in[c+dx]k)2d1x—> (a2+ * bz)x_ [C+dX] [c+dx]

+2abj8in[c+dx]kdx
k +3 d (k +3)

= Program code:

Int [(a_+b_. #sin[c_. +d_. »x_1"k_. )2, x_Synbol | : =
(a”2+ (k+1) / (k+3) *b"2) xx - 2xb"2xCos [C+d*X]*Si Nn[C+d*Xx]"k/ (d* (k+3)) + 2xaxb=xlnt [sin[c+d*x]"k, x] /;
FreeQ[{a, b, c,d}, x] & & OneQ[k"2]
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Rulee: JVa+bSin[c+dx] dx

» Basis 8,EllipticE[z, n] =4 1-nSin[z]?

. . 2 i
- Bas's:l_ﬂsln[mdx 7r] =i_'_bS|n[c+dx]
a+b a+b a+b

2 4

m Ruleel:Ifa2-b%2#0 A a+b >0,then

2+Va+b 7 c+dx 2b
d

j\/a+b8in[c+dx] dx — - EIIipticE[Z— — b]
a+

m  Program code:

Int [Sgrt [a_. +b_. xsin[c_. +Pi /2+d_. *x_]1]1, X_Synbol ] : =
2%xSqrt [Si m[a+b]]/d*EllipticE[ (c+dxx) /2, Si m[2xb/ (a+b)1] /;
FreeQ[{a, b, c,d}, x] & NonzeroQ[a’2-b"2] && PositiveQ[a+b]

Int [Sgrt [a_. +b_. xsin[c_. +d_. *x_11, x_Synbol ] : =
-2xSqrt [Si m[a+b]]/d=El lipti cE[Pi /4-(c+dxx) /2, Sim[2xb/ (a+b)1] /;
FreeQ[{a, b, c,d}, x] & NonzeroQ[a’2-b"2] && PositiveQ[a+b]

= Derivation: Piecewise constant extraction

a b firz
—
a+b ~a+b (2]

s Basis 9, ——— =0
Va+bf[z]

= Note: Since% + % =1 > 0, ruleel appliesto theresulting integrand.

m Rulee2:1fa?-b%2#0 A -~ (a+b>0),then

b
+ bSin[c+dx] dx

(a+b)\/;—b+%8in[c+dx] J N

JVa+bSin[c+dx] dx —
Ya+bSin[c+dx]

= Program code:

Int [Sgrt [a_. +b_. *sin[c_. +d_. *x_]1],x_Synbol ] : =
(a+b) *Sqrt [ (a+b*Si n[c+dxx]) / (a+b)1/Sgrt [a+bxSi n[c+d*x]]*I nt [Sqrt [a/ (a+b) +b/ (a+b) *si n[c+dxx]]1, X] /;
FreeQ[{a, b,c,d}, x] & NonzeroQ[a’2-b”2] && Not [PositiveQ[a+b]]
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Rulef:j ! dx
Va+bSin[c+dx]

1

m Basis 8¢ El lipticF[x, n] =

A/ 1-nSin[x]2
- 2b c+dx mwq2 a b Sin[c+d x]
n - -z = 2= e Rl
Basis 1 a+b Si n[ 2 4] a+b + a+b

m Rulefl:If a2-b2#0 A a+b > 0,then

1 2 o x c+dx 2b
j le—>——E||IplICF[—- , ]
Va+bSin[c+dx] dva+b 4 2 a+b

= Program code:

Int [1/Sqrt [a_. +b_. #sin[c_. +Pi /2+d_. »x_11, x_Synbol | : =
2/(d*Sqgrt [Si m[a+b]])*El i pti cF[(c+d*x) /2, Sim[2xb/ (a+b)]1] /;
FreeQ[{a, b, c,d}, x] & NonzeroQ[a’2-b"2] && PositiveQ[a+b]

Int [1/Sqrt [a_. +b_. »sin[c_. +d_. #x_11, x_Synbol | : =
-2/ (d=Sqrt [Si m[a+b]])*El | ipticF[Pi /4-(c+d%Xx) /2, Sim[2xb/ (a+b)]] /;
FreeQ[{a, b, c,d}, x] & NonzeroQ[a’2-b"2] && PositiveQ[a+b]

= Derivation: Piecewise constant extraction

a+bf [z]

. a+b
m Basss 9, ——— =0
Va+bf[z]

= Note: Since% + % =1 > 0, rulefl appliesto theresulting integrand.

m Rulef2:If a2-b2#0 A - (a+b >0),then

L \/afb+;:—b8in[c+dx] L
J dx — dx
Ya+bSin[c+dx] Va+bSin[c+dx] \/ a

b

= Program code:

Int [1/Sqrt [a_. +b_. »sin[c_. +d_. #x_11, x_Synbol | : =
Sqrt [ (a+b*Si n[c+dxx]) / (a+b)1/Sqrt [a+bxSi n[c+dxx]]*Int [1/Sqrt [a/ (a+b)+b/ (a+b)xsi n[c+d*x]], X] /;
FreeQ[{a, b, c,d}, x] & NonzeroQ[a"2-b"2] && Not [PositiveQ[a+b]]
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J(a+szc[c+dx])””d1x

= Derivation: Piecewise constant extraction
» Basis o, (f [z]"? (b/f [2])"?) =0
» Rule If n2 = 1, then

1
J-(b Csclc+dx])™*dx — (Sin[c+dx])™? (bCsc[c+dx])"? J'— dx
Sinfc+dx]"/?

= Program code:

Int [(b_. #sin[c_. +d_. »x_1"(-1))"n_, x_Synbol | : =
Di st [Sin[c+d*x]”n* (b*Csc [c+d*x])"n, Int [1/sin[c+d*x]"n, X]] /;
FreeQ[{b, c, d}, x] && ZeroQ[n"2-1/4]

= Derivation: Piecewise constant extraction

Vb+af[z]

—ee. = O
Vf[z]l Va+b/f [z]

= Basis 9,

. Rule:lfaz—bz;éo/\n—%ez/\—2<n<2,then

dx

b+aSin[c+d b+aSin[c+d n
j(a+szc[C+dx])“d1x—> VbraSinic+dx] J'( +asSinfc+ax])

VSin[c+dx] Va+bCsc[c+dx] Sinfc+dx]"

= Program code:

Int [(a_+b_. #sin[c_. +d_. »x_1" (-1))"n_, x_Synbol | : =
Di st [Sqrt [b+a*Sin[c+dxx]]1/(Sqrt [Sin[c+d*x]]*Sqrt [a+bxCsc[c+dxXx]]),
Int [(b+axsin[c+dxx])”n/sin[c+d*x]"n, x]] /;
FreeQ[{a, b,c,d}, x] & NonzeroQ[a"2-b"2] && |ntegerQ[n-1/2] && -2<n<2



Integration Rules for (sin”*))”*m (a+b sin”k)"™n

Rules17 - 18: J(a+szc[c+dx])”d1x

m Derivation: Rule6withm=0andk = -1
m Rulel7:1f a2 -b%2 #0 A n < -1,then
J(a+bCSC[C+dX])nd1X —

b2 Cot [c +d x] (a+bCsc[c+dx])"? 1
+ .
ad (n+1) (a?-b?) a (n+1) (a?-b?)

j((az—bz) (n+1) -ab (n+1) Csc[c+dx] +b? (n+2) Csc[c+dx]?) (a+bCsc[c+dx])"dx

= Program code:

Int [(a_+b_. #sin[c_. +d_. »x_1"(-1))"n_, x_Synbol | : =
b"r2xCot [c+d*Xx]* (a+b*Csc [c+d*x])" (n+1) / (a*d* (n+1) x (a”2-b"2)) +
Di st [1/ (a* (n+1) % (a"2-b"2)),
Int [ ((@"2-b"2) % (n+1) - (axbx(n+1))*Si n[c+d*x]1" (-1) + (b"2% (N+2) ) *Si n[C+d*X]" (-2)) *
(a+bxsi n[c+d*x1” (-1))" (n+1), x11 /;
FreeQ[{a, b, c,d}, x] & NonzeroQ[a*2-b"2] && Rational Q[n] && n<-1

= Derivation: Rule3awithm=0andk = -1

m Rulel8:If a2-b2 0 A n > 2, then

j(a+bCSC[C+dX])ndX —

b2 Cot [c +dXx] (a+bCsc[c+dx])"? 1
- +

d (n-1) n-1

J(a3 (n-1) +b (b (n-2) +3a® (n-1)) Csc[c+dx] +ab® (3n-4) Csc[c+dx]?) (a+bCsc[c+dx])">dx

= Program code:

Int [(a_+b_. #sin[c_. +d_. #x_1"(-1))"n_, x_Synbol | : =
-b"2xCot [C+dxX]* (a+b*Csc [c+dxXx])" (n-2) / (d*(n-1)) +
Di st [1/(n-1),
Int [ (@"3*%(N-1)+ (b* (b"2%(n-2) +3%a"2% (N-1)))*Si n[C+d*x]" (-1) + (axb"2x (3xn-4) ) *Si n[C+dxX]" (-2)) *
(a+bxsin[c+d*x]1” (-1))" (n-3), x]]1 /;
FreeQ[{a, b, c,d}, x] & NonzeroQ[a’2-b"2] && Rational Q[n] && n>2
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Rules 15 - 16 J(b Sinfc+dx]*)" dx

m Derivation: Rule10ainverted

» Rule15:1f k2 =1 A n < -1,then

_ ] 2Cos[c+dx] (bSinfc+dx]¥)™  (2n+k+3)
(bsSin[c+dx]*) dx —

. J.(bSin[C+dx]k)n+2dlx
bd (2n+k+1) b2 (2n+k +1)

= Program code:

Int [(b_. #sin[c_. +d_. »x_1"k_. )*n_, x_Synbol | : =

2%Cos [C+d*xXx]* (b*Si n[c+d*x]"k)” (n+1) / (b*d* (2*xn+k+1)) +

Dist [ (2%¥n+k+3) / (b"2% (2xn+k+1)), I nt [ (bxsi n[c+d*x] k)" (n+2),x]] /;
FreeQ[{b, c, d}, x] & OneQ[k”2] && Rational Q[n] && n<-1

m Derivation: Rule3aor 3bwithm=0anda =0

m Rulel6:If k2 =1 A n>1,then

. . 2b Cos[c+dx] (bSin[c+dx]k)“'l b2 (2n+k -3)
(bSinfc+dx1*) dax — - +

J(bSin[c+dx]k)"'2dx
d@2n+k-1) 2n+k-1

= Program code:

Int [(b_. #sin[c_. +d_. »x_]1"k_. )*n_, x_Synbol | : =

-2xbxCos [c+dxX]* (bxSi n[c+d*x] k)" (n-1) / (d* (2xn+k-1)) +

Di st [b"2% (2xn+k-3) / (2xn+k-1), I nt [ (bxsi n[c+d*x] k)" (n-2),x]] /;
FreeQ[{b, c,d}, x] && OneQ[k”2] && Rational Q[n] &% n>1



Integration Rules for (sin”*))”*m (a+b sin”k)"™n

Integration Rules for
f(sinj(z))m (a+ bsin"(z))n dz when j2 =1 /\ k?=1

1
Ruleg: j : : dx
Sin[c+dx] (a+bSin[c+dXx])
= Derivation: Algebraic expansion
s — % - L __b
= Bass z (a+bz) ~ az a (a+bz)
= Ruleg:

1 1 1 b 1
J\. . dx—’—f.—dlx-—f - dx
Sin[c+dx] (a+bSin[c+dx]) aJ Sin[c+dx] aJa+bSin[c+dx]

= Program code:

Int [1/(sinfc_. +d_. #x_](a_. +b_. #sinfc_. +d_. #x_])), x_Synbol ] : =
1/a*Int [1/Sin[c+dxx], x] - b/axInt [1/(a+b*Sin[c+d*Xx]), X] /;
FreeQ[{a, b, c,d}, x]

Int [1/((a_. +b_. #sin[c_. +d_. »x_]1)(e_+f_. #sin[c_. +d_. »x_]1)), x_Synbol | : =
b/ (bxe-axf )=l nt [1/ (a+b*si n[c+d*x]), x] -
f/ (bxe-axf)xlnt [1/ (e+f xSin[c+dxx]), X] /;

FreeQ[{a, b,c,d, e, f}, x] & NonzeroQ[bxe-axf ]



Integration Rules for (sin”*))”*m (a+b sin”k)"™n

Ruleh.j ! ax
(a+bSin[c+dx]) Ve+f Sin[c+dx]

1

2 (1-m#kmSin[z]) V1-n+nSin[z]

z

m Basis 8, El | ipticPi [2m E'%’ 2n] =

m Rulehl:If a2-b2#0 A e2-f220 A e+f >0, then

1 2 ¢ 2b c+dx w 2f
j dx — E||IptICPI[ , -, ]
(a+bSin[c+dx]) Ve+f Sin[c +dx] d(a+b) Ve +f a+b 2 4 ex+f

= Program code:

Int [1/((a_. +b_. #sin[c_. +Pi /2+d_. »x_]1)*Sqrt [e_. +f _. xsin[c_. +Pi /2+d_. #x_11), x_Synbol | : =
2/ (dx (a+b) xRt [e+f, 2])*El | i pti cPi [Si m[2xb/ (a+b)], (c+dxx) /2, Si m[2«f / (e+f )11 /;
FreeQ[{a, b,c,d, e, f}, x] & NonzeroQ[a"2-b"2] && NonzeroQ[e”2-f"2] && PositiveQ[e+f]

Int [1/((a_. +b_. »sin[c_. +d_. #x_1)*Sqrt [e_. +f _. «sin[c_. +d_. #x_11),x_Synbol | : =
2/ (dx (a+b) xRt [e+f, 2])%El | i pti cPi [Si m[2xb/ (a+b)]1, (c+dxx)/2-Pi /4, Si m[2xf / (e+f)1] /;
FreeQ[{a, b,c,d, e, f}, x] & NonzeroQ[a’2-b"2] && NonzeroQ[e”2-f"2] && PositiveQ[e+f]

= Derivation: Piecewise constant extraction

e+f g[z]
es+f

m Bass 9, ——— =0
e+f g[z]

= Note: Sincee% + efT =1 > 0, rulehl appliesto theresulting integrand.

m Ruleh2:If a2-b2#0 A e2-f220 A - (e+f >0),then

1
J dx —
(a+bSin[c+dx]) Ve+f Sin[c+dx]

e+f Si n[c+d X1
e+ J 1

Ve+f Sin[c+dx]

dx

(a+bSin[c+dx]) \/—+TS|n[c+dx]

= Program code:

Int [1/((a_. +b_. #sin[c_. +d_. »x_])*Sqrt [e_. +f _. #sin[c_. +d_. #x_11), x_Synbol ] : =
Sqrt [(e+f *Sin[c+dxx])/ (e+f)1/Sqrt [e+f *Sin[c+dxXx]]*
Int [1/ ((a+b*si n[c+dxx])*Sqrt [e/ (e+f)+f / (e+f)*sin[c+dxXx]]), X] /;
FreeQ[{a, b,c,d}, x] & NonzeroQ[a"2-b"2] && NonzeroQ[e”2-f~2] && Not [PositiveQ[e+f]]



Integration Rules for (sin”*))”*m (a+b sin”k)"™n

. a+bSin[c+dx
Rulei: [Y2* Inic+axl g
e+f Sin[c+dx]

= Derivation: Algebraic expansion

Va+bz _ b + af-be

m Bass =
e+f z f Va+bz f (e+f z) Va+bz

m Rulei:If a2-b2#0 A e?2-f220 A af -be #0,then

J‘\/a+bSin[c+dx]
e+f Sin[c+dx]

—hIU

1 af -be 1
j dx + j dx
Va+bSin[c+dx] f (e+f Sin[c+dx]) Va+bSin[c+dx]
= Program code:

Int [Sqrt [a_. +b_. »sin[c_. +d_. «x_11/(e_. +f _. «sin[c_. +d_. »x_1), x_Synbol | : =
b/f xI nt [1/Sqgrt [a+bxsin[c+d*x]], X] +
(axf -bxe) /fxInt [1/ ((e+f *Sin[c+dxXx]) *Sqrt [a+bxsi n[c+d*x]]), X] /;
FreeQ[{a, b,c,d, e, f}, x] & NonzeroQ[a"2-b"2] && NonzeroQ[e”2-f~2] && NonzeroQ[axf -bxe]



Integration Rules for (sin”*))”*m (a+b sin”k)"™n

Rulei: J‘(a+b8in[0+dx])3/2 dx
) e+f Sin[c+dx]

= Derivation: Algebraic expansion

= Bass (a+b z)3/2 - bVva+bz . (af-be) Va+bz
e+f z f f (e+f z)

m Rulej:If a2-b2#0 A e2-f220 A af -be #0,then

(a+bSin[c+dx])3/2 b . af -be rva+bSin[c+dx]
f dlx—>—J‘«/a+bS|n[c+dx] dx + f
e+f Sin[c+dx] f f e+f Sin[c+dx]

= Program code:

Int [(a_. +b_. »sinfc_. +d_. «x_1)"(3/2)/(e_. +f _. #sin[c_. +d_. #x_1), x_Synbol | : =
b/f xl nt [Sqrt [a+b*si n[c+dxX]], X] +
Di st [ (axf -bxe) /f, Int [Sgrt [a+bxsi n[c+d%x]]/ (e+f xsin[c+d*x]), x]] /;
FreeQ[{a, b,c,d, e, f}, x] & NonzeroQ[a"2-b"2] && NonzeroQ[e”2-f*2] && NonzeroQ[axf -bxe]



Integration Rules for (sin”*))”*m (a+b sin”k)"™n

Rulek:f ! dx
VSin[c+dx] Ya+bSin[c+dx]

= Derivation: Algebraic expansion

= BassIfb>0 Ab-a>0thenVa+bz =Viez [ 222

= Rulekl:If b >0 A b%-a? > 0,then

j 1 dx —s ;EIIipticF[ArcSin[Tan[C"dX n]] a-b

VSinfc+dx] Va+bSin[c+dx] dva+b 2 4 a+b

= Program code:

Int [1/(Sart [sin[c_. +d_. +x_11+Sqrt [a_+b_. xsin[c_. +d_. #x_]]), x_Synbol | : =
2/ (dxSgrt [a+b])*El i pti cF[ArcSin[Tan[ (c-Pi /2+dxx)/2]1, -Si m[ (a-b) / (a+b)]1] /;
FreeQ[{a, b,c,d}, x] & PositiveQ[b] && PositiveQ[b"r2-a*2]

= Derivation: Piecewise constant extraction

= Bass 3, V 1+f [2] a+bf [z] -
Vabiz] (asb) (1+f [2])

= Rulek2: If a2 - b2 # 0, then

1
J .
A/Sin[c+dx] Va+bSin[c+dx]

2V1+Sin[c+dx] a+bSin[c+dx]
dva+bSin[c+dx] (@a+b) (1+Sin[c+dx])

a-b

c+dx
72l o)

Ellipti cF[ArcSi n[Tan[

= Program code:

Int [1/(Sqrt [sin[c_. +d_. #x_]1+Sqrt [a_+b_. #sin[c_. +d_. »x_]1), x_Synbol | : =
2xSqrt [1+Sin[c+dxx]]/ (d%=Sqrt [a+b*Si n[c+d*X]]) *
Sgrt [ (a+bxSin[c+dxx])/ ((a+b)» (1+Sin[c+d*x]))]*
EllipticF[ArcSin[Tan[ (c-Pi /2+d%x) /211, -Si m[ (a-b) /(a+b)1]1 /;

FreeQ[{a, b, c,d}, x] & NonzeroQ[a’2-b"2]




Integration Rules for (sin”*))”*m (a+b sin”k)"™n

Rulel: JVSin[c+dx] Va+bSin[c+dx] dx

= Derivation: Algebraic expansion

m Rulel: If a2 - b2 # 0, then

JVSin[c+dx] Va+bSin[c+dx] dx —

1 a+aSin[c+dx]+bSin[c+dx]2
—af le+J
A/Sin[c+dx] Va+bSin[c+dx] A/Sin[c+dx] VYa+bSin[c+dx]

= Program code:

Int [Sgrt [sin[c_. +d_. xx_11+Sqrt [a_+b_. *sin[c_. +d_. *x_]11, Xx_Synbol ] : =

—axInt [1/(Sqrt [sin[c+dxx]]*Sqrt [a+bxsin[c+d*x]]), X] +

Int [ (a+a*Si n[Cc+d*X]+b*Si n[c+d*x]1"2)/(Sqrt [Sin[c+dxx]]*Sqrt [a+bxsi n[c+d*x]]), X] /;
FreeQ[{a, b, c,d}, x] & NonzeroQ[a"2-b"2]

dXx



Integration Rules for (sin”*))”*m (a+b sin”k)"™n

Rule m - J‘\/a+bS|n[c+dx] .

Ve+f Sin[c+dx]

= Derivation: Algebraic expansion

m Ruleml: If a2 - b2 # 0, then

dx —

J~ VSin[c+dx]

Va+bSin[c+dx]

1 1+Sin[c+dx]
—j dX+J dx
AVSin[c+dx] Ya+bSin[c+dx] AVSin[c+dx] Va+bSin[c+dx]

= Program code:

I nt [Sqrt [sin[c_. +d_. *x_] ]/Sqrt [a_+b_. xsin[c_. +d_. *x_11, x_Synbol ] L=
-Int [1/(Sqrt [sin[c+dxx]]*Sqrt [a+bxsi n[c+d*x]]), X] +
Int [(1+sin[c+d*x])/(Sqrt [sin[c+dxx]]*Sqrt [a+bxSin[c+d*xx]1]1), x] /;
FreeQ[{a, b,c,d}, x] & NonzeroQ[a"2-b"2]

= Derivation: Algebraic expansion

m Rulem2: If a2 - b2 # 0, then

J‘\/a+bSin[c+dx]

X —
A'Sin[c+dx]
1 1+Sin[c+dx]
(a—b)J~ dlx+bj dx
A/Sin[c+dx] Va+bSin[c+dx] AVSin[c+dx] Ya+bSin[c+dx]

= Program code:

I nt [Sqrt [a_+b_. *sin[c_. +d_. *x_]]/Sqrt [sin[c_. +d_. *x_11, x_Synbol ] L=
(a-b)*Int [1/(Sqrt [sin[c+d+x]]*Sqrt [a+bxsi n[c+d*x]]), X] +
Di st [b,Int [(L+sin[c+dxXx])/(Sqrt [Sin[c+d*xx]]*Sqrt [a+bxsi n[c+d*x]]),Xx]1] /;
FreeQ[{a, b,c,d}, x] & NonzeroQ[a"2-b"2]



Integration Rules for (sin”*))”*m (a+b sin”k)"™n

= Derivation: Algebraic expansion
= Note: Thisruleunifiesrulesm1 and m2, but requiresmessy application conditions.

m Rulelf a2-b2#0 A e?-f220 A be-af #0,then

dx —

J-w/a+b8in[c+dx]

Ve+f Sin[c+dx]

dx

1 j 1+Sin[c+dx]

(a—b)j dx +b
Va+bSin[c+dx] Ve+f Sin[c+dx] Va+bSinc+dx] Ve+f Sin[c+dx]

= Program code:

(» Int [Sqrt [a_. +b_. sin[c_. +d_. #x_11/Sqrt [e_. +f _. »sin[c_. +d_. «x_11, x_Synbol | : =
(a-b)*Int [1/(Sqrt [a+bxsi n[c+dxx]]*Sqrt [e+f *Si n[c+d*X]]), X] +
Di st [b, I nt [(1+sin[c+dxX])/(Sqrt [a+b*xsi n[c+d*x]]*Sqrt [e+f *si n[c+d*Xx]1]), x1] /;

FreeQ[{a, b,c,d, e, f}, x] & NonzeroQ[a"2-b"2] && NonzeroQ[e”r2-f"2] && NonzeroQ[bxe-axf] x)



Integration Rules for (sin”*))”*m (a+b sin”k)"™n

VYa+bSin[c+dx]
(e +f Sinfc+dx])3/2

Rulen:

= Derivation: Algebraic expansion

m Rulenl: If a2 - b2 # 0, then

dx —

J- A/Sin[c +dx]
(a+bSinfc+dx])3/2

1 1 a 1+Sin[c+dx]
- J dx + j dx
a-bJ+/Snc+dx] Va+bsSin[c+dx] a-bJ/Snc+dx] (@a+bSin[c+dx])32

= Program code:

Int [Sqrt [sin[c_. +d_. «x_11/(a_+b_. sin[c_. +d_. #x_1)"(3/2),x_Synbol | : =

-1/ (a-b)*Int [1/(Sqrt [Ssin[c+d*x]]1*Sqrt [a+b*si n[c+d*x]1]), X] +

Di st [a/ (a-b), Int [(1+sin[c+d*x])/(Sqrt [Sin[c+d*Xx]]*(a+bxsin[c+d*x])" (3/2)),x]1]1 /;
FreeQ[{a, b, c,d}, x] & NonzeroQ[a’2-b"2]

m Derivation: Algebraic expansion

m Rulen2: If a2 - b2 # 0, then

J~\/a+bSin[c+dx]

Sinfc+dx]%/2

1 1-Sin[c+dx]
(a+b)j le+61J~ dx
AVSin[c+dx] VYa+bSin[c+dx] Sinfc+dx]1%2+a+bSin[c+dx]

= Program code:

I nt [Sqrt [a_+b_. *sin[c_. +d_. *x_] ]/si nfic_. +d_. *x_1"(3/2), x_Synbol ] 1=

Di st [a+b, Int [1/(Sqrt [sin[c+dxx]]1*Sqrt [a+bxSi n[c+d*x]1]), X]] +

Dist [a,Int [(1-sin[c+dxx])/(Sin[c+dxx]" (3/2)*Sqrt [a+bxsi n[c+d*x]]),X]1] /;
FreeQ[{a, b,c,d}, x] & NonzeroQ[a"2-b"2]



Integration Rules for (sin”*))”*m (a+b sin”k)"™n

= Derivation: Algebraic expansion
= Note: Thisruleunifiesrulesnl and n2, but requiresmessy application conditions.

m Rulelf a2-b2#0 A e?-f220 A be-af #0,then

dx —

J- Va+bSin[c+dx]

(e +f Sin[c+dx])3/2

a-b 1

j dx +
e-f J asbSinfc+dx] Ve+f Sin[c+dx]
be—afJ~ 1+Sin[c+dx]

dx

e-f Va+bSin[c+dx] (e+f Sin[fc+dx])32

= Program code:

(» Int [Sqrt [a_. +b_. »sin[c_. +d_. «x_11/(e_. +f_. »sin[c_. +d_. «x_1)"(3/2), x_Synbol | : =

Di st [(a-b)/(e-f),Int [1/(Sqrt [a+b*si n[c+d*x]1]*Sqrt [e+f *si n[c+d*x]1]),Xx]] +

Di st [ (bxe-axf)/(e-f),Int [(l+sin[c+dxx])/(Sqrt [a+bxSi n[C+d*X]]* (e+f *si n[c+d*x]1)"(3/2)),X%x]] /;
FreeQ[{a, b,c,d, e, f}, x] & NonzeroQ[a’2-b"2] && NonzeroQ[e”2-f~2] && NonzeroQ[bxe-axf] =)



Integration Rules for (sin”*))”*m (a+b sin”k)"™n

: 3/2
Ruleo: J‘(a+bS|n[C+dx]) dx
Ve+f Sin[c+dx]

= Derivation: Algebraic expansion

m Ruleol: If a2 - b2 # 0, then

Sin[c+dx]3/2
j dx —
Va+bSin[c+dx]
a 1+Sin[c+dx] 1 a+aSin[c+dx]+2bSin[c+dx]?
——j dx + — dx
2b J A\[Sin[c+dx] Va+bSin[c+dx] 2bJ y/Sinfc+dx] Va+bSin[c+dx]

= Program code:

Int [sin[c_. +d_. «x_1"(3/2)/Sqrt [a_+b_. #sin[c_. +d_. #x_]1,x_Synbol ] : =
-a/ (2xb)xInt [ (Ll+sin[c+dxx]1)/(Sqrt [sin[c+d*x]]*Sqrt [a+b*si n[c+dxXx]]), X] +
Di st [1/ (2xb),
Int [ (a+a*si n[c+dxXx]+2xbxsi n[c+d*x]"2)/(Sqrt [sin[c+dxx]]*Sqrt [a+bxsin[c+d*xx]11), x]] /;
FreeQ[{a, b, c,d}, x] & NonzeroQ[a"2-b"2]

= Derivation: Algebraic expansion

m Ruleo2: If a2 - b2 # 0, then

j(a+bSin[c+dX])3/2

dXx —
A/Sin[c +dx]
3ab 1+Sin[c+dx] 1 ra(2a-3b)+abSin[c+dx]+2b%2Sin[c+dx]?
J- d1X+—j dx
2 A/Sin[c+dx] Ya+bSin[c+dx] 2 A/Sin[c+dx] Ya+bSin[c+dx]

= Program code:

Int [(a_+b_. #sin[c_. +d_. »x_1)"(3/2)/Sqrt [sin[c_. +d_. »x_11, x_Synbol | : =
3xaxb/2xInt [ (1+sin[c+d*x])/(Sqrt [Sin[c+dxXx]]1*Sqrt [a+bxSin[c+d*x]]), X] +
Di st [1/2,
Int [ (ax(2xa-3xb) +axb*xsi n[c+d*X]+2xb"2xSi N[C+d*Xx]"2) /(Sqrt [Sin[c+dxXx]]*Sqrt [a+bxsi n[c+d*x]1]), X]]
FreeQ[{a, b,c,d}, x] & & NonzeroQ[a"2-b"2]



Integration Rules for (sin”*))”*m (a+b sin”k)"™n

(a+bSin[c+dx])3/2
(e +f Sin[c+dx])3/?

Rulep: j

= Derivation: Algebraic expansion

m Rulepl: If a2 - b2 # 0, then

Sin[c+dx]3/? 1 1+Sin[c+dx]
J - dx — —j

(a+bSin[c+dx])3%? bJa/Sinfc+dx] Va+bSin[c+dx]
1J~ -a-(a+b) Sin[c+dx]

bJ /Sinfc+dx] (a+bSin[c+dx])3?

dx +

dx

= Program code:

Int [sinfc_. +d_. «x_17(3/2)/(a_+b_. xsin[c_. +d_. #x_1)"(3/2),x_Synbol | : =

1/bxInt [(l+sin[c+dxx])/(Sqrt [Sin[c+d*x]]*Sqrt [a+b*si n[c+dxX]]), X] +

Di st [1/b, Int [ (-a-(a+b)*sin[c+d*x])/(Sgrt [sin[c+dxXx]]* (a+bxsi n[c+d*x]1)” (3/2)),x1] /;
FreeQ[{a, b, c,d}, x] & NonzeroQ[a’2-b"2]

= Derivation: Algebraic expansion

m Rulep2: If a2 -b2 # 0, then

(a+bSin[c+dx])32 1+Sin[c+dx]
j . dx — bzf
Sin[c+dx]32 VSin[c+dx] Va+bSin[c+dx]

dx +

dx

J a?+b (2a-b) Sin[c+dx]
(Sinfc+dx])324a+bSin[c+dx]

= Program code:

Int [(a_+b_. #sin[c_. +d_. »x_1)"(3/2)/sin[c_. +d_. «x_]"(3/2), x_Synbol | : =

bA2xInt [ (1+sin[c+d*x])/(Sqrt [Sin[c+d*Xx]]*Sqrt [a+bxsin[c+d*x]]1), X] +

Int [ (@"2+b* (2%xa-b) *xsi n[c+d*x]) / (Sin[c+d*x]" (3/2)*Sqrt [a+b*sin[c+d*Xx]1]1), X] /;
FreeQ[{a, b, c,d}, x] & NonzeroQ[a’2-b"2]



Integration Rules for (sin”*))”*m (a+b sin”k)"™n

= Derivation: Algebraic expansion
= Note: Thisruleunifiesrulespl and p2, but requires messy application conditions.

m Rulelf a2-b2#0 A e?-f220 A be-af #0,then

dx +

(a+bSin[c+dx])3/2 b2 1+Sin[c+dx]
J dx — —j
(e+f Sin[c+dx])32 f

Va+bSin[c+dx] Ve+f Sin[c+dx]
1J-a2f -b%2e+b (2af -b (e+f)) Sin[c+dx] 4

_ X
f

Va+bSin[c+dx] (e+f Sin[c+dx])32
= Program code:

(» Int[(a_ +b_. #sinfc_. +d_. #x_1)"(3/2)/(e_. +f _. #sin[c_. +d_. xx_])"(3/2), x_Symbol | : =
br2/f xlnt [ (L+sin[c+dxx])/(Sqrt [a+bxSin[c+d*xx]]1*Sqrt [e+f xsin[c+d*x]]), X] +
Di st [1/f,
Int [ (a”"2xf -b"2xe+bx (2xaxf -bx (e+f))*sin[c+dxx])/(Sqrt [a+bxsi n[c+dxx]]* (e+f *sin[c+dxx])" (3/2)), X]]
FreeQ[{a, b,c,d, e, f}, x] & NonzeroQ[a"2-b"2] && NonzeroQ[e”r2-f"2] && NonzeroQ[bxe-axf] x)



Integration Rules for (sin”*))”*m (a+b sin”k)"™n

1
Ruleq:J- dx
Va+bSin[c+dx] (e+f Sin[c+dx])3/?

= Derivation: Algebraic expansion

m Ruleql: If a2 -b? # 0, then

1
j dx —
VSin[c+dx] (a+bSin[c+dx])3/2

1 j 1 4 b J- 1+Sin[c+dx]
X_
a-bJ+/Snic+dx] Va+bSin[c+dx] a-bJ a/Sinfc+dx] (a+bSin[c+dx])3?2

= Program code:

Int [1/(Sqrt [sin[c_. +d_. #x_]1x(a_+b_. #sin[c_. +d_. »x_])"(3/2)), x_Synbol | : =

1/ (a-b)*Int [1/(Sqrt [sin[c+d*x]]*Sqrt [a+b*sin[c+d*x]]), X] -

Di st [b/ (a-b), Int [(1+sin[c+dxx])/(Sqrt [Sin[c+d*x]]*(a+bxsin[c+d*x])" (3/2)),x1] /;
FreeQ[{a, b, c,d}, x] & NonzeroQ[a’2-b"2]

= Derivation: Algebraic expansion

= Ruleg2: If a2 - b? # 0, then

1
j dx —
Sinfc+dx1%2+a+bSin[c+dx]

1 1-Sin[c+dx]
j dx+j dx
AVSin[c+dx] Ya+bSin[c+dx] Sin[c+dx]%2+4a+bSin[c+dx]

= Program code:

Int [1/(sinfc_. +d_. »x_]"(3/2)#Sqrt [a_+b_. xsin[c_. +d_. #x_]1), x_Synbol | : =
Int [1/(Sqrt [sin[c+dxx]]*Sqrt [a+bxsi n[c+d*Xx]]), X] +
Int [(1-sin[c+d%x])/(Sin[c+d*x]" (3/2)*Sqrt [a+b*sin[c+d*x]]), X] /;
FreeQ[{a, b,c,d}, x] &% NonzeroQ[a"2-b"2]

dx



Integration Rules for (sin”*))”*m (a+b sin”k)"™n

d X

J‘ Va+bSin[c+dx]
AVSin[c+dx] (A+ASin[c+dx])

» BassIfb>0 Ab-a>0thenVa+bz =Viez [ 222

m Rulelf b >0 A b?-a?>0,then

Va+bSin[c+dx] Va+b o . c+dx = a-b
J dx — ElllptlcE[ArcSm[Tan[ -_”, - ]
VSin[c+dx] (A+ASin[c+dx]) 4 a+b

m  Program code:

Int [Sqrt [a_+b_. sin[c_. +d_. «x_11/(Sart [sin[c_. +d_. «x_]1*(A_+B_. #sin[c_. +d_. »x_])), x_Synbol | :
Sgrt [a+b]/ (dxA)*El | i pti cE[ArcSin[Tan[ (c-Pi /2+d%x)/2]], -Si m[ (a-b) / (a+b)1] /;
FreeQ[{a, b, c,d, A B}, x] & ZeroQ[A-B] && PositiveQ[b] && PositiveQ[br2-a"2]

= Derivation: Piecewise constant extraction

= Bass az V 1+f [2] a+bf[z] =0
Nab izl (a+b) (1+f [2])

= Rule If a2 -b? # 0, then

va+bSin[c+dx]
AVSin[c+dx] (A+ASin[c+dx])

(a+b) V1+ Sin[c+dx] a+bSin[c+dx]
dAva+bSin[c+dx] (a+b) (1+Sin[c+dx])

—

c+dx
i

Ellipti cE[Ar cSi n[Tan[

= Program code:

Int [Sqrt [a_+b_. sin[c_. +d_. «+x_11/(Sart [sin[c_. +d_. «x_]1(A_+B_. »sin[c_. +d_. »x_])), x_Synbol ] : =
(a+b) *Sgrt [1+Sin[c+d*x]]/ (d*xA*Sqrt [a+b*Si n[c+d*x]]1)*Sqrt [ (a+b*Sin[c+d*x])/ ((a+b) * (L+Sin[c+d*x]))]=*
EllipticE[ArcSin[Tan[ (c-Pi /2+d%x)/2]], -Si m[ (a-b) /(a+b)1]1 /;

FreeQ[{a, b, c, d, A B}, x] & ZeroQ[A-B] && NonzeroQ[a"2-b"2]



Integration Rules for (sin”*))”*m (a+b sin”k)"™n

d X

J VSin[c+dx]
Va+bSin[c+dx] (A+ASin[c+dx])

= Derivation: Algebraic expansion

= Bass vz - a _ Va+bz
Vasbz (1+2) (a-b) vz Ya+bz (a-b) Vz (1+2)

m Rule If a2 - b2 # 0, then

dx —

J- A/Sin[c+dx]
+/

a+bSin[c+dx] (A+ASin[c+dx])

dXx

a J- 1 1 J- Va+bSin[c+dx]

dx -
A(a-b) J 4/Sin[c+dx] Va+bSin[c+dx] a-bJafSinc+dx] (A+ASin[c+dx])

= Program code:

Int [Sqrt [sin[c_. +d_. »x_11/(Sqrt [a_. +b_. #sin[c_. +d_. »x_]11%(A_+B_. »sin[c_. +d_. »x_1)), x_Synbol | : =
a/ (Ax(a-b))xInt [1/(Sqrt [sin[c+dxx]]*Sqrt [a+bxsin[c+d*xx]]), X] -
1/ (a-b)xI nt [Sqrt [a+bxsin[c+dxx]1]1/(Sqrt [Sin[c+d*x]]* (A+Bxsin[c+d*x])), X] /;

FreeQ[{a, b, c,d, A B}, x] & ZeroQ[A-B] && NonzeroQ[a’2-b"2]



Integration Rules for (sin”*))”*m (a+b sin”k)"™n

d X

J‘ A+ASin[c +dx]
VSin[c+dx] VYa+bSin[c+dx]

= Derivation: Algebraic expansion

= BassIfb>0 Ab-a>0thenVa+bz =Viez [ 222

= Rulelf b>0 A b?-a?>0,then

A+ASin[c+dx] 4 A R ) c+dx a-b
j dXx — —— EllipticPi [—1, ArcSm[Tan[ ——]], - ]
VSinfc+dx] Va+bSin[c+dx] dvVa+b 4 a+b

= Program code:

Int [(A_+B_. #sin[c_. +d_. »x_1)/(Sqrt [sin[c_. +d_. «x_]1]*Sqrt [a_+b_. »sin[c_. +d_. »x_]1), x_Synbol | : =
4xA/ (d%Sqrt [a+b])=El lipticPi [-1, ArcSin[Tan[ (c-Pi /2+d=*x)/2]1], -Si m[ (a-b) / (a+b)1] /;
FreeQ[{a, b, c,d, A B}, x] & ZeroQ[A-B] && PositiveQ[b] && PositiveQ[br2-a"2]

= Derivation: Piecewise constant extraction

= Bass a, V 1+f [2] a+bf [z] -
Nabiz] (asb) (1+f [2])

m Rule If a2 -b2 # 0, then

J A+ASin[c +dXx]

—
A/Sin[c+dx] Va+bSin[c+dx]
4AY1+Sin[c+dx] a+bSin[c+dx]
dva+bSin[c+dx] (a+b) (L+Sin[c+dx])

EllipticPi [—1, ArcSin[Tan[C+dX -g]] _a—b]

2

a+b

= Program code:

Int [ (A_+B_. #sin[c_. +d_. »x_1)/(Sart [sin[c_. +d_. #x_]11+Sqrt [a_+b_. #sin[c_. +d_. xx_]1), x_Symbol ] : =
A%xAxSqrt [1+Sin[c+d%x]]1/ (d*Sqrt [a+b*Si n[c+d*X]]) *
Sgrt [ (a+bxSin[c+d*x])/ ((a+b)» (1+Sin[c+d*x]1))]*
EllipticPi [-1, ArcSin[Tan[(c-Pi /2+d*x)/2]], -Si m[ (a-b) /(a+b)1] /;

FreeQ[{a, b, c,d, A B}, x] & ZeroQ[A-B] && NonzeroQ[a"2-b"2]



Integration Rules for (sin”*))”*m (a+b sin”k)"™n

Ruler: J(Si nfc+dx] )" (bSinfc+dx]¥)"dx

= Derivation: Algebraic simplification

m Rulerl:If k? =1 A me z, then

1
jSin[c+dx]m(bSi n[c+dx]k)nd1x — —J(bSi n[C+dX]k)kmmd1X
bkm

= Program code:

Int [sin[c_. +d_. #x_]"m_. »(b_. #sin[c_. +d_. »x_]1"k_. )"n_., x_Synbol | : =
Di st [1/b” (kxm), I nt [ (bxsi n[c+d*x] k)" (kxm+n), x1] /;
FreeQ[{b,c,d, n}, x] && OneQ[k"2] && | nteger Q[m]

= Derivation: Piecewise constant extraction

\/bf [z1%
e

» Basis If j2 = 1, then 8, =0

. Ruler2:|fj2=k2=1/\m—%ez/\n—%ez/\n>0,then

b"> /b Sin[c+dx]k

i Kk
(\/Sin[c+dx]1' )

J(Sin[c+dx]j)m(bSin[c+dx]k)nd1x — jSi n[c +dx]i m™kn gx

= Program code:

Int [(sinfc_ +d_. #x_]7j _. )"m_*(b_#sin[c_. +d_. xx_]1"k_. )*n_, x_Synbol | : =
Di st [b" (n-1/2)*Sqrt [bxSin[c+d*x]1"k]1/(Sqrt [Sin[c+d*x]1"] 1)~ (j *k), I nt [Sin[c+d*x]" (j *mek*xn), x]] /;
FreeQ[{b, c, d}, x] && OneQ[j 2, k"2] && IntegerQ[m-1/2] && IntegerQ[n-1/2] && n>0



Integration Rules for (sin”*))”*m (a+b sin”k)"™n

= Derivation: Piecewise constant extraction

)
Vbf[zik

. Ruler3:|fj2=k2=1/\m-%ez/\n-%ez/\n<0,then

1 ik
b"*z (\/ Sin[c +dx]l J

\bSin[c+dx]*

» Basis If j2 = 1, then 8, =0

Sinfc+dx] ™kngx

J(Si n[c+dx]i)m(b8i n[c+dx]")nd1x —

= Program code:

Int [(sin[c_. +d_. »x_17j _. )*m_ «(b_#sin[c_. +d_. »x_]"k_. )*n_, x_Synbol ] : =
Di st [b” (n+1/2) % (Sqrt [Sin[c+dxx]"j 1)" (j *k) /Sqrt [bxSi n[c+d*x] k], I nt [sin[c+d*x]" (j *mek*n), x]] /;
FreeQ[{b, c,d}, x] && OneQ[j *2, k"2] && IntegerQ[m-1/2] && | ntegerQ[n-1/2] && n<0



Integration Rules for (sin”*))”*m (a+b sin”k)"™n
Rules: J(Si nfc+dx] )" (a+bCsclc+dx])"dx

= Derivation: Algebraic simplification

" Rulesl:lfj2=1/\az—b2¢0/\—%sm+j s%,then

(Sinfc+dxy)™ (Sinfc+dxyi)™
dx — dx
a+bCsc[c+dx] b+aSin[c+dx]

= Program code:

Int [(sin[c_. +d_. #x_1%j _. )"m.. /(a_+b_. »sin[c_. +d_. #x_]"(-1)), x_Synbol | : =
Int [(sin[c+d*x]"j )" (m+j )/ (b+axsin[c+dxx]), X] /;
FreeQ[{a, b,c,d}, x] & & OneQ[j *2] && NonzeroQ[a"2-b"2] && Rational Q[m] && -1/2<msj <3/2

= Derivation: Piecewise constant extraction

Vb+af[z]

" Bass §; ——————— =
Vf[z] Va+b/f [z]

0

= Rules2: If
a2-b>#0 A\ mez An-zez /\ (M=1A-1<n<2) V (m=-1A-2<n<1) V (m=-2 A -2<n<0)),then

jSin[c+dx]m(a+szc[c+dx])”d1x —

vVb+aSin[c+dx]

Jisin[c+dx]”*n (b+aSin[c+dx])"dx
AVSin[c+dx] Ya+bCsc[c +dx]

= Program code:

Int [sin[c_. +d_. #x_]1"m.. »(a_+b_. xsin[c_. +d_. xx_]1"(-1))~n_, x_Synbol | : =
Di st [Sqrt [b+a*Sin[c+dxXx]]1/(Sqrt [Sin[c+d*x]]*Sqrt [a+bxCsc[c+dxX]]),
Int [sin[c+d*x]" (m-n) % (b+axsi n[c+d*x])"n, Xx]] /;
FreeQ[{a, b, c,d}, x] & NonzeroQ[a"2-b"2] && |IntegerQ[m] && I ntegerQ[n-1/2] &&
(M=1 && -1<n<2 || m=-1 && -2<n<1l || m=-2 && -2<n<0)



Integration Rules for (sin”*))”*m (a+b sin”k)"™n

= Derivation: Piecewise constant extraction

» Basis If j2=1,then 8, vbeat[z] =0

j
[\,/f [z] ] Va+b/f [z]

. RulesS:Ifj2=1/\az—b2¢0/\m—%ez/\n—%ez/\—lsj m-n < 1, then

J(Sin[c+dx]j)m(a+szc[c+dx])”d1x —

Vb+aSin[c+dx]

i
VSinc+dx]) +Va+bGCsclc+dx]

jSin[c+dx]j ™ (b+aSin[c+dx])"dx

= Program code:

Int [(sinfc_. +d_. #x_]7j _. ) m «(a_+b_. »sin[c_. +d_. #x_]"(-1))"n_, x_Symbol | : =
Di st [Sqrt [b+a*Sin[c+dxx]1/((Sqrt [Sin[c+d*x]"] 1)”"] *Sqrt [a+bxCsc [c+d*Xx]]),
Int [sin[c+d*x]" (j *m-n) x (b+a*si n[c+dxXx])"n, x]] /;
FreeQ[{a, b,c,d}, x] && OneQ[j *2] && NonzeroQ[a"2-b"2] && IntegerQ[m-1/2] && |IntegerQ[n-1/2] &&
-1<n<2 && -1sj *m-ns<l



Integration Rules for (sin”*))”*m (a+b sin”k)"™n

Rulet: JCsc[c+dx]W2 (a+bSin[c+dx]1*)"dx

= Derivation: Piecewise constant extraction

» Bass 8, («/f (z] V1/f(z] ) =0
= Rulet: If k2=1/\az—bz;eo/\m—%ez/\—1sn<1,then

. (a+bSin[c+dx]k)n
JCsc[c+dx]m(a+bSin[c+dx]") dx — Y/ Csc[c+dx] VSin[c+dx] j . dx
Sin[c+dx]™

= Program code:

Int [(sinfc_. +d_. #x_]"(-1))"m_#(a_+b_. »sin[c_. +d_. xx_]"k_. )~n_, x_Symbol | : =
Di st [Sqrt [Csc[c+dxx]]*Sqrt [Sin[c+d*x]1,
Int [ (a+b*si n[c+d*x] k)~ n/sin[c+d*x]"m x]1] /;
FreeQ[{a, b,c,d}, x] & OneQ[k"2] && NonzeroQ[a"2-b"2] && IntegerQ[m-1/2] && Rational Q[n] &&
(k===1 || -1<nmkl && -1sn<1)



Integration Rules for (sin”*))”*m (a+b sin”k)"™n
Rules11 -12: J(Si nfc+dx] )" (a+bSin[c +dx]k)2d1x

m Derivation: Ruledawithn = 2

. . k+ B
. Rulell:lf12=k2=1/\j k m+ 21¢O/\J k ms -1, then

- ) a2 Cos [C +d X] (Sin[c+dx]1')rmjk
(Sinfc+dx)' )" (a+bSin[c+dx]*)"dx — — +
d (i kme )
1 ) ; k+1 k+1
klJ\(Sin[c+dx]l)m”k(Zab(jkm+ * ]+(a2+(a2+b2) (jkm+ * ))Sin[c+dx]")d1x
j kms+ =2

2

= Program code:

Int [(sinfc_. +d_. #x_]7j _. )"m.. »(a_+b_. #sin[c_. +d_. »x_1"k_. )"2, x_Synbol | : =
anr2%Cos [C+d*X]* (Sin[C+d*xXx]"j )N (Mk] xK) / (d* (j *k*ms (k+1)/2)) +
Di st [1/ (] *k*m+ (k+1) /2),
Int [(sin[c+d*xX]"j )" (M) *K) *
Si m[2xaxbx (] *kxme (k+1) /2) + (a"2+ (a”2+b"2) % (] xk*m+ (k+1) /2) ) »Si n[c+d*Xx]"k, X1, X]] /;
FreeQ[{a, b,c,d}, x] && OneQ[j "2, k"2] && Rational Q[m] && j xkxm+ (k+1)/2#0 && j xkxmg-1

= Derivation: Rule3awithn = 2

. . k+ .
. Rule12:lf12=k2=1/\1 k m+ 23;&0/\1 kmz -1, then

- , b2 Cos[c+dx] (Sinfc+dx]i)™ "
(Sinfc+dx]' )" (a+bSin[c+dx]*)"dx — - +

d(j kms kj)

1

. k+1 k +3
k3J~(Sin[c+dx]1)m(a2+(a2+b2) (jkm+ ’ )+2ab(jkm+ * )Sin[c+dx]k)d1x

J k m+ T
= Program code:

Int [(sinfc_. +d_. «x_]7j _. ) m_. »(a_+b_. #sin[c_. +d_. xx_]1"k_. )2, x_Synbol | : =
-b"2xCos [C+dxX]* (Si n[C+d*x]"j )N (M) xK) / (d* (j *k*ms (k+3) /2)) +
Di st [1/ (] #k*ms (k+3) /2),
Int [(sin[c+d*x]"] ) "mx
Si m[a*2+ (a”r2+b"2) » (j *k*me (k+1) /2) +2xaxb* (j xkxm+ (k+3) /2) xsi n[c+d*x ]k, X1, X]]1 /;
FreeQ[{a, b,c,d}, x] && OneQ[j *2, k"2] && Rational Q[m] && j xkxm+ (k+3) /2#0 && j xk*nme-1



Integration Rules for (sin”*))”*m (a+b sin”k)"™n

Rules9-10: [sin[c+dx]z (a+bSin[c+dx]¥)"dx

m Reference: G& R 2.552.3

= Derivation: Rulelcwithj m= =

m Rule9:1f k2 =1 A a2-b%2#0 A n<-1,then

n+l

k1 N bCos[c+dx]Sin[c+dx]k%(a+bSin[c+dx]k)
Sin[c+dx]Z (a+bSin[c+dx]*) dx — - +
d (n+1) (az—bz)

1
(n+1) (

dx

o) JSin[c+dx]% (a(n+1) -b (n+2) Sin[c+dx]") (a+bSin[c+dx]k)n+l
a

= Program code:

Int [(a_+b_. #sin[c_. +d_. »x_1)"n_, x_Synbol | : =

-bxCos [C+d*X]* (a+bxSin[c+d*x])” (n+1) / (d* (n+1) » (a"2-b"2)) +

Dist [1/((n+1)*(a"2-b"2)), Int [ (a*(N+1)-bx (N+2)*Si n[C+d*Xx])* (a+b*si n[c+d*x])" (n+1), x]] /;
FreeQ[{a, b,c,d}, x] & NonzeroQ[a’2-b"2] && Rational Q[n] && n<-1

Int [sin[c_. +d_. #x_]"(-1)*(a_+b_. »sin[c_. +d_. #x_]"~(-1))"n_, x_Synbol | : =

-bxCot [C+d*Xx]* (a+bxCsc [c+d*x])” (n+1l) / (d* (n+1) x (a"2-b"2)) +

Dist [1/((n+1)*(a”2-b"2)),Int [sin[c+d*x]" (-1)* (a* (n+1)-b*(n+2)*si n[c+d*x]" (-1)) * (a+b*Ssi n[c+d*x]" (-1
FreeQ[{a, b, c,d}, x] & NonzeroQ[a"2-b"2] && Rational Q[n] && n<-1

m Reference: G&R 2.552.3 inverted
m Derivation: Rule3b withj m= kzi
m Rulel0:If k2 =1 A a2-b%2#0 A n>1,then

b Cos [C +d X] Sin[c+dx]kz;1 (a+bSin[c+dx]k)n'1

JSin[c+dx]kz;1(a+bSin[c+dx]k)nd1x—>— S +
n

1 k-1 n-
—j(Sin[c+dx])T (a2n+b? (n-1) +ab (2n-1) Sin[c+dx]*) (a+bSin[c+dx]¥) % ax
n

= Program code:

Int [(a_. +b_. »sin[c_. +d_. #x_])"n_, x_Synbol | : =

-bxCos [C+d*X]* (a+bxSin[c+d*x])”" (n-1)/ (d%n) +

Di st [1/n, I nt [Si m[a*2xn+b"2% (n-1) +axb* (2xn-1) *Si n[Cc+dxX], X]* (a+b*si n[c+d*Xx])" (n-2), x]]1 /;
FreeQ[{a, b, c,d}, x] & NonzeroQ[a"2-b"2] && Rational Q[n] && n>1

Int [sin[c_. +d_. #x_]"(-1)*(a_+b_. »sin[c_. +d_. #x_]"~(-1))"n_, x_Synbol | : =

-bxCot [c+d*Xx]* (a+bxCsc[c+d*x])" (n-1)/ (d*n) +

Di st [1/n,Int [sin[c+d*Xx]" (-1) % (a”"2*n+b"2% (N-1) +axbx (2xn-1) *Si n[c+d*x]" (-1)) * (a+bx*si n[c+d*x]" (-1) )" (I
FreeQ[{a, b, c,d}, x] & NonzeroQ[a"2-b"2] && Rational Q[n] && n>1



Integration Rules for (sin”*))”*m (a+b sin”k)"™n

3k-1

Rules13-14: |Sin[c+dx]z (a+bSin[c+dx]*)"dx

= Derivation: Rulelb withj m= 2=

m Rule13:1f k2 =1 A a®2-b%2#0 A n< -1,then
. 3k-1 ) n
Sinfc+dx] = (a+bSin[c+dx]¥) dx —

aCos[c+dX] Sin[c+dx]%1 (a+bSin[c+dx]k)n+1

d(n+1) (a2—b2)
1

JSin[c+dx]k%l (b (n+1) -~a (n+2) Sinfc+dx]¥) (a+bSin[C+dX]k)n+ldlx
(n+1) (a%-b?)

= Program code:

Int [sin[c_. +d_. #x_]"m «(a_+b_. «sin[c_. +d_. »x_]1"k_. )~n_, x_Synbol ] : =
axCos [C+dxx]*Sin[c+d*x]" ((k-1)/2) » (a+b*Si n[C+d*x] k)" (n+1) / (d* (n+1) * (a"2-b"2)) -
Di st [1/((n+1l) % (a”2-b"2)),
Int [Sin[c+d*x]" ((k-1)/2) % (bx (n+1)-a* (N+2) *Si N[C+d*X] k) * (a+b*Si n[c+d*x] k)" (n+1), x]1] /;
FreeQ[{a, b,c,d}, x] & & OneQ[k”"2] && ZeroQ[m- (3xk-1)/2] && NonzeroQ[a"2-b"2] && Rational Q[n] && n<-1

= Derivation: Algebraic expansion

m Rulelda: If k2 =1 A a?2-b? #0,then

3k-1

Sin[c+dx] 2 1 ) k-1 a Sin[c+dx]%1
dlx—»—jS|n[c+dx]Td1x—— dx
a+bSin[c+dx]k b b | a+bSin[c+dx]¥

= Program code:

Int [sinfc_. +d_. »x_1"m_/(a_+b_. xsin[c_. +d_. #x_]"k_. ), x_Synmbol ] : =
1/bxlnt [Sin[c+d*x]" ((k-1)/2), x] -
a/bxInt [Sin[c+d*x]" ((k-1)/2)/ (a+b*Si n[c+d*x] k), X] /;
FreeQ[{a, b,c,d}, x] & OneQ[k"2] && ZeroQ[m- (3xk-1)/2] && NonzeroQ[a’2-b"2]



Integration Rules for (sin”*))”*m (a+b sin”k)"™n

= Derivation: Rule2b withj m= 2=

m Ruleldb: If k2 =1 A n > 1,then
. 3k-1 ) n
Sinfc+dx] ™z (a+bSin[c+dx]¥) dx —

Cos[c +dX] Sin[c+dx]%l (a+bSinfc+dx]¥)"
- +

d (n+1)

K-
1 J‘Sin[C+O|X]Tl (b+asSinfc+dx1¥) (a+bSin[c+dx]")”'ld1x
n+

= Program code:

Int [sin[c_. +d_. #x_]"m = (a_+b_. #sin[c_. +d_. »x_]1"k_. )*n_, x_Synbol ] : =
-Cos [c+d*x]*Si n[Cc+d*Xx]" ((k-1)/2) x (a+b*Si n[c+d*Xx] k) n/ (d* (n+1)) +
Di st [n/ (n+1),
Int [Sin[c+d*x]" ((k-1)/2) % (b+a*Si n[c+d*Xx] k) *x (a+b*Si n[c+d*x] k)" (n-1), x]1]1 /;
FreeQ[{a, b,c,d}, x] & OneQ[k"2] && ZeroQ[m- (3xk-1)/2] && Rational Q[n] && n>-1



Integration Rules for (sin”*))”*m (a+b sin”k)"™n

5k-1

Rules20-21: |Sin[c+dx]z (a+bSin[c+dx]*)"dx

= Derivation: Rulelawithj m= 2=

m Rule20:1f k2 =1 A a®2-b%2#0 A n<-1,then

K-
J\Sin[c+dx]¥ (a+bSin[c+dx]k)nd1x —

k-1
a2Cos[c+dx]Sin[c+dx]z (a+bSin[c+dx]k)n+l

+

bd (n+1) (a?-b?)

1 k-1
JSin[C+dX]T (ab (n+1) - (a®+b? (n+1)) Sin[c+dx]¥) (a+bSin[c+dx]k)n+1d1x
b (n+1) (a?-b?)

= Program code:

Int [sin[c_. +d_. #x_]"m «(a_+b_. «sin[c_. +d_. »x_]1"k_. )~n_, x_Synbol ] : =
-a"2xCos [C+dxXx]*Si n[Cc+d*Xx]1" ((k-1)/2) » (a+b*Si n[c+d*Xx] k)" (n+1) / (b*xdx* (n+1) * (a"2-b"2)) +

Di st [1/ (b* (n+1) * (a”2-b"2)),
Int [Sin[c+d*x]" ((k-1)/2) % (axb* (n+1) - (a”2+b"2% (n+1) ) *Si n[c+d*x]"K) * (a+b*Si n[c+d*x]" k)" (n+1), x]] /

FreeQ[{a, b,c,d}, x] && OneQ[k”"2] && Zer oQ[m- (5xk-1)/2] && NonzeroQ[a"2-b"2] && Rational Q[n] && n<-1

= Derivation: Rule 21b withn = -1

m Rule2la: If k? = 1, then

5k-1 3k-1

JSin[c+dx]T Oos[c+dx]Sin[c+dx]kz;l aJSin[c+dx]T 4
- — X
b

dXx — -
a+bSin[c+dx]k bd a+bSin[c+dx]k

= Program code:

Int [sinfc_. +d_. »x_1"m_/(a_+b_. xsin[c_. +d_. #x_]"k_. ), x_Synmbol ] : =
-Cos [c+d*x]*Si n[c+d*x]" ((k-1)/2)/ (bxd) -
Di st [a/b, Int [Sin[c+d*Xx]" ((3xk-1)/2)/ (a+b*Si n[c+d*x]1"k), x1] /;
FreeQ[{a, b,c,d}, x] && OneQ[k"2] && ZeroQ[m- (5xk-1) /2]



Integration Rules for (sin”*))”*m (a+b sin”k)"™n

= Derivation: Rule2awithj m= 2=

m Rule2lb: If k2 =1 A n > 1,then

K-
J\Sin[c+dx]¥ (a+bSin[c+dx]k)nd1x —

Cos[c +d X] Sin[c+dx]k%l (a+bSin[C+dX]k)”+l
i bd (n+2) ¥
1 ket )
—jSin[c+dx]T (b (n+1) —aSin[c+dx]k) (a+bSin[c+dx]k) dx
b (n+2)

= Program code:

Int [sin[c_. +d_. #x_]"m % (a_+b_. «sin[c_. +d_. »x_]1"k_. )*n_, x_Synbol ] : =
-Cos[C+dxXx]*Sin[c+d*xx]" ((k-1)/2) *x (a+b*Si n[c+d*x] k)™ (n+1) / (b*xd* (n+2)) +
Di st [1/ (b*(n+2)),
Int [Sin[c+d*x]" ((k-1)/2) % (b* (n+1)-a*Si n[c+d*Xx]"k) % (a+b*Si n[c+d*x]1"k)”*n, x]] /;
FreeQ[{a, b,c,d}, x] && OneQ[k"2] && ZeroQ[m- (5xk-1)/2] && Rational Q[n] && n>-1



Integration Rules for (sin”*))”*m (a+b sin”k)"™n

Rules1-6: J(Sin[c+dx]j)m(a+b8in[c+dx]k)nd1x

m Derivation: RecurrencelwithA=0,B=0,C=1andm=m-2

m RulelaIf j2=k2=1 A a2-b2#0 Aj km>2 A n<-1,then

J(Sin[c+dx]j)m(a+bSin[c+dx]")nd1x —

a2 Cos[c +dx] (Sin[c+dx]j)mz1 “ (<’:1+b5in[C+0|X]k)n+l 1
_ +

bd (n+1) (a?-b?) b (n+1) (a-b?)

J-(Si n[c+dx]i)rTF3j K

k-1

(az(jkm+ —2)+ab(n+1)Sin[c+dx]k—(b2 (n+1) +a? (jkm+ —1))Sin[c+dx]2k)

)n+1

(a+bSin[c+dx]* dx

= Program code:

Int [(sinfc_. +d_. #x_]7j _. )"m_. »(a_+b_. #sin[c_. +d_. xx_1"k_. )*n_, x_Synbol | : =
-anr2xCos [C+dxX]* (Si n[C+d*X ] )N (M-2%] xK) x (a+b*Si n[c+d*x]1 k)" (n+1) / (bxd* (n+1) x (a"2-b"2)) +
Di st [1/ (b* (n+1) *x (a”2-b"2)),
Int [(sin[c+dxXx]"] )™ (M-3%] xK) *
Si m[a"2x (j *xkxme (k-1)/2-2) +axb* (n+1) *Si n[C+d*x] k-
(bA2% (N+1) +a” 2% (j xk*mw (k=1) /2-1)) *Si n[C+d*X]" (2xK), X]*
(a+b*si n[c+d*x] k)" (n+1), x]1]1 /;
FreeQ[{a, b,c,d}, x] && OneQ[j *2, k"2] && NonzeroQ[a’2-b"2] && Rational Q[m n] && j *kxm>2 && n<-1



Integration Rules for (sin”*))”*m (a+b sin”k)"™n

m Derivation: RecurrencelwithA=0,B=1,C=0andm=m-1
m Derivation: Recurrence6withA=0,B=0,C=1andm=m-2

» Rulelb:If j2=k2=1 A a2-b2#0 A1<jkm<2 A n<-1,then

J(Sin[c+dx]j)m(a+bSin[c+dx]")nd1x —

aCos[c+dXx] (Sin[c+dx]j)m “ (a+b5iﬂ[C+dX]k)n+1 1

d (n+1) (a2 -b?) _(n+1) (a? - b?) .

) ; k+1
J(Sin[c+dx]')m2]k(a (j k m+ —1)+b(n+1) Sin[c+dx]k—a(j Kmen+ — ]Sin[<:+dx]2k

dx

(a+bsi n[c+dx]")n+1

= Program code:

Int [(sin[c_ +d_. »x_17j _. )"m_ «(a_+b_. #sin[c_. +d_. »x_]"k_. )*n_, x_Synbol ] : =
axCos [C+d*X]* (Sin[c+d*xx]"] )" (m-] xk) * (@a+b*Si n[c+d*x] k)" (n+1) / (d* (n+1) * (a*2-b"2)) -
Di st [1/((n+1) % (a*2-b"2)),
Int [(sin[c+d*X]"j )N (M-2%] xK) *
Si mlax (j *k*me (k-1) /2-1) +bx (n+1) *Si n[c+d*x ] k-a* (j xkxmen+ (k+1) /2) *Si n[c+d*x]" (2xK), X]*
(a+bxsi n[c+d*x]1 k)" (n+1), x]]1 /;
FreeQ[{a, b, c,d}, x] && OneQ[j *2, k"2] && NonzeroQ[a’2-b"2] && Rational Q[m n] &&
1<j xk*mx2 && n<-1



Integration Rules for (sin”*))”*m (a+b sin”k)"™n

m Derivation: RecurrencelwithA=1,B=0andC=0
m Derivation: Recurrence6withA=0,B=1,C=0andm=m-1

» RulelcIf j2=k2=1Aa2-b2#0 A0<jkm<l A n<-1,then

J(Sin[c+dx]j)m(a+bSin[c+dx]")nd1x —

b Cos [c +d x] (Sin[c+dx]J')m(a+bSin[c+dx]‘<)n+l 1
- + .
d (n+1) (a-b?) (n+1) (a?-b?)
j ™ k-1 k+1
f(Sin[C+d><]J)””k[b(jkm+ )+a(n+l)Sin[c+dx]k—b(jkm+n+ i +1]Sin[c+dx]2k
(a+bSin[c+dx]")n+1d1x

= Program code:

Int [(sin[c_ +d_. »x_17j _. )"m_. *(a_+b_. sin[c_. +d_. «x_]1"k_. )*n_, x_Synbol | : =
-bxCos [C+d*X]* (Sin[Cc+d*X]"] )"mk (a+bxSi n[Cc+d*x] k)" (n+1) / (d* (n+1) » (a"2-b"2)) +
Di st [1/((n+1) % (a*2-b"2)),
Int [(sin[c+dxXx]"j )N (M-] *xK) *
Si mibx (j *kxm+ (k-1) /2) +a* (N+1) *si n[C+d*X] "k-bx (j *k*men+ (k+1) /2+1) xSi n[c+d*x]" (2xK), X] *
(a+bxsi n[c+d*x]1 k)" (n+1), x]]1 /;
FreeQ[{a, b, c,d}, x] && OneQ[j *2, k"2] && NonzeroQ[a’2-b"2] && Rational Q[m n] &&
0<j *k*mcl && n<-1



Integration Rules for (sin”*))”*m (a+b sin”k)"™n

m Derivation: Recurrence2withA=0,B=0,C=1and m=m-2

m Rule2a:If j2=k?=1 A a?-b?20 Ajkm>2 A -1<n <0,then
J(Sin[c+dx]j)m(a+bSin[c+dx]")nd1x —

Cos[c+dx] (Sinfc+dx]i )™  (a+bsSin[c+dx]k)™ 1
_ +

bd (j kmsn+S2) b(jkm+n+k2;l)‘

J(Si nic +dx]! )mgj K

k-1

(a(jkm+ —2)+b(jkm+n+ —l)Sin[c+dx]k—a(jkm+ —1)Sin[c+dx]2")

(a+bSin[c+dx]k)nd1x

= Program code:

Int [(sinfc_ +d_. #x_]7j _. )"m_*(a_. +b_. #sin[c_. +d_. xx_]1"k_. )*n_, x_Synbol | : =
-Cos [C+d*X]* (Sin[C+d*Xx]"j )N (M-2%] xk) * (a+b*Si n[c+d*x ] k)" (n+1) / (bxd* (j *kxmen+ (k-1)/2)) +
Di st [1/ (bx (j *xk«mn+ (k-1)/2)),
Int [(Sin[c+d*Xx]"j )N (M-3%] xK) %
Si miax (j *kxme (k-1)/2-2) +b* (j *kxmen+ (k-1) /2-1) xSi n[C+d*X ] k-
ax (] *kxme (k-1) /2-1) *si n[c+d*x]" (2xk), X]*
(a+bxsi n[c+d*x1°k)"n, x11 /;
FreeQ[{a, b,c,d}, x] && OneQ[j *2, k"2] && NonzeroQ[a"2-b"2] & Rational Q[m n] && j *kxm>2 && -1<n<0



Integration Rules for (sin”*))”*m (a+b sin”k)"™n

m Derivation: Recurrence2withA=0,B=a,C=b,m=m-1andn=n-1
m Derivation: Recurrence3withA=0,B=0,C=1andm=m-2

= Rule2b:1f j2=k2=1 A a2-b220 Ajkm>1Ajkm#2 A O<n<1,then
J(Sin[c+dx]j)m(a+bSin[c+dx]")nd1x —

Cos [C +d X] (Sin[c+dx]i)mjk(a+bSin[c+dx]k)n 1

-_— + .
d (i kmen+ <2 j kmens 2

f(Si nic +dx]’ )m2j K

k-1 k-1

(a(jkm+ _1)+b(jkm+n+ ‘1]Si”[C+dX]k+anSin[c+dX]2k) (a+bsinfc+dx1¥)"" ax

= Program code:

Int [(sinfc_. +d_. #x_]7j _. )"m #(a_. +b_. #sin[c_. +d_. »x_1"k_. )*n_, x_Synbol | : =
-Cos [C+d*X]* (Sin[c+d*xx]"] )N (m-] k) * (a+bxSi n[c+d*x]1 k) n/ (d* (j *k*men+ (k-1)/2)) +
Di st [1/ (j *k*men+ (k-1) /2),
Int [(sin[c+d*Xx]"] )™ (M-2%] xK) *
Si mlax (j *kxme (k-1) /2-1) +bx (j *k*men+ (k-1) /2-1) xSi n[c+d*x] k+axnxSi n[C+d*x ] (2xk), X]*
(a+bxsi n[c+d*x]"k)" (n-1),x]1]1 /;
FreeQ[{a, b, c,d}, x] & & neQ[j ~2, k"2] && NonzeroQ[a”2-b"2] && Rational Q[m n] &&
j *kxm>1 && j xkxmg2 && 0<n<l



Integration Rules for (sin”*))”*m (a+b sin”k)"™n

m Derivation: Recurrence3withA=a2,B=2ab,C=b%2andn=n-2

m Rule3aIf j2=k?=1 A a?-b?#0 Ajkm2-1 Ajkmgl Ajkmg2 A n> 2 then
J(Sin[c+dx]j)m(a+bSin[c+dx]")nd1x —

b? Cos [c +d X] (Sin[c+dx]j)m'jk (a+bSin[c+dx]¥)"? 1
- + .
d(jkm+n+k2;l) jkm+n+k2;l

j(Si n[c+dx]i)m

1
))+b (—b2+(3a2+b2) (J km+n+

k
(a(a2 (n-1) + (a%+b?) (jkm+ ’ ))Sin[c+dx]k+

ab? 2j kme3n+k-3) Sinfc+dx1?*) (arbSinfc+dx1¥)" ax

= Program code:

Int [(sinfc_. +d_. #x_17j _. )"m.. »(a_. +b_. #sin[c_. +d_. #x_]"k_. )"n_, x_Synbol | : =
-b"2xCos [C+dxX]* (Si n[C+d*x ] )N (mk] xK) * (a+b*Si n[c+d*x ] k)™ (N-2) / (d* (j *kxmen+ (k-1)/2)) +
Di st [1/ (] *kxmen+ (k-1)/2),
Int [(Sin[c+dxx]"] )" mk
Si mlax (a"2% (N-1) + (8"2+b"2) % (j *kxm+ (K+1) /2) ) +bx (-b"2+ (3%xa”2+b"2) » (j *kxmrn+ (k-1) /2) ) *Si n[C+d*x] k4
axb"2x (2%] xkxme3xn+k-3) xsi n[C+dxX]" (2xK), X]*
(a+b*si n[c+d*x]"k)" (n-3),x]1]1 /;
FreeQ[{a, b, c,d}, x] & & neQ[j ~2, k"2] && NonzeroQ[a”2-b”"2] && Rational Q[m n] &&
j *kxme-1 && j xkxmgl && | xkxmy2 && n>2



Integration Rules for (sin”*))”*m (a+b sin”k)"™n

m Derivation: Recurrence3withA=0,B=a,C=b,m=m-1andn=n-1

m Rule3b:If j2=k?=1Aa%-b2#0 Ajkm>0Ajkmgl Ajkmz2 A 1l<n<2then
J(Sin[c+dx]j)m(a+bSin[c+dx]")nd1x —

b Cos [C +d X] (Sin[c+dx]J')m(a+bSin[(:+dx]'<)n'1 1
- + -
d (i kmen+ <2) j kmens 2

. i k -
J.(Sin[c+dx]1)mk (ab (j k m+

k-1

1
)+((a2+b2) [jkm+n+ )—bZ]Sin[c+dx]k+

ab (j km+2n+ —1] Sin[c+dx]2") (a+bSin[c+dx]k)n_2d1x

= Program code:

Int [(sin[c_ +d_. »x_1"j _. )"m_. #(a_. +b_. #sin[c_. +d_. »x_]"k_. )*n_, x_Synbol ] : =
-bxCos[c+d*x]*(Sin[c+d*x]"] ) "mk (a+b*Si n[C+d*X] k)" (N-1) / (d* (j *k*xmen+ (k-1)/2)) +
Di st [1/ (] *k*men+ (k-1)/2),
Int [(sin[c+d*X]"] )" (M-} *Kk) =
Si mfaxb* (j *k*m (k-1) /2) + ((a”2+b"2) » (j *k*men+ (k-1) /2) -b"2) xSi n[c+d*X ] K+
axbx (j *kxmr2xn+ (k-1) /2-1) *si n[c+d*x]" (2xk), X] *
(a+bxsi n[c+d*x]1"k)” (n-2),x]1]1 /;
FreeQ[{a, b,c,d}, x] & & OneQ[j "2, k"2] && NonzeroQ[a"2-b"2] && Rational Q[m n] &&
j *k*m>0 && | xkxm¢l && | xk*mg2 && 1<n<2



Integration Rules for (sin”*))”*m (a+b sin”k)"™n

m Derivation: Recurrence4withA=a2,B=2ab,C=b%2andn=n-2

» Ruleda:If j2=k2=1 A a2-b220 Aj km<-1 A n> 2, then
J(Sin[c+dx]j)m(a+bSin[c+dx]")nd1x —

a2 Cos[c+dx] (Sinfc+dx) )™ “ (a+bSin[c+dxik)"? 1
+

d(jkm+";1) j|<m+";l '

. i k+1
J-(Sin[c+dx]1)m*Jk (azb (2] km—n+k+3)+a(a2+(a2+3b2) (j K ms — ))Sin[c+dX]k+

k+1
b (az (n-1) + (a%+b?) (J kme — ))Sin[c+dx]2k) (a+bsin[c+dx1¥)" ax

= Program code:

Int [(sin[c_ +d_. »x_]7j _. )"m_. #(a_+b_. sin[c_. +d_. «x_]1"k_. )*n_, x_Synbol | : =
anr2%Cos [C+d*X]* (Sin[C+d*X]"] )N (M) xK) = (a+b*Si n[C+d*X ] "K) N (N-2) / (d* (] *k*mw (k+1)/2)) +
Di st [1/ (] *k*m+ (k+1) /2),
Int [(Sin[Cc+d*X]"] )" (M) *K) =
Si m[at2xbx (2%] *kxm-n+k+3) +a* (a"2+ (a"2+3%b"2) % (j *kxme (k+1) /2) ) *Si n[c+d*x ] k+
bx (a"2% (n-1) + (a"2+b"2) » (j *k*ms (k+1) /2)) *Si n[C+d*x]" (2xk), X] *
(a+bxsi n[c+d*x]1 k)" (n-3), x]]1 /;
FreeQ[{a, b,c,d}, x] & & OneQ[j "2, k"2] && NonzeroQ[a"2-b"2] && Rational Q[m n] &&
j *kxmk-1 && n>2



Integration Rules for (sin”*))”*m (a+b sin”k)"™n

m Derivation: RecurrencedwithA=a,B=b,C=0andn=n-1

m Ruledb:1f j2=k?=1 A a%-b2#0 Ajkm<-1 A 1<n<2,then

J(Sin[c+dx]j)m(a+bSin[c+dx]")nd1x —

aCos[c +dx] (Sin[c+dx]1')m+jk(a+bSin[C+dX]k)n-1 1
+
d (i km+";1) jkm+k;1

k+1

. ; k+1
j(Sin[c+dx]')mlk (ab (j km-n+ +1)+(a2+(a2+b2) [j K ms — ))Sin[c+dx]k+

k+1 -
ab(jkm+n+ )Sin[c+dx]2k] (a+bSin[c+dx]")n2d1x

= Program code:

Int [(sin[c_ +d_. »x_]7j _. )"m_. #(a_+b_. sin[c_. +d_. «x_]1"k_. )*n_, x_Synbol | : =
axCos [C+d*X]* (Si n[C+d*X]"j )™ (M) %K) * (a+b*Si n[C+d*X] k)" (N-1) / (d* (j *kxm+ (k+1)/2)) +
Di st [1/ (] *k*m+ (k+1) /2),
Int [(Sin[Cc+d*X]"] )" (M) *K) =
Si mfaxb* (j *k«*m-n+ (k+1) /2+1) + (a"2+ (a”2+b"2) » (j *k*ms (k+1) /2) ) *Si n[c+d*x ]k +
axbx (j *kxmen+ (k+1) /2) *Si n[C+d*X]" (2xk), X] *
(a+bxsi n[c+d*x]1"k)” (n-2),x]1]1 /;
FreeQ[{a, b,c,d}, x] & & OneQ[j "2, k"2] && NonzeroQ[a"2-b"2] && Rational Q[m n] &&
j *kxme-1 && 1<n<2



Integration Rules for (sin”*))”*m (a+b sin”k)"™n

m Derivation: RecurrencedwithA=1,B=0andC=0

m Derivation: Recurrence5withA=a,B=b,C=0andn=n-1

= RuleSalf j2=k?=1 \ a?-b2#0 A\ jkms+ =220 Ajkms-1 A 0<n <1, then

J(Sin[c+dx]1)m(a+bSin[c+dx]")nd1x —

Cos[c +d X] (Sin[c+dx]i)m”'k(a+bSin[c+dx]")n 1
+
) j kms <2

k+1

d (i kms <

- k+1
J(Sin[c+dx]1)w1k(—bn+a(jkm+ * +l)Sin[c+dx]"+b(jkm+n+ +1| Sin[c+dx]2k

(a+bsi n[c+dx]k)n'1d1x

= Program code:

Int [(sinfc_. +d_. #x_]7j _. )"m.. »(a_. +b_. #sin[c_. +d_. #x_]"k_. )"n_, x_Synbol | : =
Cos [C+d*X]* (Si n[C+d*x ] )N (k] xK) * (a+b*Si n[c+d*x] K)~n/ (d* (J *k*me (k+1) /2)) +
Di st [1/ (] xkxm+ (k+1)/2),
Int [(sin[c+d*X]"] )™ (MH] %K) *
Si m[-bxn+ax (j *k*mk (k+1) /2+1) *Si n[C+d*X ] K+b* (j *k*men+ (k+1) /2+1) *Si n[C+d*X]" (2xK), X] *
(a+b*si n[c+d*x]"k)" (n-1), x]11 /;
FreeQ[{a, b, c,d}, x] & & OneQI[j ~2, k"2] && NonzeroQ[a”2-b"2] && Rational Q[m n] &&
j *kxme (k+1) /2#0 && | *kxms-1 && 0<n<1



Integration Rules for (sin”*))”*m (a+b sin”k)"™n

m Derivation: Recurrence5withA=1,B=0andC=0

= Rulesb:If j2=k?2=1 A a®-b220 A jkmeZ2 20 Ajkms-1 A -15n<0,then

J(Sin[c+dx]1)m(a+bSin[c+dx]")nd1x —

Cos [C +d X] (Sin[c+dx]i)""j k (a+b$in[c+dx]")n+1

1

+
ad (j kms+<2) a (j kms )

J-(Sin[c+dx]j)m'j :

k+1
+1)+a(j k m+

k+1 k+1
(—b[jkm+n+ > +1]Sin[c+dx]k+b j km+n+

(a+bSin[c+dx]")nd1x

+2| Sinfc+dx]2kK

= Program code:

Int [(sinfc_. +d_. #x_]7j _. )"m.. »(a_+b_. #sin[c_. +d_. xx_1"k_. )*n_, x_Synbol | : =

Cos [C+dxX]* (Sin[C+d*x ] )N (mk] xK) * (a+b*Si n[C+d*x ] K) ™ (N+1) / (a*xd* (] *k*m+ (k+1) /2)) +
Di st [1/ (a% (j xkxme (k+1) /2)),
Int [(sin[c+dxX]"] )™ (Mk] %K) *
Si mi-bx* (j xkxmen+ (k+1) /2+1) +ax (] *k*me (k+1) /2+1) *Si n[C+d*x ] K+
bx (j *k«men+ (K+1) /2+2) xSi n[C+d*x]1" (2xK), X]*
(a+b*si n[c+d*x]"k)”n, x]11 /;

FreeQ[{a, b, c,d}, x] & & neQ[j ~2, k"2] && NonzeroQ[a”2-b”"2] && Rational Q[m n] &&
j *kxme (k+1) /2#0 && | xkxms-1 && -1<n<0



Integration Rules for (sin”*))”*m (a+b sin”k)"™n

m Derivation: Recurrence6withA=1,B=0andC=0

m Rule6: 1fj2=k2=1Aa2-b2#0 Aj km<O A n<-1,then

J(Sin[c+dx]j)m(a+bSin[c+dx]")nd1x —

n+1

b2 Cos[c +d x] (Sin[c+dx]J')m*jk(a+bSin[c+dx]k) 1
+

ad (n+1) (a?-b?) a (n+1) (a?-b?) '

j(Sin[c+dx]j)m((a2—b2) (n+1) -b? (j k m+

k+1]

n+1

+2) Sin[c+dx]2"] (a+bSin[c+dx]*)" ax

k+1
ab (n+1) Sinfc+dx]¥+Db? (j Kmen+ —

= Program code:

Int [(sin[c_ +d_. »x_]7j _. )"m_. *(a_+b_. sin[c_. +d_. «x_]1"k_. )n_, x_Synbol | : =
b"r2%Cos [C+d*X]* (Si n[C+d*X]"]j )" (M) *K) * (a+b*Si n[C+d*Xx] k)" (n+1) / (a*d* (n+1) * (a"2-b"2)) +
Di st [1/ (a* (n+1) % (a"2-b"2)),
Int [(sin[Cc+d*X]"] ) mk
Si m[ (a”2-b"2) % (N+1) -b" 2% (j *kxmk (k+1) /2) —axbx (N+1) *Si n[C+d*X ] "k +
b 2% (j *kxmen+ (k+1) /2+2) xSi n[C+d*X]" (2%k), X] *
(a+bxsi n[c+d*x]1 k)" (n+1), x]]1 /;
FreeQ[{a, b,c,d}, x] && OneQ[j "2, k"2] && NonzeroQ[a"2-b"2] && Rational Q[m n] &&
j *k*m<0 && n<-1



