Integration Rules for Polylogarithm Functions

Pol yLog[n, a (b xP)9] dx

m Derivation: Integration by parts

s Rule If n > 0, then

JPO| yLog[n, a (bxP)?1dx — x PolyLog[n, a (bxP)%] -pq IPOI yLog[n-1, a (bxP)9] dx

= Program code:

Int [Pol yLog [n_, a_. (b_. »x_"p_. )"q_. ], x_Synbol | : =
x*Pol yLog [n, ax (bxx*p)~q] -
Di st [p*q, | nt [Pol yLog [n-1, ax (bxx"p)*ql, x]]1 /;
FreeQ[{a, b, p, g}, x] & Rational Q[n] && n>0

= Derivation: Inverted integration by parts
= RuleIf n < -1,then
x Pol yLog[n+1, a (bxP)9]

1
fPoI yLog[n, a (bxP)%]1dx — - — |PolyLog[n+1, a (bxP)9] dx
pq pq

= Program code:

Int [Pol yLog [n_, a_. (b_. »x_"p_. )*q_. |, x_Synbol | : =
x*xPol yLog [n+1, ax (bxx"p)~q]l/ (p*q) -
Di st [1/(p*q), | nt [Pol yLog [n+1, ax (bxx"p)"ql, x1]1 /;
FreeQ[{a, b, p, g}, x] & Rational Q[n] && n<-1



Integration Rules for Polylogarithm Functions

x™Pol yLog[n, a (b xP)9] dx

= Derivation: Primitiverule

aLin@ _ Lina@

= Basis
a0z z

= Rule

Pol yLog[n, a (b xP)9] Pol yLog[n+1, a (bxP)9]
j dx —
X pq

= Program code:

Int [Pol yLog [n_,a_. » (b_. »x_"p_. )*d_. ] /x_, x_Synbol | : =
Pol yLog [n+1, ax (b*x"*p)*ql/ (p*q) /;
FreeQ[{a, b, n, p,q}, x]

= Derivation: Integration by parts

m Rulelf n>0 A m+1 #0,then

x™1 Pol yLog[n, a (bxP)9] pq

jmeoI yLog[n, a (bxP)9] dx — jmeoI yLog[n -1, a (bxP)%] dx

m+1 m+1
= Program code:

Int [x_"m_. «Pol yLog [n_, a_. » (b_. #x_"p_. )"q_. |, x_Synbol | : =

x"N (m+1) xPol yLog [n, a* (b*x*p)"*q]/ (m+1l) -

Di st [p*q/ (m+1), I nt [x*mxPol yLog [n-1, a* (bxx"p)”~ql, x]]1 /;
FreeQ[{a, b, mp, q}, X] & Rational Q[n] && n>0 && Nonzer oQ[mM+1]

= Derivation: Inverted integration by parts
m Rulelf n<-1 A m+1#0,then

x™1 PolyLog[n+1, a (bxP)9] m+1

pq pq

JmeoI yLog[n, a (bxP)%1dx — fmeoI yLog[n+1, a (b xP)%] dx

= Program code:

I'nt [x_"m_. «Pol yLog [n_, a_. » (b_. #x_"p_. )"q_. |, x_Synbol | : =

x"N (m+1) xPol yLog [n+1, ax (b*x"p)~ql/ (p*q) -

Di st [ (m+1) / (p*q), | nt [x*mxPol yLog [n+1, a* (b*x*p)~ql, X]] /;
FreeQ[{a, b, mp, q}, x] & Rational Q[n] &% n<-1 &% Nonzer oQ[m+1]



Integration Rules for Polylogarithm Functions

= Derivation: Integration by substitution
= Rule

JPOl yLog[n, u] 1 JPOI yLog[n, Regul arize[Subst [u, x, -2+ X], x]]
dx — — Subst [

dx, X, a+bx]
X

a+bx

= Program code:

Int [Pol yLog [n_, u_]/(a_+b_. »x_), x_Synbol | : =
Di st [1/b, Subst [I nt [Pol yLog [n, Regul ari ze [Subst [u, X, -a/b+x/b], X11/X, X1, X, a+bxx]1 /;
FreeQ[{a, b, n}, x]



Integration Rules for Polylogarithm Functions

Pol yLog[n, ¢ (a+bx)P] dx

m Derivation: Integration by parts

s Rule If n > 0, then

jPoI yLog[n, ¢ (a+bx)P]dx — x PolylLog[n, ¢ (a+bx)P] -

Pol yLog[n-1, ¢ (a+bx)P]
ijonLog[n—l,c(a+bx)p]d1x+apj - dx
a+bXx

= Program code:

I'nt [PolyLog [n_, c_. »(a_. +b_. »x_)"p_. ], x_Synbol | : =
x*Pol yLog [n, cx (a+b*x)"p] -
Di st [p, | nt [Pol yLog [n-1, c* (a+b*x)"p], Xx]] +
Di st [axp, I nt [Pol yLog [n-1, cx (a+bxXx)"p]/ (a+b*x), x1] /;
FreeQ[{a, b, c, p}, x] & Rational Q[n] && n>0



Integration Rules for Polylogarithm Functions

xM™Pol yLog[n, ¢ (a+bx)P] dx

m Derivation: Integration by parts

m Rulelf n>0 A mez A m>0,then

JmeonLog[n, c (a+bx)P1dx —

x™1 Pol yLog[n, ¢ (a+bx)P] bp J*Xm*l Pol yLog[n-1, ¢c (a+bx)P] 4
X

m+ 1 m+ 1 a+bx

= Program code:

Int [x_"m_. «Pol yLog [n_, c_. = (a_. +b_. »x_)"p_. ], x_Synbol | : =

X" (m+1) xPol yLog [n, c* (a+b*x)"p]/ (m:l) -

Di st [b*p/ (m+1), I nt [X» (m+1) *Pol yLog [n-1, c* (a+b*xXx)"p]/ (a+b*x), x11 /;
FreeQ[{a, b,c, mp}, x] & Rational Q[n] && n>0 && | ntegerQ[m && m>0



Integration Rules for Polylogarithm Functions

Pol yLog[n, cf2®X] dx

= Derivation: Primitiverule

= Bass 0, Pol yLog[n, z] = ytosin-t 21

z

= Rule

Pol yLog[n+1, cfa+x]

Pol yLog[n, ¢ f2***x] dx —
J. [ ] b Log[f]

= Program code:

Int [PolyLog[n_, c_. «f _~(a_. +b_. +x_)], x_Synbol | : =
Pol yLog [n+1, cxf~ (a+b*x) ]/ (bxLog[f]) /;
FreeQ[{a, b, c, n}, x]



Integration Rules for Polylogarithm Functions

x™Pol yLog[n, ¢ f2PX] dx

m Derivation: Integration by parts

= Rule: If m> 0, then

xMPol yLog[n+1, cfabx] m

fmeol yLog[n, cfa"*] dx — jx”"l Pol yLog[n +1, c f2***] dx

b Log [f ] " bLog[f]
= Program code:

I'nt [x_"m_. «Pol yLog [n_, c_. «f _" (a_. +b_. »x_) ], x_Symbol | : =

x mxPol yLog [n+1, cxf ~ (a+bxx) 1/ (bxLog[f]) -

Di st [nv (bxLog[f 1), |nt [x* (m-1)%Pol yLog [n+1, cxf” (a+bxx)], x1] /;
FreeQ[{a, b, c, n}, x] & Rational Q[m] && m>0



Integration Rules for Polylogarithm Functions

Log[a x"]P Pol yLog[q, bx™M dx
X

= Derivation: Integration by parts

= Rule If p > 0, then

X —

J*Log[ax”]p Pol yLog[g, b x™M 4
X

Log[ax"]P Pol yLog[g+1, bx™ np .J-Log[ax”]p‘1 Pol yLog[g +1, b x™ 4
-— X
m X

= Program code:

Int [Log[a_. »x_"n_. 1°p_. xPol yLog [q_, b_. »x_"m_. 1/x_, x_Synbol | : =
Log[a*x~n]”pxPol yLog [g+1, b*x" m] /m -
Di st [nxp/m | nt [Log [a*x"n]” (p-1) xPol yLog [g+1, bxx"m] /X, X1] /;
FreeQ[{a, b, mn, q}, x] && Rational Q[p] && p>0



