
Integration Utility Functions

In addition to the utility functions defined here, implementing a general purpose integrator based on the rules provided

on this website requires defining system dependent functions for simplifying and expanding mathematical expressions.

Miscellaneous Functions

H* Note: Clear@funcD also eliminates 2-D display of functions like Integrate. *L
ClearDownValues@func_SymbolD := H

Unprotect@funcD;
DownValues@funcD=8<;
Protect@funcDL

SetDownValues@func_Symbol,lst_ListD := H
Unprotect@funcD;
DownValues@funcD=Take@lst,Min@529,Length@lstDDD;
Scan@Function@ReplacePart@ReplacePart@ð,ð@@1,1DD,1D,SetDelayed,0DD,Drop@lst,Min@529,Length@lstDDDD;
Protect@funcDL

H* MoveDownValues@func1,func2D moves func1's DownValues to func2, and deletes them from func1. *L
MoveDownValues@func1_Symbol,func2_SymbolD := Module@8lst<,
SetDownValues@func2,ReplaceAll@DownValues@func1D,8func1->func2<DD;
ClearDownValues@func1DD

Map2@func_,lst1_,lst2_D :=

ReapList@Do@Sow@func@lst1@@iDD,lst2@@iDDDD,8i,Length@lst1D<DD
ReapList@u_D :=

Module@8lst=Reap@uD@@2DD<,
If@lst===8<, lst, lst@@1DDDD

SetAttributes@ReapList,HoldFirstD
H* MapAnd@f,lD applies f to the elements of list l until False is returned; else returns True *L
MapAnd@f_,lst_D :=

Catch@Scan@Function@If@f@ðD,Null,Throw@FalseDDD,lstD;TrueD
MapAnd@f_,lst_,x_D :=

Catch@Scan@Function@If@f@ð,xD,Null,Throw@FalseDDD,lstD;TrueD
H* MapOr@f,lD applies f to the elements of list l until True is return; else returns False *L
MapOr@f_,lst_D :=

Catch@Scan@Function@If@f@ðD,Throw@TrueD,NullDD,lstD;FalseD
H* If u is a sum, MapSum@f,u,xD applies f to the terms of u; else it applies f to u. *L
H* MapSum@f_,u_,x_SymbolD :=

If@SumQ@uD,
Map@Function@f@ð,xDD,uD,

f@u,xDD *L

Recognizer Functions

H* NotIntegrableQ@u,xD returns True if u is definitely not integrable wrt x; else it returns

False if u is, or might be, integrable wrt x. *L
NotIntegrableQ@u_,x_SymbolD :=

MatchQ@u,x^m_*Log@a_+b_.*xD^n_ �; FreeQ@8a,b<,xD && IntegersQ@m,nD && m<0 && n<0D ÈÈ
MatchQ@u,f_@x^m_.*Log@a_.+b_.*xDD �; FreeQ@8a,b<,xD && IntegerQ@mD && HTrigQ@fD ÈÈ HyperbolicQ@fDLD

� Number Domains
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�

Number Domains

H* ZeroQ@u1,u2,...D returns True if u1, u2, ... are all 0; else returns False *L
ZeroQ@u_D := PossibleZeroQ@uD
NonzeroQ@u_D := Not@PossibleZeroQ@uDD
ZeroQ@u__D := Catch@Scan@Function@If@ZeroQ@ðD,Null,Throw@FalseDDD,8u<D;TrueD
H* OneQ@u1,u2,...D returns True if u1, u2, ... are all 1; else returns False *L
OneQ@u_D := PossibleZeroQ@u-1D
OneQ@u__D := Catch@Scan@Function@If@OneQ@ðD,Null,Throw@FalseDDD,8u<D;TrueD
H* RealNumericQ@uD returns True if u is a real numeric quantity, else returns False. *L
RealNumericQ@u_D := NumericQ@uD && PossibleZeroQ@Im@N@uDDD
H* ImaginaryNumericQ@uD returns True if u is an imaginary numeric quantity, else returns False. *L
ImaginaryNumericQ@u_D :=

NumericQ@uD && PossibleZeroQ@Re@N@uDDD && Not@PossibleZeroQ@Im@N@uDDDD
H* PositiveQ@uD returns True if u is a positive numeric quantity, else returns False. *L
PositiveQ@u_D :=

Module@8v=Simplify@uD<,
RealNumericQ@vD && Re@N@vDD>0D

H* PositiveOrZeroQ@uD returns True if u is a nonpositive numeric quantity, else returns False. *L
PositiveOrZeroQ@u_D :=

Module@8v=Simplify@uD<,
RealNumericQ@vD && Re@N@vDD>=0D

H* NegativeQ@uD returns True if u is a negative numeric quantity, else returns False. *L
NegativeQ@u_D :=

Module@8v=Simplify@uD<,
RealNumericQ@vD && Re@N@vDD<0D

H* NegativeQ@uD returns True if u is a negative numeric quantity, else returns False. *L
NegativeOrZeroQ@u_D :=

Module@8v=Simplify@uD<,
RealNumericQ@vD && Re@N@vDD<=0D

� Number Types

H* IntegerQ@uD returns True if u is an explicit integer; else returns False. *L
H* IntegersQAu_+m_*In_+v_ME := RationalQ@mD && RationalQ@nD && IntegerQ@m*nD && IntegerQ@u+m*vD; *L
IntegersQ@u__D := Catch@Scan@Function@If@IntegerQ@ðD,Null,Throw@FalseDDD,8u<D;TrueD;
H* FractionQ@uD returns True if u is an explicit fraction; else returns False. *L
FractionQ@u_D :=

If@ListQ@uD,
MapAnd@FractionQ,uD,

Head@uD===RationalD
FractionQ@u__D := Catch@Scan@Function@If@FractionQ@ðD,Null,Throw@FalseDDD,8u<D;TrueD
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H* RationalQ@uD returns True if u is an explicit integers or fractions; else returns False. *L
RationalQAu_+m_*In_+v_ME :=

RationalQ@mD && RationalQ@nD && RationalQ@u+m*vD
RationalQ@u_D :=

If@ListQ@uD,
u===8< ÈÈ HRationalQ@First@uDD && RationalQ@Rest@uDDL,

IntegerQ@uD ÈÈ Head@uD===RationalD
RationalQ@u__D := Catch@Scan@Function@If@RationalQ@ðD,Null,Throw@FalseDDD,8u<D;TrueD
H* Delete this!!! *L
H* HalfIntegerQ@uD returns True if u is a fraction with a denominator of 2; else returns False *L
HalfIntegerQ@u_D :=

If@ListQ@uD,
MapAnd@HalfIntegerQ,uD,

FractionQ@uD && Denominator@uD==2D
H* FractionOrNegativeQ@uD returns True if u is a fraction or negative number; else returns False *L
FractionOrNegativeQ@u_D :=

If@ListQ@uD,
MapAnd@FractionOrNegativeQ,uD,

FractionQ@uD ÈÈ IntegerQ@uD && u<0D
FractionOrNegativeQ@u__D := Catch@Scan@Function@If@FractionOrNegativeQ@ðD,Null,Throw@FalseDDD,8u<D;TrueD
H* SqrtNumberQ@uD returns True if u^2 is a rational number; else it returns False. *L
SqrtNumberQ@m_^n_D :=

IntegerQ@nD && SqrtNumberQ@mD ÈÈ HalfIntegerQ@nD && RationalQ@mD
SqrtNumberQ@u_*v_D :=

SqrtNumberQ@uD && SqrtNumberQ@vD
SqrtNumberQ@u_D :=

RationalQ@uD ÈÈ u===I

SqrtNumberSumQ@u_D :=

SumQ@uD && SqrtNumberQ@First@uDD && SqrtNumberQ@Rest@uDD
H* AbsurdNumberQ@uD returns True if u is a real-valued absurd number Ha rational number, a

positive rational number raised to a fractional power, or a product of absurd numbersL;
else returns False. *L

H* AbsurdNumberQ@u_^v_D :=

RationalQ@uD && u>0 && FractionQ@vD
AbsurdNumberQ@u_*v_D :=

AbsurdNumberQ@uD && AbsurdNumberQ@vD
AbsurdNumberQ@u_D :=

RationalQ@uD *L
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H* AlgebraicNumberQ@uD returns True if u is a real-valued algebraic number Ha rational number,

an algebraic number raised to an integer power, a positive algebraic number raised to a

fractional power, or a product or sum of algebraic numbersL; else returns False. *L
H* AlgebraicNumberQ@u_D :=

MapAnd@AlgebraicNumberQ,uD �;
ListQ@uD
AlgebraicNumberQ@u_^v_D :=

AlgebraicNumberQ@uD && HIntegerQ@vD ÈÈ PositiveQ@uD && FractionQ@vDL
AlgebraicNumberQ@u_*v_D :=

AlgebraicNumberQ@uD && AlgebraicNumberQ@vD
AlgebraicNumberQ@u_+v_D :=

AlgebraicNumberQ@uD && AlgebraicNumberQ@vD
AlgebraicNumberQ@u_D :=

RationalQ@uD *L
� Expression Types

FalseQ@u_D :=

u===False

NotFalseQ@u_D :=

u=!=False

SumQ@u_D :=

Head@uD===Plus

NonsumQ@u_D :=

Head@uD=!=Plus

ProductQ@u_D :=

Head@uD===Times

PowerQ@u_D :=

Head@uD===Power

IntegerPowerQ@u_D :=

PowerQ@uD && IntegerQ@u@@2DDD
PositiveIntegerPowerQ@u_D :=

PowerQ@uD && IntegerQ@u@@2DDD && u@@2DD>0

FractionalPowerQ@u_D :=

PowerQ@uD && FractionQ@u@@2DDD
RationalPowerQ@u_D :=

PowerQ@uD && RationalQ@u@@2DDD
SqrtQ@u_D :=

PowerQ@uD && u@@2DD===1�2
ExpQ@u_D :=

PowerQ@uD && u@@1DD===E

ImaginaryQ@u_D :=\

Head@uD===Complex && Re@uD===0
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FractionalPowerFreeQ@u_D :=

If@AtomQ@uD,
True,

If@FractionalPowerQ@uD && Not@AtomQ@u@@1DDDD,
False,

Catch@Scan@Function@If@FractionalPowerFreeQ@ðD,Null,Throw@FalseDDD,uD;TrueDDD
ComplexFreeQ@u_D :=

If@AtomQ@uD,
Head@uD=!=Complex,

Catch@Scan@Function@If@ComplexFreeQ@ðD,Null,Throw@FalseDDD,uD;TrueDD
LogQ@u_D :=

Head@uD===Log

SinQ@u_D :=

Head@uD===Sin

CosQ@u_D :=

Head@uD===Cos

TanQ@u_D :=

Head@uD===Tan

CotQ@u_D :=

Head@uD===Cot

SecQ@u_D :=

Head@uD===Sec

CscQ@u_D :=

Head@uD===Csc

SinhQ@u_D :=

Head@uD===Sinh

CoshQ@u_D :=

Head@uD===Cosh

TanhQ@u_D :=

Head@uD===Tanh

CothQ@u_D :=

Head@uD===Coth

SechQ@u_D :=

Head@uD===Sech

CschQ@u_D :=

Head@uD===Csch

Integration Utility Functions



H* TrigQ@uD returns True if u or the head of u is a trig function; else returns False *L
TrigQ@u_D :=

MemberQ@8Sin,Cos,Tan,Cot,Sec,Csc<,If@AtomQ@uD,u,Head@uDDD
H* InverseTrigQ@uD returns True if u or the head of u is an inverse trig function; else returns False

InverseTrigQ@u_D :=

MemberQ@8ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc<,If@AtomQ@uD,u,Head@uDDD
H* HyperbolicQ@uD returns True if u or the head of u is a trig function; else returns False *L
HyperbolicQ@u_D :=

MemberQ@8Sinh,Cosh,Tanh,Coth,Sech,Csch<,If@AtomQ@uD,u,Head@uDDD
H* InverseHyperbolicQ@uD returns True if u or the head of u is an inverse trig function; else returns

InverseHyperbolicQ@u_D :=

MemberQ@8ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch<,If@AtomQ@uD,u,Head@uDDD
SinCosQ@f_D :=

MemberQ@8Sin,Cos,Sec,Csc<,fD
SinhCoshQ@f_D :=

MemberQ@8Sinh,Cosh,Sech,Csch<,fD
CalculusFunctions=8D,Integrate,Sum,Product,Int,Dif,Subst<;
H* CalculusQ@uD returns True if the head of u is a calculus function; else returns False *L
CalculusQ@u_D :=

MemberQ@CalculusFunctions,Head@uDD
CalculusFreeQ@u_,x_D :=

If@AtomQ@uD,
True,

If@CalculusQ@uD && u@@2DD===x ÈÈ Head@uD===Pattern ÈÈ Head@uD===Defer,

False,

Catch@Scan@Function@If@CalculusFreeQ@ð,xD,Null,Throw@FalseDDD,uD;TrueDDD
SubstQ@u_D :=

Head@uD===Subst

H* InverseFunctionQ@uD returns True if u is a call on an inverse function; else returns False. *L
InverseFunctionQ@u_D :=

LogQ@uD ÈÈ InverseTrigQ@uD && Length@uD==1 ÈÈ InverseHyperbolicQ@uD ÈÈ Head@uD===Mods

H* If u is free of inverse or calculus functions involving x,

InverseFunctionFreeQ@u,xD returns true; else it returns False. *L
TrigHyperbolicFreeQ@u_,x_SymbolD :=

If@AtomQ@uD,
True,

If@TrigQ@uD ÈÈ HyperbolicQ@uD ÈÈ CalculusQ@uD,
FreeQ@u,xD,

Catch@Scan@Function@If@TrigHyperbolicFreeQ@ð,xD,Null,Throw@FalseDDD,uD;TrueDDD
H* If u is free of inverse or calculus functions involving x,

InverseFunctionFreeQ@u,xD returns true; else it returns False. *L
InverseFunctionFreeQ@u_,x_SymbolD :=

If@AtomQ@uD,
True,

If@InverseFunctionQ@uD ÈÈ CalculusQ@uD,
H* If@Head@uD===ArcTan && TanQ@u@@1DDD ÈÈ Head@uD===ArcCot && CotQ@u@@1DDD ÈÈ

Head@uD===ArcTanh && TanhQ@u@@1DDD ÈÈ Head@uD===ArcCoth && CothQ@u@@1DDD,
InverseFunctionFreeQ@u@@1,1DD,xD, *L

FreeQ@u,xD,
Catch@Scan@Function@If@InverseFunctionFreeQ@ð,xD,Null,Throw@FalseDDD,uD;TrueDDD
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H* ElementaryExpressionQ@uD returns True if u is a sum, product, or power and all the operands

are elementary expressions; or if u is a call on a trig, hyperbolic, or inverse function

and all the arguments are elementary expressions; else it returns False. *L
H* ElementaryFunctionQ@u_D :=

If@AtomQ@uD,
True,

If@SumQ@uD ÈÈ ProductQ@uD ÈÈ PowerQ@uD ÈÈ TrigQ@uD ÈÈ HyperbolicQ@uD ÈÈ InverseFunctionQ@uD,
Catch@Scan@Function@If@ElementaryFunctionQ@ðD,Null,Throw@FalseDDD,uD;TrueD,

FalseDD *L
H* If u is an expression of the form -v, NegativeCoefficientQ@uD returns True; else False. *L
NegativeCoefficientQ@u_D :=

If@SumQ@uD,
H* MapAnd@NegativeCoefficientQ,uD, *L

NegativeCoefficientQ@First@uDD,
MatchQ@u, m_*v_. �; RationalQ@mD && m<0DD

� Expression Domains

H* Real@uD returns True if u is a real-valued quantity, else returns False. *L
RealQ@u_D :=

MapAnd@RealQ,uD �;
ListQ@uD
RealQ@u_D :=

PossibleZeroQ@Im@N@uDDD �;
NumericQ@uD
RealQ@u_^v_D :=

RealQ@uD && RealQ@vD && HIntegerQ@vD ÈÈ PositiveOrZeroQ@uDL
RealQ@u_*v_D :=

RealQ@uD && RealQ@vD
RealQ@u_+v_D :=

RealQ@uD && RealQ@vD
RealQ@f_@u_DD :=

If@MemberQ@8Sin,Cos,Tan,Cot,Sec,Csc,ArcTan,ArcCot,Erf<,fD,
RealQ@uD,

If@MemberQ@8ArcSin,ArcCos<,fD,
LE@-1,u,1D,

If@f===Log,

PositiveOrZeroQ@uD,
FalseDDD

RealQ@u_D :=

False
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H* If u is not 0 and has a positive form, PosQ@uD returns True, else it returns False. *L
PosQ@u_D :=

If@RationalQ@uD,
u>0,

If@NumberQ@uD,
If@PossibleZeroQ@Re@uDD,

Im@uD>0,

Re@uD>0D,
If@NumericQ@uD,

Module@8v=N@uD<,
If@PossibleZeroQ@Re@vDD,

Im@vD>0,

Re@vD>0DD,
If@ProductQ@uD,

If@PosQ@First@uDD,
PosQ@Rest@uDD,

NegQ@Rest@uDDD,
If@SumQ@uD,

Module@8v=Together@uD<,
If@SumQ@vD,

PosQ@First@vDD,
PosQ@vDDD,

TrueDDDDD
NegQ@u_D :=

If@PossibleZeroQ@uD,
False,

Not@PosQ@uDDD

Product Selector Functions

LeadTerm@u_D :=

If@SumQ@uD,
First@uD,

uD
RemainingTerms@u_D :=

If@SumQ@uD,
Rest@uD,

0D
H* LeadFactor@uD returns the leading factor of u. *L
LeadFactor@u_D :=

If@ProductQ@uD,
LeadFactor@First@uDD,

If@ImaginaryQ@uD,
If@Im@uD===1,

u,

LeadFactor@Im@uDDD,
uDD

H* RemainingFactors@uD returns the remaining factors of u. *L
RemainingFactors@u_D :=

If@ProductQ@uD,
RemainingFactors@First@uDD*Rest@uD,

If@ImaginaryQ@uD,
If@Im@uD===1,

1,

I*RemainingFactors@Im@uDDD,
1DD
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H* LeadBase@uD returns the base of the leading factor of u. *L
LeadBase@u_D :=

Module@8v=LeadFactor@uD<,
If@PowerQ@vD,

v@@1DD,
vDD

H* LeadDegree@uD returns the degree of the leading factor of u. *L
LeadDegree@u_D :=

Module@8v=LeadFactor@uD<,
If@PowerQ@vD,

v@@2DD,
1DD

H* If v^n is a factor of u, FindFactor@u,vD returns the list 8n,u�v^n<; else it returns False. *L
H* FindFactor@u_,v_D :=

If@u===1,

False,

If@LeadBase@uD===v,

8LeadDegree@uD, RemainingFactors@uD<,
Module@8lst=FindFactor@RemainingFactors@uD,vD<,
If@FalseQ@lstD,

False,

8lst@@1DD, LeadFactor@uD*lst@@2DD<DDDD *L

Symbolic Relational Operators

H* LT@u,vD returns True if u and v are real-valued numeric quantities and u<v, else returns False *L
LT@u_,v_D :=

RealNumericQ@uD && RealNumericQ@vD && Re@N@uDD<Re@N@vDD
LT@u_,v_,w_D :=

LT@u,vD && LT@v,wD
H* LE@u,vD returns True if u and v are real-valued numeric quantities and u<=v, else returns False *L
LE@u_,v_D :=

RealNumericQ@uD && RealNumericQ@vD && Re@N@uDD<=Re@N@vDD
LE@u_,v_,w_D :=

LE@u,vD && LE@v,wD
H* GT@u,vD returns True if u and v are real-valued numeric quantities and u>v, else returns False *L
GT@u_,v_D :=

RealNumericQ@uD && RealNumericQ@vD && Re@N@uDD>Re@N@vDD
GT@u_,v_,w_D :=

GT@u,vD && GT@v,wD
H* GE@u,vD returns True if u and v are real-valued numeric quantities and u>=v, else returns False *L
GE@u_,v_D :=

RealNumericQ@uD && RealNumericQ@vD && Re@N@uDD>=Re@N@vDD
GE@u_,v_,w_D :=

GE@u,vD && GE@v,wD

Variable Dependence Functions

IndependentQ@u_,x_SymbolD :=

FreeQ@u,xD
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H* SplitFreeFactors@u,xD returns the list 8v,w< where v is the product of the factors of u free of x

and w is the product of the other factors. *L
H* Compare with the more active function ConstantFactor. *L
SplitFreeFactors@u_,x_SymbolD :=

If@ProductQ@uD,
Map@Function@If@FreeQ@ð,xD,8ð,1<,81,ð<DD,uD,

If@FreeQ@u,xD,
8u,1<,

81,u<DD
H* SplitFreeTerms@u,xD returns the list 8v,w< where v is the sum of the terms of u free of x

and w is the sum of the other terms. *L
SplitFreeTerms@u_,x_SymbolD :=

If@SumQ@uD,
Map@Function@SplitFreeTerms@ð,xDD,uD,

If@FreeQ@u,xD,
8u,0<,

80,u<DD
H* If u HxL is a sum of the form a+b*v+c*w+..., SplitFactorsOfTerms@u,xD returns the list

881,a<,8b,v<,8c,w<,...<, where v, w, ... are regularized wrt x. *L
SplitFactorsOfTerms@u_,x_SymbolD :=

Module@8lst=SplitFreeTerms@u,xD,v,w<,
v=lst@@1DD;
w=lst@@2DD;
H If@ZeroQ@wD,

lst=8<,
If@SumQ@wD,

lst=Map@Function@SplitFreeFactors@ð,xDD,Apply@List,wDD;
lst=Map@Function@Prepend@SplitFreeFactors@Regularize@ð@@2DD,xD,xD,ð@@1DDDD,lstD;
lst=Map@Function@8ð@@1DD*ð@@2DD,ð@@3DD<D,lstD,

lst=SplitFreeFactors@w,xD;
lst=Prepend@SplitFreeFactors@Regularize@lst@@2DD,xD,xD,lst@@1DDD;
lst=88lst@@1DD*lst@@2DD,lst@@3DD<<DD L;

If@ZeroQ@vD,
lst,

Prepend@lst,81,v<DDD
H* u is a sum. SplitMonomialTerms@u,xD returns the list 8v,w< where v is the sum of the

monomial terms of u and w is the sum of the other terms. *L
SplitMonomialTerms@u_,x_SymbolD :=

Map@Function@If@FreeQ@ð,xD ÈÈ MatchQ@ð,a_.*x^n_. �; FreeQ@8a,n<,xDD, 8ð,0<, 80,ð<DD, uD

Polynomial Functions

� Polynomial Recognizer Functions

H* If u HxL is equivalent to an expression of the form a+b*x where b is not 0, LinearQ@u,xD
returns True; else it returns False. *L

LinearQ@u_,x_SymbolD :=

PolynomialQ@u,xD && Exponent@u,xD===1

H* If u is polynomial in x of degree 2, QuadraticQ@u,xD returns True; else it returns False. *L
QuadraticQ@u_,x_SymbolD :=

PolynomialQ@u,xD && Exponent@u,xD===2

H* If u HxL is equivalent to an expression of the form x^n, MonomialQ@u,xD returns True;

else it returns False. Note that not all monomials are polynomials. *L
MonomialQ@u_,x_SymbolD :=

MatchQ@u,x^n_. �; FreeQ@n,xDD
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H* If u HxL is equivalent to an expression of the form a+b*x^n, BinomialQ@u,xD returns True;

else it returns False. Note that not all binomials are polynomials. *L
BinomialQ@u_,x_SymbolD :=

NotFalseQ@BinomialTest@u,xDD
H* If u HxL is a sum and each term is free of x or an expression of the form a*x^n,

MonomialSumQ@u,xD returns True; else it returns False. *L
MonomialSumQ@u_,x_SymbolD :=

SumQ@uD && Catch@
Scan@Function@If@FreeQ@ð,xD ÈÈ MonomialQ@SplitFreeFactors@ð,xD@@2DD,xD, Null, Throw@FalseDDD,uD;
TrueD

� Polynomial Terms Functions

H* If u HxL is an expression of the form a*x^n where n is zero or a positive integer,

PolynomialTermQ@u,xD returns True; else it returns False. *L
PolynomialTermQ@u_,x_SymbolD :=

FreeQ@u,xD ÈÈ MatchQ@u,a_.*x^n_. �; FreeQ@a,xD && IntegerQ@nD && n>0D
H* u HxL is a sum. PolynomialTerms@u,xD returns the sum of the polynomial terms of u HxL. *L
PolynomialTerms@u_,x_SymbolD :=

Map@Function@If@PolynomialTermQ@ð,xD,ð,0DD,uD
H* u HxL is a sum. NonpolynomialTerms@u,xD returns the sum of the nonpolynomial terms of u HxL. *L
NonpolynomialTerms@u_,x_SymbolD :=

Map@Function@If@PolynomialTermQ@ð,xD,0,ðDD,uD
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� Binomial Test Functions

H* If u HxL is equivalent to an expression of the form a+b*x^n where a,b and n are free of x,

BinomialTest@u,xD returns the list 8a,b,n<; else it returns False.

Note that not all binomials are polynomials. *L
BinomialTest@u_,x_SymbolD :=

If@u===x,

80,1,1<,
If@FreeQ@u,xD,

80,u,0<,
If@PowerQ@uD,

If@u@@1DD===x && FreeQ@u@@2DD,xD,
80,1,u@@2DD<,

FalseD,
Module@8lst1,lst2<,
If@ProductQ@uD,

lst1=BinomialTest@First@uD,xD;
If@FalseQ@lst1D,

False,

lst2=BinomialTest@Rest@uD,xD;
If@FalseQ@lst2D,

False,

Module@8a,b,c,d,m,n<,
8a,b,m<=lst1;

8c,d,n<=lst2;

If@m===0,

8b*c,b*d,n<,
If@n===0,

8a*d,b*d,m<,
If@a===0,

If@c===0,

80,b*d,m+n<,
If@m+n===0,

8b*d,b*c,m<,
FalseDD,

If@c===0,

If@m+n===0,

8b*d,a*d,n<,
FalseD,

FalseDDDDDDD,
If@SumQ@uD,

lst1=BinomialTest@First@uD,xD;
If@FalseQ@lst1D,

False,

lst2=BinomialTest@Rest@uD,xD;
If@FalseQ@lst2D,

False,

Module@8a,b,c,d,m,n<,
8a,b,m<=lst1;

8c,d,n<=lst2;

If@m===0,

8b+c,d,n<,
If@n===0,

8a+d,b,m<,
If@m===n,

8a+c,b+d,m<,
FalseDDDDDD,

FalseDDDDDD
� Perfect Power Test Function
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�

Perfect Power Test Function

H* If u HxL is equivalent to a polynomial raised to an integer power greater than 1,

PerfectPowerTest@u,xD returns u HxL as an expanded polynomial raised to the power;

else it returns False. *L
PerfectPowerTest@u_,x_SymbolD :=

If@PolynomialQ@u,xD,
Module@8lst=FactorSquareFreeList@uD,gcd=0,v=1<,
If@lst@@1DD===81,1<,

lst=Rest@lstDD;
Scan@Function@gcd=GCD@gcd,ð@@2DDDD,lstD;
If@gcd>1,

Scan@Function@v=v*ð@@1DD^Hð@@2DD�gcdLD,lstD;
Expand@vD^gcd,

FalseDD,
FalseD

� Square Free Factor Test Function

H* If u HxL can be square free factored, SquareFreeFactorTest@u,xD returns u HxL in

factored form; else it returns False. *L
H* SquareFreeFactorTest@u_,x_SymbolD :=

If@PolynomialQ@u,xD,
Module@8v=FactorSquareFree@uD<,
If@PowerQ@vD ÈÈ ProductQ@vD,

v,

FalseDD,
FalseD *L

Function Recognizers

� Rational Function Recognizer

H* If u HxL is a polynomial or rational function of x, RationalFunctionQ@u,xD returns True;

else it returns False. *L
RationalFunctionQ@u_,x_SymbolD :=

If@AtomQ@uD,
True,

If@IntegerPowerQ@uD,
RationalFunctionQ@u@@1DD,xD,

If@ProductQ@uD ÈÈ SumQ@uD,
Catch@Scan@Function@If@RationalFunctionQ@ð,xD,Null,Throw@FalseDDD,uD;TrueD,

If@FreeQ@u,xD,
True,

FalseDDDD

Integration Utility Functions



H* Assuming u is a rational function of x, RationalFunctionExponents @u,xD returns a list of the

exponent of the numerator of u and the exponent of the denominator of u. *L
RationalFunctionExponents @u_,x_SymbolD :=

If@PolynomialQ@u,xD,
8Exponent@u,xD,0<,

If@IntegerPowerQ@uD,
If@u@@2DD>0,

u@@2DD*RationalFunctionExponents @u@@1DD,xD,
H-u@@2DDL*Reverse@RationalFunctionExponents @u@@1DD,xDDD,

If@ProductQ@uD,
RationalFunctionExponents @First@uD,xD+RationalFunctionExponents @Rest@uD,xD,

If@SumQ@uD,
Module@8v=Together@uD<,
If@SumQ@vD,

Module@8lst1,lst2<,
lst1=RationalFunctionExponents @First@uD,xD;
lst2=RationalFunctionExponents @Rest@uD,xD;
8Max@lst1@@1DD+lst2@@2DD,lst2@@1DD+lst1@@2DDD,lst1@@2DD+lst2@@2DD<D,

RationalFunctionExponents @v,xDDD,
80,0<DDDD

� Algebraic Function Recognizer

H* If u HxL is an algebraic function of x, AlgebraicFunctionQ@u,xD returns True; else False. *L
AlgebraicFunctionQ@u_,x_SymbolD :=

If@AtomQ@uD ÈÈ FreeQ@u,xD,
True,

If@RationalPowerQ@uD,
AlgebraicFunctionQ@u@@1DD,xD,

If@ProductQ@uD ÈÈ SumQ@uD,
Catch@Scan@Function@If@AlgebraicFunctionQ@ð,xD,Null,Throw@FalseDDD,uD;TrueD,

FalseDDD
� Quotient of Linears Recognizer and Accessor

H* If u is equivalent to an expression of the form Ha+b*xL�Hc+d*xL, QuotientOfLinearsQ@u,xD
returns True; else it returns False. *L

QuotientOfLinearsQ@a_*u_,x_D :=

QuotientOfLinearsQ@u,xD �;
FreeQ@a,xD
QuotientOfLinearsQ@a_+u_,x_D :=

QuotientOfLinearsQ@u,xD �;
FreeQ@a,xD
QuotientOfLinearsQA1�u_,x_E :=

QuotientOfLinearsQ@u,xD
QuotientOfLinearsQ@u_,x_D :=

True �;
LinearQ@u,xD
QuotientOfLinearsQAu_�v_,x_E :=

True �;
LinearQ@u,xD && LinearQ@v,xD
QuotientOfLinearsQ@u_,x_D :=

u===x ÈÈ FreeQ@u,xD
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H* If u is equivalent to an expression of the form Ha+b*xL�Hc+d*xL, QuotientOfLinearsParts @u,xD
returns the list 8a, b, c, d<. *L

QuotientOfLinearsParts @a_*u_,x_D :=

Apply@Function@8a*ð1, a*ð2, ð3, ð4<D, QuotientOfLinearsParts @u,xDD �;
FreeQ@a,xD
QuotientOfLinearsParts @a_+u_,x_D :=

Apply@Function@8ð1+a*ð3, ð2+a*ð4, ð3, ð4<D, QuotientOfLinearsParts @u,xDD �;
FreeQ@a,xD
QuotientOfLinearsParts A1�u_,x_E :=

Apply@Function@8ð3, ð4, ð1, ð2<D, QuotientOfLinearsParts @u,xDD
QuotientOfLinearsParts @u_,x_D :=

8Coefficient@u,x,0D, Coefficient@u,x,1D, 1, 0< �;
LinearQ@u,xD
QuotientOfLinearsParts Au_�v_,x_E :=

8Coefficient@u,x,0D, Coefficient@u,x,1D, Coefficient@v,x,0D, Coefficient@v,x,1D< �;
LinearQ@u,xD && LinearQ@v,xD
QuotientOfLinearsParts @u_,x_D :=

If@u===x,

80, 1, 1, 0<,
If@FreeQ@u,xD,

8u, 0, 1, 0<,
Print@"QuotientOfLinearParts error!"D;
8u, 0, 1, 0<DD

Improper Rational Functions

H* u HxL is an improper fraction if it is an expression of the form w Hv HxLL�tHv HxLL where w HxL
and t HxL are polynomials in x and the degree of w HxL is greater than or equal the degree

of t HxL. *L
� Improper Rational Function Recognizer

H* If u�v is an improper fraction, ImproperFractionQ@u,v,xD returns True; else it returns False. *L
H* ImproperFractionQ@u_,v_,x_SymbolD :=

Module@8lst1=PolynomialFunctionOf@u,xD,lst2=PolynomialFunctionOf@v,xD<,
lst1@@1DD===lst2@@1DD && Exponent@lst1@@2DD,xD>=Exponent@lst2@@2DD,xDD *L

H* If u�v is an improper rational function where v is of the form fraction a+b*x+c*x^2 or a+b*x^n,

ImproperRationalFunctionQ @u,v,xD returns True; else it returns False. *L
ImproperRationalFunctionQ @u_,v_,x_SymbolD :=

PolynomialQ@u,xD &&

PolynomialQ@v,xD &&

NotAMatchQAu,Ia_.+b_.*xM^n_. �; FreeQ@8a,b<,xD && IntegerQ@nDE &&

MatchQAv,Ia_.+b_.*xM^n_. �; FreeQ@8a,b<,xD && IntegerQ@nDEE &&

IQuadraticQ@v,xD && Exponent@u,xD>=2 ÈÈ
MatchQ@v,a_+b_.*x^n_. �; FreeQ@8a,b<,xD && IntegerQ@nD && 0<n<=Exponent@u,xDDM
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� Improper Fraction Expander

H* If u is an improper fraction, ExpandImproperFraction @u,xD returns the list 8q,a,r<
where q is the integral part of u and a*r is the proper fractional part of u;

else it returns False. *L
ExpandImproperFraction @u_,x_SymbolD :=

Module@8tmp<,
If@NotFalseQ@tmp=ExpandImproperFraction @Numerator@uD,Denominator@uD,xDD,

tmp,

If@NotFalseQ@tmp=ExpandImproperFraction @SmartNumerator@uD,SmartDenominator@uD,xDD,
tmp,

If@FunctionOfQ@Sin@xD,u,xD,
tmp=Regularize@SubstFor@Sin@xD,u,xD,xD;
If@NotFalseQ@tmp=ExpandImproperFraction @Numerator@tmpD,Denominator@tmpD,xDD,

Subst@tmp,x,Sin@xDD,
FalseD,

If@FunctionOfQ@Cos@xD,u,xD,
tmp=Regularize@SubstFor@Cos@xD,u,xD,xD;
If@NotFalseQ@tmp=ExpandImproperFraction @Numerator@tmpD,Denominator@tmpD,xDD,

Subst@tmp,x,Cos@xDD,
FalseD,

If@FunctionOfQ@Sinh@xD,u,xD,
tmp=Regularize@SubstFor@Sinh@xD,u,xD,xD;
If@NotFalseQ@tmp=ExpandImproperFraction @Numerator@tmpD,Denominator@tmpD,xDD,

Subst@tmp,x,Sinh@xDD,
FalseD,

If@FunctionOfQ@Cosh@xD,u,xD,
tmp=Regularize@SubstFor@Cosh@xD,u,xD,xD;
If@NotFalseQ@tmp=ExpandImproperFraction @Numerator@tmpD,Denominator@tmpD,xDD,

Subst@tmp,x,Cosh@xDD,
FalseD,

FalseDDDDDDD
ExpandImproperFraction @u_,v_,x_SymbolD :=

Module@8lst1,lst2<,
lst1=PolynomialFunctionOf@u,xD;
lst2=PolynomialFunctionOf@v,xD;
If@lst1@@1DD===lst2@@1DD && Exponent@lst1@@2DD,xD>=Exponent@lst2@@2DD,xD,

ReplaceAll@PolynomialDivide@lst1@@2DD,lst2@@2DD,xD,x->lst1@@1DDD,
FalseDD

H* PolynomialDivide@u,v,xD returns the list 8q,a,r< where q is the integral part of u�v and

a*r is the proper fractional part of u�v; else it returns False. *L
PolynomialDivide@u_,v_,x_SymbolD :=

Prepend@SplitFreeFactors@Regularize@PolynomialRemainder@u,v,xD�v,xD,xD,
PolynomialQuotient@u,v,xDD

SmartNumerator@u_D :=

If@MemberQ@8Cot,Sec,Csc,Coth,Sech,Csch<,Head@uDD,
1,

If@PowerQ@uD && IntegerQ@u@@2DDD && MemberQ@8Cot,Sec,Csc,Coth,Sech,Csch<,Head@u@@1DDDD,
1,

If@PowerQ@uD && RationalQ@u@@2DDD && u@@2DD<0,

1,

If@ProductQ@uD,
Map@SmartNumerator,uD,

uDDDD
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SmartDenominator@u_D :=

If@MemberQ@8Cot,Sec,Csc,Coth,Sech,Csch<,Head@uDD,
1�u,

If@PowerQ@uD && IntegerQ@u@@2DDD && MemberQ@8Cot,Sec,Csc,Coth,Sech,Csch<,Head@u@@1DDDD,
1�u,

If@PowerQ@uD && RationalQ@u@@2DDD && u@@2DD<0,

1�u,
If@ProductQ@uD,

Map@SmartDenominator,uD,
1DDDD

� Polynomial Function Composer

H* PolynomialFunctionOf@u,xD returns the list 8v HxL,w HxL< where w Hv HxLL equals u HxL, w HxL is

a polynomial in x, and v HxL is minimal *L
PolynomialFunctionOf@u_,x_SymbolD :=

If@AtomQ@uD,
If@u===x,

8x,x<,
81,u<D,

If@PositiveIntegerPowerQ@uD,
Module@8lst=PolynomialFunctionOf@u@@1DD,xD<,
8lst@@1DD,lst@@2DD^u@@2DD<D,

If@ProductQ@uD,
Module@8lst1=PolynomialFunctionOf@First@uD,xD,lst2=PolynomialFunctionOf@Rest@uD,xD<,
If@lst1@@1DD===1,

8lst2@@1DD,lst1@@2DD*lst2@@2DD<,
If@lst2@@1DD===1,

8lst1@@1DD,lst1@@2DD*lst2@@2DD<,
If@lst1@@1DD===lst2@@1DD,

8lst1@@1DD,lst1@@2DD*lst2@@2DD<,
8u,x<DDDD,

If@SumQ@uD,
Module@8lst1=PolynomialFunctionOf@First@uD,xD,lst2=PolynomialFunctionOf@Rest@uD,xD<,
If@lst1@@1DD===1,

8lst2@@1DD,lst1@@2DD+lst2@@2DD<,
If@lst2@@1DD===1,

8lst1@@1DD,lst1@@2DD+lst2@@2DD<,
If@lst1@@1DD===lst2@@1DD,

8lst1@@1DD,lst1@@2DD+lst2@@2DD<,
8u,x<DDDD,

If@FreeQ@u,xD,
81,u<,

8u,x<DDDDD

Distribution Function

H* Dist@u,vD returns the sum of u times each term of v, provided v is free of Int. *L
Dist@u_,v_D :=

If@SumQ@vD,
Map@Function@u*ðD,vD,

u*vD

Integration Utility Functions



Numeric Factors

H* If lst is a list of n terms, CommonNumericFactors@lstD returns a n+1-element list whose first

element is the product of the numeric factors common to all terms of lst, and whose remaining

elements are quotients of each term divided by the numeric common factor. *L
CommonNumericFactors @lst_D :=

Module@8num=Apply@GCD,Map@NumericFactor,lstDD<,
Prepend@Map@Function@ð�numD,lstD,numDD

NumericFactor@u_D :=

If@NumberQ@uD,
If@ZeroQ@Im@uDD,

u,

If@ZeroQ@Re@uDD,
Im@uD,

1DD,
If@PowerQ@uD,

If@RationalQ@u@@1DDD && FractionQ@u@@2DDD,
If@u@@2DD>0,

1�Denominator@u@@1DDD,
1�Denominator@1�u@@1DDDD,

1D,
If@ProductQ@uD,

NumericFactor@First@uDD*NumericFactor@Rest@uDD,
1DDD

NonnumericFactors@u_D :=

If@NumberQ@uD,
If@ZeroQ@Im@uDD,

1,

If@ZeroQ@Re@uDD,
I,

uDD,
If@PowerQ@uD,

If@RationalQ@u@@1DDD && FractionQ@u@@2DDD,
u�NumericFactor@uD,

uD,
If@ProductQ@uD,

NonnumericFactors@First@uDD*NonnumericFactors@Rest@uDD,
uDDD

Content Factoring

H* ContentFactor@expnD returns expn with the content of sum factors factored out. *L
H* Basis: a*b+a*c == a*Hb+cL *L
ContentFactor@expn_D :=

If@AtomQ@expnD,
expn,

If@ProductQ@expnD,
Map@ContentFactor,expnD,

If@SumQ@expnD,
Module@8lst=CommonFactors@Apply@List,expnDD<,
If@lst@@1DD===1 ÈÈ lst@@1DD===-1,

expn,

lst@@1DD*Apply@Plus,Rest@lstDDDD,
expnDDD
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H* If lst is a list of n terms, CommonFactors@lstD returns a n+1-element list whose first

element is the product of the factors common to all terms of lst, and whose remaining

elements are quotients of each term divided by the common factor. *L
CommonFactors @lst_D :=

Module@8lst1,lst2,lst3,lst4,common,base,num<,
lst1=Map@NonnumericFactors,lstD;
lst2=Map@NumericFactor,lstD;
num=Apply@GCD,lst2D;
H If@MapAnd@Function@ð<0D,lst2D,

num=-numD L;
common=num;

lst2=Map@Function@ð�numD,lst2D;
While@True,
lst3=Map@LeadFactor,lst1D;
H If@Apply@SameQ,lst3D,

common=common*lst3@@1DD;
lst1=Map@RemainingFactors,lst1D,

If@MapAnd@Function@LogQ@ðD && IntegerQ@First@ðDD && First@ðD>0D,lst3D &&

MapAnd@RationalQ,lst4=Map@Function@FullSimplify@ð�First@lst3DDD,lst3DD,
num=Apply@GCD,lst4D;
common=common*Log@HFirst@lst3D@@1DDL^numD;
lst2=Map2@Function@ð1*ð2�numD,lst2,lst4D;
lst1=Map@RemainingFactors,lst1D,

lst4=Map@LeadDegree,lst1D;
If@Apply@SameQ,Map@LeadBase,lst1DD && MapAnd@RationalQ,lst4D,

num=Smallest@lst4D;
base=LeadBase@lst1@@1DDD;
H If@num!=0,

common=common*base^numD L;
lst2=Map2@Function@ð1*base^Hð2-numLD,lst2,lst4D;
lst1=Map@RemainingFactors,lst1D,

If@Length@lst1D==2 && ZeroQ@LeadBase@lst1@@1DDD+LeadBase@lst1@@2DDDD &&

NonzeroQ@lst1@@1DD-1D && IntegerQ@lst4@@1DDD && FractionQ@lst4@@2DDD,
num=Min@lst4D;
base=LeadBase@lst1@@2DDD;
H If@num!=0,

common=common*base^numD L;
lst2=8lst2@@1DD*H-1L^lst4@@1DD,lst2@@2DD<;
lst2=Map2@Function@ð1*base^Hð2-numLD,lst2,lst4D;
lst1=Map@RemainingFactors,lst1D,

If@Length@lst1D==2 && ZeroQ@LeadBase@lst1@@1DDD+LeadBase@lst1@@2DDDD &&

NonzeroQ@lst1@@2DD-1D && IntegerQ@lst4@@2DDD && FractionQ@lst4@@1DDD,
num=Min@lst4D;
base=LeadBase@lst1@@1DDD;
H If@num!=0,

common=common*base^numD L;
lst2=8lst2@@1DD,lst2@@2DD*H-1L^lst4@@2DD<;
lst2=Map2@Function@ð1*base^Hð2-numLD,lst2,lst4D;
lst1=Map@RemainingFactors,lst1D,

num=MostMainFactorPosition @lst3D;
lst2=ReplacePart@lst2,lst3@@numDD*lst2@@numDD,numD;
lst1=ReplacePart@lst1,RemainingFactors@lst1@@numDDD,numDDDDDD L;

If@MapAnd@Function@ð===1D,lst1D,
Return@Prepend@lst2,commonDDDDD

MostMainFactorPosition @lst_ListD :=

Module@8factor=1,num=1<,
Do@If@FactorOrder@lst@@iDD,factorD>0,factor=lst@@iDD;num=iD,8i,Length@lstD<D;
numD

Integration Utility Functions



FactorOrder@u_,v_D :=

If@u===1,

If@v===1,

0,

-1D,
If@v===1,

1,

Order@u,vDDD
Smallest@num1_,num2_D :=

If@num1>0,

If@num2>0,

Min@num1,num2D,
0D,

If@num2>0,

0,

Max@num1,num2DDD
Smallest@lst_ListD :=

Module@8num=lst@@1DD<,
Scan@Function@num=Smallest@num,ðDD,Rest@lstDD;
numD

� Monomial factoring

H* MonomialFactor@u,xD returns the list 8n,v< where x^n*v==u and n is free of x. *L
MonomialFactor@u_,x_SymbolD :=

If@AtomQ@uD,
If@u===x,

81,1<,
80,u<D,

If@PowerQ@uD,
If@IntegerQ@u@@2DDD,

Module@8lst=MonomialFactor@u@@1DD,xD<,
8lst@@1DD*u@@2DD,lst@@2DD^u@@2DD<D,

If@u@@1DD===x && FreeQ@u@@2DD,xD,
8u@@2DD,1<,

80,u<DD,
If@ProductQ@uD,

Module@8lst1=MonomialFactor@First@uD,xD,lst2=MonomialFactor@Rest@uD,xD<,
8lst1@@1DD+lst2@@1DD,lst1@@2DD*lst2@@2DD<D,

If@SumQ@uD,
Module@8lst,deg<,
lst=Map@Function@MonomialFactor@ð,xDD,Apply@List,uDD;
deg=lst@@1,1DD;
Scan@Function@deg=MinimumDegree@deg,ð@@1DDDD,Rest@lstDD;
If@ZeroQ@degD ÈÈ RationalQ@degD && deg<0,

80,u<,
8deg,Apply@Plus,Map@Function@x^Hð@@1DD-degL*ð@@2DDD,lstDD<DD,

80,u<DDDD
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MinimumDegree@deg1_,deg2_D :=

If@RationalQ@deg1D,
If@RationalQ@deg2D,

Min@deg1,deg2D,
deg1D,

If@RationalQ@deg2D,
deg2,

Module@8deg=Simplify@deg1-deg2D<,
If@RationalQ@degD,

If@deg>0,

deg2,

deg1D,
If@OrderedQ@8deg1,deg2<D,

deg1,

deg2DDDDD

� Constant factoring

H* ConstantFactor@u,xD returns a 2-element list of the factors of u@xD free of x and the

factors not free of u@xD. Common constant factors of the terms of sums are also collected. *L
H* Compare with the more passive function SplitFreeFactors. *L
ConstantFactor@u_,x_SymbolD :=

If@FreeQ@u,xD,
8u,1<,

If@AtomQ@uD,
81,u<,

If@PowerQ@uD && FreeQ@u@@2DD,xD,
Module@8lst=ConstantFactor@u@@1DD,xD,tmp<,
If@IntegerQ@u@@2DDD,

8lst@@1DD^u@@2DD,lst@@2DD^u@@2DD<,
tmp=PositiveFactors@lst@@1DDD;
If@tmp===1,

81,u<,
8tmp^u@@2DD,HNonpositiveFactors@lst@@1DDD*lst@@2DDL^u@@2DD<DDD,

If@ProductQ@uD,
Module@8lst=Map@Function@ConstantFactor@ð,xDD,Apply@List,uDD<,
8Apply@Times,Map@First,lstDD,Apply@Times,Map@Function@ð@@2DDD,lstDD<D,

If@SumQ@uD,
Module@8lst1=Map@Function@ConstantFactor@ð,xDD,Apply@List,uDD<,
If@Apply@SameQ,Map@Function@ð@@2DDD,lst1DD,

8Apply@Plus,Map@First,lst1DD,lst1@@1,2DD<,
Module@8lst2=CommonFactors@Map@First,lst1DD<,
8First@lst2D,Apply@Plus,Map2@Times,Rest@lst2D,Map@Function@ð@@2DDD,lst1DDD<DDD,

81,u<DDDDD
H* PositiveFactors@uD returns the positive factors of u *L
PositiveFactors@u_D :=

If@ZeroQ@uD,
1,

If@RationalQ@uD,
Abs@uD,

If@PositiveQ@uD,
u,

If@ProductQ@uD,
Map@PositiveFactors,uD,

1DDDD
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H* NonpositiveFactors@uD returns the nonpositive factors of u *L
NonpositiveFactors@u_D :=

If@ZeroQ@uD,
u,

If@RationalQ@uD,
Sign@uD,

If@PositiveQ@uD,
1,

If@ProductQ@uD,
Map@NonpositiveFactors,uD,

uDDDD

Function Of Functions

� Function of a linear binomial

H* If u HxL is equivalent to an expression of the form f Ha+b*xL and not the case that a==0 and

b==1, FunctionOfLinear@u,xD returns the list 8f HxL,a,b<; else it returns False. *L
FunctionOfLinear@u_,x_SymbolD :=

Module@8lst=FunctionOfLinear@u,False,False,x,FalseD<,
If@FalseQ@lstD ÈÈ FalseQ@lst@@1DDD ÈÈ lst@@1DD===0 && lst@@2DD===1,

False,

8FunctionOfLinearSubst@u,lst@@1DD,lst@@2DD,xD,lst@@1DD,lst@@2DD<DD
FunctionOfLinear@u_,a_,b_,x_,flag_D :=

If@FreeQ@u,xD,
8a,b<,

If@CalculusQ@uD,
False,

If@LinearQ@u,xD,
If@FalseQ@aD,

8Coefficient@u,x,0D,Coefficient@u,x,1D<,
Module@8lst=CommonFactors@8b,Coefficient@u,x,1D<D<,
If@ZeroQ@Coefficient@u,x,0DD && Not@flagD,

80,lst@@1DD<,
If@ZeroQ@b*Coefficient@u,x,0D-a*Coefficient@u,x,1DD,

8a�lst@@2DD,lst@@1DD<,
80,1<DDDD,

If@PowerQ@uD && FreeQ@u@@1DD,xD,
FunctionOfLinear@Log@u@@1DDD*u@@2DD,a,b,x,FalseD,

Module@8lst<,
If@ProductQ@uD && NonzeroQ@Hlst=MonomialFactor@u,xDL@@1DDD,

If@False && IntegerQ@lst@@1DDD && lst@@1DD!=-1 && FreeQ@lst@@2DD,xD,
If@RationalQ@LeadFactor@lst@@2DDDD && LeadFactor@lst@@2DDD<0,

FunctionOfLinear@DivideDegreesOfFactors @-lst@@2DD,lst@@1DDD*x,a,b,x,FalseD,
FunctionOfLinear@DivideDegreesOfFactors @lst@@2DD,lst@@1DDD*x,a,b,x,FalseDD,

FalseD,
lst=8a,b<;
Catch@
Scan@Function@lst=FunctionOfLinear@ð,lst@@1DD,lst@@2DD,x,SumQ@uDD;

If@lst===False,Throw@FalseDDD,uD;
lstDDDDDDD
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FunctionOfLinearSubst@u_,a_,b_,x_D :=

If@FreeQ@u,xD,
u,

If@LinearQ@u,xD,
Module@8tmp=Coefficient@u,x,1D<,
tmp=If@tmp===b, 1, tmp�bD;
Coefficient@u,x,0D-a*tmp+tmp*xD,

If@PowerQ@uD && FreeQ@u@@1DD,xD,
E^FullSimplify@FunctionOfLinearSubst@Log@u@@1DDD*u@@2DD,a,b,xDD,

Module@8lst<,
If@ProductQ@uD && NonzeroQ@Hlst=MonomialFactor@u,xDL@@1DDD,

If@RationalQ@LeadFactor@lst@@2DDDD && LeadFactor@lst@@2DDD<0,

-FunctionOfLinearSubst@DivideDegreesOfFactors @-lst@@2DD,lst@@1DDD*x,a,b,xD^lst@@1DD,
FunctionOfLinearSubst@DivideDegreesOfFactors @lst@@2DD,lst@@1DDD*x,a,b,xD^lst@@1DDD,

Map@Function@FunctionOfLinearSubst@ð,a,b,xDD,uDDDDDD
H* DivideDegreesOfFactors @u,nD returns the product of the base of the factors of u raised to

the degree of the factors divided by n. *L
DivideDegreesOfFactors @u_,n_D :=

If@ProductQ@uD,
Map@Function@LeadBase@ðD^HLeadDegree@ðD�nLD,uD,

LeadBase@uD^HLeadDegree@uD�nLD

� Function of an inverse linear binomial

H* If u is a function of an inverse linear binomial of the form 1�Ha+b*xL,
FunctionOfInverseLinear @u,xD returns the list 8a,b<; else it returns False. *L

FunctionOfInverseLinear @u_,x_SymbolD :=

FunctionOfInverseLinear @u,Null,xD
FunctionOfInverseLinear @u_,lst_,x_D :=

If@FreeQ@u,xD,
lst,

If@u===x,

False,

If@QuotientOfLinearsQ@u,xD,
Module@8tmp=Drop@QuotientOfLinearsParts @u,xD,2D<,
If@tmp@@2DD===0,

False,

If@lst===Null,

tmp,

If@ZeroQ@lst@@1DD*tmp@@2DD-lst@@2DD*tmp@@1DDD,
lst,

FalseDDDD,
If@CalculusQ@uD,

False,

Module@8tmp=lst<,Catch@
Scan@Function@If@FalseQ@tmp=FunctionOfInverseLinear @ð,tmp,xDD,Throw@FalseDDD,uD;
tmpDDDDDD
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� Function of exponential functions of a linear binomial

H* If u is a function of f^Ha+b*xL, FunctionOfExponentialOfLinear @u,xD returns the list 8v,a,b,f<
where v of f^Ha+b*xL equals u; else it returns False. *L

FunctionOfExponentialOfLinear @u_,x_SymbolD :=

ModuleA8lst=FunctionOfExponentialOfLinear @u,x,False,False,FalseD,a,b,f<,
IfAFalseQ@lstD ÈÈ FalseQ@lst@@1DDD,

False,

a=lst@@1DD;
b=lst@@2DD;
f=lst@@3DD;
I IfAMatchQAu,v_*g_^Ic_.+d_*xM �; FreeQ@8c,d,g<,xD && NumericFactor@dD<0E && NumericFactor@bD>0,

a=-a;

b=-bE M;
8FunctionOfExponentialOfLinearSubst @u,a,b,f,xD,a,b,f<EE

H* If u is a function of f^Ha+b*xL, FunctionOfExponentialOfLinear @u,x,False,False,FalseD
returns the list 8a, b, f<; else it returns False. *L

FunctionOfExponentialOfLinear @u_,x_,a_,b_,f_D :=

If@FreeQ@u,xD,
8a,b,f<,

If@u===x ÈÈ CalculusQ@uD,
False,

If@PowerQ@uD && FreeQ@u@@1DD,xD && LinearQ@u@@2DD,xD,
FunctionOfExponentialOfLinearAux @a,b,f,Coefficient@u@@2DD,x,0D,Coefficient@u@@2DD,x,1D,u@@1DDD,

If@HyperbolicQ@uD && LinearQ@u@@1DD,xD,
FunctionOfExponentialOfLinearAux @a,b,f,Coefficient@u@@1DD,x,0D,Coefficient@u@@1DD,x,1D,ED,

Module@8lst<,
If@PowerQ@uD && FreeQ@u@@1DD,xD && SumQ@u@@2DDD,

lst=FunctionOfExponentialOfLinear @u@@1DD^First@u@@2DDD,x,a,b,fD;
If@lst===False,

False,

FunctionOfExponentialOfLinear @u@@1DD^Rest@u@@2DDD,x,lst@@1DD,lst@@2DD,lst@@3DDDD,
lst=8a,b,f<;
Catch@Scan@Function@

lst=FunctionOfExponentialOfLinear @ð,x,lst@@1DD,lst@@2DD,lst@@3DDD;
If@lst===False,Throw@FalseDDD,uD;

lstDDDDDDD
FunctionOfExponentialOfLinearAux @a_,b_,f_,c_,d_,g_D :=

If@FalseQ@aD,
8c,d,g<,

If@ZeroQ@Log@fD*NonnumericFactors@bD-Log@gD*NonnumericFactors@dDD,
Module@8gcd=GCD@NumericFactor@bD,NumericFactor@dDD<,
H If@NumericFactor@bD<0 && NumericFactor@dD<0,

gcd=-gcdD L;
If@gcd==NumericFactor@bD,

8a,b,f<,
If@gcd==NumericFactor@dD,

8c,d,g<,
80,gcd*NonnumericFactors@bD,f<DDD,

FalseDD
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H* u is a function of f^Ha+b*xL. FunctionOfExponentialOfLinearSubst @u,a,b,f,xD returns u

with f^Ha+b*xL replaced by x. *L
FunctionOfExponentialOfLinearSubst @u_,a_,b_,f_,x_D :=

If@FreeQ@u,xD,
u,

If@PowerQ@uD && FreeQ@u@@1DD,xD && LinearQ@u@@2DD,xD,
Module@8c,d,g<,
c=Coefficient@u@@2DD,x,0D;
d=Coefficient@u@@2DD,x,1D;
g=u@@1DD;
g^Hc-a*d�bL*x^Hd*Log@gD�Hb*Log@fDLLD,

If@HyperbolicQ@uD && LinearQ@u@@1DD,xD,
Module@8c,d,tmp<,
c=Coefficient@u@@1DD,x,0D;
d=Coefficient@u@@1DD,x,1D;
tmp=E^Hc-a*d�bL*x^Hd�Hb*Log@fDLL;
If@SinhQ@uD,

tmp�2-1�H2*tmpL,
If@CoshQ@uD,

tmp�2+1�H2*tmpL,
If@TanhQ@uD,

Htmp-1�tmpL�Htmp+1�tmpL,
If@CothQ@uD,

Htmp+1�tmpL�Htmp-1�tmpL,
If@SechQ@uD,

2�Htmp+1�tmpL,
2�Htmp-1�tmpLDDDDDD,

If@PowerQ@uD && FreeQ@u@@1DD,xD && SumQ@u@@2DDD,
FunctionOfExponentialOfLinearSubst @u@@1DD^First@u@@2DDD,a,b,f,xD*

FunctionOfExponentialOfLinearSubst @u@@1DD^Rest@u@@2DDD,a,b,f,xD,
Map@Function@FunctionOfExponentialOfLinearSubst @ð,a,b,f,xDD,uDDDDD
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� Function of trig functions of a linear binomial

H* If u is a function of trig functions of a linear function of x,

FunctionOfTrigOfLinearQ @u,xD returns True; else it returns False. *L
FunctionOfTrigOfLinearQ @u_,x_SymbolD :=

Not@MemberQ@8Null, False<, FunctionOfTrig@u,Null,xDDD &&

RecognizedFunctionOfTrigQ @SubstInertSineForTrigOfLinear @u,xD,xD
H* If u is a function of trig functions of v where v is a linear function of x,

FunctionOfTrig@u,xD returns v; else it returns False. *L
FunctionOfTrig@u_,x_SymbolD :=

Module@8v=FunctionOfTrig@u,Null,xD<,
If@v===Null, False, vDD

FunctionOfTrig@u_,v_,x_D :=

If@AtomQ@uD,
If@u===x,

False,

vD,
If@TrigQ@uD && LinearQ@u@@1DD,xD,

If@v===Null,

u@@1DD,
Module@8a=Coefficient@v,x,0D,b=Coefficient@v,x,1D,

c=Coefficient@u@@1DD,x,0D,d=Coefficient@u@@1DD,x,1D<,
If@ZeroQ@a*d-b*cD && RationalQ@b�dD,

a�Numerator@b�dD+b*x�Numerator@b�dD,
FalseDDD,

If@CalculusQ@uD,
False,

Module@8w=v<,Catch@
Scan@Function@If@FalseQ@w=FunctionOfTrig@ð,w,xDD,Throw@FalseDDD,uD;
wDDDDD

Integration Utility Functions



H* u is a function of the insert sine function of x. If u can be put in the

form Hsin Hc+d*xL^jL^m*HA+B*sin Hc+d*xL^k+C*sin Hc+d*xL^H2*kLL*Ha+b*sin Hc+d*xL^kL^n
where 2*m and 2*n are integers and j^2=k^2=1, RecognizedFunctionOfTrigQ @u,xD
returns True; else it returns False. *L
RecognizedFunctionOfTrigQ @u_,x_SymbolD :=

MatchQAu,Ia_.+b_.*sin@c_.+d_.*xD^k_.M^n_. �;
FreeQ@8a,b,c,d,n<,xD && k^2===1E ÈÈ

MatchQAu,IA_.+B_.*sin@c_.+d_.*xD^i_.M*Ia_.+b_.*sin@c_.+d_.*xD^k_.M^n_. �;
FreeQ@8a,b,c,d,A,B,n<,xD && i^2===1 && k^2===1E ÈÈ

MatchQAu,IA_.+C_.*sin@c_.+d_.*xD^i2_M*Ia_.+b_.*sin@c_.+d_.*xD^k_.M^n_. �;
FreeQ@8a,b,c,d,A,C,n<,xD && i2^2===4 && k^2===1E ÈÈ

MatchQAu,IA_.+B_.*sin@c_.+d_.*xD^i_.+C_.*sin@c_.+d_.*xD^i2_M*Ia_.+b_.*sin@c_.+d_.*xD^k_.M^n_. �;
FreeQ@8a,b,c,d,A,B,C,n<,xD && i^2===1 && k^2===1 && i2===2*iE ÈÈ

MatchQAu,Isin@c_.+d_.*xD^j_.M^m_.*IA_.+B_.*sin@c_.+d_.*xD^k_.M �;
FreeQ@8c,d,A,B,m<,xD && j^2===1 && k^2===1E ÈÈ

MatchQAu,Isin@c_.+d_.*xD^j_.M^m_.*IA_.+C_.*sin@c_.+d_.*xD^k2_M �;
FreeQ@8c,d,A,C,m<,xD && j^2===1 && k2^2===4E ÈÈ

MatchQAu,Isin@c_.+d_.*xD^j_.M^m_.*IA_.+B_.*sin@c_.+d_.*xD^k_.+C_.*sin@c_.+d_.*xD^k2_M �;
FreeQ@8c,d,A,B,C,m<,xD && j^2===1 && k^2===1 && k2===2*kE ÈÈ

MatchQAu,Isin@c_.+d_.*xD^j_.M^m_.*Ia_.+b_.*sin@c_.+d_.*xD^k_.M^n_. �;
FreeQ@8a,b,c,d,m,n<,xD && j^2===1 && k^2===1E ÈÈ

MatchQAu,Isin@c_.+d_.*xD^j_.M^m_.*IA_.+B_.*sin@c_.+d_.*xD^i_.M*Ia_.+b_.*sin@c_.+d_.*xD^k_.M^n_. �;
FreeQ@8a,b,c,d,A,B,m,n<,xD && i^2===1 && j^2===1 && k^2===1E ÈÈ

MatchQAu,Isin@c_.+d_.*xD^j_.M^m_.*IA_.+C_.*sin@c_.+d_.*xD^i2_M*Ia_.+b_.*sin@c_.+d_.*xD^k_.M^n_. �;
FreeQ@8a,b,c,d,A,C,m,n<,xD && i2^2===4 && j^2===1 && k^2===1E ÈÈ

MatchQAu,Isin@c_.+d_.*xD^j_.M^m_.*IA_.+B_.*sin@c_.+d_.*xD^i_.+C_.*sin@c_.+d_.*xD^i2_M*Ia_.+b_.*sin@c_.
FreeQ@8a,b,c,d,A,B,C,m,n<,xD && i^2===1 && j^2===1 && k^2===1 && i2===2*iE

� Function of hyperbolic functions of a linear binomial

H* If u is a function of hyperbolic trig functions of v where v is linear in x,

FunctionOfHyperbolic@u,xD returns v; else it returns False. *L
FunctionOfHyperbolic@u_,x_SymbolD :=

Module@8v=FunctionOfHyperbolic@u,Null,xD<,
If@v===Null, False, vDD

FunctionOfHyperbolic@u_,v_,x_D :=

If@AtomQ@uD,
If@u===x,

False,

vD,
If@HyperbolicQ@uD && LinearQ@u@@1DD,xD,

If@v===Null,

u@@1DD,
Module@8a=Coefficient@v,x,0D,b=Coefficient@v,x,1D,

c=Coefficient@u@@1DD,x,0D,d=Coefficient@u@@1DD,x,1D<,
If@ZeroQ@a*d-b*cD && RationalQ@b�dD,

a�Numerator@b�dD+b*x�Numerator@b�dD,
FalseDDD,

If@CalculusQ@uD,
False,

Module@8w=v<,Catch@
Scan@Function@If@FalseQ@w=FunctionOfHyperbolic@ð,w,xDD,Throw@FalseDDD,uD;
wDDDDD

� Function of expression predicate
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�

Function of expression predicate

H* v is a function of x.

If u is a function of v, FunctionOfQ@v,u,xD returns True; else it returns False. *L
FunctionOfQ@v_,u_,x_Symbol,PureFlag_:FalseD :=

If@FreeQ@u,xD,
False,

If@AtomQ@vD,
True,

If@PowerQ@vD && FreeQ@v@@2DD,xD H* && NonzeroQ@v@@2DD+1D *L,
FunctionOfPowerQ@u,v@@1DD,v@@2DD,xD,

If@PureFlag,
If@SinQ@vD ÈÈ CscQ@vD,

PureFunctionOfSinQ@u,v@@1DD,xD,
If@CosQ@vD ÈÈ SecQ@vD,

PureFunctionOfCosQ@u,v@@1DD,xD,
If@TanQ@vD,

PureFunctionOfTanQ@u,v@@1DD,xD,
If@CotQ@vD,

PureFunctionOfCotQ@u,v@@1DD,xD,
If@SinhQ@vD ÈÈ CschQ@vD,

PureFunctionOfSinhQ@u,v@@1DD,xD,
If@CoshQ@vD ÈÈ SechQ@vD,

PureFunctionOfCoshQ@u,v@@1DD,xD,
If@TanhQ@vD,

PureFunctionOfTanhQ@u,v@@1DD,xD,
If@CothQ@vD,

PureFunctionOfCothQ@u,v@@1DD,xD,
FunctionOfExpnQ@u,v,xDDDDDDDDD,

If@SinQ@vD ÈÈ CscQ@vD,
FunctionOfSinQ@u,v@@1DD,xD,

If@CosQ@vD ÈÈ SecQ@vD,
FunctionOfCosQ@u,v@@1DD,xD,

If@TanQ@vD ÈÈ CotQ@vD,
FunctionOfTanQ@u,v@@1DD,xD,

If@SinhQ@vD ÈÈ CschQ@vD,
FunctionOfSinhQ@u,v@@1DD,xD,

If@CoshQ@vD ÈÈ SechQ@vD,
FunctionOfCoshQ@u,v@@1DD,xD,

If@TanhQ@vD ÈÈ CothQ@vD,
FunctionOfTanhQ@u,v@@1DD,xD,

FunctionOfExpnQ@u,v,xDDDDDDDDDDD
FunctionOfExpnQ@u_,v_,x_D :=

If@u===v,

True,

If@AtomQ@uD,
u=!=x,

If@CalculusQ@uD,
False,

Catch@Scan@Function@If@FunctionOfExpnQ@ð,v,xD,Null,Throw@FalseDDD,uD;TrueDDDD
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FunctionOfPowerQ@u_,bas_,deg_,x_D :=

If@AtomQ@uD,
u=!=x,

If@CalculusQ@uD,
False,

If@PowerQ@uD && ZeroQ@u@@1DD-basD && FreeQ@u@@2DD,xD,
If@RationalQ@degD,

If@RationalQ@u@@2DDD,
IntegerQ@u@@2DD�degD && Hdeg>0 ÈÈ u@@2DD<0L,

FalseD,
IntegerQ@Simplify@u@@2DD�degDDD,

Catch@Scan@Function@If@FunctionOfPowerQ@ð,bas,deg,xD,Null,Throw@FalseDDD,uD;TrueDDDD
H* If func@wD^m is a factor of u where m is odd and w is an integer multiple of v,

FindTrigFactor@func1,func2,u,v,TrueD returns the list 8w,u�func@wD^n<; else it returns False. *L
H* If func@wD^m is a factor of u where m is odd and w is an integer multiple of v not equal to v,

FindTrigFactor@func1,func2,u,v,FalseD returns the list 8w,u�func@wD^n<; else it returns False. *L
FindTrigFactor@func1_,func2_,u_,v_,flag_D :=

If@u===1,

False,

If@HHead@LeadBase@uDD===func1 ÈÈ Head@LeadBase@uDD===func2L &&

OddQ@LeadDegree@uDD &&

IntegerQuotientQ@LeadBase@uD@@1DD,vD &&

Hflag ÈÈ NonzeroQ@LeadBase@uD@@1DD-vDL,
8LeadBase@uD@@1DD, RemainingFactors@uD<,

Module@8lst=FindTrigFactor@func1,func2,RemainingFactors@uD,v,flagD<,
If@FalseQ@lstD,

False,

8lst@@1DD, LeadFactor@uD*lst@@2DD<DDDD
� Pure function of trig functions predicates

H* If u is a pure function of Sin@vD and�or Csc@vD, PureFunctionOfSinQ@u,v,xD returns True;

else it returns False. *L
PureFunctionOfSinQ@u_,v_,x_D :=

If@AtomQ@uD,
u=!=x,

If@CalculusQ@uD,
False,

If@TrigQ@uD && ZeroQ@u@@1DD-vD,
SinQ@uD ÈÈ CscQ@uD,

Catch@Scan@Function@If@Not@PureFunctionOfSinQ@ð,v,xDD,Throw@FalseDDD,uD;TrueDDDD
H* If u is a pure function of Cos@vD and�or Sec@vD, PureFunctionOfCosQ@u,v,xD returns True;

else it returns False. *L
PureFunctionOfCosQ@u_,v_,x_D :=

If@AtomQ@uD,
u=!=x,

If@CalculusQ@uD,
False,

If@TrigQ@uD && ZeroQ@u@@1DD-vD,
CosQ@uD ÈÈ SecQ@uD,

Catch@Scan@Function@If@Not@PureFunctionOfCosQ@ð,v,xDD,Throw@FalseDDD,uD;TrueDDDD
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H* If u is a pure function of Tan@vD and�or Cot@vD, PureFunctionOfTanQ@u,v,xD returns True;

else it returns False. *L
PureFunctionOfTanQ@u_,v_,x_D :=

If@AtomQ@uD,
u=!=x,

If@CalculusQ@uD,
False,

If@TrigQ@uD && ZeroQ@u@@1DD-vD,
TanQ@uD ÈÈ CotQ@uD,

Catch@Scan@Function@If@Not@PureFunctionOfTanQ@ð,v,xDD,Throw@FalseDDD,uD;TrueDDDD
H* If u is a pure function of Cot@vD, PureFunctionOfCotQ@u,v,xD returns True;

else it returns False. *L
PureFunctionOfCotQ@u_,v_,x_D :=

If@AtomQ@uD,
u=!=x,

If@CalculusQ@uD,
False,

If@TrigQ@uD && ZeroQ@u@@1DD-vD,
CotQ@uD,

Catch@Scan@Function@If@Not@PureFunctionOfCotQ@ð,v,xDD,Throw@FalseDDD,uD;TrueDDDD
� Function of trig functions predicates

H* If u is a function of Sin@vD, FunctionOfSinQ@u,v,xD returns True; else it returns False. *L
FunctionOfSinQ@u_,v_,x_D :=

If@AtomQ@uD,
u=!=x,

If@CalculusQ@uD,
False,

If@TrigQ@uD && IntegerQuotientQ@u@@1DD,vD,
If@OddQuotientQ@u@@1DD,vD,

H* Basis: If m odd, Sin@m*vD^n is a function of Sin@vD. *L
SinQ@uD ÈÈ CscQ@uD,

H* Basis: If m even, Cos@m*vD^n is a function of Sin@vD. *L
CosQ@uD ÈÈ SecQ@uDD,

If@IntegerPowerQ@uD && TrigQ@u@@1DDD && IntegerQuotientQ@u@@1,1DD,vD,
If@EvenQ@u@@2DDD,

H* Basis: If m integer and n even, Trig@m*vD^n is a function of Sin@vD. *L
True,

FunctionOfSinQ@u@@1DD,v,xDD,
If@ProductQ@uD,

If@CosQ@u@@1DDD && SinQ@u@@2DDD && ZeroQ@u@@1,1DD-v�2D && ZeroQ@u@@2,1DD-v�2D,
FunctionOfSinQ@Drop@u,2D,v,xD,

Module@8lst<,
lst=FindTrigFactor@Sin,Csc,u,v,FalseD;
If@NotFalseQ@lstD && EvenQuotientQ@lst@@1DD,vD,

H* Basis: If m even and n odd, Sin@m*vD^n == Cos@vD*u where u is a function of Sin@vD. *L
FunctionOfSinQ@Cos@vD*lst@@2DD,v,xD,

lst=FindTrigFactor@Cos,Sec,u,v,FalseD;
If@NotFalseQ@lstD && OddQuotientQ@lst@@1DD,vD,

H* Basis: If m odd and n odd, Cos@m*vD^n == Cos@vD*u where u is a function of Sin@vD. *L
FunctionOfSinQ@Cos@vD*lst@@2DD,v,xD,

lst=FindTrigFactor@Tan,Cot,u,v,TrueD;
If@NotFalseQ@lstD,

H* Basis: If m integer and n odd, Tan@m*vD^n == Cos@vD*u where u is a function of Sin@vD. *L
FunctionOfSinQ@Cos@vD*lst@@2DD,v,xD,

Catch@Scan@Function@If@Not@FunctionOfSinQ@ð,v,xDD,Throw@FalseDDD,uD;TrueDDDDDD,
Catch@Scan@Function@If@Not@FunctionOfSinQ@ð,v,xDD,Throw@FalseDDD,uD;TrueDDDDDD
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H* If u is a function of Cos@vD, FunctionOfCosQ@u,v,xD returns True; else it returns False. *L
FunctionOfCosQ@u_,v_,x_D :=

If@AtomQ@uD,
u=!=x,

If@CalculusQ@uD,
False,

If@TrigQ@uD && IntegerQuotientQ@u@@1DD,vD,
H* Basis: If m integer, Cos@m*vD^n is a function of Cos@vD. *L

CosQ@uD ÈÈ SecQ@uD,
If@IntegerPowerQ@uD && TrigQ@u@@1DDD && IntegerQuotientQ@u@@1,1DD,vD,

If@EvenQ@u@@2DDD,
H* Basis: If m integer and n even, Trig@m*vD^n is a function of Cos@vD. *L

True,

FunctionOfCosQ@u@@1DD,v,xDD,
If@ProductQ@uD,

Module@8lst<,
lst=FindTrigFactor@Sin,Csc,u,v,FalseD;
If@NotFalseQ@lstD,

H* Basis: If m integer and n odd, Sin@m*vD^n == Sin@vD*u where u is a function of Cos@vD. *L
FunctionOfCosQ@Sin@vD*lst@@2DD,v,xD,

lst=FindTrigFactor@Tan,Cot,u,v,TrueD;
If@NotFalseQ@lstD,

H* Basis: If m integer and n odd, Tan@m*vD^n == Sin@vD*u where u is a function of Cos@vD. *L
FunctionOfCosQ@Sin@vD*lst@@2DD,v,xD,

Catch@Scan@Function@If@Not@FunctionOfCosQ@ð,v,xDD,Throw@FalseDDD,uD;TrueDDDD,
Catch@Scan@Function@If@Not@FunctionOfCosQ@ð,v,xDD,Throw@FalseDDD,uD;TrueDDDDDD

H* If u is a function of the form f@Tan@vD,Cot@vDD where f is independent of x,

FunctionOfTanQ@u,v,xD returns True; else it returns False. *L
FunctionOfTanQ@u_,v_,x_D :=

If@AtomQ@uD,
u=!=x,

If@CalculusQ@uD,
False,

If@TrigQ@uD && IntegerQuotientQ@u@@1DD,vD,
TanQ@uD ÈÈ CotQ@uD ÈÈ EvenQuotientQ@u@@1DD,vD,

If@PowerQ@uD && EvenQ@u@@2DDD && TrigQ@u@@1DDD && IntegerQuotientQ@u@@1,1DD,vD,
True,

If@ProductQ@uD,
Module@8lst=ReapList@Scan@Function@If@Not@FunctionOfTanQ@ð,v,xDD,Sow@ðDDD,uDD<,
If@lst===8<,

True,

Length@lstD==2 && OddTrigPowerQ@lst@@1DD,v,xD && OddTrigPowerQ@lst@@2DD,v,xDDD,
Catch@Scan@Function@If@Not@FunctionOfTanQ@ð,v,xDD,Throw@FalseDDD,uD;TrueDDDDDD

OddTrigPowerQ@u_,v_,x_D :=

If@SinQ@uD ÈÈ CosQ@uD ÈÈ SecQ@uD ÈÈ CscQ@uD,
OddQuotientQ@u@@1DD,vD,

If@PowerQ@uD,
OddQ@u@@2DDD && OddTrigPowerQ@u@@1DD,v,xD,

If@ProductQ@uD,
Module@8lst=ReapList@Scan@Function@If@Not@FunctionOfTanQ@ð,v,xDD,Sow@ðDDD,uDD<,
If@lst===8<,

True,

Length@lstD==1 && OddTrigPowerQ@lst@@1DD,v,xDDD,
H*If@SumQ@uD,

Catch@Scan@Function@If@Not@OddTrigPowerQ@ð,v,xDD,Throw@FalseDDD,uD;TrueD, *L
FalseDDD
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H* u is a function of the form f@Tan@vD,Cot@vDD where f is independent of x.

FunctionOfTanWeight@u,v,xD returns a nonnegative number if u is best considered a function

of Tan@vD; else it returns a negative number. *L
FunctionOfTanWeight@u_,v_,x_D :=

If@AtomQ@uD,
0,

If@CalculusQ@uD,
0,

If@TrigQ@uD && IntegerQuotientQ@u@@1DD,vD,
If@TanQ@uD && ZeroQ@u@@1DD-vD,

1,

If@CotQ@uD && ZeroQ@u@@1DD-vD,
-1,

0DD,
If@PowerQ@uD && EvenQ@u@@2DDD && TrigQ@u@@1DDD && IntegerQuotientQ@u@@1,1DD,vD,

If@TanQ@u@@1DDD ÈÈ CosQ@u@@1DDD ÈÈ SecQ@u@@1DDD,
1,

-1D,
If@ProductQ@uD,

If@Catch@Scan@Function@If@Not@FunctionOfTanQ@ð,v,xDD,Throw@FalseDDD,uD;TrueD,
Apply@Plus,Map@Function@FunctionOfTanWeight@ð,v,xDD,Apply@List,uDDD,

0D,
Apply@Plus,Map@Function@FunctionOfTanWeight@ð,v,xDD,Apply@List,uDDDDDDDD

H* If u HxL is equivalent to an expression of the form f HSin@vD,Cos@vD,Tan@vD,Cot@vD,Sec@vD,Csc@vDL
where f is independent of x, FunctionOfTrigQ@u,v,xD returns True; else it returns False. *L

FunctionOfTrigQ@u_,v_,x_SymbolD :=

If@AtomQ@uD,
u=!=x,

If@CalculusQ@uD,
False,

If@TrigQ@uD && IntegerQuotientQ@u@@1DD,vD,
True,

Catch@
Scan@Function@If@Not@FunctionOfTrigQ@ð,v,xDD,Throw@FalseDDD,uD;
TrueDDDD

� Pure function of hyperbolic functions predicates

H* If u is a pure function of Sinh@vD and�or Csch@vD, PureFunctionOfSinhQ@u,v,xD returns True;

else it returns False. *L
PureFunctionOfSinhQ@u_,v_,x_D :=

If@AtomQ@uD,
u=!=x,

If@CalculusQ@uD,
False,

If@HyperbolicQ@uD && ZeroQ@u@@1DD-vD,
SinhQ@uD ÈÈ CschQ@uD,

Catch@Scan@Function@If@Not@PureFunctionOfSinhQ@ð,v,xDD,Throw@FalseDDD,uD;TrueDDDD
H* If u is a pure function of Cosh@vD and�or Sech@vD, PureFunctionOfCoshQ@u,v,xD returns True;

else it returns False. *L
PureFunctionOfCoshQ@u_,v_,x_D :=

If@AtomQ@uD,
u=!=x,

If@CalculusQ@uD,
False,

If@HyperbolicQ@uD && ZeroQ@u@@1DD-vD,
CoshQ@uD ÈÈ SechQ@uD,

Catch@Scan@Function@If@Not@PureFunctionOfCoshQ@ð,v,xDD,Throw@FalseDDD,uD;TrueDDDD
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H* If u is a pure function of Tanh@vD and�or Coth@vD, PureFunctionOfTanhQ@u,v,xD returns True;

else it returns False. *L
PureFunctionOfTanhQ@u_,v_,x_D :=

If@AtomQ@uD,
u=!=x,

If@CalculusQ@uD,
False,

If@HyperbolicQ@uD && ZeroQ@u@@1DD-vD,
TanhQ@uD ÈÈ CothQ@uD,

Catch@Scan@Function@If@Not@PureFunctionOfTanhQ@ð,v,xDD,Throw@FalseDDD,uD;TrueDDDD
H* If u is a pure function of Coth@vD, PureFunctionOfCothQ@u,v,xD returns True;

else it returns False. *L
PureFunctionOfCothQ@u_,v_,x_D :=

If@AtomQ@uD,
u=!=x,

If@CalculusQ@uD,
False,

If@HyperbolicQ@uD && ZeroQ@u@@1DD-vD,
CothQ@uD,

Catch@Scan@Function@If@Not@PureFunctionOfCothQ@ð,v,xDD,Throw@FalseDDD,uD;TrueDDDD
� Function of hyperbolic functions predicates

H* If u is a function of Sinh@vD, FunctionOfSinhQ@u,v,xD returns True; else it returns False. *L
FunctionOfSinhQ@u_,v_,x_D :=

If@AtomQ@uD,
u=!=x,

If@CalculusQ@uD,
False,

If@HyperbolicQ@uD && IntegerQuotientQ@u@@1DD,vD,
If@OddQuotientQ@u@@1DD,vD,

H* Basis: If m odd, Sinh@m*vD^n is a function of Sinh@vD. *L
SinhQ@uD ÈÈ CschQ@uD,

H* Basis: If m even, Cos@m*vD^n is a function of Sinh@vD. *L
CoshQ@uD ÈÈ SechQ@uDD,

If@IntegerPowerQ@uD && HyperbolicQ@u@@1DDD && IntegerQuotientQ@u@@1,1DD,vD,
If@EvenQ@u@@2DDD,

H* Basis: If m integer and n even, Hyper@m*vD^n is a function of Sinh@vD. *L
True,

FunctionOfSinhQ@u@@1DD,v,xDD,
If@ProductQ@uD,

If@CoshQ@u@@1DDD && SinhQ@u@@2DDD && ZeroQ@u@@1,1DD-v�2D && ZeroQ@u@@2,1DD-v�2D,
FunctionOfSinhQ@Drop@u,2D,v,xD,

Module@8lst<,
lst=FindTrigFactor@Sinh,Csch,u,v,FalseD;
If@NotFalseQ@lstD && EvenQuotientQ@lst@@1DD,vD,

H* Basis: If m even and n odd, Sinh@m*vD^n == Cosh@vD*u where u is a function of Sinh@vD. *L
FunctionOfSinhQ@Cosh@vD*lst@@2DD,v,xD,

lst=FindTrigFactor@Cosh,Sech,u,v,FalseD;
If@NotFalseQ@lstD && OddQuotientQ@lst@@1DD,vD,

H* Basis: If m odd and n odd, Cosh@m*vD^n == Cosh@vD*u where u is a function of Sinh@vD. *L
FunctionOfSinhQ@Cosh@vD*lst@@2DD,v,xD,

lst=FindTrigFactor@Tanh,Coth,u,v,TrueD;
If@NotFalseQ@lstD,

H* Basis: If m integer and n odd, Tanh@m*vD^n == Cosh@vD*u where u is a function of Sinh@vD. *L
FunctionOfSinhQ@Cosh@vD*lst@@2DD,v,xD,

Catch@Scan@Function@If@Not@FunctionOfSinhQ@ð,v,xDD,Throw@FalseDDD,uD;TrueDDDDDD,
Catch@Scan@Function@If@Not@FunctionOfSinhQ@ð,v,xDD,Throw@FalseDDD,uD;TrueDDDDDD
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H* If u is a function of Cosh@vD, FunctionOfCoshQ@u,v,xD returns True; else it returns False. *L
FunctionOfCoshQ@u_,v_,x_D :=

If@AtomQ@uD,
u=!=x,

If@CalculusQ@uD,
False,

If@HyperbolicQ@uD && IntegerQuotientQ@u@@1DD,vD,
H* Basis: If m integer, Cosh@m*vD^n is a function of Cosh@vD. *L

CoshQ@uD ÈÈ SechQ@uD,
If@IntegerPowerQ@uD && HyperbolicQ@u@@1DDD && IntegerQuotientQ@u@@1,1DD,vD,

If@EvenQ@u@@2DDD,
H* Basis: If m integer and n even, Hyper@m*vD^n is a function of Cosh@vD. *L

True,

FunctionOfCoshQ@u@@1DD,v,xDD,
If@ProductQ@uD,

Module@8lst<,
lst=FindTrigFactor@Sinh,Csch,u,v,FalseD;
If@NotFalseQ@lstD,

H* Basis: If m integer and n odd, Sinh@m*vD^n == Sinh@vD*u where u is a function of Cosh@vD. *L
FunctionOfCoshQ@Sinh@vD*lst@@2DD,v,xD,

lst=FindTrigFactor@Tanh,Coth,u,v,TrueD;
If@NotFalseQ@lstD,

H* Basis: If m integer and n odd, Tanh@m*vD^n == Sinh@vD*u where u is a function of Cosh@vD. *L
FunctionOfCoshQ@Sinh@vD*lst@@2DD,v,xD,

Catch@Scan@Function@If@Not@FunctionOfCoshQ@ð,v,xDD,Throw@FalseDDD,uD;TrueDDDD,
Catch@Scan@Function@If@Not@FunctionOfCoshQ@ð,v,xDD,Throw@FalseDDD,uD;TrueDDDDDD

H* If u is a function of the form f@Tanh@vD,Coth@vDD where f is independent of x,

FunctionOfTanhQ@u,v,xD returns True; else it returns False. *L
FunctionOfTanhQ@u_,v_,x_D :=

If@AtomQ@uD,
u=!=x,

If@CalculusQ@uD,
False,

If@HyperbolicQ@uD && IntegerQuotientQ@u@@1DD,vD,
TanhQ@uD ÈÈ CothQ@uD ÈÈ EvenQuotientQ@u@@1DD,vD,

If@PowerQ@uD && EvenQ@u@@2DDD && HyperbolicQ@u@@1DDD && IntegerQuotientQ@u@@1,1DD,vD,
True,

If@ProductQ@uD,
Module@8lst=ReapList@Scan@Function@If@Not@FunctionOfTanhQ@ð,v,xDD,Sow@ðDDD,uDD<,
If@lst===8<,

True,

Length@lstD==2 && OddHyperbolicPowerQ@lst@@1DD,v,xD && OddHyperbolicPowerQ@lst@@2DD,v,xDDD,
Catch@Scan@Function@If@Not@FunctionOfTanhQ@ð,v,xDD,Throw@FalseDDD,uD;TrueDDDDDD

OddHyperbolicPowerQ@u_,v_,x_D :=

If@SinhQ@uD ÈÈ CoshQ@uD ÈÈ SechQ@uD ÈÈ CschQ@uD,
OddQuotientQ@u@@1DD,vD,

If@PowerQ@uD,
OddQ@u@@2DDD && OddHyperbolicPowerQ@u@@1DD,v,xD,

If@ProductQ@uD,
Module@8lst=ReapList@Scan@Function@If@Not@FunctionOfTanhQ@ð,v,xDD,Sow@ðDDD,uDD<,
If@lst===8<,

True,

Length@lstD==1 && OddHyperbolicPowerQ@lst@@1DD,v,xDDD,
H*If@SumQ@uD,

Catch@Scan@Function@If@Not@OddHyperbolicPowerQ@ð,v,xDD,Throw@FalseDDD,uD;TrueD, *L
FalseDDD
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H* u is a function of the form f@Tanh@vD,Coth@vDD where f is independent of x.

FunctionOfTanhWeight@u,v,xD returns a nonnegative number if u is best considered a function

of Tanh@vD; else it returns a negative number. *L
FunctionOfTanhWeight@u_,v_,x_D :=

If@AtomQ@uD,
0,

If@CalculusQ@uD,
0,

If@HyperbolicQ@uD && IntegerQuotientQ@u@@1DD,vD,
If@TanhQ@uD && ZeroQ@u@@1DD-vD,

1,

If@CothQ@uD && ZeroQ@u@@1DD-vD,
-1,

0DD,
If@PowerQ@uD && EvenQ@u@@2DDD && HyperbolicQ@u@@1DDD && IntegerQuotientQ@u@@1,1DD,vD,

If@TanhQ@u@@1DDD ÈÈ CoshQ@u@@1DDD ÈÈ SechQ@u@@1DDD,
1,

-1D,
If@ProductQ@uD,

If@Catch@Scan@Function@If@Not@FunctionOfTanhQ@ð,v,xDD,Throw@FalseDDD,uD;TrueD,
Apply@Plus,Map@Function@FunctionOfTanhWeight@ð,v,xDD,Apply@List,uDDD,

0D,
Apply@Plus,Map@Function@FunctionOfTanhWeight@ð,v,xDD,Apply@List,uDDDDDDDD

H* If u HxL is equivalent to a function of the form f HSinh@vD,Cosh@vD,Tanh@vD,Coth@vD,Sech@vD,Csch@vD
where f is independent of x, FunctionOfHyperbolicQ@u,v,xD returns True; else it returns False. *L

FunctionOfHyperbolicQ@u_,v_,x_SymbolD :=

If@AtomQ@uD,
u=!=x,

If@CalculusQ@uD,
False,

If@HyperbolicQ@uD && IntegerQuotientQ@u@@1DD,vD,
True,

Catch@Scan@Function@If@FunctionOfHyperbolicQ@ð,v,xD,Null,Throw@FalseDDD,uD;TrueDDDD
H* If u�v is an integer, IntegerQuotientQ@u,vD returns True; else it returns False. *L
IntegerQuotientQ@u_,v_D :=

u===v ÈÈ ZeroQ@u-vD ÈÈ IntegerQ@u�vD
H* If u�v is odd, OddQuotientQ@u,vD returns True; else it returns False. *L
OddQuotientQ@u_,v_D :=

u===v ÈÈ ZeroQ@u-vD ÈÈ OddQ@u�vD
H* If u�v is even, EvenQuotientQ@u,vD returns True; else it returns False. *L
EvenQuotientQ@u_,v_D :=

EvenQ@u�vD

� Function of dense polynomials

H* If all occurrences of x in u HxL are in dense polynomials, FunctionOfDensePolynomialsQ @u,xD
returns True; else it returns False. *L

FunctionOfDensePolynomialsQ @u_,x_SymbolD :=

If@FreeQ@u,xD,
True,

If@PolynomialQ@u,xD,
Length@Exponent@u,x,ListDD>1,

Catch@
Scan@Function@If@FunctionOfDensePolynomialsQ @ð,xD,Null,Throw@FalseDDD,uD;
TrueDDD

� Function of logarithm
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�

Function of logarithm

H* If u HxL is equivalent to an expression of the form f HLog@a*x^nDL, FunctionOfLog@u,xD returns

the list 8f HxL,a*x^n,n<; else it returns False. *L
FunctionOfLog@u_,x_SymbolD :=

Module@8lst=FunctionOfLog@u,False,False,xD<,
If@FalseQ@lstD ÈÈ FalseQ@lst@@2DDD,

False,

lstDD
FunctionOfLog@u_,v_,n_,x_D :=

If@AtomQ@uD,
If@u===x,

False,

8u,v,n<D,
If@CalculusQ@uD,

False,

Module@8lst<,
If@LogQ@uD && NotFalseQ@lst=BinomialTest@u@@1DD,xDD && ZeroQ@lst@@1DDD,

If@FalseQ@vD ÈÈ u@@1DD===v,

8x,u@@1DD,lst@@3DD<,
FalseD,

lst=80,v,n<;
Catch@

8Map@Function@lst=FunctionOfLog@ð,lst@@2DD,lst@@3DD,xD;
If@lst===False,Throw@FalseD,lst@@1DDDD,

uD,lst@@2DD,lst@@3DD<DDDDD

� Power of variable

H* If m is an integer, u is an expression of the form f@Hc*xL^nD and g=GCD@m,nD>1,

PowerVariableExpn@u,m,xD returns the list 8x^Hm�gL*f@Hc*xL^Hn�gLD,g,c<; else it returns False. *L
PowerVariableExpn@u_,m_,x_SymbolD :=

If@IntegerQ@mD,
Module@8lst=PowerVariableDegree@u,m,1,xD<,
If@FalseQ@lstD,

False,

8x^Hm�lst@@1DDL*PowerVariableSubst@u,lst@@1DD,xD, lst@@1DD, lst@@2DD<DD,
FalseD

PowerVariableDegree@u_,m_,c_,x_SymbolD :=

If@FreeQ@u,xD,
8m, c<,

If@AtomQ@uD ÈÈ CalculusQ@uD,
False,

If@PowerQ@uD && FreeQ@u@@1DD�x,xD,
If@ZeroQ@mD ÈÈ m===u@@2DD && c===u@@1DD�x,

8u@@2DD, u@@1DD�x<,
If@IntegerQ@u@@2DDD && IntegerQ@mD && GCD@m,u@@2DDD>1 && c===u@@1DD�x,

8GCD@m,u@@2DDD, c<,
FalseDD,

Catch@Module@8lst=8m, c<<,
Scan@Function@lst=PowerVariableDegree@ð,lst@@1DD,lst@@2DD,xD;If@lst===False,Throw@FalseDDD,uD;
lstDDDDD
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PowerVariableSubst@u_,m_,x_SymbolD :=

If@FreeQ@u,xD ÈÈ AtomQ@uD ÈÈCalculusQ@uD,
u,

If@PowerQ@uD && FreeQ@u@@1DD�x,xD,
x^Hu@@2DD�mL,

Map@Function@PowerVariableSubst@ð,m,xDD,uDDD
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� Squareroot of quadratic expression

H*

Euler substitution ð2:

If u is an expression of the form f HSqrt@a+b*x+c*x^2D,xL, f Hx,xL is a rational function, and

PosQ@cD, FunctionOfSquareRootOfQuadratic @u,xD returns the 3-element list 8
f HHa*Sqrt@cD+b*x+Sqrt@cD*x^2L�Hb+2*Sqrt@cD*xL,H-a+x^2L�Hb+2*Sqrt@cD*xLL*

Ha*Sqrt@cD+b*x+Sqrt@cD*x^2L�Hb+2*Sqrt@cD*xL^2,
Sqrt@cD*x+Sqrt@a+b*x+c*x^2D, 2 <;

Euler substitution ð1:

If u is an expression of the form f HSqrt@a+b*x+c*x^2D,xL, f Hx,xL is a rational function, and

PosQ@aD, FunctionOfSquareRootOfQuadratic @u,xD returns the two element list 8
f HHc*Sqrt@aD-b*x+Sqrt@aD*x^2L�Hc-x^2L,H-b+2*Sqrt@aD*xL�Hc-x^2LL*

Hc*Sqrt@aD-b*x+Sqrt@aD*x^2L�Hc-x^2L^2,
H-Sqrt@aD+Sqrt@a+b*x+c*x^2DL�x, 1 <;

Euler substitution ð3:

If u is an expression of the form f HSqrt@a+b*x+c*x^2D,xL, f Hx,xL is a rational function, and

NegQ@aD and NegQ@cD, FunctionOfSquareRootOfQuadratic @u,xD returns the two element list 8
-Sqrt@b^2-4*a*cD*

f H-Sqrt@b^2-4*a*cD*x�Hc-x^2L,-Hb*c+c*Sqrt@b^2-4*a*cD+H-b+Sqrt@b^2-4*a*cDL*x^2L�H2*c*Hc-x^2LLL
x�Hc-x^2L^2,

2*c*Sqrt@a+b*x+c*x^2D�Hb-Sqrt@b^2-4*a*cD+2*c*xL, 3 <;
else it returns False. *L

FunctionOfSquareRootOfQuadratic @u_,x_SymbolD :=

IfAMatchQAu,x^m_.*Ia_+b_.*x^n_.M^p_ �; FreeQ@8a,b,m,n,p<,xDE,
False,

Module@8tmp=FunctionOfSquareRootOfQuadratic @u,False,xD<,
If@FalseQ@tmpD ÈÈ FalseQ@tmp@@1DDD,

False,

tmp=tmp@@1DD;
Module@8a=Coefficient@tmp,x,0D,b=Coefficient@tmp,x,1D,c=Coefficient@tmp,x,2D,sqrt,q,r<,
If@ZeroQ@aD && ZeroQ@bD ÈÈ ZeroQ@b^2-4*a*cD,

False,

If@PosQ@cD,
sqrt=Rt@c,2D;
q=a*sqrt+b*x+sqrt*x^2;

r=b+2*sqrt*x;

8Simplify@SquareRootOfQuadraticSubst @u,q�r,H-a+x^2L�r,xD*q�r^2D,
Simplify@sqrt*x+Sqrt@tmpDD,
2<,

If@PosQ@aD,
sqrt=Rt@a,2D;
q=c*sqrt-b*x+sqrt*x^2;

r=c-x^2;

8Simplify@SquareRootOfQuadraticSubst @u,q�r,H-b+2*sqrt*xL�r,xD*q�r^2D,
Simplify@H-sqrt+Sqrt@tmpDL�xD,
1<,

sqrt=Rt@b^2-4*a*c,2D;
r=c-x^2;

8Simplify@-sqrt*SquareRootOfQuadraticSubst @u,-sqrt*x�r,-Hb*c+c*sqrt+H-b+sqrtL*x^2L�H2*c*rL,xD*x�r^2D
FullSimplify@2*c*Sqrt@tmpD�Hb-sqrt+2*c*xLD,
3<DDDDDDE
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FunctionOfSquareRootOfQuadratic @u_,v_,x_SymbolD :=

If@AtomQ@uD ÈÈ FreeQ@u,xD,
8v<,

If@PowerQ@uD && FreeQ@u@@2DD,xD,
If@FractionQ@u@@2DDD && Denominator@u@@2DDD==2 && PolynomialQ@u@@1DD,xD && Exponent@u@@1DD,xD==2,

If@HFalseQ@vD ÈÈ u@@1DD===vL,
8u@@1DD<,

FalseD,
FunctionOfSquareRootOfQuadratic @u@@1DD,v,xDD,

If@ProductQ@uD ÈÈ SumQ@uD,
Catch@Module@8lst=8v<<,
Scan@Function@lst=FunctionOfSquareRootOfQuadratic @ð,lst@@1DD,xD;If@lst===False,Throw@FalseDDD,uD;
lstDD,

FalseDDD
H* SquareRootOfQuadraticSubst @u,vv,xx,xD returns u with fractional powers replaced by vv raised

to the power and x replaced by xx. *L
SquareRootOfQuadraticSubst @u_,vv_,xx_,x_SymbolD :=

If@AtomQ@uD ÈÈ FreeQ@u,xD,
If@u===x,

xx,

uD,
If@PowerQ@uD && FreeQ@u@@2DD,xD,

If@FractionQ@u@@2DDD && Denominator@u@@2DDD==2 && PolynomialQ@u@@1DD,xD && Exponent@u@@1DD,xD==2,

vv^Numerator@u@@2DDD,
SquareRootOfQuadraticSubst @u@@1DD,vv,xx,xD^u@@2DDD,

Map@Function@SquareRootOfQuadraticSubst @ð,vv,xx,xDD,uDDD

Substitution Functions

� Substitute for variable expression

RegularizeSubst@u_,x_,w_D :=

Module@8lst=ConstantFactor@Regularize@Subst@u,x,wD,xD,xD<,
lst@@1DD*lst@@2DDD

H* Subst@u,v,wD returns u with all nondummy occurences of v replaced by w *L
Subst@u_,v_,w_D :=

If@u===v,

w,

If@AtomQ@uD,
u,

If@PowerQ@uD,
If@PowerQ@vD && u@@1DD===v@@1DD && SumQ@u@@2DDD,

Subst@u@@1DD^First@u@@2DDD,v,wD*Subst@u@@1DD^Rest@u@@2DDD,v,wD,
Subst@u@@1DD,v,wD^Subst@u@@2DD,v,wDD,

If@SubstQ@uD && Hu@@2DD===v ÈÈ FreeQ@u@@1DD,vDL,
Subst@u@@1DD,u@@2DD,Subst@u@@3DD,v,wDD,

Map@Function@Subst@ð,v,wDD,uDDDDD �;
AtomQ@uD ÈÈ SubstQ@uD && Hu@@2DD===v ÈÈ FreeQ@u@@1DD,vDL ÈÈ

Not@CalculusQ@uD && Not@FreeQ@v,u@@2DDDD ÈÈ MemberQ@8Pattern,Defer,Hold,HoldForm<,Head@uDDD
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� Substitute for subexpressions

H* u is a function v. SubstFor@v,u,xD returns f HxL. *L
SubstFor@v_,u_,x_D :=

If@AtomQ@vD,
Subst@u,v,xD,

If@PowerQ@vD && FreeQ@v@@2DD,xD H* && NonzeroQ@v@@2DD+1D *L,
SubstForPower@u,v@@1DD,v@@2DD,xD,

If@SinQ@vD,
SubstForTrig@u,x,Sqrt@1-x^2D,v@@1DD,xD,

If@CosQ@vD,
SubstForTrig@u,Sqrt@1-x^2D,x,v@@1DD,xD,

If@TanQ@vD,
SubstForTrig@u,x�Sqrt@1+x^2D,1�Sqrt@1+x^2D,v@@1DD,xD,

If@CotQ@vD,
SubstForTrig@u,1�Sqrt@1+x^2D,x�Sqrt@1+x^2D,v@@1DD,xD,

If@SecQ@vD,
SubstForTrig@u,1�Sqrt@1-x^2D,1�x,v@@1DD,xD,

If@CscQ@vD,
SubstForTrig@u,1�x,1�Sqrt@1-x^2D,v@@1DD,xD,

If@SinhQ@vD,
SubstForHyperbolic@u,x,Sqrt@1+x^2D,v@@1DD,xD,

If@CoshQ@vD,
SubstForHyperbolic@u,Sqrt@-1+x^2D,x,v@@1DD,xD,

If@TanhQ@vD,
SubstForHyperbolic@u,x�Sqrt@1-x^2D,1�Sqrt@1-x^2D,v@@1DD,xD,

If@CothQ@vD,
SubstForHyperbolic@u,1�Sqrt@-1+x^2D,x�Sqrt@-1+x^2D,v@@1DD,xD,

If@SechQ@vD,
SubstForHyperbolic@u,1�Sqrt@-1+x^2D,1�x,v@@1DD,xD,

If@CschQ@vD,
SubstForHyperbolic@u,1�x,1�Sqrt@1+x^2D,v@@1DD,xD,

SubstForExpn@u,v,xDDDDDDDDDDDDDDD
SubstForExpn@u_,v_,x_D :=

If@u===v,

x,

If@AtomQ@uD,
u,

Map@Function@SubstForExpn@ð,v,xDD,uDDD
SubstForPower@u_,bas_,deg_,x_D :=

If@AtomQ@uD,
u,

If@PowerQ@uD && ZeroQ@u@@1DD-basD && FreeQ@u@@2DD,xD && IntegerQ@Simplify@u@@2DD�degDD
H* && Hu@@2DD�deg>0 ÈÈ FractionQ@degDL *L,

x^Hu@@2DD�degL,
Map@Function@SubstForPower@ð,bas,deg,xDD,uDDD
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H* u HvL is an expression of the form f HSin@vD,Cos@vD,Tan@vD,Cot@vD,Sec@vD,Csc@vDL. *L
H* SubstForTrig@u,sin,cos,v,xD returns the expression f Hsin,cos,sin�cos,cos�sin,1�cos,1�sinL. *L
SubstForTrig@u_,sin_,cos_,v_,x_D :=

If@AtomQ@uD,
u,

If@TrigQ@uD && IntegerQuotientQ@u@@1DD,vD,
If@u@@1DD===v ÈÈ ZeroQ@u@@1DD-vD,

If@SinQ@uD,
sin,

If@CosQ@uD,
cos,

If@TanQ@uD,
sin�cos,

If@CotQ@uD,
cos�sin,

If@SecQ@uD,
1�cos,

1�sinDDDDD,
Map@Function@SubstForTrig@ð,sin,cos,v,xDD,

ReplaceAll@TrigExpand@Head@uD@u@@1DD�v*xDD,x->vDDD,
If@ProductQ@uD && CosQ@u@@1DDD && SinQ@u@@2DDD && ZeroQ@u@@1,1DD-v�2D && ZeroQ@u@@2,1DD-v�2D,

sin�2*SubstForTrig@Drop@u,2D,sin,cos,v,xD,
Map@Function@SubstForTrig@ð,sin,cos,v,xDD,uDDDD

H* u HvL is an expression of the form f HSinh@vD,Cosh@vD,Tanh@vD,Coth@vD,Sech@vD,Csch@vDL. *L
H* SubstForHyperbolic@u,sinh,cosh,v,xD returns the expression

f Hsinh,cosh,sinh�cosh,cosh�sinh,1�cosh,1�sinhL. *L
SubstForHyperbolic@u_,sinh_,cosh_,v_,x_D :=

If@AtomQ@uD,
u,

If@HyperbolicQ@uD && IntegerQuotientQ@u@@1DD,vD,
If@u@@1DD===v ÈÈ ZeroQ@u@@1DD-vD,

If@SinhQ@uD,
sinh,

If@CoshQ@uD,
cosh,

If@TanhQ@uD,
sinh�cosh,

If@CothQ@uD,
cosh�sinh,

If@SechQ@uD,
1�cosh,

1�sinhDDDDD,
Map@Function@SubstForHyperbolic@ð,sinh,cosh,v,xDD,

ReplaceAll@TrigExpand@Head@uD@u@@1DD�v*xDD,x->vDDD,
If@ProductQ@uD && CoshQ@u@@1DDD && SinhQ@u@@2DDD && ZeroQ@u@@1,1DD-v�2D && ZeroQ@u@@2,1DD-v�2D,

sinh�2*SubstForHyperbolic@Drop@u,2D,sinh,cosh,v,xD,
Map@Function@SubstForHyperbolic@ð,sinh,cosh,v,xDD,uDDDD
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� Substitute for fractional power of a linear

H* If u has a subexpression of the form Ha+b*xL^Hm�nL where m and n>1 are integers,

SubstForFractionalPowerOfLinear @u,xD returns the list 8v,n,a+b*x,1�b< where v is u

with subexpressions of the form Ha+b*xL^Hm�nL replaced by x^m and x replaced

by -a�b+x^n�b, and all times x^Hn-1L; else it returns False. *L
SubstForFractionalPowerOfLinear @u_,x_SymbolD :=

Module@8lst=FractionalPowerOfLinear @u,1,False,xD,n,a,b,tmp<,
If@FalseQ@lstD ÈÈ FalseQ@lst@@2DDD,

False,

n=lst@@1DD;
a=Coefficient@lst@@2DD,x,0D;
b=Coefficient@lst@@2DD,x,1D;
tmp=x^Hn-1L*SubstForFractionalPower @u,lst@@2DD,n,-a�b+x^n�b,xD;
tmp=SplitFreeFactors@Regularize@tmp,xD,xD;
8tmp@@2DD,n,lst@@2DD,tmp@@1DD�b<DD

H* If u has a subexpression of the form Ha+b*xL^Hm�nL,
FractionalPowerOfLinear @u,1,False,xD returns 8n,a+b*x<; else it returns False. *L

FractionalPowerOfLinear @u_,n_,v_,x_D :=

If@AtomQ@uD ÈÈ FreeQ@u,xD,
8n,v<,

If@CalculusQ@uD,
False,

If@FractionalPowerQ@uD && LinearQ@u@@1DD,xD && HFalseQ@vD ÈÈ ZeroQ@u@@1DD-vDL,
8LCM@Denominator@u@@2DDD,nD,u@@1DD<,

Catch@Module@8lst=8n,v<<,
Scan@Function@If@FalseQ@lst=FractionalPowerOfLinear @ð,lst@@1DD,lst@@2DD,xDD,Throw@FalseDDD,uD;
lstDDDDD

� Substitute for fractional power of quotient of linears

H* If u has a subexpression of the form HHa+b*xL�Hc+d*xLL^Hm�nL where m and n>1 are integers,

RootOfQuotientOfLinears @u,xD returns the list 8v,n,Ha+b*xL�Hc+d*xL,b*c-a*d< where v is u

with subexpressions of the form HHa+b*xL�Hc+d*xLL^Hm�nL replaced by x^m and x replaced

by H-a+c*x^nL�Hb-d*x^nL, and all times x^Hn-1L�Hb-d*x^nL^2; else it returns False. *L
SubstForFractionalPowerOfQuotientOfLinears @u_,x_SymbolD :=

Module@8lst=FractionalPowerOfQuotientOfLinears @u,1,False,xD,n,a,b,c,d,tmp<,
If@FalseQ@lstD ÈÈ FalseQ@lst@@2DDD,

False,

n=lst@@1DD;
tmp=lst@@2DD;
lst=QuotientOfLinearsParts @tmp,xD;
a=lst@@1DD;
b=lst@@2DD;
c=lst@@3DD;
d=lst@@4DD;
If@ZeroQ@dD,

False,

lst=x^Hn-1L*SubstForFractionalPower @u,tmp,n,H-a+c*x^nL�Hb-d*x^nL,xD�Hb-d*x^nL^2;
lst=SplitFreeFactors@Regularize@lst,xD,xD;
8lst@@2DD,n,tmp,lst@@1DD*Hb*c-a*dL<DDD
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H* If the substitution x=v^H1�nL will not complicate algebraic subexpressions of u,

SubstForFractionalPowerQ @u,v,xD returns True; else it returns False. *L
SubstForFractionalPowerQ @u_,v_,x_SymbolD :=

If@AtomQ@uD ÈÈ FreeQ@u,xD,
True,

If@FractionalPowerQ@uD,
SubstForFractionalPowerAuxQ @u,v,xD,

Catch@Scan@Function@If@Not@SubstForFractionalPowerQ @ð,v,xDD,Throw@FalseDDD,uD;TrueDDD
SubstForFractionalPowerAuxQ @u_,v_,x_D :=

If@AtomQ@uD,
False,

If@FractionalPowerQ@uD && ZeroQ@u@@1DD-vD,
True,

Catch@Scan@Function@If@SubstForFractionalPowerAuxQ @ð,v,xD,Throw@TrueDDD,uD;FalseDDD
H* If u has a subexpression of the form HHa+b*xL�Hc+d*xLL^Hm�nL,

FractionalPowerOfQuotientOfLinears @u,1,False,xD returns 8n,Ha+b*xL�Hc+d*xL<; else it returns False

FractionalPowerOfQuotientOfLinears @u_,n_,v_,x_D :=

If@AtomQ@uD ÈÈ FreeQ@u,xD,
8n,v<,

If@CalculusQ@uD,
False,

If@FractionalPowerQ@uD && QuotientOfLinearsQ@u@@1DD,xD && HFalseQ@vD ÈÈ ZeroQ@u@@1DD-vDL,
8LCM@Denominator@u@@2DDD,nD,u@@1DD<,

Catch@Module@8lst=8n,v<<,
Scan@Function@If@FalseQ@lst=FractionalPowerOfQuotientOfLinears @ð,lst@@1DD,lst@@2DD,xDD,Throw@False
lstDDDDD

� Substitute for inverse function of a linear

H* If u has a subexpression of the form g@a+b*xD where g is the inverse of the function h

Hi.e. h@g@xDD == xL and f@x,g@a+b*xDD equals u, SubstForInverseFunctionOfLinear @u,xD returns

the list 8f@-a�b+h@xD�b,xD*h'@xD, g@a+b*xD, b< *L
SubstForInverseFunctionOfLinear @u_,x_SymbolD :=

Module@8tmp=InverseFunctionOfLinear @u,xD,h,a,b<,
If@FalseQ@tmpD,

False,

h=InverseFunction@Head@tmpDD;
a=Coefficient@tmp@@1DD,x,0D;
b=Coefficient@tmp@@1DD,x,1D;
8SubstForInverseFunction @u,tmp,-a�b+h@xD�b,xD*D@h@xD,xD, tmp, b<DD

H* If u has a subexpression of the form g@a+b*xD where g is an inverse function,

InverseFunctionOfLinear @u,xD returns g@a+b*xD; else it returns False. *L
InverseFunctionOfLinear @u_,x_SymbolD :=

If@AtomQ@uD ÈÈ CalculusQ@uD ÈÈ FreeQ@u,xD,
False,

If@InverseFunctionQ@uD && LinearQ@u@@1DD,xD,
u,

Module@8tmp<,
Catch@

Scan@Function@If@NotFalseQ@tmp=InverseFunctionOfLinear @ð,xDD,Throw@tmpDDD,uD;
FalseDDDD
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� Substitute for inverse function of quotient of linears

H* If u has a subexpression of the form g@Ha+b*xL�Hc+d*xLD where g is the inverse of function h

and f@x,g@Ha+b*xL�Hc+d*xLDD equals u, SubstForInverseFunctionOfQuotientOfLinears @u,xD returns

the list 8f@H-a+c*h@xDL�Hb-d*h@xDL,xD*h'@xD�Hb-d*h@xDL^2, g@Ha+b*xL�Hc+d*xLD, b*c-a*d< *L
SubstForInverseFunctionOfQuotientOfLinears @u_,x_SymbolD :=

Module@8tmp=InverseFunctionOfQuotientOfLinears @u,xD,h,a,b,c,d,lst<,
If@FalseQ@tmpD,

False,

h=InverseFunction@Head@tmpDD;
lst=QuotientOfLinearsParts @tmp@@1DD,xD;
a=lst@@1DD;
b=lst@@2DD;
c=lst@@3DD;
d=lst@@4DD;
8SubstForInverseFunction @u,tmp,H-a+c*h@xDL�Hb-d*h@xDL,xD*D@h@xD,xD�Hb-d*h@xDL^2, tmp, b*c-a*d<DD

H* If u has a subexpression of the form g@Ha+b*xL�Hc+d*xLD where g is an inverse function,

InverseFunctionOfQuotientOfLinears @u,xD returns g@Ha+b*xL�Hc+d*xLD; else it returns False. *L
InverseFunctionOfQuotientOfLinears @u_,x_SymbolD :=

If@AtomQ@uD ÈÈ CalculusQ@uD ÈÈ FreeQ@u,xD,
False,

If@InverseFunctionQ@uD && QuotientOfLinearsQ@u@@1DD,xD,
u,

Module@8tmp<,
Catch@

Scan@Function@If@NotFalseQ@tmp=InverseFunctionOfQuotientOfLinears @ð,xDD,Throw@tmpDDD,uD;
FalseDDDD

� Substitution for inverse functions

H* SubstForFractionalPower @u,v,n,w,xD returns u with subexpressions equal to v^Hm�nL replaced

by x^m and x replaced by w. *L
SubstForFractionalPower @u_,v_,n_,w_,x_SymbolD :=

If@AtomQ@uD,
If@u===x,

w,

uD,
If@FractionalPowerQ@uD && ZeroQ@u@@1DD-vD,

x^Hn*u@@2DDL,
Map@Function@SubstForFractionalPower @ð,v,n,w,xDD,uDDD

H* SubstForInverseFunction @u,v,w,xD returns u with subexpressions equal to v replaced by x

and x replaced by w. *L
SubstForInverseFunction @u_,v_,x_SymbolD :=

H* Module@8a=Coefficient@v@@1DD,0D,b=Coefficient@v@@1DD,1D<,
SubstForInverseFunction @u,v,-a�b+InverseFunction@Head@vDD�b,xDD *L
SubstForInverseFunction @u,v,

H-Coefficient@v@@1DD,x,0D+InverseFunction@Head@vDD@xDL�Coefficient@v@@1DD,x,1D,xD
SubstForInverseFunction @u_,v_,w_,x_SymbolD :=

If@AtomQ@uD,
If@u===x,

w,

uD,
If@Head@uD===Head@vD && ZeroQ@u@@1DD-v@@1DDD,

x,

Map@Function@SubstForInverseFunction @ð,v,w,xDD,uDDD

� Substitute for function of an inverse linear binomial
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�

Substitute for function of an inverse linear binomial

H* If u is a function of an inverse linear binomial of the form f@1�Ha+b*xLD,
SubstForInverseLinear@u,xD returns the list 8f@xD,a+b*x,b<; else it returns False. *L

SubstForInverseLinear@u_,x_SymbolD :=

Module@8lst=FunctionOfInverseLinear @u,xD,a,b<,
If@FalseQ@lstD,

False,

a=lst@@1DD;
b=lst@@2DD;
8RegularizeSubst@u,x,-a�b+1�Hb*xLD,a+b*x,b<DD

� Substitute for trig function of a linear binomial

H* u is a function of trig functions of a linear function of x. *L
H* SubstInertSineForTrigOfLinear @uD returns u with the trig functions replaced with the inert sin function

SubstInertSineForTrigOfLinear @u_,x_D :=

If@AtomQ@uD,
u,

If@TrigQ@uD && LinearQ@u@@1DD,xD,
If@SinQ@uD,

sin@u@@1DDD,
If@CosQ@uD,

sin@u@@1DD+Pi�2D,
If@TanQ@uD,

sin@u@@1DDD�sin@u@@1DD+Pi�2D,
If@CotQ@uD,

sin@u@@1DD+Pi�2D�sin@u@@1DDD,
If@SecQ@uD,

sin@u@@1DD+Pi�2D^H-1L,
sin@u@@1DDD^H-1LDDDDD,

Map@Function@SubstInertSineForTrigOfLinear @ð,xDD,uDDD

� Try tangent substitution predicates

TryTanSubst@u_,x_SymbolD :=

FalseQ@FunctionOfLinear@u,xDD &&

NotAMatchQAu,r_.*Is_+t_M^n_. �; IntegerQ@nD && n>0EE &&

H*Not@MatchQ@u,Log@f_@xD^2D �; SinCosQ@fDDD && *L
Not@MatchQ@u,Log@v_DDD &&

NotAMatchQAu,1�Ia_+b_.*f_@xD^n_M �; SinCosQ@fD && IntegerQ@nD && n>2EE &&

Not@MatchQ@u,f_@m_.*xD*g_@n_.*xD �; IntegersQ@m,nD && SinCosQ@fD && SinCosQ@gDDD &&

NotAMatchQAu,r_.*Ia_.*s_^m_M^p_ �; FreeQ@8a,m,p<,xD && Not@m===2 && Hs===Sec@xD ÈÈ s===Csc@xDLDEE &&

u===ExpnExpand@u,xD
TryPureTanSubst@u_,x_SymbolD :=

Not@MatchQ@u,Log@v_DDD &&

Not@MatchQ@u,f_@v_D^2 �; LinearQ@v,xDDD &&

Not@MatchQ@u,ArcTan@a_.*Tan@v_DD �; FreeQ@a,xDDD &&

Not@MatchQ@u,ArcTan@a_.*Cot@v_DD �; FreeQ@a,xDDD &&

Not@MatchQ@u,ArcCot@a_.*Tan@v_DD �; FreeQ@a,xDDD &&

Not@MatchQ@u,ArcCot@a_.*Cot@v_DD �; FreeQ@a,xDDD &&

u===ExpnExpand@u,xD
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� Try hyperbolic tangent substitution predicates

TryTanhSubst@u_,x_SymbolD :=

FalseQ@FunctionOfLinear@u,xDD &&

NotAMatchQAu,r_.*Is_+t_M^n_. �; IntegerQ@nD && n>0EE &&

H*Not@MatchQ@u,Log@f_@xD^2D �; SinhCoshQ@fDDD && *L
Not@MatchQ@u,Log@v_DDD &&

NotAMatchQAu,1�Ia_+b_.*f_@xD^n_M �; SinhCoshQ@fD && IntegerQ@nD && n>2EE &&

Not@MatchQ@u,f_@m_.*xD*g_@n_.*xD �; IntegersQ@m,nD && SinhCoshQ@fD && SinhCoshQ@gDDD &&

NotAMatchQAu,r_.*Ia_.*s_^m_M^p_ �; FreeQ@8a,m,p<,xD && Not@m===2 && Hs===Sech@xD ÈÈ s===Csch@xDLDEE
u===ExpnExpand@u,xD

TryPureTanhSubst@u_,x_SymbolD :=

Not@MatchQ@u,Log@v_DDD &&

Not@MatchQ@u,ArcTanh@a_.*Tanh@v_DD �; FreeQ@a,xDDD &&

Not@MatchQ@u,ArcTanh@a_.*Coth@v_DD �; FreeQ@a,xDDD &&

Not@MatchQ@u,ArcCoth@a_.*Tanh@v_DD �; FreeQ@a,xDDD &&

Not@MatchQ@u,ArcCoth@a_.*Coth@v_DD �; FreeQ@a,xDDD &&

u===ExpnExpand@u,xD

Derivative Divides Function

H* If u is easy to differentiate wrt x and the derivative divides v wrt x, returns the quotient;

else it returns False. *L
DerivativeDivides@u_,v_,x_SymbolD :=

If@If@PolynomialQ@u,xD, PolynomialQ@v,xD && Exponent@v,xD==Exponent@u,xD-1, EasyDQ@u,xDD,
Module@8w=Block@8ShowSteps=False<, D@u,xDD<,
If@ZeroQ@wD,

False,

w=Simplify@v�wD;
If@FreeQ@w,xD,

w,

FalseDDD,
FalseD
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H* If u is easy to differentiate wrt x, returns True; else it returns False. *L
EasyDQ@u_,x_SymbolD :=

If@AtomQ@uD ÈÈ FreeQ@u,xD ÈÈ Length@uD==0,

True,

If@CalculusQ@uD,
False,

If@Length@uD==1,

EasyDQ@u@@1DD,xD,
If@RationalFunctionQ@u,xD && RationalFunctionExponents @u,xD===81,1<,

True,

If@ProductQ@uD,
If@FreeQ@First@uD,xD,

EasyDQ@Rest@uD,xD,
If@FreeQ@Rest@uD,xD,

EasyDQ@First@uD,xD,
FalseDD,

If@SumQ@uD,
EasyDQ@First@uD,xD && EasyDQ@Rest@uD,xD,

If@Length@uD==2,

If@FreeQ@u@@1DD,xD,
EasyDQ@u@@2DD,xD,

If@FreeQ@u@@2DD,xD,
EasyDQ@u@@1DD,xD,

FalseDD,
FalseDDDDDDD

Nth Root Function

DownValues@RtD=8<;
Rt@u_^m_,n_IntegerD :=

1�Rt@u^-m,nD �;
RationalQ@mD && m<0

Rt@v_.*u_^w_,n_IntegerD :=

Module@8m=Numerator@NumericFactor@wDD<,
Rt@v,nD*Rt@u^Hw�mL,n�GCD@m,nDD^Hm�GCD@m,nDL �;

m>1D �;
Not@NegativeOrZeroQ@vDD
H* Rt@u_*v_^m_,n_IntegerD :=

Rt@-u,nD�Rt@-v^-m,nD �;
RationalQ@mD && m<0 && NegativeQ@uD *L
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Rt@u_,n_IntegerD :=

Map@Function@Rt@ð,nDD,uD �;
ProductQ@uD && OddQ@nD
Rt@u_,n_IntegerD :=

Catch@
Do@If@PositiveQ@u@@iDDD,

Throw@Rt@u@@iDD,nD*Rt@Delete@u,iD,nDDD,
8i,1,Length@uD<D;

Do@If@NegativeQ@u@@iDDD && NonzeroQ@u@@iDD+1D,
Throw@Rt@-u@@iDD,nD*Rt@-Delete@u,iD,nDDD,

8i,1,Length@uD<D;
If@u@@1DD===-1,

Do@If@SumQ@u@@iDDD && HNegQ@u@@i,1DDD ÈÈ NegQ@u@@i,2DDDL,
Throw@Rt@Dist@-1,u@@iDDD,nD*Rt@-Delete@u,iD,nDDD,

8i,2,Length@uD<D;
Do@If@AtomQ@u@@iDDD,

Throw@Rt@-u@@iDD,nD*Rt@-Delete@u,iD,nDDD,
8i,2,Length@uD<D;

Rt@-u@@2DD,nD*Rt@Drop@u,2D,nD,
Do@If@Not@FreeQ@Delete@u,iD,Rt@-u@@iDD,nDDD,

Throw@Rt@-u@@iDD,nD*Rt@-Delete@u,iD,nDDD,
8i,1,Length@uD<D;

Map@Function@Rt@ð,nDD,uDDD �;
ProductQ@uD && EvenQ@nD && Not@u@@1DD===-1 && Length@uD==2D
H* Note: These simplification rules required because not always done by Simplify! See Warts.m

for examples of the problem. *L
H* Basis: 1-Sin@zD^2 == Cos@zD^2 *L
RtAu_.*Ia_+b_.*Sin@v_D^2M^m_.,n_IntegerE :=

Rt@u*Ha*Cos@vD^2L^m,nD �;
ZeroQ@a+bD
H* Basis: 1-Cos@zD^2 == Sin@zD^2 *L
RtAu_.*Ia_+b_.*Cos@v_D^2M^m_.,n_IntegerE :=

Rt@u*Ha*Sin@vD^2L^m,nD �;
ZeroQ@a+bD
H* Basis: 1+Sinh@zD^2 == Cosh@zD^2 *L
RtAu_.*Ia_+b_.*Sinh@v_D^2M^m_.,n_IntegerE :=

Rt@u*Ha*Cosh@vD^2L^m,nD �;
ZeroQ@a-bD
H* Basis: 1-Cosh@zD^2 == -Sinh@zD^2 *L
RtAu_.*Ia_+b_.*Cosh@v_D^2M^m_.,n_IntegerE :=

Rt@u*Hb*Sinh@vD^2L^m,nD �;
ZeroQ@a+bD
Rt@u_,n_D :=

-Rt@-u,nD �;
OddQ@nD && NegativeQ@uD
Rt@u_,n_IntegerD :=

Module@8v=Simplify@uD<,
If@LeafCount@Together@vDD<LeafCount@vD, v=Together@vDD;
If@v=!=u,

Rt@v,nD,
u^H1�nLDD
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H* Rt@u_,n_IntegerD :=

If@AtomQ@uD,
u^H1�nL,

If@PowerQ@uD,
If@RationalQ@u@@2DDD,

If@u@@2DD<0,

1�Rt@u@@1DD^-u@@2DD,nD,
If@Numerator@u@@2DDD>1,

Module@8gcd=GCD@Numerator@u@@2DDD,nD<,
Rt@u@@1DD^H1�Denominator@u@@2DDDL,n�gcdD^HNumerator@u@@2DDD�gcdLD,

u^H1�nLDD,
u^H1�nLD,

If@ProductQ@uD,
If@OddQ@nD,

Map@Function@Rt@ð,nDD,uD,
If@NegativeQ@First@uDD,

If@First@uD===-1,

If@PowerQ@Rest@uDD && OddQ@Rest@uD@@2DDD,
If@Rest@uD@@2DD<0,

1�Rt@H-Rest@uD@@1DDL^-Rest@uD@@2DD,nD,
Module@8gcd=GCD@Rest@uD@@2DD,nD<,
Rt@Rest@uD@@1DD,n�gcdD^HRest@uD@@2DD�gcdLDD,

u^H1�nLD,
Rt@-First@uD,nD*Rt@-Rest@uD,nDD,

u^H1�nLDD, *L

IntegrateMonomialSum

H* u is a monomial sum in x. IntegrateMonomialSum@u,xD returns the antiderivative of u wrt x

with the antiderivative of the constants terms of u collected into a single term times x. *L
IntegrateMonomialSum@u_,x_SymbolD :=

Module@8lst=Map@Function@If@FreeQ@ð,xD,8ð,0<,80,ð*x*If@Exponent@ð,xD===-1,Log@xD,1�HExponent@ð,xD+1L
lst@@1DD*x + lst@@2DDD

Integration Utility Functions


