Integration Rules for Trig Normalization

Integration Rules for
f(sinj(z))m (A (sink(z))IO +B (sink(z))IO+1 +C (sink(z))p+2) dz when
2=1/\K*=1
j(si nic+dx1 )™ (A (sinfc+dx]¥)P+B (sinfc+dx]¥)"*") ax

m Derivation: Algebraic normalization

m Ruelf j2=k2=1 A (j =k Vpez) Ap#1 A p#-2then
j(sin[c+dx]j)m(A (sin[c+dx]k)p+B(sin[c+dx]k)p+l)dlx —

J~(sin[c+dx]j)rmj kP (A+Bsin[c+dx]*) dx

= Program code:

Int [(sin[c_ +d_. #x_17"j _. )"m_. #(A_. #(sin[c_. +d_. #x_]"k_. )"p_+B_. »(sin[c_. +d_. »x_]"k_. )*q_), x_Symbol ]
Int [(sin[c+d*Xx]"j )" (M) *kxp) * (A+Bxsi n[c+dxx] k), xX] /;

FreeQ[{c,d, A, B,m p}, x] & & ZeroQ[j *2-1] && ZeroQ[k"2-1] && ZeroQ[p+1l-q] &&
(ZeroQ[j -k1 || IntegerQ[p]) && p#-2

m Derivation: Algebraic normalization

m Rulelf k=1 A mez A p ¢ z then
j(si n[c+dx]"‘)m (A (si n[c+dx]k)p+B (sinfc +dx]k)p+l) dx —

j(si n[c+dx]")p_m (A+Bsin[c+dx]¥) dx

= Program code:

Int [(sin[c_ +d_. »x_17j _. )"m_. #(A_. #(sin[c_. +d_. #x_]"k_. )"p_+B_. = (sin[c_. +d_. »x_]"k_. )*q_), x_Symbol ]
Int [(sin[c+d*x] k)" (p-m) » (A+Bxsi n[c+d*x]"k), X] /;

FreeQ[{c,d, A, B,mp}, x] & & ZeroQ[k"2-1] && ZeroQ[j +k] && ZeroQ[p+1l-gq] && | ntegerQ[m] &&
Not [l nt eger Q[p]]



Integration Rules for Trig Normalization

= Derivation: Piecewise constant extraction and algebraic normalization

= Bass 9, (VSec[z] v/ Cos [z] ) =0
= Rule If k2=1/\m—§e2/\p¢z,then

j(si nic+dx]17)" (A (sinfc+dx1¥)"+B (sin[c +dx]k)p+l) ax —

A/Csc[c+dx] VSin[c+dx] Ji(sin[c+dx]'<)p'm (A+Bsin[c+dx]¥) dx

= Program code:

Int [(sin[c_ +d_. x_17"j _. )"m_. #(A_. #(sin[c_. +d_. #x_]"k_. )"p_+B_. = (sin[c_. +d_. »x_]"k_. )*q_), x_Symbol ]
Di st [Sqrt [Csc[c+d*x]]*Sqrt [Sin[c+dxx]],
Int [(sin[c+dxx]"Kk)" (p-m) * (A+Bxsi n[c+d*x]1"k), x]]1 /;
FreeQ[{c,d, A, B, mp}, x] & ZeroQ[k"2-1] && ZeroQ[j +k] && ZeroQ[p+1-q] && | ntegerQ[m-1/2] &&
Not [I nt eger Q[p]]

= Derivation: Piecewiseconstant extraction and algebraic normalization

= Bass 8, (\/Sec[z] v/ Cos [z] ) =0
= Rule If k2=1/\p-%ez/\2mez,then

j(si n[c+dx]'k)m (A (si n[c+dx]k)p+B (sinfc +dx]k)p+l) dx —s

AV Csclc+dx] VSin[c+dx] j(si n[c+dx]‘k)m) (A+Bsin[c+dx]¥) dx

= Program code:

Int [(sinfc_. +d_. #x_17j _. ) m.. »(A_. =(sin[c_. +d_. #x_1"k_. )"p_+B_. #(sin[c_. +d_. »x_1"k_. )~q_), x_Synbol ]
Di st [Sqrt [Csc[c+dxx]]*Sqrt [Sin[c+dxx]],
Int [(sin[c+dxXx]"] )™ (M-p)* (A+Bxsi n[c+dxx]1"k), x]1]1 /;
FreeQ[{c,d, A, B,mp}, Xx] && ZeroQ[k"2-1] && ZeroQ[j +k] && ZeroQ[p+1-q] && |ntegerQ[p-1/2] &&
Not [I nt eger Q[2*m] ]



Integration Rules for Trig Normalization
J(si nfc+dx1 )" (A (sinfc+dx1¥)?+C(sin[c +dx]k)p+2) dx

= Derivation: Algebraic normalization

u Rule:lfj2=k2=1/\ (j =k V p e z),then
J(sin[c+dx]j)m(A (sin[c+dx]k)p+C(sin[c+dx]k)p+2)dlx —

J‘(sin[c+dx]j)m+j kP (A+Csin[c+dx]%¥) ax

= Program code:

Int [(sinfc_. +d_. #x_]7j _. )"m_. »(A_. #(sin[c_. +d_. »x_1"k_. )"p_. +C_. »(sin[c_. +d_. xx_]"k_. )~r_), x_Symbol ]
Int [(sin[c+d*xx]"] )™ (M) xk*p) * (A+Cxsi n[Cc+d*xX]1" (2xK)), X1 /;

FreeQ[{c,d, A, C, mp}, X] && ZeroQ[j *2-1] && ZeroQ[k"2-1] && ZeroQ[p+2-r] &&
(ZeroQI[j -k1 || IntegerQ[pl)

= Derivation: Algebraic normalization

m Rulelf k=1 A mez A p ¢ Zthen
j(si n[c+dx]"<)m (A (si n[c+dx]k)p+C(si n[c +dx]k)p+2) dx —

j(si n[<:+dx]")p-m (A+Csinfc +dx]2k) dx

= Program code:

Int [(sinfc_. +d_. #x_]7j _. )"m.. »(A_. = (sin[c_. +d_. »x_1"k_. )"p_+C_. = (sin[c_. +d_. »x_1"k_. )"r _), x_Synbol ]
Int [(sin[c+dxx]"K)" (p-m) * (A+CxSi n[c+d*Xx]1" (2xK)), X] /;

FreeQ[{c,d, A, C, m p}, X] & ZeroQ[k"2-1] && ZeroQ[j +k] && ZeroQ[p+2-r] && IntegerQ[m &&
Not [l nt eger Q[p]]



Integration Rules for Trig Normalization

= Derivation: Piecewise constant extraction and algebraic normalization

= Bass 9, (VSec[z] v/ Cos [z] ) =0
= Rule If k2=1/\m—§e2/\p¢z,then

j(si nic+dx]17)" (A (sinfc+dx1¥)?+C (sin[c +dx]k)p+2) ax —

A Csc[c+dx] VSin[c+dx] I(si n[(:+dx]")p_rn (A+Csin[c+dx]?¥) dx

= Program code:

Int [(sin[c_ +d_. »x_17"j _. )"m_. #(A_. #(sin[c_. +d_. #x_]"k_. )"p_+C_. »(sin[c_. +d_. »x_]"k_. )*r_), x_Symbol ]
Di st [Sqrt [Csc[c+d*x]]*Sqrt [Sin[c+dxx]],
Int [(sin[c+dxx]"k)™ (p-m) * (A+Cxsi n[c+dxXx]" (2xk)), Xx]1]1 /;
FreeQ[{c,d, A, C, mp}, x] & ZeroQ[k"2-1] && ZeroQ[j +k] && ZeroQ[p+2-r] && |IntegerQ[m-1/2] &&
Not [I nt eger Q[p]]

= Derivation: Piecewiseconstant extraction and algebraic normalization

= Bass 8, (\/Sec[z] v/ Cos [z] ) =0
= Rule If k2=1/\p-%ez/\2mez,then

j(si n[c+dx]'k)m (A (si n[c+dx]k)p+C(si n[c +dx]k)p+2) dx —s

A/Csc[c+dx] VSin[c+dx] f(sin[c+dx]‘k)mp (A+Csin[c+dx]%¥) ax

= Program code:

Int [(sin[c_. +d_. #x_17j _. ) m.. »(A_. =(sin[c_. +d_. #x_1"k_. )"p_+C_. #(sin[c_. +d_. »x_1"k_. )"r _), x_Synbol ]
Di st [Sqrt [Csc[c+dxx]]*Sqrt [Sin[c+dxx]],
Int [(sin[c+dxXx]"] )™ (M-p) * (A+Cxsi n[c+dxXx]1" (2xK)), x]1]1 /;
FreeQ[{c,d, A, C, mp}, Xx] && ZeroQ[k"2-1] && ZeroQ[j +k] && ZeroQ[p+2-r] && | ntegerQ[p-1/2] &&
Not [I nt eger Q[2*m] ]



Integration Rules for Trig Normalization
J(si nic +d x7]! )m(A+ Bsin[c+dx]+Csin[c+dx]™) dx

= Derivation: Algebraic normalization

= RuleIf j2 =1,then
J(si nc+dx] )" (A+Bsin[c+dx] +Csin[c+dx]™) dx —

J(sin[c+dx]i)mj (C+Asin[c+dx] +Bsin[c+dx]?) dx

= Program code:

Int [(sinfc_. +d_. #x_]7j _. )"m.. »(A_. +B_. »sin[c_. +d_. #x_]+C_. #sin[c_. +d_. xx_]"(-1) ), x_Symbol | : =
Int [(sin[c+d*x]"] )™ (M-] ) * (C+AxSi n[C+dxX]+Bxsi n[c+d*x]"2), x] /;
FreeQ[{c, d, A, B,C, m}, x] && ZeroQ[j"2-1]



Integration Rules for Trig Normalization

J(si nfc+dx) )"

(A (sinfc+dxI¥)P+B (sin[c+dx]¥)P** +C (sin[c+dx1¥)""?) ax

= Derivation: Algebraic normalization
m Rulelf j2=k?=1 A (j =k V p € z),then
j(si nic +dx]’ )m (A (sinfc +dx]k)p+B (sinfc +dx]k)p+1+C (si n[c+dx]k)p+2) dx —

j(si n[c+dx]j)m kP (A+Bsin[c+dx]*+Csin[c+dx]%¥) dx

= Program code:

Int [(sin[c_ +d_. *x_]"j _. )"m.. *
(A *(sinfc_. +d_. #x_]"k_. )" p_. +B_. #(sin[c_. +d_. #x_1"k_. )"g_+C_. #(sin[c_. +d_. »x_]"k_. )"r _), x_Synb
Int [(sin[c+dxx]"] )™ (M) xk*p) * (A+BxSi n[C+dxx ] k+Cxsi n[c+d*x]" (2xk)), x] /;
FreeQ[{c,d, A,B,C, mp}, x] && ZeroQ[j"2-1] && ZeroQ[k"2-1] && ZeroQ[p+1l-q] && ZeroQ[p+2-r] &&
(ZeroQI[j -k1 || IntegerQ[p])

= Derivation: Algebraic normalization

m Rulelf k2=1 A mez A p ¢ Zthen
j(si n[c+dx]"‘)m (A (si n[c+dx]k)p+B (si n[c+dx]k)p+l+C(si n[c+dx]k)p+2) dx —

J-(si nic+dx1¥)"™ (A+Bsin[c+dx]“+Csinfc+dx]2¥) ax

= Program code:

Int [(sin[c_ +d_. #x_17%j _. )"m.. *
(A *(sinfc_. +d_. #x_]"k_. ) p_+B_. »(sin[c_. +d_. «x_]"k_. )"q_+C_. »(sin[c_. +d_. »x_]1"k_. )~r_), x_Synbo
Int [(sin[c+dxx]"k)™ (p-m) * (A+Bxsi n[Cc+dxX ] "k+CxsSi n[c+d*x]" (2xk)), x] /;
FreeQ[{c,d, A,B,C, mp}, x] && ZeroQ[k"2-1] && ZeroQI[j +k] && ZeroQ[p+1-q] && ZeroQ[p+2-r] &&
I nteger Q[m] && Not [I nt eger Q[p]1]



Integration Rules for Trig Normalization

= Derivation: Piecewise constant extraction and algebraic normalization

= Bass 9, (VSec[z] v/ Cos [z] ) =0
= Rule If k2=1/\m—§e2/\p¢z,then

J(si nic+dx17)" (A (sinfc+dx1¥)" +B (si n[c+dx]k)p+l+C(si n[c+dx]k)p+2) dx —

v/ Csc[c+dx] VSin[c+dx] Ji(sin[c+dx]k)p'm (A+Bsin[c+dx]*+Csin[c+dx]?¥) dx

= Program code:

Int [(sin[c_ +d_. »x_1%j _. )"m.. *
(A »(sinfc_. +d_. #x_]"k_. ) p_+B_. »(sin[c_. +d_. «x_]"k_. )"q_+C_. »(sin[c_. +d_. »x_]1"k_. )*r_), x_Synbo
Di st [Sqrt [Csc[c+dxx]]*Sqrt [Sin[c+dxx]],
Int [(sin[c+dxx]"Kk)" (p-m) * (A+BxSi n[C+d*X ] "k+Cxsi n[c+d*x]" (2xk)), x1]1 /;
FreeQ[{c,d, A,B,C, mp}, x] && ZeroQ[k"2-1] && ZeroQI[j +k] && ZeroQ[p+1-q] && ZeroQ[p+2-r] &&
Integer Q[m-1/2] && Not [I nt eger Q[p]]

= Derivation: Piecewiseconstant extraction and algebraic normalization

» Bass 8, (w/Sec[z] v Cos [2] ) =0
= Rule If k2=1/\p-%ez/\2m¢_z,then

j(Si ntc+dx1™%)" (A (sinte+dx1%)7 4B (sinc+dx1¥)" 4 C (sinfc+dx14)"*) ax —

ACsc[c+dx] VSin[c+dx] J(si n[c+dx]‘k)m) (A+Bsin[c+dx]*+Csin[c+dx]?¥) dx

= Program code:

Int [(sinfc_. +d_. #x_]%j _. ) "m.. «
(A »(sinfc_. +d_. #x_]"k_. ) p_+B_. »(sin[c_. +d_. xx_]"k_. )"q_+C_. »(sin[c_. +d_. »x_]1"k_. )*r_), x_Synbo
Di st [Sqrt [Csc[c+dxx]]*Sqrt [Sin[c+d*x]1,
Int [(sin[c+d*X]"j )" (M-p) * (A+Bxsi n[c+d*x ] "k+Cxsi n[c+d*x]" (2xk)), x]] /;
FreeQ[{c,d, A,B,C, mp}, x] & ZeroQ[k"2-1] && ZeroQ[j +k] && ZeroQ[p+1-q] && ZeroQ[p+2-r] &&
I ntegerQ[p-1/2] && Not [I nteger Q[2+m] ]



Integration Rules for Trig Normalization

Integration Rules for
f(A (sin‘(z))ID +B (sin‘(z))IO+1 +C (sin‘(z))p+2) (a+b sink(z))n dz when
i2=1/\k?=1
J(A (sinfc+dx1¥)?+B (sin[c +dx]k)p+l) (a+bsinc+dx]*)" dx

m Derivation: Algebraic normalization

m Rulelf k2 =1 A p#1,then
J(A (sin[c+dx]k)p+B(sin[c+dx]k)p+l) (a+bsin[c+dx]k)nd1x —

j(si n[c+dx]k)p (A+Bsin[c+dx]*) (a+bsi n[c+dx]k)ndlx

= Program code:

Int [ (AL »(sin[c_. +d_. »x_1"k_. )"p_+B_. *(sin[c_. +d_. #x_1"k_. )"q_) = (a_. +b_. #sin[c_. +d_. #x_]"k_. )"n_.,

Int [(sin[c+d*x] k)" "p* (A+Bxsi n[c+dxx]" k) * (a+b*si n[c+dxx] k)" n, xX] /;
FreeQ[{a, b,c,d, A B, n, p}, X] & ZeroQ[k"2-1] && ZeroQ[p+1-gq] && Not [a===0 && b===1]



Integration Rules for Trig Normalization
j(A (sinfc+dx]™*)P+B (sin[c +dx]‘k)p+l) (a+bsinfc+dx]*)" ax

= Derivation: Algebraic normalization

m Rule If k2 = 1, then
J(A+Bsin[c+dx]'k) (a+bsin[c+dx]k)ndlx —

Jsin[<:+dx]‘k (B+Asin[c+dx]¥) (a+bsin[c+dx]k)nd1x

= Program code:

Int [ (A_+B_. #sin[c_. +d_. »x_]1"i _. )= (a_. +b_. »sin[c_. +d_. #x_]"k_. )"n_., x_Symbol | : =
Int [sin[c+d*x]" (-K) * (B+AxSi n[c+d*x]"k) x (a+b*Si n[c+d*x]"k)"n, X] /;
FreeQ[{a, b, c,d, A B, n}, x] && ZeroQ[k"2-1] && Zer oQ[k+i ] && Not [a===0 && b===1]

= Derivation: Algebraic normalization

m Ruelf k2=1 Ap#1l Ap#-2then
J-(A (sin[c+dx]'k)p+B(sin[c+dx]'k)p+l) (a+bsin[c+dx]k)ndlx —

J(si n[c+dx]"‘)p+l (B+Asin[c+dx]¥) (a+bsi n[c+dx]k)nd1x

= Program code:

Int [ (A =(sin[c_. +d_. »x_1"i _. )"p_+B_. #(sin[c_. +d_. »x_1"i _. )"q_) = (a_. +b_. »sin[c_. +d_. »x_]1"k_. )"n
Int [(sin[c+d*x]" (-k))” (p+1) * (B+Axsi n[c+dxX]"K) * (a+b*si n[c+d*x] k)" n, X] /;

FreeQ[{a, b,c,d, A B, n, p}, x] && ZeroQ[k"2-1] && ZeroQ[k+i ] &% ZeroQ[p+1l-q] &&
Not [a===0 && b===1] && p#-2

X



Integration Rules for Trig Normalization
j(A (sinfc+dx]*)?+C(sin[c +dx]k)p+2) (a+bsinfc+dx]*)" ax

= Derivation: Algebraic normalization

m Rule If k2 = 1, then
J-(A (sin[c+dx]k)p+C(sin[c+dx]k)p+2) (a+bSin[C+dX]k)nle —

f(si n[c+dx]k)p (A+Csin[c+dx]%¥) (a+bsi n[c+dx]k)nd1x

= Program code:

Int [ (A =(sin[c_. +d_. »x_1"k_. )"p_. +C_. »(sin[c_. +d_. #x_]"k_. ) r_)=
(a_. +b_. #sinf[c_. +d_. »x_]1"k_. )*n_., x_Synbol | : =
Int [(sin[c+d*xX] k)" "p* (A+Cxsin[c+dxx]" (2xk)) * (a+b*si n[c+d*x]1"k)"n, x] /;
FreeQ[{a, b,c,d, A, C n,p}, x] & ZeroQ[k"2-1] && ZeroQ[p+2-r]



Integration Rules for Trig Normalization
j(A (sinfc+dx]™*)P+C(sin[c +dx]‘k)p+2) (a+bsinfc+dx]*)" ax

= Derivation: Algebraic normalization

m Rule If k2 = 1, then
J(A+Csin[c+dx]'2k) (a+bsin[c+dx]")nd1x —

Jsi n[c+dx]72% (C+Asin[c+dx1?¥) (a+bsi n[c+dx]k)nd1x

= Program code:

Int [(A_+C_. #sin[c_. +d_. »x_]1"i2_)=*(a_. +b_. #sin[c_. +d_. xx_]1"k_. )"n_., x_Symbol | : =
Int [sin[c+d*x]" (-2xK) * (C+A*Si n[C+d*X]" (2xK)) » (a+b*si n[c+dxx]1"k)"n, x] /;
FreeQ[{a, b,c,d, A C n}, x] & ZeroQ[k"2-1] && ZeroQ[k+i 2/2]

= Derivation: Algebraic normalization

m Rule If k2 = 1, then
J-(A (sin[c+dx]'k)p+C(sin[c+dx]'k)p+2) (a+bSin[C+dX]k)nle -

j(si nic +dx]‘k)p+2 (C+Asin[c+dx]12¥) (a+bsi n[c+dx]k)ndlx

= Program code:

Int [ (A =(sin[c_. +d_. »x_1"i _. )*p_. +C_. % (sin[c_. +d_. #x_]"i _. )"r_)*(a_. +b_. #sin[c_. +d_. »x_1"k_. )"n_. , x
Int [(sin[c+d*xXx]" (-K))™ (p+2) * (C+AxSi n[C+d*X]" (2xK) ) » (a+b*si n[c+d*x]"K)"n, X] /;
FreeQ[{a, b,c,d, A, C n, p}, x] & & ZeroQ[k"2-1] && ZeroQ[k+i ] && ZeroQ[p+2-r]



Integration Rules for Trig Normalization
J(A+Bsi nfc+dx]*+Csin[c+dx]™) (a+bsinfc+dx]*)"dx

= Derivation: Algebraic normalization

m Rule If k2 = 1, then
I(A+Bsin[c+dx]k+Csin[c+dx]'k) (a+bsin[c+dx]k)nd1x —

J‘sin[c+dx]‘k (C+Asin[c+dx]*+Bsin[c+dx]?¥) (a+bsin[c+dx]k)ndlx

= Program code:

Int [ (A +B_. »sin[c_. +d_. #x_]"k_. +C_. #sin[c_. +d_. »x_1" _. ) » (a_. +b_. »sin[c_. +d_. #x_]"k_. )"n_., x_Synbol
Int [sin[c+d*x]" (-K) * (C+AxSi n[C+d*x ] k+B*si n[c+dxX]" (2xk) ) » (a+b*si n[c+dxx]"k)"n, X] /;
FreeQ[{a, b,c,d, A B, C n}, x] & ZeroQ[k"2-1] && Zer oQ[k+| ]



Integration Rules for Trig Normalization

J(A (sinfc+dx]*)?+B (sin[c +dx]")'°+1 +C (sin[c +dx]")p+2)
(a+bsinfc+dx1*)" ax
= Derivation: Algebraic normalization
= Rule If k? = 1, then
J-(A (sin[c+dx]k)p+B(sin[c+dx]k)p+1+C(sin[c+dx]")p+2) (a+bsin[c+dx1¥)"dax —

j(si nic +dx]'<)p (A+Bsin[c+dx]*+Csin[c+dx]?*) (a+bsi n[c+dx]k)ndlx

= Program code:

Int [ (A =(sin[c_. +d_. »x_1"k_. )"p_. +B_. *(sin[c_. +d_. #x_]"k_. )"q_+C_. »(sin[c_. +d_. #x_]"k_. ) r_)=
(a_. +b_. #sin[c_. +d_. xx_]1"k_. )"n_., x_Symbol | : =
Int [(sin[c+d*X] k)" "p* (A+Bxsi n[c+dxx] k+CxsSi n[C+d*Xx]" (2xk)) * (a+b*si n[c+d*x] k)" n, xX] /;
FreeQ[{a, b,c,d, A,B,C n, p}, x] & ZeroQ[k"2-1] && ZeroQ[p+1-q] && ZeroQ[p+2-r]



Integration Rules for Trig Normalization

. . 1 . 2
J-(A (sinfc+dx]™)?+B (sinfc+dx]™ )" +C(sin[c+dx]™¥)")
(a+bsinfc+dx1*)" ax
= Derivation: Algebraic normalization
= Rule If k? = 1,then
J(A+Bsin[c+dx]"‘+Csin[c+dx]'2k) (a+bsin[c+dx]")nd1x —

js;in[<:+dx]‘Zk (C+Bsin[c+dx]*+Asin[c+dx]?¥) (a+bsin[c+dx]k)nd1x

= Program code:

Int [ (A +B_. »sin[c_. +d_. #x_]"i _. +C_. #sinfc_. +d_. »x_]1"i 2_) = (a_. +b_. »sin[c_. +d_. #x_]"k_. )"n_., x_Synbol
Int [sin[c+d*x]" (-2xK) * (C+BxSi n[C+d*X ] K+AxSi n[C+d*Xx]" (2xKk) ) * (a+bxSi n[c+d*x] k)" n, X] /;
FreeQ[{a, b,c,d, A B, C n}, x] & ZeroQ[k"2-1] && ZeroQ[k+i ] && ZeroQ[2x*i -i 2]

= Derivation: Algebraic normalization

m Rule If k? = 1,then
j(A (sin[c+dx]'k)p+B(sin[c+dx]'k)p+l+C(sin[c+dx]'k)p+2) (a+bsin[c+dx]k)nd1x —

J\(sin[c+dx]‘k)p+2 (C+#Bsin[c+dx]*+Asin[c+dx]?K) (a+bsin[c+dx]k)nd1x

= Program code:

Int [ (A =(sin[c_. +d_. »x_1"i _. )*p_. +B_. *(sin[c_. +d_. #x_]" _. )"q_+C_. »(sin[c_. +d_. #x_]"i _. )"r_) =
(a_. +b_. #sin[c_. +d_. »x_]1"k_. )"n_., x_Symbol | : =
Int [(sin[c+d*Xx]" (-k))" (p+2) * (C+BxsSi n[C+d*X] "k+AxSi n[C+d*X]" (2xk) ) * (a+b*si n[c+d*x]"k)”n, x] /;
FreeQ[{a, b,c,d, A, B, C n, p}, x] & ZeroQ[k"2-1] && ZeroQ[k+i ] && ZeroQ[p+1-q] && ZeroQ[p+2-r]



Integration Rules for Trig Normalization

Integration Rules for

f(sinj(z))m (A (sin‘(z))p +B (sin‘(z))Io+1 +C (sin‘(z))p+2) (a+b sink(z))n dz when
2=1/\i=1/\K?=1

J(si nfc+dx1)"

(A (sinfc+dx1¥)" +B (si n[c+dx]k)p+1) (a+bsinfc+dx]1*)" dx

= Derivation: Algebraic normalization
m Rulelf j2=k2=1 A (j =k V pez) Ap¢#1l,then
J(si nic +dx]} )m (A (sinfc +dx]k)p+B (sinfc +dx]")p+1) (a+bsinfc +dx]k)nd1x —

J-(sin[c+dx]j)m'j kP (A+Bsin[c+dx]¥) (a+bsin[c+dx]k)nd1x

= Program code:

Int [(sinfc_. +d_. #x_17j _. ) m_. »(A_. #(sin[c_. +d_. »x_1"k_. )"p_+B_. #(sin[c_. +d_. »x_1"k_. )"q_) *
(a_. +b_. #sin[c_. +d_. »x_1"k_. )"n_., x_Symbol | : =
Int [(sin[c+dxXx]"] )™ (M+] xkxp) * (A+BxSi n[c+d*xx]"K) » (a+b*si n[c+dxx]1*k)”"n, x] /;
FreeQ[{a, b,c,d, A,B,mn, p}, x] & ZeroQ[j "2-1] && ZeroQ[k"2-1] && ZeroQ[p+1l-q] &&
(ZeroQrj -k1 || IntegerQ[pl)

= Derivation: Algebraic normalization
m Rulelf k2=1 A mez A p ¢ Zthen
j(si n[c+dx]'k)m (A (si n[c+dx]k)p+B (si n[c+dx]k)p+l) (a+bsi n[c+dx]k)nd1x —

j(si nic +dx]")'°'m (A+Bsin[c+dx]¥) (a+bsi n[c+dx]k)nd1x

= Program code:

Int [(sin[c_. +d_. #x_17j _. ) m.. »(A_. #(sin[c_. +d_. »x_1"k_. )"p_+B_. #(sin[c_. +d_. »x_1"k_. )"q_) *
(a_. +b_. #sin[c_. +d_. »x_1"k_. )"n_., x_Symbol | : =
Int [(sin[c+dxx]"Kk)™ (p-m) * (A+BxSi n[c+dxX]"K) » (a+b*si n[c+dxx]*k)"n, X] /;
FreeQ[{a, b,c,d, A,B,mn, p}, Xx] & ZeroQ[k"2-1] && ZeroQ[j +k] && ZeroQ[p+1l-q] &&
I nt eger Q[m] && Not [I nteger Q[p]]



Integration Rules for Trig Normalization

= Derivation: Piecewise constant extraction and algebraic normalization

= Bass 9, (VSec[z] v/ Cos [z] ) =0
= Rule If k2=1/\m—§e2/\p¢z,then

J(si n[c+dx]"‘)m (A (si n[c+dx]k)p+B (si n[c+dx]k)p+l) (a+bsi n[c+dx]k)nd1x —

A/ Cscc+dx] VSin[c+dx] J.(sin[c+dx]k)p_m(A+Bsin[c+dx]k) (a+bsin[c+dx]k)nd1x

= Program code:

Int [(sin[c_ +d_. x_17"j _. )"m_. #(A_. #(sin[c_. +d_. #x_]"k_. )"p_+B_. »(sin[c_. +d_. »x_]1"k_. )"q_)*
(a_. +b_. #sin[c_. +d_. »x_1"k_. )"n_., x_Symbol | : =
Di st [Sqrt [Csc[c+dxx]]*Sqrt [Sin[c+dxx]],
Int [(sin[c+dxx]"K)" (p-m) * (A+BxSi n[Cc+d*Xx]1"K) » (a+b*si n[c+d*x]1"k)”n, x1] /;
FreeQ[{a, b,c,d, A, B,mn, p}, x] & ZeroQ[k"2-1] && ZeroQ[j +k] && ZeroQ[p+1l-q] &&
Integer Q[m-1/2] && Not [I nt eger Q[p]]

= Derivation: Piecewiseconstant extraction and algebraic normalization

» Bass 8, (w/Sec[z] v Cos [2] ) =0
= Rule If k2=1/\p-%ez/\2m¢_z,then

j(si n[c+dx]'k)m (A (si n[c+dx]k)p+B (si n[c+dx]k)p+1) (a+bsi n[c+dx]k)nd1x —

AV GCsclc+dx] VSin[c+dx] J‘(sin[c+dx]‘k)mp (A+Bsin[c+dx]¥) (a+bsin[c+dx]k)nd1x

= Program code:

Int [(sinfc_. +d_. #x_]7j _. )"m_. »(A_. #(sin[c_. +d_. »x_1"k_. )"p_+B_. #(sin[c_. +d_. »x_1"k_. )"q_) *
(a_. +b_. #sin[c_. +d_. »x_]1"k_. )"n_., x_Symbol | : =
Di st [Sqrt [Csc[c+dxx]]*Sqrt [Sin[c+d*x]1,
Int [(sin[c+d*Xx]"j )N (M-p) * (A+Bxsi n[c+d*x]1"k) % (a+b*si n[c+d*x]1*k)"n, x]1] /;
FreeQ[{a, b,c,d, A, B,mn, p}, X] & ZeroQ[k"2-1] && ZeroQ[j +k] && ZeroQ[p+1-q] &&
I ntegerQ[p-1/2] && Not [I nteger Q[2+m] ]



Integration Rules for Trig Normalization

J(si nfc+dx) )"
(A(sinfc+dx]™*)P+B (sin[c +dx]"‘)p+1) (a+bsinfc+dx]*)" ax
= Derivation: Algebraic normalization
m Rule If j2 = k2 =1, then
J(sin[c+dx]i)m(A+Bsin[c+dx]‘k) (a+bsin[c+dx]k)nd1x —

j(si n[c+dx]i)mj « (B+Asin[c+dx]¥) (a+bsin[c+dx]k)nd1x

= Program code:

Int [(sin[c_ +d_. #x_1"j _. )"m_. (A . +B_. #sin[c_. +d_. »x_]"i _. )*(a_. +b_. #sin[c_. +d_. »x_]"k_. )"n
Int [(sin[c+d*xx]"j )™ (M-] xk) » (B+AxSi n[c+d*x] k) = (a+bxSi n[c+dxx] k)" n, xX] /;
FreeQ[{a, b,c,d, A, B,mn}, x] & ZeroQ[j *"2-1] && ZeroQ[k"2-1] && Zer oQ[k+i ]

., X_Synb

= Derivation: Algebraic normalization
m Rulelfj2=k2=1 A (j+k=0V pez) Ap#l1ADp#+#-2then
. i m . _k\ P . -k p+l . k\n
(sin[c+dx])) (A(S|n[c+dx] )" +B (sin[c+dx]17) )(a+b5|n[c+dx]) dx —

f(si nic +dxjl )m K (p+D) (B+Asin[c+dx]¥) (a+bsi n[c+dx]k)nd1x

m  Program code:

Int [(sin[c_ +d_. x_17"j _. )"m_. #(A_. #(sin[c_. +d_. #x_]"i _. ) p_+B_. »(sin[c_. +d_. »x_]1"i _. )"q_)*
(a_. +b_. #sin[c_. +d_. »x_]"k_. )*n_., x_Synbol | : =
Int [(sin[c+d*Xx]"j )™ (M-] xk* (p+1) ) * (B+AxSi n[c+d*xx ] k) = (a+bxsi n[c+dxx]1*k)"n, x] /;
FreeQ[{a, b,c,d, A, B,mn, p}, x] & ZeroQ[j *2-1] && ZeroQ[k"2-1] && ZeroQ[k+i ] &&
ZeroQ[p+1-q] && (ZeroQ[j +k] || IntegerQ[p]) && p#-2



Integration Rules for Trig Normalization

= Derivation: Algebraic normalization

m Rulelf k2 =1 A mez A p ¢ Zthen
f(sin[c+dx]")m(A (sin[c+dx]'k)p+B(sin[c+dx]'k)p+l) (a+bsin[c+dx]k)"dlx —

j(si n[c+dx]‘k)p'rml (B+Asin[c+dx1¥) (a+bsin[c+dx]¥)" ax

= Program code:

Int [(sinfc_ +d_. #x_]*k_. )"m_. »(A_. #(sin[c_. +d_. »x_1"i _. )"p_+B_. #(sin[c_. +d_. »x_1"i _. )"q_)*
(a_. +b_. #sin[c_. +d_. »x_]1"k_. )"n_., x_Symbol | : =
Int [(sin[c+d*Xx]" (-k))" (p-m+1) % (B+AxSi n[C+d*X] k) x (a+b*Si n[c+d*x] k)" n, X] /;
FreeQ[{a, b,c,d, A, B,mn, p}, X] &% ZeroQ[k"2-1] && ZeroQ[k+i ] && ZeroQ[p+1-q] &&
I nteger Q[m] && Not [| nt eger Q[p]1]

m Derivation: Piecewise constant extraction and algebraic normalization

Basis: 8, (VSec[z] A/ Cos [z] ) =0

Rule:lfk2=1/\m—%ez/\péz,then

J(sin[c+dx]k)m(A (sin[c+dx]"‘)p+B(sin[c+dx]"‘)p+1) (a+bsi n[c+dx]k)nd1x —

VGCsclc+dx] VSin[c+dx] J-(sin[c+dx]'k)p'rml (B+Asin[c+dx]k) (a+bsin[c+dx]k)nd1x

Program code:

Int [(sinfc_. +d_. «x_]7k_. ) m_. »(A_. #(sin[c_. +d_. »x_1"i _. )"p_+B_. #(sin[c_. +d_. »x_1"i _. )"q_)*
(a_. +b_. #sin[c_. +d_. »x_1"k_. )"n_., x_Symbol | : =
Di st [Sqrt [Csc[c+dxx]]*Sqrt [Sin[c+dxx]],
Int [(sin[c+dxx]" (-k))”™ (p-mk1l) % (B+AxSi n[Cc+d*x ] k) = (a+bxsi n[c+d*x]1 k)" n, x]] /;
FreeQ[{a, b,c,d, A, B,mn, p}, x] & ZeroQ[k"2-1] && ZeroQ[k+i ] && ZeroQ[p+1l-q] &&
I nt eger Q[m-1/2] && Not [I nt eger Q[p]]



Integration Rules for Trig Normalization

= Derivation: Piecewise constant extraction and algebraic normalization

= Bass 9, (VSec[z] v/ Cos [z] ) =0
= Rule If k2=1/\p—%ez/\2mez,then

j(sin[c+dx]k)m(A (sin[c+dx]‘k)p+B(sin[c+dx]‘k)p+1) (a+bsi n[c+dx]k)nd1x —

A/ Csc[c+dx] vVSin[c+dx] J-(sin[c+dx]")mp'1 (B+Asin[c+dx]¥) (a+bsin[c+dx]k)nd1x

= Program code:

Int [(sin[c_ +d_. »x_]1"k_. )*m_. #(A_. #(sin[c_. +d_. #x_]"i _. ) p_+B_. »(sin[c_. +d_. »x_]1"i _. )"q_)*
(a_. +b_. #sin[c_. +d_. »x_1"k_. )"n_., x_Symbol | : =
Di st [Sqrt [Csc[c+dxx]]*Sqrt [Sin[c+dxx]],
Int [(sin[c+dxx]"k)" (M-p-1) = (B+Axsi n[c+d*x] k) % (a+bxsi n[c+d*x] k)" n, x]] /;
FreeQ[{a, b,c,d, A, B,mn, p}, x] & ZeroQ[k"2-1] && ZeroQ[k+i ] && ZeroQ[p+1l-q] &&
I nteger Q[p-1/2] && Not [I nt eger Q[2%m] ]



Integration Rules for Trig Normalization

J(sin[c+dx]j)m
(A (sinfc+dx]*)”+C(sin[c +dx]")p+2) (a+bsinfc+dx]*)" ax
= Derivation: Algebraic normalization
m Rulelf j2=k?=1 A (j =k V p € z),then
j(sin[c+dx]i)m(A (sin[c+dx]k)p+C(sin[c+dx]k)p+2) (a+bsin[c+dx]")nd1x —

J-(sin[c+dx]i)m+j kP (A+Csin[c+dx]2¥) (a+bsin[c+dx]k)nd1x

= Program code:

Int [(sin[c_ +d_. »x_17"j _. )"m_. #(A_. #(sin[c_. +d_. #x_]"k_. ) p_. +C_. = (sin[c_. +d_. #x_1"k_. ) r_)«
(a_. +b_. #sinf[c_. +d_. »x_]"k_. )*n_., x_Synbol | : =
Int [(sin[c+dxx]"j )™ (M+] xk*p) * (A+CxSi n[C+d*xXx]1" (2xK)) * (a+bxsi n[c+dxx]1*k)”n, x] /;
FreeQ[{a, b,c,d, A,C, mn, p}, x] & ZeroQ[j "2-1] && ZeroQ[k"2-1] && ZeroQ[p+2-r] &&
(ZeroQI[j -k1 || IntegerQ[p])

= Derivation: Algebraic normalization

m Rulelf k2=1 A mez A p ¢ Zthen
j(sin[c+dx]‘k)m(A (sin[c+dx]k)p+C(sin[c+dx]k)p+2) (a+bsin[c+dx]k)nd1x —

j(si nfc+dx1¥)"™" (A+Csin[c+dx]12¥) (a+bsin[c+dx]*)" dx

= Program code:

Int [(sin[c_ +d_. x_17%j _. )"m_. #(A_. #(sin[c_. +d_. #x_]"k_. )"p_+C_. »(sin[c_. +d_. »x_]1"k_. ) r_)«
(a_. +b_. #sin[c_. +d_. »x_1"k_. )"n_., x_Symbol | : =
Int [(sin[c+dxx]"Kk)" (p-m) * (A+CxSi n[C+dxX]" (2xK) ) *x (a+b*si n[c+dxx]1*k)"n, Xx] /;
FreeQ[{a, b,c,d, A,C, mn, p}, Xx] & ZeroQ[k"2-1] && ZeroQ[j +k] && ZeroQ[p+2-r] &&
I nteger Q[m] && Not [I nt eger Q[p]1]



Integration Rules for Trig Normalization

= Derivation: Piecewise constant extraction and algebraic normalization

= Bass 9, (VSec[z] v/ Cos [z] ) =0
= Rule If k2=1/\m—§e2/\p¢z,then

J(si n[c+dx]"‘)m (A (si n[c+dx]k)p+C(si n[c+dx]k)p+2) (a+bsi n[c+dx]k)nd1x —

VCsc[c+dx] VSin[c+dx] J(sin[c+dx]k)p_m(A+Csin[c+dx]2k) (a+bsin[c+dx]k)nd1x

= Program code:

Int [(sin[c_ +d_. »x_17%j _. )"m_. #(A_. #(sin[c_. +d_. #x_]"k_. )"p_+C_. »(sin[c_. +d_. »x_]1"k_. ) r_)«
(a_. +b_. #sin[c_. +d_. »x_1"k_. )"n_., x_Symbol | : =
Di st [Sqrt [Csc[c+dxx]]*Sqrt [Sin[c+dxx]],
Int [(sin[c+dxx]"k)" (p-m) * (A+Cxsi n[C+dxX]" (2xK)) *x (a+b*si n[c+dxx]1"k)”n, x1] /;
FreeQ[{a, b,c,d, A,C, mn, p}, x] & ZeroQ[k"2-1] && ZeroQ[j +k] && ZeroQ[p+2-r] &&
Integer Q[m-1/2] && Not [I nt eger Q[p]]

= Derivation: Piecewiseconstant extraction and algebraic normalization

» Bass 8, (w/Sec[z] v Cos [2] ) =0
= Rule If k2=1/\p-%ez/\2m¢_z,then

j(si n[c+dx]'k)m (A (si n[c+dx]k)p+C(si n[c+dx]k)p+2) (a+bsi n[c+dx]k)nd1x —

A/Csc[c+dx] VSin[c+dx] j(sin[c+dx]‘k)mp (A+Csin[c+dx]?¥) (a+bsin[c+dx]k)nd1x

= Program code:

Int [(sinfc_ +d_. #x_17j _. ) m_. % (A_. #(sin[c_. +d_. »x_1"k_. )"p_+C_. (sin[c_. +d_. »x_1"k_. )"r_) =
(a_. +b_. #sin[c_. +d_. »x_]1"k_. )"n_., x_Symbol | : =
Di st [Sqrt [Csc[c+dxx]]*Sqrt [Sin[c+d*x]1,
Int [(sin[c+d*X]"j )" (M-p) *» (A+CxSi n[c+d*Xx]1" (2xK)) » (a+b*si n[c+dxx] k)”n, X]] /;
FreeQ[{a,b,c,d, A, C, mn, p}, X] & ZeroQ[k"2-1] && ZeroQ[j +k] && ZeroQ[p+2-r] &&
I ntegerQ[p-1/2] && Not [I nteger Q[2+m] ]



Integration Rules for Trig Normalization

J(si nfc+dx) )"
(A (sinfc+dx]™*)P+C(sin[c +dx]"‘)p+2) (a+bsinfc+dx]*)" ax
= Derivation: Algebraic normalization
m Rule If j2 = k2 =1, then
j(sin[c+dx]j)m(A+Csin[c+dx]‘2k) (a+bsin[c+dx]k)nd1x —

J(sin[c+dx]j)m21 « (C+Asin[c+dx]?¥) (a+bsin[c+dx]k)nd1x

= Program code:

Int [(sin[c_ +d_. »x_17"j _. )"m_. #(A_. +C_. #sin[c_. +d_. »x_]"i 2_)*(a_. +b_. #sin[c_. +d_. »x_]"k_. )*n_., x_Synb
Int [(sin[c+d*Xx]"j )N (M-2x] *k) * (C+AxSi n[c+d*X]" (2xk) ) » (a+b*si n[c+dxx]*k)"n, x] /;
FreeQ[{a, b,c,d, A,C mn}, x] & ZeroQ[j *2-1] && ZeroQ[k"2-1] && Zer oQ[k+i 2/2]

= Derivation: Algebraic normalization
m Rulelf j2=k?2=1 A (j +k=0V p e z),then
j(si nic +dx] )m (A (sinfc +dx]‘k)p+C (sinfc +dx]‘k)p+2) (a+bsinfc +dx]")nd1x —

J-(si nic +dxjl )m K (p+2) (C+Asin[c+dx]1?¥) (a+bsi n[c+dx]k)nd1x

m  Program code:

Int [(sin[c_ +d_. x_17%j _. )"m_. #(A_. #(sin[c_. +d_. #x_]"i _. )"p_. +C_. = (sin[c_. +d_. #x_1"i _. ) r_)«
(a_. +b_. #sin[c_. +d_. »x_]"k_. )*n_., x_Synbol | : =
Int [(Sin[c+d*xX]"j )™ (M-] xk* (p+2)) * (C+AxSi n[Cc+d*x]" (2xk) ) * (a+bxsi n[c+d*x] k)" n, xX] /;
FreeQ[{a, b,c,d, A,C, mn, p}, x] & ZeroQ[j *2-1] && ZeroQ[k"2-1] && ZeroQ[k+i ] &&
ZeroQ[p+2-r] && (ZeroQ[j +k] || IntegerQ[pl)



Integration Rules for Trig Normalization

= Derivation: Algebraic normalization

m Rulelf k2 =1 A mez A p ¢ Zthen
f(sin[c+dx]")m(A (sin[c+dx]'k)p+C(sin[c+dx]'k)p+2) (a+bsin[c+dx]k)"dlx —

J(si n[c+dx]‘k)p'rm2 (C+Asin[c+dx]%¥) (a+bsi n[c+dx]k)nd1x

= Program code:

Int [(sinfc_ +d_. #x_]*k_. )"m_. »(A_. #(sin[c_. +d_. »x_1"i _. )"p_+C_. #(sin[c_. +d_. »x_1"i _. )"r_) =
(a_. +b_. #sin[c_. +d_. »x_]1"k_. )"n_., x_Symbol | : =
Int [(sin[c+d*X]" (-k))" (p-m+2) % (C+AxSi n[C+d*X]" (2xK) ) * (a+b*si n[c+d*x]"k)”n, x] /;
FreeQ[{a,b,c,d, A, C, mn, p}, X] & ZeroQ[k"2-1] && ZeroQ[k+i ] && ZeroQ[p+2-r] &&
I nteger Q[m] && Not [| nt eger Q[p]1]

m Derivation: Piecewise constant extraction and algebraic normalization

Basis: 8, (VSec[z] A/ Cos [z] ) =0

Rule:lfk2=1/\m—%ez/\péz,then

J(sin[c+dx]k)m(A (sin[c+dx]"‘)p+C(sin[c+dx]"‘)p+2) (a+bsi n[c+dx]k)nd1x —

A/Csc[c+dx] VSin[c+dx] J-(sin[c+dx]'k)p'rm2 (C+Asin[c+dx]?¥) (a+bsin[c+dx]k)nd1x

Program code:

Int [(sinfc_. +d_. «x_]7k_. ) m_. »(A_. #(sin[c_. +d_. »x_1"i _. )"p_+C_. #(sin[c_. +d_. »x_1"i _. )"r_) =
(a_. +b_. #sin[c_. +d_. »x_1"k_. )"n_., x_Symbol | : =
Di st [Sqrt [Csc[c+dxx]]*Sqrt [Sin[c+dxx]],
Int [(sin[c+dxx]" (-k))™ (p-m2) x (C+AxSi n[C+d*x]" (2xk) ) % (a+bxsi n[c+d*x] k)" n, x]]1 /;
FreeQ[{a, b,c,d, A,C, mn, p}, Xx] & ZeroQ[k"2-1] && ZeroQ[k+i ] && ZeroQ[p+2-r] &&
I nt eger Q[m-1/2] && Not [I nt eger Q[p]]



Integration Rules for Trig Normalization

= Derivation: Piecewise constant extraction and algebraic normalization

= Bass 9, (VSec[z] v/ Cos [z] ) =0
= Rule If k2=1/\p—%ez/\2mez,then

j(sin[c+dx]k)m(A (sin[c+dx]‘k)p+C(sin[c+dx]‘k)p+2) (a+bsi n[c+dx]k)nd1x —

v Csc[c+dx] VSin[c+dx] J‘(sin[c+dx]")mp_2 (C+Asin[c+dx]?¥) (a+bsin[c+dx]k)nd1x

= Program code:

Int [(sin[c_ +d_. »x_]1"k_. )"m_. #(A_. #(sin[c_. +d_. #x_]"i _. )"p_+C_. »(sin[c_. +d_. »x_1" _. ) r_)«
(a_. +b_. #sin[c_. +d_. »x_1"k_. )"n_., x_Symbol | : =
Di st [Sqrt [Csc[c+dxx]]*Sqrt [Sin[c+dxx]],
Int [(sin[c+dxx]"Kk)" (M-p-2) * (C+Axsi n[C+dxx]" (2xk) ) * (a+b*xsi n[c+d*x]"k)”*n, X]1] /;
FreeQ[{a, b,c,d, A,C, mn, p}, Xx] & ZeroQ[k"2-1] && ZeroQ[k+i ] && ZeroQ[p+2-r] &&
I nteger Q[p-1/2] && Not [I nt eger Q[2%m] ]



Integration Rules for Trig Normalization
J(sin[c+dx]j)m(A+Bsin[c+dx]"+Csin[c+dx]"‘) (a+bsinfc+dx]*)" ax

= Derivation: Algebraic normalization

] Rule:lfj2=k2=1,then
j(sin[c+dx]j)m(A+Bsin[c+dx]"+Csin[c+dx]"‘) (a+bsin[c+dx]k)ndlx —

J(sin[c+dx]i)mJ K (C+Asin[c+dx]*+Bsin[c+dx]?¥) (a+bsin[c+dx]k)nd1x

= Program code:

Int [(sinfc_ +d_. #x_]7j _. )"m_. »(A_. +B_. »sin[c_. +d_. #x_]"k_. +C_. »sin[c_. +d_. #x_]" _. ) *
(a_. +b_. #sinf[c_. +d_. »x_]1"k_. )*n_., x_Synbol | : =
Int [(sin[c+d*Xx]"j )™ (M) k) * (C+AxSi n[C+d*x ] k+B*si n[c+d*x]" (2xk) ) %= (a+b*Si n[c+d*x]"k)"n, X] /;
FreeQ[{a, b,c,d, A,B,C, mn}, x] & ZeroQ[j *2-1] && ZeroQ[k"2-1] && ZeroQ[k+l ]



Integration Rules for Trig Normalization

J(si nfc+dx] )" (A (sinfc+dx1¥)P+B (sinfc+dx1¥)"" +C (sin[c+dx]¥)"*?)

(a+bsinfc+dx1*)" ax

= Derivation: Algebraic normalization

u Rule:lfj2=k2=1/\ ( =k V p € z),then

j(si nfc+dxp )"
(A (sin[c+dx]")p+B(sin[c+dx]k)p+l+c(sin[c+dx]k)p+2) (a+bsinc+dx1¥)"ax —

j(sin[c+dx]j)mj kp (A+Bsin[c+dx]*+Csin[c+dx]2¥) (a+bsin[c+dx]k)nd1x

= Program code:

Int [(sin[c_. +d_. «x_]7j _. ) "m.. «
(A »(sin[c_. +d_. »x_]"k_. )*p_. +B_. #(sin[c_. +d_. #x_]1"k_. )"q_+C_. = (sin[c_. +d_. #x_]"k_. ) r_)=
(a_. +b_. #sin[c_. +d_. »x_]1"k_. )"n_., x_Symbol | : =
Int [(sin[c+d*Xx]"j )" (M+] *kxp) * (A+BxSi n[C+dxX ] k+CxSi n[C+d*xX]" (2xKk)) * (a+b*si n[c+d*x] k)" n, X] /;
FreeQ[{a, b,c,d, A,B,C, mn, p}, x] & ZeroQ[j"2-1] && ZeroQ[k"2-1] && ZeroQ[p+1-q] &&
ZeroQ[p+2-r] &% (ZeroQ[j -k] || IntegerQ[pl)

= Derivation: Algebraic normalization

m Rulelf k2 =1 A mez A p ¢ z then

j(si nfc+dx]™)"
(A (sin[c+dx]")p+B(sin[c+dx]k)p+l+c(sin[c+dx]k)p+2) (a+bsinfc+dx1¥)"ax —

J(si n[c+dx]")p'm (A+Bsin[c+dx]*+Csin[c+dx]?¥) (a+bsi n[c+dx]k)”d1x

= Program code:

Int [(sinc_. +d_. «x_]7j _. ) "m.. «
(A »(sinfc_. +d_. #x_]"k_. )"p_+B_. »(sin[c_. +d_. *x_]"k_. )"q_+C_. »(sin[c_. +d_. »x_]"k_. ) r_)«
(a_. +b_. #sin[c_. +d_. »x_]1"k_. )"n_., x_Symbol | : =
Int [(sin[c+d*xx] k)™ (p-m) * (A+BxSi n[C+d*X ] "k+CxsSi n[C+d*x]" (2xk) ) *» (a+bxSi n[c+d*x] k)" n, X] /;
FreeQ[{a, b,c,d, A B,C, mn, p}, x] & ZeroQ[k"2-1] && ZeroQ[j +k] && ZeroQ[p+1-q] &&
ZeroQ[p+2-r] && I nteger Q[m] && Not [I nt eger Q[p]]



Integration Rules for Trig Normalization

= Derivation: Piecewise constant extraction and algebraic normalization

= Bass 9, (VSec[z] v/ Cos [z] ) =0
= Rule If k2=1/\m—§e2/\p¢z,then

J(si n[c+dx]"‘)m

(A (sin[c+dx]")p+B(sin[c+dx]k)p+l+C(sin[c+dx]k)p+2) (a+bsinfc+dx1¥)"ax —

vV Csc[c+dx] VSin[c+dx]
J(si n[c+dx]")p_m (A+Bsin[c+dx]*+Csin[c+dx]?) (a+bsi n[c+dx]")nd1x

= Program code:

Int [(sinc_ +d_. +x_]%j _. ) "m_. «
(A »(sin[c_. +d_. #x_]"k_. ) p_+B_. »(sin[c_. +d_. #x_]"k_. )"q_+C_. »(sin[c_. +d_. »x_1"k_. ) r_)«
(a_. +b_. #sin[c_. +d_. »x_1"k_. )"n_., x_Symbol | : =
Di st [Sqrt [Csc[c+dxx]]*Sqrt [Sin[c+dxx]],
Int [(sin[c+dxx]"K)" (p-m) * (A+BxSi n[C+d*xX]"k+Cxsi n[c+d*x]" (2xk) ) * (a+b*si n[c+d*x]"k)”*n, X]1] /;
FreeQ[{a, b,c,d, A,B,C, mn, p}, x] & & ZeroQ[k"2-1] && ZeroQ[j +k] && ZeroQ[p+1l-q] &&
Zer oQ[p+2-r] && IntegerQ[m-1/2] && Not [I nt eger Q[p]]

= Derivation: Piecewise constant extraction and algebraic normalization

= Basis 9, (\/Sec[z] +/Cos [z] ) =0
m Rule If k2=1/\p-%ez/\2mez,then

j(si nic +dx]‘k)m

(A (sin[c+dx]")p+B(sin[c+dx]k)p+l+C(sin[c+dx]k)p+2) (a+bsinfc+dx1¥)"ax —

AV GCsclc+dx] VSin[c+dx]

j(si n[c+dx]‘k)mp (A+Bsin[c+dx]*+Csin[c+dx]?*) (a+bsi n[c+dx]k)nd1x

= Program code:

Int [(sin[c_. +d_. #x_]7j _. ) "m.. «
(A_. *(Si nfic_. +d_. *x_1"k_. )"p_+B_. *(Si nfic_. +d_. *x_1"k_. )"q_+C_. *(Si nic_. +d_. =*x_]1"k_. )"r_)*
(a_. +b_. #sinf[c_. +d_. »x_]1"k_. )*n_., x_Synbol | : =
Di st [Sqrt [Csc[c+d*x]]*Sqrt [Sin[c+dxx]],
Int [(sin[c+dxXx]"] )" (M-p) * (A+BxSi n[Cc+d*X]"k+Cxsi n[c+d*x]" (2xk) ) *» (a+b*si n[c+d*x]"k)”n, Xx]1] /;
FreeQ[{a, b,c,d, A B,C, mn, p}, x] & & ZeroQ[k"2-1] && ZeroQj +k] && ZeroQ[p+1l-q] &&
Zer oQ[p+2-r] && IntegerQ[p-1/2] && Not [I nt eger Q[2*m] ]



Integration Rules for Trig Normalization

J(si nfc+dx) )"
(A(sin[c-+dx]4ﬁp-+B(sin[c+(jx]m)pn3kc(sin[c+(jx]«)pﬂ)

(a+bsinc+dx1*)" dx

= Derivation: Algebraic normalization

m Rule If j2 = k2 =1, then
j(sin[c+dx]j)m(A+Bsin[c+dx]‘k+Csin[c+dx]‘2k) (a+bsin[c+dx]k)nd1x —

j(si n[c+dx]i)m2j K (C+Bsin[c+dx]*+Asin[c+dx]?¥) (a+bsin[c+dx]k)nd1x

= Program code:

Int [(sin[c_ +d_. »x_17"j _. )"m_. #(A_. +B_. #sin[c_. +d_. »x_]"i _. +C_. #sin[c_. +d_. »x_]"i 2_) =
(a_. +b_. #sin[c_. +d_. »x_]1"k_. )"n_., x_Symbol | : =
Int [(sin[c+dxXx]"] )™ (M-2%] *k) % (C+Bxsi n[C+d*xX] k+Axsi n[Cc+d*x]" (2xk) ) * (a+bxsi n[c+d*x]*k)”n, Xx] /;
FreeQ[{a, b,c,d, A B,C, mn}, x] & ZeroQ[j"2-1] && ZeroQ[k"2-1] && ZeroQ[k+i ] &&
Zer oQ[2xi -i 2]

= Derivation: Algebraic normalization

m Rulelf j2=k?=1 A (j +k=0V p e z),then

j(si n[c+dx]j)m
(A (si n[c+dx]‘k)p+B(si n[c+dx]‘k)p+1+C(si n[c+dx]‘k)p+2) (a+bsi n[c+dx]k)ndlx —

j(si n[c+dx]j)m k(p+2) (C+Bsin[c+dx]*+Asin[c+dx]?) (a+bsi n[c+dx]k)nd1x

= Program code:

Int [(sinfc_. +d_. +x_]7j _. ) "m_. «
(AL *(sin[c_. +d_. #x_]7i _. ) p_. +B_. #(sin[c_. +d_. »x_1"i _. )"q_+C_. #(sin[c_. +d_. »x_1"i _. )"r_) =
(a_. +b_. #sin[c_. +d_. »x_1"k_. )"n_., x_Symbol | : =
Int [(sin[c+d*X]"j )™ (M-] xk* (p+2) ) » (C+Bxsi n[c+dxx] "k+AxsSi n[C+dxX]" (2xk) ) » (a+b*si n[c+dxx]"k)”"n, X] /;
FreeQ[{a, b,c,d, A ,B,C, mn, p}, x] & ZeroQ[j"2-1] && ZeroQ[k"2-1] && ZeroQ[k+i ] &&
ZeroQ[p+1-q] && ZeroQ[p+2-r] && (ZeroQ[j +k] || IntegerQ[pl)



Integration Rules for Trig Normalization

= Derivation: Algebraic normalization

m Rulelf k2 =1 A mez A p ¢ z then

j(si nic+dx1¥)"
(A (sinfc+dx17)® +B (si n[c+dx]'k)p+1+C(si n[c +dx]'k)p+2) (a+bsinfc+dx1¥)"ax —

j(si n[c+dx]'k)p_rn+2 (C+Bsin[c+dx]*+Asin[c+dx]?¥) (a+bsi n[c+dx]k)nd1x

= Program code:

Int [(sin[c_ +d_. »x_]"k_. )"m_. *
(A = (sin[c_. +d_. »x_1"i _. )*p_+B_. »(sin[c_. +d_. »x_1"i _. )*q_+C_. = (sin[c_. +d_. »x_1"i _. )"r_) =
(a_. +b_. #sin[c_. +d_. xx_]1"k_. )"n_., x_Symbol | : =
Int [(sin[c+d*xx]" (-K))™ (p-m+2) » (C+Bxsi n[c+dxX ] "Kk+A*Si Nn[C+d*X]" (2%K) ) » (a+b*si n[c+dxx]*k)”n, X] /;
FreeQ[{a, b,c,d, A,B,C, mn, p}, x] & & ZeroQ[k"2-1] && ZeroQ[k+i ] && ZeroQ[p+1l-q] &&
ZeroQ[p+2-r] && I nteger Q[m] && Not [I nt eger Q[p]]

= Derivation: Piecewise constant extraction and algebraic normalization

= Bass 8, (VSec[z] v/ Cos [z] ) =0
= Rule If k2=1/\m—%e2/\p$z,then

J(si n[c+dx]k)rn

(A (sinfc+dx17)" +B (si n[c+dx]‘k)p+1+C(si n[c+dx]‘k)p+2) (a+bsinfc+dx1¥)"ax —

vV Csc[c+dx] VSin[c+dx]
j(si n[c+dx]"‘)p_m+2 (C+#Bsin[c+dx]*+Asin[c+dx]?¥) (a+bsi n[c+dx]k)nd1x

= Program code:

Int [(sinfc_ +d_. #x_]"k_. ) "m_. «
(A *(sin[c_. +d_. #x_]7i _. ) p_+B_. »(sin[c_. +d_. #x_]%i _. )"q_+C_. »(sin[c_. +d_. »x_]1"i _. ) r_)«
(a_. +b_. #sin[c_. +d_. »x_1"k_. )"n_., x_Symbol | : =
Di st [Sqrt [Csc[c+dxx]]*Sqrt [Sin[c+dxx]],
Int [(sin[c+dxx]" (-k))™ (p-m2) » (C+Bxsi n[c+dxX ] "k+AxSi Nn[C+d*X]" (2xk) ) » (a+b*si n[c+d*x]"k)"n, x1] /;
FreeQ[{a, b,c,d, A,B,C, mn, p}, x] & ZeroQ[k"2-1] && ZeroQ[k+i ] && ZeroQ[p+1l-q] &&
Zer oQ[p+2-r] && IntegerQ[m-1/2] && Not [I nt eger Q[p]]



Integration Rules for Trig Normalization

= Derivation: Piecewise constant extraction and algebraic normalization

= Bass 9, (VSec[z] v/ Cos [z] ) =0
= Rule If k2=1/\p—%ez/\2mez,then

j(si n[c+dx]k)m

(A (sinfc+dx]1™*)?+B (sinfc+dx]™*)""+ C (si n[c+dx]"‘)p+2) (a+bsinfc+dx1¥)"ax —

vV Csc[c+dx] VSin[c+dx]

J(si n[c+dx]")mp_2 (C+Bsin[c+dx]*+Asin[c+dx]?) (a+bsi n[c+dx]")nd1x

= Program code:

Int [(sinfc_. +d_. #x_]"k_. ) "m_. «
(AL »(sinfc_. +d_. #x_]7i _. ) p_+B_. »(sin[c_. +d_. #x_]7i _. )"q_+C_. »(sin[c_. +d_. »x_1"i _. ) r_)«
(a_. +b_. #sin[c_. +d_. »x_1"k_. )"n_., x_Symbol | : =
Di st [Sqrt [Csc[c+dxx]]*Sqrt [Sin[c+dxx]],
Int [(sin[c+dxx]"k)" (M-p-2) x (C+Bxsi n[C+dxXx] K+AxSi n[C+d*xX]" (2xK)) *x (a+b*si n[c+dxx]1*k)*n, x]1] /;
FreeQ[{a, b,c,d, A ,B,C, mn, p}, x] && ZeroQ[k"2-1] && ZeroQ[k+i ] && ZeroQ[p+1l-q] &&
Zer oQ[p+2-r] && IntegerQ[p-1/2] && Not [I nt eger Q[2*m] ]



Integration Rules for Trig Normalization




