
 Integration Recurrence Equations for 

Ù Isin
jHzLMm IA + B sin

kHzL + C sin
2 kHzLM Ia + b sin

kHzLMn
âz when 

j
2 = 1 í k

2 = 1 í a
2 ¹ b

2

� Recurrence 1: If  j2 = k2 = 1, then

2 b Hn + 1L Ia2 - b2M à ISin@zDjMm IA + B Sin@zDk + C Sin@zD2 kM Ia + b Sin@zDkMn
âz =

-2 Ia2 C - a b B + b2 AM Cos@zD ISin@zDjMm Ia + b Sin@zDkMn+1
+

à ISin@zDjMm-j k IIa2 C - a b B + b2 AM H2 j k m + k - 1L + 2 b Hn + 1L Ha HC + AL - b BL Sin@zDk -

I2 Ib2 A - a b B + b2 CM Hn + 1L + Ia2 C - a b B + b2 AM H2 j k m + k + 1LM Sin@zD2 kM Ia + b Sin@zDkMn+1
âz

� Recurrence 2: If  j2 = k2 = 1, then

b H2 j k m + 2 n + k + 3L à ISin@zDjMm IA + B Sin@zDk + C Sin@zD2 kM Ia + b Sin@zDkMn
âz =

-2 C Cos@zD ISin@zDjMm Ia + b Sin@zDkMn+1
+

à ISin@zDjMm-j k Ia C H2 j k m + k - 1L + b H2 A + HA + CL H2 j k m + 2 n + k + 1LL Sin@zDk +

H2 b B Hn + 1L + Hb B - a CL H2 j k m + k + 1LL Sin@zD2 kM Ia + b Sin@zDkMn
âz

� Recurrence 3: If  j2 = k2 = 1, then

H2 j k m + 2 n + k + 3L à ISin@zDjMm IA + B Sin@zDk + C Sin@zD2 kM Ia + b Sin@zDkMn
âz =

-2 C Cos@zD ISin@zDjMm+j k Ia + b Sin@zDkMn
+

à ISin@zDjMm

Ia H2 A Hn + 1L + HA + CL H2 j k m + k + 1LL + H2 b A + 2 a B + Hb A + a B + b CL H2 j k m + 2 n + k + 1LL Sin@zDk +

H2 a C n + b B H2 j k m + 2 n + k + 3LL Sin@zD2 kM Ia + b Sin@zDkMn-1
âz

� Recurrence 4: If  j2 = k2 = 1, then

H2 j k m + k + 1L à ISin@zDjMm IA + B Sin@zDk + C Sin@zD2 kM Ia + b Sin@zDkMn
âz =

2 A Cos@zD ISin@zDjMm+j k Ia + b Sin@zDkMn
+

à ISin@zDjMm+j k Ia B H2 j k m + k + 1L - 2 b A n + H2 a A + Ha A + a C + b BL H2 j k m + k + 1LL Sin@zDk +

b H2 A Hn + 1L + HA + CL H2 j k m + k + 1LL Sin@zD2 kM Ia + b Sin@zDkMn-1
âz
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� Recurrence 5: If  j2 = k2 = 1, then

a H2 j k m + k + 1L à ISin@zDjMm IA + B Sin@zDk + C Sin@zD2 kM Ia + b Sin@zDkMn
âz =

2 A Cos@zD ISin@zDjMm+j k Ia + b Sin@zDkMn+1
+

à ISin@zDjMm+j k IHa B - b AL H2 j k m + k + 1L - 2 b A Hn + 1L + a H2 A + HA + CL H2 j k m + k + 1LL Sin@zDk +

b A H2 j k m + 2 n + k + 5L Sin@zD2 kM Ia + b Sin@zDkMn
âz

� Recurrence 6: If  j2 = k2 = 1, then

2 a Hn + 1L Ia2 - b2M à ISin@zDjMm IA + B Sin@zDk + C Sin@zD2 kM Ia + b Sin@zDkMn
âz =

2 Ib2 A - a b B + a2 CM Cos@zD ISin@zDjMm+j k Ia + b Sin@zDkMn+1
+

à ISin@zDjMm

I2 A Ia2 - b2M Hn + 1L - Ia2 C - a b B + b2 AM H2 j k m + k + 1L - 2 a Hb A - a B + b CL Hn + 1L Sin@zDk +

Ib2 A - a b B + a2 CM H2 j k m + 2 n + k + 5L Sin@zD2 kM Ia + b Sin@zDkMn+1
âz
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 Integration Recurrence Equations for 

Ù Isin
jHzLMm IA + B sin

kHzL + C sin
2 kHzLM Ia + b sin

kHzLMn
âz when 

j
2 = 1 í k

2 = 1 í a
2 = b

2

� Recurrence 7: If  j2 = k2 = 1 ì a2 - b2 = 0, then

2 a2 H2 n + 1L à ISin@zDjMm IA + B Sin@zDkM Ia + b Sin@zDkMn
âz =

2 a Hb A - a BL Cos@zD ISin@zDjMm Ia + b Sin@zDkMn
+

à ISin@zDjMm-j k I-Hb A - a BL H2 j k m + k - 1L +

H2 Hb B n + a A Hn + 1LL + Ha A - b BL H2 j k m + k - 1LL Sin@zDkM Ia + b Sin@zDkMn+1
âz

� Recurrence 8: If  j2 = k2 = 1 ì a2 - b2 = 0, then

a H2 j k m + 2 n + k + 1L à ISin@zDjMm IA + B Sin@zDkM Ia + b Sin@zDkMn
âz =

-2 a B Cos@zD ISin@zDjMm Ia + b Sin@zDkMn
+

à ISin@zDjMm-j k Ia B H2 j k m + k - 1L + H2 b B n + a A H2 j k m + 2 n + k + 1LL Sin@zDkM Ia + b Sin@zDkMn
âz

� Recurrence 9: If  j2 = k2 = 1 ì a2 - b2 = 0, then

H2 j k m + 2 n + k + 1L à ISin@zDjMm IA + B Sin@zDkM Ia + b Sin@zDkMn
âz =

-2 b B Cos@zD ISin@zDjMm+j k Ia + b Sin@zDkMn-1
+

à ISin@zDjMm I2 a A n + Ha A + b BL H2 j k m + k + 1L +

H2 Hb A + a B nL + Hb A + a BL H2 j k m + 2 n + k - 1LL Sin@zDkM Ia + b Sin@zDkMn-1
âz

� Recurrence 10: If  j2 = k2 = 1 ì a2 - b2 = 0, then

H2 j k m + k + 1L à ISin@zDjMm IA + B Sin@zDkM Ia + b Sin@zDkMn
âz =

2 a A Cos@zD ISin@zDjMm+j k Ia + b Sin@zDkMn-1
+

à ISin@zDjMm+j k IHb A + a BL H2 j k m + k + 1L - 2 b A Hn - 1L + H2 a A n + Ha A + b BL H2 j k m + k + 1LL Sin@zDkM
Ia + b Sin@zDkMn-1

âz

� Recurrence 11: If  j2 = k2 = 1 ì a2 - b2 = 0, then

a H2 j k m + k + 1L à ISin@zDjMm IA + B Sin@zDkM Ia + b Sin@zDkMn
âz =

2 a A Cos@zD ISin@zDjMm+j k Ia + b Sin@zDkMn
+

à ISin@zDjMm+j k Ia B H2 j k m + k + 1L - 2 b A n + a A H2 j k m + 2 n + k + 3L Sin@zDkM Ia + b Sin@zDkMn
âz

� Recurrence 12: If  j2 = k2 = 1 ì a2 - b2 = 0, then
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�

Recurrence 12: If  j2 = k2 = 1 ì a2 - b2 = 0, then

2 a2 H2 n + 1L à ISin@zDjMm IA + B Sin@zDkM Ia + b Sin@zDkMn
âz =

-2 b Hb A - a BL Cos@zD ISin@zDjMm+j k Ia + b Sin@zDkMn
+

à ISin@zDjMm I2 a A H2 n + 1L + Ha A - b BL H2 j k m + k + 1L - Hb A - a BL H2 j k m + 2 n + k + 3L Sin@zDkM
Ia + b Sin@zDkMn+1

âz
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