
à 1

a + b x + c x2
âx

� Reference: G&R 2.172.2, CRC 110a, A&S 3.3.17

� Derivation: Integration by substitution

� Basis: 1

a+b x+c x2
= -

2

b2-4 a c

1

1-
b+2 c x

b2-4 a c

2
¶x

b+2 c x

b2-4 a c

� Rule: If  b2 - 4 a c > 0, then

á 1

a + b x + c x2
âx � -

2

b2 - 4 a c

ArcTanhB b + 2 c x

b2 - 4 a c

F

� Program code:

IntA1�Ia_+b_.*x_+c_.*x_^2M,x_SymbolE :=

Module@8q=Rt@b^2-4*a*c,2D<,
-2*ArcTanh@b�q+2*c*x�qD�q �;

RationalQ@qD ÈÈ SqrtNumberQ@qD && RationalQ@b�qDD �;
FreeQ@8a,b,c<,xD && PosQ@b^2-4*a*cD

IntA1�Ia_+b_.*x_+c_.*x_^2M,x_SymbolE :=

-2*ArcTanh@Hb+2*c*xL�Rt@b^2-4*a*c,2DD�Rt@b^2-4*a*c,2D �;
FreeQ@8a,b,c<,xD && PosQ@b^2-4*a*cD

� Reference: G&R 2.172.4, CRC 109, A&S 3.3.16

� Derivation: Integration by substitution

� Basis: 1

a+b x+c x2
=

2

4 a c-b2

1

1+
b+2 c x

4 a c-b2

2
¶x

b+2 c x

4 a c-b2

� Rule: If  Ø Hb2 - 4 a c > 0L, then

á 1

a + b x + c x2
âx �

2

4 a c - b2
ArcTanB b + 2 c x

4 a c - b2
F

� Program code:

IntA1�Ia_+b_.*x_+c_.*x_^2M,x_SymbolE :=

Module@8q=Rt@4*a*c-b^2,2D<,
2*ArcTan@b�q+2*c*x�qD�q �;

RationalQ@qD ÈÈ SqrtNumberQ@qD && RationalQ@b�qDD �;
FreeQ@8a,b,c<,xD && NegQ@b^2-4*a*cD
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IntA1�Ia_+b_.*x_+c_.*x_^2M,x_SymbolE :=

2*ArcTan@Hb+2*c*xL�Rt@4*a*c-b^2,2DD�Rt@4*a*c-b^2,2D �;
FreeQ@8a,b,c<,xD && NegQ@b^2-4*a*cD

Integration Rules for Rational Functions of Trinomials



à Ia + b x + c x2Mn
âx

� Derivation: Algebraic simplification

� Basis: If  b2 - 4 a c = 0, then a + b z + c z2 =
1

c
I b

2
+ c zM2

� Rule: If  n Î Z ì b2 - 4 a c = 0, then

à Ia + b x + c x2Mn
âx �

1

cn
à b

2
+ c x

2 n

âx

� Program code:

IntAIa_+b_.*x_+c_.*x_^2M^n_,x_SymbolE :=

Int@Hb�2+c*xL^H2*nL,xD�c^n �;
FreeQ@8a,b,c<,xD && IntegerQ@nD && ZeroQ@b^2-4*a*cD

� Reference: G&R 2.171.3, GR5 2.263.3, CRC 113

� Rule: If  n Î Z ì n < -1 ì b2 - 4 a c ¹ 0, then

á Ia + b x + c x2Mn
âx �

Hb + 2 c xL Ia + b x + c x2Mn+1

Hn + 1L Ib2 - 4 a cM -
2 c H2 n + 3L

Hn + 1L Ib2 - 4 a cM à Ia + b x + c x2Mn+1
âx

� Program code:

IntAIa_+b_.*x_+c_.*x_^2M^n_,x_SymbolE :=

Hb+2*c*xL*Ha+b*x+c*x^2L^Hn+1L�HHn+1L*Hb^2-4*a*cLL -

Dist@2*c*H2*n+3L�HHn+1L*Hb^2-4*a*cLL,Int@Ha+b*x+c*x^2L^Hn+1L,xDD �;
FreeQ@8a,b,c<,xD && IntegerQ@nD && n<-1 && NonzeroQ@b^2-4*a*cD
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à d + e x

a + b x + c x2
âx

� Reference: G&R 2.175.1, CRC 114

� Rule: If  2 c d - b e = 0, then

à d + e x

-a + b x + c x2
âx �

e LogAa - b x - c x2E
2 c

� Program code:

IntAId_.+e_.*x_M�Ia_+b_.*x_+c_.*x_^2M,x_SymbolE :=

e*Log@-a-b*x-c*x^2D�H2*cL �;
FreeQ@8a,b,c,d,e<,xD && ZeroQ@2*c*d-b*eD && NegativeCoefficientQ@aD

� Reference: G&R 2.175.1, CRC 114

� Rule: If  2 c d - b e = 0, then

à d + e x

a + b x + c x2
âx �

e LogAa + b x + c x2E
2 c

� Program code:

IntAId_.+e_.*x_M�Ia_+b_.*x_+c_.*x_^2M,x_SymbolE :=

e*Log@a+b*x+c*x^2D�H2*cL �;
FreeQ@8a,b,c,d,e<,xD && ZeroQ@2*c*d-b*eD

� Reference: A&S 3.3.19

� Rule: If  b2 - 4 a c Ï Q í a e2 + c d2 - b d e ¹ 0, then

à d + e x

-a + b x + c x2
âx �

e LogAa - b x - c x2E
2 c

+
2 c d - b e

2 c
à 1

-a + b x + c x2
âx

� Program code:

IntAId_.+e_.*x_M�Ia_+b_.*x_+c_.*x_^2M,x_SymbolE :=

e*Log@-a-b*x-c*x^2D�H2*cL +

Dist@Simplify@H2*c*d-b*eL�H2*cLD,Int@1�Ha+b*x+c*x^2L,xDD �;
FreeQ@8a,b,c,d,e<,xD && Not@RationalQ@Rt@b^2-4*a*c,2DDD && NonzeroQ@a*e^2+c*d^2-b*d*eD &&

NegativeCoefficientQ@aD
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� Reference: A&S 3.3.19

� Rule: If  b2 - 4 a c Ï Q í a e2 + c d2 - b d e ¹ 0, then

à d + e x

a + b x + c x2
âx �

e LogAa + b x + c x2E
2 c

+
2 c d - b e

2 c
IntB 1

a + b x + c x2
, xF

� Program code:

IntAId_.+e_.*x_M�Ia_+b_.*x_+c_.*x_^2M,x_SymbolE :=

e*Log@a+b*x+c*x^2D�H2*cL +

Dist@Simplify@H2*c*d-b*eL�H2*cLD,Int@1�Ha+b*x+c*x^2L,xDD �;
FreeQ@8a,b,c,d,e<,xD && Not@RationalQ@Rt@b^2-4*a*c,2DDD && NonzeroQ@a*e^2+c*d^2-b*d*eD

Integration Rules for Rational Functions of Trinomials



à Hd + e xLm Ia + b x + c x2Mn
âx

� Derivation: Algebraic simplification

� Basis: If  a e2 - b d e + c d2 = 0, then a + b x + c x2 = Hd + e xL J a

d
+

c x

e
N

� Rule: If  a e2 - b d e + c d2 = 0 ì n Î Z, then

à Hd + e xLm Ia + b x + c x2Mn
âx � à Hd + e xLm+n

a

d
+
c x

e

n

âx

� Program code:

IntAId_+e_.*x_M^m_.*Ia_.+b_.*x_+c_.*x_^2M^n_.,x_SymbolE :=

Int@Hd+e*xL^Hm+nL*Ha�d+c�e*xL^n,xD �;
FreeQ@8a,b,c,d,e,m<,xD && ZeroQ@a*e^2-b*d*e+c*d^2D && IntegerQ@nD

IntAId_+e_.*x_M^m_.*Ia_+c_.*x_^2M^n_.,x_SymbolE :=

Int@Hd+e*xL^Hm+nL*Ha�d+c�e*xL^n,xD �;
FreeQ@8a,c,d,e,m<,xD && ZeroQ@a*e^2+c*d^2D && IntegerQ@nD

� Rule: If  a e2 + c d2 = 0 ì m + 2 Hn + 1L = 0 ì n Ï Z, then

á Hd + e xLm Ia + c x2Mn
âx �

e Hd + e xLm Ia + c x2Mn+1

2 c d Hn + 1L

� Program code:

IntAId_+e_.*x_M^m_*Ia_+c_.*x_^2M^n_,x_SymbolE :=

e*Hd+e*xL^m*Ha+c*x^2L^Hn+1L�H2*c*d*Hn+1LL �;
FreeQ@8a,c,d,e,m,n<,xD && ZeroQ@a*e^2+c*d^2D && ZeroQ@m+2*Hn+1LD && Not@IntegerQ@nDD

� Rule: If  a e2 + c d2 = 0 ì m + n + 1 ¹ 0 ì m + 2 Hn + 1L ¹ 0 ì m < -1 ì n Ï Z, then

á Hd + e xLm Ia + c x2Mn
âx � -

e Hd + e xLm Ia + c x2Mn+1

2 c d Hm + n + 1L +
m + 2 Hn + 1L
2 d Hm + n + 1L à Hd + e xLm+1 Ia + c x2Mn

âx

� Program code:

IntAId_+e_.*x_M^m_*Ia_+c_.*x_^2M^n_,x_SymbolE :=

-e*Hd+e*xL^m*Ha+c*x^2L^Hn+1L�H2*c*d*Hm+n+1LL +

Dist@Hm+2*Hn+1LL�H2*d*Hm+n+1LL,Int@Hd+e*xL^Hm+1L*Ha+c*x^2L^n,xDD �;
FreeQ@8a,c,d,e,n<,xD && ZeroQ@a*e^2+c*d^2D && NonzeroQ@m+n+1D && NonzeroQ@m+2*Hn+1LD &&

RationalQ@mD && m<-1 && Not@IntegerQ@nDD
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� Reference: G&R 2.174.2

� Rule: If  n < -1 ì m + 2 n + 1 = 0 ì 2 c d - b e = 0, then

á Hd + e xLm Ia + b x + c x2Mn
âx � -

e Hd + e xLm-1 Ia + b x + c x2Mn+1

c Hm - 1L +
e2

c
à Hd + e xLm-2 Ia + b x + c x2Mn+1

âx

� Program code:

IntAId_.+e_.*x_M^m_*Ia_.+b_.*x_+c_.*x_^2M^n_,x_SymbolE :=

-e*Hd+e*xL^Hm-1L*Ha+b*x+c*x^2L^Hn+1L�Hc*Hm-1LL +

Dist@e^2�c,Int@Hd+e*xL^Hm-2L*Ha+b*x+c*x^2L^Hn+1L,xDD �;
FreeQ@8a,b,c,d,e<,xD && RationalQ@8m,n<D && n<-1 && ZeroQ@m+2*n+1D && ZeroQ@2*c*d-b*eD

� Reference: G&R 2.174.1, CRC 119

� Rule: If  2 c d - b e = 0 ì n + 1 ¹ 0, then

á Hd + e xL Ia + b x + c x2Mn
âx �

e Ia + b x + c x2Mn+1

2 c Hn + 1L

� Program code:

IntAId_.+e_.*x_M*Ia_.+b_.*x_+c_.*x_^2M^n_,x_SymbolE :=

e*Ha+b*x+c*x^2L^Hn+1L�H2*c*Hn+1LL �;
FreeQ@8a,b,c,d,e,n<,xD && ZeroQ@2*c*d-b*eD && NonzeroQ@n+1D

� Reference: G&R 2.174.1, CRC 119

� Rule: If  n + 1 ¹ 0 ì Ø Hn Î Z ì n > 0L ì 2 c d - b e ¹ 0, then

á Hd + e xL Ia + b x + c x2Mn
âx �

e Ia + b x + c x2Mn+1

2 c Hn + 1L +
2 c d - b e

2 c
à Ia + b x + c x2Mn

âx

� Program code:

IntAId_.+e_.*x_M*Ia_.+b_.*x_+c_.*x_^2M^n_,x_SymbolE :=

e*Ha+b*x+c*x^2L^Hn+1L�H2*c*Hn+1LL +

Dist@H2*c*d-b*eL�H2*cL,Int@Ha+b*x+c*x^2L^n,xDD �;
FreeQ@8a,b,c,d,e,n<,xD && NonzeroQ@n+1D && Not@IntegerQ@nD && n>0D && NonzeroQ@2*c*d-b*eD

IntAId_+e_.*x_M*Ia_.+c_.*x_^2M^n_,x_SymbolE :=

e*Ha+c*x^2L^Hn+1L�H2*c*Hn+1LL +

Dist@d,Int@Ha+c*x^2L^n,xDD �;
FreeQ@8a,c,d,e,n<,xD && NonzeroQ@n+1D && Not@IntegerQ@nD && n>0D
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� Reference: G&R 2.174.1, CRC 119

� Rule: If  m > 1 ì m + 2 n + 1 ¹ 0 ì Ø Hn Î Z ì n ³ -1L ì Hm + n = 0 ê 2 c d - b e = 0L, then

á Hd + e xLm Ia + b x + c x2Mn
âx �

e Hd + e xLm-1 Ia + b x + c x2Mn+1

c Hm + 2 n + 1L -
Ia e2 - b d e + c d2M Hm - 1L

c Hm + 2 n + 1L à Hd + e xLm-2 Ia + b x + c x2Mn
âx

� Program code:

IntAId_.+e_.*x_M^m_*Ia_.+b_.*x_+c_.*x_^2M^n_,x_SymbolE :=

e*Hd+e*xL^Hm-1L*Ha+b*x+c*x^2L^Hn+1L�Hc*Hm+2*n+1LL -

Dist@Ha*e^2-b*d*e+c*d^2L*Hm-1L�Hc*Hm+2*n+1LL,Int@Hd+e*xL^Hm-2L*Ha+b*x+c*x^2L^n,xDD �;
FreeQ@8a,b,c,d,e,n<,xD && RationalQ@mD && m>1 && NonzeroQ@m+2*n+1D && Not@IntegerQ@nD && n³-1D &&

HZeroQ@m+nD ÈÈ ZeroQ@2*c*d-b*eDL

IntAId_+e_.*x_M^m_*Ia_.+c_.*x_^2M^n_,x_SymbolE :=

-e*Hd+e*xL^Hm-1L�Hc*Hm-1L*Ha+c*x^2L^Hm-1LL +

Dist@Ha*e^2+c*d^2L�c,Int@Hd+e*xL^Hm-2L�Ha+c*x^2L^m,xDD �;
FreeQ@8a,c,d,e,n<,xD && RationalQ@mD && m>1 && ZeroQ@m+nD

� Reference: G&R 2.174.1, CRC 119

� Rule: If  m > 1 ì m + 2 n + 1 ¹ 0 ì Ø Hn Î Z ì n ³ -1L ì a e2 - b d e + c d2 = 0, then

á Hd + e xLm Ia + b x + c x2Mn
âx �

e Hd + e xLm-1 Ia + b x + c x2Mn+1

c Hm + 2 n + 1L +
H2 c d - b eL Hm + nL

c Hm + 2 n + 1L à Hd + e xLm-1 Ia + b x + c x2Mn
âx

� Program code:

IntAId_.+e_.*x_M^m_.*Ia_.+b_.*x_+c_.*x_^2M^n_,x_SymbolE :=

e*Hd+e*xL^Hm-1L*Ha+b*x+c*x^2L^Hn+1L�Hc*Hm+2*n+1LL +

Dist@H2*c*d-b*eL*Hm+nL�Hc*Hm+2*n+1LL,Int@Hd+e*xL^Hm-1L*Ha+b*x+c*x^2L^n,xDD �;
FreeQ@8a,b,c,d,e,n<,xD && RationalQ@mD && m>1 && NonzeroQ@m+2*n+1D && Not@IntegerQ@nD && n>=-1D &&

ZeroQ@a*e^2-b*d*e+c*d^2D

IntAId_+e_.*x_M^m_.*Ia_.+c_.*x_^2M^n_,x_SymbolE :=

e*Hd+e*xL^Hm-1L*Ha+c*x^2L^Hn+1L�Hc*Hm+2*n+1LL +

Dist@2*c*d*Hm+nL�Hc*Hm+2*n+1LL,Int@Hd+e*xL^Hm-1L*Ha+c*x^2L^n,xDD �;
FreeQ@8a,c,d,e,n<,xD && RationalQ@mD && m>1 && NonzeroQ@m+2*n+1D && Not@IntegerQ@nD && n>=-1D &&

ZeroQ@a*e^2+c*d^2D
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� Reference: G&R 2.265c special case

� Rule: If  m + n + 1 ¹ 0 ì m + 2 Hn + 1L = 0, then

á xm Ib x + c x2Mn
âx �

xm Ib x + c x2Mn+1

b Hm + n + 1L

� Program code:

IntAx_^m_*Ib_.*x_+c_.*x_^2M^n_,x_SymbolE :=

x^m*Hb*x+c*x^2L^Hn+1L�Hb*Hm+n+1LL �;
FreeQ@8b,c,m,n<,xD && NonzeroQ@m+n+1D && ZeroQ@m+2*Hn+1LD

� Reference: G&R 2.265c

� Rule: If  m < -1 ì m + n + 1 ¹ 0 ì Ø Hn Î Z ì n ³ -1L, then

á xm Ib x + c x2Mn
âx �

xm Ib x + c x2Mn+1

b Hm + n + 1L -
c Hm + 2 Hn + 1LL
b Hm + n + 1L à xm+1 Ib x + c x2Mn

âx

� Program code:

IntAx_^m_*Ib_.*x_+c_.*x_^2M^n_,x_SymbolE :=

x^m*Hb*x+c*x^2L^Hn+1L�Hb*Hm+n+1LL -

Dist@c*Hm+2*Hn+1LL�Hb*Hm+n+1LL,Int@x^Hm+1L*Hb*x+c*x^2L^n,xDD �;
FreeQ@8b,c,n<,xD && RationalQ@mD && m<-1 && NonzeroQ@m+n+1D && Not@IntegerQ@nD && n³-1D

� Reference: G&R 2.176, CRC 123

� Rule: If  m < -1 ì a e2 - b d e + c d2 ¹ 0 ì Ø Hn Î Z ì n ³ -1L ì m + 2 n + 3 = 0, then

á Hd + e xLm Ia + b x + c x2Mn
âx �

e Hd + e xLm+1 Ia + b x + c x2Mn+1

Hm + 1L Ia e2 - b d e + c d2M +
H2 c d - b eL Hm + n + 2L

Hm + 1L Ia e2 - b d e + c d2M à Hd + e xLm+1 Ia + b x + c x2Mn
âx

� Program code:

IntAId_.+e_.*x_M^m_*Ia_+b_.*x_+c_.*x_^2M^n_,x_SymbolE :=

e*Hd+e*xL^Hm+1L*Ha+b*x+c*x^2L^Hn+1L�HHm+1L*Ha*e^2-b*d*e+c*d^2LL +

Dist@H2*c*d-b*eL*Hm+n+2L�HHm+1L*Ha*e^2-b*d*e+c*d^2LL,Int@Hd+e*xL^Hm+1L*Ha+b*x+c*x^2L^n,xDD �;
FreeQ@8a,b,c,d,e,n<,xD && RationalQ@mD && m<-1 && NonzeroQ@a*e^2-b*d*e+c*d^2D &&

Not@IntegerQ@nD && n³-1D && ZeroQ@m+2*n+3D
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IntAId_+e_.*x_M^m_*Ia_+c_.*x_^2M^n_,x_SymbolE :=

e*Hd+e*xL^Hm+1L*Ha+c*x^2L^Hn+1L�HHm+1L*Ha*e^2+c*d^2LL +

Dist@2*c*d*Hm+n+2L�HHm+1L*Ha*e^2+c*d^2LL,Int@Hd+e*xL^Hm+1L*Ha+c*x^2L^n,xDD �;
FreeQ@8a,c,d,e,n<,xD && RationalQ@mD && m<-1 && NonzeroQ@a*e^2+c*d^2D &&

Not@IntegerQ@nD && n³-1D && ZeroQ@m+2*n+3D

Integration Rules for Rational Functions of Trinomials



 

à 1

a + b x2 + c x4
âx

� Derivation: Algebraic expansion

� Basis: Let q =
a

c
, then 1

a+b x2+c x4
=

c q Iq+x2M
2 a Ia+b x2+c x4M +

c q Iq-x2M
2 a Ia+b x2+c x4M

� Note: Although resulting integrands appear more complicated than the original one, they are of the form required for the first two rules in the 
next section.

� Rule: If  b2 - 4 a c ¹ 0 í a

c
> 0 í Jb2 - 4 a c < 0 ë J a

c
Î Q í Ø Hb2 - 4 a c > 0LNN, let q =

a

c
, then

à 1

a + b x2 + c x4
âx �

c q

2 a
à q + x2

a + b x2 + c x4
âx +

c q

2 a
à q - x2

a + b x2 + c x4
âx

� Program code:

IntA1�Ia_+b_.*x_^2+c_.*x_^4M, x_SymbolE :=

Module@8q=Rt@a�c,2D<,
Dist@c*q�H2*aL,Int@Hq+x^2L�Ha+b*x^2+c*x^4L,xDD +

Dist@c*q�H2*aL,Int@Hq-x^2L�Ha+b*x^2+c*x^4L,xDDD �;
FreeQ@8a,b,c<,xD && NonzeroQ@b^2-4*a*cD && PosQ@a�cD &&

HNegativeQ@b^2-4*a*cD ÈÈ RationalQ@a�cD && Not@PositiveQ@b^2-4*a*cDDL

� Derivation: Algebraic expansion

� Basis: Let q = -
a

c
, then 1

a+b x2+c x4
= -

c q Iq+x2M
2 a Ia+b x2+c x4M -

c q Iq-x2M
2 a Ia+b x2+c x4M

� Note: Although resulting integrands appear more complicated than the original one, they are of the form required for the first two rules in the 
next section.

� Rule: If  b2 - 4 a c ¹ 0 í Ø J a

c
> 0N í Jb2 - 4 a c < 0 ë J a

c
Î Q í Ø Hb2 - 4 a c > 0LNN, let q = -

a

c
, then

à 1

a + b x2 + c x4
âx � -

c q

2 a
à q + x2

a + b x2 + c x4
âx -

c q

2 a
à q - x2

a + b x2 + c x4
âx

� Program code:

IntA1�Ia_+b_.*x_^2+c_.*x_^4M, x_SymbolE :=

Module@8q=Rt@-a�c,2D<,
-Dist@c*q�H2*aL,Int@Hq+x^2L�Ha+b*x^2+c*x^4L,xDD -

Dist@c*q�H2*aL,Int@Hq-x^2L�Ha+b*x^2+c*x^4L,xDDD �;
FreeQ@8a,b,c<,xD && NonzeroQ@b^2-4*a*cD && NegQ@a�cD &&

HNegativeQ@b^2-4*a*cD ÈÈ RationalQ@a�cD && Not@PositiveQ@b^2-4*a*cDDL
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à d + e x2

a + b x2 + c x4
âx

� Note: Previously undiscovered rule?

� Rule: If  b2 - 4 a c ¹ 0 ì c d2 - a e2 = 0 í Ø J b d+2 a e

a d
> 0N, then

á d + e x2

a + b x2 + c x4
âx �

d

a -
b d+2 a e

a d

ArcTanhB
d -

b d+2 a e

a d
x

d - e x2
F

� Program code:

IntAId_+e_.*x_^2M�Ia_+b_.*x_^2+c_.*x_^4M, x_SymbolE :=

d�Ha*Rt@-Hb*d+2*a*eL�Ha*dL,2DL*ArcTanh@d*Rt@-Hb*d+2*a*eL�Ha*dL,2D*x�Hd-e*x^2LD �;
FreeQ@8a,b,c,d,e<,xD && NonzeroQ@b^2-4*a*cD && ZeroQ@c*d^2-a*e^2D && NegQ@Hb*d+2*a*eL�Ha*dLD

� Note: Although this rule would produce superficially simpler antiderivatives than the following rule, unfortunately they are discontinuous at the 
points x =

a

c
 and x = -

a

c
.

� Rule: If  b2 - 4 a c ¹ 0 ì c d2 - a e2 = 0 í b d+2 a e

a d
> 0, then

á d + e x2

a + b x2 + c x4
âx �

d

a b d+2 a e

a d

ArcTanB
d b d+2 a e

a d
x

d - e x2
F

� Program code:

H* IntAId_+e_.*x_^2M�Ia_+b_.*x_^2+c_.*x_^4M, x_SymbolE :=

d�Ha*Rt@Hb*d+2*a*eL�Ha*dL,2DL*ArcTan@d*Rt@Hb*d+2*a*eL�Ha*dL,2D*x�Hd-e*x^2LD �;
FreeQ@8a,b,c,d,e<,xD && NonzeroQ@b^2-4*a*cD && ZeroQ@c*d^2-a*e^2D && PosQ@Hb*d+2*a*eL�Ha*dLD *L

Integration Rules for Rational Functions of Trinomials



� Derivation: Algebraic expansion

� Basis: If  c d2 - a e2 = 0, let q =
c d

e
 and r = 2 c q - b c , then d+e x2

a+b x2+c x4
=

e

2 Iq+r x+c x2M +
e

2 Iq-r x+c x2M

� Rule: If  b2 - 4 a c ¹ 0 ì c d2 - a e2 = 0, let q =
c d

e
, if  2 c q - b c > 0, let r = 2 c q - b c , then

à d + e x2

a + b x2 + c x4
âx �

e

2
à 1

q - r x + c x2
âx +

e

2
à 1

q + r x + c x2
âx

� Program code:

IntAId_+e_.*x_^2M�Ia_+b_.*x_^2+c_.*x_^4M, x_SymbolE :=

Module@8q=c*d�e<,
Module@8r=Rt@2*c*q-b*c,2D<,
Dist@e�2,Int@1�Hq-r*x+c*x^2L,xDD +

Dist@e�2,Int@1�Hq+r*x+c*x^2L,xDDD �;
Not@NegativeQ@2*c*q-b*cDDD �;

FreeQ@8a,b,c,d,e<,xD && NonzeroQ@b^2-4*a*cD && ZeroQ@c*d^2-a*e^2D && PosQ@Hb*d+2*a*eL�Ha*dLD

� Derivation: Algebraic expansion

� Basis: Let q =
a

c
, then d+e x2

a+b x2+c x4
=

Hq c d+a eL Iq+x2M
2 a Ia+b x2+c x4M +

Hq c d-a eL Iq-x2M
2 a Ia+b x2+c x4M

� Note: Resulting integrands are of the form of the first two rules in this section.

� Rule: If  b2 - 4 a c ¹ 0 í c d2 - a e2 ¹ 0 í a

c
> 0 í Jb2 - 4 a c < 0 ë J a

c
Î Q í Ø Hb2 - 4 a c > 0LNN, let q =

a

c
, then

à d + e x2

a + b x2 + c x4
âx �

q c d + a e

2 a
à q + x2

a + b x2 + c x4
âx +

q c d - a e

2 a
à q - x2

a + b x2 + c x4
âx

� Program code:

IntAId_.+e_.*x_^2M�Ia_+b_.*x_^2+c_.*x_^4M, x_SymbolE :=

Module@8q=Rt@a�c,2D<,
Dist@Hq*c*d+a*eL�H2*aL,Int@Hq+x^2L�Ha+b*x^2+c*x^4L,xDD +

Dist@Hq*c*d-a*eL�H2*aL,Int@Hq-x^2L�Ha+b*x^2+c*x^4L,xDDD �;
FreeQ@8a,b,c,d,e<,xD && NonzeroQ@b^2-4*a*cD && NonzeroQ@c*d^2-a*e^2D && PosQ@a�cD &&

HNegativeQ@b^2-4*a*cD ÈÈ RationalQ@a�cD && Not@PositiveQ@b^2-4*a*cDDL

Integration Rules for Rational Functions of Trinomials



� Derivation: Algebraic expansion

� Basis: Let q = -
a

c
, then d+e x2

a+b x2+c x4
= -

Hq c d-a eL Iq+x2M
2 a Ia+b x2+c x4M -

Hq c d+a eL Iq-x2M
2 a Ia+b x2+c x4M

� Note: Resulting integrands are of the form of the first two rules in this section.

� Rule: If  b2 - 4 a c ¹ 0 í c d2 - a e2 ¹ 0 í Ø J a

c
> 0N í Jb2 - 4 a c < 0 ë J a

c
Î Q í Ø Hb2 - 4 a c > 0LNN, let q = -

a

c
, 

then

à d + e x2

a + b x2 + c x4
âx � -

q c d - a e

2 a
à q + x2

a + b x2 + c x4
âx -

q c d + a e

2 a
à q - x2

a + b x2 + c x4
âx

� Program code:

IntAId_+e_.*x_^2M�Ia_+b_.*x_^2+c_.*x_^4M, x_SymbolE :=

Module@8q=Rt@-a�c,2D<,
Dist@-Hq*c*d-a*eL�H2*aL,Int@Hq+x^2L�Ha+b*x^2+c*x^4L,xDD -

Dist@Hq*c*d+a*eL�H2*aL,Int@Hq-x^2L�Ha+b*x^2+c*x^4L,xDDD �;
FreeQ@8a,b,c,d,e<,xD && NonzeroQ@b^2-4*a*cD && NonzeroQ@c*d^2-a*e^2D && NegQ@a�cD &&

HNegativeQ@b^2-4*a*cD ÈÈ RationalQ@a�cD && Not@PositiveQ@b^2-4*a*cDDL

Integration Rules for Rational Functions of Trinomials



 

à 1

a + b xn + c x2 n
âx

� Reference: G&R 2.161.1b?

� Derivation: Algebraic expansion

� Basis: Let q = a c  and r = 2 c q - b c , then 1

a+b z2+c z4
=

q

2 a r

r-c z

q-r z+c z2
+

q

2 a r

r+c z

q+r z+c z2

� Rule: If  b2 - 4 a c < 0 í n

2
Î Z í n > 2 í a c > 0, let q = a c , if  2 c q - b c > 0, let r = 2 c q - b c , then

à 1

a + b xn + c x2 n
âx �

q

2 a r
à r - c xn�2
q - r xn�2 + c xn

âx +
q

2 a r
à r + c xn�2
q + r xn�2 + c xn

âx

� Program code:

IntA1�Ia_+b_.*x_^n_+c_.*x_^j_M,x_SymbolE :=

Module@8q=Rt@a*c,2D<,
Module@8r=Rt@2*c*q-b*c,2D<,
Dist@q�H2*a*rL,Int@Hr-c*x^Hn�2LL�Hq-r*x^Hn�2L+c*x^nL,xDD +

Dist@q�H2*a*rL,Int@Hr+c*x^Hn�2LL�Hq+r*x^Hn�2L+c*x^nL,xDDD �;
Not@NegativeQ@2*c*q-b*cDDD �;

FreeQ@8a,b,c<,xD && NegativeQ@b^2-4*a*cD && ZeroQ@j-2*nD && IntegerQ@n�2D && n>2 &&

NegativeQ@b^2-4*a*cD && PosQ@a*cD

� Reference: G&R 2.161.1a

� Derivation: Algebraic expansion

� Basis: Let q = b2 - 4 a c , then 1

a+b z+c z2
=

2 c

q

1

b-q+2 c z
-

2 c

q

1

b+q+2 c z

� Rule: If  b2 - 4 a c ¹ 0 í n Î Z í n > 1 í Ø J n

2
Î Z í b2 - 4 a c < 0 í a c > 0N, let q = b2 - 4 a c , then

à 1

a + b xn + c x2 n
âx �

2 c

q
à 1

b - q + 2 c xn
âx -

2 c

q
à 1

b + q + 2 c xn
âx

� Program code:

IntA1�Ia_+b_.*x_^n_+c_.*x_^j_M,x_SymbolE :=

Module@8q=Rt@b^2-4*a*c,2D<,
Dist@2*c�q,Int@1�Hb-q+2*c*x^nL,xDD -

Dist@2*c�q,Int@1�Hb+q+2*c*x^nL,xDDD �;
FreeQ@8a,b,c<,xD && NonzeroQ@b^2-4*a*cD && ZeroQ@j-2*nD && IntegerQ@nD && n>1 &&

Not@IntegerQ@n�2D && NegativeQ@b^2-4*a*cD && PosQ@a*cDD

Integration Rules for Rational Functions of Trinomials



à xm

a + b xn + c x2 n
âx

� Reference: G&R 2.177.1, CRC 120

� Derivation: Algebraic expansion

� Basis: 1

x Ia+b xn+c x2 nM =
1

a x
-

1

a

xn-1 Hb+c xnL
a+b xn+c x2 n

� Note: Although the resulting integrand appears more complicated than the original one, it is easily integrated by the substitution u = xn.

� Rule: If  b2 - 4 a c ¹ 0 ì Ø Hn < 0L, then

à 1

x Ia + b xn + c x2 nM âx �
Log@xD

a
-
1

a
à xn-1 Hb + c xnL
a + b xn + c x2 n

âx

� Program code:

IntA1�Ix_*Ia_+b_.*x_^n_+c_.*x_^j_MM,x_SymbolE :=

Log@xD�a - Dist@1�a,Int@x^Hn-1L*Hb+c*x^nL�Ha+b*x^n+c*x^H2*nLL,xDD �;
FreeQ@8a,b,c,n<,xD && NonzeroQ@b^2-4*a*cD && ZeroQ@j-2*nD && Not@NegativeQ@nDD

� Reference: G&R 2.176, CRC 123

� Derivation: Algebraic expansion

� Basis: xm

a+b xn+c x2 n
=

xm

a
-

1

a

xm+n Hb+c xnL
a+b xn+c x2 n

� Rule: If  b2 - 4 a c ¹ 0 ì m, n Î Z ì n > 0 ì m < -1, then

à xm

a + b xn + c x2 n
âx �

xm+1

a Hm + 1L -
1

a
à xm+n Hb + c xnL
a + b xn + c x2 n

âx

� Program code:

IntAx_^m_�Ia_+b_.*x_^n_+c_.*x_^j_M,x_SymbolE :=

x^Hm+1L�Ha*Hm+1LL -

Dist@1�a,Int@x^Hm+nL*Hb+c*x^nL�Ha+b*x^n+c*x^H2*nLL,xDD �;
FreeQ@8a,b,c<,xD && NonzeroQ@b^2-4*a*cD && ZeroQ@j-2*nD && IntegersQ@m,nD && n>0 && m<-1

Integration Rules for Rational Functions of Trinomials



� Reference: G&R 2.174.1, CRC 119

� Derivation: Algebraic expansion

� Basis: xm

a+b xn+c x2 n
=

xm-2 n

c
-

1

c

xm-2 n Ha+b xnL
a+b xn+c x2 n

� Rule: If  b2 - 4 a c ¹ 0 ì m, 2 n Î Z ì 0 < 2 n £ m, then

à xm

a + b xn + c x2 n
âx �

xm-2 n+1

c Hm - 2 n + 1L -
1

c
à xm-2 n Ha + b xnL

a + b xn + c x2 n
âx

� Program code:

IntAx_^m_.�Ia_+b_.*x_^n_+c_.*x_^j_M,x_SymbolE :=

x^Hm-2*n+1L�Hc*Hm-2*n+1LL -

Dist@1�c,Int@x^Hm-2*nL*Ha+b*x^nL�Ha+b*x^n+c*x^H2*nLL,xDD �;
FreeQ@8a,b,c<,xD && NonzeroQ@b^2-4*a*cD && ZeroQ@j-2*nD && IntegersQ@m,nD && 0<2*n£m

� Derivation: Algebraic expansion

� Basis: Let q = a c  and r = 2 c q - b c , then zm

a+b z2+c z4
=

c

2 r

zm-1

q-r z+c z2
-

c

2 r

zm-1

q+r z+c z2

� Rule: If  b2 - 4 a c < 0 ì m,
n

2
Î Z í 1 <

n

2
£ m < 2 n í CoprimeQ@m + 1, nD í a c > 0, let q = a c , if  2 c q - b c > 0, let 

r = 2 c q - b c , then

à xm

a + b xn + c x2 n
âx �

c

2 r
à xm-n�2
q - r xn�2 + c xn

âx -
c

2 r
à xm-n�2
q + r xn�2 + c xn

âx

� Program code:

IntAx_^m_.�Ia_+b_.*x_^n_+c_.*x_^j_M,x_SymbolE :=

Module@8q=Rt@a*c,2D<,
Module@8r=Rt@2*c*q-b*c,2D<,
Dist@c�H2*rL,Int@x^Hm-n�2L�Hq-r*x^Hn�2L+c*x^nL,xDD -

Dist@c�H2*rL,Int@x^Hm-n�2L�Hq+r*x^Hn�2L+c*x^nL,xDDD �;
Not@NegativeQ@2*c*q-b*cDDD �;

FreeQ@8a,b,c<,xD && NegativeQ@b^2-4*a*cD && ZeroQ@j-2*nD && IntegersQ@m,n�2D &&

1<n�2£m<2*n && CoprimeQ@m+1,nD && PosQ@a*cD

Integration Rules for Rational Functions of Trinomials



� Reference: G&R 2.161.1a

� Derivation: Algebraic expansion

� Basis: Let q = b2 - 4 a c , then zm

a+b z+c z2
=

2 c

q

zm

b-q+2 c z
-

2 c

q

zm

b+q+2 c z

� Rule: If  b2 - 4 a c ¹ 0 ì m, n Î Z í 0 < m < n í CoprimeQ@m + 1, nD í Ø J n

2
Î Z í b2 - 4 a c < 0 í a c > 0N, let 

q = b2 - 4 a c , then

à xm

a + b xn + c x2 n
âx �

2 c

q
à xm

b - q + 2 c xn
âx -

2 c

q
à xm

b + q + 2 c xn
âx

� Program code:

IntAx_^m_.�Ia_+b_.*x_^n_+c_.*x_^j_M,x_SymbolE :=

Module@8q=Rt@b^2-4*a*c,2D<,
Dist@2*c�q,Int@x^m�Hb-q+2*c*x^nL,xDD -

Dist@2*c�q,Int@x^m�Hb+q+2*c*x^nL,xDDD �;
FreeQ@8a,b,c<,xD && NonzeroQ@b^2-4*a*cD && ZeroQ@j-2*nD && IntegersQ@m,nD && 0<m<n &&

CoprimeQ@m+1,nD && Not@IntegerQ@n�2D && NegativeQ@b^2-4*a*cD && PosQ@a*cDD

� Derivation: Algebraic expansion

� Basis: Let q = b2 - 4 a c , then zm

a+b z+c z2
= J1 -

b

q
N zm-1

b-q+2 c z
+ J1 +

b

q
N zm-1

b+q+2 c z

� Rule: If  b2 - 4 a c ¹ 0 ì m, n Î Z í n < m < 2 n í CoprimeQ@m + 1, nD í Ø J n

2
Î Z í b2 - 4 a c < 0 í a c > 0N, let 

q = b2 - 4 a c , then

à xm

a + b xn + c x2 n
âx � 1 -

b

q
à xm-n

b - q + 2 c xn
âx + 1 +

b

q
à xm-n

b + q + 2 c xn
âx

� Program code:

IntAx_^m_�Ia_+b_.*x_^n_+c_.*x_^j_M,x_SymbolE :=

Module@8q=Rt@b^2-4*a*c,2D<,
Dist@1-b�q,Int@x^Hm-nL�Hb-q+2*c*x^nL,xDD +

Dist@1+b�q,Int@x^Hm-nL�Hb+q+2*c*x^nL,xDDD �;
FreeQ@8a,b,c<,xD && NonzeroQ@b^2-4*a*cD && ZeroQ@j-2*nD && IntegersQ@m,nD && n<m<2*n &&

CoprimeQ@m+1,nD && Not@IntegerQ@n�2D && NegativeQ@b^2-4*a*cD && PosQ@a*cDD

Integration Rules for Rational Functions of Trinomials



à d + e xn

a + b xn + c x2 n
âx

� Derivation: Algebraic expansion

� Basis: Let q = a c  and r = 2 c q - b c , then d+e z2

a+b z2+c z4
=

c

2 q r

d r-Hc d-e qL z

q-r z+c z2
+

c

2 q r

d r+Hc d-e qL z

q+r z+c z2

� Rule: If  b2 - 4 a c < 0 í n

2
Î Z í n > 2 í a c > 0, let q = a c , if  2 c q - b c > 0, let r = 2 c q - b c , then

à d + e xn

a + b xn + c x2 n
âx �

c

2 q r
à d r - Hc d - e qL xn�2

q - r xn�2 + c xn
âx +

c

2 q r
à d r + Hc d - e qL xn�2

q + r xn�2 + c xn
âx

� Program code:

IntAId_.+e_.*x_^n_M�Ia_+b_.*x_^n_+c_.*x_^j_M,x_SymbolE :=

Module@8q=Rt@a*c,2D<,
Module@8r=Rt@2*c*q-b*c,2D<,
Dist@c�H2*q*rL,Int@Hd*r-Hc*d-e*qL*x^Hn�2LL�Hq-r*x^Hn�2L+c*x^nL,xDD +

Dist@c�H2*q*rL,Int@Hd*r+Hc*d-e*qL*x^Hn�2LL�Hq+r*x^Hn�2L+c*x^nL,xDDD �;
Not@NegativeQ@2*c*q-b*cDDD �;

FreeQ@8a,b,c,d,e<,xD && NegativeQ@b^2-4*a*cD && ZeroQ@j-2*nD && IntegerQ@n�2D && n>2 && PosQ@a*cD

� Reference: G&R 2.161.1a & G&R 2.161.3

� Derivation: Algebraic expansion

� Basis: Let q = b2 - 4 a c , then d+e z

a+b z+c z2
= Je +

2 c d-b e

q
N 1

b-q+2 c z
+ Je -

2 c d-b e

q
N 1

b+q+2 c z

� Rule: If  b2 - 4 a c ¹ 0 í n Î Z í n > 1 í Ø J n

2
Î Z í b2 - 4 a c < 0 í a c > 0N, let q = b2 - 4 a c , then

à d + e xn

a + b xn + c x2 n
âx � e +

2 c d - b e

q
à 1

b - q + 2 c xn
âx + e -

2 c d - b e

q
à 1

b + q + 2 c xn
âx

� Program code:

IntAId_.+e_.*x_^n_M�Ia_+b_.*x_^n_+c_.*x_^j_M,x_SymbolE :=

Module@8q=Rt@b^2-4*a*c,2D<,
Dist@He+H2*c*d-b*eL�qL,Int@1�Hb-q+2*c*x^nL,xDD +

Dist@He-H2*c*d-b*eL�qL,Int@1�Hb+q+2*c*x^nL,xDDD �;
FreeQ@8a,b,c,d,e<,xD && NonzeroQ@b^2-4*a*cD && ZeroQ@j-2*nD && IntegerQ@nD && n>1 &&

Not@IntegerQ@n�2D && NegativeQ@b^2-4*a*cD && PosQ@a*cDD

Integration Rules for Rational Functions of Trinomials



à xm Hd + e xnL
a + b xn + c x2 n

âx

� Derivation: Algebraic expansion

� Basis: d+e xn

x Ia+b xn+c x2 nM =
d

a x
-

1

a

xn-1 Hb d-a e+c d xnL
a+b xn+c x2 n

� Note: Although resulting integrand appears more complicated than the original one, it is easily integrated by the substitution u = xn.

� Rule: If  b2 - 4 a c ¹ 0, then

à d + e xn

x Ia + b xn + c x2 nM âx �
d Log@xD

a
-
1

a
à xn-1 Hb d - a e + c d xnL

a + b xn + c x2 n
âx

� Program code:

IntAId_+e_.*x_^n_M�Ix_*Ia_+b_.*x_^n_+c_.*x_^j_MM,x_SymbolE :=

d*Log@xD�a - Dist@1�a,Int@x^Hn-1L*Hb*d-a*e+c*d*x^nL�Ha+b*x^n+c*x^H2*nLL,xDD �;
FreeQ@8a,b,c,d,e,n<,xD && NonzeroQ@b^2-4*a*cD && ZeroQ@j-2*nD

� Derivation: Algebraic expansion

� Basis: xm Hd+e xnL
a+b xn+c x2 n

=
d xm

a
-

1

a

xm+n Hb d-a e+c d xnL
a+b xn+c x2 n

� Note: Resulting integrand has the same form as the original one so recursion can occur. 

� Rule: If  b2 - 4 a c ¹ 0 ì m, n Î Z ì n > 0 ì m < -1, then

à xm Hd + e xnL
a + b xn + c x2 n

âx �
d xm+1

a Hm + 1L -
1

a
à xm+n Hb d - a e + c d xnL

a + b xn + c x2 n
âx

� Program code:

IntAx_^m_*Id_+e_.*x_^n_M�Ia_+b_.*x_^n_+c_.*x_^j_M,x_SymbolE :=

d*x^Hm+1L�Ha*Hm+1LL -

Dist@1�a,Int@x^Hm+nL*Hb*d-a*e+c*d*x^nL�Ha+b*x^n+c*x^H2*nLL,xDD �;
FreeQ@8a,b,c,d,e<,xD && NonzeroQ@b^2-4*a*cD && ZeroQ@j-2*nD && IntegersQ@m,nD && n>0 && m<-1

Integration Rules for Rational Functions of Trinomials



� Derivation: Algebraic expansion

� Basis: xm Hd+e xnL
a+b xn+c x2 n

=
e xm-n

c
-

1

c

xm-n Ha e+Hb e-c dL xnL
a+b xn+c x2 n

� Note: Resulting integrand has the same form as the original one so recursion can occur. 

� Rule: If  b2 - 4 a c ¹ 0 ì m, n Î Z ì 0 < n £ m, then

à xm Hd + e xnL
a + b xn + c x2 n

âx �
e xm-n+1

c Hm - n + 1L -
1

c
à xm-n Ha e + Hb e - c dL xnL

a + b xn + c x2 n
âx

� Program code:

IntAx_^m_.*Id_+e_.*x_^n_M�Ia_+b_.*x_^n_+c_.*x_^j_M,x_SymbolE :=

e*x^Hm-n+1L�Hc*Hm-n+1LL -

Dist@1�c,Int@x^Hm-nL*Ha*e+Hb*e-c*dL*x^nL�Ha+b*x^n+c*x^H2*nLL,xDD �;
FreeQ@8a,b,c,d,e<,xD && NonzeroQ@b^2-4*a*cD && ZeroQ@j-2*nD && IntegersQ@m,nD && 0<n£m

� Derivation: Algebraic expansion

� Basis: Let q = a c  and r = 2 c q - b c , then d+e z2

a+b z2+c z4
=

c

2 q r

d r-Hc d-e qL z

q-r z+c z2
+

c

2 q r

d r+Hc d-e qL z

q+r z+c z2

� Rule: If  b2 - 4 a c < 0 ì m,
n

2
Î Z í 0 < m < n í CoprimeQ@m + 1, nD í a c > 0, let q = a c , if  2 c q - b c > 0, let 

r = 2 c q - b c , then

à xm Hd + e xnL
a + b xn + c x2 n

âx �
c

2 q r
à xm Id r - Hc d - e qL xn�2M

q - r xn�2 + c xn
âx +

c

2 q r
à xm Id r + Hc d - e qL xn�2M

q + r xn�2 + c xn
âx

� Program code:

IntAx_^m_*Id_+e_.*x_^n_M�Ia_+b_.*x_^n_+c_.*x_^j_M,x_SymbolE :=

Module@8q=Rt@a*c,2D<,
Module@8r=Rt@2*c*q-b*c,2D<,
Dist@c�H2*q*rL,Int@x^m*Hd*r-Hc*d-e*qL*x^Hn�2LL�Hq-r*x^Hn�2L+c*x^nL,xDD +

Dist@c�H2*q*rL,Int@x^m*Hd*r+Hc*d-e*qL*x^Hn�2LL�Hq+r*x^Hn�2L+c*x^nL,xDDD �;
Not@NegativeQ@2*c*q-b*cDDD �;

FreeQ@8a,b,c,d,e<,xD && NegativeQ@b^2-4*a*cD && ZeroQ@j-2*nD && IntegersQ@m,n�2D &&

0<m<n && CoprimeQ@m+1,nD && PosQ@a*cD

Integration Rules for Rational Functions of Trinomials



� Derivation: Algebraic expansion

� Basis: Let q = b2 - 4 a c , then z
m Hd+e zL
a+b z+c z2

= Je +
2 c d-b e

q
N zm

b-q+2 c z
+ Je -

2 c d-b e

q
N zm

b+q+2 c z

� Rule: If  b2 - 4 a c ¹ 0 ì m, n Î Z í 0 < m < n í CoprimeQ@m + 1, nD í Ø J n

2
Î Z í b2 - 4 a c < 0 í a c > 0N, let 

q = b2 - 4 a c , then

à xm Hd + e xnL
a + b xn + c x2 n

âx � e +
2 c d - b e

q
à xm

b - q + 2 c xn
âx + e -

2 c d - b e

q
à xm

b + q + 2 c xn
âx

� Program code:

IntAx_^m_.*Id_+e_.*x_^n_M�Ia_+b_.*x_^n_+c_.*x_^j_M,x_SymbolE :=

Module@8q=Rt@b^2-4*a*c,2D<,
Dist@He+H2*c*d-b*eL�qL,Int@x^m�Hb-q+2*c*x^nL,xDD +

Dist@He-H2*c*d-b*eL�qL,Int@x^m�Hb+q+2*c*x^nL,xDDD �;
FreeQ@8a,b,c,d,e<,xD && NonzeroQ@b^2-4*a*cD && ZeroQ@j-2*nD && IntegersQ@m,nD &&

0<m<n && CoprimeQ@m+1,nD && Not@IntegerQ@n�2D && NegativeQ@b^2-4*a*cD && PosQ@a*cDD

Integration Rules for Rational Functions of Trinomials



 

à Ia + b xn + c x2 nMp
âx

� Derivation: Algebraic simplification

� Basis: If  b2 - 4 a c = 0, then  a + b zn + c z2 n =
1

c
I b

2
+ c znM2

� Rule: If  n, p Î Z ì n > 1 ì p < 0 ì b2 - 4 a c = 0, then

à Ia + b xn + c x2 nMp
âx �

1

cp
à b

2
+ c xn

2 p

âx

� Program code:

IntAIa_+b_.*x_^n_+c_.*x_^j_M^p_,x_SymbolE :=

Dist@1�c^p,Int@Hb�2+c*x^nL^H2*pL,xDD �;
FreeQ@8a,b,c<,xD && ZeroQ@j-2*nD && IntegersQ@n,pD && n>1 && p<0 && ZeroQ@b^2-4*a*cD

� Reference: G&R 2.161.5

� Note: G&R 2.161.4 is a special case of G&R 2.161.5.

� Note: Previously undiscovered rule?

� Rule: If  n Î Z ì n > 1 ì p < -1 ì b2 - 4 a c ¹ 0, then

á Ia + b xn + c x2 nMp
âx � -

x Ib2 - 2 a c + b c xnM Ia + b xn + c x2 nMp+1

a n Hp + 1L Ib2 - 4 a cM +

1

a n Hp + 1L Ib2 - 4 a cM à Ib2 - 2 a c + n Hp + 1L Ib2 - 4 a cM + b c Hn H2 p + 3L + 1L xnM Ia + b xn + c x2 nMp+1
âx

� Program code:

IntAIa_+b_.*x_^n_+c_.*x_^j_M^p_,x_SymbolE :=

-x*Hb^2-2*a*c+b*c*x^nL*Ha+b*x^n+c*x^jL^Hp+1L�Ha*n*Hp+1L*Hb^2-4*a*cLL +

Dist@1�Ha*n*Hp+1L*Hb^2-4*a*cLL,
Int@Hb^2-2*a*c+n*Hp+1L*Hb^2-4*a*cL+b*c*Hn*H2*p+3L+1L*x^nL*Ha+b*x^n+c*x^H2*nLL^Hp+1L,xDD �;

FreeQ@8a,b,c<,xD && ZeroQ@j-2*nD && IntegerQ@nD && n>1 && RationalQ@pD && p<-1 &&

NonzeroQ@b^2-4*a*cD

Integration Rules for Rational Functions of Trinomials



à xm Ia + b xn + c x2 nMp
âx

� Derivation: Algebraic simplification

� Basis: If  b2 - 4 a c = 0, then a + b zn + c z2 n =
1

c
I b

2
+ c znM2

� Rule: If  n, p Î Z ì n > 1 ì p < 0 ì b2 - 4 a c = 0, then

à xm Ia + b xn + c x2 nMp
âx �

1

cp
à xm

b

2
+ c xn

2 p

âx

� Program code:

IntAx_^m_.*Ia_+b_.*x_^n_+c_.*x_^j_M^p_,x_SymbolE :=

Dist@1�c^p,Int@x^m*Hb�2+c*x^nL^H2*pL,xDD �;
FreeQ@8a,b,c<,xD && ZeroQ@j-2*nD && IntegersQ@m,n,pD && n>1 && p<0 && ZeroQ@b^2-4*a*cD

� Derivation: Trinomial recurrence 2 with d = 0 and e = 1

� Rule: If  b2 - 4 a c ¹ 0 ì m, n Î Z ì 0 < n £ m, then

á xm Ia + b xn + c x2 nMp
âx �

xm-2 n+1 Ia + b xn + c x2 nMp+1

c H2 n p + m + 1L -

1

c H2 n p + m + 1L à xm-2 n Ha Hm - 2 n + 1L + Hb Hn p - n + m + 1LL xnL Ia + b xn + c x2 nMp
âx

� Program code:

IntAx_^m_.*Ia_+b_.*x_^n_.+c_.*x_^j_M^p_.,x_SymbolE :=

x^Hm-2*n+1L*Ha+b*x^n+c*x^H2*nLL^Hp+1L�Hc*H2*n*p+m+1LL -

Dist@1�Hc*H2*n*p+m+1LL,
Int@x^Hm-2*nL*Sim@a*Hm-2*n+1L+Hb*Hn*p-n+m+1LL*x^n,xD*Ha+b*x^n+c*x^H2*nLL^p,xDD �;

FreeQ@8a,b,c,p<,xD && NonzeroQ@b^2-4*a*cD && ZeroQ@j-2*nD && IntegersQ@m,nD && 0<n£m

Integration Rules for Rational Functions of Trinomials



� Reference: G&R 2.160.1 special case

� Rule: If  m, n Î Z ì m < -1 ì n > 0 ì m + n Hp + 1L + 1 = 0 ì Ø Hp Î Z ì p > 0L, then

á xm Ia + b xn + c x2 nMp
âx �

xm+1 Ia + b xn + c x2 nMp+1

a Hm + 1L +
c

a
à xm+2 n Ia + b xn + c x2 nMp

âx

� Program code:

IntAx_^m_*Ia_+b_.*x_^n_.+c_.*x_^j_.M^p_,x_SymbolE :=

x^Hm+1L*Ha+b*x^n+c*x^jL^Hp+1L�Ha*Hm+1LL +

Dist@c�a,Int@x^Hm+2*nL*Ha+b*x^n+c*x^jL^p,xDD �;
FreeQ@8a,b,c,p<,xD && ZeroQ@j-2*nD && IntegersQ@m,nD && m<-1 && n>0 && ZeroQ@m+n*Hp+1L+1D &&

Not@IntegerQ@pD && p>0D

� Reference: G&R 2.160.1 special case

� Rule: If  m, n Î Z ì m < -1 ì n > 0 ì m + 2 n Hp + 1L + 1 = 0 ì Ø Hp Î Z ì p > 0L, then

á xm Ia + b xn + c x2 nMp
âx �

xm+1 Ia + b xn + c x2 nMp+1

a Hm + 1L -
b

2 a
à xm+n Ia + b xn + c x2 nMp

âx

� Program code:

IntAx_^m_*Ia_+b_.*x_^n_.+c_.*x_^j_.M^p_,x_SymbolE :=

x^Hm+1L*Ha+b*x^n+c*x^jL^Hp+1L�Ha*Hm+1LL -

Dist@b�H2*aL,Int@x^Hm+nL*Ha+b*x^n+c*x^jL^p,xDD �;
FreeQ@8a,b,c,p<,xD && ZeroQ@j-2*nD && IntegersQ@m,nD && m<-1 && n>0 && ZeroQ@m+2*n*Hp+1L+1D &&

Not@IntegerQ@pD && p>0D

� Derivation: Integration by substitution

� Basis: If n

m+1
Î Z, then xm f@xnD =

1

m+1
fBIxm+1M n

m+1 F ¶xxm+1

� Rule: If  b2 - 4 a c ¹ 0 ì m + 1 ¹ 0 ì p,
n

m+1
Î Z í Ø Hm + 1 < 0L í p < 0, then

à xm Ia + b xn + c x2 nMp
âx �

1

m + 1
SubstBà Ja + b x

n

m+1 + c x
2 n

m+1 Np

âx, x, xm+1F

� Program code:

IntAx_^m_.*Ia_+b_.*x_^n_+c_.*x_^j_M^p_,x_SymbolE :=

Dist@1�Hm+1L,Subst@Int@Ha+b*x^Hn�Hm+1LL+c*x^H2*n�Hm+1LLL^p,xD,x,x^Hm+1LDD �;
FreeQ@8a,b,c,m,n<,xD && NonzeroQ@b^2-4*a*cD && ZeroQ@j-2*nD && NonzeroQ@m+1D &&

IntegersQ@p,n�Hm+1LD && Not@NegativeQ@m+1DD && p<0

Integration Rules for Rational Functions of Trinomials



� Derivation: Integration by substitution

� Basis: If m+1

n
Î Z, then xm f@xnD =

1

n
HxnL m+1

n
-1 f@xnD ¶xxn

� Note: Requirement that m+1

n
> 0 ensures Log@xD rather than 

Log@xnD
n

 occurs in the antiderivative.

� Rule: If  b2 - 4 a c ¹ 0 ì p,
m+1

n
Î Z í n ¹ 1 í Ø Hn < 0L í p < 0 í J m+1

n
> 0 ë m Ï ZN, then

à xm Ia + b xn + c x2 nMp
âx �

1

n
SubstBà x

m+1

n
-1 Ia + b x + c x2Mp

âx, x, xnF

IntAx_^m_.*Ia_+b_.*x_^n_+c_.*x_^j_M^p_,x_SymbolE :=

Dist@1�n,Subst@Int@x^HHm+1L�n-1L*Ha+b*x+c*x^2L^p,xD,x,x^nDD �;
FreeQ@8a,b,c,m,n<,xD && NonzeroQ@b^2-4*a*cD && ZeroQ@j-2*nD && IntegersQ@p,Hm+1L�nD &&

Not@NegativeQ@nDD && p<0 && HHm+1L�n>0 ÈÈ Not@IntegerQ@mDDL

� Derivation: Integration by substitution

� Rule: If  b2 - 4 a c ¹ 0 ì m + 1 ¹ 0 ì n ¹ 1 ì m, n, p Î Z í Ø CoprimeQ@m + 1, nD í p < 0 í m+1

n
> 0, let 

g = GCD@m + 1, nD, then

à xm Ia + b xn + c x2 nMp
âx �

1

g
SubstBà x

m+1

g
-1 Ka + b x

n

g + c x
2 n

g Op

âx, x, xgF

� Program code:

IntAx_^m_.*Ia_+b_.*x_^n_+c_.*x_^j_M^p_,x_SymbolE :=

Module@8g=GCD@m+1,nD<,
Dist@1�g,Subst@Int@x^HHm+1L�g-1L*Ha+b*x^Hn�gL+c*x^H2*n�gLL^p,xD,x,x^gDDD �;

FreeQ@8a,b,c,m,n<,xD && NonzeroQ@b^2-4*a*cD && ZeroQ@j-2*nD && NonzeroQ@m+1D &&

IntegersQ@m,n,pD && Not@CoprimeQ@m+1,nDD && p<0 && Hm+1L�n>0

Integration Rules for Rational Functions of Trinomials



à Hd + e xnL Ia + b xn + c x2 nMp
âx

� Derivation: Algebraic simplification

� Basis: If  b2 - 4 a c = 0, then a + b zn + c z2 n =
1

c
I b

2
+ c znM2

� Rule: If  n, p Î Z ì n > 1 ì p < 0 ì b2 - 4 a c = 0, then

à Hd + e xnL Ia + b xn + c x2 nMp
âx �

1

cp
à Hd + e xnL b

2
+ c xn

2 p

âx

� Program code:

IntAId_.+e_.*x_^n_M*Ia_+b_.*x_^n_+c_.*x_^j_M^p_,x_SymbolE :=

Dist@1�c^p,Int@Hd+e*x^nL*Hb�2+c*x^nL^H2*pL,xDD �;
FreeQ@8a,b,c,d,e<,xD && ZeroQ@j-2*nD && IntegersQ@n,pD && n>1 && p<0 && ZeroQ@b^2-4*a*cD

� Note: Previously undiscovered rule?

� Note: Since the resulting integrand has the same form as the original one, recursion can occur. 

� Rule: If  n Î Z ì n > 1 ì p < -1 ì b2 - 4 a c ¹ 0, then

à Hd + e xnL Ia + b xn + c x2 nMp
âx �

x Ia b e - b2 d + 2 a c d + c H2 a e - b dL xnM
a n Hp + 1L Ib2 - 4 a cM Ia + b xn + c x2 nMp+1

-
1

a n Hp + 1L Ib2 - 4 a cM ×

à Ia b e - b2 d + 2 a c d - d n Hp + 1L Ib2 - 4 a cM + c H2 a e - b dL Hn H2 p + 3L + 1L xnM Ia + b xn + c x2 nMp+1
âx

� Program code:

IntAId_.+e_.*x_^n_M*Ia_+b_.*x_^n_+c_.*x_^j_M^p_,x_SymbolE :=

x*Ha*b*e-b^2*d+2*a*c*d+c*H2*a*e-b*dL*x^nL*Ha+b*x^n+c*x^H2*nLL^Hp+1L�Ha*n*Hp+1L*Hb^2-4*a*cLL -

Dist@1�Ha*n*Hp+1L*Hb^2-4*a*cLL,
Int@Ha*b*e-b^2*d+2*a*c*d-d*n*Hp+1L*Hb^2-4*a*cL+c*H2*a*e-b*dL*Hn*H2*p+3L+1L*x^nL*

Ha+b*x^n+c*x^H2*nLL^Hp+1L,xDD �;
FreeQ@8a,b,c,d,e<,xD && ZeroQ@j-2*nD && IntegerQ@nD && n>1 && RationalQ@pD && p<-1 &&

NonzeroQ@b^2-4*a*cD

Integration Rules for Rational Functions of Trinomials



à xm Hd + e xnL Ia + b xn + c x2 nMp
âx

� Derivation: Trinomial recurrence 2

� Rule: If  b2 - 4 a c ¹ 0 ì m, n Î Z ì 0 < n £ m, then

á xm Hd + e xnL Ia + b xn + c x2 nMp
âx �

e xm-n+1 Ia + b xn + c x2 nMp+1

c H2 n p + n + m + 1L -

1

c H2 n p + n + m + 1L à xm-n Ha e Hm - n + 1L + Hb e Hn p + m + 1L - c d H2 n p + n + m + 1LL xnL Ia + b xn + c x2 nMp
âx

� Program code:

IntAx_^m_.*Id_+e_.*x_^n_.M*Ia_+b_.*x_^n_.+c_.*x_^j_M^p_.,x_SymbolE :=

e*x^Hm-n+1L*Ha+b*x^n+c*x^H2*nLL^Hp+1L�Hc*H2*n*p+n+m+1LL -

Dist@1�Hc*H2*n*p+n+m+1LL,
Int@x^Hm-nL*Sim@a*e*Hm-n+1L+Hb*e*Hn*p+m+1L-c*d*H2*n*p+n+m+1LL*x^n,xD*Ha+b*x^n+c*x^H2*nLL^p,xDD �;

FreeQ@8a,b,c,d,e,p<,xD && NonzeroQ@b^2-4*a*cD && ZeroQ@j-2*nD && IntegersQ@m,nD && 0<n£m

� Derivation: Integration by substitution

� Basis: If n

m+1
Î Z, then xm f@xnD =

1

m+1
fBIxm+1M n

m+1 F ¶xxm+1

� Rule: If  b2 - 4 a c ¹ 0 ì m + 1 ¹ 0 ì p,
n

m+1
Î Z í Ø Hm + 1 < 0L í p < 0, then

à xm Hd + e xnL Ia + b xn + c x2 nMp
âx �

1

m + 1
SubstBà Jd + e x

n

m+1 N Ja + b x
n

m+1 + c x
2 n

m+1 Np

âx, x, xm+1F

� Program code:

IntAx_^m_.*Id_+e_.*x_^n_M*Ia_+b_.*x_^n_+c_.*x_^j_M^p_,x_SymbolE :=

Dist@1�Hm+1L,Subst@Int@Hd+e*x^Hn�Hm+1LLL*Ha+b*x^Hn�Hm+1LL+c*x^H2*n�Hm+1LLL^p,xD,x,x^Hm+1LDD �;
FreeQ@8a,b,c,d,e,m,n<,xD && NonzeroQ@b^2-4*a*cD && ZeroQ@j-2*nD && NonzeroQ@m+1D &&

IntegersQ@p,n�Hm+1LD && Not@NegativeQ@m+1DD && p<0

Integration Rules for Rational Functions of Trinomials



� Derivation: Integration by substitution

� Basis: If m+1

n
Î Z, then xm f@xnD =

1

n
HxnL m+1

n
-1 f@xnD ¶xxn

� Note: Requirement that m+1

n
> 0 ensures Log@xD rather than 

Log@xnD
n

 occurs in the antiderivative.

� Rule: If  b2 - 4 a c ¹ 0 ì p,
m+1

n
Î Z í n ¹ 1 í Ø Hn < 0L í p < 0 í J m+1

n
> 0 ë m Ï ZN, then

à xm Hd + e xnL Ia + b xn + c x2 nMp
âx �

1

n
SubstBà x

m+1

n
-1 Hd + e xL Ia + b x + c x2Mp

âx, x, xnF

� Program code:

IntAx_^m_.*Id_+e_.*x_^n_M*Ia_+b_.*x_^n_+c_.*x_^j_M^p_,x_SymbolE :=

Dist@1�n,Subst@Int@x^HHm+1L�n-1L*Hd+e*xL*Ha+b*x+c*x^2L^p,xD,x,x^nDD �;
FreeQ@8a,b,c,d,e,m,n<,xD && NonzeroQ@b^2-4*a*cD && ZeroQ@j-2*nD && IntegersQ@p,Hm+1L�nD &&

Not@NegativeQ@nDD && p<0 && HHm+1L�n>0 ÈÈ Not@IntegerQ@mDDL

� Derivation: Integration by substitution

� Rule: If  b2 - 4 a c ¹ 0 ì m + 1 ¹ 0 ì n ¹ 1 ì m, n, p Î Z í Ø CoprimeQ@m + 1, nD í p < 0 í m+1

n
> 0, let 

g = GCD@m + 1, nD, then

à xm Hd + e xnL Ia + b xn + c x2 nMp
âx �

1

g
SubstBà x

m+1

g
-1 Kd + e x

n

g O Ka + b x
n

g + c x
2 n

g Op

âx, x, xgF

� Program code:

IntAx_^m_.*Id_+e_.*x_^n_M*Ia_+b_.*x_^n_+c_.*x_^j_M^p_,x_SymbolE :=

Module@8g=GCD@m+1,nD<,
Dist@1�g,Subst@Int@x^HHm+1L�g-1L*Hd+e*x^Hn�gLL*Ha+b*x^Hn�gL+c*x^H2*n�gLL^p,xD,x,x^gDDD �;

FreeQ@8a,b,c,d,e,m,n<,xD && NonzeroQ@b^2-4*a*cD && ZeroQ@j-2*nD && NonzeroQ@m+1D &&

IntegersQ@m,n,pD && Not@CoprimeQ@m+1,nDD && p<0 && Hm+1L�n>0

Integration Rules for Rational Functions of Trinomials



 

à a + b xn

c + d x2 + e xn + f x2 n
âx

� Note: Previously undiscovered rule?

� Rule: If  b2 c - a2 f Hn - 1L2 = 0 ì b e + 2 a f Hn - 1L = 0 ì c d > 0, then

à a + b xn

c + d x2 + e xn + f x2 n
âx �

a

c d
ArcTanB a Hn - 1L c d x

c Ha Hn - 1L - b xnL F

� Program code:

IntAIa_+b_.*x_^n_M�Ic_+d_.*x_^2+e_.*x_^n_+f_.*x_^j_M, x_SymbolE :=

a�Rt@c*d,2D*ArcTan@Hn-1L*a*Rt@c*d,2D*x�Hc*Ha*Hn-1L-b*x^nLLD �;
FreeQ@8a,b,c,d,e,f,n<,xD && ZeroQ@j-2*nD &&

ZeroQ@b^2*c-a^2*f*Hn-1L^2D && ZeroQ@b*e+2*a*f*Hn-1LD && PosQ@c*dD

� Note: Previously undiscovered rule?

� Rule: If  b2 c - a2 f Hn - 1L2 = 0 ì b e + 2 a f Hn - 1L = 0 ì Ø Hc d > 0L, then

à a + b xn

c + d x2 + e xn + f x2 n
âx �

a

-c d
ArcTanhB a Hn - 1L -c d x

c Ha Hn - 1L - b xnL F

� Program code:

IntAIa_+b_.*x_^n_M�Ic_+d_.*x_^2+e_.*x_^n_+f_.*x_^j_M, x_SymbolE :=

a�Rt@-c*d,2D*ArcTanh@a*Hn-1L*Rt@-c*d,2D*x�Hc*Ha*Hn-1L-b*x^nLLD �;
FreeQ@8a,b,c,d,e,f,n<,xD && ZeroQ@j-2*nD &&

ZeroQ@b^2*c-a^2*f*Hn-1L^2D && ZeroQ@b*e+2*a*f*Hn-1LD && NegQ@c*dD
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à xm Ha + b xnL
c + d x2 Hm+1L + e xn + f x2 n

âx

� Note: Previously undiscovered rule?

� Rule: If  a2 f Hm - n + 1L2 - b2 c Hm + 1L2 = 0 ì b e Hm + 1L - 2 a f Hm - n + 1L = 0 ì c d > 0, then

à xm Ha + b xnL
c + d x2 Hm+1L + e xn + f x2 n

âx �
a

Hm + 1L c d
ArcTanB a Hm - n + 1L c d xm+1

c Ha Hm - n + 1L + b Hm + 1L xnL F

� Program code:

IntAx_^m_.*Ia_+b_.*x_^n_.M�Ic_+d_.*x_^k_.+e_.*x_^n_.+f_.*x_^j_M, x_SymbolE :=

a*ArcTan@a*Hm-n+1L*Rt@c*d,2D*x^Hm+1L�Hc*Ha*Hm-n+1L+b*Hm+1L*x^nLLD�HHm+1L*Rt@c*d,2DL �;
FreeQ@8a,b,c,d,e,f,m,n<,xD && ZeroQ@j-2*nD && ZeroQ@k-2*Hm+1LD &&

ZeroQ@a^2*f*Hm-n+1L^2-b^2*c*Hm+1L^2D && ZeroQ@b*e*Hm+1L-2*a*f*Hm-n+1LD && PosQ@c*dD

� Note: Previously undiscovered rule?

� Rule: If  a2 f Hm - n + 1L2 - b2 c Hm + 1L2 = 0 ì b e Hm + 1L - 2 a f Hm - n + 1L = 0 ì Ø Hc d > 0L, then

à xm Ha + b xnL
c + d x2 Hm+1L + e xn + f x2 n

âx �
a

Hm + 1L -c d
ArcTanhB a Hm - n + 1L -c d xm+1

c Ha Hm - n + 1L + b Hm + 1L xnL F

� Program code:

IntAx_^m_.*Ia_+b_.*x_^n_.M�Ic_+d_.*x_^k_.+e_.*x_^n_.+f_.*x_^j_M, x_SymbolE :=

a*ArcTanh@a*Hm-n+1L*Rt@-c*d,2D*x^Hm+1L�Hc*Ha*Hm-n+1L+b*Hm+1L*x^nLLD�HHm+1L*Rt@-c*d,2DL �;
FreeQ@8a,b,c,d,e,f,m,n<,xD && ZeroQ@j-2*nD && ZeroQ@k-2*Hm+1LD &&

ZeroQ@a^2*f*Hm-n+1L^2-b^2*c*Hm+1L^2D && ZeroQ@b*e*Hm+1L-2*a*f*Hm-n+1LD && NegQ@c*dD
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à d + e x + f x2 + g x3

a + b x + c x2 + b x3 + a x4
âx

� Derivation: Algebraic expansion

� Basis: If  q = 8 a2 + b2 - 4 a c , then  a + b x + c x2 + b x3 + a x4 = a J1 +
Hb-qL x

2 a
+ x2N J1 +

Hb+qL x

2 a
+ x2N

� Basis: If  q = 8 a2 + b2 - 4 a c , then 
d+e x+f x2+g x3

a+b x+c x2+b x3+a x4
=

b d-2 a e+2 a g+d q+H2 a d-2 a f+b g+g qL x

q I2 a+Hb+qL x+2 a x2M -
b d-2 a e+2 a g-d q+H2 a d-2 a f+b g-g qL x

q I2 a+Hb-qL x+2 a x2M

� Rule: If  8 a2 + b2 - 4 a c > 0, then

à d + e x + f x2 + g x3

a + b x + c x2 + b x3 + a x4
âx �

1

q
à b d - 2 a e + 2 a g + d q + H2 a d - 2 a f + b g + g qL x

2 a + Hb + qL x + 2 a x2
âx -

1

q
à b d - 2 a e + 2 a g - d q + H2 a d - 2 a f + b g - g qL x

2 a + Hb - qL x + 2 a x2
âx

� Program code:

IntAId_.+e_.*x_+f_.*x_^2+g_.*x_^3M�Ia_+b_.*x_+c_.*x_^2+b_.*x_^3+a_.*x_^4M,x_SymbolE :=

Module@8q=Sqrt@8*a^2+b^2-4*a*cD<,
Dist@1�q,Int@Hb*d-2*a*e+2*a*g+d*q+H2*a*d-2*a*f+b*g+g*qL*xL�H2*a+Hb+qL*x+2*a*x^2L,xDD -

Dist@1�q,Int@Hb*d-2*a*e+2*a*g-d*q+H2*a*d-2*a*f+b*g-g*qL*xL�H2*a+Hb-qL*x+2*a*x^2L,xDDD �;
FreeQ@8a,b,c,d,e,f,g<,xD && PosQ@8*a^2+b^2-4*a*cD

� Derivation: Algebraic expansion

� Basis: If  q = 8 a2 + b2 - 4 a c , then 
d+e x+g x3

a+b x+c x2+b x3+a x4
=

b d-2 a e+2 a g+d q+H2 a d+b g+g qL x

q I2 a+Hb+qL x+2 a x2M -
b d-2 a e+2 a g-d q+H2 a d+b g-g qL x

q I2 a+Hb-qL x+2 a x2M

� Rule: If  8 a2 + b2 - 4 a c > 0, then

à d + e x + g x3

a + b x + c x2 + b x3 + a x4
âx �

1

q
à b d - 2 a e + 2 a g + d q + H2 a d + b g + g qL x

2 a + Hb + qL x + 2 a x2
âx -

1

q
à b d - 2 a e + 2 a g - d q + H2 a d + b g - g qL x

2 a + Hb - qL x + 2 a x2
âx

� Program code:

IntAId_.+e_.*x_+g_.*x_^3M�Ia_+b_.*x_+c_.*x_^2+b_.*x_^3+a_.*x_^4M,x_SymbolE :=

Module@8q=Sqrt@8*a^2+b^2-4*a*cD<,
Dist@1�q,Int@Hb*d-2*a*e+2*a*g+d*q+H2*a*d+b*g+g*qL*xL�H2*a+Hb+qL*x+2*a*x^2L,xDD -

Dist@1�q,Int@Hb*d-2*a*e+2*a*g-d*q+H2*a*d+b*g-g*qL*xL�H2*a+Hb-qL*x+2*a*x^2L,xDDD �;
FreeQ@8a,b,c,d,e,g<,xD && PosQ@8*a^2+b^2-4*a*cD
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à Pm@xD
Qn@xDp

âx

� Reference: G&R 2.104

� Note: Equivalent to the Ostrogradskiy-Hermite method but without the need to solve a system of linear equations.

� Note: Finds one term of the rational part of the antiderivative, thereby reducing the degree of the polynomial in the numerator of the integrand.

� Note: Requirement that m < 2 n - 1 ensures new term is a proper fraction.

� Rule: If  p > 1 ì 1 < n £ m + 1 ì m + 1 - n p < 0, let c =
pm

qn Hm+1-n pL , then

à Pm@xD
Qn@xDp

âx �
c xm-n+1

Qn@xDp-1
+ à Pm@xD - c xm-n HHm - n + 1L Qn@xD + H1 - pL x ¶xQn@xDL

Qn@xDp
âx

� Program code:

If@ShowSteps,
Int@u_*v_^p_,x_SymbolD :=

Module@8m=Exponent@u,xD,n=Exponent@v,xD<,
Module@8c=Coefficient@u,x,mD�HCoefficient@v,x,nD*Hm+1+n*pLL,w<,
w=Apart@u-c*x^Hm-nL*HHm-n+1L*v+Hp+1L*x*D@v,xDL,xD;
If@ZeroQ@wD,

ShowStep@"
If p>1, 1<n<=m+1, and m+1-n*p<0, let c=pm�Hqn*Hm+1-n*pLL, then if HPm@xD-c*x^Hm-nL*HHm-n+1L*Qn@xD+H1-

"Int@Pm@xD�Qn@xD^p,xD", "c*x^Hm-n+1L�Qn@xD^Hp-1L",
Hold@c*x^Hm-n+1L*v^Hp+1LDD,

ShowStep@"If p>1, 1<n<=m+1, and m+1-n*p<0, let c=pm�Hqn*Hm+1-n*pLL, then",

"Int@Pm@xD�Qn@xD^p,xD",
"c*x^Hm-n+1L�Qn@xD^Hp-1L+Int@HPm@xD-c*x^Hm-nL*HHm-n+1L*Qn@xD+H1-pL*x*D@Qn@xD,xDLL�Qn@xD^p,xD",
Hold@c*x^Hm-n+1L*v^Hp+1L + Int@w*v^p,xDDDDD �;

m+1>=n>1 && m+n*p<-1 && FalseQ@DerivativeDivides@v,u,xDDD �;
SimplifyFlag && RationalQ@pD && p<-1 && PolynomialQ@u,xD && PolynomialQ@v,xD && SumQ@vD &&

Not@MonomialQ@u,xD && BinomialQ@v,xDD &&

Not@ZeroQ@Coefficient@u,x,0DD && ZeroQ@Coefficient@v,x,0DDD,
Int@u_*v_^p_,x_SymbolD :=

Module@8m=Exponent@u,xD,n=Exponent@v,xD<,
Module@8c=Coefficient@u,x,mD�HCoefficient@v,x,nD*Hm+1+n*pLL,w<,
c=Coefficient@u,x,mD�HCoefficient@v,x,nD*Hm+1+n*pLL;
w=Apart@u-c*x^Hm-nL*HHm-n+1L*v+Hp+1L*x*D@v,xDL,xD;
If@ZeroQ@wD,

c*x^Hm-n+1L*v^Hp+1L,
c*x^Hm-n+1L*v^Hp+1L + Int@w*v^p,xDDD �;

m+1>=n>1 && m+n*p<-1 && FalseQ@DerivativeDivides@v,u,xDDD �;
RationalQ@pD && p<-1 && PolynomialQ@u,xD && PolynomialQ@v,xD && SumQ@vD &&

Not@MonomialQ@u,xD && BinomialQ@v,xDD &&

Not@ZeroQ@Coefficient@u,x,0DD && ZeroQ@Coefficient@v,x,0DDDD
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à u + v âx

� Reference: G&R 2.02.5

� Rule:

à f'@uD g@vD ¶xu + f@uD g'@vD ¶xv âx � f@uD g@vD

� Program code:

Int@f_'@u_D*g_@v_D*w_. + f_@u_D*g_'@v_D*t_.,x_SymbolD :=

f@uD*g@vD �;
FreeQ@8f,g<,xD && ZeroQ@w-D@u,xDD && ZeroQ@t-D@v,xDD

� Reference: G&R 2.02.2, CRC 2,4

� Rule:

à a + b u + c v + º âx � a x + b à u âx + c à v âx + º

� Program code:

If@ShowSteps,
Int@u_,x_SymbolD :=

If@SplitFreeTerms@u,xD@@1DD===0,

ShowStep@"","Int@a*u+b*v+º,xD","a*Int@u,xD+b*Int@v,xD+º",Hold@
SplitFreeIntegrate@u,xDDD,

ShowStep@"","Int@a+b*u+c*v+º,xD","a*x+b*Int@u,xD+c*Int@v,xD+º",Hold@
SplitFreeIntegrate@u,xDDDD �;

SimplifyFlag && SumQ@uD,
Int@u_,x_SymbolD :=

SplitFreeIntegrate@u,xD �;
SumQ@uDD

SplitFreeIntegrate@u_,x_SymbolD :=

IfASumQ@uD,
Map@Function@SplitFreeIntegrate@ð,xDD,uD,

IfAFreeQ@u,xD,
u*x,

IfAMatchQAu,c_*Ia_+b_.*xM �; FreeQ@8a,b,c<,xDE,
Int@u,xD,

Module@8lst=SplitFreeFactors@u,xD<,
Dist@lst@@1DD, Int@lst@@2DD,xDDDEEE
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