Algebraic Function Integration Problem 1

~I\(Xn) -1/n d X

= Rubi knows and takes advantage of the general rule:

Int [ (x") ™", x]

X (Xn) -1/n

Log [x]
| nt [(x3)'1/3, x]

X Log [X]

)

m Mathematica knows and takes advantage of the general rule:

J.(Xn) -1/n dx

x (x™) V" Log [X]

J.(xa)'l/3 dx

x Log [X]

)
= Maple knows but does not take advantage of the general rule and gets an incorrect result:
int ((x*n)”(-1/n), X);
x (x™ " Log [X]
int ((x23)"(-1/3), X);

Log [x]



Algebraic Function Integration Problem 2
(a +b ‘\/;) "
Vx

= Rubi knows and takes advantage of the general rule:

dX

I nt [M—v_)() x]

Vx

2 farb i)
b (1+n)

£

2(a+bﬁ
21b

m Mathematica knows but does not take advantage of the general rule:

J(a»fb«/x_)"dlx

Vx

2 fab i)
b (1+n)

dx

J(am«/x_)zo

Vx

38
2a2+/x +20a®bx+ — a'®b?x32+570al” b3 x?+1938 al® b* x>/2 +
3

77520 83980
5168 a®b5x3+ —  a™b%x7/2:19380a® b’ x*+ — al?b®x%2 133592 att b x> +
7 3

83 980 77520
33592a0b10x!2 . —_— a%b!lx®.10380a% b2 X132 a7 b3 x7 + 5168 a® b4 x1%/2 4
3 7

1938 a° b*® x® + 570 a* b x7/% + %0 a® b x%+20a” b x**2 + 22 b x10 + 2 b20 x21/2
3 21

= Maple knows but does not take advantage of the general rule:
int ((@+b=xsqrt (x))An/sqgrt (x), X);

2 (a+b\/x_>lm
b (1+n)



int ((a+b=*sqrt (x))"20/sqgrt (x), X);

38
2a?°+/x +20a®bx+ — a'®b?x%2+570al” b3 x? +1938 al® b* x5/2 +
3

77520 83980
5168 at®b®x3+ — a™b®x7/2 119380 a® b’ x* + —— al?b®x%?2 133592 alt b x> +
7 3

83 980 77520
335920 b0 xM/2 . —— a%h! x®+19380a% b2 x1¥2 s —— a’ b'¥x’ + 5168 a® b x1°/2 +
3 7

1938 a® b*® x8 + 570 a* b6 x17/2 . —380 a® bl x° + 20 a% b8 x19/2 , 2. a b1 x10 4 i b20 x?21/2



Algebraic Function Integration Problem 3

a+bx"
f a+oX ax
X2

m Rubi knows and always takes advantage of the general rule:

a+bx"
Int[ ,x]
X2
[a:zx 2r abx ArcTanh Va+sbx" ]
nva+bx"
a+bx*
Int[ ,x]
x2

abx \/ a+b x*
1 @bt Va x| ArcTanh[ - ]

— X —

2
2 X 2+/a+bx*

a+bx®

Int[ 2 , x]

2 a+b x° ArcTanh a+b x®
2 a+bx® \/;X\l x? can[ Va ]

— X —

2
5 X 5+/a+bx>®

m Mathematica knows but does not always take advantage of the general rule:

a+bx"
dx
XZ
X | a+:2x” | & bx ArcTanh
n

nva+hbx"

abx]

1 aibxt  Vax abx (Log[x2 -Logla++Va x/a+bx4”
N A/
2
2 X 2+/a+bx?*




a+b x5 ]

a+b x5
2+Va x = ArcTanh[ Nes

5 2
X 5+/a+bx5

= Maple knows but does not take advantage of the general rule:

int (sgrt ((@a+bxx"n) /x"2), x);

2x | a*xbzxn 2+vVa x| a+:2x" Ar cTanh
n n

Va+bxn

m]
Va

int (sgrt ((a+b=*xx"4) /x"2), X);

a+b x4 a+b x4
1 asbxA Vva X 7 Log[2] +a x|/ & Log
¥

2 x? 2+ a+bx* 2+ a+bx*

a+Va \/a+bx4 }
X2

int (sgrt ((a+b=*xx”~5) /x"2), X);




Algebraic Function Integration Problem 4

\/a+bx”
1/ dXx
Xn2

= Rubi knows and takes advantage of the general rule:

a+bx"
Int[l/
Xn2

Vb x }

X2 (a+b x")

Vb n

2 ArcTanh {

I nt [1/ a+xb3X5,x]

Vb x

asbx®
3

2 ArcTanh {

5vb

» Mathematica knows but does not take advantage of the general rule:

J a+bx"
1/ dx
Xn-2
xl’g\/a+bx” Log[bx”/2+\/F\/a+bx"}
Vb n/x2 (b+ax™)

a+bx®
1/ dx
NE
1
dx
a+b x°

x3

= Maple is unable to integrate either expression:

int (1/sqrt ((@a+bxx”n) /x”(n-2)), X);

1
dx
a+b x"

Xn—Z

int ((@+b=xsqgrt (x))"20/sqgrt (x), X);



a+b x®

X3

dx



Algebraic Function Integration Problem 5

1
d X
'\/l + X '\/—l + X
m The Rubi result is simple:

1
1+x V-1+x

ArcCosh [x]

Int |

%]

m The Mathematica result is more complicated:

1
J‘V1+X V-14+x o
m}

V2
= The Maple result is even more complicated:

2 ArcSi nh[

int (17 (sgrt (L+x) xsqrt (-1+x)), X);

V(=1 +%x) (1L+x) Log[x+\/71+x2}
V-1l+x V1+X




Algebraic Function Integration Problem 6

1
f dax
Va+bx Vc+dx

= The Rubi results are simple and symmetric:

1

I nt ,x]
Va+bx Vec+dx
2ArcTanh{7ﬁm}
Vb cedx
Vo Vd
1
I nt ,x]

Va-bx Vec+dx

2ArcTan{@}
b Vc+dx

Vb d

m The Mathematica results are more complicated and involve the imaginary unit:

1
J' ax
Va+bx Vec+dx

Log[bc+ad+2bdx+2x/?x/d_\/a+bx VC+dx}
Vb Vd

1
J dx
Va-bx Vec+dx

ilog[2Va bx verdx _W}
b d

Vb Vd

= The Maple results are more complicated and not symmetric:

int (1/(sgrt (a+b=*xx) *sqgrt (c+d=xXx)), X);

c

d—a+b—+bd
V(@a+bxx) (c+d#x) Log[#+\/ac+(ad+bc)x+bdx2]
Vbd

Va+bx Vc+dx Vbd

int (1/(sgrt (a-b=xx) *sqgrt (c+d=xx)), X);

VB (7 )

Vac+(ad-bc) x-bdx? ]

Ya-bx Vec+dx Vbd

V(a-bxx) (c+d=Xx) ArcTan[




Algebraic Function Integration Problem 7

f ! dx
(a+bx)4 (c+dx)3/4

m The Rubi results involves only elementary functions:

1

I nt [ , x]
(a+bx)* (c +dx)3*
dt/4 (a+b x) /4 dt4 (arh x)1/4
2 ArcTan {7&,4 PEL } 2 ArcTanh {7&,4 PEL
- +
bl/4 d3/4 bl/4 d3/4

m The Mathematica result involves nonelementary functions:

J :
dx
(a+bx)* (c +dx)%*

1 5 b (c+dx)

4 (d(a+bx))1/4 1
4' 4’ 4’ bc-ad

>1/4
-bc+ad

(c+dx

Hyper geonetri c2F1

da+bx)¥4

= Maple is unable to integrate the expression:

int (1/((@+b*x)"(1/4) % (c+d=*xx)"(3/4)), x);

j
dix
(a+bx)¥* (c +dx)%*



Algebraic Function Integration Problem 8

J . dx
vV (a+Xx) (b+X)

= The Rubi results are simple and symmetric:

1
I nt X

V (a +x) (b+x)

a+b+2x
ArcTanh[ ]

2\/ab+ (@a+b) x+x2

1
I nt X

vV (a-x) (b+Xx)

a-b-2x

-ArcTan [

}

2\/ab+ (a-b) x-x2

m The Mathematica results are more complicated and not symmetric:

1
f dx
V (a+Xx) (b+x)

va+Xx Vb+x Logla+b+2x+2+va+x \/b+X}
V(a+x) (b+x)

1
j ax
vV (a-x) (b+x)

va-x Vb +x ArcTan{a’b#}
2+ a-x Vb+x

V(a-x) (b+x)

m The Maple results are simple but not symmetric:

int (L/sqrt ((@a+x) * (b+x)), X);

Log[g+g+x+\/ab+ (a+b)x+x2]

int (1/sqgrt ((a-x) % (b+x)), x);

a-b-2x

—ArcTan[
2\/ab+ (a-b) x-x?



Algebraic Function Integration Problem 9

(VI-x +V1+x)’

X

d X

= The Rubi result is the sum of 3 simple terms:

(‘Vl—x +‘\/1+X)2
Int | . x]
X
2V1-x V1+x —4ArcTanh{ tox }+2Log[x}
1+x

m The Mathematica result is the sum of 6 simple terms:

dx

J(‘Vl—x +V1+X )2

X

2+/1-x% +2Log[x] -2 Log

2Log{—1+\/1+x } ~2Log

2.1 x Tex |
1+\/1+X]+2Log{2+\/1—x +\/1+x}

= The Maple result is the sum of 3 terms:

int ((sqrt (1 -x) +sgrt (L+x))"2/Xx, X);

2V1-x V1+x ArcTanh[ ! }

2vV1-x Vv1+x - o +2Log[x]

1-x2




Algebraic Function Integration Problem 10

1
f dx
XV1+1/x"

= Rubi is consistent and able to integrate all the expressions:

1 1

,x], Int[

I nt
{n [x'\/1+x" x4,l+x5

- x]}

{—ZNCTanh{ ; ] —gArcTanh{x/1+x5H

n

1
fim [ ], 1 [——— x]}
XV1+1/x xw/1+1/x5

2ArcTanh[x/1+x*“ } 2 1
{ , —ArcTanh[ 1+—H
n 5 x5

= Mathematica is unable to integrate a special case:

-

1 1
{j — ax, J dlx}
XV1+X X\ 1+x5

2 ArcTanh {\/1+x” ]

{7 , 7§ArcTanh{\/1+x5H

n

1 1
=" J—f‘“}
X +1/x XxA[1+1/x5

}’Jﬁxdx}

= Maple is not consistent and unable to integrate all the expressions:

2 ArcTanh [\/ 1+x™"
n

[int (1/ (X=*sgrt (L+x”n)), x), int (1/ (x*sgrt (1+x”75)), x)]

-1++/1+x5

x5

2 ArcTanh [V1ex" | 5

5 sl

y

[int (1/ (X=*sqgrt (1+1/x”n)), x), int (1/ (x=*sqrt (L+1/x"5)), X)]



K VKT X7 Log| L x - fxn s xn | .
, dlx}
0 X LR :

1+X—5 X



Algebraic Function Integration Problem 11

X
J_ ax
x+\/x6

= The Rubi result is free of nested square-roots

Sinplify[Int[x/ (X+Sqrt [X*6]), X]]

(x3 +4) x8 J ArcTan [X] + (x3 -4/ x8 ] ArcTanh [x]

2 x3

= Mathematica is unable to integrate the expression:

J G

x +/x6

J X
X+\/X76

m The Maple result is simpler but not free of nested-square-roots:

dx

int (x/ (X+sqrt (x~6)), x);

ArcTan [x e ]

x3

=]

x
w



Algebraic Function Integration Problem 12

=

1+X

= The Rubi result is a simple sum:

A 1 - x2

1+x ’X]

\1-%x% +ArcSin[x]

m The Mathematica result is a more complicated sum involving a logarithm:

Int [

[E=

1+X

2+/1-x2 Log{\/—l+x +V1+x ]

1-x% -

m The Maple result is a simple sum:

int (sgrt (1-x72)/ (1+x), X);

\J1-%x? +ArcSin[x]



Algebraic Function Integration Problem 13

1
f dx
X (a+bx)1/3

= The Rubi result involves only elementary functions:

Int[ !

A
X (a+bx)3

1 (a+bx)1/3

2 |+
\/?NcTan{%] +Log[-at?+ (a+bx)?] - 2 Log[a?® +al? (a+bx)M%+ (a+bx)??]
3

al/3

m The Mathematica result involves nonelementary functions:

1
J—dlx
X (a+hbx)3

(a+bx
b x

1/3 . 1
) Hyper geonetri c2F1 I

W[+
[FTES
|

(a+bx)t?

m The Maple result involves only elementary functions:

int (/7 Xx(@+bxx)"(1/3)), x);

1 (asbx)1/3
2[ L

2 al/3

]] +Log[-al®+ (a+bx)¥?] - % Log[a?®+al® (a+bx)Y*+ (a+bx)??]

V3 ArcTan[

a1/3



Algebraic Function Integration Problem 14

X

2/3 dx
(1-x°)
= The Rubi result involves only elementary functions:
X
I nt [—(1 _X3)2/3' x]
71+%
ArcTan[ ‘1; ‘ ] 1 x? X 1 X
+—Log[l+ - }——Log 1+ }
\/? 6 (17)(3)2/3 <17X3>1/3 3 (1 X3>1/3

m The Mathematica result involves nonelementary functions:

X
(1 _X3)2/3 dx

1 2
— x? Hyper geonetri c2F1 | —, xﬂ
2 3

W N
w| o

m The Maple result involves nonelementary functions:

int (x/ (1L-x"3)"(2/3), X);

w| N
w]| o
x

1 2
5 x? Hyper geonet ri c2F1 3



Algebraic Function Integration Problem 15

Xn/2
f_ dx
V1+x°

= Rubi is able to integrate the expression for n mod 10 = 3:

x-7/2
I nt , x]
1+x5
2+/1+x°
N 5X5/2
3/2
Int[ X , x]
'\/1+X5
2
— ArcSi nh[x®/2]
5
x13/2
| nt , x]
1+x°

1 1
—x%2+/1+x® - — ArcSinh[x>?]
5

m Mathematica is unable to integrate the expression when n is positive:

J‘ x-7/2

dx
'\’ 1+x°
2+/1+x53

5 X5/2

x3/2

'\/l+X5

x3/2
dx
1+x°

x 1372

‘\[1+X5

dx

dx

Xl3/2
dx
A 1+x5



Maple is able to integrate the expression for n mod 10 = 3, but the result for n=13 is incorrect:

int (x»(-7/72) /sqgrt (1+x”"5), x);
2 (1+x) (L-x+x2-x3+x4)

5x%24/1+x5

int (x?(3/72)/sqgrt (L+x75), x);

2
— ArcSinh[x%/2]
5

int (x»(13/72) /sqgrt (1+x”5), x);

x3 (1+x3) 1
———————— - — ArcSinh [x%?]
54/ (1+x5)



Algebraic Function Integration Problem 16

b
a+ — dx
X
m The Rubi result is a simple 2 term sum involving the hyperbolic arctangent:

b
Int[ a+;,x]

b b ArcTanh
a+ — X+
x Va

m The Mathematica result is a more complicated 2 term sum involving the logarithm:

b
a+ — dx
X
o bLog|b+2ax+2+a a+gx}
a+ — X+
x 2+/a

= The Maple result is a more complicated 2 term sum involving 2 logarithms:

b
a+—

=)

int (sgrt (a+b/x), x);

_Log[2] +Log{b+2ax+2\\/ﬁa?\/bx+ax2 }]

b [a+? x
b X
a+ — X+
X 2+/a \/bx+ax?




Algebraic Function Integration Problem 17

b
J -a+ — dx
X

m The Rubi result is a simple 2 term sum free of the imaginary unit:

b
Int[ -a+;, x]

-ars
7a+g XﬁbArcTan{ = }
Voo Va

m The Mathematica result is a 2 term sum involving the imaginary unit:

b
-a+ — dx
X
iblog|2 [-a+ 2 x. 0220 ]
b X Va
-—a+ — X+
X 2+\a

m The Maple result is a more complicated 2 term sum free of the imaginary unit:

int (sgrt (-a+b/Xx), x);

/—a+— xArcTan “br2ax ]
2\/7\/b>(a><2
7a+ — X+

Ja \/bx-ax?



Algebraic Function Integration Problem 18

1
dXx

X + \/ -2 +3X-x?
= The Rubi result is a relatively simple 4 term sum free of the imaginary unit:

1

Sinplify[lnt[ x”
X+Y-2+3x-x2
~14x+2 4/ -2+3 x-x?2
\-2+3x-x2 3ArcTan{ VT (14x) ] 1 1 1 X+ -2 +3x-x2?
ArcTan{ + - — Log[ + — Log }
1-x NT 2 -1+X 2 -1+X

m The Mathematica result is huge and involves the imaginary unit:

1
Sinplify[f dlx]
x+\/—2+3x—x2



-3+4x

1
Z |-28ArcSin[3-2x] +12+7 ArcTan[
N

56

| +

214 -42 17 ArcTan[(7 (58—1501ﬁ+451‘1(71‘1+13ﬁ)x+

(807—831]1\/7_)x2+(—768+504J‘1\/7)x3+4(59—271‘1\/7_)x4))/

4683j—l?lgﬁ—416m\/—2+3x—x2)—
8 x3 [721j+216\/7+16\/14742]1\/7_ \-2+3x-x2
6(—315j+43ﬁ+32\/14—421ﬁ\/—2+3x_x2J+
3x2 [71071j+945ﬁ+128\/147421ﬁ x/—2+3x7x2]

1

(12 (21j+29ﬁ) x4 4 x

+

] _

2i(—j+3ﬁ)ArcTan[(7 (58+1501‘Lﬁ+(—315—5851ﬁ)x+

1 .
\/H 1+31\/7)

(807+8311ﬁ) x2+(—768—5041‘m/7)x3+4(59+27j\/7)x4))/
21 +216V7 +16\14+42i7 /-2 +3x -x2
6[3151’1+43\/7 +32\/14+42]i\/7_\/72+3x7x2]73x2

12814 + 42 i \7 \l—2+3x—xz)+x 4683 1 + 17197 +416\14+42i V7 +/-2+3x-x?

(7j+3ﬁ) Log[64 (2-3x +2x2)?] (j+3ﬁ) Log[64 (2-3x +2x2)?]
14 Log[2-3x+2x%] - - "

J;(uuﬁ) \/i(lsjﬁ)

[(2521‘1—348\ﬁ) x4+ 8 x3

10711 + 945 V7 +

+

|

1

\/114(1311\/7_)

(i+3V7 ) Log|(2-3x+2x?) |12 (-2i+V7 | +2 (-7i+3V7 |x2+
7iV2-6iV7 -2+3x-x2 -6x|-6i+3V7 +i\2-6i7 \/—2+3x—x2) ]+

1

+2(7j+3ﬁ)x2-

(-i+3V7 | Log|(2-3x+2x?) (12 (23447

l+31'1\/7_)

1
14

7iV2+6iV7 A -2+3x-%x2 -6x(61+3V7 -iV2+6iV7 -2+3x-x2

I

m The Maple result is a complicated 7 term sum:

sinplify (int (1/ (x +sqrt (-2 + 3%*X - x"2)), X));



3.4 _2- 3 x4+x2 B 2-3 x4x2
3ArcTan{ ﬁx] 6 432 A'CTa”W_ (23x)2 }

1
- —ArcSIin[3-2x] + - *
2

27T N7 A -2 43x-x2

2
2- 3><+>< 2-3 x+x2 2 (413:;“X ArcTanh { : }
X ArcTan { / } 2-3x+x2
9 ae Taax? cla (4:3x)2 (-4+3X) - wan?

2 3x+x
(4-3x

Ar cTanh [
(-4+3X)

24 -2+3x-x?

2-3x+x2

(4-3%)2

1
+47Log[2—3x+2x2}



