
General Integration Rules

Piecewise Constant Extraction Rules

� Derivation: Piecewise constant extraction

� Basis: ¶z
Ha f@zDmLq
f@zDm q = 0

� Note: It is better to use trig substitution for integrands of the form If@c + dD2Mp
 where f is a secant or cosecant and p is a positive half integer.

� Rule: If  m p Î Z ì p = r + q ì r Î Z, then

à u Ha vmLp âx � ar
Ha vmLq

vm q
à u vm p âx

� Program code:

IntAu_.*Ia_.*v_^m_M^p_, x_SymbolE :=

Module@8q=FractionalPart@pD<,
a^Hp-qL*Ha*v^mL^q�v^Hm*qL*Int@u*v^Hm*pL,xDD �;

FreeQ@8a,m,p<,xD && IntegerQ@m*pD &&

NotAMatchQAu*Ha*v^mL^p,ISec@c_.+d_.*xD^2M^p �; FreeQ@8c,d<,xD && p>0EE &&

NotAMatchQAu*Ha*v^mL^p,ICsc@c_.+d_.*xD^2M^p �; FreeQ@8c,d<,xD && p>0EE &&

NotAMatchQAu*Ha*v^mL^p,ISech@c_.+d_.*xD^2M^p �; FreeQ@8c,d<,xD && p>0EE &&

NotAMatchQAu*Ha*v^mL^p,I-Csch@c_.+d_.*xD^2M^p �; FreeQ@8c,d<,xD && p>0EE

� Derivation: Power rule for integration

� Basis: ¶x
Ha f@xDm g@xDnLp

f@xDm p g@xDn p = 0

� Rule: If  m p Î Z ì n p Î Z ì p = r + q ì r Î Z, then

à u Ha vm wnLp âx � ar
Ha vm wnLq

vm q wn q
à u vm p wn p âx

� Program code:

IntAu_.*Ia_.*v_^m_.*w_^n_.M^p_, x_SymbolE :=

Module@8q=FractionalPart@pD<,
a^Hp-qL*Ha*v^m*w^nL^q�Hv^Hm*qL*w^Hn*qLL*Int@u*v^Hm*pL*w^Hn*pL,xDD �;

FreeQ@8a,m,n,p<,xD && IntegerQ@m*pD && IntegerQ@n*pD
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Derivative Divides Rules
è Derivation: Integration by substitution

è Basis: Int[f[g[x]]*g'[x], x] == Subst[Int[f[x], x], x, g[x]]

Int@u_*x_^m_.,x_SymbolD :=

Dist@1�Hm+1L,Subst@Int@Regularize@SubstFor@x^Hm+1L,u,xD,xD,xD,x,x^Hm+1LDD �;
FreeQ@m,xD && NonzeroQ@m+1D && FunctionOfQ@x^Hm+1L,u,xD

è Derivation: Integration by substitution

Int@u_*Log@v_D,x_SymbolD :=

Module@8w=DerivativeDivides@v,u*H1-vL,xD<,
w*PolyLog@2,1-vD �;
Not@FalseQ@wDDD

è Derivation: Integration by substitution

Int@u_*PolyLog@n_,v_D,x_SymbolD :=

Module@8w=DerivativeDivides@v,u*v,xD<,
w*PolyLog@n+1,vD �;
Not@FalseQ@wDDD �;

FreeQ@n,xD
è Derivation: Integration by substitution

è Basis: Int[f[g[x]]*g'[x], x] == Subst[Int[f[x], x], x, g[x]]

If@ShowSteps,
Int@u_*f_@a1___,g_@b1___,h_@c1___,v_,c2___D,b2___D,a2___D,x_SymbolD :=

Module@8z=DerivativeDivides@v,u,xD<,
ShowStep@"","Int@f@g@xDD*g'@xD,xD","Subst@Int@f@xD,xD,x,g@xDD",Hold@
Dist@z,Subst@Int@f@a1,g@b1,h@c1,x,c2D,b2D,a2D,xD,x,vDDDD �;
Not@FalseQ@zDDD �;

SimplifyFlag && FreeQ@8a1,a2,b1,b2,c1,c2,f,g<,xD,
Int@u_*f_@a1___,g_@b1___,h_@c1___,v_,c2___D,b2___D,a2___D,x_SymbolD :=

Module@8z=DerivativeDivides@v,u,xD<,
Dist@z,Subst@Int@f@a1,g@b1,h@c1,x,c2D,b2D,a2D,xD,x,vDD �;
Not@FalseQ@zDDD �;

SimplifyFlag && FreeQ@8a1,a2,b1,b2,c1,c2,f,g<,xDD
è Derivation: Integration by substitution

è Basis: Int[f[g[x]]*g'[x], x] == Subst[Int[f[x], x], x, g[x]]
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If@ShowSteps,
Int@u_*f_@a1___,g_@b1___,v_,b2___D,a2___D,x_SymbolD :=

Module@8z=DerivativeDivides@v,u,xD<,
ShowStep@"","Int@f@g@xDD*g'@xD,xD","Subst@Int@f@xD,xD,x,g@xDD",Hold@
Dist@z,Subst@Int@f@a1,g@b1,x,b2D,a2D,xD,x,vDDDD �;
Not@FalseQ@zDDD �;

SimplifyFlag && FreeQ@8a1,a2,b1,b2,f,g<,xD,
Int@u_*f_@a1___,g_@b1___,v_,b2___D,a2___D,x_SymbolD :=

Module@8z=DerivativeDivides@v,u,xD<,
Dist@z,Subst@Int@f@a1,g@b1,x,b2D,a2D,xD,x,vDD �;
Not@FalseQ@zDDD �;

SimplifyFlag && FreeQ@8a1,a2,b1,b2,f,g<,xDD
è Derivation: Integration by substitution

è Basis: Int[f[g[x]]*g'[x], x] == Subst[Int[f[x], x], x, g[x]]

If@ShowSteps,
Int@u_*f_@a1___,v_,a2___D,x_SymbolD :=

Module@8z=DerivativeDivides@v,u,xD<,
ShowStep@"","Int@f@g@xDD*g'@xD,xD","Subst@Int@f@xD,xD,x,g@xDD",Hold@
Dist@z,Subst@Int@f@a1,x,a2D,xD,x,vDDDD �;
Not@FalseQ@zDDD �;

SimplifyFlag && FreeQ@8a1,a2,f<,xD,
Int@u_*f_@a1___,v_,a2___D,x_SymbolD :=

Module@8z=DerivativeDivides@v,u,xD<,
Dist@z,Subst@Int@f@a1,x,a2D,xD,x,vDD �;
Not@FalseQ@zDDD �;

SimplifyFlag && FreeQ@8a1,a2,f<,xDD
è Derivation: Integration by substitution

è Basis: Int[g[x]*g'[x], x] == Subst[Int[x, x], x, g[x]]

If@ShowSteps,
Int@u_*v_,x_SymbolD :=

Module@8z=DerivativeDivides@v,u,xD<,
ShowStep@"","Int@g@xD*g'@xD,xD","Subst@Int@x,xD,x,g@xDD",Hold@
Dist@z,Subst@Int@x,xD,x,vDDDD �;
Not@FalseQ@zDDD �;

SimplifyFlag,

Int@u_*v_,x_SymbolD :=

Module@8z=DerivativeDivides@v,u,xD<,
Dist@z,Subst@Int@x,xD,x,vDD �;
Not@FalseQ@zDDDD

è Derivation: Integration by substitution

è Basis: If n!=-1, Int[f[x]^n*g[x]^n*D[f[x]*g[x], x], x] == f[x]^(n+1)*g[x]^(n+1)/(n+1)

è Note: Need to generalize for any number of u' s raised to multiples of n!
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If@ShowSteps,
Int@u1_^n_*u2_^n_*v_,x_SymbolD :=

Module@8w=DerivativeDivides@u1*u2,v,xD<,
ShowStep@"If nonzero@n+1D,","Int@f@xD^n*g@xD^n*D@f@xD*g@xD,xD,xD",

"f@xD^Hn+1L*g@xD^Hn+1L�Hn+1L",Hold@
w*u1^Hn+1L*u2^Hn+1L�Hn+1LDD �;
Not@FalseQ@wDDD �;

SimplifyFlag && FreeQ@n,xD && NonzeroQ@n+1D && HSumQ@vD ÈÈ NonsumQ@u1*u2D ÈÈ NonzeroQ@n-1DL,
Int@u1_^n_*u2_^n_*v_,x_SymbolD :=

Module@8w=DerivativeDivides@u1*u2,v,xD<,
w*u1^Hn+1L*u2^Hn+1L�Hn+1L �;
Not@FalseQ@wDDD �;

FreeQ@n,xD && NonzeroQ@n+1D && HSumQ@vD ÈÈ NonsumQ@u1*u2D ÈÈ NonzeroQ@n-1DLD
è Derivation: Integration by substitution

è Basis: If n!=-1, Int[f[x]^n*g[x]^n*D[f[x]*g[x], x], x] == f[x]^(n+1)*g[x]^(n+1)/(n+1)

If@ShowSteps,
Int@x_^m_.*u_^n_.*v_,x_SymbolD :=

Module@8w=DerivativeDivides@x*u,x^Hm-nL*v,xD<,
ShowStep@"If nonzero@n+1D,","Int@f@xD^n*g@xD^n*D@f@xD*g@xD,xD,xD",

"f@xD^Hn+1L*g@xD^Hn+1L�Hn+1L",Hold@
w*x^Hn+1L*u^Hn+1L�Hn+1LDD �;
Not@FalseQ@wDDD �;

SimplifyFlag && FreeQ@n,xD && NonzeroQ@n+1D && HSumQ@vD ÈÈ NonsumQ@uD ÈÈ NonzeroQ@n-1DL,
Int@x_^m_.*u_^n_.*v_,x_SymbolD :=

Module@8w=DerivativeDivides@x*u,x^Hm-nL*v,xD<,
w*x^Hn+1L*u^Hn+1L�Hn+1L �;
Not@FalseQ@wDDD �;

FreeQ@n,xD && NonzeroQ@n+1D && HSumQ@vD ÈÈ NonsumQ@uD ÈÈ NonzeroQ@n-1DLD
è Derivation: Integration by parts & power rule for integration

è Basis: If n!=-1, Int[x^m*f[x]^n*f'[x], x] == x^m*f[x]^(n+1)/(n+1) - m/(n+1)*Int[x^(m-1)*f[x]^(n+1)

If@ShowSteps,
Int@x_^m_.*u_^n_.*v_,x_SymbolD :=

Module@8w=DerivativeDivides@u,v,xD<,
ShowStep@"If nonzero@n+1D,","Int@x^m*f@xD^n*f'@xD,xD",

"x^m*f@xD^Hn+1L�Hn+1L - m�Hn+1L*Int@x^Hm-1L*f@xD^Hn+1L,xD",Hold@
w*x^m*u^Hn+1L�Hn+1L -

Dist@m�Hn+1L*w,Int@x^Hm-1L*u^Hn+1L,xDDDD �;
Not@FalseQ@wDDD �;

SimplifyFlag && FreeQ@n,xD && NonzeroQ@n+1D && IntegerQ@mD && m>0 &&

HSumQ@vD ÈÈ NonsumQ@uD ÈÈ NonzeroQ@n-1DL,
Int@x_^m_.*u_^n_.*v_,x_SymbolD :=

Module@8w=DerivativeDivides@u,v,xD<,
w*x^m*u^Hn+1L�Hn+1L -

Dist@m�Hn+1L*w,Int@x^Hm-1L*u^Hn+1L,xDD �;
Not@FalseQ@wDDD �;

FreeQ@n,xD && NonzeroQ@n+1D && IntegerQ@mD && m>0 && HSumQ@vD ÈÈ NonsumQ@uD ÈÈ NonzeroQ@n-1DLD
è Derivation: Integration by substitution

è Basis: Int[f[Int[g[x], x]]*g[x], x] == Subst[Int[f[x], x], x, Int[g[x]]]
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Int@u_*v_,x_SymbolD :=

Module@8w=Block@8ShowSteps=False,StepCounter=Null<, Int@v,xDD<,
Subst@Int@Regularize@SubstFor@w,u,xD,xD,xD,x,wD �;

FunctionOfQ@w,u,xDD �;
SumQ@vD && PolynomialQ@v,xD

è Derivation: Integration by substitution

è Basis: Int[f[g[x]]*g'[x], x] == Subst[Int[f[x], x], x, g[x]]

IntAu_*Ia_.+b_.*x_M^m_.,x_SymbolE :=

Dist@1�Hb*Hm+1LL,Subst@Int@Regularize@SubstFor@Ha+b*xL^Hm+1L,u,xD,xD,xD,x,Ha+b*xL^Hm+1LDD �;
FreeQ@8a,b,m<,xD && NonzeroQ@m+1D && FunctionOfQ@Ha+b*xL^Hm+1L,u,xD H* && NonsumQ@uD *L

è Derivation: Integration by substitution

è Basis: f[(c*x)^n]/x == f[(c*x)^n]/(n*(c*x)^n)*D[(c*x)^n,x]

è Basis: Int[f[(c*x)^n]/x, x] == Subst[Int[f[x]/x, x], x, (c*x)^n]/n

IfAShowSteps,
IntAu_�x_,x_SymbolE :=

Module@8lst=PowerVariableExpn@u,0,xD<,
ShowStep@"","Int@f@Hc*xL^nD�x,xD","Subst@Int@f@xD�x,xD,x,Hc*xL^nD�n",Hold@
Dist@1�lst@@2DD,Subst@Int@Regularize@lst@@1DD�x,xD,xD,x,Hlst@@3DD*xL^lst@@2DDDDDD �;
Not@FalseQ@lstDD && NonzeroQ@lst@@2DDDD �;

SimplifyFlag && NonsumQ@uD && Not@RationalFunctionQ@u,xDD,
IntAu_�x_,x_SymbolE :=

Module@8lst=PowerVariableExpn@u,0,xD<,
Dist@1�lst@@2DD,Subst@Int@Regularize@lst@@1DD�x,xD,xD,x,Hlst@@3DD*xL^lst@@2DDDD �;
Not@FalseQ@lstDD && NonzeroQ@lst@@2DDDD �;

NonsumQ@uD && Not@RationalFunctionQ@u,xDDE
è Derivation: Integration by substitution

è Basis: x^(n-1)*f[(c*x)^n] == f[(c*x)^n]/(c*n)*D[(c*x)^n,x]

è Basis: If g = GCD[m+1, n] > 1, Int[x^m*f[x^n], x] == Subst[Int[x^((m+1)/g-1)*f[x^(n/g)], x], x, x^g]/g

If@ShowSteps,
Int@u_*x_^m_.,x_SymbolD :=

Module@8lst=PowerVariableExpn@u,m+1,xD<,
ShowStep@"If g=GCD@m+1,nD>1,","Int@x^m*f@x^nD,xD",

"Subst@Int@x^HHm+1L�g-1L*f@x^Hn�gLD,xD,x,x^gD�g",Hold@
Dist@1�lst@@2DD,Subst@Int@Regularize@lst@@1DD�x,xD,xD,x,Hlst@@3DD*xL^lst@@2DDDDDD �;
NotFalseQ@lstD && NonzeroQ@lst@@2DD-m-1DD �;

SimplifyFlag && IntegerQ@mD && m!=-1 && NonsumQ@uD && Hm>0 ÈÈ Not@AlgebraicFunctionQ@u,xDDL,
Int@u_*x_^m_.,x_SymbolD :=

Module@8lst=PowerVariableExpn@u,m+1,xD<,
Dist@1�lst@@2DD,Subst@Int@Regularize@lst@@1DD�x,xD,xD,x,Hlst@@3DD*xL^lst@@2DDDD �;
NotFalseQ@lstD && NonzeroQ@lst@@2DD-m-1DD �;

IntegerQ@mD && m!=-1 && NonsumQ@uD && Hm>0 ÈÈ Not@AlgebraicFunctionQ@u,xDDLD
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Trig Product Expansion Rules
è Derivation: Algebraic expansion

Int@u_,x_SymbolD :=

Int@NormalForm@Expand@TrigReduce@uD,xD,xD,xD �;
ProductQ@uD && Catch@Scan@Function@If@Not@LinearSinCosQ@ð,xDD,Throw@FalseDDD,uD;TrueD

LinearSinCosQ@u_^n_.,x_SymbolD :=

IntegerQ@nD && n>0 && HSinQ@uD ÈÈ CosQ@uDL && LinearQ@u@@1DD,xD
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Hyperbolic Product Expansion Rules
è Derivation: Algebraic expansion

Int@u_,x_SymbolD :=

Int@NormalForm@Expand@TrigReduce@uD,xD,xD,xD �;
ProductQ@uD && Catch@Scan@Function@If@Not@LinearSinhCoshQ@ð,xDD,Throw@FalseDDD,uD;TrueD

LinearSinhCoshQ@u_^n_.,x_SymbolD :=

IntegerQ@nD && n>0 && HSinhQ@uD ÈÈ CoshQ@uDL && LinearQ@u@@1DD,xD
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Impure Trig Substitution Rules
è Derivation: Integration by substitution

è Basis: f[Cos[z]]*Sin[z] == -f[Cos[z]] * Cos'[z]

IntAu_*SinAc_.*Ia_.+b_.*x_ME,x_SymbolE :=

-Dist@1�Hb*cL,Subst@Int@Regularize@SubstFor@Cos@c*Ha+b*xLD,u,xD,xD,xD,x,Cos@c*Ha+b*xLDDD �;
FreeQ@8a,b,c<,xD && FunctionOfQ@Cos@c*Ha+b*xLD,u,xD

è Derivation: Integration by substitution

è Basis: f[Sin[z]]*Cos[z] == f[Sin[z]] * Sin'[z]

IntAu_*CosAc_.*Ia_.+b_.*x_ME,x_SymbolE :=

Dist@1�Hb*cL,Subst@Int@Regularize@SubstFor@Sin@c*Ha+b*xLD,u,xD,xD,xD,x,Sin@c*Ha+b*xLDDD �;
FreeQ@8a,b,c<,xD && FunctionOfQ@Sin@c*Ha+b*xLD,u,xD

è Derivation: Integration by substitution

è Basis: f[Cos[z]]*Tan[z] == -f[Cos[z]]/Cos[z] * Cos'[z]

IntAu_*TanAc_.*Ia_.+b_.*x_ME,x_SymbolE :=

-Dist@1�Hb*cL,Subst@Int@Regularize@SubstFor@Cos@c*Ha+b*xLD,u,xD�x,xD,xD,x,Cos@c*Ha+b*xLDDD �;
FreeQ@8a,b,c<,xD && FunctionOfQ@Cos@c*Ha+b*xLD,u,xD

è Derivation: Integration by substitution

è Basis: f[Sin[z]]*Cot[z] == f[Sin[z]]/Sin[z]  * Sin'[z]

IntAu_*CotAc_.*Ia_.+b_.*x_ME,x_SymbolE :=

Dist@1�Hb*cL,Subst@Int@Regularize@SubstFor@Sin@c*Ha+b*xLD,u,xD�x,xD,xD,x,Sin@c*Ha+b*xLDDD �;
FreeQ@8a,b,c<,xD && FunctionOfQ@Sin@c*Ha+b*xLD,u,xD

è Derivation: Integration by substitution

è Basis: If n is even, f[Tan[z]]*Sec[z]^n == f[Tan[z]]*(1+Tan[z]^2)^((n-2)/2)  * Tan'[z]

IntAu_*SecAc_.*Ia_.+b_.*x_ME^n_,x_SymbolE :=

Dist@1�Hb*cL,
Subst@Int@Regularize@H1+x^2L^HHn-2L�2L*SubstFor@Tan@c*Ha+b*xLD,u,xD,xD,xD,x,Tan@c*Ha+b*xLDDD �;

FreeQ@8a,b,c<,xD && EvenQ@nD && FunctionOfQ@Tan@c*Ha+b*xLD,u,xD && NonsumQ@uD
è Derivation: Integration by substitution

è Basis: If n is even, f[Cot[z]]*Csc[z]^n == -f[Cot[z]]*(1+Cot[z]^2)^((n-2)/2)  * Cot'[z]

IntAu_*CscAc_.*Ia_.+b_.*x_ME^n_,x_SymbolE :=

-Dist@1�Hb*cL,
Subst@Int@Regularize@H1+x^2L^HHn-2L�2L*SubstFor@Cot@c*Ha+b*xLD,u,xD,xD,xD,x,Cot@c*Ha+b*xLDDD �;

FreeQ@8a,b,c<,xD && EvenQ@nD && FunctionOfQ@Cot@c*Ha+b*xLD,u,xD && NonsumQ@uD
è Derivation: Integration by substitution

è Basis: f[Sin[z]]*Cos[z] == f[Sin[z]] * Sin'[z]
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If@ShowSteps,
Int@u_,x_SymbolD :=

Module@8v=FunctionOfTrig@u,xD<,
ShowStep@"","Int@f@Sin@a+b*xDD*Cos@a+b*xD,xD","Subst@Int@f@xD,xD,x,Sin@a+b*xDD�b",Hold@
Dist@1�Coefficient@v,x,1D,Subst@Int@Regularize@SubstFor@Sin@vD,u�Cos@vD,xD,xD,xD,x,Sin@vDDDDD �;
NotFalseQ@vD && FunctionOfQ@Sin@vD,u�Cos@vD,xDD �;

SimplifyFlag,

Int@u_,x_SymbolD :=

Module@8v=FunctionOfTrig@u,xD<,
Dist@1�Coefficient@v,x,1D,Subst@Int@Regularize@SubstFor@Sin@vD,u�Cos@vD,xD,xD,xD,x,Sin@vDDD �;
NotFalseQ@vD && FunctionOfQ@Sin@vD,u�Cos@vD,xDDD

è Derivation: Integration by substitution

è Basis: f[Cos[z]]*Sin[z] == -f[Cos[z]] * Cos'[z]

If@ShowSteps,
Int@u_,x_SymbolD :=

Module@8v=FunctionOfTrig@u,xD<,
ShowStep@"","Int@f@Cos@a+b*xDD*Sin@a+b*xD,xD","-Subst@Int@f@xD,xD,x,Cos@a+b*xDD�b",Hold@
-Dist@1�Coefficient@v,x,1D,Subst@Int@Regularize@SubstFor@Cos@vD,u�Sin@vD,xD,xD,xD,x,Cos@vDDDDD �;
NotFalseQ@vD && FunctionOfQ@Cos@vD,u�Sin@vD,xDD �;

SimplifyFlag,

Int@u_,x_SymbolD :=

Module@8v=FunctionOfTrig@u,xD<,
-Dist@1�Coefficient@v,x,1D,Subst@Int@Regularize@SubstFor@Cos@vD,u�Sin@vD,xD,xD,xD,x,Cos@vDDD �;
NotFalseQ@vD && FunctionOfQ@Cos@vD,u�Sin@vD,xDDD

è Derivation: Integration by substitution

è Basis: f[Log[Tan[z]]]*Sec[z]*Csc[z] == f[Log[Tan[z]]] * D[Log[Tan[z]], z]

Int@u_*Sec@a_.+b_.*x_D*Csc@a_.+b_.*x_D,x_SymbolD :=

Dist@1�b,Subst@Int@Regularize@SubstFor@Log@Tan@a+b*xDD,u,xD,xD,xD,x,Log@Tan@a+b*xDDDD �;
FreeQ@8a,b<,xD && FunctionOfQ@Log@Tan@a+b*xDD,u,xD

è Derivation: Integration by substitution

è Basis: f[Log[Cot[z]]]*Sec[z]*Csc[z] == -f[Log[Cot[z]]] * D[Log[Cot[z]], z]

Int@u_*Sec@a_.+b_.*x_D*Csc@a_.+b_.*x_D,x_SymbolD :=

-Dist@1�b,Subst@Int@Regularize@SubstFor@Log@Cot@a+b*xDD,u,xD,xD,xD,x,Log@Cot@a+b*xDDDD �;
FreeQ@8a,b<,xD && FunctionOfQ@Log@Cot@a+b*xDD,u,xD

è Derivation: Integration by substitution

è Basis: f[Cos[z/2]*Sin[z/2]]*Cos[z]  == 2*f[Cos[z/2]*Sin[z/2]]  * D[Cos[z/2]*Sin[z/2],  z]

Int@u_*Cos@a_.+b_.*x_D,x_SymbolD :=

Dist@2�b,Subst@Int@Regularize@SubstFor@Cos@a�2+b�2*xD*Sin@a�2+b�2*xD,u,xD,xD,xD,x,
Cos@a�2+b�2*xD*Sin@a�2+b�2*xDDD �;

NonsumQ@uD && FreeQ@8a,b<,xD && FunctionOfQ@Cos@a�2+b�2*xD*Sin@a�2+b�2*xD,u,xD
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Impure Hyperbolic Substitution Rules
è Derivation: Integration by substitution

è Basis: f[Cosh[z]]*Sinh[z] == f[Cosh[z]] * Cosh'[z]

IntAu_*SinhAc_.*Ia_.+b_.*x_ME,x_SymbolE :=

Dist@1�Hb*cL,Subst@Int@Regularize@SubstFor@Cosh@c*Ha+b*xLD,u,xD,xD,xD,x,Cosh@c*Ha+b*xLDDD �;
FreeQ@8a,b,c<,xD && FunctionOfQ@Cosh@c*Ha+b*xLD,u,xD

è Derivation: Integration by substitution

è Basis: f[Sinh[z]]*Cosh[z] == f[Sinh[z]] * Sinh'[z]

IntAu_*CoshAc_.*Ia_.+b_.*x_ME,x_SymbolE :=

Dist@1�Hb*cL,Subst@Int@Regularize@SubstFor@Sinh@c*Ha+b*xLD,u,xD,xD,xD,x,Sinh@c*Ha+b*xLDDD �;
FreeQ@8a,b,c<,xD && FunctionOfQ@Sinh@c*Ha+b*xLD,u,xD

è Derivation: Integration by substitution

è Basis: f[Cosh[z]]*Tanh[z] == f[Cosh[z]]/Cosh[z] * Cosh'[z]

IntAu_*TanhAc_.*Ia_.+b_.*x_ME,x_SymbolE :=

Dist@1�Hb*cL,Subst@Int@Regularize@SubstFor@Cosh@c*Ha+b*xLD,u,xD�x,xD,xD,x,Cosh@c*Ha+b*xLDDD �;
FreeQ@8a,b,c<,xD && FunctionOfQ@Cosh@c*Ha+b*xLD,u,xD

è Derivation: Integration by substitution

è Basis: f[Sinh[z]]*Coth[z]  == f[Sinh[z]]/Sinh[z]  * Sinh'[z]

IntAu_*CothAc_.*Ia_.+b_.*x_ME,x_SymbolE :=

Dist@1�Hb*cL,Subst@Int@Regularize@SubstFor@Sinh@c*Ha+b*xLD,u,xD�x,xD,xD,x,Sinh@c*Ha+b*xLDDD �;
FreeQ@8a,b,c<,xD && FunctionOfQ@Sinh@c*Ha+b*xLD,u,xD

è Derivation: Integration by substitution

è Basis: If n is even, f[Tanh[z]]*Sech[z]^n == f[Tanh[z]]*(1-Tanh[z]^2)^((n-2)/2)  * Tanh'[z]

IntAu_*SechAc_.*Ia_.+b_.*x_ME^n_,x_SymbolE :=

Dist@1�Hb*cL,
Subst@Int@Regularize@H1-x^2L^HHn-2L�2L*SubstFor@Tanh@c*Ha+b*xLD,u,xD,xD,xD,x,Tanh@c*Ha+b*xLDDD �;

FreeQ@8a,b,c<,xD && EvenQ@nD && FunctionOfQ@Tanh@c*Ha+b*xLD,u,xD && NonsumQ@uD
è Derivation: Integration by substitution

è Basis: If n is even, f[Coth[z]]*Csch[z]^n == -f[Coth[z]]*(-1+Coth[z]^2)^((n-2)/2)  * Coth'[z]

IntAu_*CschAc_.*Ia_.+b_.*x_ME^n_,x_SymbolE :=

-Dist@1�Hb*cL,
Subst@Int@Regularize@H-1+x^2L^HHn-2L�2L*SubstFor@Coth@c*Ha+b*xLD,u,xD,xD,xD,x,Coth@c*Ha+b*xLDDD �;

FreeQ@8a,b,c<,xD && EvenQ@nD && FunctionOfQ@Coth@c*Ha+b*xLD,u,xD && NonsumQ@uD
è Derivation: Integration by substitution

è Basis: Int[f[Sinh[a+b*x]]*Cosh[a+b*x],  x] == Subst[Int[f[x], x], x, Sinh[a+b*x]]/b

General Integration Rules



If@ShowSteps,
Int@u_,x_SymbolD :=

Module@8v=FunctionOfHyperbolic@u,xD<,
ShowStep@"","Int@f@Sinh@a+b*xDD*Cosh@a+b*xD,xD","Subst@Int@f@xD,xD,x,Sinh@a+b*xDD�b",Hold@
Dist@1�Coefficient@v,x,1D,Subst@Int@Regularize@SubstFor@Sinh@vD,u�Cosh@vD,xD,xD,xD,x,Sinh@vDDDDD �;
NotFalseQ@vD && FunctionOfQ@Sinh@vD,u�Cosh@vD,xDD �;

SimplifyFlag,

Int@u_,x_SymbolD :=

Module@8v=FunctionOfHyperbolic@u,xD<,
Dist@1�Coefficient@v,x,1D,Subst@Int@Regularize@SubstFor@Sinh@vD,u�Cosh@vD,xD,xD,xD,x,Sinh@vDDD �;
NotFalseQ@vD && FunctionOfQ@Sinh@vD,u�Cosh@vD,xDDD

è Derivation: Integration by substitution

è Basis: Int[f[Cosh[a+b*x]]*Sinh[a+b*x],  x] == Subst[Int[f[x], x], x, Cosh[a+b*x]]/b

If@ShowSteps,
Int@u_,x_SymbolD :=

Module@8v=FunctionOfHyperbolic@u,xD<,
ShowStep@"","Int@f@Cosh@a+b*xDD*Sinh@a+b*xD,xD","Subst@Int@f@xD,xD,x,Cosh@a+b*xDD�b",Hold@
Dist@1�Coefficient@v,x,1D,Subst@Int@Regularize@SubstFor@Cosh@vD,u�Sinh@vD,xD,xD,xD,x,Cosh@vDDDDD �;
NotFalseQ@vD && FunctionOfQ@Cosh@vD,u�Sinh@vD,xD H* && Not@FunctionOfQ@Tanh@vD,u,xDD *LD �;

SimplifyFlag,

Int@u_,x_SymbolD :=

Module@8v=FunctionOfHyperbolic@u,xD<,
Dist@1�Coefficient@v,x,1D,Subst@Int@Regularize@SubstFor@Cosh@vD,u�Sinh@vD,xD,xD,xD,x,Cosh@vDDD �;
NotFalseQ@vD && FunctionOfQ@Cosh@vD,u�Sinh@vD,xD H* && Not@FunctionOfQ@Tanh@vD,u,xDD *LDD

è Derivation: Integration by substitution

è Basis: f[Log[Tanh[z]]]*Sech[z]*Csch[z]  == f[Log[Tanh[z]]] * D[Log[Tanh[z]], z]

Int@u_*Sech@a_.+b_.*x_D*Csch@a_.+b_.*x_D,x_SymbolD :=

Dist@1�b,Subst@Int@Regularize@SubstFor@Log@Tanh@a+b*xDD,u,xD,xD,xD,x,Log@Tanh@a+b*xDDDD �;
FreeQ@8a,b<,xD && FunctionOfQ@Log@Tanh@a+b*xDD,u,xD

è Derivation: Integration by substitution

è Basis: f[Log[Coth[z]]]*Sech[z]*Csch[z]  == -f[Log[Coth[z]]] * D[Log[Coth[z]], z]

Int@u_*Sech@a_.+b_.*x_D*Csch@a_.+b_.*x_D,x_SymbolD :=

-Dist@1�b,Subst@Int@Regularize@SubstFor@Log@Coth@a+b*xDD,u,xD,xD,xD,x,Log@Coth@a+b*xDDDD �;
FreeQ@8a,b<,xD && FunctionOfQ@Log@Coth@a+b*xDD,u,xD

è Derivation: Integration by substitution

è Basis: f[Cosh[z/2]*Sinh[z/2]]*Cosh[z]  == 2*f[Cosh[z/2]*Sinh[z/2]]  * D[Cosh[z/2]*Sinh[z/2],  z]

Int@u_*Cosh@a_.+b_.*x_D,x_SymbolD :=

Dist@2�b,Subst@Int@Regularize@SubstFor@Cosh@a�2+b�2*xD*Sinh@a�2+b�2*xD,u,xD,xD,xD,x,
Cosh@a�2+b�2*xD*Sinh@a�2+b�2*xDDD �;

NonsumQ@uD && FreeQ@8a,b<,xD && FunctionOfQ@Cosh@a�2+b�2*xD*Sinh@a�2+b�2*xD,u,xD
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Derivative Divides Rules
è Derivation: Integration by substitution

è Basis: Int[x^m*f[x]^(-1+a*x^m)*f'[x], x] == f[x]^(a*x^m)/a - m*Int[x^(m-1)*f[x]^(a*x^m)*Log[f[x]], x]

IfAShowSteps,
IntAx_^m_.*u_^I-1+a_.*x_^m_.M*v_,x_SymbolE :=

Module@8w=DerivativeDivides@u,v,xD<,
ShowStep@"If m>0,","Int@x^m*f@xD^H-1+a*x^mL*f'@xD,xD",

"f@xD^Ha*x^mL�a - m*Int@x^Hm-1L*f@xD^Ha*x^mL*Log@f@xDD,xD",Hold@
w*u^Ha*x^mL�a -

Dist@m*w,Int@x^Hm-1L*u^Ha*x^mL*Log@uD,xDDDD �;
Not@FalseQ@wDDD �;

SimplifyFlag && FreeQ@a,xD && RationalQ@mD && m>0,

IntAx_^m_.*u_^I-1+a_.*x_^m_.M*v_,x_SymbolE :=

Module@8w=DerivativeDivides@u,v,xD<,
w*u^Ha*x^mL�a -

Dist@m*w,Int@x^Hm-1L*u^Ha*x^mL*Log@uD,xDD �;
Not@FalseQ@wDDD �;

FreeQ@a,xD && RationalQ@mD && m>0E
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Trig Substitution Rules
è Derivation: Integration by substitution

è Basis: f[Cot[z]] == -f[Cot[z]]/(1+Cot[z]^2) * Cot'[z]

H* If@ShowSteps,
Int@u_,x_SymbolD :=

Module@8v=FunctionOfTrig@u,xD<,
ShowStep@"","Int@f@Cot@a+b*xDD,xD","-Subst@Int@f@xD�H1+x^2L,xD,x,Cot@a+b*xDD�b",Hold@
-Dist@1�Coefficient@v,x,1D,Subst@Int@Regularize@SubstFor@Cot@vD,u,xD�H1+x^2L,xD,xD,x,Cot@vDDDDD �;
NotFalseQ@vD && FunctionOfQ@Cot@vD,u,xDD �;

SimplifyFlag,

Int@u_,x_SymbolD :=

Module@8v=FunctionOfTrig@u,xD<,
-Dist@1�Coefficient@v,x,1D,Subst@Int@Regularize@SubstFor@Cot@vD,u,xD�H1+x^2L,xD,xD,x,Cot@vDDD �;
NotFalseQ@vD && FunctionOfQ@Cot@vD,u,xDDD *L

è Derivation: Integration by substitution

è Basis: f[Tan[z]] == f[Tan[z]]/(1+Tan[z]^2) * Tan'[z]

H* If@ShowSteps,
Int@u_,x_SymbolD :=

Module@8v=FunctionOfTrig@u,xD<,
ShowStep@"","Int@f@Tan@a+b*xDD,xD","Subst@Int@f@xD�H1+x^2L,xD,x,Tan@a+b*xDD�b",Hold@
Dist@1�Coefficient@v,x,1D,Subst@Int@Regularize@SubstFor@Tan@vD,u,xD�H1+x^2L,xD,xD,x,Tan@vDDDDD �;
NotFalseQ@vD && FunctionOfQ@Tan@vD,u,xDD �;

SimplifyFlag,

Int@u_,x_SymbolD :=

Module@8v=FunctionOfTrig@u,xD<,
Dist@1�Coefficient@v,x,1D,Subst@Int@Regularize@SubstFor@Tan@vD,u,xD�H1+x^2L,xD,xD,x,Tan@vDDD �;
NotFalseQ@vD && FunctionOfQ@Tan@vD,u,xDDD *L

è Derivation: Integration by substitution

è Basis: f[Tan[z]] == f[Tan[z]]/(1+Tan[z]^2) * Tan'[z]

Int@u_,x_SymbolD :=

Subst@Int@Regularize@SubstFor@Tan@xD,u,xD�H1+x^2L,xD,xD,x,Tan@xDD �;
FunctionOfQ@Tan@xD,u,xD && FunctionOfTanWeight@u,x,xD>=0 && TryTanSubst@u,xD

è Derivation: Integration by substitution

è Basis: f[Cot[z]] == -f[Cot[z]]/(1+Cot[z]^2) * Cot'[z]

Int@u_,x_SymbolD :=

-Subst@Int@Regularize@SubstFor@Cot@xD,u,xD�H1+x^2L,xD,xD,x,Cot@xDD �;
FunctionOfQ@Cot@xD,u,xD && FunctionOfTanWeight@u,x,xD<0 && TryTanSubst@u,xD
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Hyperbolic Substitution Rules
è Derivation: Integration by substitution

è Basis: f[Tanh[z]] == f[Tanh[z]] / (1-Tanh[z]^2) * Tanh'[z]

Int@u_,x_SymbolD :=

Subst@Int@Regularize@SubstFor@Tanh@xD,u,xD�H1-x^2L,xD,xD,x,Tanh@xDD �;
FunctionOfQ@Tanh@xD,u,xD && FunctionOfTanhWeight@u,x,xD>=0 && TryTanhSubst@u,xD

è Derivation: Integration by substitution

è Basis: f[Coth[z]] == f[Coth[z]] / (1-Coth[z]^2) * Coth'[z]

Int@u_,x_SymbolD :=

Subst@Int@Regularize@SubstFor@Coth@xD,u,xD�H1-x^2L,xD,xD,x,Coth@xDD �;
FunctionOfQ@Coth@xD,u,xD && FunctionOfTanhWeight@u,x,xD<0 && TryTanhSubst@u,xD
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 Exponential Substitution Rules
è Derivation: Integration by substitution

è Basis: Int[f[E^(a+b*x)], x] == Subst[Int[f[x]/x, x], x, E^(a+b*x)]/b

è Basis: Int[g[f^(a+b*x)], x] == Subst[Int[g[x]/x, x], x, f^(a+b*x)]/(b*Log[f])

IfAShowSteps,
Int@u_,x_SymbolD :=

Module@8lst=FunctionOfExponentialOfLinear @u,xD<,
If@lst@@4DD===E,

ShowStep@"","Int@f@E^Ha+b*xLD,xD","Subst@Int@f@xD�x,xD,x,E^Ha+b*xLD�b",Hold@
Dist@1�lst@@3DD,Subst@Int@Regularize@lst@@1DD�x,xD,xD,x,E^Hlst@@2DD+lst@@3DD*xLDDDD,

ShowStep@"","Int@g@f^Ha+b*xLD,xD","Subst@Int@g@xD�x,xD,x,f^Ha+b*xLD�Hb*Log@fDL",Hold@
Dist@1�Hlst@@3DD*Log@lst@@4DDDL,

Subst@Int@Regularize@lst@@1DD�x,xD,xD,x,lst@@4DD^Hlst@@2DD+lst@@3DD*xLDDDDD �;
Not@FalseQ@lstDDD �;

SimplifyFlag &&

Not@MatchQ@u,v_^n_. �; SumQ@vD && IntegerQ@nD && n>0DD &&

NotAMatchQAu,v_^n_.*f_^Ia_.+b_.*xM �; FreeQ@8a,b,f<,xD && SumQ@vD && IntegerQ@nD && n>0EE &&

NotAMatchQAu,1�Ia_.+b_.*f_^Id_.+e_.*xM+c_.*f_^Ig_.+h_.*xMM �;
FreeQ@8a,b,c,d,e,f,g,h<,xD && ZeroQ@g-2*dD && ZeroQ@h-2*eDEE &&

FalseQ@FunctionOfHyperbolic@u,xDD H* && u===ExpnExpand@u,xD *L,
Int@u_,x_SymbolD :=

Module@8lst=FunctionOfExponentialOfLinear @u,xD<,
Dist@1�Hlst@@3DD*Log@lst@@4DDDL,

Subst@Int@Regularize@lst@@1DD�x,xD,xD,x,lst@@4DD^Hlst@@2DD+lst@@3DD*xLDD �;
Not@FalseQ@lstDDD �;

Not@MatchQ@u,v_^n_. �; SumQ@vD && IntegerQ@nD && n>0DD &&

NotAMatchQAu,v_^n_.*f_^Ia_.+b_.*xM �; FreeQ@8a,b,f<,xD && SumQ@vD && IntegerQ@nD && n>0EE &&

NotAMatchQAu,1�Ia_.+b_.*f_^Id_.+e_.*xM+c_.*f_^Ig_.+h_.*xMM �;
FreeQ@8a,b,c,d,e,f,g,h<,xD && ZeroQ@g-2*dD && ZeroQ@h-2*eDEE &&

FalseQ@FunctionOfHyperbolic@u,xDD H* && u===ExpnExpand@u,xD *L E
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Improper Binomial Subexpression Substitution Rules
è Derivation: Integration by substitution

IntAx_^m_.*f_^Ia_.+b_.*x_^n_.M,x_SymbolE :=

-Subst@Int@f^Ha+b*x^H-nLL�x^Hm+2L,xD,x,1�xD �;
FreeQ@8a,b,f<,xD && IntegersQ@m,nD && n<0 && m<-1 && GCD@m+1,nD==1

è Derivation: Integration by substitution

Int@x_^m_.*f_@a_.+b_.*x_^n_D^p_.,x_SymbolD :=

-Subst@Int@f@a+b*x^H-nLD^p�x^Hm+2L,xD,x,1�xD �;
FreeQ@8a,b,f,p<,xD && IntegersQ@m,nD && n<0 && m<-1 && GCD@m+1,nD==1

è Derivation: Algebraic simplification and distribution of fractional powers

è Basis: D[(a+b*x^n)^m/(x^(m*n)*(b+a/x^n)^m), x] == 0

IntAu_*Ia_+b_.*x_^n_M^m_,x_SymbolE :=

Ha+b*x^nL^m�Hx^Hm*nL*Hb+a�x^nL^mL*Int@u*x^Hm*nL*Hb+a�x^nL^m,xD �;
FreeQ@8a,b<,xD && FractionQ@mD && IntegerQ@nD && n<-1 && u===ExpnExpand@u,xD
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Fractional Power Subexpression Substitution Rules
è Derivation: Integration by substitution

è Basis: Int[f[(a+b*x)^(1/n), x], x] == n/b*Subst[Int[x^(n-1)*f[x, -a/b+x^n/b], x], x, (a+b*x)^(1/n)]

If@ShowSteps,
Int@u_,x_SymbolD :=

Module@8lst=SubstForFractionalPowerOfLinear @u,xD<,
ShowStep@"","Int@f@Ha+b*xL^H1�nL,xD,xD",

"n�b*Subst@Int@x^Hn-1L*f@x,-a�b+x^n�bD,xD,x,Ha+b*xL^H1�nLD",Hold@
Dist@lst@@2DD*lst@@4DD,Subst@Int@lst@@1DD,xD,x,lst@@3DD^H1�lst@@2DDLDDDD �;
NotFalseQ@lstD && SubstForFractionalPowerQ @u,lst@@3DD,xDD �;

SimplifyFlag,

Int@u_,x_SymbolD :=

Module@8lst=SubstForFractionalPowerOfLinear @u,xD<,
Dist@lst@@2DD*lst@@4DD,Subst@Int@lst@@1DD,xD,x,lst@@3DD^H1�lst@@2DDLDD �;
NotFalseQ@lstD && SubstForFractionalPowerQ @u,lst@@3DD,xDDD

è Derivation: Integration by substitution

è Basis: Int[f[((a+b*x)/(c+d*x))^(1/n), x], x] == 
n*(b*c-a*d)*Subst[Int[x^(n-1)*f[x, (-a+c*x^n)/(b-d*x^n)]/(b-d*x^n)^2, x], x, ((a+b*x)/(c+d*x))^(1/n)]

If@ShowSteps,
Int@u_,x_SymbolD :=

Module@8lst=SubstForFractionalPowerOfQuotientOfLinears @u,xD<,
ShowStep@"","Int@f@HHa+b*xL�Hc+d*xLL^H1�nL,xD,xD",

"n*Hb*c-a*dL*Subst@Int@x^Hn-1L*f@x,H-a+c*x^nL�Hb-d*x^nLD�Hb-d*x^nL^2,xD,x,HHa+b*xL�Hc+d*xLL^H1�nLD",Hold
Dist@lst@@2DD*lst@@4DD,Subst@Int@lst@@1DD,xD,x,lst@@3DD^H1�lst@@2DDLDDDD �;
NotFalseQ@lstDD �;

SimplifyFlag,

Int@u_,x_SymbolD :=

Module@8lst=SubstForFractionalPowerOfQuotientOfLinears @u,xD<,
Dist@lst@@2DD*lst@@4DD,Subst@Int@lst@@1DD,xD,x,lst@@3DD^H1�lst@@2DDLDD �;
NotFalseQ@lstDDD
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Linear Subexpression Substitution Rules
è Derivation: Integration by substitution

è Basis: Int[f[a+b*x], x] == Subst[Int[f[x], x], x, a+b*x]/b

IntAu_*Ia_+b_.*x_M^m_.,x_SymbolE :=

Dist@1�b,Subst@Int@x^m*Regularize@SubstFor@a+b*x,u,xD,xD,xD,x,a+b*xDD �;
FreeQ@8a,b,m<,xD && FunctionOfQ@a+b*x,u,xD

è Derivation: Integration by substitution

è Basis: Int[f[a+b*x, x], x] == Subst[Int[f[x, -a/b+x/b], x], x, a+b*x]/b

IntAx_^m_.�Ia_+b_.*Ic_+d_.*x_M^n_M, x_SymbolE :=

Dist@1�d,Subst@Int@H-c�d+x�dL^m�Ha+b*x^nL,xD,x,c+d*xDD �;
FreeQ@8a,b,c,d<,xD && IntegersQ@m,nD && n>2

è Derivation: Integration by substitution

IntAIe_+f_.*x_M^m_.*Ia_+b_.*Ic_+d_.*x_M^n_M^p_, x_SymbolE :=

Dist@Hf�dL^m�d,Subst@Int@x^m*Ha+b*x^nL^p,xD,x,c+d*xDD �;
FreeQ@8a,b,c,d,e,f<,xD && IntegersQ@m,n,pD && ZeroQ@d*e-c*fD

è Derivation: Integration by substitution

è Basis: Int[f[a+b*x, x], x] == Subst[Int[f[x, -a/b+x/b], x], x, a+b*x]/b

IntAIa_.+b_.*x_M^m_.*f_@c_.+d_.*x_D^p_.,x_SymbolE :=

Dist@1�b,Subst@Int@x^m*f@c-a*d�b+d*x�bD^p,xD,x,a+b*xDD �;
FreeQ@8a,b,c,d,m<,xD && RationalQ@pD && Not@a===0 && b===1D &&

MemberQ@8Sin,Cos,Sec,Csc,Sinh,Cosh,Sech,Csch<,fD
è Derivation: Integration by substitution

è Basis: Int[f[a+b*x, x], x] == Subst[Int[f[x, -a/b+x/b], x], x, a+b*x]/b

IntAIa_.+b_.*x_M^m_*Ic_.+d_.*x_+e_.*x_^2M^n_,x_SymbolE :=

Dist@1�b,Subst@Int@x^m*Hc-a*d�b+a^2*e�b^2+Hd�b-2*a*e�b^2L*x+e*x^2�b^2L^n,xD,x,a+b*xDD �;
FreeQ@8a,b,c,d,e,m,n<,xD && FractionQ@nD && Not@a===0 && b===1D
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Extended Integration by Parts Rules
è Derivation: Integration by parts

è Basis: Int[(g[x]+h[x])^n*g'[x],x] == (g[x]+h[x])^(n+1)/(n+1) - Int[(g[x]+h[x])^n*h'[x], x]

IntAIu_+x_^p_.M^n_*v_,x_SymbolE :=

Module@8z=DerivativeDivides@u,v,xD<,
z*Hu+x^pL^Hn+1L�Hn+1L -

Dist@z*p,Int@x^Hp-1L*Hu+x^pL^n,xDD �;
Not@FalseQ@zDDD �;

IntegerQ@pD && RationalQ@nD && NonzeroQ@n+1D && Not@AlgebraicFunctionQ@v,xDD
è Derivation: Integration by parts

è Basis: Int[f[x]*(g[x]+h[x])^n*g'[x],x] == f[x]*(g[x]+h[x])^(n+1)/(n+1)  - Int[f[x]*(g[x]+h[x])^n*h'[x],  x] - Int[f'[x]*(g[x]+h[x])^(n+1), x]/(n+1)

IntAx_^m_.*Iu_+x_^p_.M^n_*v_,x_SymbolE :=

Module@8z=DerivativeDivides@u,v,xD<,
z*x^m*Hu+x^pL^Hn+1L�Hn+1L -

Dist@z*p,Int@x^Hm+p-1L*Hu+x^pL^n,xDD -

Dist@z*m�Hn+1L,Int@x^Hm-1L*Hu+x^pL^Hn+1L,xDD �;
Not@FalseQ@zDDD �;

IntegersQ@m,pD && RationalQ@nD && NonzeroQ@n+1D
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Logarithm Rules
è Reference: A&S 4.1.53

è Derivation: Integration by parts

Int@Log@u_D,x_SymbolD :=

x*Log@uD -

Int@Regularize@x*D@u,xD�u,xD,xD �;
InverseFunctionFreeQ@u,xD

è Reference: G&R 2.727.2

è Derivation: Integration by parts

IntALog@u_D�x_,x_SymbolE :=

Module@8v=D@u,xD�u<,
Log@uD*Log@xD -

Int@Regularize@Log@xD*v,xD,xD �;
RationalFunctionQ@v,xDD �;
Not@BinomialTest@u,xD && BinomialTest@u,xD@@3DD^2===1D

è Reference: G&R 2.727.2

è Derivation: Integration by parts

IntALog@u_D�Ia_+b_.*x_M,x_SymbolE :=

Module@8v=D@u,xD�u<,
Log@uD*Log@a+b*xD�b -

Dist@1�b,Int@Regularize@Log@a+b*xD*v,xD,xDD �;
RationalFunctionQ@v,xDD �;

FreeQ@8a,b<,xD
è Reference: G&R 2.725.1, A&S 4.1.54

è Derivation: Integration by parts

IntAIa_.+b_.*x_M^m_.*Log@u_D,x_SymbolE :=

Module@8v=D@u,xD�u<,
Ha+b*xL^Hm+1L*Log@uD�Hb*Hm+1LL -

Dist@1�Hb*Hm+1LL,Int@Regularize@Ha+b*xL^Hm+1L*v,xD,xDDD �;
FreeQ@8a,b,m<,xD && NonzeroQ@m+1D && InverseFunctionFreeQ@u,xD &&

Not@FunctionOfQ@x^Hm+1L,u,xDD &&

FalseQ@PowerVariableExpn@u,m+1,xDD
è Derivation: Integration by parts

Int@v_*Log@u_D,x_SymbolD :=

Module@8w=Block@8ShowSteps=False,StepCounter=Null<, Int@v,xDD<,
w*Log@uD -

Int@Regularize@w*D@u,xD�u,xD,xD �;
InverseFunctionFreeQ@w,xDD �;

InverseFunctionFreeQ@u,xD &&

Not@MatchQ@v, x^m_. �; FreeQ@m,xDDD &&

FalseQ@FunctionOfLinear@v*Log@uD,xDD

General Integration Rules



Reciprocals of Quadratic Trinomials Expansion Rules

è Derivation: Algebraic expansion

è Basis: If q=Sqrt[-a/b], z/(a+b*z^2) == q/(2*(a+b*q*z)) - q/(2*(a-b*q*z))

IntAu_.*x_�Ia_+b_.*x_^2M,x_SymbolE :=

Module@8q=Rt@-a�b,2D<,
Dist@q�2,Int@u�Ha+b*q*xL,xDD -

Dist@q�2,Int@u�Ha-b*q*xL,xDDD �;
FreeQ@8a,b<,xD && Not@MatchQ@u,r_*s_. �; SumQ@rDDD && Not@RationalFunctionQ@u,xDD

è Derivation: Algebraic expansion

è Basis: If q=Sqrt[b^2-4*a*c],  z/(a+b*z+c*z^2) == (1+b/q)/(b+q+2*c*z) + (1-b/q)/(b-q+2*c*z))

IntAu_.*v_^m_.�Ia_+b_.*v_+c_.*w_M,x_SymbolE :=

Module@8q=Rt@b^2-4*a*c,2D<,
Dist@H1+b�qL,Int@u*v^Hm-1L�Hb+q+2*c*vL,xDD + Dist@H1-b�qL,Int@u*v^Hm-1L�Hb-q+2*c*vL,xDD �;
NonzeroQ@qDD �;

FreeQ@8a,b,c<,xD && RationalQ@mD && m==1 && ZeroQ@w-v^2D &&

Not@MatchQ@u,r_*s_. �; SumQ@rDDD && HNot@RationalFunctionQ@u,xDD ÈÈ Not@RationalFunctionQ@v,xDDL
è Derivation: Algebraic expansion

è Basis: If q=Sqrt[b^2-4*a*c],  (d+e*z)/(a+b*z+c*z^2) == (e-2*c*d/q+b*e/q)/(b+q+2*c*z)) + (e+2*c*d/q-b*e/q)/(b-q+2*c*z)

IntAId_.+e_.*v_M�Ia_+b_.*v_+c_.*w_M,x_SymbolE :=

Module@8q=Rt@b^2-4*a*c,2D<,
Dist@e+Hb*e-2*c*dL�q,Int@1�Hb+q+2*c*vL,xDD + Dist@e-Hb*e-2*c*dL�q,Int@1�Hb-q+2*c*vL,xDD �;

NonzeroQ@qDD �;
FreeQ@8a,b,c,d,e<,xD && ZeroQ@w-v^2D && NonzeroQ@2*c*d-b*eD && Not@RationalFunctionQ@v,xDD

è Reference: G&R 2.161.1 a'

è Derivation: Algebraic expansion

è Basis: If q=Sqrt[b^2-4*a*c],  1/(a+b*z+c*z^2) == 2*c/(q*(b-q+2*c*z)) - 2*c/(q*(b+q+2*c*z))

IntAu_.�Ia_+b_.*v_+c_.*w_M,x_SymbolE :=

Module@8q=Rt@b^2-4*a*c,2D<,
Dist@2*c�q,Int@u�Hb-q+2*c*vL,xDD - Dist@2*c�q,Int@u�Hb+q+2*c*vL,xDD �;
NonzeroQ@qDD �;

FreeQ@8a,b,c<,xD && ZeroQ@w-v^2D && Not@MatchQ@u,v^m_ �; RationalQ@mDDD &&

Not@MatchQ@u,r_*s_. �; SumQ@rDDD && HNot@RationalFunctionQ@u,xDD ÈÈ Not@RationalFunctionQ@v,xDDL

General Integration Rules



General Algebraic Simplification Rules

è Derivation: Algebraic simplification

Int@u_,x_SymbolD :=

Module@8v=SimplifyExpression@u,xD<,
Int@v,xD �;

v=!=u D

General Integration Rules



Piecewise Constant Extraction Rules

è Derivation: Piecewise constant extraction

IntAu_.*Iv_^m_.*w_^n_.*t_^q_.M^p_,x_SymbolE :=

Int@u*v^Hm*pL*w^Hn*pL*t^Hp*qL,xD �;
FreeQ@p,xD && Not@PowerQ@vDD && Not@PowerQ@wDD && Not@PowerQ@tDD &&

ZeroQ@Simplify@Hv^m*w^n*t^qL^p-v^Hm*pL*w^Hn*pL*t^Hp*qLDD
è Derivation: Piecewise constant extraction

IntAu_.*Iv_^m_.*w_^n_.*t_^q_.M^p_,x_SymbolE :=

Module@8r=Simplify@Hv^m*w^n*t^qL^p�Hv^Hm*pL*w^Hn*pL*t^Hp*qLLD,lst<,
H lst=SplitFreeFactors@v^Hm*pL*w^Hn*pL*t^Hp*qL,xD;
r*lst@@1DD*Int@Regularize@u*lst@@2DD,xD,xD L �;
NonzeroQ@r-1DD �;

FreeQ@p,xD && Not@PowerQ@vD ÈÈ PowerQ@wD ÈÈ PowerQ@tD ÈÈ FreeQ@v,xD ÈÈ FreeQ@w,xD ÈÈ FreeQ@t,xDD

General Integration Rules



General Algebraic Expansion Rules

è Author: Martin 13 July 2010

è Derivation: Algebraic expansion

è Basis: If n>0 is an integer, a+b*z^n == b*Product[z - (-a/b)^(1/n)*(-1)^(2*k/n), {k, 1, n}]

è Basis: If n>0 is an integer, a+b*z^n == a*Product[1 - z/((-a/b)^(1/n)*(-1)^(2*k/n)), {k, 1, 4}]

è Basis: If m and n are integers and 0<=m<n let q=(-a/b)^(1/n), then
z^m/(a+b*z^n) == q^(m+1)*Sum[(-1)^(2*k*(m+1)/n)/(q*(-1)^(2*k/n)  - z), {k, 1, n}]/(a*n)

IntAu_*x_^m_.�Ia_+b_.*x_^n_M,x_SymbolE :=

Module@8r=Numerator@Rt@-a�b,nDD, s=Denominator@Rt@-a�b,nDD<,
Dist@r^Hm+1L�Ha*n*s^mL, Sum@Int@u*H-1L^H2*k*Hm+1L�nL�Hr*H-1L^H2*k�nL-s*xL,xD,8k,1,n<DDD �;

FreeQ@8a,b<,xD && IntegersQ@m,nD && 0<m<n && Not@AlgebraicFunctionQ@u,xDD
è Derivation: Algebraic expansion

è Basis: If n>0 is an integer let q=(-a/b)^(1/n), then 1/(a+b*z^n) == q*Sum[(-1)^(2*k/n)/(q*(-1)^(2*k/n) - z), {k, 1, n}]/(a*n)

IntAu_�Ia_+b_.*x_^n_M,x_SymbolE :=

Module@8r=Numerator@Rt@-a�b,nDD, s=Denominator@Rt@-a�b,nDD<,
Dist@r�Ha*nL, Sum@Int@u*H-1L^H2*k�nL�Hr*H-1L^H2*k�nL-s*xL,xD,8k,1,n<DDD �;

FreeQ@8a,b<,xD && OddQ@nD && n>1 && Not@AlgebraicFunctionQ@u,xDD
è Derivation: Algebraic expansion

è Basis: If n>0 is an integer, a+b*z^n == b*Product[z - (-a/b)^(1/n)*(-1)^(2*k/n), {k, 1, n}]

è Basis: If n>0 is an integer, z^(n-1)/(a+b*z^n) == Sum[1/(z - (-a/b)^(1/n)*(-1)^(2*k/n)), {k, 1, n}]/(b*n)

IntAu_.*v_^m_�Ia_+b_.*v_^n_M,x_SymbolE :=

Dist@1�Hb*nL,Sum@Int@Together@u�Hv-Rt@-a�b,nD*H-1L^H2*k�nLLD,xD,8k,1,n<DD �;
FreeQ@8a,b<,xD && OddQ@nD && n>1 && ZeroQ@m-n+1D &&

Not@AlgebraicFunctionQ@u,xD && AlgebraicFunctionQ@v,xDD
è Derivation: Algebraic expansion

è Basis: If n>0 is an integer, a+b*z^n == a*Product[1 - z/((-a/b)^(1/n)*(-1)^(2*k/n)), {k, 1, 4}]

è Basis: If n>0 is an integer, 1/(a+b*z^n) == Sum[1/(1 - z/((-a/b)^(1/n)*(-1)^(2*k/n))), {k, 1, n}]/(a*n)

IntAu_.�Ia_+b_.*v_^n_M,x_SymbolE :=

Dist@1�Ha*nL,Sum@Int@Together@u�H1-v�HRt@-a�b,nD*H-1L^H2*k�nLLLD,xD,8k,1,n<DD �;
FreeQ@8a,b<,xD && OddQ@nD && n>1 && Not@AlgebraicFunctionQ@u,xD && AlgebraicFunctionQ@v,xDD

è Derivation: Algebraic expansion

Int@u_,x_SymbolD :=

Module@8v=ExpnExpand@u,xD<,
Int@v,xD �;

v=!=u D
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Function of Linear Binomial Substitution Rules

è Derivation: Integration by substitution

è Basis: Int[f[1/(a+b*x)], x] == -Subst[Int[f[x]/x^2, x], x, 1/(a+b*x)]/b

è Basis: Int[f[(a+b*x)/(c+d*x)], x] == -Subst[Int[f[b/d+(a*d-b*c)/d*x]/x^2,  x], x, 1/(c+d*x)]/d

If@ShowSteps,
Int@u_,x_SymbolD :=

Module@8lst=SubstForInverseLinear@u,xD<,
ShowStep@"","Int@f@1�Ha+b*xLD,xD","-Subst@Int@f@xD�x^2,xD,x,1�Ha+b*xLD�b",Hold@
-Dist@1�lst@@3DD,Subst@Int@lst@@1DD�x^2,xD,x,1�lst@@2DDDDDD �;
NotFalseQ@lstDD �;

SimplifyFlag,

Int@u_,x_SymbolD :=

Module@8lst=SubstForInverseLinear@u,xD<,
-Dist@1�lst@@3DD,Subst@Int@lst@@1DD�x^2,xD,x,1�lst@@2DDDD �;
NotFalseQ@lstDDD

è Derivation: Integration by substitution

è Basis: Int[f[a+b*x], x] == Subst[Int[f[x], x], x, a+b*x]/b

If@ShowSteps,
Int@u_,x_SymbolD :=

Module@8lst=FunctionOfLinear@u,xD<,
ShowStep@"","Int@f@a+b*xD,xD","Subst@Int@f@xD,xD,x,a+b*xD�b",Hold@
Dist@1�lst@@3DD,Subst@Int@lst@@1DD,xD,x,lst@@2DD+lst@@3DD*xDDDD �;
Not@FalseQ@lstDDD �;

SimplifyFlag,

Int@u_,x_SymbolD :=

Module@8lst=FunctionOfLinear@u,xD<,
Dist@1�lst@@3DD,Subst@Int@lst@@1DD,xD,x,lst@@2DD+lst@@3DD*xDD �;
Not@FalseQ@lstDDDD
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Negative Powers of Binomials Expansion Rules

è Derivation: Algebraic expansion

è Basis: If n>0 is even, 1/(a+b*z^n) == 2/(a*n)*Sum[1/(1-z^2/((-a/b)^(2/n)*(-1)^(4*k/n))),  {k, 1, n/2}]

IntAu_.�Ia_+b_.*v_^n_M,x_SymbolE :=

Dist@2�Ha*nL,Sum@Int@Together@u�H1-v^2�HRt@-a�b,n�2D*H-1L^H4*k�nLLLD,xD,8k,1,n�2<DD �;
FreeQ@8a,b<,xD && EvenQ@nD && n>2

è Derivation: Algebraic expansion

è Basis: If n>0 is even, a+b*z^n == a*Product[1-(-1)^(4*k/n)*(-b/a)^(2/n)*z^2,  {k, 1, n/2}]

IntAu_.*Ia_+b_.*v_^n_M^m_,x_SymbolE :=

Dist@a^m,Int@u*Product@H1-H-1L^H4*k�nL*Rt@-b�a,n�2D*v^2L^m,8k,1,n�2<D,xDD �;
FreeQ@8a,b<,xD && IntegerQ@mD && m<-1 && EvenQ@nD && n>2 H* && NegQ@b�aD *L

è Derivation: Algebraic expansion

è Basis: If n>0 is an integer, a+b*z^n == b*Product[-(-a/b)^(1/n)*(-1)^(2*k/n) + z, {k, 1, n}]

è Basis: If n>0 is an integer, a+b*z^n == a*Product[1-(-1)^(2*k/n)*(-b/a)^(1/n)*z, {k, 1, n}]

è Basis: If n>0 is odd, a+b*z^n == a*Product[1+(-1)^(2*k/n)*(b/a)^(1/n)*z,  {k, 1, n}]

IntAu_.*Ia_+b_.*v_^n_M^m_,x_SymbolE :=

Dist@a^m,Int@u*Product@H1+H-1L^H2*k�nL*Rt@b�a,nD*vL^m,8k,1,n<D,xDD �;
FreeQ@8a,b<,xD && IntegerQ@mD && m<-1 && OddQ@nD && n>1
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Negative Powers of Trinomials Expansion Rules

è Derivation: Algebraic expansion

è Basis: a+b*z+c*z^2 == (b-Sqrt[b^2-4*a*c]+2*c*z)*(b+Sqrt[b^2-4*a*c]+2*c*z)/(4*c)

IntAu_.*Ia_+b_.*v_+c_.*w_M^m_,x_SymbolE :=

Dist@1�H4*cL^m,Int@u*Hb-Sqrt@b^2-4*a*cD+2*c*vL^m*Hb+Sqrt@b^2-4*a*cD+2*c*vL^m,xDD �;
FreeQ@8a,b,c<,xD && IntegerQ@mD && m<0 && ZeroQ@w-v^2D

General Integration Rules



Integrand Normalization Rules

è Derivation: Algebraic simplification

è Note: Replace this rule with specific rules for each normalization.

Int@u_,x_SymbolD :=

Module@8v=NormalForm@u,xD<,
Int@v,xD �;
Not@v===uDD
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Piecewise Constant Extraction Rules

è Derivation: Piecewise constant extraction

è Basis: D[(a*f[x]^m)^p/f[x]^(m*p), x] == 0

IntAu_.*Ia_.*v_^m_.M^p_, x_SymbolE :=

Module@8q=FractionalPart@pD<,
q=a^Hp-qL*Ha*v^mL^q�v^Hm*qL;
If@FreeQ@Simplify@qD,xD,

Simplify@qD*Int@u*v^Hm*pL,xD,
q*Int@u*v^Hm*pL,xDDD �;

FreeQ@8a,m<,xD && FractionQ@pD && Not@ZeroQ@a-1D && ZeroQ@m-1DD
è Derivation: Piecewise constant extraction

è Basis: D[(f[x]^m)^p/f[x]^(m*p), x] == 0

IntAu_.*Iv_^m_M^p_,x_SymbolE :=

Simplify@Hv^mL^p�v^Hm*pLD*Int@Regularize@u*v^Hm*pL,xD,xD �;
FreeQ@p,xD && Not@PowerQ@vDD

è Derivation: Piecewise constant extraction

è Basis: D[(a*f[x]^m*g[x]^n)^p/(f[x]^(m*p)*g[x]^(n*p)), x] == 0

IntAu_.*Ia_.*v_^m_.*w_^n_.M^p_, x_SymbolE :=

Module@8q=FractionalPart@pD<,
q=a^Hp-qL*Ha*v^m*w^nL^q�Hv^Hm*qL*w^Hn*qLL;
If@FreeQ@Simplify@qD,xD,

Simplify@qD*Int@u*v^Hm*pL*w^Hn*pL,xD,
q*Int@u*v^Hm*pL*w^Hn*pL,xDDD �;

FreeQ@a,xD && RationalQ@8m,n,p<D
è Derivation: Piecewise constant extraction

è Basis: D[(f[x]^m*g[x]^n)^p/(f[x]^(m*p)*g[x]^(n*p)), x] == 0

IntAu_.*Iv_^m_.*w_^n_.M^p_,x_SymbolE :=

Module@8r=Simplify@Hv^m*w^nL^p�Hv^Hm*pL*w^Hn*pLLD,lst<,
If@ZeroQ@r-1D,

Int@u*v^Hm*pL*w^Hn*pL,xD,
lst=SplitFreeFactors@v^Hm*pL*w^Hn*pL,xD;
r*lst@@1DD*Int@Regularize@u*lst@@2DD,xD,xDDD �;

FreeQ@p,xD && Not@PowerQ@vDD && Not@PowerQ@wDD
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Products of Fractional Powers Collection Rules

è Derivation: Collection of fractional powers

è Basis: D[f[x]^m/g[x]^m/(f[x]/g[x])^m, x] == 0

è Basis: Int[v^m/w^m, x] == v^m/w^m/(v/w)^m*Int[(v/w)^m, x]

Int@u_.*v_^m_*w_^n_,x_SymbolD :=

Module@8q=Cancel@v�wD<,
Hv^m*w^nL�q^m*Int@u*q^m,xD �;

PolynomialQ@q,xDD �;
FractionQ@8m,n<D && m+n==0 && PolynomialQ@v,xD && PolynomialQ@w,xD
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Fractional Power of Linear Subexpression Substitution Rules

è Derivation: Integration by substitution

è Basis: Int[f[(a+b*x)^(1/n), x], x] == n/b*Subst[Int[x^(n-1)*f[x, -a/b+x^n/b], x], x, (a+b*x)^(1/n)]

If@ShowSteps,
Int@u_,x_SymbolD :=

Module@8lst=SubstForFractionalPowerOfLinear @u,xD<,
ShowStep@"","Int@f@Ha+b*xL^H1�nL,xD,xD",

"n�b*Subst@Int@x^Hn-1L*f@x,-a�b+x^n�bD,xD,x,Ha+b*xL^H1�nLD",Hold@
Dist@lst@@2DD*lst@@4DD,Subst@Int@lst@@1DD,xD,x,lst@@3DD^H1�lst@@2DDLDDDD �;
NotFalseQ@lstD H* && AlgebraicFunctionQ@lst@@1DD,xD *L D �;

SimplifyFlag,

Int@u_,x_SymbolD :=

Module@8lst=SubstForFractionalPowerOfLinear @u,xD<,
Dist@lst@@2DD*lst@@4DD,Subst@Int@lst@@1DD,xD,x,lst@@3DD^H1�lst@@2DDLDD �;
NotFalseQ@lstD H* && AlgebraicFunctionQ@lst@@1DD,xD *L DD

General Integration Rules



Quadratic Binomial Expansion Rules

è Derivation: Algebraic expansion

è Basis: 1/(a+b*z^2) == 1/(2*(a+b*Sqrt[-a/b]*z)) + 1/(2*(a-b*Sqrt[-a/b]*z))

è Note: This rule necessary because ExpnExpand cannot expand Sqrt[x + 1]/((1 - I*x)*(1 + I*x)).

IntAu_.�Ia_+b_.*v_^2M,x_SymbolE :=

Dist@1�2,Int@u�Ha+b*Rt@-a�b,2D*vL,xDD + Dist@1�2,Int@u�Ha-b*Rt@-a�b,2D*vL,xDD �;
FreeQ@8a,b<,xD H* && Not@PositiveQ@-a�bDD *L

è Derivation: Algebraic expansion

è Basis: a+b*z^2 == a*(1+Sqrt[-b/a]*z)*(1-Sqrt[-b/a]*z)

IntAu_.*Ia_+b_.*v_^2M^m_,x_SymbolE :=

Dist@a^m,Int@u*H1+Rt@-b�a,2D*vL^m*H1-Rt@-b�a,2D*vL^m,xDD �;
FreeQ@8a,b<,xD && IntegerQ@mD && Hm<-1 ÈÈ m==-1 && PositiveQ@-b�aDL
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Exponential Function Expansion Rules

è Derivation: Algebraic expansion

è Basis: f^(z+w) == f^z*f^w

IntAu_.*f_^Ia_+v_M*g_^Ib_+w_M,x_SymbolE :=

Dist@f^a*g^b,Int@u*f^v*g^w,xDD �;
FreeQ@8a,b,f,g<,xD && Not@MatchQ@v,c_+t_ �; FreeQ@c,xDDD && Not@MatchQ@w,c_+t_ �; FreeQ@c,xDDD

è Derivation: Algebraic expansion

è Basis: f^(z+w) == f^z*f^w

IntAu_.*f_^Ia_+v_M,x_SymbolE :=

Dist@f^a,Int@u*f^v,xDD �;
FreeQ@8a,f<,xD && Not@MatchQ@v,b_+w_ �; FreeQ@b,xDDD
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Trig Function Piecewise Constant Extraction Rules

� Derivation: Piecewise constant extraction and algebraic expansion

� Basis: If  a2 - b2 = 0, then ¶z
a+b Sin@zD

CosA z

2
E+

a

b
SinA z

2
E = 0

� Rule: If  a2 - b2 = 0 í n -
1

2
Î Z, then

á u Ha + b Sin@c + d xDLn âx �
a + b Sin@c + d xD

CosA c

2
+

d x

2
E +

a

b
SinA c

2
+

d x

2
E ×

à u CosB c
2

+
d x

2
F Ha + b Sin@c + d xDLn-

1

2 âx +
a

b
à u SinB c

2
+
d x

2
F Ha + b Sin@c + d xDLn-

1

2 âx

� Program code:

IntAu_*Ia_+b_.*Sin@c_.+d_.*x_DM^n_,x_SymbolE :=

Sqrt@a+b*Sin@c+d*xDD�HCos@c�2+d*x�2D+a�b*Sin@c�2+d*x�2DL*

HInt@u*Cos@c�2+d*x�2D*Ha+b*Sin@c+d*xDL^Hn-1�2L,xD +

a�b*Int@u*Sin@c�2+d*x�2D*Ha+b*Sin@c+d*xDL^Hn-1�2L,xDL �;
FreeQ@8a,b,c,d<,xD && ZeroQ@a^2-b^2D && IntegerQ@n-1�2D

� Derivation: Piecewise constant extraction

� Basis: ¶z
a+a Cos@zD
CosA z

2
E = 0

� Rule: If  n -
1

2
Î Z, then

á u Ha + a Cos@c + d xDLn âx �
a + a Cos@c + d xD
CosA c

2
+

d x

2
E à u CosB c

2
+
d x

2
F Ha + a Cos@c + d xDLn-

1

2 âx

� Program code:

IntAu_*Ia_+b_.*Cos@c_.+d_.*x_DM^n_,x_SymbolE :=

Sqrt@a+b*Cos@c+d*xDD�Cos@c�2+d*x�2D*Int@u*Cos@c�2+d*x�2D*Ha+b*Cos@c+d*xDL^Hn-1�2L,xD �;
FreeQ@8a,b,c,d<,xD && ZeroQ@a-bD && IntegerQ@n-1�2D
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� Derivation: Piecewise constant extraction

� Basis: ¶z
a-a Cos@zD
SinA z

2
E = 0

� Rule: If  n -
1

2
Î Z, then

á u Ha - a Cos@c + d xDLn âx �
a - a Cos@c + d xD
SinA c

2
+

d x

2
E à u SinB c

2
+
d x

2
F Ha - a Cos@c + d xDLn-

1

2 âx

� Program code:

IntAu_*Ia_+b_.*Cos@c_.+d_.*x_DM^n_,x_SymbolE :=

Sqrt@a+b*Cos@c+d*xDD�Sin@c�2+d*x�2D*Int@u*Sin@c�2+d*x�2D*Ha+b*Cos@c+d*xDL^Hn-1�2L,xD �;
FreeQ@8a,b,c,d<,xD && ZeroQ@a+bD && IntegerQ@n-1�2D

� Derivation: Piecewise constant extraction and algebraic expansion

� Basis: If  a2 - b2 - c2 = 0, then ¶z
a+b Cos@zD+c Sin@zD

c CosA z

2
E+Ha-bL SinA z

2
E = 0

� Rule: If  a2 - b2 - c2 = 0 í n -
1

2
Î Z, then

á u Ha + b Cos@d + e xD + c Sin@d + e xDLn âx �

c a + b Cos@d + e xD + c Sin@d + e xD
c CosA d

2
+

e x

2
E + Ha - bL SinA d

2
+

e x

2
E à u CosB d

2
+
e x

2
F Ha + b Cos@d + e xD + c Sin@d + e xDLn-

1

2 âx +

Ha - bL a + b Cos@d + e xD + c Sin@d + e xD
c CosA d

2
+

e x

2
E + Ha - bL SinA d

2
+

e x

2
E à u SinB d

2
+
e x

2
F Ha + b Cos@d + e xD + c Sin@d + e xDLn-

1

2 âx

� Program code:

IntAu_*Ia_+b_.*Cos@d_.+e_.*x_D+c_.*Sin@d_.+e_.*x_DM^n_,x_SymbolE :=

Sqrt@a+b*Cos@d+e*xD+c*Sin@d+e*xDD�Hc*Cos@d�2+e*x�2D+Ha-bL*Sin@d�2+e*x�2DL*

Dist@c,Int@u*Cos@d�2+e*x�2D*Ha+b*Cos@d+e*xD+c*Sin@d+e*xDL^Hn-1�2L,xDD +

Sqrt@a+b*Cos@d+e*xD+c*Sin@d+e*xDD�Hc*Cos@d�2+e*x�2D+Ha-bL*Sin@d�2+e*x�2DL*

Dist@a-b,Int@u*Sin@d�2+e*x�2D*Ha+b*Cos@d+e*xD+c*Sin@d+e*xDL^Hn-1�2L,xDD �;
FreeQ@8a,b,c,d,e<,xD && ZeroQ@a^2-b^2-c^2D && IntegerQ@n-1�2D
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Tangent Θ/2 Trig Substitution Rules

è Reference: CRC 484

è Derivation: Integration by substitution

è Basis: Sin[x] == 2*Tan[x/2]/(1+Tan[x/2]^2)

è Basis: Cos[x] == (1-Tan[x/2]^2)/(1+Tan[x/2]^2)

è Basis: 1+Tan[x/2]^2 == Tan'[x/2]

If@ShowSteps,
Int@u_,x_SymbolD :=

ShowStep@"","Int@f@Sin@xD,Cos@xDD,xD",
"2*Subst@Int@f@2*x�H1+x^2L,H1-x^2L�H1+x^2LD�H1+x^2L,xD,x,Tan@x�2DD",Hold@

Dist@2,
Subst@Int@Regularize@SubstForTrig@u,2*x�H1+x^2L,H1-x^2L�H1+x^2L,x,xD�H1+x^2L,xD,xD,x,Tan@x�2DDDDD

SimplifyFlag && FunctionOfTrigQ@u,x,xD,
Int@u_,x_SymbolD :=

Dist@2,
Subst@Int@Regularize@SubstForTrig@u,2*x�H1+x^2L,H1-x^2L�H1+x^2L,x,xD�H1+x^2L,xD,xD,x,Tan@x�2DDD �;

FunctionOfTrigQ@u,x,xDD

General Integration Rules



Hyperbolic Tangent Θ/2 Substitution Rules

è Derivation: Integration by substitution

è Basis: Sinh[x] == 2*Tanh[x/2]/(1-Tanh[x/2]^2)

è Basis: Cosh[x] == (1+Tanh[x/2]^2)/(1-Tanh[x/2]^2)

è Basis: 1-Tanh[x/2]^2 == Tanh'[x/2]

If@ShowSteps,
Int@u_,x_SymbolD :=

ShowStep@"","Int@f@Sinh@xD,Cosh@xDD,xD",
"2*Subst@Int@f@2*x�H1-x^2L,H1+x^2L�H1-x^2LD�H1-x^2L,xD,x,Tanh@x�2DD",Hold@

Dist@2,
Subst@Int@Regularize@SubstForHyperbolic@u,2*x�H1-x^2L,H1+x^2L�H1-x^2L,x,xD�H1-x^2L,xD,xD,x,Tanh@x�

SimplifyFlag && FunctionOfHyperbolicQ@u,x,xD,
Int@u_,x_SymbolD :=

Dist@2,
Subst@Int@Regularize@SubstForHyperbolic@u,2*x�H1-x^2L,H1+x^2L�H1-x^2L,x,xD�H1-x^2L,xD,xD,x,Tanh@x�

FunctionOfHyperbolicQ@u,x,xDD
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Euler's Quadratic Subexpresion Substitution Rules

è Reference: G&R 2.251.1

è Derivation: Integration by Euler substitution for a>0

If@ShowSteps,
Int@u_,x_SymbolD :=

Module@8lst=FunctionOfSquareRootOfQuadratic @u,xD<,
ShowStep@"","Int@f@Sqrt@a+b*x+c*x^2D,xD,xD",

"2*Subst@Int@f@Hc*Sqrt@aD-b*x+Sqrt@aD*x^2L�Hc-x^2L,H-b+2*Sqrt@aD*xL�Hc-x^2LD*

Hc*Sqrt@aD-b*x+Sqrt@aD*x^2L�Hc-x^2L^2,xD,x,H-Sqrt@aD+Sqrt@a+b*x+c*x^2DL�xD",
Hold@Dist@2,Subst@Int@lst@@1DD,xD,x,lst@@2DDDDDD �;

Not@FalseQ@lstDD && lst@@3DD===1D �;
SimplifyFlag,

Int@u_,x_SymbolD :=

Module@8lst=FunctionOfSquareRootOfQuadratic @u,xD<,
Dist@2,Subst@Int@lst@@1DD,xD,x,lst@@2DDDD �;
Not@FalseQ@lstDDDD

è Reference: G&R 2.251.2

è Derivation: Integration by Euler substitution for c>0

If@ShowSteps,
Int@u_,x_SymbolD :=

Module@8lst=FunctionOfSquareRootOfQuadratic @u,xD<,
ShowStep@"","Int@f@Sqrt@a+b*x+c*x^2D,xD,xD",

"2*Subst@Int@f@Ha*Sqrt@cD+b*x+Sqrt@cD*x^2L�Hb+2*Sqrt@cD*xL,H-a+x^2L�Hb+2*Sqrt@cD*xLD*

Ha*Sqrt@cD+b*x+Sqrt@cD*x^2L�Hb+2*Sqrt@cD*xL^2,xD,x,Sqrt@cD*x+Sqrt@a+b*x+c*x^2DD",
Hold@Dist@2,Subst@Int@lst@@1DD,xD,x,lst@@2DDDDDD �;

Not@FalseQ@lstDD && lst@@3DD===2D �;
SimplifyFlag,

Int@u_,x_SymbolD :=

Module@8lst=FunctionOfSquareRootOfQuadratic @u,xD<,
Dist@2,Subst@Int@lst@@1DD,xD,x,lst@@2DDDD �;
Not@FalseQ@lstDDDD

è Reference: G&R 2.251.3

è Derivation: Integration by Euler substitution

General Integration Rules



If@ShowSteps,
Int@u_,x_SymbolD :=

Module@8lst=FunctionOfSquareRootOfQuadratic @u,xD<,
ShowStep@"","Int@f@Sqrt@a+b*x+c*x^2D,xD,xD",

"-2*Sqrt@b^2-4*a*cD*Subst@Int@f@-Sqrt@b^2-4*a*cD*x�Hc-x^2L,
Hb*c+c*Sqrt@b^2-4*a*cD+H-b+Sqrt@b^2-4*a*cDL*x^2L�H-2*c*Hc-x^2LLD*x�Hc-x^2L^2,xD,
x,2*c*Sqrt@a+b*x+c*x^2D�Hb-Sqrt@b^2-4*a*cD+2*c*xLD",

Hold@Dist@2,Subst@Int@lst@@1DD,xD,x,lst@@2DDDDDD �;
Not@FalseQ@lstDD && lst@@3DD===3D �;

SimplifyFlag,

Int@u_,x_SymbolD :=

Module@8lst=FunctionOfSquareRootOfQuadratic @u,xD<,
Dist@2,Subst@Int@lst@@1DD,xD,x,lst@@2DDDD �;
Not@FalseQ@lstDDDD

General Integration Rules



Inverse Function Substitution Rules

è Derivation: Integration by substitution

è Basis: f[z]/Sqrt[1-z^2] == f[Sin[ArcSin[z]]]*ArcSin'[z]

IntAu_*I1-Ia_.+b_.*x_M^2M^n_.,x_SymbolE :=

Module@8tmp=InverseFunctionOfLinear @u,xD<,
Dist@1�b,Subst@Int@Regularize@SubstForInverseFunction @u,tmp,xD*Cos@xD^H2*n+1L,xD,xD,x,tmpDD �;
NotFalseQ@tmpD && tmp===ArcSin@a+b*xDD �;

FreeQ@8a,b<,xD && IntegerQ@2*nD
è Derivation: Integration by substitution

è Basis: f[z]/Sqrt[1-z^2] == -f[Cos[ArcCos[z]]]*ArcCos'[z]

IntAu_*I1-Ia_.+b_.*x_M^2M^n_.,x_SymbolE :=

Module@8tmp=InverseFunctionOfLinear @u,xD<,
-Dist@1�b,Subst@Int@Regularize@SubstForInverseFunction @u,tmp,xD*Sin@xD^H2*n+1L,xD,xD,x,tmpDD �;
NotFalseQ@tmpD && tmp===ArcCos@a+b*xDD �;

FreeQ@8a,b<,xD && IntegerQ@2*nD
è Derivation: Integration by substitution

è Basis: f[z]/Sqrt[1+z^2] == f[Sinh[ArcSinh[z]]]*ArcSinh'[z]

IntAu_*I1+Ia_.+b_.*x_M^2M^n_.,x_SymbolE :=

Module@8tmp=InverseFunctionOfLinear @u,xD<,
Dist@1�b,Subst@Int@Regularize@SubstForInverseFunction @u,tmp,xD*Cosh@xD^H2*n+1L,xD,xD,x,tmpDD �;
NotFalseQ@tmpD && tmp===ArcSinh@a+b*xDD �;

FreeQ@8a,b<,xD && IntegerQ@2*nD
è Derivation: Integration by substitution

è Basis: If h[g[x]] == x, Int[f[x, g[a+b*x]], x] == Subst[Int[f[-a/b+h[x]/b,  x]*h'[x], x], x, g[a+b*x]]/b

If@ShowSteps,
Int@u_,x_SymbolD :=

Module@8lst=SubstForInverseFunctionOfLinear @u,xD<,
ShowStep@"If h@g@xDD==x","Int@f@x,g@a+b*xDD,xD",

"Subst@Int@f@-a�b+h@xD�b,xD*h'@xD,xD,x,g@a+b*xDD�b",Hold@
Dist@1�lst@@3DD,Subst@Int@lst@@1DD,xD,x,lst@@2DDDDDD �;
NotFalseQ@lstDD �;

SimplifyFlag && Not@NotIntegrableQ@u,xDD,
Int@u_,x_SymbolD :=

Module@8lst=SubstForInverseFunctionOfLinear @u,xD<,
Dist@1�lst@@3DD,Subst@Int@lst@@1DD,xD,x,lst@@2DDDD �;
NotFalseQ@lstDD �;

Not@NotIntegrableQ@u,xDDD
è Derivation: Integration by substitution

è Basis: If h[g[x]] == x, 
        Int[f[x, g[(a+b*x)/(c+d*x)]], x] == (b*c-a*d)*Subst[Int[f[(-a+c*h[x])/(b-d*h[x]),  x]*h'[x]/(b-d*h[x])^2, x], x, g[(a+b*x)/(c+d*x)]]
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If@ShowSteps,
Int@u_,x_SymbolD :=

Module@8lst=SubstForInverseFunctionOfQuotientOfLinears @u,xD<,
ShowStep@"If h@g@xDD==x","Int@f@x,g@Ha+b*xL�Hc+d*xLDD,xD",

"Hb*c-a*dL*Subst@Int@f@H-a+c*h@xDL�Hb-d*h@xDL,xD*h'@xD�Hb-d*h@xDL^2,xD,x,g@Ha+b*xL�Hc+d*xLDD",Hold@
Dist@lst@@3DD,Subst@Int@lst@@1DD,xD,x,lst@@2DDDDDD �;
NotFalseQ@lstDD �;

SimplifyFlag && Not@NotIntegrableQ@u,xDD,
Int@u_,x_SymbolD :=

Module@8lst=SubstForInverseFunctionOfQuotientOfLinears @u,xD<,
Dist@lst@@3DD,Subst@Int@lst@@1DD,xD,x,lst@@2DDDD �;
NotFalseQ@lstDD �;

Not@NotIntegrableQ@u,xDDD

General Integration Rules


