Special Function Integration Problem 1
x™ Gamma[n, a+ b x] dx

= Rubi uses reduction rules to integrate all the expressions:

Int [Garma [n, a +b x], X]

(a+bx) Gama[n, a+bx] Gama[l+n, a+bx]

b b

Int [xGamma[n, a+bx], x]

2
LR e
2 \b?

Int [x* Gamma[n, a+bx], x]

aGumua[l+n, a+bx] Gamm[2+n, a+bx]
Gamma [n, a+bx] + -

b? 2 b?

1

3

as s
— +X

a2Gamma[l+n, a+bx] aGamm[2+n, a+bx] Gamm[3+n, a+bx]
b3 i

Ganma[n, a+bx] - +
b3 b3 3bs

= Mathematica is able to integrate all the expressions:

JGanma[n, a+bx] dx

aGammua[n, a+bx] Gama [l +n, a+bx]
+x Gamm[n, a+bx] -

b b

J-xGanma[n, a+bx] dx

(-a?+b?x?) Gamma[n, a+bx] +2aGanma[l+n, a+bx] -Gama[2+n, a+bx]

2 b2

sz Ganmma[n, a+bx] dx

— ((a®+b®x®) Gamma[n, a+bx] -3a*Gamma([l+n, a+bx]+3aGanma(2+n, a+bx]-Gama[3+n, a+bx])
3b
= Maple is unable to integrate any of the expressions:

int (GAMMA (n, a+b=*X), X);

JGarma[n, a+bx] dx

int (x«*GAWA (n, a+b=*x), X);



JxGam[n, a+bx]dx

sz Garma [n, a+bx] dx



Special Function Integration Problem 2
Jxm PolyLog[n, c e®?*] dx

= Rubi uses integration by parts to reduce the degree of x™

Int [Pol yLog [n, c e®*"*], x]

Pol yLog[1+n, c e*PX|
b

Int [x Pol yLog [n, ce*?*], x]

x PolyLog [1+n, ¢ e*P*] PolylLog[2+n, ce®PX]

b b2
Int [x?Pol yLog [n, ¢ e®*"*], x]

x?PolyLog[1+n, ce®P*X] 2xPolyLog[2+n, ce*PX] 2PolyLog[3+n, ce®PX]
- +

b b2 b

m Mathematica does not know to use integration by parts:

JPOl yLog[n, c e***] dax

Pol yLog [1 +n, ¢ ePX]
b

Jx Pol yLog [n, ¢ e****] dx

Jx Pol yLog [n, ¢ e*P*] dx

J.xz Pol yLog [n, ¢ e®*"*] dx
sz Pol yLog [n, ¢ e*?*] dx
= Maple does not know to use integration by parts:
int (polylog (n, c*xexp (a+b=*xx)), Xx);
JPOl yLog[n, ¢ e*®*] dx

int (polylog (n, exp (a+b=xx)), X);



Pol yLog [n +1, ePx]
b
Jx Pol yLog [n, e*®*] dx

sz Pol yLog [n, e®P*] dx




Special Function Integration Problem 3

Log[x]™ PolyLog[n, aX]
dx

X

= Rubi uses integration by parts to reduce the degree of Log [x]™
Log[x] Pol yLog [n, ax]

Int[ ” x]

Log([x] PolyLog[1+n, ax] -PolyLog[2+n, ax]

Log[x]12 Pol yLog[n, ax]

Int[ < x]

Log[x]?PolylLog[l+n, ax]-2Log[x] PolyLog[2+n, ax] +2PolyLog[3+n, ax]

Log[x]12 Pol yLog [n, ax]

Int[ ” ,x]

Log[x]3PolyLog[l+n, ax]-3Log[x]2PolyLog[2+n, ax] +6Log[x] PolyLog[3+n, ax]-6PolyLog[4+n, ax]

m Mathematica does not know to use integration by parts:

X

JLog [x] Pol yLog [n, a x]
d
X

JLog [x] PolyLog [n, ax]

X

dx

dx

JLog [x12 Pol yLog [n, ax]
X

Log[x]2 Pol yLog[n, ax]
J ax

X

dx

JLog [x1% Pol yLog [n, aXx]
X

dx

JLog[x]3 Pol yLog [n, ax]

X

= Maple does not know to use integration by parts:

int (log (x) *polylog (n, a=*x) /X, X);

JLog [x] PolyLog [n, ax]
X

dx

int (log (x)"2=*polylog (n, a*Xx) /X, X);



dx

J~Log[x]2 Pol yLog [n, ax]

X

int (log (x)*3*polylog (n, a*x) /X, X);

dx

JLog[xJ?’ Pol yLog [n, ax]
X



Special Function Integration Problem 4
x™ ProductLog[a + b X] dx

= Rubi uses integration by parts to reduce the degree of x™

I nt [ProductlLog[a+bXx], Xx]

a+bx (a+bx) ProductlLog[a+bx]
-X + +
b Product Log [a + b x] b

I nt [x Product Log [a + b x], x]

a(a+bx) (a+bx)? (a+bx)? a (a+bx)
- - - +
b2 4 b2 8 b2 Product Log[a + b x]? b2 Product Log[a+bx]
(a+bx)? a (a+bx) ProductLog[a+bx] (a+bx)2ProductLogfa+bx]
- +
4 b2 Product Log [a + b x] b2 2 b?
I'nt [x® Product Log [a + b x], x]
a2 (a+bx) a(a+bx)? (a+bx)3 2 (a+bx)? a(a+hbx)?
- + - + + -
b3 2 b 9 b3 81 b3 Product Log[a +bx]® 4 b3 ProductLoga+b x]?2
2 (a+bx)? a? (a+bx) a(a+bx)? (a+bx)3

+

+ - +
27 b3 Product Log [a+bx]? b3ProductLogia+bx] 2b%ProductLogia+bx] 9b%ProductLog(a+bx]

a2 (a+bx) ProductLog[a+bx] a (a+bx)2ProductLogifa+bx] (a+bx)3Product Log[a+bx]
- +

b® b 3bs

m Mathematica does not know to use integration by parts:

JProduct Log[a + b x] dx

(a+bx) (1-Productlog [a+bx] +Product Log[a+bx]2)

b Product Log [a + b x]

Jx Product Log [a + b x] dx

Jx Product Log [a + b x] dx

sz Product Log [a + b x] dx

sz Product Log [a + b x] dx



m Maple uses integration by parts to reduce the degree of x™

int (LambertW(a+b*x), Xx);

(a+bx) (1-LanbertW(a+bx) +LanbertW(a+bx)?)

b Lambert W (a + b x)

int (x=LambertW(a+b*xx), x);

a(a+bx) (a+bx)? (a+bx)? a(a+bx)
b2 VTY. _8b2LanbertW(a+bx)2_bZLarTbeTtW(a+bX) '
(a+bx)? a(a+bx) LambertW(a+bx) (a+bx)?LambertW(a+b x)
4 b2 Lambert W (a + b x) ) b2 ' 2 b?

int (x*2xLanbertW(a+bxx), x);

a2 (a+bx) a(a+bx)? (a+bx)? 2 (a+bx)3 a(a+bx)?
- + - + + -
b3 2 b3 9 bs 81 b3 LanmbertW(a+bx)® 4b3LambertW(a+bx)?
2 (a+bx)3 a2 (a+bx) a(a+hbx)? (a+bx)3

+

+ - +
27 b3 LanbertW(a +bx)? bdLanbertW(a+bx) 2bsLanbertW(a+bx) 9b®LanbertW(a+bx)
a2 (a+bx) LanbertW(a+bx) a(a+bx)?LambertW(a+bx) (a+bx)3LanbertW(a+bx)

- +

b3 b3 3 b3




Special Function Integration Problem 5
x™ ProductLog[a + b x]? dx

= Rubi uses integration by parts to reduce the degree of x™

I nt [Product Log [a +bx]?, x]

4 (a+bx) 2 (a+bx) ProductLog[a+bx] (a+bx) Product Log[a +b x]?
- +

4 X -
b Product Log [a + b x] b b

I'nt [x Product Log [a+b x]?, x]

4a(a+bx) 3(a+bx)? 3(a+bx)?
- + + +
b2 4 b2 8 b2 Product Log [a + b x]?
4a (a+bx) 3 (a+bx)? 2a (a+bx) ProductLog[a+bx]
_ N _
b2 Product Log[a+bx] 4 b2 ProductlLog[a+bx] b2

(a+bx)2ProductLogfa+bx] a (a+bx)ProductLogfa+bx]? (a+bx)2ProductLogifa+bx]?
- +

2 b? b2 2 b?

Int [x2 Product Log [a + b x]?, X]

4a2 (a+bx) 3a(a+bx)? 8 (a+bx)® 16 (a+bx)3 3a(a+bx)?
- + - - +
b3 2 b3 27 b3 243 b3 ProductLog[a+bx]® 4b3ProductLoga+bx]?
16 (a+bx)3 4a2 (a+bx) 3a(a+bx)? 8 (a+bx)3

_ N _
81 b3 ProductLog[a+bx]2 biProductLogfa+bx] 2Db%ProductlLogfa+bx] 27b3Productlogia+bx]

2a2 (a+bx) ProductLog[a+bx] a(a+bx)2ProductLogfa+bx] 2 (a+bx)%ProductLogfa+bx]
+ - +

b3 b3 9 b®
2

a2 (a+bx) ProductLog[a+bx]? a (a+bx)2ProductLogifa+bx (a+bx)%ProductLog[a+bx]?
- +

b b 3b8

m Mathematica does not know to use integration by parts:

JProduct Log [a + b x]2 dx

(a+bx) (—4+4ProductLog[a+bx] -2 Product Log [a + b x]? + Product Log[a+bx}3)

b Product Log [a + b Xx]

J.x Product Log [a + b x]? dx

Jx Product Log [a + b x]? dx

sz Product Log [a + b x]? dx



sz Product Log [a + b x ]2 dx
m Maple uses integration by parts to reduce the degree of x™
int (LanbertW(a+b*x)"2, x);

(-4 +4LanbertW(a+bx) -2 LanbertW(a+bx)?+LanbertW(a+bx)*) (a+bx)

b Lanbert W (a + b x)

int (x=LanbertW(a+b=xx)"2, x);

4a(a+bx) 3(a+bx)? 3(a+bx)? 4a (a+bx)
) b2 S +8b2(LarrbertW(a+bx))2+b2LanbertW(a+bX)_

3 (@+bx)? 2a (a+bx) LanbertW(a+bx) (a+bx)?LanbertW(a+bx)
4 b2 Lanber tW(a+bx) b2 i 2 b2 i

a(a+bx) (LambertW(a+bx))? (a+bx)2 (LanbertW(a+bx))?
+
b2 2 b2

int (x"2=xLanbertW(a+b*x)"2, X);

4a%2 (a+bx) 3a(a+bx)? 8(a+bx)3 16 (a+bx)3 3a(a+bx)?
- + - - +
b3 2 bd 27 b3 243 b3 (LanbertW(a+bx))® 4b3 (LanbertW(a +bx))?
16 (a+bx)3 4a2 (a+bx) 3a(a+bx)? 8 (a+bx)3

- + -
81 b3 (LambertW(a+bx))? b3LambertW(a+bx) 2b%LanbertW(a+bx) 27b%LanbertW(a+bx)
2a2 (a+bx) LanbertW(a+bx) a(a+bx)?LambertW(a+bx) 2 (a+bx)%LanbertW (a+bx)

+ -
b3 b3 9 b3
a? (a+bx) (LanbertW(a+bx))? a(a+bx)? (LanbertW(a+bx))? (a+bx)3® (LanbertW(a+bx))?

- +

b3 b3 3 b3

+




Special Function Integration Problem 6

Jxm ProductLog[a x?] dx

= Rubi is able to integrate X™ ProductLog [a X2] for all odd m:

I nt [x3 Product Log [a xz], x]

x4 x4 x4 1
- - + + — x* Product Log [a x? |
8 16 ProductLog[ax?]? 8ProductLog[ax?] 4

I'nt [x Product Log [a x?], x]

x?2 x2 1
- + — x? Product Log [a x?|
2 2Productlog[ax?] 2

Product Log [a x?]

x d

Int[

1 1
5 Product Log [a x?] + " Product Log |a xz}z

Product Log [a x?]

Int[

|

1 Product Log [a x?]
5 a Explntegral Ei [-Productlog|ax?]] -

x3

2 x2

Product Log [a x?]

Int[ x]

x5

Product Log [a x?]

1
- —a®Explntegral Ei [-2Productlog|ax?]]| -
2 2 x4

= Mathematica is only able to integrate X" ProductLog[a x?] for odd m greater than -2:

Jx3 Product Log [a x?] dx

x4 x4 x4 1
- - + + — x* Product Log [a x?|
8 16 ProductLog[ax?]? 8ProductLog[ax?] 4

Jx Product Log [a x?] dx

x?2 x2 1
- + — x? Product Log [a x?|
2 2Productlogfax?] 2




X

J-Pr oduct Log [a x?]
d

X

1 1
5 Product Log [a x?] + " Product Log [a xz}z

X

J~Pr oduct Log [a x?]
d

x3

dx

JPr oduct Log [a x|

x3

X

J-Pr oduct Log [a x?]
d

X2

dx

JPr oduct Log [a x?]

X2

= Maple is only able to integrate X™ LambertW (a X2) for m equal 1 or -1:
int (x"3xLanbertW(a *x"2), X);
jx3 Lanbert W (a x?) dx

int (x «xLambertW(a *x"2), Xx);

2 2

X

X

1
+ + — X2 LarrbertW(axz)
2 2lanbertW(ax?) 2

int (LambertW(a*x”"2) /X, X);

1 1 5
— Lanbert W (a x?) + — Lanbert W (a x?)
2 4

int (LambertW(a*x"2) /x"3, X);

Lambert W (a x?)
j— ax

x3

int (LambertW (a »x"2) /x"5, X);

LanbertW(a x2)
j— dx

x5



Special Function Integration Problem 7
a
fxm ProductLog[—] dXx
X
= Rubi is able to integrate X™ ProductLog [%] for all integer m:

| nt [x2 Pr oduct Log [i] x]

X
3 a 1 a 1 a 2
- —a®Explntegral Ei [—3 Pr oduct Log {— ] + — x3 Product Log [—} - — x3 Product Log [—}
2 X 2 X 2 X
| Pr od L 2
t t -1,
n [x r oduc og[X] x]
a a
a® Expl ntegral Ei {—2 Pr oduct Log{—] +x2 Product Log{—}
X X
a
| nt [Product Log[—], x]
X
a a
-a Explntegral Ei [7Product Log{f] + X Product Log{—]
X X
Pr oduct Log [ 2
PRI
X
a 1 a.2
- Product Log [—} - — Product Log [—}
X 2 X
Pr oduct Log [ 2
PRI
2
1 1 Product Log [ 2]
X x Product Log [ 2] i X
Product Log [ 2
I nt [—[X] x]
3
1 1 1 Product Log [ %]
N _ _
4x2 g2 product Log[g}z 4 x2 Product Log[;] 2 x2
Pr oduct Log [ 2
PRCEEIE
"
1 2 2 1 Pr oduct Log [;]

- _ + _ —

9x3 81 x3 Product Log [3]3 27 x3 Product Log [;3]2 9 x3 Product Log [;] 3x3



Mathematica is only able to integrate X™ ProductLog [ %] for m equal -1 or -2:

a
sz Pr oduct Log [;] dx

a
sz Pr oduct Log [;] dx

a
Jx Pr oduct Log [;] dx

a
Jx Pr oduct Log [;} dx

J.Pr oduct Log [i] dx
X

a
JProduct Log [;} dx

Product Log [ ]
J—X o
X
a-.2

a, 1
-ProductLog | —| - — Product Log | —
Prod L[}zpd Log | - |
X X

Product Log [ 2]
J—X o
<2

1 1 Product Log [ 2]
X

x Product Log [;} X

J\Product Log[2]
_  dx
X3
Product Log [ £ |
J/X dx
X3
JProduct Log[Z2]
_ dx
X4

Product Log [ £ |
JX dx
X4

= Maple is able to integrate X™ Lambertw (%) for all integer m:

int (x*2=xLanbertW(a/x), X);

a2

3 a 1 a 1
—a’Ei (1, 3 LanbertW(—)) + —x3 LanbertW(—) - —x3 LanbertW(—]
2 X 2 X 2 X



int (x =LambertW(a/x), x);

a

a
)) +x? LanbertW(—)
X

-a’Ei (1, 2 LanbertW(
X

int (LanmbertW(a/x), X);

i)) X Lanbertw(i)

aEi (1, LanbertW(
X

X

int (LambertW(a/x) /X, X);

2

a 1 a
-Lan‘oertW(—] - — LanbertW(—]
X 2 X

int (LambertW(a/x) /x"2, X);

LanbertW(;)

1 1

X xLanbertW(;)

X

int (LambertW(a/x) /x"3, X);

1 1 1 LarTbertW(;)
+ _ _
4 x? 8x2Lam’nertW(3)2 4X2Larrbertw(§) 2 x?
X

int (LambertW(a/x) /x"4, X);

1 2 2 1 LanbertW(%)
- + - -

9x®  81x3Lanbertw(2)® 27x3Lanbertw(2)* 9x®LambertW () 3x3



Special Function Integration Problem 8

fProductLog [ ] dXx

Xl/(n 1)

n
= Rubi knows how to integrate ProductLog [ ﬁ] for symbolic and numeric n:
NEVITE

I nt [Product Log[ oy ]n, x]

a n-1 a n
+ X Product Log [

x Product Log [

x1/(n-1) ]

n-1 x1/(n-1) ]

a.z2
| nt [Product Log[;] , x]

a a2
2 x Product Log {;} +X Product Log [;}

a 3
I nt [Product Log[l—/z] , x]
X

ir + X Product Log {i}

VX Vx

3 3
— X Product Log {
2

a 4
| nt [Product Log [1—/3 , x]
X

4 a -3 a .4
— X Product Log {—} + X Product Log {—]
3 x1/3 x1/3

= Mathematica does not know how to integrate ProductLog [ ] for symbolic or numeric n:

x1/(n-1)

n

J.Product Log[ Sy ]

n

a
jPr oduct Log [ oD ] dx
x1/n-

JPr oduct Log [3]2 dx
X

a-.2
JProduct Log [;} dx

a 3
JPr oduct Log [?] dx
X /

3

a
JProduct Log [—] dx
X



a 4
JPr oduct Log [1—/3] dx
X

a 4
JProduct Log [1—/3] dx
X

= Maple does not know how to integrate Lanber t W ( —%—=) " for symbolic n:

x17(n-1)

int (LambertW(@a/x" 1/ (n-21)))"n, x);

a n
jLan‘oertW(—] dx
x17(n-1)

int (LambertW(a/x)”"2, x);

a ay?

) + X LanbertW(—)

2 X LanbertW(
X

X

int (LambertW(a /x” (1/2))"3, X);

3 a \? a \?
— X Lanbert W| ——| +x LanbertW| —
2

Vx Vx

int (LanmbertW(a/x” (1/3))"4, X);

4 a \3 a \4
—xLanbertW(—] + X LarrbertW(—)
3 x1/3 x1/3



Special Function Integration Problem 9

ProductLog[a x"]P
xN (p-1) +1

d X

ProductLog[a x"]P

= Rubi knows how to integrate X0 (D)1

for symbolic and numeric n and p:

Pr oduct Log [a x"]P

| 4
x" (p-1)+1

p Product Log [a x"]"**P  Product Log [a x"]P

n(p-1)%x" -1 n(p-1)x" Y

a.z2
I nt [Product Log[;] , x]

a a2
2 x Product Log [;] + X Product Log [;]

a 3
I nt [Product Log [1—/2 , x]
X

3 a 2 a .3
= x Product Log [—] +x Product Log [ —]|
2 Vx Vx

a 4
I nt [Product Log [1—/3 , x]
X

3 4

4 a a
5 X Product Log [)(17] +x Product Log [)(17]

ProductLog[a x"]P
xN (p-1)+1

= Mathematica does not know how to integrate for symbolic or numeric n and p:

dx

J~Pr oduct Log [a x"]P

xN (p-1)+1

Product Log [a x"]P
j dx

x N (p-1)+1

XZ (p-1)+1

Product Log [a x2]°
dx

fPr oduct Log [a x?] P
dx

X2 (p-1)+1

Pr oduct Log [a x"]°®
J. dx

xN (3-1)+1



Pr oduct Log [a x"]3
J ax

XZ n+l

X2 (3-1)+1

JPr oduct Log [a x?] 3
dx

x5

Product Log [a x?] 8
dx

Lambertw (a x")P
XN (p-1)+1

= Maple does not know how to integrate for symbolic or numeric n and p:

int (LambertW(@=x"n)2p/x*(n=*(p-1) +1), X);

dx

J-LarrbertW(ax”)p

xN (p-1)+1

int (LambertW(@*x"2)"p/x" (2% (p-1) +1), x);

dx

J-Lan’oertW(a x2)p

X2 (p-1)+1

int (LambertW(@=x"n)23/x~(n%(3-1) +1), x);

dx

jLanbertW(ax”)3

X2 n+1l

int (LambertW(a*x22)"3/x" (2% (3-1) +1), X);

JLanbertW(axz)a
dx

x5



