Integration Rules for Hyperbolic Secant Functions

Sech[a + b x]" dx

s Reference: G&R 2.423.9, CRC 558, A& S4.5.81

= Derivation: Integration by substitution

Sinh’[z]

= Rule

ArcTan[Si nh[a+b x]]

jSech[a+bx]dx — -

= Program code:

Int [Sech[a_. +b_. *x_], x_Synbol ] :
(*» -ArcCot [Sinh[a+b*x]]/b =*)

ArcTan [Si nh[a+b*x]]/b /;
FreeQ[{a, b}, x]

m Reference: G&R 2.423.1', CRC 559', A& S4.5.80'

Int [Csch[a_. +b_. *x_1, x_Synbol ] :
(* -ArcTanh[Cosh[a+b*x]]/b =*)

-ArcCot h[Cosh[a+bxx]]/b /;
FreeQ[{a, b}, x]

m Reference: G&R 2.423.10, CRC 571
= Derivation: Primitiverule

» Basis Tanh’[z] = Sech[z]?

= Rule

Tanh[a +b x]

jSech[a+bx]2d1x — .

= Program code:

Int [Sech[a_. +b_. *x_]72, x_Synbol ] :
Tanh[a+bxx]/b /;
FreeQ[{a, b}, x]

m Reference: G&R 2.423.2, CRC 575

Int [Csch[a_. +b_. *x_]72, x_Synbol ] :
-Cot h[a+bxx]/b /;
FreeQ[{a, b}, x]



Integration Rules for Hyperbolic Secant Functions

= Derivation: Integration by substitution

n-2
2

» Basis If % € z,then Sech[z]" = (1-Tanh[z]?)Z Tanh’[z]

= Note: Thisruleisused for even n sinceit requiresfewer stepsand resultsin a simpler antiderivativethan therecursiverule.

. Rule:lf%ez/\n>1,then

n-2
2

1
JSech[a+bx]“dlx — ESubst [j(l—xz) dx, X, Oosh[a+bx]]

= Program code:

Int [Sech[a_. +b_. *x_]”n_, x_Synbol ] : =
Di st [1/b, Subst [I nt [Regul ari ze [ (1-x"2)” ((n-2)/2), X], X1, X, Tanh[a+b*x]1]] /;
FreeQ[{a, b}, x] & EvenQ[n] && n>1

Int [Csch[a_. +b_. *x_]”n_, x_Synbol ] : =
Di st [-1/b, Subst [I nt [Regul ari ze [ (-1+x"2)" ((n-2)/2),Xx],X], X, Coth[a+b*x]11] /;
FreeQ[{a, b}, x] & EvenQ[n] && n>1

m Reference: G&R 2.411.6, CRC 568b

m Derivation: Integration by partswith a double-back flip
. n

= Rule If 7 €Z /\ n > 1,then

Sinh[a+bx] Sech[a+bx]™ n-2
fSech[a+bx]”d1x — + JSech[abe]”‘2 dx
b (n-1) n-1

= Program code:

Int [Sech[a_. +b_. *x_]”n_, x_Synbol ] : =

Si nh[a+b*x]*Sech [a+b*x]” (n-1)/ (b* (n-1)) +

Dist [(n-2)/(n-1),Int [Sech[a+b*x]" (n-2),Xx]] /;
FreeQ[{a, b}, x] & Not [EvenQ[n]] && Rational Q[n] && n>1

m Reference: G&R 2.411.5, CRC 568a

Int [Csch[a_. +b_. *x_]”n_, x_Synbol ] : =
-Cosh[a+bxx]*Csch[a+bxx]” (n-1)/ (b*x (n-1)) -
Di st [(n-2)/(n-1), I nt [Csch[a+b*x]" (n-2), x]] /;
FreeQ[{a, b}, x] && Not [EvenQ[n]] && Rational Q[n] && n>1
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J(c Sech[a + b x])" dx

= Derivation: Piecewise constant extraction

» Basis 9, ((c/f[z])"f[z]") =0

m Note: Thespecial caserulesforc = 1andn = - % arerequired dueto an idem potent problem in Mathematica6 & 7.

m Rulelf -1 <n<1,then

1
J-(c Sech[a+bx])"dx — (cC Sech[a+bx])”Cosh[a+bx]“J.—d1x
Cosh[a+bx]"

= Program code:

Int [1/Sart [Sech[a_. +b_. +x_]1,x_Synbol ] : =
Sqrt [Cosh[a+bxx]]1*Sqrt [Sech[a+bxx]1]=*Int [Sqrt [Cosh[a+bxx]]1, X] /;
FreeQ[{a, b}, x]

Int [(c_. »Sech[a_. +b_. »x_1)"n_, x_Synbol | : =
(cxSech[a+bxx])*nxCosh[a+bxx] nxl nt [1/Cosh[a+b*xx]1"n, x] /;
FreeQ[{a, b,c}, x] & Rational Q[n] && -1<n<l

Int [1/Sqrt [Cschla_. +b_. #x_]11,x_Synmbol ] : =
Sqrt [Csch[a+bxx]]1xSqrt [Si nh[a+bxx]1]=*I nt [Sqrt [Si nh[a+bxx]]1, X] /;
FreeQ[{a, b}, x]

Int [(c_. «Cschfa_. +b_. »x_1)"n_, x_Synbol | : =
(cxCsch[a+b*x])”n*Si nh[a+b*x] n«l nt [1/Si nh[a+b*x]"n, X] /;
FreeQ[{a, b,c}, x] & Rational Q[n] && -1<n<1

m Reference: G& R 2.411.6, CRC 568b
= Derivation: Integration by partswith a double-back flip

s Rule If n > 1,then

cSinh[a+bXx] (c Sech[a+bx])"1 ¢2 (n-2)
j(c Sech[a+bx])"dx — + j(c Sech[a+b x])"? dx
b (n-1) n-1

= Program code:

Int [(c_. »Sech[a_. +b_. »x_])"n_, x_Symbol | : =

c*Si nh[a+bxx]* (c*Sech[a+b*x])” (n-1)/ (b*x(n-1)) +

Di st [c"2%(n-2)/(n-1),|nt [ (cx¥Sech[a+bxx])" (n-2),X1] /;
FreeQ[{a, b, c}, x] & FractionQ[n] && n>1
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m Reference: G& R 2.411.5, CRC 568a

Int [(c_. *Cschla_. +b_. »x_1)"n_, x_Synbol | : =
-cxCosh[a+bxx]* (cxCsch[a+b*x])”" (n-1)/ (bx(n-1)) -
Di st [c"2% (n-2)/(n-1),Int [ (cxCsch[a+b*x])"(n-2),x]] /;
FreeQ[{a, b,c}, x] & FractionQ[n] && n>1

m Reference: G&R 2.411.1, CRC 567a
m Derivation: Integration by partswith a double-back flip
s Rule If n < -1, then

Sinh[a+bx] (c Sech[a+bx])™! (n+1)
J(cSech[a+bx])”d1x — - . +— J(cSech[a+bx])“*2dx
cn c2n

= Program code:

Int [(c_. »Sech[a_. +b_. xx_1)"n_, x_Synbol | : =

-Si nh[a+b*x]* (c*Sech[a+bxx])” (n+1) / (bxC*n) +

Di st [(n+1)/(c”2%n), I nt [ (cxSech[a+b*x]1)" (n+2),x]1] /;
FreeQ[{a, b,c}, x] && Fracti onQ[n] && n<-1

m Reference: G&R 2.411.2, CRC 567b

Int [(c_. »Csch[a_. +b_. »x_])"n_, x_Symbol ] : =
-Cosh[a+b#x]* (cxCsch[a+bxx])” (n+1)/ (bxCc*n) -
Di st [(n+1)/(c”2%n),Int [ (cxCsch[a+bxx]1)" (n+2),Xx]] /;
FreeQ[{a, b,c}, x] && Fracti onQ[n] && n<-1
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J.(a+ b Sech[c +d x])"? dx

m Rule If a2 - b2 = 0, then

2aArcTan[\/—1+w ] Tanh[c +d x]

JVa+bSech[c+dx] dx —
d\/—l+w Va+bSech[c+dx]

= Program code:

Int [Sgrt [a_+b_. *Sech[c_. +d_. *x_]], x_Synbol ] : =
2xaxArcTan[Sqrt [-1+a/bxSech[c+d*x]]]*Tanh [c+d*Xx]/
(d*xSgrt [-1+a/bxSech[c+dxx]]*Sqrt [a+bxSech[c+d*x]1]) /;
FreeQ[{a, b, c,d}, x] && ZeroQ[a"2-b"2]

Int [Sgrt [a_+b_. *Csch[c_. +d_. *x_]], Xx_Synbol ] : =
2xaxArcTan[Sqrt [-1-a/bxCsch[c+d%x]]]*Cot h[c+dxx]/
(d*xSgrt [-1-a/bxCsch[c+dxx]]*Sqrt [a+bxCsch[c+d%x]1]) /;
FreeQ[{a, b, c,d}, x] && ZeroQ[a"2+b"2]

= Note: Isthereasimpler antiderivative?

m Rule If a2 - b2 = 0, then

1
j dx —
va+bSech[c +dx]

Coth[c+dx] V-a+bSech[c+dx] Va+bSech[c+dx]

a3/2 d

V2a

4/2 ArcTan +2ArcTan[
vV -a+bSech[c+dx]

vV -a+bSech[c+dx] ]
Va

= Program code:

Int [1/Sart [a_+b_. «Sech[c_. +d_. #x_11, x_Synbol | : =
-Coth[c+dxx]*Sqrt [-a+bxSech [c+dxx]]*Sqrt [a+bxSech[c+d*x]]/ (a” (3/2) %d)
(Sqrt [2]xArcTan[Sgrt [2%xa]/Sqrt [-a+bxSech[c+dxXx]]1]+2xArcTan[Sqrt [-a+b*Sech[c+dxx]1]1/Sqrt [a]]l) /;:
FreeQ[{a, b, c,d}, x] && ZeroQ[a"2-b"2]

Int [1/Sart [a_+b_. «Csch[c_. +d_. #x_11, x_Synbol | : =
-Sgrt [-a+bxCsch[c+dxx]]%Sqrt [a+bxCsch[c+dxx]]*Tanh [c+d*x]/a" (3/2) *
(Sqrt [2]xArcTan[Sqrt [2xa]/Sqrt [-a+bxCsch[c+dxx]]1]1+2xArcTan[Sqrt [-a+bxCsch[c+dxx]1]1/Sqrt [a]]l) /;
FreeQ[{a, b,c,d}, x] & ZeroQ[a"2+b"2]
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xMSech[a +bx]"dx

m Derivation: Integration by parts
s RuleIf mez A m> 0,then

2 xMArcTan [ea"bx]
b

2m
Jxmsech[a+bx] dx — _ T J}Uﬂ-l ArcTan [ea+bx] dx

= Program code:

Int [x_"m. *Sech[a_. +b_. *x_1, x_Synbol ] : =
2xx"mkAr cTan [E" (a+bxx)1/b -
Di st [2xnvb, | nt [X® (m-1) *ArcTan [E* (a+b*x) 1, X1]1 /;
FreeQ[{a, b}, x] & IntegerQ[m] && m>0

Int [x_"m. *Csch[a_. +b_. *x_1, x_Synbol ] : =
-2xXx"meAr cTanh [E® (a+b Xx)]/b +
Di st [2xnvb, | nt [x* (m-1) *Ar cTanh [E* (a+b Xx) ], x1]1 /;
FreeQ[{a, b}, x] & IntegerQ[m] && m>0

m Reference: CRC 430h
= Rule If m> 0, then

xMTanh[a +b x]
b

m
Jmeech[a+bx]2d1x — —ijmlTanh[a+bx]dx

m  Program code:

Int [x_“m. *Sech[a_. +b_. *x_172, x_Synbol ] :
x mkTanh [a+bxx]/b -
Di st [nvb, I nt [x" (m-1) *xTanh [a+b*x], X]1] /;
FreeQ[{a, b}, x] && Rational Q[m] && m>0

m Reference: CRC 428h

Int [x_"m. *Csch[a_. +b_. *x_172, x_Synbol ] :
-x"meCot h[a+bxx]/b +
Di st [mvb, I nt [x* (m-1) *Cot h[a+b*Xx], x]] /;
FreeQ[{a, b}, x] & Rational Q[m] && m>0
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m Reference: G&R 2.643.2h, CRC 431h
m Rulelf n>1 A n# 2, then

x Tanh[a+b x] Sech[a+bx]"2 Sech[a+bx]"2 n-2
+

+ Jx Sech[a +b x]"2 dx
b (n-1) b2 (n-1) (n-2) n-1

jx Sech[a+bx]"dx —

= Program code:

Int [x_*Sech[a_. +b_. *x_1"n_, x_Synbol ] : =
x*Tanh [a+bxx]*Sech [a+b*xx]" (n-2) / (b*(n-1)) +
Sech[a+b*x]” (n-2) / (b"2% (n-1) *(n-2)) +
Di st [(n-2)/(n-1), I nt [x*Sech[a+b*x]" (n-2),Xx]1] /;
FreeQ[{a, b}, x] & Rational Q[n] && n>1 && n#2

m Reference: G& R 2.643.1h, CRC 429h

Int [x_*Csch[a_. +b_. *x_]”n_, x_Synbol ] : =
-XxxCot h [a+b*x]*Csch[a+bxx]" (n-2)/ (bx(n-1)) -
Csch[a+b*x]1" (n-2) / (b"2% (nN-1) * (N-2)) -
Di st [(n-2)/(n-1), I nt [xxCsch[a+bxx]" (n-2),x]1] /;
FreeQ[{a, b}, x] & Rational Q[n] && n>1 && n#2

m Reference: G&R 2.643.2h
m Rulelf m>1 A n>1 A n#2,then

xMTanh[a+bx] Sech[a+bx]"2 mx™! Sech[a+bx]"?

Jmeech[a+bx]"dx — + +
b (n-1) b2 (n-1) (n-2)

n-2 m(m-1)

n-1

.J\x"‘Sech[a+bx]”‘2 dx - jxmz Sechla+b x]"-% dx

b2 (n-1) (n-2)

= Program code:

Int [x_"m xSech[a_. +b_. *x_1”n_, x_Synbol ] : =

X "mxkTanh [a+bxXx]*Sech [a+b*xx]" (n-2) / (b*(n-1)) +

mex”™ (m-1) *Sech [a+bxx]” (N-2) / (b"2% (n-1) * (N-2)) +

Di st [(n-2)/(n-1), I nt [x"mxSech [a+b*x]" (n-2),X]] -

Di st [mx (m-1) / (b"2% (n-1) * (n-2)), | nt [X* (m-2) *xSech [a+b*x]1" (n-2),X1] /;
FreeQ[{a, b}, x] & Rational Q({m n}] && m>1 && n>1 && n#2

m Reference G&R 2.643.1h

Int [x_"m xCsch[a_. +b_. *x_1”n_, x_Synbol ] : =

-x"mxCot h [a+b*Xx]*Csch [a+bxx]" (n-2)/ (b*x (n-1)) -

mex”™ (m-1) *Csch [a+bxx]” (N-2) / (b"2% (n-1) * (N-2)) -

Di st [(n-2)/(n-1), I nt [x*mxCsch[a+b*x]" (n-2),X]] +

Di st [mx (m-1) / (b"2% (nN-1) * (n-2)), | nt [x* (M-2) *Csch [a+b*x]" (n-2),Xx]1] /;
FreeQ[{a, b}, x] & Rational Q{m n}] && m>1 && n>1 && n#2
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m Reference: G&R 2.631.3h
m RuleIf n < -1,then

Sechfa+bx]" xSinh[a+bx]Sech[a+bx]™! n+1
- + jx Sech[a+b x]"? dx
b2 n? bn n

Jx Sech[a+bx]"dx — -

= Program code:

Int [x_*Sech[a_.+b . *x_1°n_,x_Synbol ] : =
-Sech[a+bxx]*n/ (b"2xn"2) -
X*Si nh [a+bxx]*Sech [a+bxx]”" (n+1) / (b*n) +
Di st [(n+1)/n, I nt [x*Sech[a+b*x]" (n+2),Xx]1] /;
FreeQ[{a, b}, x] && Rational Q[n] && n<-1

m Reference: G&R 2.631.2h

Int [x_*Cschla_. +b_. *x_1"n_, x_Synbol ] : =
-Csch[a+bxx]1*n/ (b"A2xn"2) -
x*Cosh [a+bxx]*Csch[a+b*x]” (n+1)/ (b*n) -
Di st [(n+1) /n, I nt [x*xCsch[a+b*x]" (n+2),Xx1] /;
FreeQ[{a, b}, x] & Rational Q[n] && n<-1

m Reference: G&R 2.631.3h

m Rulelf m>1 A n<-1,then

jmse h bx]"d mx™! Sech[a+bx]" x™Sinh[a+bx] Sech[a+bx]"+!
X chnfa+DbDX X — - _ .
b2n2 bn
n+1 m(m—l)

Jmeech[a+bx]“+2dx+ J-X”FZSech[a+bx]”d1x

n b2 n?

= Program code:

Int [x_"m xSech[a_. +b_. *x_1”n_, x_Synbol ] : =

-mex” (M-1) xSech [a+bxx]1"n/ (bA2%n"2) -

X "mxSi nh [a+b*x]*Sech [a+b*x]” (n+1) / (bxn) +

Di st [(n+1)/n, I nt [x*m«Sech [a+b*x]" (n+2),Xx]] +

Di st [mx (m-1) / (b22%n"2), I nt [x* (M-2) *Sech [a+b*x]"n, x]] /;
FreeQ[{a, b}, x] & Rational QL{m n}] & & m1 && n<-1

m Reference: G&R 2.631.2h

Int [x_"m xCsch[a_. +b_. *x_]1”n_, x_Synbol ] : =

-mex”™ (m-1) *Csch [a+bxx]"n/ (b"2xn"2) -

x"mkCosh [a+b*x]*Csch[a+bxx]" (n+1) / (bxn) -

Di st [(n+1)/n, I nt [x*mxkCsch [a+bxX]" (n+2), X]] +

Di st [mx (m-1) / (bA2xn"2), I nt [Xx (Mm-2) *Csch [a+b*x]1/n, x]]1 /;
FreeQ[{a, b}, x] & Rational Q[{mn}] && mx1 && n<-1
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J(a+ b Sech[c +dx]")Mdx

m Derivation: Algebraic simplification

i n
» Basis If n ez then a+b Sech[z]" = 2a%shiz]
Cosh[z]"

m Rulelf mnez A m<0 A n>O0,then

(b+aCosh[vim™m

J-(a+bSech[v]”)mdlx — j dx
Cosh[v]mn

= Program code:

Int [(a_+b_. *Sech[v_]"n_. )*m_, x_Synbol | : =
Int [ (b+raxCosh[v]*n)AnvCosh[v]” (mkn), xX] /;
FreeQ[{a, b}, x] && IntegersQ[mn] && nk0 && n>0

Int [(a_+b_. *Csch[v_]1"n_. )"m_, x_Synbol | : =
Int [ (b+a*Si nh[v]I*n)An/Si nh[v]” (m«n), X] /;
FreeQ[{a, b}, x] && IntegersQ[mnn] && nx0 && n>0

m Derivation: Algebraic simplification

b+a Cosh[z]"

= Basis If n e zthen a+bSech[z]" = Coshz]®

m Rulelf mn, pez A m<0 A n>O0,then

JCosh[v]p (a+bSech[viM)Mdx — jCosh[v]p‘rnn (b+aCosh[v]™ ™dx

= Program code:

Int [Cosh[v_]*p_. »(a_+b_. *Sech[v_]"n_. )*m_, x_Synbol | :
I nt [Cosh[v]” (p-mkn) x (b+axCosh[v]An)"m x] /;
FreeQ[{a, b}, x] & IntegersQ[mn, p] & nk0 && n>0

Int [Sinh[v_]*p_. »(a_+b_. *Csch[v_]"n_. )"m_, x_Synbol | :
Int [Sinh[v]” (p-mkn) x (b+a*Si nh[v]*n)"m x]1 /;
FreeQ[{a, b}, x] && IntegersQ[mn, p] & nx0 && n>0
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J@ch[a+ bx]MSech[a+bx]"dx

m Reference: G& R 2.423.49
= Rule If b > 0,then

Log[Tanh[a +b x]1]
b

stch[a+bx] Sech[a+bXx] dx —

= Program code:

Int [Csch[a_. +b_. *x_]*Sech[a_. +b_. *x_], x_Synbol ] : =
Log[Tanh[a+b*x]11/b /;
FreeQ[{a, b}, x] && PosQ[b]

m Rulelf min-2=0 An-1#0 A n>O0,then

Csch[a+bx]1™! Sech[a+bx]"1
b (n-1)

j@ch[a+bx]m8ech[a+bx]”dx —

= Program code:

Int [Csch[a_. +b_. *x_]"m *xSech[a_. +b_. *x_]”n_, x_Synbol ] : =
Csch[a+b*x]” (m-1) *Sech [a+b*x]” (n-1) / (b* (n-1)) /;
FreeQ[{a, b, mn}, x] && ZeroQ[m+n-2] && NonzeroQ[n-1] && PosQ[n]

= Derivation: Integration by substitution

(1-Tanh[z]2) 2~

1
mn ’
Tanh[z]™ Tanh [z]

— € Z,thenCsch[z]™Sech[z]" ==

= Basis If m n, >

| msn
s Rule If m n, Tez/\0<msn,then

mn

1 (1-x) =
Csch[a+bx]MSech[a+bx]"dx — ESubst[ —dX, X, Tanh[a+bx]]
X

= Program code:

Int [Csch[a_. +b_. *x_]"m_. *Sech[a_. +b_. *x_]"n_, x_Synbol ] : =
Di st [1/b, Subst [I nt [Regul ari ze [ (1-x"2)" ((m+n) /2-1) /x"m X1, X], X, Tanh [a+b*Xx]11] /;
FreeQ[{a, b}, x] && IntegersQ[mn] && EvenQ[m:n] && O<nk=n
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m Reference G&R 24114

m Rulelf m< -1 A n> 1, then

Csch[a+bx]1™! Sech[a +bx]"1
j@ch[a+bx]m8ech[a+bx]“dx — - -

b (n-1)

m+1
n-1

J‘Csch[a+bx]rm2 Sech[a+b x]"? dx

= Program code:

Int [Csch[a_. +b_. *x_]"m xSech[a_. +b_. *x_1”n_, x_Synbol ] : =
-Csch[a+b*x]” (m+l) *Sech [a+b*x]" (n-1) / (b*x (n-1)) -
Dist [(m+l)/(n-1), I nt [Csch[a+b*x]" (m+2) xSech[a+b*x]1" (n-2),Xx]1] /;
FreeQ[{a, b}, x] & Rational Q[{m n}] && nk-1 && n>1

m Reference: G& R 2.411.6, CRC 568b, A& S 4.5.86b

. Rule:lfn>1/\¥¢_z/\-(g, ”Tlez/\m>1),then

Cschla+bx]1™! Sech[a+bx]"?
J@ch[a+bx]m8ech[a+bx]“dx — +

b (n-1)

m+n-2

N j@ch[a+bx]m5ech[a+bx]"'2 dx
n -

= Program code:

Int [Csch[a_. +b_. *x_]"m_. *Sech[a_. +b_. *x_]"n_, x_Synbol ] : =
Csch[a+b*x]”" (m-1) *Sech[a+b*x]1” (n-1) / (b* (n-1)) +
Di st [ (mwn-2)/ (n-1), I nt [Csch[a+bxx]"m«Sech [a+bxx]" (n-2), X]] /;

FreeQ[{a, b, m}, x] && Rational Q[n] & n>1 && Not [EvenQ[m+n]] && Not [EvenQ[n] && OddQ[m] && m>1]

m Reference: G&R 2.411.1, CRC 567a, A& S 4.5.85a

m Rulelf n< -1 A m+n #0,then

Csch[a+bx]1™! Sech[a +b x]"*!
stch[a+bx]mSech[a+bx]“dx — - +

b (m+n)

n+1

J‘Csch[a+bx]mSech[a+bx]n+2 dx
m+n

= Program code:

Int [Csch[a_. +b_. *x_]”"m_. xSech[a_. +b_. *x_1”n_, x_Synbol ] : =
-Csch[a+b*x]” (m-1) *Sech[a+b*x]" (n+1) / (b*x (M¥n)) +
Dist [(n+1)/ (men), I nt [Csch[a+b*x] "m«Sech [a+b*xx]" (n+2), X]] /;
FreeQ[{a, b, m}, x] && Rational Q[n] && n<-1 && Nonzer oQ[M+n]
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J@ch[a+ bx]MSech[a+bx]"dx

m Reference: G& R 2.423.49'

m Rule If - (b > 0),then
Log[Coth[a+bXx]]

stch[a+bx]Sech[a+bx]d1x —_ - -

= Program code:

Int [Csch[a_. +b_. *x_]*Sech[a_. +b_. *x_], x_Synbol ]

-Log[Cot h[a+b*x]]1/b /;
FreeQ[{a, b}, x] && NegQ[b]

m Rulelf méin-2=0 A m-1#0 A m>0,then
Csch[a+bx]1™! Sech[a+bx]"1

f@ch[a+bx]m8ech[a+bx]“dx — -
b (m-1)

= Program code:

Int [Csch[a_. +b_. *x_]"m *Sech[a_. +b_. *x_]”n_, x_Synbol ]

-Csch[a+b*x]” (m-1) *Sech [a+b*x]" (n-1) / (bx (m-1)) /;
FreeQ[{a, b, m n}, x] && ZeroQ[m+n-2] && NonzeroQ[m-1] && PosQ[m]

= Derivation: Integration by substitution
” S
(-1+Coth[z]2) 2 th'[z]

. mn m n _ S Y
» Basis If m n, = ezthenCsch[z]™Sech[z]" = - Cothiz]"

| msn
s Rule If m n, Tez/\0<n<rr,then

rmnl

—1+X2)T_

1
J\Csch[a+bx]m8ech[a+bx]”d1x — —BSubst [I nt [(—n x], X, Ooth[a+bx]]
X

= Program code:

Int [Csch[a_. +b_. *x_]"m %Sech[a_. +b_. *x_]”n_., x_Synbol ]
Di st [-1/b, Subst [I nt [Regul ari ze [ (-1+x"2)" ((m¥n)/2-1) /x"n, x], X1, X, Cot h[a+bxx]1] /;

FreeQ[{a, b}, X] && IntegersQ[m n] && EvenQ[nm+n] && O0<n<m
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m Reference G&R 2.411.3

s Rulelf m>1 A n< -1,then

Csch[a+bx]1™! Sech[a+b x]"*1
stch[a+bx]mSech[a+bx]“dx — - -

b (m-1)

n+1

N J‘Csch[a+bx]"*2 Sech[a+b x]™? dx
m_

= Program code:

Int [Csch[a_. +b_. *x_]"m xSech[a_. +b_. *x_1”n_, x_Synbol ] : =
-Csch[a+b#*x]” (m-1) *Sech[a+b*x]" (n+1) / (bx (m-1)) -
Dist [(n+l)/(m-1), I nt [Csch[a+b*x]" (M-2) *Sech[a+b*x]1" (n+2),Xx]1] /;
FreeQ[{a, b}, x] & Rational Q[{m n}] & & m1 && n<-1

m Reference: G& R 2.411.5, CRC 568a, A& S 4.5.86a
| mn m n-1

= Rulelf m>1 /\ Te_z/\ - (3, Tez/\n>1),then
JCsch[a+bx]mSech[a+bx]”d1x —

Csch[a+bx]1™! Sech[a+bx]"1
b (m-1)

m+n -2
— stch[a+bx]”*2 Sech[a +b x]" dx
m-

= Program code:

Int [Csch[a_. +b_. *x_]”"m xSech[a_. +b_. *x_]”n_.,x_Synbol ] : =
-Csch[a+bxx]” (m-1) *Sech[a+b*x]” (n-1) / (bx (m-1)) -
Di st [ (mvn-2) / (m-1), I nt [Csch [a+b*x]” (M-2) *Sech [a+bxx]"n, x]] /;
FreeQ[{a, b, n}, x] && Rational Q[m] && m>1 &% Not [EvenQ[m+n]] && Not [EvenQ[m] && OddQ[n] && n>1]
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m Reference: G&R 2.411.2, CRC 567b, A& S 4.5.85b

s Rulelf m< -1 A m+n £ 0,then

Csch[a+bx]™! Sech[a+bx]"1

j@ch[a+bx]m8ech[a+bx]“dx — -
b (m+n)

m+1

J‘Csch[a+bx]rm2 Sech[a+b x]" dx
m+ n

= Program code:

Int [Csch[a_. +b_. *x_]"m xSech[a_. +b_. *x_]”n_.,x_Synbol ] : =
-Csch[a+b*x]” (m+1l) *Sech [a+b*x]" (n-1) / (b*x (M+n)) -
Di st [ (m+1l) / (men), I nt [Csch[a+b*x]" (M+2) *Sech [a+b*x]17n, x]] /;
FreeQ[{a, b, n}, x] && Rational Q[m] && nx-1 && Nonzer oQ[M+n]
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Sech[a+bx]MTanh[a + b x]" dx

m Derivation: Power rulefor integration
= Rule

Sech[a+bx]™
fSech[a+bx]mTanh[a+bx] dx — SiEree—
m

= Program code:

Int [Sech[a_. +b_. *x_]1"m_. xTanh[a_. +b_. *x_1”n_. , x_Synbol ] :
-Sech[a+b*x]*nV (b*xm) /;
FreeQ[{a, b, m}, x] && n===

Int [Csch[a_. +b_. *x_]1”m_. xCoth[a_. +b_. *x_1”n_., x_Synbol ] :
-Csch[a+bxx]*nv (bxm) /;
FreeQ[{a, b, m}, x] && n===

= Derivation: Integration by substitution
m-2
= Bass If Em € z,then Sech[z]™ = (1 -Tanh[z]?)? Tanh’[z]
= Rule If %"ez/\ m> 2 /\ - (”Ziez/\0<n<m-1),then
m-2

1
jSech[a+bx]mTanh[a+bx]”dx — ESubst [Int [x” (1-x%)7, x], X, Tanh[a+bx]]

= Program code:

Int [Sech[a_. +b_. *x_]”"m xTanh[a_. +b_. *x_]”n_., x_Synbol ] : =
Di st [1/b, Subst [I nt [Regul ari ze [X"n* (1-x"2)" ((m-2) /2), X1, X1, X, Tanh [a+b*x]]1] /;
FreeQ[{a, b, n}, x] && EvenQ[m] && m>2 && Not [GddQ[n] && O0<n<m-1]

Int [Csch[a_. +b_. *x_]"m xCoth[a_. +b_. *x_]”n_.,x_Synbol ] : =
Di st [-1/b, Subst [I nt [Regul ari ze [x*n% (-1+x"2)" ((M-2) /2), X], X], X, Cot h[a+b*x]11] /;
FreeQ[{a, b, n}, x] && EvenQ[m] && m>2 && Not [GddQ[n] && O0<n<m-1]
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= Derivation: Integration by substitution

» Basis If "2;1 € z,then Sech[z]™Tanh[z]" = -Sech[z]™" (1 - Sech[z]?)

n-1
2

Sech’[z]

= Rule If ”z;lez/\- (Emez/\0<msn+1),then

n-1
2

1
jSech[a+bx]mTanh[a+bx]”dlx — —ESubst [Jx”*l (1-x2)7 ax, x, Sech[a+bx]]

= Program code:

Int [Sech[a_. +b_. *x_]”"m_. xTanh[a_. +b_. *x_1”n_., x_Synbol ] : =
Di st [-1/b, Subst [I nt [Regul ari ze [x* (m-1) » (1-x"2)" ((n-1)/2), X1, X], X, Sech[a+b*x]11] /;
FreeQ[{a, b, m}, x] && OddQ[n] && Not [EvenQ[m] && O<nmk=n+1]

Int [Csch[a_. +b_. *x_]”"m . xCoth[a . +b_. *x_]1”n_.,x_Synbol ] : =
Di st [-1/b, Subst [I nt [Regul ari ze [x" (m-1) % (L+x~2)” ((n-1)/2), x], X], X, Csch[a+b*x]11] /;
FreeQ[{a, b, m}, x] & & OddQ[n] && Not [EvenQ[m] && O<nk=n+1]

m Reference: G&R 2.411.5, CRC 568a
. m
s Rulelf m>1 /\ n<-1 /\ Eez,then

Sech[a +bx]1™2 Tanh[a + b x]"*1
fSech[a+bx]mTanh[a+bx]”dlx — +
b (n+1)

m- 2

jSech[a+bx]“2 Tanh[a +b x]1"? dx
n+1

= Program code:

Int [Sech[a_. +b_. *x_]"m xTanh[a_. +b_. *x_]1”n_, x_Synbol ] : =
Sech[a+b*x 1" (m-2) xTanh [a+b*x]” (n+1) / (b*x (n+1)) +
Di st [(m-2)/(n+1), I nt [Sech[a+bxx]" (Mm-2) *xTanh [a+b*x]" (n+2), X111 /;
FreeQ[{a, b}, x] && Rational Q[{mn}] && m>1 && n<-1 && Not [EvenQ[m] ]

m Reference: G& R 2.411.6, CRC 568b

Int [Csch[a_. +b_. *x_]"m . xCoth[a_. +b_. *x_]”n_, x_Synbol ] : =
-Csch[a+b*x]” (m-2) *Cot h[a+b*x]" (n+1) / (b*x (n+1)) -
Dist [(m-2)/(n+1),Int [Csch[a+b*x]" (M-2) *Cot h[a+b*x]1" (n+2), Xx]1] /;
FreeQ[{a, b}, x] & Rational QI{m n}] & & m>1 && n<-1 && Not [EvenQ[m]]
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m Reference: G&R 2.411.2, CRC 567b
= Rule If m< -1 /\ n>1 /\ Emez,then

Sech[a+bx]™Tanh[a +b x]"1
J-Sech[a+bx]mTanh[a+bx]”dlx — - . +
m

n-1
—jSech[a+bx]”“2 Tanh[a +b x]"? dx
m

= Program code:

Int [Sech[a_. +b_. *x_]”"m xTanh[a_. +b_. *x_]”n_, x_Synbol ] : =

-Sech [a+bxx]*mxTanh [a+b*xx]1" (n-1) / (bxm) +

Di st [(n-1)/m I nt [Sech[a+bxx]" (m+2) *xTanh [a+b*x]1" (n-2), Xx]]1 /;
FreeQ[{a, b}, x] & Rational Q[{m n}] && nk-1 && n>1 && Not [EvenQ[m] ]

m Reference: G&R 2.411.1, CRC 567a

Int [Csch[a_. +b_. *x_]"m xCoth[a_. +b_. *x_]”n_, x_Synbol ] : =
-Csch[a+bxx]*mxCot h[a+bxx]1" (n-1) / (bxm) -
Di st [(n-1)/m I nt [Csch[a+bxx]" (m+2) *Cot h[a+b*x]1" (n-2), x]] /;
FreeQ[{a, b}, x] & Rational QI{m n}] && nk-1 && n>1 && Not [EvenQ[m]]

m Reference: G&R 2.411.1, CRC 567a
s RuleIf m+n+1 =0,then

Sech[a+bx]™Tanh[a + b x]"!

JSech[a+bx]mTanh[a+bx]“dlx — - .
m

m  Program code:

Int [Sech[a_. +b_. *x_]”m xTanh[a_. +b_. *x_]1”n_, x_Synbol ] : =
-Sech [a+bxx]*mxTanh [a+b*x 1" (n+1) / (bxm) /;
FreeQ[{a, b, mn}, x] && ZeroQ[m+n+1]

m Reference: G&R 2.411.2, CRC 567b

Int [Csch[a_. +b_. *x_]”"m_. xCoth[a_. +b_. *x_1”n_, x_Synbol ] : =
-Csch[a+b*x]*mxCot h[a+b*x]1” (n+1) / (b*xm) /;
FreeQ[{a, b, mn}, x] && ZeroQ[m+n+1]
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= Rule If m< -1 /\ gez,then

Sech[a+bx]™Tanh[a +b x]"*!
J-Sech[a+bx]mTanh[a+bx]”dlx — - . +
m

m+n+1
—J-Sech[aubx]nmz Tanh[a +b x]" dx
m

= Program code:

Inth[Sech[a_. +b_. xx_1"m xTanh[a_. +b_. *x_]1”n_, x_Synbol ] : =
-Sech [a+bxx]*mxTanh [a+b*xXx]1" (n+1) / (bxm) +
Di st [ (men+1) /m I nt [Sech [a+b*x]” (m+2) xTanh [a+bxx]1”n, x1] /;
FreeQ[{a, b, n}, x] && Rational Q[m] && nx-1 && Not [EvenQ[m] ]

Int [Csch[a_. +b . *x_]"m xCoth[a . +b_.*x_]”n_,x Synbol ] : =
-Csch[a+bxx]*mxCot h[a+b*x1" (n+1) / (bxm) -
Di st [ (men+1) /m I nt [Csch[a+bxx]” (m+2) xCot h [a+bxx]1”n, x1] /;
FreeQ[{a, b, n}, x] && Rational Q[m] && nx-1 && Not [EvenQ[m] ]

m Reference: G& R 2.411.6, CRC 568b
= Rule!If m>1 /\ m+«n-1#0 /\ rz—”ez/\ %ez,then

Sech[a +b x]1™2 Tanh[a + b x]"*!
J-Sech[a+bx]’“Tanh[a+bx]”dlx — +
b (m+n-1)

m- 2
S jSech[a+bx]”2 Tanh[a +b x]" dx
m+n-1

= Program code:

Int [Sech[a_. +b_. *x_]”"m xTanh[a_. +b_. *x_]”n_, x_Synbol ] : =
Sech[a+b*x 1" (m-2) xTanh [a+b*x]” (n+1) / (b* (men-1)) +
Di st [(m-2)/ (men=-1), I nt [Sech [a+bxx]” (M-2) *xTanh [a+bxx]1"n, x1] /;
FreeQ[{a, b, n}, x] && Rational Q[m] && m>1 &% NonzeroQ[m#n-1] && Not [EvenQ[m]] && Not [OGddQ[n]]

m Reference: G& R 2.411.5, CRC 568a

Int [Csch[a_. +b_. *x_]"m xCoth[a_. +b_. *x_]1”n_, x_Synbol ] : =
-Csch[a+b*x]" (m-2) *xCot h[a+b*x]” (n+1) / (b* (m+n-1)) -
Dist [(m-2)/(mn-1), I nt [Csch[a+b*x]" (M-2) *xCot h[a+b*x]1”n, x]] /;
FreeQ[{a, b, n}, x] & Rational Q[m] && m>1 && NonzeroQ[m+n-1] && Not [EvenQ[m]] && Not [QddQ[n]]
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m Reference: G&R 2.411.3
= Rulelfns>1 /\m+n-1¢0 /\ Emez/\ 'qziez,then

Sech[a+bx]™Tanh[a +b x]"1
J-Sech[a+bx]mTanh[a+bx]”dlx — - +
b (m+n-1)

n-1
_ J‘Sech[a+bx]mTanh[a+bx]”‘2 dx
m+n-1

= Program code:

Int [Sech[a_. +b_. *x_]”"m_. xTanh[a_. +b_. *x_1”n_, x_Synbol ] : =
-Sech [a+bxx]*mxTanh [a+bxx]" (n-1) / (b* (M+n-1)) +
Di st [(n-1)/ (men-1), I nt [Sech [a+bxx] mkTanh [a+bxx]" (n-2), x1] /;
FreeQ[{a, b, m}, x] && Rational Q[n] &% n>1 &% NonzeroQ[m#n-1] && Not [EvenQ[m]] && Not [OCddQ[n]]

m Reference: G&R 2.411.4

Int [Csch[a_. +b_. *x_]”"m_. xCoth[a_. +b_. *x_1~n_, x_Synbol ] : =
-Csch[a+b*x]*mxCot h[a+b*x]1" (n-1) / (b* (M+n-1)) +
Dist [(n-1)/ (mn-1), I nt [Csch[a+b*x]"m«Cot h [a+bxx]" (n-2), X]] /;
FreeQ[{a, b, m}, x] && Rational Q[n] && n>1 && NonzeroQ[m+n-1] && Not [EvenQ[m]] && Not [QddQ[n]]

m Reference: G&R 2.411.4
= Rulelf n<-1 /\ rz—"¢ Z, then

Sech[a+bx]™Tanh[a +b x]"*!
JSech[a+bx]mTanh[a+bx]“dlx — +
b (n+1)

m+n+1
— jSech[a+bx]mTanh[a+bx]"*2 dx
n+

= Program code:

Int [Sech[a_. +b_. *x_]"m *Tanh[a_. +b_. *x_]”n_, x_Synbol ] : =
Sech[a+b*x ] "mxTanh [a+b*x ] (n+1) / (b*x (n+1)) +
Di st [ (m+n+1) / (n+1), I nt [Sech [a+bxx] mkTanh [a+bxXx]" (n+2), x1] /;
FreeQ[{a, b, m}, x] && Rational Q[n] && n<-1 && Not [EvenQ[m] ]

m Reference G&R 2.411.3

Int [Csch[a_. +b_. *x_]"m_. xCoth[a_. +b_. *x_1”n_, x_Synbol ] : =
Csch[a+bxx] mxCot h [a+b*X]" (n+1) / (bx (n+1)) +
Di st [ (m+n+1) / (n+1), I nt [Csch[a+bxx]*mkCot h[a+b*Xx]" (n+2), X111 /;
FreeQ[{a, b, m}, x] && Rational Q[n] &% n<-1 &% Not [EvenQ[m]]
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xMSech[a + b x"1P Sinh[a + b x"] dx

m Derivation: Integration by parts
m Rulelf nez A m-n>20 A p-1#0,then

x™n+l Secha + b x"]P! m-n+1

bn(p-1) +bn(p—l)

jmeech[a+bx”]p Sinh[a+bXx"]dXx — - jx””‘ Sech[a +b x"1P-! dx

= Program code:

Int [x_"m_. *Sech[a_. +b_. *x_"n_. ]"p_=*Sinh[a_. +b_. *x_"n_. ], x_Synbol ] : =
-X" (m-n+1) *Sech [a+b*x"n]” (p-1) / (b*n* (p-1)) +
Di st [ (m-n+1) / (bxnx(p-1)), I nt [x* (Mm-n) *xSech [a+b*xn]" (p-1), Xx]] /;
FreeQ[{a, b, p}, x] & Rational Q[m] && | ntegerQ[n] &% m-n>=0 && Nonzer oQ[p-1]

Int [x_"m_. xCsch[a_. +b_. *x_"n_. ]"p_=*Cosh[a_. +b_. *x_"n_. ], x_Synbol ] : =
=X (m-n+1) *xCsch [a+bxx~n]” (p-1) / (b*nx (p-1)) +
Di st [ (m-n+1) / (bxn* (p-1)), I nt [X" (Mm-n) *Csch [a+b*x*n]" (p-1), x1] /;
FreeQ[{a, b, p}, x] && Rational Q[m] && IntegerQ[n] & & m-n>=0 && Nonzer oQ[p-1]
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xMSech[a + bx"1P Tanh[a + b x"] dx

m Derivation: Integration by parts
= Note: Dummy exponent g = 1 required in program code so I nputForm of integrand isrecognized.
m Rulelf nez A m-n=20,then

x™M+l Sechfa+bx"1P m-n+1
jmeech[a+bx”]pTanh[a+bx”]dlx — - . + . Jx"*”Sech[a+bx“]pdlx
np np

= Program code:

Int [x_“m.*Sech[a_. +b_. *x_"n_. 1*p_. *Tanh[a_. +b_. *x_"n_. 1*qg_., x_Synbol ] :
-XN (m-n+1) *Sech [a+bxx~n] p/ (bxnxp) +
Di st [ (m-n+1) / (bxnxp), | nt [X* (Mm-n) *Sech [a+b*x*n]”*p, X1] /;

FreeQ[{a, b, p}, x] && Rational Q[m] && I ntegerQ[n] & & m-n>=0 && Qg===1

g
:

Int [x_“m. *Csch[a_. +b_. *x_"n_. 1"p_. *Coth[a_. +b_. *x_"n_. 1°q_.
-X" (m-n+1) *Csch [a+b*x"n]"p/ (bxnxp) +
Di st [ (m-n+1) / (bxnxp), | nt [X* (m-n) *Csch [a+b*x*n]"p, x1]1 /;
FreeQ[{a, b, p}, x] & Rational Q[m] && | ntegerQ[n] && m-n>=0 && Qg===1
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Sech[a +bLog[c x"]1]1P dx

m Derivation: Algebraic simplification

m Basis: Sech[bLog[c x"]] = 2

(cx")bs

(cxMb

2
Sech[b Log[c x"]]Pdx — dx
(cxmby L

(cxm®

= Rule

= Program code:

Int [Sech[b_. xLog[c_. *x_"~n_. 11"p_., x_Synbol ] :
Int [(2/((c*x*n)~b+1/ (Cx*x"n)"~b))"p, X] /;
FreeQ[c, x] && Rational Q[{b, n, p}]

Int [Csch[b_. xLog[c_. *x_"n_. ]11”"p_., x_Synbol ] :
Int [(2/((c*x*n)~b - 1/(c*x"n)"b))"p, x] /;
FreeQ[c, x] && Rational Q[{b, n, p}]

m Rulelf p-1#0 A b2n2 (p-2)2-1=0,then

jSech[a+b Log[c x"1]Pdx —

x Tanh[a +b Log[c x"]] Sech[a+b Log[c x"]1P? x Sech[a+b Log[c x"]]P?
+

bn(p-1) b?n? (p-1) (p-2)

= Program code:

Int [Sech[a_. +b_. xLog[c_. *x_"n_. 11”p_, Xx_Synbol ] : =
x*Tanh[a+bxLog[c*x~n]]*Sech[a+bxLog[c*x*n]]1" (p-2)/ (bxn*(p-1)) +
x*Sech[a+bxLog [Cc*Xx n]]" (p-2)/ (b"2xn"2x (p-1) * (p-2)) /;

FreeQ[{a, b,c,n, p}, x] & NonzeroQ[p-1] && ZeroQ[b"2xn"2x (p-2)"2-1]

Int [Csch[a_. +b_. xLog[c_. *x_"n_. 11”p_, x_Synbol ] : =
-xxCot h[a+bxLog[c*x*n]]1*Csch[a+bxLog[c*x"n]]” (p-2)/ (b*nx(p-1)) -
x*Csch[a+bxLog [Cc*Xx”n]]" (p-2)/ (b"2xn"2x% (p-1) * (p-2)) /;

FreeQ[{a, b,c,n, p}, x] & NonzeroQ[p-1] && ZeroQ[b"2xn"2x (p-2)"2-1]
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" Rulelf p>1 Ap#2 A b2n2 (p-2)2-14#0,then

x Tanh[a +b Log[c x"]] Sech[a+b Log[c x"]]1P2
+
bn(p-1)

jSech[a+b Log[c x"11Pdx —

x Sech[a+b Log[c x"]]1P2 b2n2 (p-2)2-1

+ jSech[a+bLog[c x"11P-2 dx
b2n? (p-1) (p-2) b2n? (p-1) (p-2)

= Program code:

Int [Sech[a_. +b_. xLog[c_. *x_"n_. 11”p_, Xx_Synbol ] : =
x*Tanh[a+bxLog[c*x~n]]*Sech[a+bxLog[c*x*n]]1" (p-2)/ (bxn%(p-1)) +
x*Sech[a+bxLog [C*Xx”n]]" (p-2)/ (b"2xn"2x (p-1) * (p-2)) +
Di st [ (bA2xn"2% (p-2)"2-1)/ (b"2xn"2% (p-1) * (p-2)), | nt [Sech[a+bxLog[c*x*n] 1" (p-2),X]] /;
FreeQ[{a, b,c,n}, x] & Rational Q[p] && p>1 && p#2 && Nonzer oQ[b"2xn"2x (p-2)"2-1]

Int [Csch[a_. +b_. xLog[c_. *x_"n_. 11”p_, X_Synbol ] : =

-xxCot h[a+bxLog[c*x*n]]1*Csch[a+bxLog[c*x"n]]” (p-2)/ (bxnx (p-1)) -

x*Csch[a+bxLog [Cc*Xx”n]]" (p-2)/ (b"A2xn"2x (p-1) * (p-2)) -

Di st [ (bA2xn"2% (p-2)"2-1)/ (b"2xn"2% (p-1) * (p-2)), | nt [Csch[a+bxLog[c*x*n]]1" (p-2),X]] /;
FreeQ[{a, b,c,n}, x] & Rational Q[p] && p>1 && p#2 && Nonzer oQ[b"2xn"2x (p-2)"2-1]

m Rulelf p<-1 A b?2n2p2-14#0,then

bnpxSinh[a+bLog[cx"]] Sech[a+bLog[cx"]]P**
b2n2p2-1

jSech[a+bLog[c x"11Pdx — -

x Sech[a+bLog[cx"]1]P b2nZ2p (p+1)
+
b?n2p?-1 b?n2p?-1

JSech [a+bLog[c x"]1P*? dx

= Program code:

Int [Sech[a_. +b_. xLog[c_. *x_"n_. 11”p_, X_Synbol ] : =
-bxnxpxxxSech [a+bxLog [c*x*n] 1" (p+1) *Si nh[a+bxLog[c*x"n]]/ (bA2xn"2xp"2-1) -
x*Sech[a+bxLog[Cc*x*n]]"p/ (bA2xn"2xp"2-1) +
Di st [b22%xn"2xpx (p+1) / (b"2xn"2xp~2-1), I nt [Sech [a+bxLog[c*x"n]]1" (p+2),X]1] /;
FreeQ[{a, b, c, n}, x] & Rational Q[p] && p<-1 && Nonzer oQ[b"2xn"2xp"2-1]

Int [Csch[a_. +b_. xLog[c_. *x_"n_. 11”p_, x_Synbol ] : =
-bxnxpxxxCosh [a+bxLog [c*x"n]]xCsch[a+bxLog[c*x"n]]1" (p+1)/ (bA2xn"2xpN2-1) -
x*Csch[a+bxLog[Cc*x*n]]"p/ (bA2xn"2xp"2-1) -
Di st [bA2xn"2xpx (p+1) / (b"2xn"2xp~2-1), I nt [Csch[a+bxLog[c*x"n]]1" (p+2),X]1] /;
FreeQ[{a, b, c, n}, x] & Rational Q[p] && p<-1 && Nonzer oQ[b"2xn"2xp"2-1]



Integration Rules for Hyperbolic Secant Functions

xMSech[a + b Log[c x"]]1P dx

m Derivation: Algebraic simplification

m Basis: Sech[bLog[c x"]] = 2

(cx")bs

(cxMb

2
xMSech[b Log[c x"]]1Pdx — xm dx
(cx")P s 21—

(cxm®

= Rule

= Program code:

Int [x_"m_. Sech[b_. xLog[C_. *x_"n_. 11"p_.,x_Synbol ] : =
I nt [ X mk (2/ ((C*x~n)"b+1/ (c*xx"n)~b))"p, x] /;
FreeQ[c, x] && Rational Q[{b, m n, p}]

Int [x_"m_. *Csch[b_. xLog[Cc_. *x_"n_. 1]"p_.,Xx_Synbol ] : =
Int [X*mk (2/ ((C*Xx*n)*b - 1/ (c*x"n)"b))"p, x] /;
FreeQ[c, x] && Rational Q[{b, mn, p}]

m Ruelfmel#0 Ap-1#0 A b2n2 (p-2)2+ (m+1)2 =0, then

x™L (bn (p-2)+ (m+1) Tanh[a+b Log[c x"]]) Sech[a+b Log[c x"]]P-2

jmeech[a+bLog[cx”]]pdx —
bn (m+1) (p-1)

= Program code:

Int [x_"m. xSec[a_. +b_. xLog[Cc_. *x_"n_. ]1]1"p_, x_Synbol ] : =
XN (mel) x (bxn* (p-2) + (Mmrl) xTan [a+bxLog [c*x*n]]) *Sec [a+bxLog [c*x*n]]1" (p-2) / (b*nx (M+1) % (p-1)) /;
FreeQ[{a, b,c,mn, p}, x] && NonzeroQ[m+1] && NonzeroQ[p-1] && ZeroQ[b"r2xn"2x (p-2)"2+ (Mrl)"2]

Int [x_"m_. xCsc[a_. +b_. xLog[c_. *x_"n_. ]1]1"p_, x_Synbol ] : =
XN (mel)  (bxn* (p-2) - (M+1) xCot [a+bxLog[c*x*n]])*Csc [a+bxLog[C*Xx*n]]" (p-2)/ (b*nx (m1) x(p-1)) /;
FreeQ[{a, b,c,mn, p}, x] && NonzeroQ[m+1] && NonzeroQ[p-1] && ZeroQ[b"r2xn"2x (p-2)"2+ (Mr1)"2]



Integration Rules for Hyperbolic Secant Functions

m Ruelf p>1 Ap#2 Ab2n?2 (p-2)%2- (m+1)? ¢0,then

x™1 Tanh[a +b Log[c x"]] Sech[a +b Log[c x"]]P-2
+
bn(p-1)

fmeech[a+b Log[c x"]]Pdx —

(m+1) x™! Sech[a+bLog[cx"]1P? b2nZ (p-2)2- (m+1)2
+
b2n? (p-1) (p-2) b2n? (p-1) (p-2)

jmeech [a+bLog[c x"]]1P?dx

= Program code:

Int [x_“m.*Sech[a_. +b_. xLog[c_. *x_"n_. 1]"p_, x_Synbol ] : =

x” (mrl) xTanh [a+bxLog [c*x"n]]*Sech[a+bxLog[c*x*n]]" (p-2)/ (b*nx(p-1)) +

(me1) »x» (m+1) *Sech [a+bxLog [C*x”n] ] (p-2) / (b"2xn"2x (p-1) * (p-2)) +

Di st [ (bA2xn"2% (p-2)"2-(m+1)"2) / (bA2%xn"2x (p-1) * (p-2)), | nt [x "mxSech [a+bxLog [c*x*n] 1" (p-2), X]] /;
FreeQ[{a, b,c, mn}, x] & Rational Q[p] && p>1 && p#2 &% Nonzer oQ[b”2xn"2x (p-2)"2- (Mx1)"2]

Int [x_“m.*Csch[a_. +b_. xLog[c_. *x_"n_. ]1]”"p_, x_Synbol ] : =

-x" (m+1) *Cot h[a+bxLog [c*x"n]]*Csch[a+bxLog[c*x*n] 1" (p-2)/ (b*n* (p-1)) -

(me1l) X~ (m+1) *xCsch [a+bxLog [C*Xx*n] ] (p-2) / (b"2%xn"2x (p-1) * (p-2)) -

Di st [ (bA2xn"2% (p-2)"2-(m+1)"2) / (bA2%xn"2% (p-1) * (p-2)), | nt [x mxCsch [a+bxLog [c*x*n] 1" (p-2), X]] /;
FreeQ[{a, b,c, mn}, x] & Rational Q[p] && p>1 && p#2 &% Nonzer oQ[b"2xn"2x% (p-2)"2- (M1)"2]

m Rulelf p<-1 A b2n2p2- (m+1)2 ¢ 0,then

fmeech[a+bLog[c x"1P dx —s - bnpx™!Sinh[a+bLog[cx"]] Sech[a+b Log[c x"]]P*! i
b2n2p2- (m+1)2

(m+1) x™! Sech[a+b Log[cx"]]P b2n%p (p+1)

. jmeech [a+bLog[c x"]]1P*2 dx
b2 n2 p2 - (m+1)2 b%n2p? - (m+1)?

= Program code:

Int [x_"m_. xSech[a_. +b_. xLog[c_. *x_"n_. ]11"p_, x_Synbol ] : =
- (mel) »x™ (m+l) *Sech [a+bxLog [C*Xx*n] ] p/ (bA2%xn"2%xp"2- (Mk1)"2) -
bxnxpxx” (M+1) *xSech [a+bxLog [c*x"*n] ] (p+1) *Si nh [a+bxLog[c*x*n]]/ (bA"2xn"2xp"2- (M+1)"2) +
Di st [bA2xn"2xpx (p+1) / (bA2%n"2xp"2- (Mm+1)"2), | nt [x *mxSech [a+bxLog [c*x*n] 1" (p+2), X]] /;
FreeQ[{a, b,c, mn}, x] && Rational Q[p] && p<-1 && Nonzer oQ[b"2xn"2xp"2- (Mr1)"2]

Int [x_"m.*Csch[a_. +b_. xLog[Cc_. *x_"n_. 1]1"p_, x_Synbol ] : =
- (mel) xx™ (mrl) xCsch [a+bxLog [C*Xx*n] ] p/ (bA2xn"2%xp"2- (Mk1)"2) -
bxnxp*xx” (M+1) *Cosh [a+bxLog[c*x*n]]*Csch[a+bxLog[c*x*n] 1" (p+1) / (bA2xn"2xp"2- (Mk1)"2) -
Di st [bA2xn"2xpx (p+1) / (b"2%n"2%p"2- (Mm+1)"2), | nt [x *mxCsch [a+bxLog [c*x*n] 1" (p+2), X]] /;
FreeQ[{a, b,c, mn}, x] && Rational Q[p] && p<-1 && Nonzer oQ[b"2xn"2xp"2- (Mr1)"2]



