Integration Rules for Secant Functions

xMSec[a+bx]"dx

m Derivation: Integration by parts
s RuleIf mez A m> 0,then
24 xMArcTan[etaibx] 24 m

+
b b

Jmeec[a+bx] dx — - jx’“lArcTan[eia*ibx] dx

= Program code:

Int [x_"m.*Sec[a_. +b_. *x_], x_Synbol ] : =

-2x%| *x mxAr cTan [E" (I *a+| *xbxx)]1/b +

Di st [2%] *nm/b, | nt [X” (m-1) *ArcTan [E® (I *a+| xbxx) ], x1] /;
FreeQ[{a, b}, x] & IntegerQ[m] && m>0

Int [x_"m.*Csc[a_. +b_. *x_], x_Synbol ] : =

-2xX"meAr cTanh [E® (I xa+] xbxx)]/b +

Di st [2xnvb, | nt [X” (m-1) *Ar cTanh [E* (I »a+| *xb*x) 1, x]1 /;
FreeQ[{a, b}, x] & IntegerQ[m] && m>0

m Reference: CRC 430, A& S4.3.125
= Rule If m> 0, then

xMTan[a +b x]

Jmeec[a+bx]2d1x — .

m
- EJ\XFM Tan[a +b x] dx

m  Program code:

Int [x_“m. *xSec[a_. +b_. *x_]"2, x_Synbol ]
x msTan [a+bxx]/b -
Di st [mvb, I nt [x" (m-1) *xTan[a+bxx], x]] /;
FreeQ[{a, b}, x] && Rational Q[m] && m>0

m Reference: CRC 428, A& S4.3.121

Int [x_"m. *xCsc[a_. +b_. *x_]"2, x_Synbol ]
-x"meCot [a+b*x]/b +
Di st [mvb, | nt [x* (m-1) *Cot [a+b*x], X]] /;
FreeQ[{a, b}, x] & Rational Q[m] && m>0
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m Reference: G& R 2.643.2 special casewhen m= 1, CRC 431, A& S4.3.126

m Rulelf n>1 A n# 2, then

x Tan[a+bx] Sec[a+bx]"2 Sec[a+bx]"™2 n-2
+

b(n-1) _bz(n—l) (n-2) n-1

ijec[a+bx]”d1x — JxSec[a+bx]"‘2dx

= Program code:

Int [x_*Sec[a_. +b_. *x_]”n_, x_Synbol ] : =
x*Tan[a+bxx]*Sec [a+b*x]" (n-2) / (b*(n-1)) -
Sec [a+b*x]” (n-2) / (b"2% (n-1) * (N-2)) +
Dist [(n-2)/(n-1), I nt [x*Sec [a+b*xx]" (n-2),Xx]] /;
FreeQ[{a, b}, x] & Rational Q[n] && n>1 && n#2

m Reference: G& R 2.643.1 special casewhen m= 1, CRC 429', A& S4.3.122

I nt [x_*Csc[a_. +b_. *x_]1"n_, x_Synbol ] : =

-xxCot [a+b*x]*xCsc [a+bxx]”" (n-2)/ (b*x (n-1)) -

Csc [a+bxx]” (n-2) / (b"2% (n-1) x (n-2)) +

Di st [(n-2)/(n-1), I nt [x*xCsc [a+b*x]1" (n-2), Xx]]1 /;
FreeQ[{a, b}, x] & Rational Q[n] && n>1 && n#2

m Reference: G&R 2.643.2
m Rulelf m>1 A n>1 A n#2,then

xMTan[a+bx] Sec[a+bx]"2 mx™!Sec[a+bx]"2

jmeec[a+bx]"dx — - +
b (n-1) b2 (n-1) (n-2)

n-2 m(m-1)

n-1

jx”*z Sec[a+bx]"?dx

.Jxx"‘Sec[a+bx]”‘2 dx +
b2 (n-1) (n-2)

= Program code:

Int [x_"m xSec[a_. +b_. *x_1"n_, x_Synbol ] : =

X "mkTan [a+bxx]*Sec [a+b*xx]" (n-2) / (bx(n-1)) -

mex”™ (m-1) *Sec [a+b*x]” (n-2) / (b"2% (N-1) * (N-2)) +

Di st [(n-2)/(n-1), I nt [x"mxSec [a+bxx]" (N-2), X]] +

Di st [mx (m-1) / (b"2% (n-1) * (n-2)), | nt [X* (m-2) *Sec [a+b*x]" (n-2), x]] /;
FreeQ[{a, b}, x] & Rational Q({m n}] && m>1 && n>1 && n#2

m Reference G&R 2.643.1

Int [x_"m xCsc[a_. +b_. *x_1"n_, x_Synbol ] : =

-x"mxCot [a+bxx]*Csc [a+bxXx]" (n-2)/ (bx(n-1)) -

mex”® (m-1) *Csc [a+b*x]” (n-2) / (b"2% (N-1) * (N-2)) +

Di st [(n-2)/(n-1), I nt [x*mxCsc [a+bxX]" (N-2), x]] +

Di st [mx (m-1) / (b"2% (n-1) % (nN-2)), | nt [x* (m-2) *Csc [a+b*x]" (n-2), Xx]1] /;
FreeQ[{a, b}, x] & Rational Q{m n}] && m>1 && n>1 && n#2
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m Reference: G& R 2.631.3 special casewhen m= 1

m RuleIf n < -1,then

Secla+bx]" xSin[a+bx]Sec[a+bx]™! n+1

ijec[a+bx]"d1x — - +
b2 n2 bn n

fx Sec[a+b x]"? dx

= Program code:

Int [x_*Sec[a_.+b . *x_]”n_,x_Synbol ] : =

Sec [a+bxx]*n/ (b"2xn"2) -

X*Si n[a+bxx]*Sec [a+b*x]" (n+1) / (bxn) +

Di st [(n+1) /n, I nt [x*Sec [a+b*x]1" (n+2), X]] /;
FreeQ[{a, b}, x] && Rational Q[n] && n<-1

m Reference: G& R 2.631.2 special casewhen m= 1

Int [x_*Csc[a_.+b_. *x_]”n_, x_Synbol ] : =

Csc [a+bxx]*n/ (b"A2xn"2) +

X%Cos [a+b*x]*Csc [a+b*x]" (n+1) / (b*n) +

Di st [ (n+1) /n, I nt [x*Csc [a+b*x]1" (n+2), x]] /;
FreeQ[{a, b}, x] & Rational Q[n] && n<-1

m Reference: G&R 2.631.3

m Rulelf m>1 A n<-1,then

mx™! Sec[a+bx]" xMSin[a+bx] Sec[a+bx]"!
jmeec[a+bx]"d1x — - +

b2 n? bn
n+1 m(m-1)

b2 n?

Jmeec[a+bx]“*2dx- J-X”FZSec[a+bx]”d1x

n

= Program code:

Int [x_“m xSec[a_. +b_. *x_1"n_, x_Synbol ] : =

mex” (m-1) *Sec [a+b*x]”*n/ (b"2%n"2) -

X "mxSi n[a+bxx]*Sec [a+b*x]” (n+1) / (b*n) +

Di st [(n+1) /n, I nt [x*mxSec [a+b*x]" (n+2), Xx]] -

Di st [mx (m-1) / (b~2%n"2), I nt [x" (M-2) *Sec [a+b*x]"n, x]1] /;
FreeQ[{a, b}, x] & Rational QL{m n}] & & m1 && n<-1

m Reference: G&R 2.631.2

Int [x_"m *Csc[a_. +b_. *x_]1”n_, x_Synbol ] : =

mex”™ (m-1) *Csc [a+b*x]17n/ (b"2xn"2) +

X mkCos [a+bxXx]*Csc [a+b*x]" (n+1) / (bxn) +

Di st [(n+1) /n, I nt [Xx*mxkCsc [a+bxx]" (N+2), X]] -

Di st [mx (m-1) / (bA2xn"2), I nt [X" (M-2) *Csc [a+bxXx]"n, x1] /;
FreeQ[{a, b}, x] & Rational Q[{mn}] && mx1 && n<-1
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J(a+ bSec[c+dx]™)Mdx

m Derivation: Algebraic simplification
= Basis If a+b=0,then a+bSec[z]? =bTan[z]?

m Rulelf a+b =0 A me z then

Ju (a+bSec[v]2)mdlx — bmjuTan[v]zmdx

= Program code:

Int [u_. «(a_+b_. «Sec[v_]"2)"m_, x_Synbol | : =
Di st [bA"m I nt [uxTan[v]" (2«m), X1] /;
FreeQ[{a, b, m}, x] && ZeroQ[a+b] && | nteger Q[m]

Int [u_. «(a_+b_. «Csc[v_]"2)"m_, x_Synbol | : =
Di st [b"m | nt [uxCot [V]" (2«m), X]1] /;
FreeQ[{a, b, m}, x] && ZeroQ[a+b] && | nteger Q[m]

= Derivation: Algebraic simplification
m Basis If a+b =0,then a+bSec[z]? =bTan[z]?

m Rulelf a+b =0 A m¢ z then

Ju (a+b Sec [v]z)mdlx — Ju (b Tan[v]z)mdlx

= Program code:

Int [u_. «(a_+b_. »Sec[v_]"*2)"m_, x_Synbol | : =
Int [ux(bxTan[v]~2)"m x] /;
FreeQ[{a, b, m}, x] && ZeroQ[a+b] && Not [I nt eger Q[m] ]

Int [u_. «(a_+b_. xCsc[v_]"2)"m_, x_Synbol | : =
I nt [ux (bxCot [V]*2) m x] /;
FreeQ[{a, b, m}, x] && ZeroQ[a+b] && Not [I nt eger Q[m] ]
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m Derivation: Algebraic simplification

b+a Cos[z]"

» Basis If n ez then a+bSec[z]" = TGE

m Rulelf mnez A m<0 A n>1, then

(b+aCos[vim™
J(a+bSec[v]”)mdx — J dx
Cos[v]Mm"

= Program code:

Int [(a_+b_. #Sec[v_1"n_)"m_, x_Synbol | : =
Int [ (b+axCos [v]~n)*nmyCos [V]" (mkn), X] /;
FreeQ[{a, b}, x] & IntegersQ[mn] & nk0 && n>1

Int [(a_+b_. *Csc[v_1"n_)"m_, x_Synbol | : =
Int [ (b+a*Sin[vI®*n)AnvVSin[v]" (mkn), X] /;
FreeQ[{a, b}, x] && IntegersQ[mn] && nx0 && n>1

= Derivation: Algebraic simplification

b+a Cos[z]"

» Basis If n € z then a+bSec[z]" = TGE

m Rulelf mn pez A m<O A n>D0,then

jCos [vl? (a+bSec[v]")"dx — jCos [VIP-™ (b +a Cos[v]™) "dx

= Program code:

(» Int [Cos[v_]1"p_. »(a_+b_. +Sec[v_]1"n_. )*m_, x_Synbol | :
Int [Cos [V]" (p-mkn) * (b+axCos [v]”~n)"m x] /;
FreeQ[{a, b}, Xx] && IntegersQ[mn, p] && nx0 && n>0 =*)

(* Int [Sin[v_]1"p_. *(a_+b_. xCsc[v_]"n_. )"m_, x_Symbol | :
Int [Sin[v]"(p-mkn)* (b+a*Sin[v]®n)"m x] /;
FreeQ[{a, b}, Xx] && IntegersQ[mn, p] & & nx0 && n>0 =*)
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Jbsc[a+bx]”€ec[a+bx]”dlx

m Reference: G& R 2.526.49, CRC 329
= Rule If b > 0,then

Log[Tan[a+b x]]
b

stc[a+bx] Sec[a+bx]dx —

= Program code:

Int [Csc[a_. +b_. *x_]*Sec[a_. +b_. *x_],x_Synbol ] : =
Log[Tan[a+b*x]]1/b /;
FreeQ[{a, b}, x] && PosQ[b]

m Rulelf min-2=0 An-1#0 A n>O0,then

Csc[a+bx]™! Sec[a+bx]"1

b (n-1)

j@c[a+bx]m8ec[a+bx]“dx —

= Program code:

Int [Csc[a_. +b_. *x_]"m %xSec[a_. +b_. *x_]1”n_, x_Synbol ] : =
Csc [a+b*x]” (m-1) *Sec [a+b*x]" (n-1) / (b* (n-1)) /;
FreeQ[{a, b, mn}, x] && ZeroQ[m+n-2] && NonzeroQ[n-1] && PosQ[n]

= Derivation: Integration by substitution

(1+Tan(z]2) 2
Tan[z]™

M1 ¢z, thenCsc[z]™Sec[z]" =

= Basis If m n, >

Tan’[z]

| msn
s Rule If m n, Tez/\0<msn,then

mn

1 (1+x2)= "
Csc[a+bx]MSec[a+bx]"dx — ESubst[ _dx, X, Tan[a+bx]]

Xm

= Program code:

Int [Csc[a_. +b_. *x_]"m_. xSec[a_. +b_. *x_1”n_, x_Synbol ] : =
Di st [1/b, Subst [I nt [Regul ari ze [ (1+Xx"2)" ((mM+n) /2-1) /X"m X1, X1, X, Tan[a+bxXx]1] /;
FreeQ[{a, b}, x] && IntegersQ[mn] && EvenQ[m:n] && O<nk=n
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m Reference G&R 2.510.4

m Rulelf m< -1 A n> 1, then

Csc[a+bx]™l Sec[a+bx]™1 m+1
j@c[a+bx]m8ec[a+bx]“dx — . N + 1J@c[a+bx]”‘*2Sec[a+bx]”‘2dlx
(n-1) n-

= Program code:

Int [Csc[a_. +b_. *x_]"m %Sec[a_. +b_. *x_]1”n_, x_Synbol ] : =

Csc [a+b*xx]” (m+1) *Sec [a+b*x]" (n-1) / (b* (n-1)) +

Dist [(m+l)/(n-1), I nt [Csc[a+b*x]" (m2) *xSec [a+bxx]" (n-2), X]] /;
FreeQ[{a, b}, x] & Rational QI{m n}] && nk-1 && n>1

m Reference: G& R 2.510.6, CRC 334b, A& S4.3.128a

. Rule:lfn>l/\%ez/\-(g, ""Tlez/\m>1),then

Csc[a+bx]™!Sec[a+bx]"™t m+n-2
stc[a+bx]mSec[a+bx]”d1x — . T + T J.Csc[a+bx]m8ec[a+bx]”‘2dlx
(n-1) n-

= Program code:

Int [Csc[a_.+b_.*x_]1"m. xSec[a_. +b_. *x_]”n_, x_Synbol ] : =
Csc [a+bxx]” (m-1) *Sec [a+bxx]” (n-1) / (b* (n-1)) +
Di st [ (m+n-2) / (n-1), I nt [Csc [a+b*x]"mkSec [a+b*x]1" (n-2), Xx]] /;
FreeQ[{a, b, m}, x] && Rational Q[n] &% n>1 &% Not [EvenQ[m+n]] && Not [EvenQ[n] && OddQ[m] && m>1]

m Reference: G&R 2.510.5, CRC 3233, A& S4.3.127a

m Rulelf n< -1 A m+n #0,then

Csc[a+bx]™!Sec[a+bx]™l n+1
JCsc[a+bx]mSec[a+bx]”dx — - + J@c[a+bx]m8ec[a+bx]”*2dx
b (m+n) m+ n

= Program code:

Int [Csc[a_.+b_.*x_]1"m. *Sec[a_. +b_. *x_]”n_, x_Synbol ] : =
-Csc [a+b*x]" (m-1) *Sec [a+b*Xx]" (n+1) / (b* (M:N)) +
Di st [ (n+1) / (men), | nt [Csc [a+b*x ] mxSec [a+b*x]1” (n+2), x]1] /;
FreeQ[{a, b, m}, x] && Rational Q[n] &% n<-1 && Nonzer oQ[NM+n]
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Jbsc[a+bx]”€ec[a+bx]”dlx

m Reference: G&R 2.526.49', CRC 329'

m Rule If - (b > 0),then
Log[Cot [a+b Xx]]

J‘Csc[a+bx]Sec[a+bx]d1x—>— -

= Program code:

Int [Csc[a_. +b_. *x_]=*Sec[a_. +b_. *x_], x_Synbol ] :

-Log [Cot [a+bxx]]/b /;
FreeQ[{a, b}, x] && NegQ[b]

m Rulelf méin-2=0 A m-1#0 A m>0,then
Csc[a+bx]™! Sec[a+bx]"1
f@c[a+bx]m8ec[a+bx]“dx — -
b (m-1)

= Program code:

Int [Csc[a_. +b_. *x_]"m %Sec[a_. +b_. *x_]1”"n_, x_Synbol ]
-Csc [a+b*x]1” (m-1) *Sec [a+b*Xx]1" (n-1) / (b* (m-1)) /;
FreeQ[{a, b, m n}, x] && ZeroQ[m+n-2] && NonzeroQ[m-1] && PosQ[m]

= Derivation: Integration by substitution
+Co 2 T
[t 2 oot (2]

‘. mn m n_
» BassIf m n, == ezthenCsc[z]MSec[z]" = - Cot [z]"

| msn
s Rule If m n, Tez/\0<n<rr,then

rmn:L

1+X2)T_

1
J\Csc[a+bx]m8ec[a+bx]”d1x — - — Subst [Int [(— x], x, Cot [a+bx]]
b x"

= Program code:

Int [Csc[a_. +b_. *x_]"m %xSec[a_. +b_. *x_]1"n_., x_Synbol ]
Di st [-1/b, Subst [I nt [Regul ari ze [ (1+x"2)”" ((m+n)/2-1) /x™n, X1, X1, X, Cot [a+b*xx]11] /;

FreeQ[{a, b}, X] && IntegersQ[m n] && EvenQ[nm+n] && O0<n<m
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m Reference G&R 2.510.1

s Rulelf m>1 A n< -1,then

Csc[a+bx]™lSec[a+bx]™l n+1
f@c[a+bx]m8ec[a+bx]“dx — - + J-Csc[a+bx]”*zSec[a+bx]”+2d1x
b (m-1) m-1

= Program code:

Int [Csc[a_. +b_. *x_]"m %Sec[a_. +b_. *x_]1”n_, x_Synbol ] : =

-Csc [a+b*x]1” (m-1) *Sec [a+b*Xx]1" (n+1) / (b*x (Mm-1)) +

Dist [(n+1)/(m-1), I nt [Csc[a+b*x]" (Mm-2) *xSec [a+bxx]" (n+2), X]] /;
FreeQ[{a, b}, x] & Rational Q[{m n}] && m>1 && n<-1

m Reference: G&R 2.510.3, CRC 334a, A& S4.3.128b
. men m n-1

= Ruelfm>1 A\ 2lez A - (3, Tez/\n>1),then
J&c[a+bx]m8ec[a+bx]”dx —

Csc[a+bx]™lSecfa+bx]™ m+n-2
- + szc[a+bx]m28ec[a+bx]”dx
b (m-1) m-1

= Program code:

Int [Csc[a_. +b_. *x_]"m *Sec[a_. +b_. *Xx_]1"n_., x_Synbol ] : =
-Csc [a+b*x]” (m-1) *Sec [a+b*x]" (n-1) / (b* (Mm-1)) +
Di st [ (men-2)/ (m-1), I nt [Csc [a+b*xx]" (M-2) *xSec [a+b*x]1"n, Xx]] /;
FreeQ[{a, b, n}, x] & Rational Q[m] && m>1 && Not [EvenQ[m+n]] && Not [EvenQ[m] && OddQ[n] && n>1]

m Reference: G&R 2.510.2, CRC 323b, A& S4.3.127b

s Rulelf m<-1 A m+n #0,then

Csc[a+bx]™l Sec[a+bx]™1 m+1
+

stc[a+bx]mSec[a+bx]“dx — Jbsc[a+bx]"“2 Sec[a+bx]"dx

b (m+n) m+n
= Program code:

Int [Csc[a_. +b_. *x_1"m *Sec[a_. +b_. *x_1"n_. ,x_Synbol ] : =
Csc [a+bxx]” (m+1) *Sec [a+bxx]” (n-1) / (b* (m+n)) +
Di st [ (m+1) / (men), I nt [Csc [a+bxx]” (M+2) *Sec [a+bxx]1”n, x1] /;
FreeQ[{a, b, n}, x] && Rational Q[m] && nmk-1 &% Nonzer oQ[m+n]
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Sec[a+bx]MTan[a + b x]" dx

m Derivation: Power rulefor integration

= Rule
Sec[a+bx]™

jSec[a+bx]mTan[a+bx] dx —
b m

= Program code:

Int [Sec[a_. +b_. *x_1"m.. *Tan[a_. +b_. *x_]1”n_. , x_Synbol ] :
Sec [a+b*x] nV (bxm) /;
FreeQ[{a, b, m}, x] && n===1

Int [Csc[a_. +b_. *x_1"m_. xCot [a_. +b_. *x_]1”n_., x_Synbol ] :
-Csc [a+b*x 12V (bxm) /;
FreeQ[{a, b, m}, x] && n===

= Derivation: Integration by substitution

m-2
Basislf;ez,thenSec[z]"E (1+Tan[z]?)? Tan'[z]
Rule: If %"ez/\m>2 /\ - (”Ziez/\0<n<m-1),then
m-2

1
jSec[a+bx]mTan[a+bx]”dlx — ESubst [Int [x” (1+x%) 7, x], X, Tan[a+bx]]

= Program code:

Int [Sec[a_. +b_. *x_]"m *Tan[a_. +b_. *x_]1”n_., x_Synbol ] : =
Di st [1/b, Subst [I nt [Regul ari ze [X"n* (1+x"2)" ((M-2) /2), X1, X1, X, Tan[a+b*x11] /;
FreeQ[{a, b, n}, x] && EvenQ[m] && m>2 && Not [GddQ[n] && O0<n<m-1]

Int [Csc[a_. +b_. *x_]"m %Cot [a_. +b_. *Xx_]1”n_., x_Synbol ] : =
Di st [-1/b, Subst [I nt [Regul ari ze [X"n* (L+x"2)" ((M-2) /2), X], X], X, Cot [a+bxx]]1] /;
FreeQ[{a, b, n}, x] && EvenQ[m] && m>2 && Not [GddQ[n] && O0<n<m-1]
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= Derivation: Integration by substitution

= Basis If ”2—1 €z thenSec[z]™Tan[z]" = Sec[z]™" (-1 +Sec[z]?)

n-1
2

Sec’[z]

= Rule If ”z;lez/\- (Emez/\0<msn+1),then

1 n-1
jSec[a+bx]mTan[a+bx]”d1x — BSubst [Jx”*l (-1+x%)7 ax, x, Sec[a+bx]]

= Program code:

Int [Sec[a_.+b_.*x_1"m. *Tan[a_. +b_. *x_]1”n_., x_Synbol ] : =
Di st [1/b, Subst [I nt [Regul ari ze [X (M-1) % (-1+x"2)" ((n-1)/2), X1, X], X, Sec [a+bxx]]1] /;
FreeQ[{a, b, m}, x] && OddQ[n] && Not [EvenQ[m] && O<nmk=n+1]

Int [Csc[a_.+b_.*x_1”"m. %Cot [a_. +b_. *x_]”n_.,x_Synbol ] : =
Di st [-1/b, Subst [I nt [Regul ari ze [x" (m-1) % (-1+x"2)” ((n-1)/2), x], X], X, Csc [a+b*x]1]1] /;
FreeQ[{a, b, m}, x] & & OddQ[n] && Not [EvenQ[m] && O<nk=n+1]

m Reference: G& R 2.510.3, CRC 334a
. m
s Rulelf m>1 /\ n<-1 /\ Eez,then

Sec[a+bx]™2 Tan[a+bx]™l m-2
fSec[a+bx]mTan[a+bx]“dx — - JSec[a+bx]”*2Tan[a+bx]”*2dlx
b (n+1) n+1

= Program code:

Int [Sec[a_. +b_. *x_]"m *Tan[a_. +b_. *Xx_]1"n_, x_Synbol ] : =

Sec [a+b*x]” (Mm-2) *xTan [a+b*x]" (n+1) / (b* (n+1)) -

Dist [(m-2)/(n+1), I nt [Sec [a+b*x]" (Mm-2) *xTan[a+bxx]" (n+2), Xx]] /;
FreeQ[{a, b}, x] & Rational QI{m n}] & & m>1 && n<-1 && Not [EvenQ[m]]

m Reference: G& R 2.510.6, CRC 334b

Int [Csc[a_. +b_. *x_]"m %Cot [a_. +b_. *Xx_]"n_, x_Synbol ] : =
-Csc[a+b*x]” (m-2) xCot [a+b*x]” (n+1) / (b*x (n+1)) -
Di st [(m-2)/(n+1), I nt [Csc[a+bxx]” (M-2)xCot [a+bxXx]" (N+2), x1] /;
FreeQ[{a, b}, x] & Rational Q[{m n}] && m>1 && n<-1 && Not [EvenQ[m] ]
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Reference: G& R 2.510.2, CRC 323b

= Rule If m<—1/\n>1/\ Emez,then

Sec[a+bx]™Tan[a+bx]™! n-1
~J.Sec[a+bx]"‘Tan[a+bx]”d1x — . JSec[a+bx]"‘*2Tan[a+bx]”'2dlx
m m

= Program code:

Int [Sec[a_. +b_. *x_]1"m xTan[a_. +b_. *x_]1"n_, x_Synbol ]

Sec [a+b*xx] mxTan [a+bxx ] (n-1) / (bxm)
Di st [(n-1)/m I nt [Sec [a+b*x]" (m+2) *xTan [a+bxx]" (n-2), X]] /;
FreeQ[{a, b}, x] & Rational QI{m n}] && nk-1 && n>1 && Not [EvenQ[m]]

Reference: G&R 2.510.5, CRC 323a

Int [Csc[a_.+b_. *x_1"m xCot [a_. +b_. *x_]1”n_, x_Synbol ]
-Csc [a+b*x ] mxCot [a+b*Xx]" (n-1) / (bxm)
Di st [(n-1)/m I nt [Csc[a+bxx]”" (m+2) xCot [a+bxXx]” (N-2), x]1] /;

FreeQ[{a, b}, x] & Rational Q[{m n}] && nk-1 && n>1 && Not [EvenQ[m] ]

Reference: G&R 2.510.5, CRC 323a

s RuleIf m+n+1 =0,then
Sec[a+bx]™Tan[a+b x]"*?

fSec[a+bx]mTan[a+bx]“dx — -
bm

= Program code:

Int [Sec[a_. +b_. *x_1"m xTan[a_. +b_. *x_]1”"n_, x_Synbol ]
-Sec [a+b*x ] "mkTan [a+b*x ] (n+1) / (bxm) /;
FreeQ[{a, b, mn}, x] & & ZeroQ[m+n+1]

Reference: G&R 2.510.2, CRC 323b

Int [Csc[a_. +b_. *x_1"m_. xCot [a_. +b_. *x_]1"n_, x_Synbol ]
Csc [a+b*x ] mxCot [a+b*x]” (n+1) / (bxm) /;
FreeQ[{a, b, mn}, x] && ZeroQ[m+n+1]
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= Rule If m< -1 /\ gez,then

Sec[a+bx]™Tan[a+bx]™! m+n+1
JSec[a+bx]mTan[a+bx]”dx — - . + J-Sec[a+bx]’“*2Tan[a+bx]”d1x
m m

= Program code:

Int [Sec[a_. +b_. *x_]1"m *Tan[a_. +b_. *x_]”n_, x_Synbol ] : =
-Sec [a+b*x] "mxTan [a+b*x]1" (n+1) / (b*xm) +
Di st [ (men+1) /m | nt [Sec [a+b*x]” (m+2) *xTan [a+b*xx]"n, x]]1 /;
FreeQ[{a, b, n}, x] && Rational Q[m] && nx-1 && Not [EvenQ[m] ]

Int [Csc[a_. +b_. *x_]1"m *xCot [a_. +b_. *x_]”n_, x_Synbol ] : =
Csc [a+b*x ] mxCot [a+b*xx]” (n+1)/ (b*xm) +
Di st [ (men+1) /m I nt [Csc [a+b*x]" (m+2) *Cot [a+b*x]1/n, x]]1 /;
FreeQ[{a, b, n}, x] && Rational Q[m] && nx-1 && Not [EvenQ[m] ]

m Reference: G& R 2.510.6, CRC 334b
. Rule:lfm>1/\m+n—1¢0/\ ;ez/\ %ez,then

Sec[a+bx]™2Tan[a+bx]"?! m- 2
jSec[a+bx]”‘Tan[a+bx]”d1x — + JSec[a+bx]“2Tan[a+bx]”dx
b (m+n-1) m+n-1

= Program code:

Int [Sec[a_.+b_. *x_]1"m *Tan[a_. +b_. *x_]”n_, x_Synbol ] : =
Sec [a+bxx]” (Mm-2) *xTan [a+bxXx]" (n+1) / (b* (M+n-1)) +
Di st [(m-2)/ (men-1), I nt [Sec [a+b*x]" (M-2) xTan[a+b*x]/n, x]]1 /;
FreeQ[{a, b, n}, x] && Rational Q[m] && m>1 &% Nonzer oQ[m#n-1] && Not [EvenQ[m]] && Not [OGddQ[n]]

m Reference: G& R 2.510.3, CRC 334a

Int [Csc[a_. +b_. *x_]1"m *Cot [a_. +b_. *x_]”n_, x_Synbol ] : =
-Csc [a+b*x]” (m-2) *Cot [a+b*x]1" (n+1) / (b* (M+n-1)) +
Dist [(m-2)/(mn-1), I nt [Csc[a+bxx]” (M-2) xCot [a+b*x]”n, Xx]] /;
FreeQ[{a, b, n}, x] & Rational Q[m] && m>1 && NonzeroQ[m+n-1] && Not [EvenQ[m]] && Not [QddQ[n]]
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m Reference: G&R 2.510.1
= Rulelfns>1 /\m+n-1¢0 /\ Emez/\ 'qziez,then

Sec[a+bx]™Tan[a +b x]"1 n-1
JSec[a+bx]mTan[a+bx]”dx — - J-Sec[a+bx]mTan[a+bx]”'2 dx
b (m+n-1) m+n-1

= Program code:

Int [Sec[a_.+b_. *x_1"m. *xTan[a_. +b_. *x_]”n_, x_Synbol ] : =
Sec [a+bxx ] mxTan [a+bxx]” (n-1) / (b* (M+n-1)) -
Di st [(n-1)/ (men-1), I nt [Sec [a+b*x] "mskTan [a+b*x]1" (n-2), x]]1 /;
FreeQ[{a, b, m}, x] && Rational Q[n] &% n>1 &% NonzeroQ[m#n-1] && Not [EvenQ[m]] && Not [CddQ[n]]

m Reference: G&R 2.510.4

Int [Csc[a_. +b_. *x_]1"m_. xCot [a_. +b_. *x_]”n_, x_Synbol ] : =
-Csc [a+b*x ] mxCot [a+b*x]1" (n-1)/ (b* (M+n-1)) -
Dist [(n-1)/(mn-1), I nt [Csc [a+b*xx] mxCot [a+bxx]" (N-2),X]] /;
FreeQ[{a, b, m}, x] && Rational Q[n] && n>1 && NonzeroQ[m+n-1] && Not [EvenQ[m]] && Not [QddQ[n]]

m Reference: G&R 2.510.4
= Rulelfnc<-1 /\ ;95 Z, then

Sec[a+bx]™Tan[a+bx]™ ms+n+1
jSec[a+bx]”‘Tan[a+bx]”d1x — - JSec[a+bx]mTan[a+bx]”+2dlx
b (n+1) n+1

= Program code:

Int [Sec[a_.+b_. *x_]1"m *Tan[a_. +b_. *x_]1”n_, x_Synbol ] : =

Sec [a+bxx ] mxTan [a+bxx]” (n+1) / (b* (n+1)) -

Di st [ (men+1) / (n+1), I nt [Sec [a+b*x] "mxTan [a+b*x]1" (n+2), x]]1 /;
FreeQ[{a, b, m}, x] && Rational Q[n] &% n<-1 &% Not [EvenQ[m]]

m Reference: G&R 2.510.1

Int [Csc[a_. +b_. *x_1"m.. xCot [a_. +b_. *x_]”n_, x_Synbol ] : =

-Csc [a+b*x] mxCot [a+b*x]” (n+1)/ (b*(n+l)) -

Di st [ (men+1)/ (n+1), I nt [Csc [a+b*xx] "mxCot [a+b*xx]" (N+2),X]] /;
FreeQ[{a, b, m}, x] && Rational Q[n] &% n<-1 && Not [EvenQ[m] ]
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xMSec[a+bx"]PSin[a+bx"] dx

m Derivation: Integration by parts
m Rulelf nez A m-n>20 A p-1#0,then

x™n+l Sec[a + b x"]P-? m-n+1

bn(p-1) _bn(p—l)

jmeec [a+bx"]PSin[a+bx"] dx — jxm” Sec[a+b x"]P~" dx

= Program code:

Int [x_"m_. xSec[a_. +b_. »x_"n_. ]"p_=*Sin[a_. +b_. *x_"n_. 1, x_Synbol ] :
XN (m-n+1) *Sec [a+b*x*n]” (p-1) / (bxnx (p-1)) -
Di st [ (m-n+1) / (bxnx(p-1)), I nt [x* (Mm-n) xSec [a+b*x"n]1” (p-1), Xx]1] /;
FreeQ[{a, b, p}, x] & Rational Q[m] && | ntegerQ[n] &% m-n>=0 && Nonzer oQ[p-1]

Int [x_"m_. xCsc[a_. +b_. »x_"n_. ]"p_=*Cos[a_. +b_. *x_"n_. 1, x_Synbol ] :
=X (m-n+1) *Csc [a+b*x*n]1" (p-1) / (b*n* (p-1)) +
Di st [ (m-n+1) / (bxn* (p-1)), I nt [X" (M-n) *Csc [a+b*x*n]1”" (p-1), Xx]1] /;
FreeQ[{a, b, p}, x] && Rational Q[m] && IntegerQ[n] & & m-n>=0 && Nonzer oQ[p-1]
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xMSec[a+bx"]P Tan[a + b x"] dx

m Derivation: Integration by parts
= Note: Dummy exponent g = 1 required in program code so I nputForm of integrand isrecognized.
m Rulelf nez A m-n=20,then

x™+l Secra+bx"]P m-n+1
jmeec[a+bx"]pTan[a+bx“]dlx — - Jx“”Sec[a+bx”]pdx
bnp bnp

= Program code:

Int [x_“m.*Sec[a_. +b_. *x_"n_. 1"p_. xTan[a_. +b_. *x_"n_. ]1*q_., x_Synbol ] :
XN (m-n+1) *xSec [a+b*x*n] p/ (bxnxp) -
Di st [ (m-n+1) / (bxn%p), | nt [X* (m-n) *Sec [a+b*x*n]1"p, x]] /;

FreeQ[{a, b, p}, x] && Rational Q[m] && I ntegerQ[n] & & m-n>=0 && Qg===1

Int [x_"m.*Csc[a_. +b_. *x_"~n_. 1"p_. xCot [a_. +b_. *x_"n_. ]1*q_., x_Synbol ] :
-X" (m-n+1) *Csc [a+b*x"n] p/ (bxnxp) +
Di st [ (m-n+1) / (bxnxp), | nt [X* (m-n) *Csc [a+b*x*n]"p, x1] /;

FreeQ[{a, b, p}, x] & Rational Q[m] && | ntegerQ[n] && m-n>=0 && Qg===1
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Sec[a+bLog[cx"]]1Pdx

= Rulelf p-1#0 A b2n2 (p-2)2+1 =0,then

X (bn (p-2) +Tan[a+bLog[c x"]]) Sec[a+b Log[cx"]]P2
bn(p-1)

jSec[a+bLog[c x"11Pdx —

= Program code:

Int [Sec[a_ . +b_. xLog[Cc_. *x_“n_. 11"p_, x_Synbol ] : =
X* (b*nx (p-2) +Tan [a+b*xLog [c*Xx"n]]) *Sec [a+bxLog [c*x*n] 1" (p-2) / (bxn* (p-1)) /;
FreeQ[{a, b, c, n, p}, x] & & NonzeroQ[p-1] && ZeroQ[b"2xn"2x (p-2)"2+1]

Int [Csc[a_.+b_.xLog[c_.*x_“~n_.11"p_,x_Synbol ] : =
X* (bxn* (p-2) -Cot [a+bxLog[Cc*X*n]])*Csc [a+bxLog [Cc*Xx*n]]1" (p-2)/ (bxn*(p-1)) /;
FreeQ[{a, b, c, n, p}, x] & & NonzeroQ[p-1] && ZeroQ[b"2xn"2x (p-2)"2+1]

" Ruelf p>1 Ap#2 A b2n2 (p-2)2+1¢0,then

x Tan[a +b Log[c x"]] Sec[a+b Log[c x"]]P-?
J‘Sec[a+bLog[cx”]]pdlx—> [a+ 9l 1] [a+ 9l R
bn(p-1)

x Sec[a+b Log[c x"]]1P? b2n2 (p-2)2+1
+
b?n% (p-1) (p-2) bZn? (p-1) (p-2)

jSec [a+bLog[c x"]]1P?dx

= Program code:

Int [Sec[a_. +b_. xLog[Cc_. *x_"n_. 11"p_, x_Synbol ] : =

x*xTan [a+bxLog[Cc*x"n]]*Sec [a+bxLog[c*x*n]]" (p-2)/ (b*nx (p-1)) -

x*Sec [a+bxLog [C*x"n] 1" (p-2) / (bA2xn" 2% (p-1) » (p-2)) +

Di st [ (bA2xn"2% (p-2)"2+1) / (b"2%n"*2% (p-1) * (p-2)), I nt [Sec [a+bxLog[c*Xx*n]]" (p-2), x]] /;
FreeQ[{a, b, c, n}, x] & Rational Q[p] && p>1 && p#2 && Nonzer oQ[b"2xn"2x (p-2)"2+1]

Int [Csc[a_. +b_. xLog[Cc_. *x_"n_. 11"p_, x_Synbol ] : =

-xxCot [a+bxLog[c*x"n]]*Csc [a+bxLog[c*Xx"n]]" (p-2)/ (bxnx(p-1)) -

x*Csc [a+bxLog [C*x"n] 1" (p-2) / (bA2xn" 2% (p-1) » (p-2)) +

Di st [ (bA2xn"2% (p-2)"2+1) / (b"2%n"*2% (p-1) * (p-2)), I nt [Csc [a+bxLog[c*Xx*n]]" (p-2), x]] /;
FreeQ[{a, b,c,n}, x] & Rational Q[p] && p>1 && p#2 && Nonzer oQ[b"2xn"2x (p-2)"2+1]
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m Rulelf p<-1 A b?2n?2p?+1#0,then

bnpxSin[a+bLog[cx"]] Sec[a+bLog[cx"]]P**
+
b2n2p2+1

jSec[a+bLog[cx”]]pdx — -

x Sec[a+bLog[cx"]1P bZnZp (p+1)
+
b2n2p2+1 b2n2p2+1

jSec [a+bLog[cx"]]1P*2 dx

= Program code:

Int [Sec[a . +b_. xLog[Cc_.*x_“n_. 11"p_, x_Synbol ] : =
-bxnxpxx*Si n[a+bxLog [C*x*n]]*Sec [a+bxLog[C*x*n]]" (p+1)/ (b"2xn"2xp"2+1) +
x*xSec [a+bxLog [c*x"n]]1"p/ (b"2xn"2xp"2+1) +
Di st [b”2xn"2xp* (p+1) / (b"2%n"2xp"2+1), I nt [Sec [a+bxLog [Cc*Xxn] 1" (p+2), X]] /;
FreeQ[{a, b,c, n}, x] & Rational Q[p] && p<-1 && Nonzer oQ[b"2xn"2xp"2+1]

Int [Csc[a_. +b_. xLog[Cc_. *x_"n_. 11"p_, x_Synbol ] : =
bxnxp*x*Cos [a+bxLog[c*x*n]]*Csc [a+bxLog[c*x n]]" (p+1)/ (DA2xn"2xp~2+1) +
x*Csc [a+bxLog [c*x"n]]1"p/ (bA2xn"2xp"2+1) +
Di st [bA2xn"2xp* (p+1) / (bA2%n"2xp~2+1), I nt [Csc [a+bxLog [C*Xxn] 1" (p+2), X]] /;
FreeQ[{a, b,c, n}, x] & Rational Q[p] && p<-1 && Nonzer oQ[b"2xn"2xp"2+1]
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xMSec[a+bLog[cx"]]P dx

" RuleIf mel#0 Ap-1#0 A b2n2 (p-2)2+ (m+1)2 =0, then

x™L (bn (p-2)+ (Mm+1) Tan[a+ Db Log[c x"]]) Sec[a+b Log[c x"]]P?
bn (m+1) (p-1)

jmeec[a+bLog[c x"11Pdx —

= Program code:

Int [x_“m. *Sec[a_. +b_. xLog[Cc_. *x_"n_. 1]"p_, Xx_Synbol ] : =
XN (mel) » (bxn* (P-2) + (M+1) *xTan [a+bxLog [c*x"n]]) *Sec [a+bxLog [C*Xx n]]" (p-2) / (b*n* (m+1) » (p-1)) /;
FreeQ[{a, b,c, mn, p}, x] && NonzeroQ[m+1] && NonzeroQ[p-1] && ZeroQ[b"r2xn"2x (p-2)"2+ (Mr1)"2]

Int [x_"m.*Csc[a_. +b . xLog[Cc_. *x_"n_.1]"p_,Xx_Synbol ] : =
XN (mel) * (bxn* (p-2) - (mr1) *Cot [a+bxLog[c*x*n]]) *Csc [a+bxLog[c*x*n]]1" (p-2) / (b*nx (Mm+1) % (p-1)) /;
FreeQ[{a, b,c, mn, p}, x] && NonzeroQ[m+1l] && NonzeroQ[p-1] && ZeroQ[b"r2xn"2x (p-2)"2+ (Mrl)"2]

m Ruelf p>1 Ap#2 Ab2n?2 (p-2)%+ (m+1)? ¢0,then

x™1 Tan[a+b Log[c x"]] Sec[a+b Log[c x"]]P?

Jmeec[a+bLog[cx“]]pdx — -
bn(p-1)

(m+1) x™! Sec[a+bLog[cx"]1P? bZn2 (p-2)2+ (M+1)2
+

b?n? (p-1) (p-2) b?n? (p-1) (p-2)

jmeec [a+bLog[cx"]]1P?dx

= Program code:

Int [x_“m. *Sec[a_. +b_. xLog[Cc_. *x_"n_. 1]"p_, X_Synbol ] : =

xN (mrl) xTan [a+bxLog [c*x*n]]*Sec [a+bxLog[c*x*n]]1" (p-2) / (b*nx (p-1)) -

(mel) xx» (m+l) *Sec [a+bxLog [C*x*n] 1" (p-2) / (bA2xn"2x (p-1) » (p-2)) +

Di st [ (bA2xn"2% (p-2)"2+ (m1)"2) / (b"A2xn"2x (p-1) * (p-2)), | nt [x *mxSec [a+bxLog [c*Xx*n]]" (p-2), x]] /;
FreeQ[{a, b,c,mn}, x] & & Rational Q[p] && p>1 && p#2 &% Nonzer oQ[b”2xn"2x% (p-2)"2+ (Mx1)"2]

Int [x_“m. *Csc[a_. +b_. xLog[Cc_. *x_"n_. 1]”p_, X_Synbol ] : =

-X" (m+1) *Cot [a+bxLog[c*x~n]]*Csc [a+bxLog[c*x n]]” (p-2)/ (bxnx(p-1)) -

(me1) xx” (m+1l) *Csc [a+bxLog [C*x*n] 1" (p-2) / (bA2xn"2x (p-1) » (p-2)) +

Di st [ (b"2xn"2% (p-2)"2+ (M+1)"2) / (bA2%xn"2x% (p-1) * (p-2)), | nt [x *mxCsc [a+bxLog [c*Xx*n]]" (p-2), x]] /;
FreeQ[{a, b,c,mn}, x] & Rational Q[p] && p>1 && p#2 &% Nonzer oQ[b"2xn"2x (p-2)" 2+ (M1)"2]
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m Ruelf p<-1 A b2n2p2+ (m+1)2 #0,then

bnpx™lSin[a+blLog[cx"]] Sec[a+bLog[cx"]]1P*
+

Jmeec[a+b Log[c x"]1Pdx — -
b%2n2p2+ (M+1)2

(m+1) x™! Sec[a+bLog[cx"]]P b2n2p (p+1)

+ jmeec[a+bLog[c x"11P*? dx
bZn2p2+ (M+1)2 bZn2p2+ (m+1)2

= Program code:

Int [x_“m.*Sec[a_. +b_. xLog[Cc_. *x_"n_. 1]1"p_, X_Synbol ] : =
-bxnxpxx” (M+1) *Si n[a+bxLog [C*x*n]]*Sec [a+bxLog[C*x*n] ] (p+1)/ (D A2xn"2%xp"2+ (Mr1)"2) +
(m+l) *x™ (Mk1) *Sec [a+bxLog [C*Xx*n] ] p/ (DA2xn"2%xp"2+ (Mr1)"N2) +
Di st [bA2xn"2xpx (p+1) / (b"2%n"2%p"2+ (M1)~2), | nt [x *mxSec [a+bxLog[c*Xx*n]]" (p+2), x]1] /;
FreeQ[{a, b,c, mn}, x] & Rational Q[p] && p<-1 && Nonzer oQ[b"2xn"2xp 2+ (Mr1)"2]

Int [x_“m. *Csc[a_. +b_. xLog[Cc_. *x_"n_. 1]”p_, X_Synbol ] : =
bxnxpxx” (Mm+1) *Cos [a+bxLog [Cxx*n]]*Csc [a+bxLog [C*Xx*n]]" (p+1) / (bA2xn"2%xp"2+ (M1)"2) +
(mel) x*x™ (Mmk1) *Csc [a+bxLog [C*x*n] ] p/ (DA2xn"2%p"2+ (Mk1)"N2) +
Di st [bA2xn"2xpx (p+1) / (b"2%n"2%p"2+ (M+1)"2), | nt [x *mkCsc [a+bxLog[c*Xx*n]]" (p+2), x]1] /;
FreeQ[{a, b,c, mn}, x] & & Rational Q[p] && p<-1 &% Nonzer oQ[b"2xn"2xp"2+ (Mr1)"2]
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uCscla+bx]"dx

m Derivation: Algebraic simplification
= Basis Csc[22z] = %Csc[z] Sec[z]
b x

—, then

m Rule: If n € Zand u isafunction of trig functions of g +

1 a bx, " a bx "
Jquc[a+bx]"d1x — —qusc —+—] Sec —+—] dx
2N 2 2 2

m  Program code:

Int [u_*Csc[a_. +b_. *xx_]”n_.,x_Synbol ] : =
Di st [1/2”n, | nt [uxCsc [a/2+b*xx/2]"n%xSec [a/2+b*x/2]1"n, x]1] /;
FreeQ[{a, b}, x] & IntegerQ[n] && ZeroQ[a/2+bxx/2-Functi onOf Tri g [u, x]]

= Derivation: Algebraic simplification and piecewise constant extraction

» Basis Csc[22z] = %Csc[z] Sec[z]

- Csc[a+b x]"
lBa,SlSOX a bx1n abx"-o
CSC[E+T] Sec[?T

m Rule If n € Fandu isafunction of trig functions of g + bz—x,then

Csc[a+bx]" a bx," a bx "
uCscla+bx]"dx — - njuc:sc[—+7 sfec[_+7 dx
a X
Goe[3 + 7]

+55]" sec[3 2 ’

= Program code:

(¥ Int [u *Csc[a_.+b_. *x_]1"n_, x_Synbol ] : =
Csc [a+bxx]”n/ (Csc[a/2+bxx/2]1"nxSec [a/2+bxXx/2]1~n) x| nt [uxCsc [a/2+bxXx/2]”nxSec [a/2+bxx/2]"n, X] /;
FreeQ[{a, b}, x] && FractionQ[n] && ZeroQ[a/2+bxXx/2-Functi onOf Tri g [u, X]] =*)



