Integration Rules for Fresnel Integral Functions

Fresnel S[a + b x]" dx

m Derivation: Integration by parts

= Rule

(a+bx) Fresnel S[a +b x] COS[%(«’JHbX)Z]
+
b b

~J-Fr esnel S[a+bx] dXx —

= Program code:

Int [Fresnel S[a_. +b_. *x_], x_Synbol ] : =
(a+bxx) xFresnel S[a+bxx]/b + Cos[Pi /2% (a+b*x)"2]1/ (bxPi ) /;
FreeQ[{a, b}, x]

Int [Fresnel C[a_. +b_. *x_1], x_Synbol ] : =
(a+bxx) xFresnel C[a+bxx]/b - Sin[Pi /2% (a+b*x)"2]1/ (bxPi ) /;
FreeQ[{a, b}, x]

= Derivation: Integration by parts
= Rule

(a+bx) Fresnel S[a +b x]?
b

T
~J-Fresnel S[a+bx]?dx — -2j(a+bx) Si n[E (a+bx)2] Fresnel S[a +b x] dx

= Program code:

I nt [Fresnel S[a_. +b_. *x_1"2, x_Synbol ] : =

(a+b*x) xFresnel S[a+b*x]"2/b -

Di st [2,1nt [ (a+bxX)*Si n[Pi /2% (a+bxXx)"2]xFresnel S[a+bxx], x]1] /;
FreeQ[{a, b}, x]

Int [Fresnel C[a_. +b_. *x_]72, x_Synbol ] : =

(a+b*x) xFresnel C[la+b*x]"2/b -

Di st [2,]nt [ (a+b*x)*xCos [Pi /2% (a+bxx)”"2]xFresnel C[a+bxx], x]] /;
FreeQ[{a, b}, x]



Integration Rules for Fresnel Integral Functions

XMFresnel S[a + b x]" dx

m Derivation: Integration by parts
s Rule If m+1 # 0, then

x™1 Fresnel S[a +b x] b

jx”‘*l Si n[g (a+bx)2] dx

jmer esnel S[a+bx] dx —
m+1 m+ 1

= Program code:

Int [x_“m. xFresnel S[a_. +b_. *x_1, x_Synbol ] : =

XN (me1l) xFresnel S[a+b*x]/ (m1l) -

Di st [b/ (m+1), I nt [X™ (m1) *Si n[Pi /2% (a+b*xx)"2], x]]1 /;
FreeQ[{a, b, m}, x] && Nonzer oQ[m+1]

Int [x_"m_. «Fresnel C[a_. +b_. *x_], x_Synbol ] : =

XN (mel) xFresnel C[a+b*x]/ (m«l) -

Di st [b/ (m+1), I nt [x™ (m+1) *Cos [Pi /2% (a+b*x)"21,x]]1 /;
FreeQ[{a, b, m}, x] && Nonzer oQ[m+1]

Derivation: Integration by parts

Note: Also apply rulewhen m mod 4 = 1 when a closed-form antiderivativeis defined for Cos ["Z—XZ] Fresnel S[x].

Rule: If mez/\m+1¢0/\ (m>0/\ rz—"ez\/mrmd4=3),then

x™1 Fresnel S[bx]2 2D

7T
jmer esnel S[bx]12dx — fx”“l Si n[E b2 x2] Fresnel S[b x] dx

m+1 m+ 1

= Program code:

Int [x_“m xFresnel S[b_. *x_172, x_Synbol ] : =

XN (mel) xFresnel S[b*x]172/ (m+1l) -

Di st [2xb/ (m+1), I nt [X» (m+1) *Si n[Pi /2xb”2xx"2]xFresnel S[bxx], x]] /;
FreeQ[b, x] && IntegerQ[m &% m#1!=0 && (M0 && EvenQ[m] || Mbd[m 4]==3)

Int [x_“m xFresnel C[b_. *x_172, x_Synbol ] : =

XN (mel) xFresnel C[b*x]172/ (m+1l) -

Di st [2xb/ (m+1), I nt [X» (m+1) *Cos [Pi /2xb”2xx"2]xFresnel C[bxx], x]] /;
FreeQ[b, x] && IntegerQ[m] &% m+1!=0 && (M0 && EvenQ[m] || Mbd[m 4]==3)



Integration Rules for Fresnel Integral Functions

= Derivation: Integration by substitution

a a+b x

= Basis x™f [a+bx]=%(-5+ - )mf [a+bx] 8y (a+bx)

= Note: Rulenot necessary until a closed-form antiderivativeisdefined for Cos "Z—XZ] Fresnel S[x].

m RuleIf mez A m> 0,then

1 a x\m
jmeresneIS[a+bx]2dx — ESubst [j(—g+g) Fresnel S[x]? dx, X, a+bx]

= Program code:

(% Int [x_"m. xFresnel S[a_+b_. *x_]172, x_Synbol ] : =
Di st [1/b, Subst [Int [ (-a/b+x/b)~mkFresnel S[x]"2, X1, X, a+bxx]]1 /;
FreeQ[{a, b}, x] & IntegerQ[m] && m>0 x)

(* Int [x_"m. xFresnel C[a_+b_. *x_]172, x_Synbol ] : =
Di st [1/b, Subst [I nt [ (-a/b+x/b)"mkFresnel C[x]/2, x], X, a+b*x]]1 /;
FreeQ[{a, b}, x] & IntegerQ[m] && m>0 x)



Integration Rules for Fresnel Integral Functions

XM Si n[g b? x2] Fresnel S[b x] dx

Derivation: Integration by parts special case

Rule:

p Cos[Z b?x?] Fresnel S[b x] 1
JxSin[— b2x2] Fresnel S[bx] dx — - [2 ] + jSin[n b? x?] dx
2 7t b2 2nb

Program code:

Int [x_*Sin[c_. *x_"2]xFresnel S[b_. »x_1], x_Synbol ] :
-Cos [Pi /2xb"2xx"2] xFresnel S[bxx]/ (Pi xb"2) +
Di st [1/ (2%Pi xb), I nt [Si n[Pi *b"2xx"271, x1]1 /;
FreeQ[{b, c}, x] && ZeroQ[c-Pi /2xb"2]

Int [x_*Cos[Cc_. *xx_"2]xFresnel C[b_. »x_1, x_Synbol ] :
Sin[Pi /2xb"2xx"2]«xFresnel C[bxx]/ (Pi xb"2) -
Di st [1/ (2%Pi xb), I nt [Si n[Pi *b"2xx"2], x11 /;
FreeQ[{b,c}, x] & & ZeroQ[c-Pi /2xb"2]

Derivation: Integration by parts
Note: Also apply rulewhen m mod 4 = 2 when a closed-for m antiderivativeis defined for Cos ["Z—XZ] Fresnel S[x].

Rule If mez A m>1 A - (mnod 4 = 2),then

- xm-1 Cos[% b2 x2] Fresnel S[b x]
jmei n[— b2 X2] Fresnel S[bx] dx — - +
2 an

1
2nb

m-1 big
J.x”*l Sin[x b?x?] dx + fx”*z Cos [— b2 X2] Fresnel S[b x] dx
7t b2 2

Program code:

Int [x_"m *Sin[c_. xx_"2]xFresnel S[b_. *x_1], x_Synbol ] : =

-X" (m-1) xCos [Pi /2xb"2xx"2]xFresnel S[bxx]/ (Pi *xb"2) +

Di st [1/ (2«%Pi xb), I nt [Xx" (M-1) *Si n[Pi *b"2%x"27], x]] +

Di st [ (m-1)/ (Pi xb"2), I nt [x* (m-2) *xCos [Pi /2xb"2%x"2]xFresnel S[b*x]1, x]]1 /;
FreeQ[{b, c}, x] && ZeroQ[c-Pi /2xb"2] && IntegerQ[m] && m>1 && Not [Mbd[m 4]==2]

Int [x_“m xCos[Cc_. xx_"2]xFresnel C[b_. *x_1], x_Synbol ] : =

XN (m-1) *Si n[Pi /2xb"2xx"2]xFresnel C[bxx]/ (Pi xb"2) -

Di st [1/ (2%Pi xb), I nt [x" (m-1) *Si n[Pi *b"2xx"27],x]1] -

Di st [ (m-1) / (Pi *b~2), I nt [x* (M-2) *Si n[Pi /2xb"2xx"2]xFresnel C[b*x1, x1]1 /;
FreeQ[{b, c}, Xx] && ZeroQ[c-Pi /2xb"2] && IntegerQ[m] && m>1 && Not [Mbd[m 4]==2]



Integration Rules for Fresnel Integral Functions

= Derivation: Inverted integration by parts
m Rulelf mez A m<-2 A mnod4 = 0, then

x™LSin[Z b?x?] Fresnel S[bx] b x M2

T
Jmei n[— b? x2] Fresnel S[bx] dx — - +
2 m+ 1 2 (m+1l) (m+2)

b
2 (m+1)

7 b2 n
Jx”“ Cos [x b? x?] dx - jx”‘*z Cos [— b2 x2] Fresnel S[b x] dx
m+1 2

= Program code:

Int [x_“m *Sin[c_. xx_"2]xFresnel S[b_. *x_1], x_Synbol ] : =
XN (Me1) *Si n[Pi /2xb"2%x"2] xFresnel S[b*x]/ (mrl) - b*x™ (Me2) / (2% (Mrl) » (M+2)) +
Di st [b/ (2% (m+1)), I nt [x” (m+1) *Cos [Pi *b"2xx"271, x]] -
Di st [Pi *b”"2/ (m+1), I nt [X™ (mr2) *Cos [Pi /2xb"2+x"2] xFresnel S[b*x], x11 /;
FreeQ[{b, c}, X] && ZeroQ[c-Pi /2xb"2] && IntegerQ[m] && nk-2 && Modd[m 4]==0

Int [x_"m xCos[c_. xx_"2]xFresnel C[b_. *x_1], x_Synbol ] : =
XN (Mm+1) *Cos [Pi /2xb"2xx"2] xFresnel C[b*x]/ (m+l) - b*x™ (me2) / (2% (Mrl) » (M+2)) -
Di st [b/ (2% (m+1)), I nt [X" (m1) *Cos [Pi *b"2%x"2], X]] +
Di st [Pi *b"2/ (me1), I nt [X™ (M+2) *Si n[Pi /2xb"2+x"2] xFresnel C[bxx], x11 /;
FreeQ[{b, c}, X] && ZeroQ[c-Pi /2xb"2] && IntegerQ[m] && nk-2 && Mdd[m 4]==0



Integration Rules for Fresnel Integral Functions

meos[g b? x2] Fresnel S[b x] dx

m Derivation: Integration by parts special case
= Rule
Sin[Z b?x?] Fresnel S[bx] X 1

T
jx Oos[— b? x2] Fresnel S[bx] dx — - +
2 7t b? 2nb 2nb

jOos [7r b? x2] dx

= Program code:

I nt [x_*Cos[c_. *x_"2]xFresnel S[b_. xx_1, x_Synbol ] : =
Sin[Pi /2xb"2xx"2]xFresnel S[bxx]1/ (Pi *b"2) - x/ (2xPi xb) +
Di st [1/ (2%Pi xb), I nt [Cos [Pi *b"2xx"271, x1] /;

FreeQ[{b, c}, x] && ZeroQ[c-Pi /2xb"2]

Int [x_*Sin[c_. *xx_"2]xFresnel C[b_. »x_1, x_Synbol ] : =
-Cos [Pi /2xb"2xx"2] xFresnel C[bxx]/ (Pi *b"2) + x/ (2%Pi xb) +
Di st [1/ (2%Pi xb), I nt [Cos [Pi *b"2xx"2], x11 /;

FreeQ[{b,c}, x] & & ZeroQ[c-Pi /2xb"2]

= Derivation: Integration by parts

m Rulelf mez A m>1 A - (mnod4 =0),then

7 x™1Sin[Z b?x?] Fresnel S[bx] xm
J.meos[— b? x2] Fresnel S[bx] dx — - +
2 7'['b2 2bmr
1 m-1 7T
jx"*l Cos [n b? x?] dx - Jx”*z Si n[— b? x2] Fresnel S[b x] dx
2nb 7t b2 2

= Program code:

I nt [x_"m %xCos [c_. *x_"2]xFresnel S[b_. *x_1], x_Synbol ] : =

XN (m-1) *Si n[Pi /2xb"2xx"2] xFresnel S[bxx]/ (Pi *b"2) - X*nv (2xbxmxPi ) +

Di st [1/ (2%Pi xb), I nt [x" (m-1) *Cos [Pi *b"2xx"2],x]1] -

Di st [ (m-1)/ (Pi *b”2), I nt [X® (M-2)*Si n[Pi /2xb"2xx"2]xFresnel S[b*x1, x1]1 /;
FreeQ[{b, c}, X] && ZeroQ[c-Pi /2xb"2] && IntegerQ[m] && m>1 && Not [Mbd[m 4]==0]

Int [x_"m *Sin[c_. xx_"2]xFresnel C[b_. *x_1], x_Synbol ] : =

-X" (Mm-1) xCos [Pi /2xb"2xx"2]xFresnel C[bxx]/ (Pi *xb"2) + X"nV (2xbxmxPi ) +

Di st [1/ (2%Pi *b), I nt [x" (m-1) *xCos [Pi *xb"2xx"27], X]] +

Di st [ (m-1)/ (Pi xb”2), I nt [x® (m-2) *xCos [Pi /2xb"2xx"2]xFresnel C[bxx]1, x]] /;
FreeQ[{b, c}, X] && ZeroQ[c-Pi /2xb"2] && IntegerQ[m] && m>1 && Not [Mbd[m 4]==0]



Integration Rules for Fresnel Integral Functions

= Derivation: Inverted integration by parts
m Rulelf mez A m<-1 A mnod4 = 2,then
x™1 Cos [g b2 x2] Fresnel S[b x]

T
jmeos[— b2 xz] Fresnel S[bx] dx — -
2 m

b
2 (m+1)

+1
) 7 b? ¢
Jx"‘*l Sin[x b?x?] dx + jx”‘*z Si n[— b? x2] Fresnel S[b x] dx
m+1 2

= Program code:

Int [x_"m xCos[Cc_. xx_"2]xFresnel S[b_. *x_1], x_Synbol ] : =

XN (mel) *Cos [Pi /2xb”2xx"2]«Fresnel S[bxx]/ (m1) -

Di st [b/ (2% (m+1)), | nt [X* (m«1) *Si n[Pi *b*2%x"27], X]] +

Di st [Pi b2/ (me1), I nt [X" (M+2) *Si n[Pi /2xb"2xx"2]xFresnel S[bxx], x]]1 /;
FreeQ[{b, c}, X] && ZeroQ[c-Pi /2xb"2] && IntegerQ[m] && nk-1 && Mbd[m 4]==

Int [x_"m *Sin[c_. xx_"2]xFresnel C[b_. *x_1], x_Synbol ] : =

XN (mel) *Si n[Pi /2xb”2%x"2]xFresnel C[bxx]/ (m+1) -

Di st [b/ (2% (mel)), I nt [x* (m+1) *Si n[Pi *b”2%x"27, x]] -

Di st [Pi b2/ (me1), I nt [X" (Mm+2) xCos [Pi /2xb"2xx"2] xFresnel C[bxx], x]] /;
FreeQ[{b, c}, X] && ZeroQ[c-Pi /2xb"2] && IntegerQ[m] && nk-1 && Mbd[m 4]==



