Hyperbolic Function Integration Problem 1

x™ Tanh[a + b X] dX

= Rubi returns m+2 term sums for positive integer m:

Int [x Tanh[a +b x], x]

x2 XLOg{l+e2a*2bx} PonLog[Z, 7e2a+2bx]
+ +

2 b 2 p?

Int [x*> Tanh[a+bx], X]

x3  x2Log[1l+e?a2bx] xPolylLog[2, -e?32PX| PolylLog[3, -e23:2bX]

-— + +

3 b b? 2 b

Int [x®Tanh[a+bx], X]

-— + +

x4 x3Log[l+e?22bx]  3x2Polylog[2, -e232PX] 3xPolylLog|3, -e232PX] 3 PolylLog|[4, -e?2:2bX]
+

4 b 2 b? 2 b8 4 p*

= Mathematica returns a 10 term sum involving the imaginary unit when m is 1:

Jx Tanh[a + b x] dx

inx xArcTanh[Coth[a]] imLog[l+e?PX]

+ —

+

2b b 2 b?
x Log [1 _e2 (bx+ArcTanh[Coth[a]])] ArcTanh[Coth[a]] Log [1 _e2 (bx+ArcTanh[C0th[a]])}
+ +
b b2
imLog[Cosh[bx]] ArcTanh[Coth[a]] Log[i Sinh[bx +ArcTanh[Coth[a]]]]
2 b? b?

Pol yLog [2, e 2 (bx:ArcTanh(Cothial]) | g 1
+ — x2Tanh[a] - — e AcTanh(Cothiall 2 \/ _cschia]? Tanh[a]
2 2

2 b?
J.xz Tanh[a +b x] dx

x3 x2Log[l+e?@PX)] xPolyLog[2, -e?@PX)] PolylLog|3, -e?@bx]

-— + +

3 b b? 2 b3

J-x3 Tanh[a + b x] dx

x4 x3Log[l+e?@PX)] 3x2Polylog[2, -e?@P¥ ] 3xPolylLog|[3, -e?@PX | 3PolylLog[4, -e? @b |

-— + + +

4 b 2 b2 2 b3 4 p*

m Maple returns m+5 term sums, 3 of which are superfluous since their derivative is zero:

int (x+xtanh (a+b=*Xx), Xx);



a2 2ax x2 2alog[e*®*] xLog[l+e?32PX] PolylLog[2, -e23:2bX]
-—- - — 4+ + +

b? b 2 b2 b 2 b2

int (x*"2xtanh (a+b=*x), X);

4a% 2a?x x3 2a?log[e*P*] x2Log[l+e232PX] xPolylog[2, -e222PX] Polylog[3, -e222bx]
- — = + +

+
3 b3 b? 3 b3 b b? 2 b3
int (x*3xtanh (a+b=*x), x);

3a* 2ad3x x* 2a’log[e*PX| x3Log[1l+e22:2bx]
et T, . .

2 b* b3 4 b* b
3x2PolyLog[2, -e?32bX] 3 xPolylLog[3, -e232PX] 3 Polylog|[4, -e?3:2bX]
+

2 b? 2bs 4 p*

Note that these systems give similar results to the above for the hyperbolic cotangent function.



Hyperbolic Function Integration Problem 2

Xm
j : ax
a+ b Sinh[x]

m Rubi returns 2m+2 term sums for positive integer m:

Int[a+bSinh[x]’ X]

xLog|1l+ - b;xbz ] xLog[1+ - b:bz } PonLog{Z, " bajbz } PonLog[z, 7a+Jb:+7bz}

7/ a2 + b? A/ a? + b? 7/ a2 + b? \/ a2 + b?

x?2

Int[a+bSinh[x]’ X]

b e x «
x? L09[1+ afJ;Tz] x?Log |1 + - b;mz ] 2 x Pol yLog{Z, _a,J%]
_ . .
\ a% + b? /a2 + b? a2 + b2
2 x Pol yLog |2 ‘aja—b} 2 Pol yLog [3, —Tbaib} 2 Pol yLog [3, _—a\/baib}

- +

3
I nt [— x]
a+bSinh[x]
b e* b e* b e* e*
x3 Log[1+ — ] x3Log |1 + — ] 3 x2 PolyLog[z, e } 3 x2 PolyLog[z, - bahbz }
' _ ' . ! _ i _
/a2 + b2 /a2 + b? /a2 + b? /a2 + b?
6 x Pol yLog [3, . b::bz } 6 x Pol yLog [3, . baix+b2 } 6 Pol yLog [4, . baix+b2 } 6 Pol yLog [4, . baix+b2 }

+ + -

A/ a? + b2 </ a? + b2 7/ a2 + b? A/ a2 + b?

m Mathematica returns a huge result involving the imaginary unit when m is 1:

X
J.—dlx
a+bSinh[x]



JinArcTanh[;b*aTanh[;w
- 1 : (@a+ib) Cot [X (r+2ix)
_ \/W - chms[fi}ArcTanh[ [4 ]]+
\/a? + b? \ -a%-b? b -a? - b?
(@a-ib) Tan[; (r+2ix)] ia (@a+ib) Cot [§ (r+2ix)]
(n—ij)ArcTanh[ }— ArcOos[——]+21‘lArcTanh[ }
/_a2_b2 b l_a2_b2

(1a+b) (a+]i (b+\/—a2—b2 ]) (—1'1+O)t [% (7T+21'1X)”

b(ja+b+]i -a? - b? O)t[%(JTJijX)U

Log [

] -

ia
ArcOos{—T] —ZiArcTanh[

(a+ib) Cot [} (7T+21'1X)}}
4/_a2_b2
(ia+b) (J'laber\/faz—bz) (i+Cot [F (r+2ix)])

Log[ }*
b(a—jb+ -a? - b? Cot{%(ﬁJijX)})
ia (amb)oOt[%(mzjx)} (afjb)Tan{%(nJrZ]ix)]
ArcOos{——] —ZjArcTanh[ }—ZjArcTanh{ ]
b J_az_bz 4/_a2_b2

(% - %) A/ -a%2 -b%2 ex/2
Log[ +
v -ib va+bSinh[x]

ia (a+ib)Cbt[%(n+2ix)] (a—jb)Tan[%UHZjlx)}
ArcOos{f—] +21 ArcTanh{

] +ArcTanh{

<;+;)WEX/Z]+1 o yiog]: (ia+m) [ja+b—im00t[% (n+2ix>]]
V-ib Vabsinhix] | b [sasb iy et b2 oot (3 (re2in])
[aﬂim] (7a+j1b+ —a2 - p? om[jﬂmzjx)})

b (ja+b+im/fa2—b2 Cot [% (mzj'lx)})

Log [

} -

Pol yLog [2,

]

X2
J—dlx
a+bSinh[x]

x2 Log [1 + - bajbz ] x2 Log [1 + aﬂ/%] 2 x Pol yLog {2, %}
' - + -
b e b ox b et
2 x Pol yLog[2, - - ;mz | 2PolyLog|s, 7am} + 2 Pol yLog 3, - am}
A/ a2 + b? a? + b? a? + b?
3

X
J—dlx
a+bSinh[x]



x3 Log[1+L] x3 Log[1+L] 3 x2 PolyLog[z, bi] 3 x2 Pol yLog[z, 7L}
a-+/ aZ+b? a+\/ a?+b? -a+\/ a%+h? a+\/ aZ+b?
- + - -
\/a? + b? \Ja? + b2 \/a? + b2 /a2 + b2
6 x Pol yLog |3, be' 6 x Pol yLog |3, - b 6 Pol yLog |4, L 6 Pol yLog |4, - b
[ —a+\/ a?+h? } { a+\ a2+b? } { —a+\/ a2+h? ] { a+\/ a2+h? ]
+ + -
\/ a2 + b2 /a2 + b? a2 + b2 a? + b?
= Maple is only able to integrate X—m when mis 1:
a+b Si nh[x]
int (x/ (a+b=*sinh (x)), x);
b e* b e* b e* b e*
xLog|l+ — xLog|l+ — PolyLog |2, - — PolyLog |2, - —
a-\/ aZ+b? ] [ a+\/ a2+b? } { a-\/ a2+b? } { a+\/ a2+b? }

7/ a2 + b? A/ a? + b? \/a? + b? \/a? + b?

int (x?2/ (a+b=sinh (x)), X);

X2
j—dlx
a+bsinh (x)

int (x*3/ (a+b=sinh (x)), X);
%3
j—dx
a+bsinh (x)

Note that these systems give similar results to the above for the hyperbolic cosine function.



Hyperbolic Function Integration Problem 3
Sech[a + b x]% Tanh[a + b x]" dx

= Rubi maintains the symmetry between the trig and hyperbolic functions:

Int [Sec[a+bx]*Tan[a+bx]", x]

Tan[a+bx]'" Tan[a+bx]3"
+

b (L+n) b (3+n)

Int [Sech[a+bx]*Tanh[a+bx]", x]

Tanh[a+bx]¥™" Tanh[a+bx]%"

b(l+n) b (3+n)

= Mathematica is able to integrate the trig expression but not the corresponding hyperbolic one:

JSec[a+bx]4Tan[a+bx]”dx

(2+n+Cos[2 (a+bx)]) Sec[a+bx]?Tan[a+bx]"

b (1+n) (3+n)

J.Sech[a+bx]4Tanh[a+bx]”dlx

JSech [a+bx]*Tanh[a +bx]" dx
= Maple is unable to integrate the trig expression and returns a huge result for the hyperbolic one:
int (sec (a+bxx)*4 xtan (a+bxx)"n, x);
JSec [a+bx]*Tan[a+bx]" dx

int (sech (a+bx*x)~4xtanh (a+b=xx)”n, x);

2 %
(-3xexp (2«a+2+«bxX) +exp (6xa+6xbx«x)+3xexp (dxa+4xbxx)-1+2+xexp (4xa+4d+«bxX)*N-2+%nx
exp (2+a+2+«bxx))/ (1+n)/b/ (3+n)/ (exp (2xa+2xb+x)+1)"3xexp

(71/2*n*(72*ln(exp (@a+bxx)-1)-2xIn(l+exp (a+bxXx)) +2«In (exp (2«a+2+«bxx)+1) +
I «xPi »csgn (I « (L+exp (a+bxx))/ (exp 2+a+2+bxx)+1))"3-
I «Pi »csgn (I » (L+exp (a+bxx))/ (exp (2+xa+2xbxx)+1))"2«xcsgn (I / (exp (2+a+2+«bxx)+1)) -
I «xPi »csgn (I » (L+exp (a+bxx))/ (exp (2xa+2+xbxx)+1))"2xcsgn (I » (L+exp (a+b*Xx))) +
I «Pi »csgn (I = (L+exp (a+b«xx))/ (exp (2xa+2xb«x) +1)) *
csgn (I » (L+exp (a+b*«x))) »csgn (I / (exp (2xa+2xbxx)+1)) +
I «Pi »csgn (I = (exp (a+bxx 1) / (exp (2xa+2xb«*X) +1)*(1+exp(a+b*x)))"3—
I «Pi »csgn (I = (exp (a+bxx 1)y /(exp (2xa+2xb+x)+1) » (L+exp (a+b*x)))"2x

) -
) -
csgn (I » (L+exp (a+b*«Xx)) / (exp (2xa+2x«bxx)+1)) -
I «xPi »csgn (I = (exp (a+bxx)-1)/ (exp (2xa+2+bxx)+1)» (L+exp (a+b*xx)))"2x
csgn (I = (exp (a+bxx) -1)) +
I «xPi »csgn (I = (exp (a+bxx)-1)/ (exp (2xa+2+bxx)+1)+ (L+exp (a+bxXx))) »csgn
(I « (exp (a+b*x) -1)) «csgn (I « (L+exp (a+bxx)) / (exp (2a+2+bxx)+1))))






Hyperbolic Function Integration Problem 4

J.Sinh [X] Sech[n Xx] dX

m The Rubi results are simple, expressed in hyperbolic form and grow modestly with n:
Int [Sinh[x] Sech[x], Xx]
Log [Cosh [x]]
Int [Sinh[x] Sech[2 x], Xx]

ArcTanh [\/7 Cosh [X] }

V2

Int [Sinh[x] Sech[3 x], X]

8 Cosh[x]?

1
— ArcTanh |1 -
3 3

Int [Sinh[x] Sech[4 x], X]

%\/2+\E ArcTanh[m] 7£x/27ﬁ Arc'ranh{m}

4
2.2 242

» The Mathematica results grow unpredictably and is not in closed-form when n is 4:

JSi nh[x] Sech[x]dx

Log [Cosh [x]]

jSi nh[x] Sech[2 x]dx

1
42
Cosh|[Z] +Sinh[Z] Cosh[Z] +Sinh[Z]
—2]1ArcTan{ ]+2J'1ArcTan -
(1+V2 ] cosh[3] - (-1+V2 | sinn[}] (-1+V2 ) Cosh[3] - (1+V2 ] sinh[}]

4ArcTanh[\Eijanh[2H - Log [2 (\E+2003h[x})

+Log{—2ﬁ+4(}osh[x]}

J.Si nh[x] Sech[3 x]dx

1 1
- —Log[Cosh[x]] + —Log[-1+2Cosh[2Xx]]
3 6



J-Si nh[x] Sech[4 x]dx

1+:18 &, :?(-x—ZLog[—Cosh{g} - Si nh[g] +Cosh{§} 1l - Si nh{g} 1l
xm12+2Log{foosh[2] - Si nh{g

1
— Root Sum +

16

~oosh [ ] et -sinn [~ ] e 12 g

m The Maple results are simple, but expressed in exponential form and not in closed-form when n is 4:
i nt (si nh(x)=*sech(x), Xx);
Log [Cosh [x]]
i nt (si nh(x)=*sech (2xx), X);

Log[l-ﬁeuez’ﬂ Log 1+\/276X+62x}

22 22

i nt (si nh (x)xsech (3xx), Xx);

1 1
3 Log |1 +e?*] + . Log[1 - e?* +e*¥]

i nt (si nh(x)=*sech (4xx), X);

2xsum(_RxIn (exp (2 xX) + (4096 » RM3 -48 + R) »exp (x) +1), R=RootOf (32768 + Z 4 512+« Z"2+1))

Note that these systems give similar results to the above for the hyperbolic cosine function.



Hyperbolic Function Integration Problem 5

f\/a+bTanh[x] dx & J.\/a+bCoth[x] dx

m The Rubi results are simple and symmetric:

{I nt [\/1+Tanh[x] , x], I nt [\/1+Ooth[x] , x]}

V1 +Tanh[Xx]
V2

V1 +Coth[x]

], \/7ArcOoth{
V2

{VZ_ Ar cTanh {

y

{I nt [\/a+bTanh[x] , x], I nt [Va+b00th[x] , x]}

Va+b Tanh [x Va+b Tanh[x
+—H} +va+b ArcTanh{Jr—H
a-b a+b

Vva+bCothlx Vva+bCoth[x
+—H}+w/a+b ArcTanh{-F—H

a-b a+b

]
I}

m The Mathematica results are more complicated involving the imaginary unit and not symmetric:

{—\/a—b ArcTanh{

-va-b ArcTanh{

{JV1+Tanh[x] dx, JVl+Ooth[x] dlx}

VisTanhix] . (L+i)ArcTan|(%+-) /i (1+Cothix]) | (1+Coth[x])%?
{\/?ArcTanh{ ' X , { G
V2 (i (1+Coth([x]))%?

{JVa+bTanh[x] dx, jVa+bOoth[x] dlx}

Va+b Tanh [x] Va+bTanh [x]
{—\/a—b ArcTanh{—} +Va+b ArcTanh{—},
a-b Va+b
; i (a+b Coth[x]) . \i (a+b Coth[x]) \/—
(7\/1(a7b) ArcTanh{W]+x/1(a+b) ArcTanh[WH a+bCothx] }

Vi (a+bCoth[x])
m The Maple results are simple and symmetric:
[int (sqrt (1 +tanh (x)), x), int (sqrt (L+coth (x)), x)I;

V1+Tanh[x]
V2

V1+Coth[x]

{\E ArcTanh {
V2

|, V2 arcooth|

y

[int (sqrt (a+b=*tanh (x)), x), int (sqrt (a+b=*coth (x)), x)1;



Va+b Tanh [x Va+b Tanh [x
{—\/ﬁArcTanh{+—H} +Va+b ArcTanh{+—H},
a-b a+b
Va+bCoth[x] Va+bCoth[x]

-Va-b ArcTanh[ }+\/a+b ArcTanh{

a-b a+b

y



Hyperbolic Function Integration Problem 6

dXx

m The Rubi results are simple for both symbolic and numeric a and b:

Sech [x]?
4/ a-b Tanh[x]?

{Coth[x] a-b Tanh[x]2 ]
Vb

Vb

Int[

]

ArcTan

Sech[x]?
4/ 1-b Tanh[x]?

ArcSin [\/b_ Tanh [x] ]

Vb

Int[

]

Sech[x]?

V' 1-4Tanh[x]?

1
— ArcSin[2Tanh [x]]
2

Int[ x]

m Mathematica apparently uses the hyperbolic tangent theta/2 substitution for the numeric case:

Sech[x]?
dx
4/ a-b Tanh [x]?
V2 /b Sinh[x]
a+b+ (a-b) Cosh[2x]

V2 vb +/a-bTanh[x]?

ArcTan[ }\/a+b+(afb)Oosh[2x] Sech [x]

J\ Sech [x]?
dx
4/ 1 -b Tanh [x]?
ArcSin [\/b_ Tanh [x] ]
Vb

j Sech [x]?
dx
/1 -4 Tanh[x]?



1 X .2 Tanh[g}
- 2Cosh[ =] |EllipticF|Arcsin[——=—], 97-56/3 |+
1-4Tanh[x]? 2 7-43
Tanh[%]
2EllipticPi [_7+4ﬁ, —ArcSin[i], 97_56ﬁ}

\V7-4+3

Scechm\/7-4x@-Tanh[;2 J1+(-7+4E)Tanhg]2

Sech[x]?

= Maple is unable to integrate for symbolic and numeric variables a and b:

a-b Tanh[x12

int (sech (x)"2/sqrt (a-b=tanh (x)"2), x);

J Sech [x]?
dx
v a-b Tanh[x]?

int (sech (x)"2/sqrt (1-b=xtanh (x)"2), x);

J\ Sech [x]?
dx
vV 1-b Tanh[x]?

int (sech (x)"2/sqrt (1-4=xtanh (x)"2), x);

J\ Sech [x]?
dx
\/ 1-4Tanh[x]?



Hyperbolic Function Integration Problem 7

Tanh[X] dx

\/a+ b Tanh[x]*4

= Rubi is able to integrate the expression:

Tanh [x]

4/ a+b Tanh[x]*

va+b +/a+b Tanh[x]* }

a+b Tanh[x]?

Int[

]

Ar cTanh

2+vVa+hb

= Mathematica is unable to integrate the expression:

J Tanh [x]
dx
A/ a+bTanh[x]*
J Tanh [x]
dx
a+bTanh[x]*

= Maple is able to integrate the expression:

int (tanh (x) /sqgrt (a+b=xtanh (x)"4), x);

ArcTanh [ a+b Tanh [x]? }

“a+b +/a+b Tanh[x]*
2+a+bh




Hyperbolic Function Integration Problem 8

d X

J‘\/Sinh[a+ b X1
v/ Cosh[a + b x]

m The Rubi results are symmetric and involve only elementary functions:

Sinh[a+bXx]
Int[ - X]
Cosh[a +bx]
ArcTan{\/Tanh[eubx] } ArcTanh[\/Tanh[a+bx} ]

- +

b b

v'Sinh[a+bx]

Int | —m8 —, X
v Cosh[a+bx]
ArcTan { V' Sinh[a+bx] } Ar cTanh [ V' Sinh[a+bx]
V Cosh[a+b x] v Cosh[a+b x]
- +
b b

m The Mathematica results are not symmetric and involve a hypergeometric function:

Sinh[a+ b Xx]
— dXx
Cosh[a + b x]
ArcTan{x/Tanh[a+bx} } Log[fl+\/Tanh[a+bx] } Log[l+x/Tanh[a+bx} }

- +

b 2b 2b

dx

JVSi nhla+bx]
A/ Cosh[a+bx]

2+/Cosh[a+bx] HypergeomatricZFl[%, 43, g, Cosh[a+bx]?]| Sinhfa+bx]3?

b (-Sinhfa+bx)2)**

= Maple is able to integrate v Tanh[a + b x] butnot+/Sinh[a + bx] /Cosh[a +bx] :

int (sgrt (tanh (a+b=xx)), x);

ArcTan[\/Tanh[a+bx} } Log[71+\/Tanh[a+bx] } Log[1+\/Tanh[a+bx} }
- - +

b 2b 2b

int (sgrt (sinh (a+b=xx) /cosh (a+b=xx)), X);

Sinh[a+bx]
— dx
Cosh[a +bx]



The Maple result involves complex exponentials and an elliptic integral function:

int (sgrt (sinh (a+b=%x)) /sqgrt (cosh (a+b=xx)), x);

2/3/bxexp (a+bxx)« (exp (a+b*xx)"2+1)/ ((exp (a+b*xx)"2+1) +exp (a+b*+x))"(1/2) -
4/3 %1 /bx (-1 (I +exp (@a+bxx)))"(1/2)«2"(1/2) % (I » (-1 +exp (a+b*xx)))"(1/2) «
(I xexp (a+bxx))"(1/2)/ (exp (a+b*X) +exp (a+b«x)"3)"(1/2) «
EllipticF ((-I « (I +exp (a+bxx)))~(1/2), 1/2%«2"(1/2))



