
à f@Sinh@uDD ¶xSinh@uD âx

� Derivation: Integration by substitution

� Basis: f@Sinh@zDD Cosh@zD = f@Sinh@zDD ¶zSinh@zD
� Rule:

à f@Sinh@a + b xDD Cosh@a + b xD âx �
1

b
SubstBà f@xD âx, x, Sinh@a + b xDF

� Program code:

IntAu_*CoshAc_.*Ia_.+b_.*x_ME,x_SymbolE :=

Dist@1�Hb*cL,Subst@Int@Regularize@SubstFor@Sinh@c*Ha+b*xLD,u,xD,xD,xD,x,Sinh@c*Ha+b*xLDDD �;
FreeQ@8a,b,c<,xD && FunctionOfQ@Sinh@c*Ha+b*xLD,u,x,TrueD

� Derivation: Integration by substitution

� Basis: f@Sinh@zDD Coth@zD =
f@Sinh@zDD
Sinh@zD ¶zSinh@zD

� Rule:

à f@Sinh@a + b xDD Coth@a + b xD âx �
1

b
SubstBà f@xD

x
âx, x, Sinh@a + b xDF

� Program code:

IntAu_*CothAc_.*Ia_.+b_.*x_ME,x_SymbolE :=

Dist@1�Hb*cL,Subst@Int@Regularize@SubstFor@Sinh@c*Ha+b*xLD,u,xD�x,xD,xD,x,Sinh@c*Ha+b*xLDDD �;
FreeQ@8a,b,c<,xD && FunctionOfQ@Sinh@c*Ha+b*xLD,u,x,TrueD

Hyperbolic Substitution Integration Rules



à f@Cosh@uDD ¶xCosh@uD âx

� Derivation: Integration by substitution

� Basis: f@Cosh@zDD Sinh@zD = f@Cosh@zDD ¶zCosh@zD
� Rule:

à f@Cosh@a + b xDD Sinh@a + b xD âx �
1

b
SubstBà f@xD âx, x, Cosh@a + b xDF

� Program code:

IntAu_*SinhAc_.*Ia_.+b_.*x_ME,x_SymbolE :=

Dist@1�Hb*cL,Subst@Int@Regularize@SubstFor@Cosh@c*Ha+b*xLD,u,xD,xD,xD,x,Cosh@c*Ha+b*xLDDD �;
FreeQ@8a,b,c<,xD && FunctionOfQ@Cosh@c*Ha+b*xLD,u,x,TrueD

� Derivation: Integration by substitution

� Basis: f@Cosh@zDD Tanh@zD =
f@Cosh@zDD
Cosh@zD ¶zCosh@zD

� Rule:

à f@Cosh@a + b xDD Tanh@a + b xD âx �
1

b
SubstBà f@xD

x
âx, x, Cosh@a + b xDF

� Program code:

IntAu_*TanhAc_.*Ia_.+b_.*x_ME,x_SymbolE :=

Dist@1�Hb*cL,Subst@Int@Regularize@SubstFor@Cosh@c*Ha+b*xLD,u,xD�x,xD,xD,x,Cosh@c*Ha+b*xLDDD �;
FreeQ@8a,b,c<,xD && FunctionOfQ@Cosh@c*Ha+b*xLD,u,x,TrueD

Hyperbolic Substitution Integration Rules



à f@Coth@uDD ¶xCoth@uD âx

� Derivation: Integration by substitution

� Basis: f@Coth@zDD Csch@zD2 = -f@Coth@zDD ¶zCoth@zD
� Rule:

à f@Coth@a + b xDD Csch@a + b xD2 âx � -
1

b
SubstBà f@xD âx, x, Coth@a + b xDF

� Program code:

IntAu_*CschAc_.*Ia_.+b_.*x_ME^2,x_SymbolE :=

-Dist@1�Hb*cL,Subst@Int@Regularize@SubstFor@Coth@c*Ha+b*xLD,u,xD,xD,xD,x,Coth@c*Ha+b*xLDDD �;
FreeQ@8a,b,c<,xD && FunctionOfQ@Coth@c*Ha+b*xLD,u,x,TrueD && NonsumQ@uD

� Derivation: Integration by substitution

� Basis: If  n Î Z, then f@Coth@zDD Tanh@zDn =
f@Coth@zDD

Coth@zDn I1-Coth@zD2M ¶zCoth@zD
� Rule: If  n Î Z, then

à f@Coth@a + b xDD Tanh@a + b xDn âx �
1

b
SubstBà f@xD

xn I1 - x2M âx, x, Coth@a + b xDF

� Program code:

IntAu_*TanhAc_.*Ia_.+b_.*x_ME^n_.,x_SymbolE :=

Dist@1�Hb*cL,Subst@Int@Regularize@SubstFor@Coth@c*Ha+b*xLD,u,xD�Hx^n*H1-x^2LL,xD,xD,x,Coth@c*Ha+b*x

FreeQ@8a,b,c<,xD && IntegerQ@nD && FunctionOfQ@Coth@c*Ha+b*xLD,u,x,TrueD && TryPureTanhSubst@u*Tanh@c D

Hyperbolic Substitution Integration Rules



� Derivation: Integration by substitution

� Basis: f@Coth@zDD =
f@Coth@zDD
1-Coth@zD2 ¶zCoth@zD

� Rule:

à f@Coth@a + b xDD âx �
1

b
SubstBà f@xD

1 - x2
âx, x, Coth@a + b xDF

� Program code:

If@ShowSteps,
Int@u_,x_SymbolD :=

Module@8v=FunctionOfHyperbolic@u,xD<,
ShowStep@"","Int@f@Coth@a+b*xDD,xD","Subst@Int@f@xD�H1-x^2L,xD,x,Coth@a+b*xDD�b",Hold@
Dist@1�Coefficient@v,x,1D,Subst@Int@Regularize@SubstFor@Coth@vD,u,xD�H1-x^2L,xD,xD,x,Coth@vDDDDD �;
NotFalseQ@vD && FunctionOfQ@Coth@vD,u,x,TrueD && TryPureTanhSubst@u,xDD �;

SimplifyFlag,

Int@u_,x_SymbolD :=

Module@8v=FunctionOfHyperbolic@u,xD<,
Dist@1�Coefficient@v,x,1D,Subst@Int@Regularize@SubstFor@Coth@vD,u,xD�H1-x^2L,xD,xD,x,Coth@vDDD �;
NotFalseQ@vD && FunctionOfQ@Coth@vD,u,x,TrueD && TryPureTanhSubst@u,xDDD

Hyperbolic Substitution Integration Rules



à f@Tanh@uDD ¶xTanh@uD âx

� Derivation: Integration by substitution

� Basis: f@Tanh@zDD Sech@zD2 = f@Tanh@zDD ¶zTanh@zD
� Rule:

à f@Tanh@a + b xDD Sech@a + b xD2 âx �
1

b
SubstBà f@xD âx, x, Tanh@a + b xDF

� Program code:

IntAu_*SechAc_.*Ia_.+b_.*x_ME^2,x_SymbolE :=

Dist@1�Hb*cL,Subst@Int@Regularize@SubstFor@Tanh@c*Ha+b*xLD,u,xD,xD,xD,x,Tanh@c*Ha+b*xLDDD �;
FreeQ@8a,b,c<,xD && FunctionOfQ@Tanh@c*Ha+b*xLD,u,x,TrueD && NonsumQ@uD

� Derivation: Integration by substitution

� Basis: If  n Î Z, then f@Tanh@zDD Coth@zDn =
f@Tanh@zDD

Tanh@zDn I1-Tanh@zD2M ¶zTanh@zD
� Rule: If  n Î Z, then

à f@Tanh@a + b xDD Coth@a + b xDn âx �
1

b
SubstBà f@xD

xn I1 - x2M âx, x, Tanh@a + b xDF

� Program code:

IntAu_*CothAc_.*Ia_.+b_.*x_ME^n_.,x_SymbolE :=

Dist@1�Hb*cL,Subst@Int@Regularize@SubstFor@Tanh@c*Ha+b*xLD,u,xD�Hx^n*H1-x^2LL,xD,xD,x,Tanh@c*Ha+b*x

FreeQ@8a,b,c<,xD && IntegerQ@nD && FunctionOfQ@Tanh@c*Ha+b*xLD,u,x,TrueD && TryPureTanhSubst@u*Coth@c D

Hyperbolic Substitution Integration Rules



� Derivation: Integration by substitution

� Basis: f@Tanh@zDD =
f@Tanh@zDD
1-Tanh@zD2 ¶zTanh@zD

� Rule:

à f@Tanh@a + b xDD âx �
1

b
SubstBà f@xD

1 - x2
âx, x, Tanh@a + b xDF

� Program code:

If@ShowSteps,
Int@u_,x_SymbolD :=

Module@8v=FunctionOfHyperbolic@u,xD<,
ShowStep@"","Int@f@Tanh@a+b*xDD,xD","Subst@Int@f@xD�H1-x^2L,xD,x,Tanh@a+b*xDD�b",Hold@
Dist@1�Coefficient@v,x,1D,Subst@Int@Regularize@SubstFor@Tanh@vD,u,xD�H1-x^2L,xD,xD,x,Tanh@vDDDDD �;
NotFalseQ@vD && FunctionOfQ@Tanh@vD,u,x,TrueD && TryPureTanhSubst@u,xDD �;

SimplifyFlag,

Int@u_,x_SymbolD :=

Module@8v=FunctionOfHyperbolic@u,xD<,
Dist@1�Coefficient@v,x,1D,Subst@Int@Regularize@SubstFor@Tanh@vD,u,xD�H1-x^2L,xD,xD,x,Tanh@vDDD �;
NotFalseQ@vD && FunctionOfQ@Tanh@vD,u,x,TrueD && TryPureTanhSubst@u,xDDD

Hyperbolic Substitution Integration Rules



à TrigSimplify@uD âx

� Derivation: Algebraic simplification

� Note: TrigSimplify needs to be tried after trig and hyperbolic rules are tried, but before unrestricted trig and hyperbolic substitutions!

� Rule: If trig simplification simplifes u, then

à u âx � à TrigSimplify@uD âx

� Program code:

Int@u_,x_SymbolD :=

Module@8v=TrigSimplify@uD<,
Int@v,xD �;

v=!=uD �;
NotAMatchQAu,w_.*Ia_.+b_.*v_M^m_.*Ic_.+d_.*v_M^n_. �;

FreeQ@8a,b,c,d<,xD && IntegersQ@m,nD && m<0 && n<0EE

Hyperbolic Substitution Integration Rules


