Integration Rules for Rational Functions of Sines and Cosines

jVa@s[C+dx] +bSin[c+dx] dx

m Derivation: Algebraic simplification
m Basis aCos[z] +bSin[z] =Va?+Db2 Cos[z-ArcTan[a, b]]

Rule: If a2 +b2 £ 0 /\ Va2 +b? > 0,then

J-w/aOos[c+dx]+bSin[c+dx] dx — (a2+b2)1/4J\/Cos[c+dx—ArcTan[a, b1] dx

= Program code:
Int [Sgrt [a_. *Cos[c_. +d_. *x_]+b_. *Sin[c_. +d_. *x_11, x_Synbol ] : =

Di st [ (a*2+b”2)~ (1/4),Int [Sqrt [Cos [c+dxx-ArcTan[a, b1]1]1, x]]1 /;
FreeQ[{a, b, c,d}, x] & NonzeroQ[a"2+b"2] && PositiveQ[Sgrt [a"2+b"2]]

= Derivation: Piecewise constant extraction and algebraic smplification

» Bass Oy VaCos[c+d x]+b Si n[c+d x] -0
aCos[c+dx]+b Sin[c+dx]
\ a2+b2
» Bags 3Xs[2I0SINIZ] _ o551z - ArcTan[a, b]]

‘\/ a2+b?
m Rulelf a2+b2 #0 /\ - (Va2+b2 > O),then

J«/aCos[c+dx] +bSin[c+dx]

vaCos[c+dx] +bSin[c+dx]
dx — J-\/Cos[c+dx—ArcTan[a, bl1] dx

aCos[c+d x]+b Sin[c+dXx]

A aZ+h?

= Program code:

(* Int[Sgrt [a_.*Cos[c_.+d . *x_1+b . *Sin[c_.+d_.=xx_1],x_Synbol ] : =
Sgrt [axCos [C+dxx]+b*Si n[c+dxx]]/Sqrt [ (a*Cos [C+dxXx]+b*Si n[c+dxXx])/Sqrt [a”2+b"2]]*
Int [Sgrt [Cos [c+d*x-ArcTan[a, b111, X] /;
FreeQ[{a, b,c,d}, x] & & NonzeroQ[a’2+b"2] && Not [PositiveQ[Sgrt [a"2+b"2]]] =*)



Integration Rules for Rational Functions of Sines and Cosines

1
vaCos[c+dx] +bSin[c+dx]

d X

= Derivation: Algebraic simplification
= BasissaCos[z] +bSin[z] =Va?+b? Cos[z-ArcTan[a, b]]

Rule: If a2 +b%2 #0 /\ VaZ+b% >0,then

J 1 1 1
dx — j dx
VaCos[c+dx] +bSin[c+dx] (a2+b2)1/4 A/Cos[c+dx -ArcTan[a, b]]

= Program code:

Int [1/Sqrt [a_. «Cos[c_. +d_. #x_]1+b_. #Sin[c_. +d_. »x_]1, x_Synbol | : =
Di st [1/ (a”2+b”2)~ (1/4), I nt [1/Sqrt [Cos [c+d*x-ArcTan[a, b111,x]1] /;
FreeQ[{a, b,c,d}, x] &% NonzeroQ[a’2+b"2] && PositiveQ[Sqrt [a*2+b"2]]

m Derivation: Piecewise constant extraction and algebraic ssimplification

aCos[c+d x]+b Sin[c+d x]
) \ a2+b2
= Basis: 84 =0
VaCos[c+d x]+b Sin[c+d X]

aCos[z]+bSin[z]

A a2+b?
m RuleIf a2+b2 #0 /\ - (\/a2+b2 > 0),then

m Bass = Cos[z - ArcTan[a, b]]

1
J«/aOos[c+dx]+bSin[c+dx]

aCos[c+d x]+b Sin[c+d x]
4 a2+b? J- 1

A/Cos[c+dx -ArcTan[a, b]]

dx — dx

AvaCos[c+dx] +bSin[c+dx]

= Program code:

(» Int[1/Sqrt [a_. «Cos[c_. +d_. «x_]1+b_. «Sin[c_. +d_. #x_11, x_Synbol | : =
Sqart [ (axCos [c+dxx]+bxSi n[c+d*x])/Sqrt [a*2+b”"2]]1/Sqrt [axCos [C+d*X]+bxSi n[C+d*x]]*
Int [1/Sqrt [Cos [c+dxx-ArcTan[a, b]11], x] /;
FreeQ[{a, b, c,d}, x] & NonzeroQ[a"2+b"2] && Not [PositiveQ[Sqrt [a’2+b"2]]1] =)



Integration Rules for Rational Functions of Sines and Cosines

J.(aCOS[C+dX] +bSin[c+dx])"dx

m Rule If a2 + b2 = 0, then

a (aCos[c+dx]+bSin[c+dx])"

f(aOos[c+dx] +bSin[c+dx])"dx —

bdn
= Program code:
Int [(a_. #Cos[c_. +d_. »x_]1+b_. *Sin[c_. +d_. »x_1)"n_, x_Synbol | : =
ax (axCos [C+d*x]+bxSi n[c+d*x])"n/ (bxdxn) /;
FreeQ[{a, b, c,d, n}, x] & ZeroQ[a"2+b"2]
» Reference: G&R 2.557.5b'
= Rule If a2 +b? # 0, then
1 Sin[c+dx]
J dx — -
(aCos[c+dx]+bSin[c+dx])2 ad (@aCos[c+dx]+bSin[c+dx])

= Program code:

I nt [1/(3._. *Cos[C_. +d_. *x_]1+b_. *Sin[c_. +d_. *X_])"Z, x_Synbol ] =
Sin[c+dxx]/ (a*d* (axCos [C+dxx]+b*Si n[c+d*X])) /;
FreeQ[{a, b, c,d}, x] & NonzeroQ[a’2+b"2]

» Reference: G&R 2.557
= Derivation: Integration by substitution

n-1
2

m Bass If ”Z;lez,then (aCos[z] +bSin[z])" = (a? +b? - (-b Cos [z] +aSin[z])2) 8, (-b Cos[z] +aSin[z])

= Note: Should thisrulealso beused for odd n < 0?

" Rule:lfa2+b2¢0/\”ziez/\n>0,then

1
j(aOos[c+dx] +bSin[c+dx])"dx — m

n-1
2

Subst [Int [(a2+b2—x2) , x], X, -b Cos[c+dx] +aSin[c+dx]]

= Program code:

Int [(a_. #Cos[c_. +d_. »x_]1+b_. #Sin[c_. +d_. »x_1)"n_, x_Synbol | : =
Di st [1/d, Subst [I nt [Regul ari ze [ (a"2+b"2-x"2)" ((n-1)/2), X1, X1, X, ~bxCos [c+d*xx]+a*Si n[c+d*xx]1]1] /;
FreeQ[{a, b}, x] && NonzeroQ[a’2+b"2] && (OddQ[n] && n>0



Integration Rules for Rational Functions of Sines and Cosines

m Derivation: Integration by partswith a double-back flip

| 2 2 n-1
= Rulelf ac+b ¢O/\n>1/\7ez,then

j(aOos[c+dx] +bSin[c+dx])"dx —

(bCos[c+dx]-aSin[c+dx]) (aCos[c+dx]+bSin[c+dx])"?
dn

+

(n-1) (a%+b?

) J-(aOos[c+dx] +bSin[c+dx])"?dx
n

= Program code:

Int [(a_. *Cos[c_. +d_. »x_]1+b_. #Sin[c_. +d_. xx_1)"n_, x_Synbol | : =
- (bxCos [c+d*x]-a*Si n[c+d*Xx]) * (a*Cos [C+d*x]+b*Si n[c+d*x])" (n-1) / (d*n) +
Di st [(n-1)%(a”2+b”2) /n, Int [ (axCos [c+d*x]+b*Si n[c+d*x])" (n-2), Xx]] /;
FreeQ[{a, b,c,d}, x] & NonzeroQ[a"2+b"2] && Rational Q[n] && n>1 && Not [QddQ[n]]

= Derivation: Integration by partswith a double-back flip

m Rulelf a2+b2#0 An<-1 A n#-2 then

j(aOos[c+dx] +bSin[c+dx])"dx —

(bCos[c+dx]-aSin[c+dx]) (aCos[c+dx]+bSin[c+dx])"?!
d (n+1) (a2 +b?)

+

n+2

(n+1) (a2+b2

] J(aOos[c+dx] +bSin[c+dx])"?dx

= Program code:

Int [(a_. #Cos[c_. +d_. »x_]1+b_. #Sin[c_. +d_. xx_1)"n_, x_Synbol | : =
(bxCos [c+dxX]-a*Si n[C+dxX]) * (a*xCosS [C+d*X]+bxSi n[c+d*x])" (n+1) / (d* (n+1) x (a"2+b"2)) +
Di st [(n+2)/ ((n+1) % (a”2+b"2)), I nt [ (axCos [C+d*Xx]+b*Si n[c+d*x])" (n+2), x1] /;

FreeQ[{a, b,c,d}, x] & NonzeroQ[a’2+b"2] && Rational Q[n] && n<-1 && n#-2



Integration Rules for Rational Functions of Sines and Cosines

Cos[c +dx]MSin[c +dx]"
(aCos[c+dx]+bSin[c+dx])P

d X

= Derivation: Algebraic expansion

Cos[z] Sin[z] _ bCos[z] + asSin[z] _ ab
aCos[z]+bSin[z] ~ aZ+b? a?+b? (a2+b?) (aCos[z]+b Sin[z])

= Bass:
m Rulelf a?2+b220 Amnez A m>0 A n>O0,then

X —

aCos[c+dx]+bSin[c+dx] a2 + b2

Cos[c+dx]™M™Sin[c+dx]" b )
J d JOos[c+dx]mS|n[c+dx]“'1dlx+

a

J@s[c+dx]“18in[c+dx]”dx— dx
+ b2

ab J-Cos[c+dx]m'18in[c+dx]”'l

a? a2 + b2

aCos[c+dx]+bSin[c+dx]

= Program code:

(* Int [Cos[c_. +d_. #x_1"m.. «Sin[c_. +d_. «x_1"n_. /(a_. »Cos[c_. +d_. «x_1+b_. «Sin[c_. +d_. #x_1), x_Synbol | :
Di st [b/ (a”2+b"2), I nt [Cos [C+d*Xx]"MeSi n[Cc+d*x]" (n-1), x]] +
Di st [a/ (a”2+b”"2), I nt [Cos [C+d*x]" (m-1) *Sin[c+d*x]”n, x]] -
Di st [axb/ (a*2+b”"2), I nt [Cos [c+d*x]" (M-1) *Si n[c+d*x]” (n-1) / (a*Cos [C+d*x]+b*Si n[c+d*x]), x]] /;
FreeQ[{a, b,c,d}, x] & NonzeroQ[a"2+b"2] && |IntegersQ[m n] & & m0 && n>0 =x)

= Derivation: Algebraic expansion

Cos[z] Sin[z] _ bCos[z] asSin[z] ab

n i = -
Bass: aCos[z]+bSin[z] PO (a2+b?) (a Cos[z]+b Sin[z])

m Rulelf a2+b2#0 Amn, pez A m>0An>0A p<O0,then

f@s[c+dx]m8in[c+dx]” (aCos[c+dx]+bSin[c+dx])Pdx —

b
> J\Cos[c+dx]mSin[c+dx]”'1 (aCos[c+dx]+bSin[c+dx])Ptdx+
+b

a2
a
. Jbos[c+dx]"“8in[c+dx]” (aCos[c+dx]+bSin[c+dx])P?tdx-
+b

a2

a

b
— J-(:os[c»fdx]fMSin[c+dx]“-l (aCos[c+dx]+bSin[c+dx])Pdx
ac+b

= Program code:

Int [Cos[c_. +d_. #x_]"m_. «Sin[c_. +d_. «x_]"n_. (a_. »Cos[c_. +d_. xx_]+b_. «Sin[c_. +d_. »x_1)"p_, x_Synbol | :
Di st [b/ (a"2+b”2), | nt [Cos [c+d*Xx] MkSi Nn[C+d*X]" (N-1) * (a*Cos [C+dxXx]+b*Si n[c+dxx])" (p+1), X]] +
Di st [a/ (a"2+b"2), I nt [Cos [c+dxXx]" (M-1) *Si n[Cc+d*X]"n* (axCos [C+dxXx]+b*Si n[c+dxx])" (p+1),Xx]] -
Di st [axb/ (a”2+b"2), I nt [Cos [C+d*x]" (M-1) *Si n[c+d*X]" (N-1) * (a*Cos [C+dxX]+b*Si n[c+d*Xx])"p, X]]1 /;
FreeQ[{a, b, c,d}, x] & NonzeroQ[a"2+b"2] && |IntegersQ[mn, p] & m0 && n>0 && p<0



Integration Rules for Rational Functions of Sines and Cosines

= Derivation: Algebraic expansion

. i 2 i
» Bass Sin[z] - bSin[z] _ aCos[z]

a2

aCos[z]+b Sin[z] aZ+b? aZ+b?

m Rulelf a2+b2#0 Anez A n>1,then

(a?+b?) (a Cos[z]+b Sin[z])

uSin[c+dx]" )
J _ dx — juSln[c+dx]“‘ldx—
aCos[c+dx]+bSin[c+dx] a2 +b?
a a? uSinfc +dx]n-2
JuSin[c+dx]“'2®s[c+dx]d1x+ j :
a2 + b? a2+b2 JaCos[c+dx]+bSin[c+dx]

= Program code:

Int [u_. «Sin[c_. +d_. «x_1"n_. /(a

. xCos[C_. +d_. *x_1+b_. *Sin[c_. +d_. *X_]), x_Synbol ] =

Di st [b/ (a”2+b”2), I nt [uxSi n[c+d*x]" (n-1), x]] -
Di st [a/ (a"2+b"2), I nt [uxSi n[c+d*x]" (n-2) *Cos [c+d*X], X]] +

Di st [a"2/ (a”2+b”2), I nt [uxSin

[c+dxXx]” (n-2) / (axCos [c+dxXx]+b*Si n[c+d*Xx]), Xx]1] /;

FreeQ[{a, b, c,d}, x] & NonzeroQ[a"2+b"2] && | ntegerQ[n] && n>0 &&

(n>1 || MatchQ[u, v_. xTan[c+dxx

= Derivation: Algebraic expansion

. 2 i
= Bass Cos[z] - aCos[z] _ bSin[z]

1"m.. /; IntegerQ[m] && m>0])

b2

aCos[z]+bSin[z] aZ+b? a?+b?

m Rulelf a2+b220 Anez A n>1,then

(a2+b?) (aCos[z]+b Sin[z])

dx]n a
dx —

J~ uCos[c +
aCos[c+dx]+b

al+b

= Program code:

Int [u_. «Cos[c_. +d_. #x_1"n_. /(a_

quos[c+dx]”'ZSin[c+dx]d1x+ j
2 a2+b2

_ Ju Cos[c +dx]1"!dx -
Sin[c+dx] a2 + b2

b? uCos[c+dx]n?

aCos[c+dx]+bSin[c+dx]

. #Cos [C_. +d_. »x_]+b_. #Sin[c_. +d_. »x_]), x_Synbol | : =

Di st [a/ (a"2+b”"2), I nt [uxCos [c+d*x]” (n-1),X]] -
Di st [b/ (a”2+b”2), I nt [uxCos [C+d*X]" (N-2) *Si n[c+d*x], X]] +

Di st [b~2/ (a”2+b"2), I nt [uxCos
FreeQ[{a, b, c,d}, x] & NonzeroQ

[c+d*Xx]” (n-2) / (a*Cos [c+dxX]+b*Sin[c+dxx]1), x1] /;
[a"2+b"2] && IntegerQ[n] && n>0 &&

(n>1 |1 MatchQru,v_. «Cot [c+d#x]"m_. /; IntegerQ[m] && m>0])

dx

dx
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= Derivation: Algebraic expansion

s Sec[z] Tan[z] b Cos[z]-aSin[z]
= Bass aCos[z]+bSin[z] = b + b (aCos[z]+bSin[z])
= Rule
uSec[c+dx] 1 1 ru(bCos[c+dx]-aSin[c+dx])
j - dx — —JuTan[c+dx]d1x+—j - dx
aCos[c+dx]+bSin[c+dx] b b aCos[c+dx]+bSin[c+dx]

= Program code:

(* Int [u_. «Sec[c_. +d_. #x_]/(a_. xCos[c_. +d_. #x_]+b_. *Sin[c_. +d_. #x_]), x_Synbol | : =
Di st [1/b, I nt [uxTan[c+d*x], X]] +
Di st [1/b, I nt [ux (bxCos [c+d*Xx]-a*Sin[c+d*Xx]) / (a*Cos [C+d*x]+b*Si n[c+d*x]), Xx]] /;
FreeQ[{a, b, c,d}, x] =*)

= Derivation: Algebraic expansion

. Csc[z] _ Cot [2] b Cos[z]-aSin[z]
= Bass aCos[z]+bSin[z] = a  a(aCos[z]+bSin[z])
= Rule
uGCsclc+dx] 1 1 ru(bCos[c+dx]-aSin[c+dx])
J - dlx—>—J-uOot[c+dx]dlx——j . dx
aCos[c+dx] +bSin[c+dx] a a aCos[c+dx]+bSin[c+dx]

m  Program code:

(* Int [u_. «Csc[c_. +d_. #x_1/(a_. #Cos[c_. +d_. #x_]1+b_. #Sin[c_. +d_. »x_]), x_Synbol | : =
Di st [1/a, | nt [uxCot [c+d*Xx], X]] -
Di st [1/a, I nt [ux (bxCos [c+dxx]-a*Si n[c+dxX]) / (a*Cos [c+d*x]+bxSi n[c+d*x]), Xx]] /;
FreeQ[{a, b, c,d}, x] =*)



Integration Rules for Rational Functions of Sines and Cosines

1

dXx
a+bCos[d+ex]+cSin[d+ex]
m Reference: G&R 2.558.4c
= Rule If a-b =0,then
1 1 1
f - dx — —Log[a+cTan[—(d+ex)”
a+bCos[d+ex]+cSin[d+ex] ce 2
= Program code:
I nt [1/(a_+b_. *Cos[d_. +e_. xx_]+C_. *Sin[d_. +e_. *X_]), x_Synbol ] L=
Log[a+cxTan[ (d+exx) /2]1]1/ (cxe) /;
FreeQ[{a, b, c,d, e}, x] & ZeroQ[a-b]
m Reference: G&R 2.558.4c
m Rule If a+b =0,then
1 1 1
f - dlx—»——Log[a+cOot[—(d+ex)”
a+bCos[d+ex]+cSin[d+ex] ce 2
= Program code:
Int [1/(a_+b_. «Cos [d_. +e_. #x_]+C_. *Sin[d_. +e_. #x_1), x_Synbol | : =
-Log[a+c*Cot [ (d+exx) /2]1]/ (cxe) /;
FreeQ[{a, b, c,d, e}, x] & ZeroQ[a+b]
m Reference: G&R 2.558.4d
m Rule If a2 -b2-c? =0, then
1 -c+aSin[d+ex]
j - dx — -
a+bCos[d+ex]+cSin[d+ex] ce(cCos[d+ex]-bSin[d+ex])

= Program code:

Int [1/(a_+b_. «Cos[d_. +e_. #x_]+C_. *Sin[d_. +e_. #x_]), x_Synbol | : =
(-c+axSin[d+exx])/ (cxex (CxCos [d+exx]-bxSi n[d+e*xx])) /;
FreeQ[{a, b, c,d, e}, x] & & ZeroQ[a”2-b"2-c"2]
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= Reference: G& R 2.558.4a, CRC 342b

m Rulelf a2-b2#0 A a2-b2-c2> 0,then

1 2 c+(a—b)Tan[%(d+ex)]
dx — ArcTan[ ]

a+bCos[d+ex]+cSin[d+ex] e/a? _b?_c? /7a2 b2 _ o2

= Program code:

Int [1/(a_. +b_. xCos[d_. +e_. »x_]+C_. *Sin[d_. +e_. »x_]), x_Synbol | : =
2xArcTan[ (c+(a-b)*Tan[ (d+exx) /2]) /Rt [a"2-b"2-c"2,2]]/ (exRt [a"2-b"2-c"2, 2]) /;
FreeQ[{a, b, c,d, e}, x] & NonzeroQ[a”"2-b"2] && PosQ[a"2-b"2-c”"2]

m Reference: G& R 2.558.4b', CRC 342b'

m Rulelf a2-b2 0 A - (a2-b2-c2 > 0),then

1 2 c+(a-b)Tan[§(d+ex)]
dx — - ArcTanh[

a+bCos[d+ex]+cSin[d+ex] o /—-a2+b2+c2 (—-a2+b2+c2

= Program code:

Int [1/(a_. +b_. #Cos[d_. +e_. »x_]+C_. #Sin[d_. +e_. »x_]), x_Synbol | : =
-2xArcTanh [ (c+(a-b)*Tan[ (d+exx)/2]) /Rt [-a”2+b"2+c"2,2]]/ (exRt [-a”"2+b"2+c"2, 2]) /;
FreeQ[{a, b, c, d, e}, x] & NonzeroQ[a"2-b"2] && NegQ[a’2-b"2-c"2]

]



Integration Rules for Rational Functions of Sines and Cosines

J\/a+bCos[d+ex] +cSin[d+ex] dx

= Reference: G&R 2.558.1 inverted with n = % and a2 -b2-¢2=0

m Rule If a2 -b2-c? = 0, then

2 (-cCos[d+ex]+bSin[d+ex])

jVa+bOos[d+ex] +cSin[d+ex] dx —
eva+bCos[d+ex]+cSin[d+ex]

= Program code:

Int [Sgrt [a_+b_. xCos[d_. +e_. *x_]+C_. *Sin[d_. +e_. xx_11,Xx_Synbol ] : =
2% (-CcxCos [d+exx]+b*Si n[d+exXx]) / (exSqrt [a+bxCos [d+exx]+C*Si n[d+exx]1]) /;
FreeQ[{a, b, c,d, e}, x] & ZeroQ[ar2-b"2-c"2]

= Derivation: Algebraic simplification
m Bassa+bCos[z]+cSin[z] =a+VbZ2+c? Cos[z-ArcTan[b, c]]

m Rulelf a2-b2-¢c2#0 /\a+\/b2+c2 > 0, then

JVa+bCos[d+ex]+cSin[d+ex] dx — J}/a+ b?+c? Cos[d+ex-ArcTan[b, c]] dx

= Program code:

Int [Sgrt [a_+b_. *Cos[d_. +e_. *x_1+C_. *Sin[d_. +e_. *xX_]], X_Synbol ] : =
Int [Sgrt [a+Sqrt [b"2+c”~2]%Cos [d+exx-ArcTan[b,c]111], x] /;
FreeQ[{a, b, c,d, e}, x] & NonzeroQ[a”2-b"2-c"2] && PositiveQ[a+Sqrt [br2+c"2]]



Integration Rules for Rational Functions of Sines and Cosines

m Derivation: Piecewise constant extraction and algebraic ssimplification

V'a+b Cos [d+e x]+C Si n[d+e x]

m Basis: 9y =0

a+b Cos[d+e x]+c Sin[d+e x]

a+rV b2ac2

m Bassa+bCos[z]+cSin[z] =a+Vb2+c2 Cos[z-ArcTan[b, c]]

= Rule If a2-b2-c2¢0/\-1 (a+\/b2+02 >O),then

Va+bCos[d+ex]+cSin[d+ex]

J\/a+b005[d+ex] +cSin[d+ex] dx —

\/ a+b Cos[d+e x]+Cc Sin[d+e x]

a+\ b2+c?

J a ‘\/b2+02
+
z':’t+‘\/b2+C2 <’:1+‘\/b2+C2

Cos[d+ex -ArcTan[b, c]] dx

= Program code:

Int [Sgrt [a_. +b_. *Cos[d_. +e_. *x_1+C_. *Sin[d_. +e_. *x_1], x_Synbol ] : =
Sqrt [a+bxCos [d+exx]+C*xSi n[d+exx]]/Sqrt [ (a+bxCos [d+exx]+C*Sin[d+exx])/ (a+Sqrt [bA2+c"2]) 1=
Int [Sgrt [a/ (a+Sqgrt [bA2+c”2])+Sqrt [br2+c”2]/ (a+Sqrt [br2+c”2]) xCos [d+exx-ArcTan[b,c]11], X] /;
FreeQ[{a, b, c,d, e}, x] & NonzeroQ[a"2-b"2-c”2] && Not [PositiveQ[a+Sqrt [b"2+c"2]11]1]
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1
d X

Va+bCos[d+ex]+cSin[d+ex]

= Derivation: Algebraic simplification NonzeroQ[a"2-b"2-c 2] 2?77
m Basisa+bCos[z]+cSin[z] =a+Vb2+c?2 Cos[z-ArcTan[b, c]]

Rule: If a+VbZ+c?2 > 0,then

J 1 J -
dx — dx
Va+bCos[d+ex]+cSin[d+ex]
a+1\b

24c2 Cos[d+ex-ArcTan[b, c]]

= Program code:

Int [1/Sqrt [a_+b_. xCos [d_. +e_. xx_]+C_. #Sin[d_. +e_. #x_]], x_Synbol | : =
Int [1/Sqrt [a+Sqrt [b”"2+c”2]xCos [d+exx-ArcTan[b,c]11], X1 /;
FreeQ[{a, b,c,d, e}, x] & PositiveQ[a+Sqgrt [bA2+c"2]]

= Derivation: Piecewise constant extraction and algebraic smplification

a+b Cos[d+e x]+c Sin[d+e x]
i a+V b24c?
m Bass. oy =0
Va+b Cos [d+e x]+C Si n[d+e X]

m Bassa+bCos[z]+cSin[z] =a+Vb2+c2 Cos[z-ArcTan[b, c]]

= Rule!If a+Vb24+c2 ;&0/\—- (a+\/b2+c2 >0),then

\/ a+b Cos[d+e x]+Cc Sin[d+e x]

1 a+\/ bZ+c2
dx —

Va+bCos[d+ex]+cSin[d+ex] Va+bCos[d+ex]+cSin[d+ex]

J‘ 1
dx

2 » YD Cos[d+ex -ArcTan[b, c]]
a+’\/ b2+c? a+’\/ b2+c?

= Program code:

Int [1/Sqrt [a_. +b_. »Cos[d_. +e_. xx_]+C_. *Sin[d_. +e_. »x_]], x_Synbol | : =
Sqrt [ (a+bxCos [d+exx]+C*Si n[d+exX]) / (a+Sqrt [b"2+c”2])]1/Sqrt [a+bxCos [d+exX]+C*Si n[d+exX]]*
Int [1/Sqrt [a/ (a+Sqrt [br2+c"2]) +Sqrt [b"2+c”2]/ (a+Sqrt [b~2+c”2]) xCos [d+exx-ArcTan[b,c]11, x] /;
FreeQ[{a, b, c,d, e}, x] & NonzeroQ[a+Sqgrt [b"2+c”2]] && Not [PositiveQ[a+Sgrt [b"2+c"2]]]



Integration Rules for Rational Functions of Sines and Cosines

f(a+bCos[d+ex] +CcSin[d+ex])"dx

m Reference: G&R 2.558.1 inverted witha? - b2 -¢c2 = 0

m Rulelf a2-b2-c2=0 AneF A n>1,then

~J-(a+bCos[d+ex] +CcSin[d+ex])"dx —

(-cCos[d+ex] +bSin[d+ex]) (a+bCos[d+ex]+cSin[d+ex])"?

+
en

a((2n-1)

J-(a+bOos[d+ex] +cSin[d+ex])"?!dx
n

= Program code:

Int [(a_+b_. Cos [d_. +e_. xx_]+C_. *Sin[d_. +e_. »x_])"n_, x_Synbol | : =
(-c*Cos [d+exXx]+b*Si n[d+exx]) » (a+bxCos [d+exx]+CxSi n[d+exXx])" (n-1) / (exn) +
Di st [a* (2xn-1)/n, I nt [ (a+b*xCos [d+exx]+C*Si n[d+exx])" (n-1),x]] /;

FreeQ[{a, b, c,d, e}, x] & & ZeroQ[a”2-b"2-c"2] && Rational Q[n] && n>1

m Reference: G& R 2.558.1 inverted

m Rulelf a2-b2-c220 AneF A n>1,then

j(a+bCos[d+ex] +cSin[d+ex])"dx —

(-cCos[d+ex] +bSin[d+ex]) (a+bCos[d+ex] +cSin[d+ex])"!

+
en

1
—J(na2+(n—l) (b?+c?) +ab (2n-1) Cos[d+ex]+ac (2n-1) Sin[d+ex])
n

(a+bCos[d+ex]+cSin[d+ex])"2dx

= Program code:

Int [(a_+b_. Cos [d_. +e_. xx_]+C_. #Sin[d_. +e_. »x_])"n_, x_Synbol | : =
(-c*xCos [d+exx]+b*Si n[d+exX]) » (a+b*Cos [d+exx]+C*Si n[d+exXx])”" (n-1) / (exn) +
Di st [1/n,Int [ (n*xa”2+ (n-1) % (b"2+c"2) +axbx (2xn-1) *Cos [d+exX]+a*Cx (2xN-1) *Si n[d+exX]) *
(a+bxCos [d+exx]+C*Si n[d+exx])” (n-2),Xx]1] /;
FreeQ[{a, b, c,d, e}, x] & NonzeroQ[a”2-b"2-c"2] && FractionQ[n] && n>1



Integration Rules for Rational Functions of Sines and Cosines

1
(a+bCos[d+ex]+cSin[d+ex])"

d X

m Reference: G&R 2.558.1 inverted with a2 - b2 - ¢2 = 0 inverted

m Rulelf a2-b2-¢c2=0 A n< -1,then

j(a+bCos[d+ex] +cSin[d+ex])"dx —

(cCos[d+ex]-bSin[d+ex]) (a+bCos[d+ex]+cSin[d+ex])"

+

ae (2n+1)

n+1
;j(a+b005[d+ex] +cSin[d+ex])™ dx
a(2n+1)

= Program code:

Int [(a_+b_. Cos [d_. +e_. xx_]+C_. *Sin[d_. +e_. »x_])"n_, x_Synbol | : =
(c*Cos [d+exXx]-bxSi n[d+exX]) * (a+b*Cos [d+exx]+C*Si n[d+exx])"n/ (axe* (2xn+1)) +
Di st [(n+1) / (a*(2*n+1)), I nt [ (a+bxCos [d+exXx]+C*Si n[d+exx])" (n+1), x1] /;
FreeQ[{a, b, c,d, e}, x] & ZeroQ[a”2-b"2-c"2] && Rational Q[n] && n<-1

m Reference: G&R 2.558.1 with n = -2

m Rule If a2 -b2-c2 ¢ 0, then

1
j(a+bCos[d+ex] +CcSin[d+ex])?
dx —
cCos[d+ex]-bSin[d+ex]

+

e (a?-b?2-c?) (a+bCos[d+ex] +cSin[d+ex])

a 1
dx
a2 -b?2-c? Ja+bCos[d+ex]+cSin[d+ex]

= Program code:

Int [1/(a_+b_. «Cos[d_. +e_. #x_]+C_. *Sin[d_. +e_. #x_])"2, x_Synbol | : =
(cxCos [d+e*xXx]-bxSi n[d+exx]) / (e* (a"2-b"2-c"2) » (a+b*xCos [d+exx]+C*Si n[d+exx])) +
Di st [a/ (a”2-b”2-c”2), I nt [1/ (a+b*xCos [d+exx]+C*Si n[d+e*x]1), X]] /;

FreeQ[{a, b, c,d, e}, x] & NonzeroQ[a”2-b"2-c"2]



Integration Rules for Rational Functions of Sines and Cosines

» Reference: G&R 2.558.1 with n = -g

m Rule If a2 -b2-c? # 0, then

1
J(a+b005[d+ex] +CcSin[d+ex])3/?

dx —
2 (cCos[d+ex]-bSin[d+ex])

+

e (a®2-b?-c?) Va+bCos[d+ex] +cSin[d+ex]
1

a2-p2-c2

J\/a+bOos[d+ex] +cSin[d+ex] dx

= Program code:

Int [1/(a_+b_. «Cos [d_. +e_. #x_]+C_. *Sin[d_. +e_. #x_1)" (3/2),x_Synbol | : =
2% (cxCos [d+exx]-b*Si n[d+exx]) / (e*x (a"2-b"2-c"2) xSqrt [a+b*xCos [d+exx]+C*Si n[d+e*xx]1]) +
Di st [1/ (a”2-b”2-c”2),Int [Sqrt [a+b*xCos [d+exx]+C*Si n[d+exx]1]1, X]] /;

FreeQ[{a, b, c,d, e}, x] & & NonzeroQ[a”2-b"2-c/2]

m Reference: G&R 2.558.1

- 2 2 2 3
m Rule If a¢ -b“ -c ¢O/\n<-1/\n¢-2/\n¢-5,then

f(a+bCos[d+ex] +cSin[d+ex])"

(-cCos[d+ex] +bSin[d+ex]) (a+bCos[d+ex]+cSin[d+ex])"?!

dx — +
e (n+1) (a?-b?-c?)

1
(n+1) (a?-b%-c

2) J((n+1) a-(n+2)bCos[d+ex]-(n+2)cSin[d+ex])

(a+bCos[d+ex]+cSin[d+ex])"™! dx

= Program code:

Int [(a_+b_. Cos [d_. +e_. xx_]+C_. #Sin[d_. +e_. »x_])"n_, x_Synbol | : =
(-c*xCos [d+exx]+b*Si n[d+exX]) » (a+b*Cos [d+exx]+C*Si n[d+exXx])" (n+1l) / (ex (n+1) * (a”2-b"2-c"2)) +
Di st [1/((n+1) * (a"2-b"2-c"2)),
Int [ ((n+l)*a-(n+2) *bxCos [d+e*X]- (N+2) *C*Si n[d+exx]) * (a+bxCos [d+e*x]+CxSi n[d+e*x])" (n+1), x1] /;
FreeQ[{a, b, c, d, e}, x] & & NonzeroQ[a’2-b"2-c"2] && Rational Q[n] && n<-1 && n#-2 && n#-3/2



Integration Rules for Rational Functions of Sines and Cosines

J(A+BCOS[d+eX] +CSin[d+ex])
(a+bCos[d+ex] +cSin[d+ex])"dx

= Note: Although exactly analogousto G& R 2.451.3 for hyperbolic functions, thereisno corresponding G& R 2.558.n formulafor trig functions.
Apparently the authorsdid not anticipate b2 + c2 could be 0 in the complex plane.

m Rule If b2 +¢2 = 0, then

—_— -
a+bCos[d+ex]+cSin[d+ex] 2 a2 2abce

(a?> (bB-cC) -2aAb?2+b2 (bB+cC)) Log[a+bCos[d+ex] +cSin[d+ex]]

J~A+BOos[d+ex] +CSin[d+ex] 4 (2aA-bB-cC)x (bB+cC) (bCos[d+ex]-cSin[d+eXx])
X +

2a?bce

= Program code:

Int [(A_. +B_. »Cos[d_. +e_. #x_]1+C_. #Sin[d_. +e_. +x_1)/(a_+b_. #Cos [d_. +e_. xx_]+C_. *Si n[d_. +e_. »x_]), x_Syn
(2xaxA-bxB-c*C) xx/ (2%xa”2) - (bxB+Cc*C)x (bxCos [d+exx]-CxSi n[d+exx])/ (2xaxbxCcxe) +
(a"2* (bxB-c*C) -2xaxAxb"2+b"2x (bxB+Cc*C) ) xLog [a+b*Cos [d+exX]+C*Si n[d+exX]]/ (2xa’2xbxCxe) /;

FreeQ[{a, b, c,d, e, A B, C}, x] & & ZeroQ[b"2+c"2]

Int [(A_. +C_. #Sin[d_. +e_. #x_1)/(a_+b_. #Cos [d_. +e_. »x_]+C_. *Sin[d_. +e_. #x_]), x_Symbol ] :
(2xaxA-c*C) xx/ (2xa"2) - CxCos[d+exx]/ (2xaxe) + CxCxSin[d+exx]/ (2xaxbxe) +
(-a"2xC+2xaxCxA+b"2xC) xLog [a+bxCos [d+exx]+CxSi n[d+exx]]/ (2xa"2xbxe) /;

FreeQ[{a, b,c,d, e, A C}, x] & ZeroQ[b”2+c"2]

Int [ (A_. +B_. xCos[d_. +e_. #x_1)/(a_+b_. #Cos [d_. +e_. »x_]+C_. *Sin[d_. +e_. #x_]), x_Symbol ] :
(2xaxA-bxB) xx/ (2xa”2) - bxBxCos [d+exx]/ (2xaxCxe) + BxSin[d+exx]/ (2xaxe) +
(a"2xB-2xaxbxA+b"2xB) xLog [a+bxCos [d+e*x]+CxSi n[d+exx]]/ (2xa”2xCxe) /;

FreeQ[{a, b, c,d, e, A B}, x] & & ZeroQ[b"2+c"2]

m Reference: G&R 2.558.2 with A (b2 +c2) -a (bB+cC) =0

m Rulelf b2+c220 A A(b2+c?)-a (bB+cC) =0,then

—

J~A+BOos[d+ex]+CSin[d+ex]dl (bB+cC)yx (¢cB-bC)lLog[la+bCos[d+ex]+cSin[d+ex]]
X +
a+bCos[d+ex]+cSin[d+ex] b2 +¢2 e (b?+c?)

= Program code:

I nt [(A_. +B . xCos[d_. +e_. xx_1+C . *Sin[d_. +e_. »X_] )/(a_. +b_. *Cos[d_. +e_. *X_]+C_. *Sin[d_. +e_. *x_] ), X_Sy
(bxB+Cc*C) xx/ (b"2+c"2) + (cxB-bxC)xLog[a+bxCos [d+exx]+CxSin[d+exx]]/ (ex(b”r2+c"2)) /;
FreeQ[{a, b,c,d, e, A B, C}, x] & NonzeroQ[b”2+c"2] && Zer oQ[Ax (b"2+c"2) -ax (bxB+c*C) ]



Integration Rules for Rational Functions of Sines and Cosines

» Reference: G&R 2.558.2with B=0 and A (b? +c?) -acC=0

Int [(A_. +C_. #Sin[d_. +e_. #x_1)/(a_. +b_. »Cos[d_. +e_. #x_]+C_. #Sin[d_. +e_. *x_1), x_Synbol | :

cxCxx/ (b"2+c”2) - bxCxLog[a+bxCos [d+exx]+CxSin[d+exx]1]1/ (ex(b"2+c"2)) /;
FreeQ[{a, b,c,d, e, A C}, x] & NonzeroQ[b”"2+c"2] && Zer o0Q[Ax (b"2+c"2) -axCcxC]

m Reference: G&R 2.558.2with C=0 and A (b2+c2) -abB=0

Int [ (A_. +B_. »Cos[d_. +e_. #x_1)/(a_. +b_. »Cos[d_. +e_. #x_]+C_. #Sin[d_. +e_. *x_1), x_Synbol | :
bxBxx/ (b"2+c”2) + c*xBxLog[a+bxCos [d+exX]+C*Si n[d+exX]]/ (ex(b"2+c"2)) /;
FreeQ[{a, b, c,d, e, A B}, x] & NonzeroQ[b”"2+c"2] && Zer oQ[Ax (b"2+c"2) -axbxB]

m Reference G&R 2.558.2

m Rulelf b2+¢c2#0 A A(b?+c?) -a (bB+cC) #0,then

A+BCos[d+ex] +CSin[d+eXx] (bB+cC) x
j - dX —» —m8M8M —+
a+bCos[d+ex]+cSin[d+ex] b2 +c2

+

(cB-bC)Log[a+bCos[d+ex]+cSin[d+ex]]

e (b2 +02)

A(b2+c2)—a(bB+cC)J 1 4
X

b2 +c2 a+bCos[d+ex]+cSin[d+ex]

= Program code:

I nt [(A_. +B . *xCos[d_. +e_. xx_]+C . *Sin[d_. +e_. *x_])/(a_. +b_. *Cos[d_. +e_. xXx_]+C_. xSin[d_. +e_. *X_]), X_Sy
(bxB+c*C) xx/ (b"2+c"2) + (c*B-bxC)=xLog[a+bxCos [d+exXx]+C*Si n[d+exX]]/ (ex(b"2+c"2)) +
Di st [ (Ax (b"2+c"2) -ax (b*B+cxC)) / (b"2+c”2),Int [1/ (a+bxCos [d+exx]+C*Si n[d+exx]), x]1] /;

FreeQ[{a, b,c,d, e, A, B, C}, x] & NonzeroQ[b”2+c”2] && Nonzer oQ[Ax (b"2+c”2) -ax (bxB+cxC) ]

m Reference: G&R 2.558.2 with B = 0

Int [(A_. +C_. #Sin[d_. +e_. #x_1)/(a_. +b_. »Cos[d_. +e_. #x_]+C_. #Sin[d_. +e_. *x_]1), x_Synbol | :
CxCx (d+exX) / (ex (b"2+c"2)) - bxCxLog[a+bxCos [d+exX]+C*Si n[d+exX]]/ (ex (b"2+c"2)) +
Di st [ (Ax (b"2+c"2) -axc*C) / (b"2+c”"2),Int [1/ (a+bxCos [d+exXx]+C*Si n[d+exX]), x1] /;
FreeQ[{a, b,c,d, e, A C}, x] & & NonzeroQ[b"2+c"2] && Nonzer oQ[Ax (b"2+c"2) -axCc*C]

m Reference: G&R 2.558.2 with C= 0

Int [(A_. +B_. »Cos [d_. +e_. #x_])/(a_. +b_. #Cos [d_. +e_. »x_]+C_. *Sin[d_. +e_. »x_]), x_Synbol ] :
b*Bx (d+exx) / (ex (b"2+c"2)) +

cxBxLog[a+b*xCos [d+exx]+C*Si n[d+exx]]/ (ex (b"2+c"2)) +

Di st [ (Ax (b"2+c"2) -axbxB) / (b"2+c"2), Int [1/ (a+bxCos [d+exXx]+C*Si n[d+exx]), x]1] /;

FreeQ[{a, b, c,d, e, A B}, x] & & NonzeroQ[b"2+c"2] && Nonzer oQ[Ax (b"2+c”"2) -axbxB]



Integration Rules for Rational Functions of Sines and Cosines

m Reference: G&R 2.558.1with n = -2 and aA-bB-cC=0

m Rulelf a2-b%?-¢c2#0 A aA-bB-cC=0,then

dx —

(a+bCos[d+ex]+cSin[d+ex])? e (a2-b?2-c2) (a+bCos[d+ex]+cSin[d+ex])

J A+BCos[d+ex] +CSin[d+eXx] cB-bC-(aC-cA)Cos[d+ex]+(aB-bA) Sin[d+ex]

= Program code:

I nt [(A_. +B . xCos[d_. +e_. xx_]+C . *Sin[d_. +e_. *x_])/(a_. +b_. *Cos[d_. +e_. xXx_J+C_.*Sin[d_. +e_. *x_] )"2, X_
(c*B-b*xC- (a*C-cxA) xCos [d+exX] + (axB-bxA) *Si n[d+e*x]) /
(ex (an2-b"2-c"2) x (a+bxCos [d+exX]+C*xSi n[d+exXx])) /;
FreeQ[{a, b, c,d, e, A B, C}, x] & NonzeroQ[a’2-b"2-c"2] && ZeroQ[axA-bxB-cxC]

m Reference: G&R 2.558.1with B=0, n=-2 and aA-cC=0

Int [(A_. +C_. #Sin[d_. +e_. #x_1)/(a_. +b_. »Cos[d_. +e_. xx_]+C_. *Sin[d_. +e_. »x_])"2, x_Symbol | : =
- (b*C+ (a*C-cxA) xCos [d+e*x ] +bxAxSi n[d+exXx]) / (ex (a2-b"2-c"2) x (a+bxCos [d+exX]+C*Si n[d+exX])) /;
FreeQ[{a, b, c,d, e, A C}, x] & NonzeroQ[ar2-b"2-c"2] && Zer oQ[axA-cxC]

m Reference: G&R 2.558.1with C=0, n=-2 and aA-bB=0

Int [(A_. +B_. »Cos[d_. +e_. #x_1)/(a_. +b_. »Cos[d_. +e_. »x_]+C_. *Sin[d_. +e_. »x_])"2, x_Symbol | : =
(c*B+cxAxCos [d+exX ]+ (a*B-bxA) *Si n[d+exx]) / (ex (a"2-b"2-c"2) x (a+bxCos [d+exx]+C*Si n[d+exx]1)) /;
FreeQ[{a, b, c,d, e, A B}, x] & NonzeroQ[a"2-b"2-c"2] && Zer oQ[axA-bxB]

m Reference: G&R 2.558.1 with n = -2

m Rulelf a2-b2-¢c22#0 A aA-bB-cCz#0,then

dx —

J~ A+BCos[d+ex] +CSin[d+ex]

(a+bCos[d+ex]+cSin[d+ex])?
cB-bC-(aC-cA)Cos[d+ex]+(aB-bA) Sin[d+ex]

+

e (a?-b?-c?) (a+bCos[d+ex] +cSin[d+ex])

aA-bB-cC 1
j dx

a?-b2-c? a+bCos[d+ex]+cSin[d+ex]

= Program code:

I nt [(A_. +B . *xCos[d_. +e_. xx_]+C . *Sin[d_. +e_. *x_])/(a_. +b_. *Cos[d_. +e_. xXx_]+C_.*Sin[d_. +e_. *x_] )"2, X_
(c*B-b*C- (axC-cxA) *Cos [d+exX ] + (a*xB-bxA) *Si n[d+exx]) /
(ex (a"2-b"2-c”2) x (a+bxCos [d+exx]+CxSi n[d+exx])) +
Di st [ (axA-bxB-c*C) / (a*2-b"2-c”2), I nt [1/ (a+bxCos [d+e*x]+CxSi n[d+e*x]), x]] /;
FreeQ[{a, b,c,d, e, A, B, C}, x] & NonzeroQ[a*2-b"2-c"2] && Nonzer oQ[axA-bxB-cxC]



Integration Rules for Rational Functions of Sines and Cosines

m Reference G&R 2.558.1with B=0 and n = -2

Int [(A_. +C_. #Sin[d_. +e_. +x_1)/(a_. +b_. »Cos[d_. +e_. *x_]+C_. *Sin[d_. +e_. »x_])"2, x_Symbol | : =
- (b*C+ (a*C-cxA) xCos [d+e*X ] +bxAxSi n[d+exXx]) / (ex (a”2-b"2-c"2) x (a+bxCos [d+exX]+C*Si n[d+exX])) +
Di st [ (axA-c*C) / (a"2-b"2-c”"2), I nt [1/ (a+bxCos [d+e*xx]+CxSi n[d+e*xx]), x]1] /;

FreeQ[{a, b, c,d, e, A C}, x] & NonzeroQ[a"2-b"2-c”2] && Nonzer oQ[axA-c*C]

m Reference: G&R 2.558.1with C=0 and n = -2

Int [(A_. +B_. »Cos[d_. +e_. #x_1)/(a_. +b_. »Cos[d_. +e_. xx_]+C_. *Sin[d_. +e_. »x_])"2, x_Symbol | : =
(c*B+cxAxCos [d+exX ]+ (a*B-bxA) *Si n[d+exX]) / (ex (a”"2-b"2-c"2) x (a+bxCos [d+exx]+C*Si n[d+exX])) +
Di st [ (axA-b%B) / (a"2-b"2-c”"2), I nt [1/ (a+bxCos [d+e*x]+C*Si n[d+exXx]1), x]1] /;

FreeQ[{a, b, c,d, e, A B}, x] & NonzeroQ[a"2-b"2-c”"2] && Nonzer oQ[axA-bxB]

m Reference G&R 2.558.1

m Rulelf a2-b%2-¢c2#0 An<-1 A n#-2then

j(A+BOos[d+ex] +CSin[d+ex]) (a+bCos[d+ex]+cSin[d+ex])"dx —

(cB-bC-(aC-cA) Cos[d+ex] + (aB-bA)Sin[d+ex]) (a+bCos[d+ex]+cSin[d+ex])"?!
) e (n+1) (a?2-b2-c?)
1
(n+1) (a?-b?-c?)

+

j((n+1) (@aA-bB-cC)+ (n+2) (aB-bA) Cos[d+ex]+(n+2) (aC-cA) Sin[d+ex])

(a+bCos[d+ex]+cSin[d+ex])™!dx

= Program code:

I nt [(A_. +B . xCos[d_.+e_.xx_]+C . *Sin[d . +e_. *X_])* (a_. +b_. *Cos[d_.+e_ . xx_J+C_.*Sin[d . +e_. xx_] )"n_, X
- (C*B-b*C- (a*xC-c*A) *Cos [d+exX] + (a*B-bxA) *Si n[d+exX]) * (a+bxCos [d+e*x]+CxSi n[d+e*x])" (n+1) /
(ex(n+l) x (an2-b"2-c"2)) +
Dist [1/((n+1) % (a"2-b"2-c"2)),
Int [((n+1l) * (axA-bxB-c*C) + (N+2) * (a*B-bxA) *Cos [d+exX ]+ (N+2) * (a*C-C*xA) *Si n[d+e*X]) *
(a+bxCos [d+exx]+Cc*Sin[d+e*xx])" (n+1), Xx]1] /;
FreeQ[{a, b, c,d, e, A B, C}, x] & NonzeroQ[a’2-b"2-c"2] && Rational Q[n] && n<-1 && n#-2

m Reference: G&R 2.558.1 with B = 0

Int [(A_. +C_. *Sin[d_. +e_. #x_])=*(a_. +b_. xCos [d_. +e_. »x_]+C_. »Sin[d_. +e_. *x_])"n_, x_Synbol | : =
(b*C+ (a*C-c*A) xCos [d+e*X]+b*xAxSi n[d+e*X]) » (a+bxCos [d+exX]+C*Si n[d+e*X])" (n+1) /
(ex (n+l) % (a"2-b"2-c"2)) +
Di st [1/((n+1) % (a”2-b"2-c"2)),
Int [((n+1l)* (axA-C*C) - (n+2) *xbxAxCos [d+exX]+ (N+2) * (a*C-C*xA) *Si n[d+e*X]) *
(a+b*Cos [d+e*x]+C*Si n[d+e*x]1)" (n+1), x]1] /;
FreeQ[{a, b, c,d, e, A C}, x] & NonzeroQ[a"2-b"2-c"2] && Rational Q[n] && n<-1 && n#-2



Integration Rules for Rational Functions of Sines and Cosines

m Reference G&R 2.558.1with C= 0

Int [ (A_. +B_. xCos [d_. +e_. #x_]) = (a_. +b_. xCos [d_. +e_. »x_]+C_. »Sin[d_. +e_. #x_])"n_, x_Synbol | : =
- (C*B+c*xAxCos [d+exX] + (a*B-bxA) *Si n[d+exX]) » (a+bxCos [d+exx]+C*Si n[d+exXx])" (n+1)/
(ex(n+l) x (a”2-b"2-c"2)) +
Di st [1/((n+1) % (a"2-b"2-c"2)),
Int [((n+1) * (axA-bxB) + (N+2) * (a*B-b*A) *Cos [d+e*X] - (N+2) *CxAxSi n[d+e*X]) *
(a+bxCos [d+exx]+Cc*Sin[d+e*x])" (n+1), Xx]1] /;
FreeQ[{a, b, c, d, e, A B}, x] && NonzeroQ[a"2-b"2-c"2] && Rational Q[n] && n<-1 && n#-2

m Derivation: Algebraic simplification

» Bass (A+Bz) (a+bz)“=§(a+bz)”*1+ (@a+bz)"

(Ab-aB)
b

m Rulelf bC-cB=0 /\ bA-aB#0 /\ (n=-% \/az-bz-(:z:O),then
j(A+BCos[d+ex] +CSin[d+ex]) (a+bCos[d+ex]+cSin[d+ex])"dx —

B ) bA-aB )
BJ(a+bOos[d+ex] +cS|n[d+ex])“*1d1x+Tj(a+b003[d+ex] +CcSin[d+ex])"dx

= Program code:

I nt [(A_. +B . xCos[d_. +e_. xx_]+C . *Sin[d_. +e_. *X_])* (a_+b_. *Cos[d_. +e_. xx_J+C_. *Sin[d_. +e_. *x_] )"n_, X
Di st [B/b, I nt [ (a+b*Cos [d+exx]+C*Si n[d+exx])” (n+1), x]] +
Di st [ (bxA-a%B) /b, I nt [ (a+bxCos [d+exx]+C*Si n[d+exx]1)”n, Xx]1] /;

FreeQ[{a, b,c,d, e, A, B, C}, x] & ZeroQ[bxC-cxB] && Nonzer oQ[bxA-axB] && Rational Q[n] && (n==-1/2 || Zer

m Reference: G& R 2.558.1 inverted

m Rulelf a2-b2-c220 AneTF A n>O0,then

j(A+BCos[d+ex] +CSin[d+ex]) (a+bCos[d+ex]+cSin[d+ex])"dx —

(Bc-bC-aCCos[d+ex]+aBSin[d+ex]) (a+bCos[d+ex]+cSin[d+ex])"

+
ae (n+1)

ﬁJ\(a (bB+cCyn+a’?A(n+1)+ (a®Bn+c (bC-cByn+abA (n+1)) Cos[d+ex] +
a (n+

(a?Cn-b (bC-cB)yn+acA(n+1))Sin[d+ex]) (a+bCos[d+ex]+cSin[d+ex])"!dx

= Program code:

I nt [(A_. +B . *Cos[d_. +e_. *x_]+C . *Sin[d_. +e_. *X_])* (a_+b_. *CosS[d_. +e_. *X_]+C_. *Sin[d_. +e_. *x_] )"n_, X
(BxCc-b*C-a*CxCos [d+exx]+a*BxSi n[d+exX]) * (a+bxCos [d+e*x]+C*Si n[d+exXx])"n/ (axe* (n+1l)) +
Di st [1/ (a*(n+1)),
Int [ (ax(bxB+c*C)xn + a”2xAx(n+l) +
(a”"2xBxn + cx (bxC-c*xB)*n + axbxAx(n+1))*Cos [d+exXx] +
(a"2xCxn - bx (bxC-c*B)*n + axCxAx (N+1))*Sin[d+e*Xx]) *
(a+bxCos [d+exx]+Cc*Sin[d+e*x])" (n-1), x1] /;
FreeQ[{a, b, c,d, e, A B, C}, x] & NonzeroQ[a’2-b"2-c"2] && Rational Q[n] && n>0



Integration Rules for Rational Functions of Sines and Cosines

Reference: G&R 2.558.1 inverted with B = 0

Int [(A_. +C_. #Sin[d_. +e_. #x_])*(a_+b_. xCos[d_. +e_. »x_]+c_. *Sin[d_. +e_. xx_])"n_, x_Symbol | : =
- (bxC+axCxCos [d+exx]) » (a+b*xCos [d+exx]+C*Si n[d+exx])"n/ (axex (n+1l)) +
Di st [1/ (a*(n+1)),
Int [ (axC*Cxn+a2xAx (N+1) + (CxbxCxn+axb*xAx (n+1) ) *Cos [d+e*X]+ (a’2*Cxn-b"2xCxn+axCxAx (N+1) ) *Si n[d+e*
(a+b*Cos [d+exx]+C*Si n[d+exx])" (n-1),x]] /;
FreeQ[{a, b,c,d, e, A C}, x] & NonzeroQ[a*2-b"2-c”"2] && Rational Q[n] && n>0

m Reference: G&R 2.558.1 inverted with C = 0

Int [ (A_. +B_. »Cos[d_. +e_. #x_])*(a_+b_. «Cos [d_. +e_. #x_]+C_. *Sin[d_. +e_. #x_])"n_, x_Synbol | : =
(Bxc+a*xBxSi n[d+exx]) * (a+bxCos [d+e*x]+CxSi n[d+exx])"n/ (axe* (n+1)) +
Di st [1/ (a* (n+1)),
Int [ (axbxBxn+a”2xAx (n+1) + (a"2xBxn-c"2xBxn+axbxAx (n+1) ) *Cos [d+exX ] + (bxC*Bxn+axCxAx (N+1) ) *Si n[d+e*
(a+b*Cos [d+e*x]+C*Si n[d+e*x])" (n-1), x]1] /;
FreeQ[{a, b, c,d, e, A B}, x] & NonzeroQ[a*2-b"2-c”"2] && Rational Q[n] && n>0



