
à u Hc F@a + b xDnLm âx

� Derivation: Piecewise constant extraction

� Basis: ¶z
c F@zDn
F@zDn�2 = 0

� Rule: If  n
2
, m -

1

2
Î Z í m > 0, then

à u Hc F@a + b xDnLm
âx � cm-

1

2

c F@a + b xDn

F@a + b xDn�2 à u F@a + b xDm n âx

� Program code:

IntAu_.*Ic_.*F_@a_.+b_.*x_D^n_M^m_,x_SymbolE :=

Dist@c^Hm-1�2L*Sqrt@c*F@a+b*xD^nD�F@a+b*xD^Hn�2L,Int@u*F@a+b*xD^Hm*nL,xDD �;
FreeQ@8a,b,c<,xD && IntegerQ@n�2D && IntegerQ@m-1�2D && m>0 &&

MemberQ@8Sin,Cos,Tan,Cot,Sinh,Cosh,Tanh,Coth<,FD

� Derivation: Piecewise constant extraction

� Basis: ¶z
F@zDn�2
c F@zDn = 0

� Rule: If  n
2
, m -

1

2
Î Z í m < 0, then

à u Hc F@a + b xDnLm
âx � cm+

1

2

F@a + b xDn�2

c F@a + b xDn
à u F@a + b xDm n âx

� Program code:

IntAu_.*Ic_.*F_@a_.+b_.*x_D^n_M^m_,x_SymbolE :=

Dist@c^Hm+1�2L*F@a+b*xD^Hn�2L�Sqrt@c*F@a+b*xD^nD,Int@u*F@a+b*xD^Hm*nL,xDD �;
FreeQ@8a,b,c<,xD && IntegerQ@n�2D && IntegerQ@m-1�2D && m<0 &&

MemberQ@8Sin,Cos,Tan,Cot,Sinh,Cosh,Tanh,Coth<,FD

Trig Substitution Integration Rules



à f@Sin@uDD ¶xSin@uD âx

� Derivation: Integration by substitution

� Basis: f@Sin@zDD Cos@zD = f@Sin@zDD ¶zSin@zD
� Rule:

à f@Sin@a + b xDD Cos@a + b xD âx �
1

b
SubstBà f@xD âx, x, Sin@a + b xDF

� Program code:

IntAu_*CosAc_.*Ia_.+b_.*x_ME,x_SymbolE :=

Dist@1�Hb*cL,Subst@Int@Regularize@SubstFor@Sin@c*Ha+b*xLD,u,xD,xD,xD,x,Sin@c*Ha+b*xLDDD �;
FreeQ@8a,b,c<,xD && FunctionOfQ@Sin@c*Ha+b*xLD,u,x,TrueD

� Derivation: Integration by substitution

� Basis: f@Sin@zDD Cot@zD =
f@Sin@zDD
Sin@zD ¶zSin@zD

� Rule:

à f@Sin@a + b xDD Cot@a + b xD âx �
1

b
SubstBà f@xD

x
âx, x, Sin@a + b xDF

� Program code:

IntAu_*CotAc_.*Ia_.+b_.*x_ME,x_SymbolE :=

Dist@1�Hb*cL,Subst@Int@Regularize@SubstFor@Sin@c*Ha+b*xLD,u,xD�x,xD,xD,x,Sin@c*Ha+b*xLDDD �;
FreeQ@8a,b,c<,xD && FunctionOfQ@Sin@c*Ha+b*xLD,u,x,TrueD

Trig Substitution Integration Rules



à f@Cos@uDD ¶xCos@uD âx

� Derivation: Integration by substitution

� Basis: f@Cos@zDD Sin@zD = -f@Cos@zDD ¶zCos@zD
� Rule:

à f@Cos@a + b xDD Sin@a + b xD âx � -
1

b
SubstBà f@xD âx, x, Cos@a + b xDF

� Program code:

IntAu_*SinAc_.*Ia_.+b_.*x_ME,x_SymbolE :=

-Dist@1�Hb*cL,Subst@Int@Regularize@SubstFor@Cos@c*Ha+b*xLD,u,xD,xD,xD,x,Cos@c*Ha+b*xLDDD �;
FreeQ@8a,b,c<,xD && FunctionOfQ@Cos@c*Ha+b*xLD,u,x,TrueD

� Derivation: Integration by substitution

� Basis: f@Cos@zDD Tan@zD = -
f@Cos@zDD
Cos@zD ¶zCos@zD

� Rule:

à f@Cos@a + b xDD Tan@a + b xD âx � -
1

b
SubstBà f@xD

x
âx, x, Cos@a + b xDF

� Program code:

IntAu_*TanAc_.*Ia_.+b_.*x_ME,x_SymbolE :=

-Dist@1�Hb*cL,Subst@Int@Regularize@SubstFor@Cos@c*Ha+b*xLD,u,xD�x,xD,xD,x,Cos@c*Ha+b*xLDDD �;
FreeQ@8a,b,c<,xD && FunctionOfQ@Cos@c*Ha+b*xLD,u,x,TrueD

Trig Substitution Integration Rules



à f@Cot@uDD ¶xCot@uD âx

� Derivation: Integration by substitution

� Basis: f@Cot@zDD Csc@zD2 = -f@Cot@zDD ¶zCot@zD
� Rule:

à f@Cot@a + b xDD Csc@a + b xD2 âx � -
1

b
SubstBà f@xD âx, x, Cot@a + b xDF

� Program code:

IntAu_*CscAc_.*Ia_.+b_.*x_ME^2,x_SymbolE :=

-Dist@1�Hb*cL,Subst@Int@Regularize@SubstFor@Cot@c*Ha+b*xLD,u,xD,xD,xD,x,Cot@c*Ha+b*xLDDD �;
FreeQ@8a,b,c<,xD && FunctionOfQ@Cot@c*Ha+b*xLD,u,x,TrueD && NonsumQ@uD

� Derivation: Integration by substitution

� Basis: If  n Î Z, then f@Cot@zDD Tan@zDn = -
f@Cot@zDD

Cot@zDn I1+Cot@zD2M ¶zCot@zD
� Rule: If  n Î Z, then

à f@Cot@a + b xDD Tan@a + b xDn âx � -
1

b
SubstBà f@xD

xn I1 + x2M âx, x, Cot@a + b xDF

� Program code:

IntAu_*TanAc_.*Ia_.+b_.*x_ME^n_.,x_SymbolE :=

-Dist@1�Hb*cL,Subst@Int@Regularize@SubstFor@Cot@c*Ha+b*xLD,u,xD�Hx^n*H1+x^2LL,xD,xD,x,Cot@c*Ha+b*xL
FreeQ@8a,b,c<,xD && IntegerQ@nD && FunctionOfQ@Cot@c*Ha+b*xLD,u,x,TrueD && TryPureTanSubst@u*Tan@c*Ha D

Trig Substitution Integration Rules



� Derivation: Integration by substitution

� Basis: f@Cot@zDD = -
f@Cot@zDD
1+Cot@zD2 ¶zCot@zD

� Rule:

à f@Cot@a + b xDD âx � -
1

b
SubstBà f@xD

1 + x2
âx, x, Cot@a + b xDF

� Program code:

If@ShowSteps,
Int@u_,x_SymbolD :=

Module@8v=FunctionOfTrig@u,xD<,
ShowStep@"","Int@f@Cot@a+b*xDD,xD","Subst@Int@f@xD�H1+x^2L,xD,x,Cot@a+b*xDD�b",Hold@
Dist@-1�Coefficient@v,x,1D,Subst@Int@Regularize@SubstFor@Cot@vD,u,xD�H1+x^2L,xD,xD,x,Cot@vDDDDD �;
NotFalseQ@vD && FunctionOfQ@Cot@vD,u,x,TrueD && TryPureTanSubst@u,xDD �;

SimplifyFlag,

Int@u_,x_SymbolD :=

Module@8v=FunctionOfTrig@u,xD<,
Dist@-1�Coefficient@v,x,1D,Subst@Int@Regularize@SubstFor@Cot@vD,u,xD�H1+x^2L,xD,xD,x,Cot@vDDD �;
NotFalseQ@vD && FunctionOfQ@Cot@vD,u,x,TrueD && TryPureTanSubst@u,xDDD

Trig Substitution Integration Rules



à f@Tan@uDD ¶xTan@uD âx

� Derivation: Integration by substitution

� Basis: f@Tan@zDD Sec@zD2 = f@Tan@zDD ¶zTan@zD
� Rule:

à f@Tan@a + b xDD Sec@a + b xD2 âx �
1

b
SubstBà f@xD âx, x, Tan@a + b xDF

� Program code:

IntAu_*SecAc_.*Ia_.+b_.*x_ME^2,x_SymbolE :=

Dist@1�Hb*cL,Subst@Int@Regularize@SubstFor@Tan@c*Ha+b*xLD,u,xD,xD,xD,x,Tan@c*Ha+b*xLDDD �;
FreeQ@8a,b,c<,xD && FunctionOfQ@Tan@c*Ha+b*xLD,u,x,TrueD && NonsumQ@uD

� Derivation: Integration by substitution

� Basis: If  n Î Z, then f@Tan@zDD Cot@zDn =
f@Tan@zDD

Tan@zDn I1+Tan@zD2M ¶zTan@zD
� Rule: If  n Î Z, then

à f@Tan@a + b xDD Cot@a + b xDn âx �
1

b
SubstBà f@xD

xn I1 + x2M âx, x, Tan@a + b xDF

� Program code:

IntAu_*CotAc_.*Ia_.+b_.*x_ME^n_.,x_SymbolE :=

Dist@1�Hb*cL,Subst@Int@Regularize@SubstFor@Tan@c*Ha+b*xLD,u,xD�Hx^n*H1+x^2LL,xD,xD,x,Tan@c*Ha+b*xLD
FreeQ@8a,b,c<,xD && IntegerQ@nD && FunctionOfQ@Tan@c*Ha+b*xLD,u,x,TrueD && TryPureTanSubst@u*Cot@c*Ha D

Trig Substitution Integration Rules



� Derivation: Integration by substitution

� Basis: f@Tan@zDD =
f@Tan@zDD
1+Tan@zD2 ¶zTan@zD

� Rule:

à f@Tan@a + b xDD âx �
1

b
SubstBà f@xD

1 + x2
âx, x, Tan@a + b xDF

� Program code:

If@ShowSteps,
Int@u_,x_SymbolD :=

Module@8v=FunctionOfTrig@u,xD<,
ShowStep@"","Int@f@Tan@a+b*xDD,xD","Subst@Int@f@xD�H1+x^2L,xD,x,Tan@a+b*xDD�b",Hold@
Dist@1�Coefficient@v,x,1D,Subst@Int@Regularize@SubstFor@Tan@vD,u,xD�H1+x^2L,xD,xD,x,Tan@vDDDDD �;
NotFalseQ@vD && FunctionOfQ@Tan@vD,u,x,TrueD && TryPureTanSubst@u,xDD �;

SimplifyFlag,

Int@u_,x_SymbolD :=

Module@8v=FunctionOfTrig@u,xD<,
Dist@1�Coefficient@v,x,1D,Subst@Int@Regularize@SubstFor@Tan@vD,u,xD�H1+x^2L,xD,xD,x,Tan@vDDD �;
NotFalseQ@vD && FunctionOfQ@Tan@vD,u,x,TrueD && TryPureTanSubst@u,xDDD

Trig Substitution Integration Rules



à u Ha + b Sin@c + d xDLn âx

� Note: This rule should be moved just before the tangent Θ/2 substitution rules for linear trigonometric expressions

� Derivation: Piecewise constant extraction and algebraic expansion

� Basis: If  a2 - b2 = 0, then ¶z
a+b Sin@zD

CosA z

2
E+

a

b
SinA z

2
E = 0

� Rule: If  a2 - b2 = 0 í n -
1

2
Î Z, then

á u Ha + b Sin@c + d xDLn âx �

a + b Sin@c + d xD
CosA c+d x

2
E +

a

b
SinA c+d x

2
E

à u CosBc + d x

2
F Ha + b Sin@c + d xDLn-

1

2 âx +
a

b
à u SinBc + d x

2
F Ha + b Sin@c + d xDLn-

1

2 âx

� Program code:

H* IntAu_*Ia_+b_.*Sin@c_.+d_.*x_DM^n_,x_SymbolE :=

Sqrt@a+b*Sin@c+d*xDD�HCos@c�2+d*x�2D+a�b*Sin@c�2+d*x�2DL*

HInt@u*Cos@c�2+d*x�2D*Ha+b*Sin@c+d*xDL^Hn-1�2L,xD +

a�b*Int@u*Sin@c�2+d*x�2D*Ha+b*Sin@c+d*xDL^Hn-1�2L,xDL �;
FreeQ@8a,b,c,d<,xD && ZeroQ@a^2-b^2D && IntegerQ@n-1�2D *L

Trig Substitution Integration Rules



à u Ha + b Cos@c + d xDLn âx

� Note: These rules should be moved just before the tangent Θ/2 substitution rules for linear trigonometric expressions

� Derivation: Piecewise constant extraction

� Basis: ¶z
a+a Cos@zD
CosA z

2
E = 0

� Rule: If  n -
1

2
Î Z, then

á u Ha + a Cos@c + d xDLn âx �
a + a Cos@c + d xD

CosA c+d x

2
E à u CosBc + d x

2
F Ha + a Cos@c + d xDLn-

1

2 âx

� Program code:

H* IntAu_*Ia_+b_.*Cos@c_.+d_.*x_DM^n_,x_SymbolE :=

Sqrt@a+b*Cos@c+d*xDD�Cos@c�2+d*x�2D*Int@u*Cos@c�2+d*x�2D*Ha+b*Cos@c+d*xDL^Hn-1�2L,xD �;
FreeQ@8a,b,c,d<,xD && ZeroQ@a-bD && IntegerQ@n-1�2D *L

� Derivation: Piecewise constant extraction

� Basis: ¶z
a-a Cos@zD
SinA z

2
E = 0

� Rule: If  n -
1

2
Î Z, then

á u Ha - a Cos@c + d xDLn âx �
a - a Cos@c + d xD

SinA c+d x

2
E à u SinBc + d x

2
F Ha - a Cos@c + d xDLn-

1

2 âx

� Program code:

H* IntAu_*Ia_+b_.*Cos@c_.+d_.*x_DM^n_,x_SymbolE :=

Sqrt@a+b*Cos@c+d*xDD�Sin@c�2+d*x�2D*Int@u*Sin@c�2+d*x�2D*Ha+b*Cos@c+d*xDL^Hn-1�2L,xD �;
FreeQ@8a,b,c,d<,xD && ZeroQ@a+bD && IntegerQ@n-1�2D *L

Trig Substitution Integration Rules



à u Ha + b Cos@d + e xD + c Sin@d + e xDLn âx

� Note: This rule should be moved just before the tangent Θ/2 substitution rules for linear trigonometric expressions

� Derivation: Piecewise constant extraction and algebraic expansion

� Basis: If  a2 - b2 - c2 = 0, then ¶z
a+b Cos@zD+c Sin@zD

c CosA z

2
E+Ha-bL SinA z

2
E = 0

� Rule: If  a2 - b2 - c2 = 0 í n -
1

2
Î Z, then

á u Ha + b Cos@d + e xD + c Sin@d + e xDLn

âx �

c a + b Cos@d + e xD + c Sin@d + e xD
c CosA d+e x

2
E + Ha - bL SinA d+e x

2
E à u CosBd + e x

2
F Ha + b Cos@d + e xD + c Sin@d + e xDLn-

1

2 âx +

Ha - bL a + b Cos@d + e xD + c Sin@d + e xD
c CosA d+e x

2
E + Ha - bL SinA d+e x

2
E à u SinBd + e x

2
F Ha + b Cos@d + e xD + c Sin@d + e xDLn-

1

2 âx

� Program code:

H* IntAu_*Ia_+b_.*Cos@d_.+e_.*x_D+c_.*Sin@d_.+e_.*x_DM^n_,x_SymbolE :=

Sqrt@a+b*Cos@d+e*xD+c*Sin@d+e*xDD�Hc*Cos@Hd+e*xL�2D+Ha-bL*Sin@Hd+e*xL�2DL*

Dist@c,Int@u*Cos@Hd+e*xL�2D*Ha+b*Cos@d+e*xD+c*Sin@d+e*xDL^Hn-1�2L,xDD +

Sqrt@a+b*Cos@d+e*xD+c*Sin@d+e*xDD�Hc*Cos@Hd+e*xL�2D+Ha-bL*Sin@Hd+e*xL�2DL*

Dist@a-b,Int@u*Sin@Hd+e*xL�2D*Ha+b*Cos@d+e*xD+c*Sin@d+e*xDL^Hn-1�2L,xDD �;
FreeQ@8a,b,c,d,e<,xD && ZeroQ@a^2-b^2-c^2D && IntegerQ@n-1�2D *L

Trig Substitution Integration Rules


