Integration Rules for Hyperbolic Sine Functions

M@+bSinh[c+dx])"dx

m Derivation: Algebraic simplification
212
= BassIf a?+b? = 0,thena+bSinh(z] =2aCosh[- 22 + £]

m Rulelf a2+b2=0 A me@Q Anez A n<O0,then

c dx
Jx (a+bSinh[c+dx])"dx — (2a)" mesh[——+5+— dx

= Program code:

Int [x_"m_. «(a_+b_. *Sinh[c_. +d_. #x_1)"n_, x_Synbol | : =
Di st [ (2%a)”n, I nt [x*mxCosh [-Pi xa/ (4xb)+c/2+d*x/2]" (2%n), x1] /;
FreeQ[{a, b, c,d}, x] & & ZeroQ[a"2+b"2] && Rational Q[m] && I ntegerQ[n] && n<0

m Derivation: Algebraic simplification and piecewise constant extraction
2
» Basis If a2+b2 = 0,thena +b Sinh[z] = 2aCosh[_g + 5]

Va+b Sinh[z]

[

= Rule If a2+b2=0/\meQ/\n—§eZ,then

m Basis If a2 + b2 = 0, then 8, =0

—_— —

@Sh[—ﬁ+%+d7>< 4b 2

_ (2a)”'§\/a+bSinh[c+dx] ra ¢
xM(@a+bSinh[c+dx])"dx — Jxm@sh[——+

= Program code:

Int [x_"m_. «(a_+b_. «Sinh[c_. +d_. *x_]1)"n_, x_Synbol | : =
Di st [(2%a)” (n-1/2)*Sqrt [a+b*Si nh[c+dxx]]/Cosh[-Pi xa/ (4xb)+c/2+d%x/2],

I nt [x*mxkCosh [-Pi xa/ (4xb)+c/2+dxx/2]" (2%n), x1] /;
FreeQ[{a, b,c,d}, x] && ZeroQ[a"2+b"2] && Rational Q[m] && I ntegerQ[n-1/2]



Integration Rules for Hyperbolic Sine Functions

= Derivation: Algebraic expansion

. 1 a b (b-az)
| ] Bas =
S (a+h z)?2 (a2+b?) (a+bz) + (a2+b?) (a+b z)?

= Rule If a2 + b2 # 0, then

X a X b X (b-aSinh[c+dx])
J dx — J - dx + j dx
(a+bSinh[c+dx])? aZ+b2 Ja+bSinh[c+dx] a? + b? (a+bSinh[c+dx])2

= Program code:

Int [x_/(a_+b_. #Sinh[c_. +d_. #x_1)"2, x_Synbol | : =

Di st [a/ (a"2+b”"2), I nt [x/ (a+b*Si nh[c+d*x]), x]] +

Di st [b/ (a"2+b”2), I nt [x* (b-a*Si nh[c+d*x]) / (a+b*Si nh[c+d*x]1)"2, x]]1 /;
FreeQ[{a, b, c,d}, x] & NonzeroQ[a’2+b"2]

= Derivation: Algebraic expansion

» Basis a+bSinh[z] = %
m Rulelf a2+b220 Am>0 Anez A n<O0,then

1 Xm(_b+2aec+dx+be2(c+dx))”
J-xm(a+bSinh[C+dx])”dlx—> 2_nj dy

e" (c+d x)

= Program code:

Int [x_"m_. «(a_+b_. «Sinh[c_. +d_. *x_]1)"n_, x_Synbol | : =
Di st [1/2”n, | nt [X"mk (-b+2*a*E" (C+d*X) +b*E" (2% (C+dxX) ) ) n/E* (nx (c+d*Xx)), x1] /;
FreeQ[{a, b, c,d}, x] & NonzeroQ[a"2+b"2] && Rational Q[m] && m>0 && I nteger Q[n] && n<0



Integration Rules for Hyperbolic Sine Functions

xM™(a+bCosh[c +dx])"dx

m Derivation: Algebraic simplification
» Basis 1+Cosh[z] = 2003h[§]2
m Rulelfa-b=0 A me@ Anez A n<O0,then
dx.2n

c
jxm(a+bCosh[c+dx])“d1x — (2a)”jxmmsh[5+?] dx

= Program code:

Int [x_"m_. «(a_+b_. «xCosh[c_. +d_. xx_]1)"n_, x_Synbol | : =
Di st [ (2%a)”n, I nt [x*mxCosh[c/2+dxx/2]" (2%xn), X]1] /;
FreeQ[{a, b,c,d}, x] && ZeroQ[a-b] && Rational Q[m] && I ntegerQ[n] && n<0

= Derivation: Algebraic simplification
= Basis 1-Cosh[z] = -2Sinh[%]?
m Rulelfa+b=0 A me@ Anez A n<O0,then

m . 0o c dx42"
xM(a+bCosh[c+dx])"dx — (-2a) X Slnh[5+?] dx

= Program code:

Int [x_"m_. «(a_+b_. «xCosh[c_. +d_. #x_]1)"n_, x_Synbol | : =
Di st [ (-2%a)”™n, | nt [xX*mxSi nh[c/2+d*Xx/2]" (2%n), X]1] /;
FreeQ[{a, b,c,d}, x] & ZeroQ[a+b] && Rational Q[m] && I ntegerQ[n] && n<0



Integration Rules for Hyperbolic Sine Functions

= Derivation: Algebraic smplification
= Basis 1+ Cosh[z] = 2c°sh[§]2

v a+a Cosh[z]

> =0
Cosh[;]

= Bass: 9,

n Rule:lfa—b=0/\meQ/\n—%ez,then

d x 2n

1
2a)"z+a+bCosh[c +dx c
(ca) Va~ [c+ ] J-XmCDSh[E+7] dx

xM(a+bCosh[c+dx])"dx —
OOSh[%+dT><

= Program code:

Int [x_"m_. «(a_+b_. «Cosh[c_. +d_. xx_])"n_, x_Synbol | : =
Di st [(2%a)” (n-1/2)*Sqrt [a+bxCosh[c+dxx]]/Cosh[c/2+dxx/2], | nt [x*"mxCosh[c/2+dxXx/2]" (2%n), Xx]1] /;
FreeQ[{a, b,c,d}, x] && ZeroQ[a-b] && Rational Q[m] && I ntegerQ[n-1/2]

= Derivation: Algebraic simplification
= Basis 1-Cosh[z] = -2Sinh[%]

vV a-aCosh[z]

Z = O
Sinh[ %]

= Basis 9,

L] Rule:lfa+b=0/\meQ/\n-%ez,then

dX 2n

—2a”'% a+b Cosh[c +dx c

Si nh[%+dTX]

Jxm(a+bOosh[c+dx])“dlx —

= Program code:

Int [x_"m_. «(a_+b_. xCosh[c_. +d_. xx_])"n_, x_Synbol | : =
Di st [ (-2%a)” (n-1/2)%Sqrt [a+bxCosh [c+d*Xx]]/Si nh[c/2+d%Xx/2], | nt [X*m«Si nh[c/2+d*x/2]" (2%n), X]1] /;
FreeQ[{a, b,c,d}, x] & ZeroQ[a+b] && Rational Q[m] && I ntegerQ[n-1/2]



Integration Rules for Hyperbolic Sine Functions

= Derivation: Algebraic expansion

. 1 a b (b+az)
| ] B = -
asis. (a+h z)?2 (a2-b?) (a+bz) (a2-b?) (a+b z)?

= Rule If a2 -b? # 0, then

X a X b X (b+aCosh[c +dx])
j dx — J dx - j dx
(a+bCosh[c +dx])?2 a2-b2 J a+bCosh[c +dx] 2 _p? (a+b Cosh[c+dx])2

= Program code:

Int [x_/(a_+b_. #Cosh[c_. +d_. #x_1)"2, x_Synbol | : =

Di st [a/ (a"2-b”"2), I nt [x/ (a+bxCosh[c+d*x]), x]] -

Di st [b/ (a"2-b”2), I nt [x* (b+axCosh[c+d*x]) / (a+bxCosh[c+dxx]1)"2, x]]1 /;
FreeQ[{a, b, c,d}, x] & NonzeroQ[a’2-b"2]

= Derivation: Algebraic expansion

» Basis a+bCosh[z] = %
m Rulelf a2-b2#0 Am>0 Anez A n<O0,then

1 x"(b+2aec*dX +be? ©+dx)"
Jxm(a+bCosh[c+dx])”d1x—> Z—nj dx

e" (c+d x)

= Program code:

Int [x_"m_. «(a_+b_. xCosh[c_. +d_. *x_]1)"n_, x_Synbol | : =
Di st [1/27n, | nt [X"mk (b+2*xaxE" (C+dxX) +b*E* (2% (C+d*Xx)) ) n/E* (n*x (C+dxX)), X1] /;
FreeQ[{a, b, c,d}, x] & NonzeroQ[a’2-b"2] && Rational Q[m] && m>0 && I ntegerQ[n] && n<0



Integration Rules for Hyperbolic Sine Functions

u(a+bsi nh[C+dx]2)ndlx

m Derivation: Algebraic simplification
» Basis Sinh[z]? = % (-1+Cosh[22])
= Note: Thisruleshould bereplaced with rulesthat directly reducetheintegrand rather than transforming it using hyper bolic power expansion!

m Rulelf a-b#0 A n#-1,then

1
J(a+b$i nh[C+dx]2)”d1x — 2—nj(2a—b+b005h[20+2dx])”dlx

= Program code:

Int [(a_+b_. #Sinh[c_. +d_. xx_172)"n_, x_Synbol | : =
Di st [1/2”n, I nt [ (2*xa-b+bxCosh[2xCc+2xd*x])"n, X]1] /;
FreeQ[{a, b,c,d}, x] & NonzeroQ[a-b] && Rational Q[n] && n#-1

= Basis: Cosh[z]? = % (1 +Cosh[2z])

Int [(a_+b_. *Cosh[c_. +d_. xx_1"2)"n_, x_Synbol | : =
Di st [1/2”n, I nt [ (2*xa+b+bxCosh[2xCc+2xd*x])"n, X]1] /;
FreeQ[{a, b,c,d}, x] & NonzeroQ[a+b] && Rational Q[n] && n#-1

= Derivation: Algebraic simplification
= Basis: Sinh[z]? = % (-1+Cosh[2z])
= Note: Thisruleshould bereplaced with rulesthat directly reducetheintegrand rather than transforming it using hyperbolic power expansion!

m Rulelfa-b#0 Am nez A m>O0,then

1
fxm(a+bSi nh[c+dx]2)nd1x — szxm (2a-b+bCosh[2c+2dx])"dx

= Program code:

Int [x_"m_. «(a_+b_. «Sinh[c_. +d_. xx_]1"2)"n_, x_Synbol | : =
Di st [1/2”n, | nt [X"mk (2*a-b+bxCosh [2xCc+2xd*x])"n, x]1] /;
FreeQ[{a, b, c,d}, x] & NonzeroQ[a-b] && IntegersQ[mn] && (M0 && n=-1 || Mm=1 && n==-2)

» Basis Cosh[z]? = % (1 +Cosh[22])

Int [x_"m_. «(a_+b_. «xCosh[c_. +d_. xx_]1"2)"n_, x_Synbol | : =
Di st [1/2”n, | nt [x"mk (2*a+b+bxCosh [2xC+2xd*x])"n, Xx]1] /;
FreeQ[{a, b, c,d}, x] & NonzeroQ[a+b] && IntegersQ[mn] & & (M0 && n==-1 || m=1 && n=-2)



Integration Rules for Hyperbolic Sine Functions

Sinh[a+bx"] dx

= Derivation: Primitiverule

m Basis Fresnel S'[z] = -4 Si nh[“zz]

2

= Note: Thisruleiscommented out sinceit introducestheimaginary unit i; whereas, converting the hyperbolic sineto exponential form does not.

= Rule

JSi nh[bx?] dx — - i\/; Fr esnel S[@]

Vib B

= Program code:

(* Int [Sinh[b_.*x_"2],x_Synbol ] : =
-1 *Sgrt [Pi /2]1%Fresnel S[Rt [| xb, 21*x/Sqrt [Pi /2]]1/Rt [I b, 2] /;
FreeQ[b, x] =)

| 7wz

m Basis Fresnel C[z] = Oosh[T]

(* Int [Cosh[b_.xx_"2],x_Synbol ] : =
Sgrt [Pi /2] *Fresnel C[Rt [I xb, 21*x/Sqrt [Pi /2]11/Rt [I *b, 2] /;
FreeQ[b, x] =*)

= Derivation: Algebraic expansion

= Bass Sinh[z] = 5 -~
m Rulelf - (neF V n<0),then

1 1
J.Si nhla+bx"] dx — 5 Jea*bx" dx - > Je'a'bxn dx

= Program code:

Int [Sinh[a_. +b_. *x_"n_1], x_Synbol ] : =
Di st [1/2, ] nt [E* (a+b*x"n), x]] -
Dist [1/2, ] nt [E* (-a-b*x"n), Xx]1] /;
FreeQ[{a, b, n}, x] && Not [Fracti onOr Negati veQ[n]]

Int [Cosh[a_. +b_. *x_"n_1], x_Synbol ] : =
Di st [1/2, | nt [E* (-a-b*x*n), x]] +
Di st [1/2, ] nt [E (a+bxx"n), x]]1 /;
FreeQ[{a, b, n}, x] && Not [Fracti onOr Negati veQ[n]]



Integration Rules for Hyperbolic Sine Functions

= Derivation: Integration by parts
= Note: Although resulting integrand looks more complicated than the original, rulesfor improper binomialsrectify it.

m Rulelf nez \ n<O0,then

jSi nh[a+bx"] dx — X Sinh[a+bx"] -bnjx”Cosh[a+bx”] dx

= Program code:

Int [Sinh[a_. +b_. *x_"n_1], x_Synbol ] : =
X*Si nh[a+b*x"n] -
Di st [bxn, | nt [x*nxCosh [a+b*x"n], x]] /;
FreeQ[{a, b}, x] & IntegerQ[n] && n<0

Int [Cosh[a_. +b_. *x_"n_1], x_Synbol ] : =
x*Cosh [a+b*x"n] -
Di st [b*n, | nt [X*n*Si nh[a+b*x*n], x]] /;
FreeQ[{a, b}, x] & IntegerQ[n] && n<0



Integration Rules for Hyperbolic Sine Functions

XxMSi nh[a + b x"] dx

= Derivation: Primitiverule

» Basis: Sinhintegral ‘[z] = S'”Zﬂ
= Rule

dx —
X n

J-Si nh[b x"] Si nhi ntegral [bx"]

= Program code:

Int [Sinh[b_. «x_"n_.1/x_,x_Synbol | :
Si nhl nt egral [bxx"n]/n /;
FreeQ[ {b, n}, x]

= Basis Coshlntegral '[z] = %

Int [Cosh[b_. »x_"n_. 1/x_, x_Synbol | :
Coshl nt egral [bxx"n]/n /;
FreeQ[ {b, n}, x]

= Derivation: Algebraic expansion
m Basis: Sinh[w+2z] = Sinh[w] Cosh[z] + Cosh[w] Si nh[z]
= Rule

Si nh[b x"]

Cosh[b x"]
—dlx + Cosh[a] j— X

jSi nhla+b x"]

dx — Sinh[a] j
X

= Program code:

Int [Si nh[a_+b_. «x_"n_. ]/x_, x_Synbol | : =
Di st [Sinh[a], I nt [Cosh[b*xx"n]/x, X]] +
Di st [Cosh[a], I nt [Sinh[bxx*n]/x, x1] /;
FreeQ[{a, b, n}, x]

Int [Cosh[a_+b_. #x_"n_. ]/x_, x_Synbol | : =
Di st [Cosh[a], I nt [Cosh[b*x*n]/x, X]] +
Di st [Sinh[a], I nt [Sinh[bxx*n]/x,Xx]1] /;

FreeQ[{a, b, n}, x]



Integration Rules for Hyperbolic Sine Functions

= Reference: CRC 392h, A& S4.5.83

= Derivation: Integration by parts

= Bass xMSinh[a+bx"] = X oCoshasbxTy
bn
m Rulelfnez A O0<n <mthen

e . x™+1l Cosh[a+bx"] m-n+1 . .
jx Sinh[a+bx"] dx — - " jx Cosh[a + b x"] dx
n n

= Program code:

Int [x_“m.*Sinh[a_. +b_. *x_"n_. 1, x_Synbol ] : =

X" (m-n+1) *Cosh [a+b*x"n]/ (bxn) -

Di st [ (m-n+1)/ (bxn), | nt [X" (m-n) *Cosh [a+bxx"n], x]] /;
FreeQ[{a, b}, Xx] && IntegerQ[n] && Rational Q[m] && O<n<=m

m Reference: CRC 396h, A& S4.5.84

Int [x_"m.*Cosh[a_. +b_. *x_"n_. 1, x_Synbol ] : =

XN (m-n+1) *Si nh [a+b*x”n]/ (b*n) -

Di st [ (m-n+1)/ (b%n), | nt [x" (m-n) *Si nh [a+b*x"n], x]] /;
FreeQ[{a, b}, x] & IntegerQ[n] && Rational Q[m] && O<n<=m

m Reference: CRC 405h
= Derivation: Integration by parts
m Ruelf min+1=0VY (nez A ((n>0 A m<-1) V 0<-n<m+1),then

_ x™l Sinh[a+bx"] bn
fxm8| nh[a+bx"] dx — - x™N Cosh[a+b x"] dx
m+1 m+ 1

= Program code:

Int [x_“m.*Sinh[a_. +b_. *x_"n_. 1,x_Synbol ] : =
XN (mel) *Si nh [a+bxx”n]/ (mel) -
Di st [bxn/ (m+1), I nt [X» (m+n) *Cosh [a+bxx"n], x1] /;
FreeQ[{a, b, mn}, x] & & (ZeroQ[m+n+1] || IntegerQ[n] && Rational Q[m && (n>0 && nmk-1 || O<-n<m+l))

m Reference: CRC 406h

Int [x_"m.*xCosh[a_. +b_. *x_"n_. 1, x_Synbol ] : =
XN (me1l) *xCosh [a+b*x*n]/ (m:l) -
Di st [bxn/ (m+1), | nt [X® (m+n) *Si nh [a+b*x"n], x]1] /;
FreeQ[{a, b, mn}, x] && (ZeroQ[m+n+1] || IntegerQ[n] && Rational Q[m && (n>0 && nk-1 || O<-n<m+l))



Integration Rules for Hyperbolic Sine Functions

= Derivation: Algebraic expansion
is Si e
m Basis: Sinh[z] = > >

m Ruelf mil20 Am-n+1#0 A - (meF VYV neF V\ n<O0),then

. 1 n 1 n
fme| nhja+bx"] dx — EJ-xmea"b" dlx—EJ‘xmce‘a‘bX dx

= Program code:

Int [x_“m.*Sinh[a_. +b_. *x_"n_.1,x_Synbol ] : =

Di st [1/2, | nt [X"mxE® (a+b*x"n), x]] -

Di st [1/2, | nt [X*mxE" (-a-b*x"n), x1]1 /;
FreeQ[{a, b, mn}, x] & NonzeroQ[m+1l] && NonzeroQ[m-n+l] &&
Not [Fracti onQ[m] || FractionOr NegativeQ[n]]

Int [x_“m.*xCosh[a_. +b_. *x_"n_.1,x_Synbol ] : =

Di st [1/2, | nt [X"mxE" (-a-b*x"n), x]] +

Di st [1/2, | nt [X"mxE" (a+b*x"n), x]]1 /;
FreeQ[{a, b, m n}, x] &% NonzeroQ[m+1] && NonzeroQ[m-n+1] &&
Not [Fracti onQ[m] || FractionOr NegativeQ[n]]



Integration Rules for Hyperbolic Sine Functions

XMSi nh[a + b x"]P dx

m Derivation: Integration by parts

m Rulelfn, pez Ap>1 An-14%0,then

X —
x" (n-1) xn-1 n-1

Sinh[a+bx"]P Sinh[a+bXx"]P bnp ]
j d - + jS| nhla+b x"]Pt Cosh[a +b x"] dx

= Program code:

Int [x_"m.*Sinh[a_. +b_. *x_"n_. ]"p_, x_Synbol ] : =

-Si nh[a+b*Xx*n] p/ ((N-1) *Xx" (n-1)) +

Di st [bxnxp/ (n-1), I nt [Si nh[a+b*x"n]” (p-1) *Cosh [a+b*x"n], X]] /;
FreeQ[{a, b}, x] && IntegersQ[n, p] && ZeroQ[m+n] && p>1 && NonzeroQ[n-1]

Int [x_"m.*Cosh[a_.+b_.*x_~n_. 1%p_,x_Synbol ] : =

-Cosh [a+b*Xx*n] p/ ((N-1) *x" (n-1)) +

Di st [bxnxp/ (n-1), | nt [Cosh [a+b*x"n]” (p-1) *Si nh [a+b*x"n], X]1] /;
FreeQ[{a, b}, x] && IntegersQ[n, p] && ZeroQ[m+n] && p>1 && NonzeroQ[n-1]

m Reference: G&R 2.471.1b' special casewhenm-2n+1 =0
m Rulelf p>1 A m-2n+1=0,then

] n Sinh[a+bx"]P
jme| nhla+bx"]Pdx — - +
b2 n2 p2

x" Cosh[a+bx"] Sinh[a+bx"]Pt p-1 _ 5
- fme| nhla+b x"1P= dx
bnp p

= Program code:

Int [Xx_"m.*Sinh[a_. +b_. *x_"n_. 1*p_, x_Synbol ] : =
-nxSi nh [a+b*x"n]*p/ (bA2xn"2xp"2) +
x"nxCosh [a+b*x"n]*Si nh[a+bxx*n]” (p-1) / (bxnxp) -
Di st [(p-1)/p, | nt [x*mkSi nh [a+b*x*n]” (p-2), X]] /;
FreeQ[{a, b, mn}, x] & & Rational Q[p] && p>1 && ZeroQ[m-2xn+1]

m Reference: G&R 2.471.1a' special casewithm-2n+1 =0

Int [x_"m.*Cosh[a_.+b_.*x_~n_. 1%p_,x_Synbol ] : =
-nxCosh [a+b*x"n]"p/ (b"A2xn"2xp"2) +
x"n*Si nh [a+b*x"n]xCosh [a+bxx"n]" (p-1) / (bxnxp) +
Di st [ (p-1)/p, | nt [x*"mxCosh [a+b*x"n]” (p-2), X]] /;
FreeQ[{a, b, mn}, x] && Rational Q[p] && p>1 && ZeroQ[m-2xn+1]



Integration Rules for Hyperbolic Sine Functions

m Reference: G&R 2.471.1b'
m Ruelfmnez Ap>1 A0<2n<m+1,then

(m-n+1) x™2n+1 Sipnhfa+bx"]P x™n*l Cosh[a+b x"] Sinh[a +b x"]P-1
+

fmei nhfa+bx"1Pdx — -
b2n2p2 bnp

(Mm-n+1) (Mm-2n+1)

p_l . 2
— [x™Sinh[a+bx"]P“dx +

—— J-X”FZ”Si nhla+b x"1P dx
p bcn<p

= Program code:

Int [x_"m.*Sinh[a_. +b_. *x_"n_. 1*p_, x_Synbol ] : =

- (m-n+1) *x" (M-2%n+1) *Si nh [a+b*x~n]"p/ (bA2xn"2xp"2) +

XN (m-n+1) *Cosh [a+bxx"n]*Si nh [a+b*x*n]” (p-1) / (bxnxp) -

Di st [(p-1)/p, | nt [Xx*mkSi nh [a+b*x"n]” (p-2), X]] +

Di st [(Mm-n+1) * (M-2xn+1) / (bA2xn"2xp~2), | nt [X" (M-2xn) *Si nh [a+b*x*n]"p, x1] /;
FreeQ[{a, b}, x] & IntegersQ[m n] && Rational Q[p] && p>1 && 0<2xn<mk1l

m Reference: G&R 2.631.3'

Int [x_"m.*Cosh[a_.+b_.*x_~n_. 17p_,x_Synbol ] : =

- (m-n+1) *x" (m-2xn+1) *Cosh [a+bxx~n]"p/ (bA2xn"2xp"2) +

XN (m-n+1) *Si nh [a+b*x"n]xCosh [a+bxx"n]" (p-1) / (bxnxp) +

Di st [(p-1)/p, | nt [x*mxCosh [a+b*x"n]" (p-2), X]] +

Di st [(Mm-n+1) * (M-2xn+1) / (b"2xn"2xp~2), | nt [X* (M-2xn) *Cosh [a+b*x*n]"p, x]1] /;
FreeQ[{a, b}, x] && IntegersQ[m n] && Rational Q[p] && p>1 && 0<2xn<mkl

m Reference: G&R 2.477.1 special casewhenm-2n+1 =0
m Rulelf p<-1 Ap#-2 Am-2n+1=0,then
~J-mei nhla+bx"1Pdx —

x" Cosh[a+bx"] Sinh[a+bx"]P** nSinh[a+bx"]P*? p+2

- jmei nhla+b x"]P*? dx
bn (p+1) b2n2 (p+1) (p+2) pP+1

= Program code:

Int [x_“m.*Sinh[a_. +b_. *x_"n_. 1*p_, x_Synbol ] : =
x"nxCosh [a+b*x"n]*Si nh[a+bxx"n]” (p+1) / (b*nx (p+1)) -
nxSi nh [a+b*x"n]1” (p+2) / (b"2%n"2% (p+1) * (p+2)) -
Di st [ (p+2)/ (p+1), | nt [x "m&Si nh [a+b*x"n]" (p+2), X]] /;
FreeQ[{a, b, mn}, x] & Rational Q[p] && p<-1 && p#-2 && ZeroQ[mM-2xn+1]
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m Reference: G&R 2.477.2' special casewithm-2n+1 =0

Int [x_“m.*Cosh[a_. +b_. *x_"n_. 1"p_, x_Synbol ] : =
-x"n%Si nh[a+b*x"n]*Cosh [a+b*x*n]”" (p+1) / (bxn% (p+1)) +
nxCosh [a+b*x"n]1” (p+2) / (b"2%n"2% (p+1) * (P+2)) +
Di st [ (p+2)/ (p+1), | nt [x"mxCosh [a+b*x"n]" (p+2), X]] /;
FreeQ[{a, b, mn}, x] & Rational Q[p] && p<-1 && p#-2 && ZeroQ[mM-2xn+1]

m Reference: G&R 2.477.1
" Ruelfmnez Ap<-1 Ap#-2A0<2n<m+l, then

J~ S nhiasbx"]’d x™n+l Cosh[a+b x"] Sinh[a+bx"1P*t  (m-n+1) x™2"1 Sj nh[a +b x"]P*?
xM™Si nh[a+b x X — - -
bn(p+1) b2n? (p+1) (p+2)

p+2 (m-n+1) (m-=-2n+1)

p+1

Jmei nhla+b x"]P*? dx + JXWZ”Si nh[a+b x"]P*? dx

bZ2n2 (p+1) (p+2)

= Program code:

Int [x_"m.*Sinh[a_.+b_.*x_~n_. 1%p_,x_Synbol ] : =

X" (m-n+1) *Cosh [a+b*x"n]*Si nh [a+bxx"n]” (p+1) / (b*nx (p+1)) -

(m-N+1) *xN (M-2%n+1) *Si nh [a+b*x*n]1" (p+2) / (b"2xn" 2% (p+1) *» (P+2)) -

Di st [(p+2)/ (p+1), | nt [x mkSi nh [a+b*x"n]" (p+2), X]] +

Di st [(Mm-n+1)* (M-2xn+1) / (bA"2xn"2% (p+1) * (P+2) ), | nt [X (M-2xn) *Si nh [a+b*x*n]1" (p+2), X]1] /;
FreeQ[{a, b}, x] && IntegersQ[m n] && Rational Q[p] && p<-1 && p#-2 && 0<2xn<mkl

m Reference G&R 2.477.2

Int [x_“m.*Cosh[a_. +b_. *x_"n_. 1"p_, x_Synbol ] : =

-XN (m-n+1) *Si nh [a+bxx~n]*Cosh[a+b*x"n]” (p+1) / (bxnx (p+1)) +

(m-n+1) *x" (M-2xn+1) *xCosh [a+b*x n]1" (p+2) / (bA2xn" 2% (p+1) » (P+2)) +

Di st [(p+2)/ (p+1), | nt [x"mxCosh [a+b*x"n]" (p+2), X]] -

Di st [(Mm-n+1) * (M-2xn+1) / (bA"2%n"2% (p+1) * (p+2) ), | nt [X" (M-2xn) xCosh [a+b*x"n]1" (p+2), X]1] /;
FreeQ[{a, b}, x] & IntegersQ[m n] && Rational Q[p] && p<-1 && p#-2 && 0<2xn<mkl
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m Reference: G&R 2.475.1
m Ruelfmnez Ap>1 A0<2n<1-mA m+n+1#0,then

x™LlSinh[a+bx"1P bnpx™lCosh[a+bx"] Sinh[a+bx"]P1!

+

fmei nhla+bx"1Pdx —
m+ 1 (Mm+1) (Im+n+1)
b2 n2 p2 b2nZp (p-1)

(m+1) (m+n+1)

fx"‘*Z“Si nhla+b x"]P dx + jx“Z"Si nhla+b x"]1P~2 dx

(m+1) (m+n+1)

= Program code:

Int [x_“m.*Sinh[a_. +b_. *x_"n_. 1*p_, x_Synbol ] : =
XN (mkl) *Si nh [a+bx*x”n] p/ (Ml) -
bxnxp*xx” (Mkn+1) *xCosh [a+bxx~n]*Si nh[a+b*x"n]" (p-1) / ((M+1) * (M+n+1)) +
Di st [bA2xn"2%xp”2/ ((M+1) * (Men+1)), | nt [X” (M+2%Nn) *Si nh [a+bxx"n] p, X]] +
Di st [bA2xn"2xpx (p-1) / ((M1l) » (Men+1)), | nt [X* (M+2xn) *Si nh [a+b*x*n]" (p-2), x]]1 /;
FreeQ[{a, b}, x] && IntegersQ[m n] &% Rational Q[p] && p>1 && 0<2xn<-m+l && Nonzer oQ[m+n+1]

m Reference: G&R 2.475.2'

Int [x_"m.*Cosh[a_. +b_. *x_"n_. 1*p_, x_Synbol ] : =
xN (mrl) xCosh [a+bxx*n] p/ (M+l) -
bxnxp*xx” (Men+1) *Si nh [a+bxx”n]*Cosh [a+b*x*n]" (p-1) / ((M+1) * (M+n+1)) +
Di st [bA2xn"2%p”2/ ( (ML) * (Men+1)), | nt [X™ (M-2%n) *xCosh [a+bxx"n]”p, X]] -
Di st [bA2xn"2xpx (p-1) / ((M1) » (Men+1)), | nt [x* (M+2xn) *Cosh [a+b*x*n]" (p-2), x]1] /;
FreeQ[{a, b}, X] && IntegersQ[mn] &% Rational Q[p] && p>1 && 0<2xn<-m+l && Nonzer oQ[m+n+1]
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xMSinh[a+b (c +dx)"]Pdx

m Derivation: Integration by linear substitution

m Rulelf mez A m>0 A p e Q,then

1 c x\m
jmei nhia+b (c +dx)"]P dx — aSubst U(-aa,a) Sinh[a+bx"]Pdx, x, C+dx]

= Program code:

Int [x_"m_. «Sinh[a_. +b_. »(c_+d_. »x_)"n_]"p_., x_Symbol | : =
Di st [1/d, Subst [Int [ (-c/d+x/d)”m«Si nh [a+bx*x*n]"p, X1, X, C+d*Xx]] /;
FreeQ[{a, b,c,d, n}, x] & IntegerQ[m] && m>0 && Rati onal Q[p]

Int [x_"m_. «Cosh[a_. +b_. »(c_+d_. »x_)"n_]"p_., x_Symbol | : =
Di st [1/d, Subst [Int [ (-c/d+x/d)*mxCosh [a+bxx*n]”p, X1, X, C+dxXx]] /;
FreeQ[{a, b,c,d, n}, x] & IntegerQ[m] && m>0 && Rati onal Q[p]
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Si nh[a+bx+cx2] dx

Derivation: Algebraic simplification

(b+2 ¢ x)?2

Basis If b2-4ac =0,thena+bx +cx2 = —

Rule If b2 -4 ac = 0, then

b+2 2
JSi nh[a+bx+cx2]d1x — jSi nh[&]dx

= Program code:

Int [Sinh[a_. +b_. *x_+C_. *x_"2], x_Synbol ] :
Int [Sinh[(b+2xCcxx)"2/ (4%C) ], X] /;
FreeQ[{a, b, c}, x] && ZeroQ[b"2-4xaxcC]

Int [Cosh[a_. +b_. *x_+C_. *x_"2], x_Synbol ] :
Int [Cosh[ (b+2xCxx)"2/ (4%C) ], X] /;
FreeQ[{a, b, c}, x] && ZeroQ[b"2-4xaxcC]

= Derivation: Algebraic expansion
is S _E e
m Basis: Sinh[z] = > >

m RuleIf b2-4ac #0,then

JSi nh[a+bx+cx2] dx —

% Jea+b x+C X% gy _ ; Je—a—b x-Cx% gy

= Program code:

Int [Sinh[a_. +b_. *Xx_+C_. *x_"2], x_Synbol ] : =
Dist [1/2, ] nt [E® (a+b*xx+C*x"2), x]] -
Dist [1/2, ] nt [EN (ma-bxx-Cc*x"2),Xx]1] /;
FreeQ[{a, b, c}, x] &% Nonzer oQ[b"2-4xaxC]

Int [Cosh[a_. +b_. *x_+C_. *x_"2], x_Synbol ] :
Dist [1/2, ] nt [E® (a+b*xx+C*x"2), x]] +
Dist [1/2, | nt [E* (ma-bxx-Cc*x"2),Xx]1] /;
FreeQ[{a, b, c}, x] &% Nonzer oQ[b”2-4xaxC]
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f(d+ex)m8i nh[a+bx+cx2] dx

m Rulelf be-2cd =0,then

eOosh[a+bx+cx2]

J(d+ex) Sinh[a+bx+cx?] dx —

2c
= Program code:
I nt [(d_. +e_. *X_) *Sinh[a_. +b_. *x_+c_. *x_"2], x_Synbol ] =
exCosh [a+b*x+C*x"2]/ (2%C) /;
FreeQ[{a, b,c,d, e}, x] & ZeroQ[bxe-2xCc*d]
Int [(d_. +e_. »x_)Cosh[a_. +b_. xx_+c_. #x_"2], x_Synbol | : =
exSi nh[a+b*x+C*x"2]/ (2%C) /;
FreeQ[{a, b,c,d, e}, x] & ZeroQ[bxe-2xc*d]
m Rulelf be-2cd # 0,then
eCosh[a+bx+cx?] be-2cd
J‘(d+ex)Sinh[a+bx+cx2]d1x—> > - > fSinh[a+bx+cx2]dx
C C

= Program code:

Int [(d_. +e_. »x_)*Sinh[a_. +b_. xx_+c_. #x_"2], x_Synbol | :
exCosh[a+b*x+C*x"2]/ (2%xC) -
Di st [ (bxe-2xc*d) / (2%C), I nt [Si nh[a+bxx+C*x"2], X]] /;
FreeQ[{a, b, c,d, e}, x] & NonzeroQ[bxe-2xc=*d]

Int [(d_. +e_. »x_)Cosh[a_. +b_. »x_+c_. #x_"2], x_Synbol | :
exSi nh[a+bxX+C*X"2]/ (2%C) -
Di st [ (bxe-2xc*d) / (2%C), | nt [Cosh[a+bxXx+C*x"2], X]] /;
FreeQ[{a, b, c,d, e}, x] & NonzeroQ[bxe-2xcxd]
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m Rulelf m>1 A be-2cd =0,then

f(d+ex)m8i nh[a+bx+cx2] dx —

e (d+ex)™ Cosh[a+bx+cx?] e2(m-1)
+

2c 2c

J}d+ex)“2Omh[a+bx+cx2]dx

m  Program code:

Int [(d_. +e_. »x_)"m «Sinh[a_. +b_. «x_+c_. #x_"2], x_Synbol | : =

ex (d+exx)” (m-1) xCosh [a+bxX+C*xx"2]/ (2%C) -

Di st [e"2x(m-1) / (2%C), I nt [ (d+exx)” (m-2) xCosh [a+b*x+C*x"2],Xx]1] /;
FreeQ[{a, b,c,d, e}, x] & Rational Q[m] && m>1 && ZeroQ[bxe-2xCc=xd]

Int [(d_. +e_. »x_)"m »Cosh[a_. +b_. xx_+c_. #x_"2], x_Synbol | : =

ex (d+exx)” (m-1) *Si nh[a+bxX+C*x"2]/ (2%C) -

Di st [e"2x (m-1) / (2%C), I nt [ (d+exXx)”" (Mm-2) *Si nh [a+b*x+Cc*x"2], Xx]1] /;
FreeQ[{a, b,c,d, e}, x] & Rational Q[m] && m>1 && ZeroQ[bxe-2xc=*d]

m Rulelf m>1 A be-2cd #0,then

e (d+ex)™ Cosh[a+bx+cx?]

J}d+ex)m§rm[a+bx+cx2]dx-a > -
c

e2 (m-1)

2c¢c

be-2cd

> J}d+ex)mlsnm[a+bx+cx2]dx-
c

J}d+ex)m203h[a+bx+cx2]dx

= Program code:

I nt [(d_. +e_. *x_)"m_*Si nh[a_. +b_. *X_+C_. *x_"2], x_Synbol ] =
ex (d+exx)" (m-1) xCosh [a+bxx+C*Xx"2]/ (2%C) -
Di st [ (bxe-2xc*d) / (2%C), I nt [ (d+exXx)" (M-1) *Si nh [a+b*xX+C*Xx"2], X]] -
Di st [e"2%x (Mm-1)/ (2%C), I nt [ (d+exx)" (Mm-2) xCosh [a+bxXx+C*x"2], X]1] /;
FreeQ[{a, b,c,d, e}, x] & Rational Q[m] && m>1 && Nonzer oQ[bxe-2xcxd]

Int [(d_. +e_. »x_)"m xCosh[a_. +b_. xx_+c_. #x_"2], x_Symbol | : =
ex (d+exx)" (Mm-1) *Si nh [a+b*x+C*x"2]/ (2%C) -
Di st [ (bxe-2xc*d) / (2%C), I nt [ (d+exx)" (m-1) *xCosh [a+b*xXx+C*x"2], X]] -
Di st [e"2%x (m-1) / (2%C), I nt [ (d+exx)” (M-2) *Si nh[a+b*x+Cc*x"2], Xx]1] /;
FreeQ[{a, b,c,d, e}, x] & Rational Q[m] && m>1 && Nonzer oQ[bxe-2xcxd]
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m Rulelf m<-1 A be-2cd=0,then

j(d+ex)mSi nh[a+bx+cx2] dx —

(d+ex)™Sinh[a+bx+cx?] 2¢
- J}d+ex)“20Bh[a+bx+cx2]dx
e (m+1) e (m+1)

= Program code:

Int [(d_. +e_. »x_)"m «Sinh[a_. +b_. xx_+c_. #x_"2], x_Synbol | : =
(d+exx)”™ (Mm+1) *Si nh [a+b*X+C*X"2]/ (e* (M+1)) -
Di st [2xc/ (e"2% (m1l)), I nt [ (d+exXx)”" (m+2) xCosh [a+bxx+C*xx"2],X]1] /;
FreeQ[{a, b,c,d, e}, x] & Rational Q[m] && nx-1 && ZeroQ[bxe-2xc*d]

I nt [(d_. +e_. *X_)"m_*COSh [a_. +b_. *x_+c_. *x_"2], x_Synbol ] =
(d+e*xx)”™ (mel) *xCosh [a+b*X+C*Xx"2] / (€% (M+1l)) -
Di st [2xCc/ (e”2% (m+1)), I nt [ (d+exx)” (M+2) *Si nh[a+bxX+Cc*x"2], X]1] /;
FreeQ[{a, b,c,d, e}, x] & Rational Q[m] && nk-1 && ZeroQ[bxe-2xCcxd]

m Rulelf m<-1 A be-2cd #0,then

(d+ex)™Sinh[a+bx+cx?]
J}d+ex)mﬁrm[a+bx+cx2]dx-a -
e (m+1)

be-2cd

e2 (m+1)

2c¢C

J}d+ex)mlaﬁh[a+bx+cx2]dx— J}d+ex)“20mh[a+bx+cx2]dx

e? (m+1)
= Program code:

I nt [(d_. +€e_. *x_)"m_*Si nh[a_. +b_. *X_+C_. *x_"2], x_Synbol ] =
(d+e*x)”™ (ml) *Si nh [a+b*X+C*x"2]/ (€% (M+1l)) -
Di st [ (bxe-2xc*d) / (e”2% (mM+1)), I nt [ (d+exx)” (m+l) xCosh [a+bxXx+C*x"2], X]] -
Di st [2xCc/ (e”2% (m+1)), I nt [ (d+exx)” (m+2) xCosh [a+bxXx+C*Xx"2], X]] /;
FreeQ[{a, b,c,d, e}, x] & Rational Q[m] && nk-1 && Nonzer oQ[bxe-2xCcxd]

I nt [(d_. +€_. *X_)"m_*OOSh [a_. +b_. *x_+c_. *x_"2], x_Synbol ] L=
(d+exx)”™ (mel) *xCosh [a+b*X+C*x"2]/ (€% (M+l)) -
Di st [ (bxe-2xc*d) / (e”2% (mM+1)), I nt [ (d+exx)” (m+l) *Si nh[a+b*x+Cc*x"2], X]] -
Di st [2xC/ (e”2% (mM+1)), I nt [ (d+exx)” (Mm+2) *Si nh[a+b*x+Cc*x"2], Xx]1] /;
FreeQ[{a, b,c,d, e}, x] & Rational Q[m] && nmk-1 && Nonzer oQ[bxe-2xCxd]
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Sinh[a+bLog[c x"]]P dx

Derivation: Algebraic simplification

P _ i b _ 1
Basis: Si nh[b Log[c x"]] = 5 (c x™m) T
Rule:

1 p
dx

. (cxM)®
jS| nh[b Log[c x"]1]Pdx — j -
2 2 (c xMb

Program code:
Int [Sinh[b_. xLog[c_. *x_"~n_. 11"p_., x_Synbol ] :

Int [ ((cxx*n)~b/2 - 1/ (2% (Cxx™n)~b))"p, X] /;
FreeQ[c, x] && Rational Q[{b, n, p}]

1
2 (cxM)b

Basis: Cosh[b Log[c x"]] = % (cxMPb+

Int [Cosh[b_. xLog[c_. *x_"~n_. 11"p_., x_Synbol ] :
Int [ ((c*x*n)~b/2 + 1/ (2% (Cxx™n)"~b))"p, Xx] /;
FreeQ[c, x] && Rational Q[{b, n, p}]

m RuleIf 1-b2n2 # 0, then

JSi nhla+bLlog[cx"]] dx —

= Program code:

x Sinh[a+bLog[cx"]] bnxCosh[a+bLog[cx"]]

1-b2n? 1-Db2n?

Int [Sinh[a_. +b_. xLog[c_. *x_"n_. 11, x_Synbol ] :
x*Si nh[a+bxLog[c*x”n]]/ (1-b"2xn"2) -
bxnxxxCosh [a+bxLog[C*x"n]]/ (1-b"2%xn"2) /;

FreeQ[{a, b,c,n}, x] & NonzeroQ[1-b"2xn"2]

Int [Cosh[a_. +b_. xLog[c_. *x_"n_. 11, x_Synbol ] :
x*Cosh[a+bxLog[c*x”n]]/ (1-b"2xn"2) -
bxnx*x*Si nh [a+bxLog[Cc*x"n]]/ (1-b"2%n"2) /;

FreeQ[{a, b,c,n}, x] & NonzeroQ[1-b"2xn"2]
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= Derivation: Piecewise constant extraction

m Rulelf bn-2=0,then

x4/ Sinh[a+bLog[c x" _1+@22 (¢ x"y4/n
J\/Sinh[awLog[cx”n ax - LA O] J\/ I ax
'\/_]_+,92a (CX”)‘”” X

= Program code:

Int [Sgrt [Sinh[a_. +b_. xLog[c_. *x_"n_. 111, X_Synbol ] : =
x*Sqrt [Si nh[a+bxLog[c*x*n]1]1/Sqrt [-1+E" (2%xa) x (CxXx™n)" (4/n) 1=
Int [Sgrt [-1+EM (2%a) % (C*X™n)” (4/n)1/x, X] /;
FreeQ[{a, b,c, n}, x] && ZeroQ[bxn-2]

Int [Sgrt [Cosh[a_. +b_. *Log[C_. #x_"n_. 111, x_Synbol ] : =
x*Sqrt [Cosh [a+bxLog[c*x*n]11/Sqrt [1+E" (2%a) x (C*x*n)”" (4/n) ] =
Int [Sgrt [1+EM (2%a) % (C*X~n)~ (4/n)1/x,X] /;
FreeQ[{a, b,c, n}, x] && ZeroQ[bxn-2]

m Rulelf p>1 A 1-b2n?p? #0,then

) X Sinh[a+bLog[cx"]]P
jSI nh[a+bLog[cx"]]Pdx — -
1-b2n2 p2
bnpx Cosh[a+blog[cx"]] Sinh[a+blLog[cx"]1]P1 bZn2p (p-1)
+

1-b?n?p? 1-b2n2p?

fSi nh[a+b Log[c x"]1P? dx

= Program code:

Int [Sinh[a_. +b_. xLog[Cc_. *x_"n_. 11"p_, X_Synbol ] : =
x*Si nh[a+bxLog [C*Xx*n] ] p/ (1-br2xn"2xp"2) -
bxnxpxxxCosh [a+bxLog [c*x*n]]1*Si nh[a+bxLog[c*x*n]]" (p-1)/ (1-br2xn"2xp"2)
Di st [bA2xn"2xpx (p-1) / (1-b~2%xn"2xp”2), I nt [Si nh[a+bxLog[c*x*n]]1" (p-2),Xx]1] /;
FreeQ[{a, b,c,n}, x] & Rational Q[p] && p>1 && NonzeroQ[1-b"2xn"2xp” 2]

+

Int [Cosh[a_. +b_. xLog[Cc_. *x_"n_. 11"p_, X_Synbol ] : =
x*Cosh[a+bxLog[C*Xx*n] ] p/ (1-br2xn"2xp"2) -
bxnxpxx*Si nh [a+bxLog [c*x*n]]xCosh [a+bxLog[c*x"n]]" (p-1)/ (1-b"2xn"2xp"2) -
Di st [b22xn"2xpx (p-1) / (1-b~2xn"2xp”2), | nt [Cosh [a+bxLog[c*x*n]]1" (p-2),X]1] /;
FreeQ[{a, b,c,n}, x] & Rational Q[p] && p>1 && NonzeroQ[1-b"2xn"2xp” 2]
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m Ruelf pz-1 Ap#-2 A 1-b2n2 (p+2)2=0,then

x Coth[a+bLog[cx"]] Sinh[a+bLog[cx"]11P*? x Sinh[a+bLog[cx"]]1P*?

fSi nh[a+bLog[cx"]]Pdx —
bn (p+1) b2n2 (p+1) (p+2)

= Program code:

Int [Sinh[a_. +b_. xLog[Cc_. *x_"n_. 11"p_, X_Synbol ] : =
x*Cot h[a+bxLog [c*x"n]]*Si nh[a+bxLog[Cc*Xx*n]]" (p+2)/ (bxnx(p+1l)) -
Xx*Si nh[a+bxLog [c*x*n]]1" (p+2) / (bA2xn"2% (p+1) x (p+2)) /;
FreeQ[{a, b,c,n, p}, x] & NonzeroQ[p+1l] && NonzeroQ[p+2] && Zer 0Q[1-b"2xn"2x (p+2)"2]

Int [Cosh[a_. +b_. xLog[Cc_. *x_"n_. 11"p_, X_Synbol ] : =
-xxTanh [a+bxLog [c*x"n]]*xCosh [a+bxLog[c*x"n]]” (p+2)/ (b*nx (p+1)) +
x*Cosh[a+bxLog [Cc*Xx*n]]" (p+2) / (b"2xn"2x (p+1) * (p+2)) /;
FreeQ[{a, b,c,n, p}, x] & NonzeroQ[p+1l] &% NonzeroQ[p+2] && Zer oQ[1-b"2xn"2x (p+2)"2]

" Ruelfp<-1 Ap#-2 A 1-b2n2 (p+2)2 #0,then

x Coth[a+bLog[c x"]] Sinh[a+bLog[cx"]]P*?
J~Sinh[a+bLog[cx”]]pdlx—> [a+ at 1] [a+ at 1] -
bn (p+1)

x Sinh[a+b Log[c x"]]P*? 1-b2n2 (p+2)2

+ JSi nh[a+b Log[c x"]]P*? dx
b2n2 (p+1) (p+2) b2n2 (p+1) (p+2)

= Program code:

Int [Sinh[a_. +b_. xLog[Cc_. *x_"n_. 11”p_, x_Synbol ] : =

x*Cot h[a+bxLog [c*X*n]]*Si nh[a+bxLog [C*Xx*n]]1" (p+2)/ (bxn* (p+1)) -

X*Si nh[a+bxLog [C*X*n]]" (p+2) / (b"2%xn"2% (p+1) * (p+2)) +

Di st [ (1-b"2xn"2x% (p+2)"2) / (b"2xn"2% (p+1) * (p+2)), | nt [Si nh[a+bxLog [c*x*n] 1" (p+2), X]] /;
FreeQ[{a, b,c, n}, x] & Rational Q[p] && p<-1 && p!=-2 & & NonzeroQ[1-b"2xn"2x (p+2)"2]

Int [Cosh[a_. +b_. *Log[Cc_. *x_"n_. 1]”p_, x_Synbol ] : =

-xxTanh [a+bxLog [c*x"n]]*xCosh [a+bxLog[Cc*x"n]]" (p+2)/ (b*nx (p+1)) +

xxCosh [a+bxLog [c*x*n] 1" (p+2) / (b"2xn"2% (p+1) * (p+2)) -

Di st [ (1-b"2xn"2x% (p+2)"2) / (b"2xn"2% (p+1) * (p+2) ), | nt [Cosh [a+bxLog [c*x*n] 1" (p+2), X]] /;
FreeQ[{a, b,c,n}, x] & Rational Q[p] && p<-1 && p#-2 && NonzeroQ[1-b"2xn"2x (p+2)"2]



Integration Rules for Hyperbolic Sine Functions

XxMSinh[a+bLog[c x"]]1P dx

= Rulelf (m+1)?2-b2n2#0 A m+1 #0,then

(m+1) x™ Sinh[a+bLog[cx"]] bnx™! Cosh[a+bLog[cx"]]

jmei nhfa+bLlLog[c x"]] dXx —
(m+1)2 - b2 n2 (m+1)2 - p2n2

= Program code:

Int [x_"m.*Sinh[a_. +b_. *Log[Cc_. *x_"n_. 1], x_Synbol ] : =
(mel) xx™ (m+1) *Si nh[a+bxLog [C*x*n]]/ ((M1)~2-br2xn"2) -
bxnxx” (m+1) xCosh [a+bxLog [c*x*n]]1/ ((Mm+1)"2-b"2xn"2) /;
FreeQ[{a, b,c,mn}, x] & Nonzer oQ[ (m+1)"2-b"2xn"2] && Nonzer oQ[m+1]

Int [x_"m. *xCosh[a_. +b_. xLog[Cc_. *x_"n_. 1], x_Synbol ] : =
(mel) xx™ (m+1l) *xCosh [a+bxLog [C*x*n]]/ ((M1)~2-br2xn"2) -
bxnxx” (m+1) *Si nh [a+bxLog [c*x*n]]1/ ((M+1)"2-b"2xn"2) /;
FreeQ[{a, b,c,mn}, x] & Nonzer oQ[ (m+1)"2-b"2xn"2] && Nonzer oQ[m+1]

» Rule If (m+1)2-b2n2p2 0 A p>1 A m+l#0,then

) (m+1) x™! Sinh[a+bLog[cx"]]P
jxm8| nh[a+bLog[cx"]]Pdx — -
(m+1)2 - b2 n2 p2

bnpx™! Cosh[a+bLog[cx"]] Sinh[a+bLog[cx"]]P? bZ2n2p (p-1) ) 5
+ J-me| nh[a+b Log[c x"]]P dx
(m+1)2 -b2n?p2 (m+1)2? -b2n2p?

= Program code:

Int [x_“m.*Sinh[a_. +b_. xLog[c_. *x_"n_. 1]1"p_, x_Synbol ] : =

(me1) *x» (m+1) *Si nh[a+bxLog [C*x n] ] p/ ((M+1)"2-bA2%xn"2xp"2) -

bxnxpxx” (M+1) *Cosh [a+bxLog [c*x"n]]=*Si nh[a+bxLog[c*x*n] 1" (p-1)/ ((Mm:1)"2-b"2xn"2xp"2) +

Di st [bA2%xn"2xp* (p-1) / ((M:1)"2-b"2xn"2xp~2), | nt [Xx mkSi nh [a+bxLog [c*x*n] 1" (p-2), X]] /;
FreeQ[{a, b,c, mn}, x] & & Nonzer oQ[ (m+1)"2-b"2xn"2xp"2] && Rational Q[p] && p>1 &% Nonzer oQ[m+1]

Int [x_“m.*xCosh[a_. +b_. xLog[c_. *x_"n_. 1]"p_, x_Synbol ] : =

(me1) X~ (m+1) *Cosh [a+bxLog [C*x n] ] p/ ((M+1)A2-bA2xn"2xp"2) -

bxnxpxx” (Mm+1) *Cosh [a+bxLog [c*x*n]]” (p-1) *Si nh[a+bxLog[c*x"n]]1/ ((Mm:1)"2-b"2xn"2xp"2) -

Di st [bA2xn"2xp* (p-1) / ((M:1)"2-b"2xn"2xp~2), | nt [x mxCosh [a+bxLog [c*x*n] 1" (p-2), X]] /;
FreeQ[{a, b,c, mn}, x] & & Nonzer oQ[ (m+1)"2-b"2xn"2xp"2] && Rational Q[p] && p>1 &% Nonzer oQ[m+1]



Integration Rules for Hyperbolic Sine Functions

» Rulelf (m+1)2-b2n2 (p+2)2=0 Ap#-1Ap#-2then

J-XmSi nh[a bLOg[CXn]]pd]x XmlCOth[a+bL0g[CX”]]Si nh[a+bL0g[cx”]]p+2
+ —
bn(p+1)

(m+1) x™1 Sinh[a+bLog[c x"]]P*2

b%2n2 (p+1) (p+2)

= Program code:

Int [x_“m.*Sinh[a_. +b_. xLog[c_. *x_"n_. 1]"p_, x_Synbol ] : =
x” (mrl) *Cot h [a+bxLog [c*x"n]]*Si nh[a+bxLog[Cc*x”n]]" (p+2)/ (b*nx (p+1l)) -
(me1) xx» (m+1) *Si nh[a+bxLog [C*x n] ] (p+2) / (bA2xn"2% (p+1) x (p+2)) /;
FreeQ[{a, b,c,mn, p}, x] && Zer oQ[ (mk1)"2-b"2xn"2x (p+2)"2] && Nonzer oQ[p+1] && Nonzer oQ[p+2]

Int [x_“m.*Cosh[a_. +b_. xLog[c_. *x_"n_.1]"p_,x_Synbol ] : =
-Xx" (m+1) *Tanh [a+bxLog [c*Xx"n]]*Cosh [a+bxLog [C*x*Nn] 1" (p+2) / (b*xn* (p+1)) +
(me1) »x” (m+1) *Cosh [a+bxLog [C*x n] ] (p+2) / (bA2xn"2% (p+1) x (p+2)) /;
FreeQ[{a, b,c,mn, p}, x] && Zer oQ[ (mk1)"2-b"2xn"2x (p+2)"2] && Nonzer oQ[p+1] && Nonzer oQ[p+2]

» RuleIf (m+1)2-b2n2 (p+2)2#0 Ap<-1Ap#-2A m+l¢#0,then

jmei aha+ b Log[c x"]1P dx —» x™1 Cot h[a +b Log[c x"]] Sinh[a+b Log[c x"]]P*? )
bn (p+1)

m+ 1) xX™! Sinh[a+bLog[c x"]]1P*2 m+1)2 - b2 n2 2)2
) axbroglex 7z, (m+ ) ) Jmei nhla+bLog[c x"]1P*? dx
b2n2 (p+1) (p+2) b2n2 (p+1) (p+2)

= Program code:

Int [x_“m.*Sinh[a_. +b_. xLog[c_. *x_"n_. 1]1"p_, x_Synbol ] : =

x™ (mrl) *Cot h [a+bxLog [c*x*n]]*Si nh[a+bxLog[c*Xx*n]]" (p+2)/ (bxnx (p+1l)) -

(me1) *x™ (m+1) *Si nh [a+bxLog [C*Xx*n] ] (p+2) / (b"2xn"2x (p+1) * (p+2)) +

Dist [ ((m:1)"2-br"2xn" 2% (p+2)72) / (b"2xn"2x (p+1) = (p+2)), | nt [x mkSi nh [a+bxLog [c*x*n]]1" (p+2), X]] /;
FreeQ[{a, b,c, mn}, x] && Nonzer oQ[ (m+1)"2-b"2xn"2x (p+2)"2] && Rational Q[p] && p<-1 && p!=-2 && Nonzer:

Int [x_“m.*xCosh[a_. +b_. xLog[c_. *x_"n_. 1]1p_, x_Synbol ] : =

-Xx" (m+1) *Tanh [a+bxLog [c*x"n]]*xCosh [a+bxLog [Cc*x*n] 1" (p+2) / (b*n* (p+1)) +

(mel) xx™ (m+1l) *Cosh [a+bxLog [C*Xx*n] ] (p+2) / (bA2xn"2x (p+1) * (p+2)) -

Dist [ ((m:1)"2-br"2xn"2% (p+2)72) / (b"2xn"2x (p+1) = (p+2)), | nt [x "mxCosh [a+bxLog [c*x*n] 1" (p+2), X]] /;
FreeQ[{a, b,c, mn}, x] && Nonzer oQ[ (m+1)"2-b"2xn"2x (p+2)"2] && Rational Q[p] && p<-1 && p#-2 && Nonzer o!



Integration Rules for Hyperbolic Sine Functions

Sinh[ax" Log[bx]P] Log[b x]P dx

m Rule If p > 0, then

Cosh[ax Log[b x]P]

jSi nh[ax Log[bx]P] Log[bx]Pdx — —iji nh[ax Log[bx]P] Log[b x]P-* dx

a

= Program code:

Int [Sinh[a_. xx_xLog[b_. *x_1"p_. ]*xLog[b_. *x_]1”p_., x_Synbol ] :
Cosh[axxxLog[bxx]*p]l/a -
Di st [p, | nt [Si nh[axxxLog[bxx]1"p]lxLog[bxx]" (p-1), x]1] /;
FreeQ[{a, b}, x] & Rational Q[p] && p>0

Int [Cosh[a_. *xx_=xLog[b_. *x_1"p_. ]*xLog[b_. *x_]”p_., x_Synbol ] :
Si nh[axx*Log[bxx]"p]/a -
Di st [p, | nt [Cosh[axxxLog [bxx]1"p]lxLog[bxx]" (p-1), x]1] /;
FreeQ[{a, b}, x] & Rational Q[p] && p>0

m Rule If p > 0, then
Cosh[ax" Log[b x]P]

jSi nh[ax" Log[b x]P] Log[bx]Pdx —
anxn-1

n-1 rCosh[ax"Log[bx]P]
j dx

BJ\Si nhfax" Log[b x]P] Log[b x]P! dx + -
n X

an

= Program code:

Int [Sinh[a_. *x_"n_xLog[b_. *x_]1”p_. 1xLog[b_. *x_1"p_., x_Synbol ] :
Cosh[axx"nxLog [b*x]"p]/ (a*xnxx" (n-1)) -
Di st [p/n, Int [Si nh[axx"nxLog[b*x]1"p]*xLog[bxx]1" (p-1),Xx]] +
Di st [(n-1)/ (a%n), | nt [Cosh[a*x*nxLog [b*xx]1"p]/Xx"n, x]1] /;
FreeQ[{a, b}, x] & Rational Q[{n, p}] && p>0

Int [Cosh[a_. *x_"n_xLog[b_. *x_]1”p_. 1xLog[b_. *x_1"p_., x_Synbol ] :
Si nh[a*x"nxLog [b*x]"p]/ (a*n*x" (n-1)) -
Di st [p/n, I nt [Cosh[axx"nxLog[b*xx]1"p]*xLog[bxx]1” (p-1),X]] +
Di st [(n-1)/ (a%n), I nt [Si nh[axx*nxLog [b*x]1"p]/Xx"n, x1] /;
FreeQ[{a, b}, x] && Rational Q[{n, p}] &% p>0



Integration Rules for Hyperbolic Sine Functions

xMSi nh[a x" Log[b x]P] Log[b x]P dx

m Rulelf p>0 A m-n+1=0,then

i Cosh[ax"Log[bx]IP] p )
Jxm& nh[ax" Log[bx]P] Log[bx]Pdx — - - Jme| nh[ax" Log[b x]P] Log[b x]P dx
an n

= Program code:

Int [x_"m. *Sinh[a_. *x_"n_. *xLog[b_. *x_]”p_. 1xLog[b_. *xx_1"p_.,x_Synbol ] : =
Cosh[axx"nxLog [bxx]*p]/ (a*n) -
Di st [p/n, I nt [Xx*mxSi nh [axx*"nxLog [b*x]"p]*Log[b*x1" (p-1),Xx1] /;

FreeQ[{a, b}, x] & Rational Q[{m n, p}] && p>0 && ZeroQ[m-n+1]

Int [x_"m. xCosh[a_. *x_"n_. xLog[b_. *x_]”p_. 1xLog[b_. *x_1”p_.,x_Synbol ] : =
Si nh[axx"nxLog [b*x]"p]/ (axn) -
Di st [p/n, I nt [x*mxCosh [axx*"nxLog [bxx]*p]*xLog[b*x]1" (p-1),X1] /;

FreeQ[{a, b}, x] & Rational Q[{m n, p}] && p>0 && ZeroQ[m-n+1]

m Rulelf p>0 A m-n+1#0,then

x™+1 Cosh[a x" Log[b x]P]

jmei nh[ax" Log[bx]P] Log[bXx]Pdx —
an

P m-n+1
= JX”‘Si nhfax"Log[bx]P] Log[bx]P~*dx -

Jx”*" Cosh[ax" Log[b x]P] dx
n

an

= Program code:

Int [x_“m *Sinh[a_. *x_"n_. xLog[b_. *x_1"p_. 1*Log[b_. *x_]”p_.,Xx_Synbol ] : =
x™ (m-n+1) *Cosh [axx*nxLog [bxx]"p]/ (axn) -
Di st [p/n, I nt [Xx*mxSi nh[axx*"nxLog [b*x]"p]*xLog[bxx]1" (p-1),Xx]] -
Di st [ (m-n+1) / (axn), I nt [Xx" (m-n) *xCosh [a*x*nxLog [b*x]1"p], x1] /;

FreeQ[{a, b}, x] & Rational Q[I{m n, p}] && p>0 && NonzeroQ[m-n+1]

Int [x_“m xCosh[a_. *x_"n_. xLog[b_. *x_1"p_. ]*Log[b_. *x_]”p_.,Xx_Synbol ] : =
XN (m-n+1) *Si nh [axx*nxLog [bxx]"p]/ (a*n) -
Di st [p/n, I nt [x*mxCosh [axx*nxLog [b*x]"p]*xLog[bxx]1”" (p-1),X]] -
Di st [ (m-n+1)/ (axn), | nt [X" (Mm-n) *Si nh [a*x"nxLog [b*x]1"p], Xx1] /;

FreeQ[{a, b}, x] && Rational Q[{mn, p}] && p>0 && NonzeroQ[m-n+1]



Integration Rules for Hyperbolic Sine Functions

uSinh[a+bx]"dx

= Derivation: Algebraic expansion
» Basis Sinh[z]? = -§+ % Cosh[2z]

= Rule If ”2—1 ¢ Z, then

a bx,? 1 1
jSi nh[5+7] Sinh[a+bx]"dx — —EJSi nh[a+bx]“dx+5j®sh[a+bx]Si nha+b x]" dx

= Program code:

Int [Sinh[c_. +d_. xx_]”2xSinh[a_. +b_. *x_]”n_., x_Synbol ] : =
-Di st [1/2,1nt [Sinh[a+b*x]"n, X]] +
Di st [1/2, | nt [Cosh[a+b*x]*Si nh[a+b*x]1"n, X]] /;
FreeQ[{a, b,c,d}, x] & & ZeroQ[c-a/2] && ZeroQ[d-b/2] && Not [CddQ[n]]

m Derivation: Algebraic expansion
= Basis Cosh[z]? = 2 + ; Cosh[22]

= Rule If ”2—1 ¢ Z, then

a bx,? 1 1
j@sh[5+?] Sinh[a+bx]"dx — EJSi nh[a+bx]“dx+zj®sh[a+bx]Si nh[a+b x]"dx

= Program code:

Int [Cosh[c_. +d_. xx_]”2xSinh[a_. +b_. *x_]”n_., x_Synbol ] : =
Di st [1/2, I nt [Sinh[a+b*x]"n, x]] +
Di st [1/2, I nt [Cosh[a+bxx]*Si nh[a+b*x]/"n, x]]1 /;
FreeQ[{a, b,c,d}, x] & ZeroQ[c-a/2] && ZeroQ[d-b/2] && Not [CddQ[n]]



Integration Rules for Hyperbolic Sine Functions

m Derivation: Algebraic simplification
m Basis Sinh[22z] =2Sinh[z] Cosh[z]
= Rule If n € zand uisafunction of trig functions of g + bz—x,then
n a bx,"

: a bx .
JUSI nh[ja+bx]"dx — 2”[u®sh[5+7] Si nh E+7] dx

m  Program code:

Int [u_*Sinh[a_. +b_. *x_1"n_.,x_Synbol ] : =
Di st [2"n, I nt [uxCosh[a/2+bxXx/2]”nxSi nh[a/2+b*x/2]1"n, x]1] /;
FreeQ[{a, b}, x] & IntegerQ[n] && ZeroQ[a/2+bxx/2-Functi onCf Hyperbolic [u, x]]



Integration Rules for Hyperbolic Sine Functions

u Si nh[v]?dx

= Derivation: Algebraic expansion
» Basis Sinh[z]? = -§+ % Cosh[2z]

m Rule: If uisafunction of hyperboalic functionsof 2 v, then

1 1
juSi nh[v]?dx — -EJudlx+EJ.uOosh[2v] dx

= Program code:

I nt [u_=*Sinh[v_]"2,x_Synbol ] : =
Dist [-1/2,Int [u,x]] +
Di st [1/2, I nt [uxCosh[2xVv], x]] /;
Funct i onOf Hyper bol i cQ[u, 2V, X]

I nt [u_*Cosh[v_]"2,x_Synbol ] : =
Dist [1/2,Int [u, x]] +
Di st [1/2,1nt [uxCosh[2xVv], x]] /;
Funct i onOf Hyper bol i cQ[u, 2V, X]



