Integration Utility Functions

Integration Utility Functions

In addition to the utility functions defined here, implementing a general purpose integrator based on the rules provided
on this website requires defining system dependent functions for simplifying and expanding mathematical expressions.

Miscellaneous Functions

(+ Note: Clear [func] also elimnates 2-D display of functions like Integrate. =)
Cl ear DownVal ues [func_Synbol ] : = (

Unprot ect [func];

DownVal ues [func]={};

Prot ect [func])

Set DownVal ues [func_Synbol ,Ist_List] := (
Unprot ect [func];
DownVal ues [func]=Take [l st, M n[529, Length[lst]]];

Scan [Functi on [Repl acePart [Repl acePart [#, #[[1,1]], 1], Set Del ayed, 011, Drop [l st, M n[529, Length[lst]]11];
Protect [func])

(» MoveDownVal ues [funcl, func2] noves funcl's DownVal ues to func2, and deletes them from funcl. =)
MoveDownVal ues [funcl_Synbol , func2_Synbol 1 : = Mdul e[{l st},

Set DownVal ues [func2, Repl aceAl | [DownVal ues [funcl], {funcl->func2}]7;

Cl ear DownVal ues [funcl]]

Map2[func_,lstl ,Ist2 ] :=
ReapLi st [Do[Sow[func [l st1[[i]],Ist2[[i]11], {i,Length[lst1]}]1]

ReapLi st [u_] : =
Modul e [{l st =Reap[u][[2]11]},
|f[|St==={}, |St, |St[[1]]]]

Set Attri but es [ReaplLi st, Hol dFi rst ]

(» MapAnd[f,| ] applies f to the elements of list | until False is returned; else returns True x)
MapAnd [f_,Ist_] :=
Catch[Scan[Function[lf [f [#], Null, Throw[Fal se]1],|st]; True]

MapAnd [f _,Ist_,x_]1 :=
Catch[Scan[Function[lf [f [#, x], Nul |, Throw[Fal se]1],!|st]; True]

(» MapOr [f,|1 ] applies f to the elements of list | until True is return; else returns Fal se x)
MapOr [f _,Ist_] :=
Catch[Scan[Function[lf [f [#], Throw[True], Null 11, 1st]; Fal se]

(» If uis a sum MpSum[f,u,x] applies f to the terns of u; else it applies f to u. =)
(» MapSum[f_,u_,x_Synbol ] : =
I'f [SumQ[u],
Map [Function [f [#, x]]1,ul,
flu,x11 =)

Recognizer Functions

(» Notlntegrabl eQ[u,x] returns True if uis definitely not integrable wt x; else it returns
False if uis, or mght be, integrable wt Xx. %)
Not I nt egr abl eQ[u_, x_Synbol ] : =
Mat chQ[u, x*m_xLog[a_+b_. *x1*n_ /; FreeQ[{a, b}, x] && IntegersQ[mn] && nmk0 && n<0] ||
Mat chQ[u, f _[x*m_ . xLog[a_. +b_. *x1] /; FreeQ[{a, b}, x] && IntegerQ[m] && (TrigQ[f]1 || HyperbolicQ[f])]
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Number Domains

(» ZeroQ[ul,u2,...] returns True if ul, u2, ... are all 0; else returns False =)
ZeroQ[u_1]1 : = Possi bl eZeroQlu]
Nonzer oQ[u_1] : = Not [Possi bl eZeroQ[u]]

ZeroQ[u__1]1 := Catch[Scan[Function[lf [ZeroQ[#], Nul |, Throw[Fal se]1]1, {u}]; True]

(* OneQ[ul,u2,...] returns True if ul, u2, ... are all 1; else returns False x)
OneQ[u_1]1 : = Possi bl eZzeroQ[u-1]

OneQ[u__] : = Catch[Scan[Function[lf [OneQ[#], Null, Throw[Fal se]]1], {u}]; True]

(» Real NumericQ[u] returns True if uis areal numeric quantity, else returns False. x)
Real Nunmeri cQ[u_]1 : = NunericQ[u] && Possi bl eZeroQ[I m[N[u]]]

(* | magi naryNumericQ[u] returns True if u is an imaginary numeric quantity, else returns False. %)
I magi naryNuneri cQ[u_1]1 : =
Nuneri cQ[u] && Possi bl eZeroQ[Re[N[u]]] && Not [Possi bl eZeroQ[I m[N[u]]]1]

(» PositiveQ[u] returns True if u is a positive nuneric quantity, else returns False. %)
PositiveQ[u_] : =

Modul e [{v=Si nplify[ul},

Real Numeri cQ[v] && Re[N[v]1]1>0]

(» PositiveOrZeroQ[u] returns True if u is a nonpositive numeric quantity, else returns False. x)
PositiveOrZeroQJlu_] : =

Modul e [{v=Si nplify[ul},

Real Numeri cQ[v] && Re[N[v]]>=0]

(» NegativeQ[u] returns True if u is a negative nuneric quantity, else returns False. x)
NegativeQ[u_] : =

Modul e [{v=Si nplify[ul},

Real Nunmeri cQ[v] && Re[N[v]11<0]

(» NegativeQ[u] returns True if u is a negative nuneric quantity, else returns False. %)
Negati veOr ZeroQJ[u_1] : =

Modul e [{v=Si nplify[ul},

Real Numeri cQ[v] && Re[N[v]]1<=0]

= Number Types

(» IntegerQ[u] returns True if u is an explicit integer; else returns False. =)

(» IntegersQ[u_+m «(n_+v_)] : = Rational Q[m] & Rational Q[n] &% IntegerQ[ms«n] && I nteger Q[U+mkV]; x)
IntegersQ[u__] : = Catch[Scan[Function[lf [I ntegerQ[#], Nul |, Throw[Fal se]]1, {u}]; Truel;

(» FractionQ[u] returns True if uis an explicit fraction; else returns Fal se. %)
FractionQ[u_] : =
I f [ListQ[ul,
MapAnd [Fracti onQ, ul,
Head [u]===Rati onal ]

FractionQ[u__] : = Catch[Scan[Function[lf [Fracti onQ[#], Nul |, Throw[Fal se]]11, {u}]; True]
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(» Rational Q[u] returns True if uis an explicit integers or fractions; else returns Fal se. x)
Rational Q[u_+m »(n_+v_)] : =
Rati onal Q[m] && Rational Q[n] && Rational Q[u+mkv]

Rational Q[u_] : =
I f [Li st Q[u],
u==={} || (Rational Q[First [u]] & Rational Q[Rest [u]]),
IntegerQ[u] || Head[u]===Rational ]

Rational Q[u__] := Catch[Scan[Function[lf [Rational Q[#], Null, Throw[Fal se]1], {u}]; True]

(» Delete thisttir %)

(» HalflntegerQ[u] returns True if uis a fraction with a denom nator of 2; else returns Fal se x)
Hal fI ntegerQu_1] : =
I f [Li stQ[u],
MapAnd [Hal f I nt eger Q, u],
Fracti onQ[u] && Denom nator [u]==2]

(» FractionOrNegativeQ[u] returns True if uis a fraction or negative nunber; else returns False x)
FractionOrNegativeQ[u_] : =

I f [ListQ[u],
MapAnd [Fracti onOr Negat i veQ, u],
FractionQ[u] || IntegerQ[u] && u<0]

FractionOrNegativeQ[u__] : = Catch[Scan[Function[lf [Fracti onOr NegativeQ[#], Null, Throw[Fal se]]1, {u}]; Trt

(* SgrtNunmberQ[u] returns True if u”2 is a rational nunber; else it returns False. %)
Sgrt Number Q[m *n_1 : =
IntegerQ[n] && Sqrt Number Q[m] || Hal flntegerQ[n] && Rational Q[m]

Sgrt Nurmber Q[u_=v_1] : =
Sgrt Nunber Q[u] && Sqrt Nunmber Q[v]

Sqrt Nurmber Q[u_1] : =
Rational Q[ul || u===l

Sgrt Nurmber SunQI[u_1]1 : =
SumQ[u] && Sqrt Nunber Q[First [u]l] && Sgrt Nurmber Q[Rest [u]]

(*» AbsurdNunberQ[u] returns True if uis a real -valued absurd nunber (a rational nunber, a
positive rational nunber raised to a fractional power, or a product of absurd nunbers);
el se returns False. =)

(» AbsurdNunberQ[u_"v_1]1 : =
Rati onal Q[u] && u>0 && FractionQ[v]

Absur dNunmber Q[u_=»v_] : =
Absur dNunber Q[u] && Absur dNunber Q[v]

Absur dNunber Q[u_1] : =
Rati onal Q[u] =)
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(» Al gebrai cNumberQ[u] returns True if u is a real -valued al gebraic nunber (a rational nunber,
an al gebraic nunber raised to an integer power, a positive algebraic nunber raised to a
fractional power, or a product or sum of algebraic nunbers); else returns False. =)

(» Al gebrai cNumberQ[u_1 : =
MapAnd [Al gebr ai cNunber Q, ul /;

Li st Q[u]

Al gebrai cNunmber Q[u_"v_] : =
Al gebr ai cNunber Q[u] && (IntegerQ[v] || PositiveQ[u]l && FractionQ[v])

Al gebrai cNunmber Q[u_=v_] : =
Al gebr ai cNunber Q[u] && Al gebrai cNunber Q[v]

Al gebrai cNunber Q[u_+v_] : =
Al gebr ai cNunber Q[u] && Al gebrai cNunber Q[v]

Al gebrai cNunberQ[u_1 : =
Rati onal Q[u] =*)

m Expression Types
Fal seQ[u_] : =
u===Fal se

Not Fal seQ[u_] : =
u=!=Fal se

SumQu_1] : =
Head [u]===PI us

NonsunQ[u_] : =
Head [u]=!=Pl us

ProductQ[u_1 : =
Head [u]===Ti nes

Power Q[U_] L=
Head [u] ===Power

I nteger Power Q[u_1 : =
Power Q[u] && IntegerQul[2]]]

Posi ti vel nt eger Power Q[u_1]1 : =
Power Q[u] && IntegerQ[u[[2]]] && u[[2]]>0

Fractional Power Q[u_] : =
Power Q[u] && FractionQ[u[[2]]]

Rat i onal Power Q[u_1 : =
Power Q[u] && Rational Q[u[[2]]1]

SqrtQ[U_] )
Power Q[u] &8 u[[2]]===1/2

EXpQ[U_] L=
Power Q[u] && u[[l]]===E

I magi naryQ[u_7] : =\
Head [u]===Conpl ex && Re[u]===0
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Fracti onal Power FreeQ[u_] : =
I f [AtonQ[u],
True,
| f [Fractional Power Q[u] && Not [AtonQ[u[[1]1]111,
Fal se,
Catch[Scan[Function[lf [Fractional Power FreeQ[#], Nul |l , Throw[Fal se]]11,u]; True]l]]

Conpl exFreeQ[u_] : =
I f [AtonQ[u],
Head [u] =!=Conpl ex,
Catch[Scan[Function[lf [Conpl exFreeQ[#], Nul |, Throw[Fal se]11], ul; Truel]

LogQ[u_] : =
Head [u]===Log

SinQ[u_17 :
Head [u]===Si n

CosQ[u_] :
Head [u]===Cos

TanQ[u_] :
Head [u]===Tan

Cot Q[u_1] :
Head [u] ===Cot

SecQ[u_1] :
Head [u]===Sec

CscQ[u_] :
Head [u]===Csc

Si nhQ[u_7] : =
Head [u]===Si nh

CoshQ[u_] : =
Head [u]===Cosh

TanhQ[u_1 : =
Head [u]===Tanh

Cot hQ[u_] : =
Head [u]===Cot h

SechQ[u_] : =
Head [u]===Sech

CschQ[u_] : =
Head [u]===Csch
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(* TrigQ[u] returns True if u or the head of uis a trig function; else returns False %)
TrigQu_1 : =
Menber Q[ {Si n, Cos, Tan, Cot, Sec, Csc}, | f [At onQ[u], u, Head[u]1]

(* InverseTrigQ[u] returns True if u or the head of u is an inverse trig function; else returns Fal se
InverseTrigQu_] : =
Menmber Q[ {ArcSi n, ArcCos, ArcTan, ArcCot , ArcSec, ArcCsc}, | f [AtonQ[u], u, Head[u]]]

(» HyperbolicQ[u] returns True if u or the head of uis a trig function; else returns False %)
HyperbolicQ[u_1 : =
Menber Q[ {Si nh, Cosh, Tanh, Cot h, Sech, Csch}, | f [At omQ[u], u, Head [u]]]

(» I nverseHyperbolicQ[u] returns True if u or the head of u is an inverse trig function; else returns
I nverseHyperbolicQu_] : =
Menmber Q[ {Ar cSi nh, ArcCosh, ArcTanh, ArcCot h, ArcSech, ArcCsch}, I f [AtonQ[u], u, Head[u]]]

Si nCosQIf 1 : =
Menber Q[ {Si n, Cos, Sec, Csc}, f]

Si nhCoshQ[f _1 : =
Menber Q[ {Si nh, Cosh, Sech, Csch}, f]

Cal cul usFunctions ={D, | ntegrate, Sum Product, Int, D f, Subst };

(» Cal culusQ[u] returns True if the head of u is a calculus function; else returns False =)
Cal cul usQ[u_1 : =
Menber Q[Cal cul usFunctions, Head [u]]

Cal cul usFreeQ[u_,x_1] : =
I f [AtonQ[u],
True,
I f [Cal cul usQ[u] && u[[2]]===x || Head[u]===Pattern || Head[u]===Defer,
Fal se,
Catch[Scan [Function[lf [Cal cul usFreeQ[#, x], Nul |, Throw[Fal se]]]1,u]; Truel]]

Subst Q[u_1] : =
Head [u] ===Subst

(» InverseFunctionQ[u] returns True if uis a call on an inverse function; else returns Fal se. =x)
I nver seFuncti onQ[u_7] : =

LogQ[ul || InverseTrigQ[u] &% Length[u]l==1 || InverseHyperbolicQ[u] || Head[u]===Mds

(» If uis free of inverse or calculus functions involving x,
I nverseFunctionFreeQ[u, x] returns true; else it returns False. =)
Tri gHyperbol i cFreeQ[u_, x_Synbol ] : =
I f [AtomQ[u],
True,
If[TrigQ[u]l || HyperbolicQ[u] || Cal cul usQ[ul],
FreeQ[u, xJ,
Catch[Scan[Function[If [Tri gHyperbolicFreeQ[#, x], Null, Throw[Fal se]]1],ul; Truel]l]

(» If uis free of inverse or calculus functions involving x,
I nverseFuncti onFreeQ[u, x] returns true; else it returns False. =)
I nver seFuncti onFreeQ[u_, x_Synbol ] : =
I f [AtomQ[u],
True,
I f [I nverseFunctionQ[u] || Cal cul usQ[ul,
(* 1f[Head[u]===ArcTan &% TanQ[u[[1]]] || Head[u]===ArcCot && CotQ[u[[1]11] ||
Head [u]===ArcTanh && TanhQ[u[[1]]] || Head[u]l===ArcCoth && CothQ[u[[1]]],
I nverseFuncti onFreeQ[u[[1, 1]], x], =*)
FreeQlu, x1,
Catch[Scan[Function[lf [I nverseFuncti onFreeQI[#, x], Nul |l , Throw[Fal se]]]1,u]; Truel]]
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(» El ementaryExpressi onQ[u] returns True if uis a sum product, or power and all the operands
are elenentary expressions; or if uis acall on atrig, hyperbolic, or inverse function
and all the argunents are elenentary expressions; else it returns False. x)

(» El ementaryFunctionQ[u_] : =

I f [At onQ[u],
True,

If [SumQ[u] || ProductQ[u] || PowerQ[ul || TrigQ[u]l || HyperbolicQ[u]l || InverseFunctionQ[u],
Catch[Scan[Function[lf [El ementaryFuncti onQ[#], Nul |, Throw[Fal se]1]1], ul; Truel,

Fal se]] =)

(» If uis an expression of the form -v, NegativeCoefficientQ[u] returns True; else False. x)
Negat i veCoefficientQ[u_]1 : =
I'f [SumQ[u],
(» MapAnd [NegativeCoefficientQ,u], =)
Negat i veCoef ficient Q[First [u]l],
Mat chQ[u, m %v_. /; Rational Q[m] && nmk0]]

= Expression Domains

(» Real [u] returns True if uis a real -valued quantity, else returns False. %)
Real Q[u_1] : =

MapAnd [Real Q u] /;
Li st Q[u]

Real Q[u_1] : =
Possi bl eZer oQ[I m[N[u]1] /;
Nuneri cQ[u]

Real Q[u_"v_] : =
Real Q[u] && Real Q[v] && (I ntegerQ[v] || PositiveO ZeroQ[ul)

Real Q[u_=»v_] : =
Real Q[u] && Real Q[v]

Real Q[u_+Vv_] : =
Real Q[u] && Real Q[V]

Real Q[f _[u_]]1 : =

| f [Menber Q[ {Si n, Cos, Tan, Cot, Sec, Csc, ArcTan, ArcCot , Erf},f],
Real Q[u],

| f [Menber Q[ {ArcSin, ArcCos}, 1,
LE[-1,u, 1],

I f [f ===Log,
Posi tiveOr ZeroQ[u],

Fal se]]1]

Real Q[u_1] : =
Fal se
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(» If uis not 0 and has a positive form PosQ[u] returns True, else it returns False. x)
PosQ[u_1] : =
I f [Rati onal Q[u],
u>o0,
I f [Nunber Q[u],
| f [Possi bl eZeroQ[Re[u]],
I m[u]>0,
Re[u]>0],
I f [NunericQ[u],
Modul e [{v=N[ul},
| f [Possi bl eZeroQ[Re[Vv]],
I m[v]>0,
Re[v]>0]1,
I f [Product Q[u],
I f [PosQ[First [u]l],
PosQ[Rest [u]],
NegQ[Rest [u]]1,
I'f [SumQ[u],
Modul e [ {v=Toget her [u]},
If [SumQ[v],
PosQ[First [v]],
PosQ[v111,
Truel111]

NegQ[u_] : =
| f [Possi bl eZeroQJu],
Fal se,
Not [PosQ[u]1]

Product Selector Functions

LeadTerm[u_1] : =
I'f [SumQ[u],
First [u],
u]

Rermai ni ngTernms [u_] : =
I'f [SumQ[u],
Rest [u],
01

(» LeadFactor [u] returns the |eading factor of u. =x)
LeadFactor [u_] : =
| f [Product Q[u],
LeadFactor [First [u]],
I f [I magi naryQ[ul,
If[Imul===1,
u,
LeadFactor [I mulll,
ull

(» Remmi ni ngFactors [u] returns the remaining factors of u. =)
Remai ni ngFactors [u_] : =
| f [Product Q[u],
Remai ni ngFact ors [Fi rst [u]]*Rest [u],
I f [ magi naryQ[ul,
If[Imul===1,
1,
| *Remai ni ngFactors [ m[ul1],
171
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(» LeadBase[u] returns the base of the leading factor of u. x)
LeadBase[u_1] : =
Modul e [ {v=LeadFact or [u]},
| f [Power Q[V],
v[[1l]1,
V]l

(» LeadDegree[u] returns the degree of the |eading factor of u. =x)
LeadDegree[u_] : =
Modul e [ {v=LeadFact or [u]},
| f [Power Q[V],
v[I[2]],
171

(» If vdn is a factor of u, FindFactor [u,v] returns the list {n,u/v®n}; else it returns False. x)
(» FindFactor [u_,v_1] :=
I f [u===1,
Fal se,
| f [LeadBase [u] ===V,
{LeadDegree [u], Remai ni ngFactors [u]},
Modul e [ {l st =Fi ndFact or [Remai ni ngFactors [u], V]},
| f [Fal seQIl st 1,
Fal se,
{I'st [[1]], LeadFactor [ul=*lst[[2]1}111]1 =)

Symbolic Relational Operators

(* LT[u,v] returns True if u and v are real -valued nuneric quantities and u<v, else returns Fal se =)
LT[u_,v_] :=
Real Nuneri cQ[u] && Real NunericQ[v] &% Re[N[u]]l<Re[N[V]]

LT[u_,v_,w_] :=
LT[u,v] && LT[v, w]

(* LE[u,v] returns True if u and v are real -valued nuneric quantities and u<=v, else returns False )
LE[u_,v_] :=
Real Nureri cQ[u] && Real NunericQ[v] && Re[N[u]]l<=Re[N[v]]

LE[u_,v_,w_] :=
LE[u,v] && LE[v, w]

(* GT[u,v] returns True if u and v are real -valued nuneric quantities and u>v, else returns Fal se =)
GIfu_,v_1] :=
Real Nuneri cQ[u] && Real NunericQ[v] &% Re[N[u]]l>Re[N[V]]

Gl[u_,v_,w_] :=
Gl [u,Vv] && GTI[v, w]

(» GE[u,v] returns True if u and v are real -valued nuneric quantities and u>=v, else returns False )
CE[u_,v_] :=
Real Nureri cQ[u] && Real NunericQ[v] && Re[N[u]]l>=Re[N[v]]

GE[u_,v_,w_] :=
CE[u,Vv] && GE[v, w]

Variable Dependence Functions

I ndependent Q[u_, x_Synbol ] : =
FreeQ[u, x]
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(» SplitFreeFactors [u,x] returns the list {v,w} where v is the product of the factors of u free of
and wis the product of the other factors. x)
(» Conpare with the nore active function ConstantFactor. =x)
SplitFreeFactors [u_, x_Synbol ] : =
I f [Product Q[u],
Map [Function [l f [FreeQ[#, x1, {#, 1}, {1, #}]1,ul,
| f [FreeQJ[u, x1,
{u, 1},
{1, u}1l
(» SplitFreeTerms [u,x] returns the list {v,w} where v is the sumof the terns of u free of x
and wis the sumof the other terns. =x)
SplitFreeTerns [u_,Xx_Synbol ] : =
I'f [SumQ[u],
Map [Function[SplitFreeTerns [#, x]],ul,
| f [FreeQJ[u, x1,

{u, 03},
{0, uill
(» If u (x) is a sumof the forma+bxv+c*w+. .., SplitFactorsOf Terns [u,x] returns the |ist
{{1,a}, {b,v}, {c,w},...}, where v, w, ... are regularized wt Xx. %)

SplitFactorsOf Terns [u_, x_Synbol ] : =
Modul e [{l st =Spl i t FreeTerns [u, X1, v, W},

v=lst [[1]];
w=lst [[2]];
( If [ZeroQ[w],
I'st={},
If [SumQ[w],

| st =Map [Function[SplitFreeFactors [#, x]1], Appl y [List,w]];
| st =Map [Functi on [Prepend [SplitFreeFactors [Regul arize [#[[2]], X1, X1, &#[[1]11],1st1;
| st=Map[Function[{#[[1]]*#[[2]], #[[3]1]1}1,!st],
| st =Spl it FreeFactors [w, X];
| st =Prepend [Spl i t FreeFactors [Regul ari ze [l st [[2]], x],x],lst [[111];
I'st={{lst [[1]1]«lst[[2]],1st [[311}}1] );
I f [Zer oQ[V],
| st,
Prepend[lst, {1,v}]1]

(*» uis asum SplitMnonial Ternms [u,x] returns the list {v,w} where v is the sumof the
monom al ternms of u and wis the sumof the other terns. x)
Spl it Monomi al Ternms [u_, x_Synbol ] : =
Map [Function [l f [FreeQ[#, x] || MatchQ[#, a_. *x*n_. /; FreeQ[{a,n}, x]]1, {# 0}, {O,#}1], ul

X

Polynomial Functions

= Polynomial Recognizer Functions

(» If u (x) is equivalent to an expression of the form a+bxx where b is not 0, LinearQ[u, x]
returns True; else it returns False. x)
Li near Q[u_, x_Synbol ] : =
Pol ynom al Q[u, x] && Exponent [u, X]===1
(» If uis polynomal in x of degree 2, QuadraticQ[u,x] returns True; else it returns False. =)
QuadraticQ[u_, x_Synbol ] : =
Pol ynom al Q[u, x] && Exponent [u, X]===2
(» If u (x) is equivalent to an expression of the form x*n, Mnom al Q[u, x] returns True;
else it returns False. Note that not all nonomals are polynonials. =x)
Monomi al Q[u_, x_Synbol 1 : =
Mat chQ[u, x*n_. /; FreeQ[n, x]1]
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(» If u (x) is equivalent to an expression of the form a+bxx”n, Binom al Q[u, x] returns True;
else it returns False. Note that not all binomals are polynomals. =x)
Bi nom al Q[u_, x_Synbol 1 : =
Not Fal seQ[Bi nomi al Test [u, x]]

(» If u (x) is a sumand each termis free of x or an expression of the form axx"n,
Monom al SunQ[u, x] returns True; else it returns False. =x)
Monomi al SunQ[u_, x_Synbol ] : =
SumQ[u] && Catch[
Scan[Function[lf [FreeQ[#, x] || Monom al Q[SplitFreeFactors [#, x]1[[2]1],x], Null, Throw[Fal se]]],ul;

True]

= Polynomial TermsFunctions

(» If u (x) is an expression of the form axx”n where n is zero or a positive integer,
Pol ynom al TermQ[u, x] returns True; else it returns False. x)
Pol ynom al TermQ[u_, x_Synbol ] : =
FreeQ[u, x] || MatchQ[u,a_. *x*n_. /; FreeQ[a, x] & IntegerQ[n] && n>0]

(* U (x) is a sum Polynom al Terns [u, x] returns the sum of the polynomal terns of u (x). =x)
Pol ynomi al Terms [u_, x_Synbol ] : =
Map [Function [l f [Pol ynom al Ter mQ[#, x1, #, 017, u]

(* u (x) is a sum Nonpol ynoni al Terms [u, x] returns the sum of the nonpolynomal terns of u (x). =x)
Nonpol ynom al Terns [u_, Xx_Synbol ] : =
Map [Function [l f [Pol ynom al Ter mQ[#, x1, 0, #]], u]
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= Binomial Test Functions

(» If u (x) is equivalent to an expression of the form a+bxx”n where a,b and n are free of x,
Bi nom al Test [u, x] returns the list {a,b,n}; else it returns Fal se.
Note that not all binomals are polynomals. =x)

Bi nom al Test [u_, x_Synbol ] : =

I f [u===X,
{0, 1, 13,
| f [FreeQJ[u, x1,
{0, u, 0},
| f [Power Q[u],
If[u[[1l]]===x && FreeQ[u[[2]], X],
{0,1,u[[2]11},
Fal se],
Modul e[{l st1,|st2},
I f [Product Q[u],
| st 1=Bi nom al Test [First [u], X];
I f [Fal seQ[l st1],
Fal se,
| st 2=Bi nom al Test [Rest [u], X];
I f [Fal seQIl st 2],
Fal se,
Modul e[{a, b, c,d, m n},
{a, b, m}=Il st1;
{c,d, n}=lst2;
I f [m===0,
{bxc, bxd, n},
I f [n===0,
{axd, bxd, m},
| f [a===0,
I f [c===0,
{0, bxd, m«n},
I f [Mrn===0,
{bxd, bxc, m},
Fal sel1,
I f [c===0,
I f [Mrn===0,
{bxd, axd, n},
Fal sel,
Falsel111111,
I'f [SumQ[u],
| st 1=Bi nom al Test [First [u], X];
I f [Fal seQ[l st1],
Fal se,
| st 2=Bi nom al Test [Rest [u], X];
I f [Fal seQIl st 2],
Fal se,
Modul e[{a, b, c,d, m n},
{a, b, m}=Il st1;
{c,d, n}=Ilst2;
I f [m===0,
{b+c, d, n},
I f [n===0,
{a+d, b, m},
I f [m===n,
{a+c, b+d, m},
Falsel11111,
Falsel11111
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Perfect Power Test Function

(» If u (x) is equivalent to a polynom al raised to an integer power greater than 1,
Per f ect Power Test [u, x] returns u (x) as an expanded pol ynonm al raised to the power;
else it returns False. =x)

Per f ect Power Test [u_, x_Synbol ] : =

I f [Pol ynomi al Q[u, x],
Modul e [ {l st =Fact or Squar eFr eelLi st [u], gcd=0, v=1},
Iflst[[1]]==={1, 1},
| st =Rest [I st]];
Scan [Functi on[gcd=CGCD[gcd, #[[2]11], st 1;
I f [gcd>1,
Scan[Function[v=v«#[[1]]" (#[[2]]1/9cd)],|st];
Expand [v]~gcd,
Fal sel1,
Fal se]

m SquareFreeFactor Test Function

(» If u (x) can be square free factored, SquareFreeFactorTest [u,x] returns u (x) in
factored forni else it returns False. =x)
(*» Squar eFreeFactor Test [u_, x_Synbol ] : =
I f [Pol ynomi al Q[u, x],
Modul e [ {v=Fact or Squar eFree [u] },
| f [Power Q[v] || ProductQ[v],
v,
Fal sel1,
Fal se] x)

Function Recognizers

= Rational Function Recognizer

(» If u (x) is a polynomal or rational function of x, Rational FunctionQ[u, x] returns True;
else it returns False. =x)
Rat i onal Functi onQ[u_, x_Synbol ] : =
I f [AtomQ[u],
True,
I f [I nteger Power Q[u],
Rati onal FunctionQ[u[[1]], X1,
I f [Product Q[u] || SunQ[u]l,
Catch[Scan[Function[lf [Rational Functi onQI[#, x], Nul |, Throw[Fal se]]], u]; True]l,
I f [FreeQ[u, x1,
True,
Fal sel111]
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(*» Assuming u is a rational function of x, Rational Functi onExponents [u,x] returns a list of the

exponent of the nunerator of u and the exponent of the denomi nator of u. =x)
Rat i onal Functi onExponents [u_, x_Synbol ] : =
I f [Pol ynomi al Q[u, x],
{Exponent [u, x], 0},
I f [I nt eger Power Q[u],
If[urr211>0,
u[[2]]=*Rational Functi onExponents [u[[1]], X1,
(-u[[2]])*Reverse[Rational Functi onExponents [u[[1]]1, X111,
I f [Product Q[u],
Rat i onal Functi onExponents [First [u], x]+Rati onal Functi onExponents [Rest [u], X1,
I'f [SumQ[u],
Modul e [ {v=Toget her [u]},
If [SumQ[v],
Modul e[{l st1,|st2},
| st 1=Rat i onal Functi onExponents [First [u], X];
| st 2=Rat i onal Functi onExponent s [Rest [u], X];
{(Max[lstl[[1]]1+lst2[[2]],Ist2[[1]1]1+Ist1[[2]11,Ist1[[2]1+ISt2[[2]1]1}1,
Rat i onal Functi onExponents [v, X111,

{0, 031111

= Algebraic Function Recognizer

(» If u (x) is an algebraic function of x, AlgebraicFunctionQ[u,x] returns True; else False.

Al gebrai cFunctionQ[u_, x_Synbol ] : =
I f [AtonQ[u] || FreeQ[u, x],
True,
I f [Rati onal Power Q[u],
Al gebrai cFunctionQ[u[[1]], X1,
I f [Product Q[u]l || SumQ[u],
Catch[Scan[Function[lf [Al gebrai cFuncti onQ[#, x], Nul |, Throw[Fal se]]1], ul; Truel,
Fal se11]

= Quotient of LinearsRecognizer and Accessor

(» If uis equivalent to an expression of the form (a+bxx)/(c+dxx), Quotient O LinearsQ[u, x]
returns True; else it returns Fal se. x)
QuotientOfLinearsQ[a_xu_,x_1 : =
Quoti ent Of Li nearsQJu, x] /;
FreeQJa, x]

QuotientOfLinearsQ[a_+u_,x_] :=
Quoti ent O Li nearsQI[u, x] /;
FreeQ[a, x]

Quot i ent Of Li nearsQ[1/u_,x_] : =
Quoti ent O Li nearsQJu, x]

Quotient O Li nearsQ[u_, x_] : =
True /;
Li near Q[u, x]

Quot i ent Of Li nearsQ[u_/v_,x_] : =
True /;
Li near Q[u, Xx] && LinearQ[v, x]

Quotient O Li nearsQu_, x_] : =
U=== | Fl’eeQ[u. X]

*)
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(» If uis equivalent to an expression of the form (a+bxx)/(c+dxx), QuotientO LinearsParts [u, x]
returns the list {a, b, c, d}. =*)
QuotientOfLinearsParts [a_*u_,X_] : =
Appl y [Function[{a*#l, ax#2, #3, #4}], QuotientfLinearsParts [u,x]] /;
FreeQla, x]

QuotientOfLinearsParts [a_+u_,Xx_] : =
Appl y [Function [{#l+a»#3, #2+ax#4, #3, #4}], QuotientfLinearsParts [u,x]] /;
FreeQ[a, x]

Quoti ent Of Li nearsParts [1/u_,x_] :=
Appl y [Function[{#3, #4, #1, #2}], QuotientOfLinearsParts [u, Xx]]

QuotientOfLinearsParts [u_,x_] : =
{Coefficient [u,x,0], Coefficient [u,x,1], 1, 0} /;
Li near Q[u, x]

Quoti ent Of LinearsParts [u_/v_,x_] : =
{Coef ficient [u,x, 0], Coefficient [u,Xx,1], Coefficient[v,x,0], Coefficient[v,Xx,1]} /;
Li near Q[u, x] && LinearQ[v, x]

QuotientOfLinearsParts [u_,x_] : =

I f [u===X,
{0, 1, 1, 03,
| f [FreeQ[u, x1,
{u, 0, 1, 03,

Print ["QuotientOfLinearParts error!"];
{u, 0, 1, 03}1]

Improper Rational Functions

(* u (x) is an inproper fraction if it is an expression of the formw (v (x))/t (v (X)) where w (X)
and t (x) are polynomials in x and the degree of w (x) is greater than or equal the degree
of t (X). =*)

= Improper Rational Function Recognizer

(» If u/v is an inproper fraction, |nproperFractionQ[u,v,x] returns True; else it returns False. %)
(* | mproperFractionQu_,v_,x_Synbol ] : =

Modul e [ {l st 1=Pol ynom al Functi onO [u, x], | st 2=Pol ynomi al Functi onOf [v, x1},

Ist1[[1]]1===Ist2[[1]] && Exponent [Ist1[[2]], X]>=Exponent [Ist2[[2]],X]] =)

(» If u/v is an inproper rational function where v is of the formfraction a+b*x+c*x"2 or a+bxx”n,
| mpr oper Rati onal Functi onQJ[u, v, x] returns True; else it returns False. =)
I mpr oper Rat i onal Functi onQ[u_,v_,x_Synbol ] : =
Pol ynom al Q[u, x] &&
Pol ynom al Q[v, Xx] &&
Not [Mat chQ[u, (a_. +b_. *x)"n_. /; FreeQ[{a, b}, x] & IntegerQ[n]] &&
Mat chQ[v, (a_. +b_. #x)"n_. /; FreeQ[{a, b}, x] & IntegerQ[n]]] &&
(QuadraticQ[v, x] & Exponent [u, x]>=2 ||
Mat chQ[v, a_+b_. *x*n_. /; FreeQ[{a, b}, x] && I ntegerQ[n] && O<n<=Exponent [u, x]])
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= [mproper Fraction Expander

(» If uis an inproper fraction, Expandl nproperFraction [u,x] returns the list {qg,a,r}
where q is the integral part of u and asr is the proper fractional part of u;
else it returns False. =x)

Expandl nproper Fraction [u_, x_Synbol ] : =

Modul e [{tnp},
| f [Not Fal seQ[t np=Expandl npr oper Fracti on [Nuner at or [u], Denom nator [u], x11,
tnp,
I f [Not Fal seQ[t np=Expandl npr oper Fracti on [Snart Numer at or [u], Smart Denom nat or [u], x]1,
tnp,
I f [FunctionOf Q[Si n[x], u, X],
t np=Regul ari ze [Subst For [Si n[x], u, X], X1;
I f [Not Fal seQ[t np=Expandl| npr oper Fracti on [Nuner at or [t np], Denomi nator [tnp], x]1],
Subst [tnp, x, Sin[x]1],
Fal se],
I f [FunctionOf Q[Cos [X], u, X],
t np=Regul ari ze [Subst For [Cos [x], u, X], X1;
I f [Not Fal seQ[t np=Expandl| npr oper Fracti on [Nuner at or [t np], Denomi nator [tnp], x]1],
Subst [t np, x, Cos [x11,
Fal sel,
I f [FunctionOf Q[Si nh[x], u, X1,
t np=Regul ari ze [Subst For [Si nh[x], u, x], XI;
I f [Not Fal seQ[t np=Expandl| npr oper Fracti on [Nuner at or [t np], Denom nator [tnp], X117,
Subst [t mp, X, Sinh[x]11],
Fal sel,
I f [FunctionOf Q[Cosh[x], u, X1,
t np=Regul ari ze [Subst For [Cosh [x], u, X], X];
| f [Not Fal seQ[t np=Expandl| npr oper Fracti on [Nuner at or [t np], Denomi nator [tnp], x]1],
Subst [t mp, x, Cosh[x]11],
Fal sel,
Fal sel111111

Expandl npr oper Fraction [u_,v_, x_Synbol ] : =
Modul e[{l st1,|st2},
| st 1=Pol ynom al Functi onOf [u, x1;
| st 2=Pol ynom al Functi onOf [v, x1;
If[lstl[[1]]===Ist2[[1]] && Exponent [I st1[[2]],x]>=Exponent [I st2[[2]], X1,
Repl aceAl | [Pol ynom al Divide [l st1[[2]],1st2[[2]],X],Xx=->Ist1[[1]]]1,
Fal se]]

(» Pol ynom al Di vide [u,v,x] returns the list {g,a,r} where g is the integral part of u/v and
axr is the proper fractional part of u/v; else it returns False. %)
Pol ynom al Di vide [u_,v_, x_Synbol ] : =
Prepend [Spl it FreeFact ors [Regul ari ze [Pol ynom al Remai nder [u, v, x]/v, X1, X1,
Pol ynom al Quoti ent [u, v, x]]

Smart Nunerator [u_] : =
I f [Menmber Q[ {Cot , Sec, Csc, Cot h, Sech, Csch}, Head [u]],

1,

I f [Power Q[u] && IntegerQ[u[[2]]] && Member Q[ {Cot, Sec, Csc, Cot h, Sech, Csch}, Head [u[[1]11]],
1,

I f [Power Q[u] && Rational Q[u[[2]]] && u[[2]]<0,
1,

I f [Product Q[u],
Map [Smar t Nuner at or , u],

ullll
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Smar t Denomi nator [u_] : =
| f [Menber Q[ {Cot , Sec, Csc, Cot h, Sech, Csch}, Head [u]],

1/u,

| f [Power Q[u] && IntegerQ[u[[2]1]] && Menmber Q[ {Cot, Sec, Csc, Cot h, Sech, Csch}, Head [u[[111]1],
1/u,

| f [Power Q[u] && Rational Q[u[[2]]] && u[[2]]1<0,
1/u,

| f [Product Q[u],
Map [Snmar t Denom nat or , u],
11111

m Polynomial Function Composer

(* Pol ynom al Functi onOf [u, x] returns the list {v (X),w (x)} where w (v (x)) equals u (x), w (x) is
a polynomal in x, and v (x) is mninal %)
Pol ynom al Functi onOf [u_, x_Synbol ] : =
I f [AtonQ[u],
I f [u===X,
{x, x},
{1, url1,
| f [Positivel nt eger Power Q[ul,
Modul e [ {l st =Pol ynomi al Functi onOf [u[[1]], X1},
{Ist[[1]],Ist[[2117MU[[2]1}],
| f [Product Q[u],
Modul e [ {l st 1=Pol ynom al Functi onO [First [u], x], | st2=Pol ynom al Functi onOf [Rest [u], X1},
If[lstl[[1l]]===1,
{Ist2[[11].1st1[[2]1]*St2[[2]11},
If[lst2[[1]1]===1,
{Ist1[[1l1].1st1[[2]1]* St2[[2]11},
Ifrlstl[r[rly]===lst2[[1]1],
{Ist1[[1l1].1st1[[2]1]* St2[[2]11},
{u, x3}1111,
I'f [SumQ[u],
Modul e [ {l st 1=Pol ynom al Functi onO [First [u], x], | st2=Pol ynom al Functi onOf [Rest [u], X1},
If[lstl[[1l]]===1,
{I'st2[[111.1st1[[2]1]+ St2[[2]11},
If[lst2[[1]]===1,
{Ist1[[l11.1st1[[2]1]+ St2[[2]11},
Ifrlstl[r[rly]===lst2[[1]1],
{Ist1[[l1].1st1[[2]1]1+ St2[[2]11},
{u, x3}1111,
| f [FreeQ[u, x1,
{1, u},
{u, x}11111

Distribution Function

(» Dist[u,v] returns the sumof u times each termof v, provided v is free of Int. %)
Dist[u_,v_] :=
I'f [SumQ[v],
Map [Functi on [ux#], v],
UxV]
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Numeric Factors
list whose first

(» If Ist is alist of n terms, ConmonNunericFactors [Ist] returns a n+l-el enent
elenment is the product of the nunmeric factors common to all terms of |st, and whose remaining
el enents are quotients of each termdivided by the nuneric common factor. =)

CommonNuneri cFactors [lst_]1 :=
Modul e [ {num=Appl y [GCD, Map [Nuneri cFactor,|st 1]},

Prepend [Map [Functi on [#/num], | st 1, num] ]

Nureri cFactor [u_] : =
I f [Nunber Q[u],
I f [Zer oQ[I m[u]],
u,
I f [Zer oQ[Re[u]],
I m[u],
111,
| f [Power Q[u],
I f [Rational Q[u[[1]]] && FractionQ[u[[2]]1],
Ifrurr211>0,
1/Denom nator [u[[1]1]1],
1/Denom nator [1/u[[1]1]111,
17,
I f [Product Q[u],
Nureri cFactor [First [u]]*=Nuneri cFactor [Rest [u]],

1111

Nonnuneri cFactors [u_]
I f [Nunber Q[u],
I f [Zer oQ[I m[ul],
1,
I f [Zer oQ[Re[u]],
I,
ull,

| f [Power Q[u],
I f [Rational Q[u[[1]]] && FractionQ[u[[2]]1],

u/Nureri cFact or [u],

ul,

| f [Product Q[u],
Nonnuneri cFactors [First [u]]*Nonnuneri cFactors [Rest [u]],

ulll

*)

Content Factoring

(» ContentFactor [expn] returns expn with the content sum factors factored out.

of

(» Basis: axb+axc == ax(b+c) =*)
Cont ent Fact or [expn_]
I f [At onQ[expn],
expn,
I f [Product Q[expn],
Map [Cont ent Fact or , expn],

I f [SumQ[expn],
Modul e [ {l st =ConmonFact ors [Appl y [Li st, expn]1},

If st [[1]1]1===1 || Ist[[1]]===-1,

expn,
Ist [[1]]1*Apply[Plus, Rest [Ist]1]1]11,

expn]l]
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(» If Ist is alist of nterms, CommobnFactors[lst] returns a n+l-elenent |ist whose first
elenment is the product of the factors common to all ternms of Ist, and whose remai ni ng
el enents are quotients of each termdivided by the common factor. =x)

CommonFactors [lst_] :=

Modul e[{l st1,|st2,1st3,1|st4, common, base, num},
| st 1=Map [Nonnuneri cFactors, | st];
| st2=Map [Nuneri cFactor,|st];
num=Appl y [CCD, | st 27;
( | f [MapAnd [Function[#<0], | st 2],
num=-num] );
common=numn
| st2=Map [Function[#/num], | st2];
VWi | e [True,
| st 3=Map [LeadFactor,|lstl];
( I f [Apply [SaneQ, | st 3],
common=conmonxl st 3[[1]];
| st 1=Map [Rermi ni ngFactors, | stl],
| f [MapAnd [Function[LogQ[#] && | nteger Q[First [#]] && First [#]>0],1st3] &&
MapAnd [Rati onal Q, | st4=Map[Function[Ful | Sinplify [#/First [Ist3]]],1st3]1,
num=Appl y [CCD, | st47;
common=commonxLog [ (First [Ist3][[1]]1)"num];
| st2=Map2 [Functi on [#1x#2/num], | st 2, | st47;
| st 1=Map [Rermi ni ngFactors, I stl],
| st4=NMap [LeadDegree, | st17;
I f [Appl y [SaneQ, Map [LeadBase, | st1]] && MapAnd[Rational Q I st4],
num=Smal | est [I st4];
base=LeadBase [l st 1[[1]1]1];
( I'f [num:=0,
comon=comonxbase®num] );
| st 2=Map2 [Functi on [#lxbase”™ (#2-num) ], | st 2,1 st4];
| st 1=Map [Rermi ni ngFactors, I stl],
If [Length[lstl1]==2 && ZeroQ[LeadBase[lstl[[1]]]+LeadBase[lst1[[2]]]] &&
NonzeroQ[l st 1[[1]1]1-1] && IntegerQ[lst4[[1]]] && FractionQ[lst4[[2]]]1,
num=M n[l st47;
base=LeadBase [l st 1[[2]1]];
( I'f [num: =0,
comon=comonxbase®num] );
Ist2={lst2[[1]1]*(-1)"lst4[[1]1],!st2[[2]11};
| st 2=Map2 [Functi on [#lxbase”™ (#2-num) ], | st 2,1 st4];
| st 1=Map [Rermi ni ngFactors, I stl],
If [Length[lstl1]==2 && ZeroQ[LeadBase[lstl1[[1]]]+LeadBase[lst1[[2]]]] &&
NonzeroQI[l st 1[[2]]-1] && IntegerQ[lst4[[2]]] && FractionQ[lst4[[1]]]1,
num=M n[l st47;
base=LeadBase [l st1[[1]1]];
( I'f [num: =0,
comon=comonxbase®num] );
Ist2={lst2[[1]1],Ist2[[2]11*(-1)" I st4[[2]11};
| st 2=Map2 [Functi on [#lxbase”™ (#2-num) ], | st 2,1 st4];
| st 1=Map [Rermi ni ngFactors, | stl],
num=Mbst Mai nFact or Posi tion [l st37;
| st 2=Repl acePart [I st2,| st3[[num]]xlst2[[num]], num];
| st 1=Repl acePart [I st 1, Remai ningFactors [I st1[[num]]1], num]11]111 );
| f [MapAnd [Function[#===1],1st1],
Ret urn[Prepend [l st2, common]]]]1]

Most Mai nFactorPosition [l st_List] : =
Modul e [ {f act or =1, num=1},
Do[lf [FactorOrder [Ist[[i]],factor1>0,factor=Ist [[i]1];num=i], {i,Length[lst]}];
numj
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FactorOrder [u_,v_] : =

I f [u===1,

I f [v===1,

0,

-11,
| f [v===1,

1,
Order [u,Vv]]]

Smal | est [numl_, nun2_1] : =

I f [numl>0,

I f [nun2>0,

M n[numl, nun],

01,
I f [nun2>0,

0,
Max [nunil, nun2]1]1]

Smal | est [Ist_List] : =
Modul e [{num=l st [[1]]},
Scan [Functi on[num=Snal | est [num #]], Rest [l st ]];
numj

= Monomial factoring

(» Monomi al Factor [u,x] returns the list {n,v} where x*nxv==u and n is free of x. %)
Monom al Fact or [u_, x_Synbol ] : =
I f [At onQ[u],
I f [u===X,
{1, 1},
{0, url1,
| f [Power Q[u],
If[IntegerQ[uU[[2]1]1],
Modul e [{l st =Monom al Factor [u[[1]], X1},
{Ist [[1]11+u[[2]1],1st [[2]1"U[[2]1]}],
Iflu[[l]]===x && FreeQ[u[[2]], X1,
{urr2i1, 1y,
{0, ux11,
I f [Product Q[u],
Modul e [{l st 1=Monomi al Fact or [First [u], x], | st2=Monomi al Fact or [Rest [u], X1},
{Ist1[[l11+lst2[[11],!st1[[2]1+Ist2[[2]11}]1,
If [SumQ[u],
Modul e [{l st, deg},
| st =Map [Functi on [Monomi al Factor [#, x]1, Appl y [List,ul]l;
deg=Ist [[1,1]];
Scan [Functi on [deg=M ni munDegr ee [deg, #[[1]]11], Rest [I st]1;
| f [ZeroQ[deg] || Rational Q[deg] && deg<O,
{0, u},
{deg, Appl y [Pl us, Map [Function [x" (#[[1]]-deg)»=#[[2]1],1st1]1}11,
{0, u}1111]
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M ni nunDegr ee [degl_, deg2_1] : =
I f [Rati onal Q[degl],
I f [Rati onal Q[deg2],
M n[degl, deg?],
degl],
I f [Rati onal Q[deg2],
deg2,
Modul e [ {deg=Si npl i fy [degl-deg2]},
I f [Rati onal Q[deg],
| f [deg>0,
deg2,
degl],
I f [OrderedQ[{degl, deg2}1,
degl,
deg211111

m Constant factoring

(» ConstantFactor [u,x] returns a 2-elenent list of the factors of u[x] free of x and the
factors not free of u[x]. Common constant factors of the terms of suns are also collected. %)
(» Conpare with the nore passive function SplitFreeFactors. x)
Const ant Fact or [u_, x_Synbol ] : =
I f [FreeQ[u, x1,
{u, 1},
I f [AtonQ[u],
{1, u},
| f [Power Q[u] && FreeQ[u[[2]], X1,
Modul e [ {l st =Const ant Factor [u[[1]], X],tnp},
If[IntegerQLUl[2]111],
{Ist [[1117u[[2]1]. st [[2]1"u[[21]},
tnp=Posi tiveFactors [l st [[1]1]];
If [tnp===1,
{1, u},
{tmp~u[[2]], (NonpositiveFactors [l st [[1]]1]1*l st [[2]]1)"u[[2]11}]111,
I f [Product Q[u],
Modul e [ {l st =Map [Functi on [Const ant Fact or [#, x]], Appl y [List,ull},
{Appl y [Tines, Map[First, st 1], Apply [Ti nes, Map[Function[#[[2]]1],]sSt11}]1,
I f [SumQ[u],
Modul e [{l st 1=Map [Functi on [Const ant Fact or [#, x]1, Appl y [List,ul]l},
I f [Apply [SameQ, Map [Function[#[[2]]],Ist1]],
{Appl y [Pl us, Map[First,Ist1]],Ist1[[1,2]1]},
Modul e [ {l st 2=CommonFactors [Map[First,Ist1]1},
{First [Ist2], Apply [Pl us, Map2 [Ti mes, Rest [l st2], Map[Function[#[[2]]1],1st11]11}111,
{1,ur11111

(» PositiveFactors[u] returns the positive factors of u %)
PositiveFactors[u_] : =
I f [Zer oQ[u],
1,
| f [Rational Q[u],
Abs [u],
I f [PositiveQ[ul,
u,
| f [Product Q[u],
Map [Posi tiveFactors, u],
11111
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(» NonpositiveFactors [u] returns the nonpositive factors of u =)

Nonposi tiveFactors [u_] : =
I f [Zer oQ[u],
u,
I f [Rati onal Q[u],
Sign(ul,
I f [PositiveQ[ul],
1,
I f [Product Q[u],
Map [Nonposi tiveFactors, u],

ullll

Function Of Functions

m Function of a linear binomial

(» If u (x) is equivalent to an expression of the formf
b==1, FunctionO Linear [u,x] returns the |ist

FunctionOf Li near [u_, x_Synbol ] : =

Modul e [ {l st =Functi onOf Li near [u, Fal se, Fal se, x, Fal se]},
I f [Fal seQ[lst] || FalseQ[lst[[1]]]

Fal se,

(a+bxx) and not the case that

(x),a,b}; else it returns False. =)

[] I'st[[1]1]===0 && | st [[2]]===1,

{Functi onOf Li near Subst [u, st [[1]]1,Ist [[2]1],x],Ist [[1]1],1st[[2]]1}1]

FunctionOfLinear [u_,a_,b_,x_,flag_] :

| f [FreeQ[u, x1,
{a, b},

I f [Cal cul usQJ[u],
Fal se,

| f [Li near Q[u, X1,
| f [Fal seQ[a],

{Coef ficient [u,Xx, 0], Coefficient [u,x,1]},
Modul e [{l st =CommonFact ors [{b, Coefficient [u,x,1]1}1},
I f [Zer oQ[Coefficient [u,x,0]] & Not [flag],

{0, I'st [[1]]},

| f [Zer oQ[b=Coeffi ci ent [u, x, 0]-axCoefficient [u,Xx, 1]17,

{asI'st [[2]1,1st [[111},
{0, 131111,

| f [Power Q[u] && FreeQ[u[[1]], X1,
FunctionOf Li near [Log[u[[1]]11*u[[2]], a, b, X, Fal se],

Modul e [{l st },

| f [Product Q[u] && Nonzer oQI[ (I st =Monomi al Factor [u,x])[[1]11],

| f [Fal se & IntegerQ[lst [[1]]] && Ist[[1]1]!

-1 && FreeQ[lst [[2]1, X1,

I f [Rati onal Q[LeadFactor [I st [[2]]]] && LeadFactor [l st [[2]]]1<O0,
Functi onOf Li near [Di vi deDegreesCf Factors [-I st [[2]1],1st [[11]1]%*X, a, b, x, Fal se],
Functi onOf Li near [Di vi deDegreesCf Factors [I st [[2]1],]st [[1]]1]1%X, a, b, x, Falsel],

Fal se],
| st ={a, b};
Catch[

Scan[Function[l st =Functi onO Li near [#, st [[1]1],]st [[2]], X, SumQ[u]];

| f [l st ===Fal se, Throw[Fal se]]], ul;

Ist1111111]

a==0 and
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FunctionOf Li near Subst [u_,a_,b_,x_1 :=
| f [FreeQ[u, x1,
u,
| f [Li near Q[u, x1,
Modul e [ {t np=Coefficient [u, x, 11},
tnp=If [tnmp===b, 1, tnp/b]l;
Coefficient [u, x,0]-axt mp+t np*x],
| f [Power Q[u] && FreeQ[u[[1]], X1,
E~rFul | Sinplify [Functi onOf Li near Subst [Log[u[[1]]]1*u[[2]1],4a, b, x]11,
Modul e [{l st },
I f [Product Q[u] && Nonzer oQI[ (I st =Monomi al Factor [u,x])[[1]11],
I f [Rational Q[LeadFactor [I st [[2]1]]] && LeadFactor [l st [[2]]]1<O0,
-Functi onOf Li near Subst [Di vi deDegreesOf Factors [-l st [[2]1],1st [[1]]1]1%x,a, b, x1"Ist[[1]],
Functi onOf Li near Subst [Di vi deDegreesOf Factors [I st [[2]], st [[1]11]1*X,4a,b,x]"l st [[1]1]1],
Map [Functi on [Functi onOf Li near Subst [#,a, b, x]11,ul11111

(» DivideDegreesOf Factors [u,n] returns the product of the base of the factors of u raised to
the degree of the factors divided by n. =)
Di vi deDegreesOf Factors [u_,n_] : =
| f [Product Q[u],
Map [Functi on [LeadBase [#]” (LeadDegr ee [#]/n) ], ul,
LeadBase [u]” (LeadDegree [u]l/n)]

m Function of an inverse linear binomial

(» If uis a function of an inverse linear binomal of the form 1/ (a+bxx),
FunctionOf I nver seLi near [u, x] returns the list {a,b}; else it returns False. %)
Functi onOf I nver seLi near [u_, x_Synbol ] : =
FunctionOf I nver seLi near [u, Nul |, x]

FunctionOf I nverselLinear [u_,Ist_,x_] :=
| f [FreeQlu, x1,
| st,
I f [u===X,
Fal se,
I f [Quotient Of Li nearsQ[u, x],
Modul e [ {t mp=Dr op [Quot i ent Of Li nearsParts [u, x], 21},
If[tnp[[2]]===0,
Fal se,
If[lst===Null,
tnp,
If [ZeroQ[l st [[111*tnp[[2]]-Ist [[2]1+tnp[[1]1]],
| st,
Fal se1111,
I f [Cal cul usQJ[u],
Fal se,
Modul e [{t mp=] st }, Catch[
Scan[Function[lf [Fal seQ[t np=Functi onOf | nver seLi near [#,tnp, x]1], Throw[Fal se]]1], ul;

tnpl11111



Integration Utility Functions

m Function of exponential functions of a linear binomial

(» If uis a function of f~(a+bxx), FunctionO Exponential O Li near [u,x] returns the list {v,a,b,f}
where v of f” (a+bxx) equals u; else it returns False. =)
Functi onOf Exponenti al Of Li near [u_, Xx_Synbol ] : =
Modul e [{I st =Functi onOf Exponent i al O Li near [u, X, Fal se, Fal se, Fal se], a, b, f },
If [Fal seQ[lst] || FalseQ[lst[[1]]],

Fal se,
a=Ist [[1]1;
b=lst [[2]];
f=lst[[311;
( 1f[MatchQ[u, v_=g_~ (c_. +d_»x) /; FreeQ[{c,d, g}, x] & NumericFactor [d]<0] && NumericFactor [b]>O0,
a=-a;
b=-b] )

{Functi onCf Exponent i al Of Li near Subst [u, a, b, f,x],a, b, f}]]

(» If uis a function of f~(a+bxx), FunctionO Exponential O Li near [u, X, Fal se, Fal se, Fal se]
returns the list {a, b, f}; else it returns False. )
Functi onOf Exponenti al O Li near [u_,Xx_,a_,b_,f_1 :=
I f [FreeQ[u, x1,
{a, b, f},
I f [u===x || Cal cul usQ[ul,
Fal se,
| f [Power Q[u] && FreeQ[u[[1]],X] && LinearQ[u[[2]], X],
Functi onOf Exponenti al O Li near Aux [a, b, f, Coefficient [u[[2]], X, O], Coefficient [u[[2]],X,1],u[[1]1]],
I f [HyperbolicQ[u] && LinearQ[u[[1]], X1,
Functi onOf Exponenti al O Li near Aux [a, b, f, Coefficient [u[[1]], X, O], Coefficient [u[[1]],X, 1], E],
Modul e [{l st },
| f [Power Q[u] && FreeQ[u[[1]],X] && SumQ[u[[2]]1]1,
| st =Functi onOf Exponenti al Of Li near [u[[1]]"First [u[[2]]1],X,4&,b,f1;
I f [l st ===Fal se,
Fal se,
Functi onOf Exponenti al Of Linear [u[[1]]"Rest [u[[2]11],x,Ist [[1]1],Ist[[2]1],!st[[3]1111,
| st={a, b, f};
Catch[Scan[Function|[
| st =Functi onOf Exponenti al Of Li near [#, x, st [[1]],Ist [[2]1],]st[[31]11;
I f [I st ===Fal se, Throw[Fal se]]], ul;
I'st1111111

Functi onOf Exponenti al O Li nearAux [a_,b_,f_,c_,d_,g_1 :=
I f [Fal seQ[a],
{c, d, g},
I f [Zer oQ[Log [f ]*Nonnureri cFactors [b]-Log[g]*Nonnuneri cFactors [d]],
Modul e [ {gcd=CGCD[Nureri cFact or [b], Numeri cFactor [d]]1},
( I'f [NunmericFactor [b]<0O &% NurericFactor [d]<O0,
gcd=-gcd] );
I f [gcd==Nuneri cFact or [b],
{a, b, f},
| f [gcd==Nuneri cFactor [d],
{c, d, g},
{0, gcdxNonnureri cFactors [b],f3}111,
Fal se]]
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(» uis a function of f”(a+bxx). FunctionOf Exponenti al O Li near Subst [u, a, b,f,x] returns u
with f~(a+bxx) replaced by x. =)
Functi onOf Exponenti al O Li near Subst [u_,a_,b_,f_,x_1 :=
| f [FreeQ[u, x1,
u,
| f [Power Q[u] && FreeQ[u[[1]1],Xx] && LinearQ[u[[2]], X1,
Modul e [{c, d, g},
c=Coefficient [u[[2]], X, 07;
d=Coefficient [u[[2]], X, 11;
g=ul[l]];
g" (c-axd/b) *x” (dxLog[g]/ (bxLog[f1))]1,
| f [HyperbolicQ[u] && LinearQ[u[[1]], X1,
Modul e [{c, d, tnp},
c=Coefficient [u[[1]],X,07;
d=Coefficient [u[[1]],X, 17;
tnp=E" (c-axd/b) xx” (d/ (bxLog[f]));
I f [Si nhQ[u],
tnp/2-1/ (2%t mp),
I f [CoshQJ[u],
tnp/2+1/ (2t np),
I f [TanhQ[u],
(tnmp-1/tnmp) / (tmp+1l/tnp),
| f [Cot hQ[u],
(tnmp+1/tnmp) / (tmp-1/tnp),
I f [SechQ[u],
2/ (tmp+1l/tnp),
2/(tnp-1/tnp)111111,
I f [Power Q[u] && FreeQ[u[[1]1],Xx] && SumQ[u[[2]1]],
Functi onOf Exponenti al O Li near Subst [u[[1]]"First [u[[2]]1],a,b,f, x]=*
Functi onOf Exponenti al O Li near Subst [u[[1l]]"Rest [u[[2]]],a, b, f, x],
Map [Functi on [Functi onOf Exponenti al Of Li near Subst [#,a, b, f,x]1],ul]111]
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= Function of trig functions of a linear binomial

(» If uis a function of trig functions of a linear function of X,
FunctionOf Tri gOf Li near Q[u, x] returns True; else it returns False. %)
FunctionOf Tri gOf Li near Q[u_, x_Synbol ] : =
Not [Menber Q[ {Nul | , Fal se}, FunctionOFTrigI[u, Null,x]]1] &&
Recogni zedFuncti onOf Tri gQ [Subst | nert Si neFor Tri gOf Li near [u, X], X]

(» If uis a function of trig functions of v where v is a linear function of X,
FunctionOF Trig[u,x] returns v; else it returns False. x)
FunctionOF Trig[u_, x_Synbol ] : =
Modul e [{v=FunctionOf Tri g [u, Null, x]1},
If [v===Null, False, v]]

FunctionOrTrigfu_,v_,x_] : =
I f [AtonQ[u],
| f [u===X,
Fal se,
vl],
If[TrigQ[u] && LinearQ[u[[1]], X1,
I f [v===Null,
ulrlin,
Modul e [{a=Coef fi ci ent [v, x, 0], b=Coefficient [v, x, 17,
c=Coefficient [u[[1]],X,0],d=Coefficient [u[[1]],x,1]},
| f [Zer oQ[axd-bxc] && Rational Q[b/d],
a/Nuner ator [b/d]+b*x/Nunerator [b/d],
Fal se]11,
| f [Cal cul usQ[u],
Fal se,
Modul e [{w=Vv}, Catch[
Scan [Function [l f [Fal seQ[w=FunctionOf Tri g [#, w, x]], Throw[Fal se]]], ul;

w1111
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(» uis a function of the insert sine function of x. If u can be put in the
form (sin (c+d*x)"j )" mk (A+Bxsin (C+d*x) k+Cxsin (c+dxx)”" (2xk))=*(a+bxsin (c+dxx)”"k)"n
where 2xm and 2xn are integers and j~2=k"2=1, Recogni zedFunctionO Tri gQ[u, X]
returns True; else it returns Fal se. x)
Recogni zedFuncti onOf Tri gQ[u_, x_Synbol ] : =
Mat chQ[u, (a_. +b_. #sin[c_. +d_. »x]"k_. )An_. /;
FreeQ[{a, b,c,d, n}, x] & k"2===1] ||
l\/B.tChQ[u, (A_. +B_. xsin[c_. +d_. #x]"i _. )*(a_. +b_. wsin[c_. +d_. *x]"k_. )’\n_. /;
FreeQ[{a,b,c,d, A B, n}, x] & i"2===1 && k"2===1] ||
Mat chQ[u, (A_. +C_. #sin[c_. +d_. »x]1"i 2_)*(a_. +b_. #sin[c_. +d_. »x]*k_. )"n_. /;
FreeQ[{a,b,c,d, A, C n}, x] & i2"2===4 && k’\2===1] |
Mat chQ[u, (A_. +B_. #sin[c_. +d_. »x]™i _. +C_. #sin[c_. +d_. »x]"i 2_) = (a_. +b_. »sinfc_. +d_. #x]"k_. )"n_. /;
FreeQ[{a,b,c,d, A B, C, n}, Xx] & i"2===1 && k"2===z1 && i 2===2xi ] |l

Mat chQ[u, (sinf[c_. +d_. »x]7j _. ) m_. «(A_. +B_. #sin[c_. +d_. #x]"k_. ) /;
FreeQ[{c,d, A B, m}, x] & j"2===1 && k"2===1] ||

Mat chQ[u, (sinf[c_. +d_. »x]"j _. ) m.. *(A_. +C_. *sin[c_. +d_. #x]"k2_) /;
FreeQ[{c,d, A C m}, x] && j*2===1 && k2/2===4] ||

Mat chQ[u, (sinf[c_. +d_. »x]7j _. )"m.. % (A_. +B_. xsin[c_. +d_. #x]"k_. +C_. »sin[c_. +d_. #x]"k2_) /;
FreeQ[{c,d, A B,C m}, x] & j"2===1 && k"2===1 && k2===2xk] ||

Mat chQ[u, (sin[c_. +d_. »x]7"j _. )"m.. = (a_. +b_. »sin[c_. +d_. #x]"k_. )"n_. /;
FreeQ[{a,b,c,d, mn}, x] & j"2===1 && k"2===1] ||

Mat chQ[u, (sin[c_. +d_. »x]7j _. ) m.. «(A_. +B_. #sin[c_. +d_. »x]"i _. )« (a_
FreeQ[{a,b,c,d, A,B,mn}, x] && i"2===1 && j"2===1 && k"2===1] 11l

Mat ChQ[u, (Si n[c_. +d_. *x]1"j _. )’\m_. * (A_. +C . »sin[c_. +d_. X1 2_) * (a
FreeQ[{a, b, c,d, A C,mn}, x] && i 2/2===4 && j"2===1 && k"2===1] ||

Mat chQ[u, (sinf[c_. +d_. »x]7j _. ) m.. »(A_. +B_. *sin[c_. +d_. #x]"i _. +C_. *sin[c_. +d_. #x]"i 2_) (a_. +b_. »sinc
FreeQ[{a,b,c,d, A,B,C,mn}, x] & i "2===1 && j"2===1 && k"2===1 && i 2===2xi ]

c+b_. #sinfc_. +d_. »x]"k_. )"n_. /;

_.+b_. xsin[c_. +d_. »x]"k_. )’\n A

m Function of hyperbolic functions of a linear binomial

(» If uis a function of hyperbolic trig functions of v where v is linear in X,
FunctionOf Hyperbolic [u,x] returns v; else it returns False. =)
Functi onOf Hyperbolic [u_, x_Synbol ] : =
Modul e [ {v=Functi onOf Hyperbolic [u, Nul |, x1},
If [v===Null, False, v]]

FunctionOf Hyperbolic [u_,v_,x_1 :=
I f [AtonQ[u],
I f [u===X,
Fal se,
V],
| f [HyperbolicQ[u] && LinearQ[u[[1]], X1,
I f [v===Null,
ulrlin,
Modul e [{a=Coef fi ci ent [v, x, 0], b=Coefficient [v, x, 17,
c=Coefficient [u[[1]],X,0],d=Coefficient [u[[1]],x, 1]},
| f [ZeroQ[axd-bxc] && Rational Q[b/d],
a/Nuner ator [b/d]+b*x/Nunerator [b/d],
Fal se]11,
| f [Cal cul usQ[ul,
Fal se,
Modul e [{w=Vv}, Catch[
Scan [Function [l f [Fal seQ[w=Functi onCf Hyperbolic [#, w,x]], Throw[Fal se]]], ul;
wlllll
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Function of expression predicate

(» v is a function of x.
If uis a function of v, FunctionOFQ[v,u,x] returns True; else it returns False. =)
FunctionOf Q[v_, u_, x_Synbol , PureFl ag_: Fal se] : =
I f [FreeQ[u, x1,
Fal se,
I f [AtonQ[Vv],
True,
I f [Power Q[v] && FreeQ[Vv[[2]],X] (* &% NonzeroQ[V[[2]]+1] =*),
Functi onOf Power Q[u, v[[11]1,VvI[[2]], X1,
| f [PureFl ag,
If[SinQlv] || CscQ[v],
Pur eFuncti onOf Si nQ[u, v[[1]], X1,
If [CosQ[v] || SecQ[v],
Pur eFuncti onOf CosQ[u, v[[1]], X1,
I f [TanQ[V],
Pur eFuncti onOf TanQ[u, v[[1]1], X],
If [CotQ[V],
Pur eFuncti onOf Cot Q[u, v[[1]], X1,
I f [SinhQ[v] || CschQ[v],
Pur eFuncti onOf Si nhQ[u, v[[1]], X1,
| f [CoshQ[v] || SechQ[v],
Pur eFuncti onOf CoshQI[u, v[[1]1], X1,
| f [TanhQ[V],
Pur eFuncti onOf TanhQJ[u, v[[1]], X1,
I f [Cot hQ[V],
Pur eFuncti onOf Cot hQ[u, v[[1]], X1,
Functi onOf ExpnQJ[u, v, x]111111111,
If[SinQlv] || CscQ[v],
Functi onOF Si nQ[u,v[[1]], x]1,
If [CosQ[v] || SecQ[v],
Functi onOf CosQJ[u, v[[1]1], x1,
If [TanQ[v] || CotQ[v],
Functi onOf TanQ[u, v[[1]1], x1,
I f [SinhQ[v] || CschQ[v],
Functi onOf Si nhQ[u, v[[1]1], X1,
| f [CoshQ[v] || SechQ[v],
Functi onOf CoshQ[u, v[[1]1], X1,
| f [TanhQ[v] || CothQ[v],
Functi onOf TanhQ[u, v[[1]1, X1,
Functi onOf ExpnQ[u, v, x11111111111

Functi onOf ExpnQ[u_,v_,x_]1 : =
| f [U===V,
True,
I f [At onQ[u],
u=1!=X,
I f [Cal cul usQ[ul,
Fal se,
Catch[Scan[Function[lf [FunctionOf ExpnQI[#, v, x], Nul |, Throw[Fal se]1]1],ul; Truell]l]
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Functi onOf Power Q[u_, bas_,deg_,x_1 : =
I f [AtonQ[u],
u=1!=x,
| f [Cal cul usQ[ul,
Fal se,
| f [Power Q[u] && ZeroQ[u[[l]]-bas] && FreeQ[u[[2]], X],
I f [Rati onal Q[deg],
I f [Rational Q[u[[2]1]],
IntegerQ[u[[2]]/deg] && (deg>0 || u[[2]1<0),
Fal se],
IntegerQ[Sinmplify[u[[2]]/deg]]],
Catch[Scan[Function[lf [Functi onCf Power Q[#, bas, deg, x], Nul | , Throw[Fal se]1]11,u]; Truellll]

(» If func[w]”mis a factor of u where mis odd and wis an integer nultiple of v,
Fi ndTri gFact or [funcl, func2,u,v, True] returns the list {w, u/func[w]”n}, else it returns False. =)
(» If func[w]”mis a factor of u where mis odd and wis an integer multiple of v not equal to v,
Fi ndTri gFact or [funcl, func2,u, v, False] returns the list {w u/func[w]”n}; else it returns False. =)
Fi ndTri gFactor [funcl_,func2_,u_,v_,flag_] :=
| f [u===1,
Fal se,
| f [ (Head [LeadBase [u]]===funcl || Head[LeadBase [u]]===func2) &&
OddQ[LeadDegree [u]] &&
I nt eger Quoti ent Q[LeadBase [u][[1]],V] &&
(flag || NonzeroQ[LeadBase [u][[1]]-V]),
{LeadBase [u]l[[1]], Remai ningFactors [u]},
Modul e [ {l st =Fi ndTri gFact or [funcl, func2, Renai ni ngFactors [u], v, flag]},
| f [Fal seQ[l st ],
Fal se,
{I st [[1]], LeadFactor [u]l=lst[[2]1}111]1]

m Purefunction of trig functions predicates

(» If uis a pure function of Sin[v] and/or Csc[v], PureFunctionOfSinQ[u,v,x] returns True;
else it returns False. x)
Pur eFuncti onOf'SinQu_,v_,x_] : =
I f [AtonQ[u],
u=1!=x,
| f [Cal cul usQ[ul,
Fal se,
If[TrigQ[u]l && ZeroQ[u[[l]]-V],
SinQ[u]l || CscQ[u],
Catch[Scan [Function [l f [Not [PureFuncti onOf'Si nQ[#, v, x]], Throw[Fal se]]]1,u]; Truel]ll]

(» If uis a pure function of Cos[v] and/or Sec[v], PureFunctionOf CosQ[u, Vv, x] returns True;
else it returns False. x)
Pur eFuncti onOf CosQ[u_,v_,x_] : =
I f [AtonQ[u],
u=1!=x,
| f [Cal cul usQ[ul,
Fal se,
If[TrigQ[u]l && ZeroQ[u[[l]]-V],
CosQ[ul || SecQ[u],
Catch[Scan [Function [l f [Not [PureFuncti onOf CosQ[#, v, x]], Throw[Fal se]]]1,u]; Truel]ll]
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(» If uis a pure function of Tan[v] and/or Cot [v], PureFuncti onOf TanQ[u, v, x] returns True;
else it returns False. =x)
Pur eFunctionOf TanQ[u_,v_,x_] : =
I f [At onQ[u],
u=1=X,
I f [Cal cul usQJ[u],
Fal se,
If[TrigQ[u] && ZeroQ[u[[l]]-V],
TanQ[u] || CotQ[ul,
Catch[Scan[Function[lf [Not [PureFuncti onOf TanQ[#, v, x]11, Throw[Fal se]1]1],u]; Truel]l]

(» If uis a pure function of Cot [v], PureFunctionOf CotQ[u,v,x] returns True;
else it returns False. =x)
Pur eFunctionOf Cot Q[u_,v_,x_] : =
I f [At onQ[u],
u=1=X,
I f [Cal cul usQJu],
Fal se,
If[TrigQ[u] && ZeroQ[u[[l]]-V],
Cot Q[u],
Catch[Scan[Function[lf [Not [PureFuncti onCf Cot Q[#, v, X111, Throw[Fal se]]1],u]; Truel]l]l

= Function of trig functions predicates

(» If uis a function of Sin[v], FunctionOSinQ[u,v,x] returns True; else it returns Fal se.
FunctionOF SinQ[u_,v_,x_] : =
I f [At onQ[u],
u=1=X,
I f [Cal cul usQJu],
Fal se,
If[TrigQ[u] && IntegerQuotientQu[[1l]1],V],
I f [OddQuotientQ[u[[1]1],V],
(» Basis: If modd, Sin[mkv]®n is a function of Sin[v]. =x)
SinQ[u] || CscQLul,
(» Basis: If meven, Cos[mkv]”™n is a function of Sin[v]. x)
CosQ[u] || SecQ[u]ll,
I f [I ntegerPower Q[u] && TrigQLu[[1l]]] && IntegerQotientQu[[1,1]1],V],
I'f [EvenQ[u[[2]11,
(» Basis: If minteger and n even, Trig[msv]”n is a function of Sin[v]. =)
True,
FunctionOf SinQ[u[[11]1,V, X111,
I f [Product Q[u],
If [CosQ[U[[1]1]] && SinQ[u[[2]]1] && ZeroQ[u[[l,1]1]-v/2] && ZeroQ[u[[2,1]1]-v/2],
Functi onOf Si nQ[Drop[u, 21, Vv, X1,
Modul e [ {l st },
| st =Fi ndTri gFactor [Sin, Csc, u, v, Fal se];
I f [Not Fal seQ[l st] && EvenQuotientQ[lst[[1]]1,V],
(» Basis: If meven and n odd, Sin[mkv]”n == Cos[v]xu where u is a function of Sin[v]. x)
Functi onOf Si nQ[Cos [v]=*l st [[2]1,V, X],
| st =Fi ndTri gFact or [Cos, Sec, u, v, Fal se];
I f [Not Fal seQ[lst] && OddQuotientQ[lst [[1]1],V],
(» Basis: If modd and n odd, Cos[mkv]"n == Cos[v]#u where u is a function of Sin[v]. %)
Functi onOf Si nQ[Cos [v] =l st [[2]1,V, X],
| st =Fi ndTri gFact or [Tan, Cot, u, v, Truel;
| f [Not Fal seQIl st 1,
(» Basis: If minteger and n odd, Tan[mkv]"n == Cos[v]*u where u is a function of Sin[v]. =x)
Functi onOf Si nQ[Cos [v]=*l st [[2]1,V, X],
Catch[Scan[Function[lf [Not [Functi onOf Si nQ[#, v, x]1, Throw[Fal se]]11,ul; Truel11111,
Catch[Scan[Function[lf [Not [Functi onOf Si nQ[#, v, Xx]1, Throw[Fal se]1],ul; Truel11111]
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(» I'f uis a function of Cos[v], FunctionO CosQ[u,v,x] returns True; else it returns False. =)
FunctionOf CosQ[u_,v_,Xx_] :=
I f [At onQ[u],
u=1=X,
I f [Cal cul usQJ[u],
Fal se,
If[TrigQ[u] && IntegerQuotientQu[[1l]1],V],
(» Basis: If minteger, Cos[mev]”®n is a function of Cos[v]. =x)
CosQ[u] || SecQ[u],
I f [I ntegerPower Q[u] && TrigQ[u[[1l]]] && IntegerQotientQu[[1,1]1],V],
I'f [EvenQ[ul[2]11,
(» Basis: If minteger and n even, Trig[msv]”n is a function of Cos[v]. =)
True,
Functi onOf CosQ [u[[11]1,V, X]11,
I f [Product Q[u],
Modul e [ {l st },
| st =Fi ndTri gFactor [Sin, Csc, u, v, Fal se];
| f [Not Fal seQIl st 1,
(» Basis: If minteger and n odd, Sin[mkwv]”n == Sin[v]*u where u is a function of Cos[v]. =x)
FunctionOf CosQ[Sin[v]=*lst[[2]],V, X],
| st =Fi ndTri gFact or [Tan, Cot, u, v, Truel;
I f [Not Fal seQJl st 1,
(» Basis: If minteger and n odd, Tan[mkv]”n == Sin[v]*u where u is a function of Cos[v]. =x)
FunctionOf CosQ[Sin[v]=*lst [[2]],V, X],
Catch[Scan[Function[lf [Not [Functi onOf CosQI[#, v, x]1, Throw[Fal se]]1],ul; Truellll,
Catch[Scan[Function[lf [Not [Functi onOf CosQI[#, v, x]1, Throw[Fal se]]1],ul; Truel1]1111]

(» If uis a function of the formf [Tan[v], Cot [v]] where f is independent of X,
Functi onOf TanQJ[u, v, x] returns True; else it returns False. =)
FunctionOf TanQ[u_,v_,x_] : =
I f [At onQ[u],
u=1=X,
I f [Cal cul usQJ[u],
Fal se,
If[TrigQ[u] && IntegerQuotientQu[[1l]1],V],
TanQ[u] || CotQ[u]l || EvenQuotientQ[u[[1l]]1,V],
I f [Power Q[u] && EvenQ[u[[2]]] && TrigQ[u[[1l]]] && IntegerQuotientQ[u[[1,1]1],V],
True,
I f [Product Q[u],
Modul e [ {l st =ReapLi st [Scan[Functi on[lf [Not [Functi onOf TanQI[#, v, Xx]1, Sow[#]11]1,ull},
If[lIst===(},
True,
Length[l st ]1==2 && OddTri gPower Q[l st [[1]]1,V, x] && OddTri gPower Q[l st [[2]1,V, x]11,
Catch[Scan[Function[lf [Not [Functi onOf TanQI[#, v, X]1, Throw[Fal se]1],ul; Truel11111]

QddTri gPower Q[u_,v_,Xx_] : =
If [SinQ[ul || CosQ[ul || SecQ[ul || CscQ[u],
OddQuotient Q[u[[1]],V],
| f [Power Q[u],
OddQ[u[[2]1]] && OddTrigPower Q[u[[1]1],V, X1,
| f [Product Q[u],
Modul e [ {l st =ReapLi st [Scan [Function[lf [Not [Functi onOf TanQI[#, v, X]11, Sow[#]11],ull},
I f[lst==={},
True,
Length[lst]1==1 &% OddTri gPower Q[l st [[1]]1,V, X111,
(+1 f [SumQ[u],
Catch[Scan[Function[lf [Not [OddTri gPower Q[#, v, x]], Throw[Fal se]]]1,ul; True], =)
Fal se]]1]
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(» uis a function of the formf [Tan[v], Cot [v]] where f is independent of x.
Functi onOf TanWei ght [u, v, Xx] returns a nonnegative nunber if u is best considered a function
of Tan[v]; else it returns a negative nunber. =x)
Functi onOf TanWei ght [u_,v_,x_1 : =
I f [At onQ[u],
0,
I f [Cal cul usQJ[u],
0,
If[TrigQ[u] && IntegerQuotientQu[[1l]1],V],
I f [TanQ[u] && ZeroQ[u[[1l]]1-V],
1,
I f [Cot Q[u] && ZeroQ[u[[1l]]1-Vv],
-1,
011
I f [Power Q[u] && EvenQ[u[[2]]] && TrigQ[u[[1l]]] && IntegerQuotientQ[u[[1,1]1],V],
If [TanQ[u[[111] || CosQLu[[1111 || SecQu[[1l]1],
1,
-11,
I f [Product Q[u],
I f [Catch[Scan[Function[lf [Not [Functi onOf TanQ[#, v, x]], Throw[Fal se]]1, u]; True],
Appl y [Pl us, Map [Functi on [Functi onOf TanWei ght [#, v, x11, Appl y [List,u]lll,
01,
Appl y [Pl us, Map [Functi on [Functi onOf TanWei ght [#, v, x11, Appl y [List,u]1111111

(» If u (x) is equivalent to an expression of the formf (Sin[v],Cos[v], Tan[v], Cot [v], Sec[v], Csc[V])
where f is independent of x, FunctionOfTrigQ[u,v,x] returns True; else it returns False. x)
FunctionOF Tri gQ[u_,v_,x_Synbol ] : =
I f [At onQ[u],
u=1=X,
I f [Cal cul usQJu],
Fal se,
If[TrigQ[u] && IntegerQuotientQu[[1l]1],V],
True,
Catch[
Scan[Function[lf [Not [Functi onOf Tri gQ[#, v, x]], Throw[Fal se]]]1,ul;
Truel]lll

=  Purefunction of hyperbolic functions predicates

(» If uis a pure function of Sinh[v] and/or Csch[v], PureFunctionOf SinhQ[u,v,x] returns True;
else it returns False. =x)
Pur eFuncti onOf SinhQ[u_,v_,x_1 : =
I f [At onQ[u],
u=1=X,
I f [Cal cul usQJu],
Fal se,
| f [HyperbolicQ[u] && ZeroQ[u[[1l]]-V],
SinhQ[u] || CschQ[uy,
Catch[Scan[Function[lf [Not [PureFuncti onOf Si nhQ[#, v, x]], Throw[Fal se]]]1,u]; Truelll]

(» If uis a pure function of Cosh[v] and/or Sech[v], PureFunctionCOf CoshQ[u, v, x] returns True;
else it returns False. =x)
Pur eFuncti onOf CoshQ[u_,v_,x_1 : =
I f [At onQ[u],
u=1=X,
I f [Cal cul usQJu],
Fal se,
| f [HyperbolicQ[u] && ZeroQ[u[[1l]]-V],
CoshQ[u] || SechQ[u],
Catch[Scan[Function[lf [Not [PureFuncti onOf CoshQ[#, v, x]], Throw[Fal se]]]1,u]; Truelll]
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(» If uis a pure function of Tanh[v] and/or Coth[v], PureFunctionCO TanhQ[u, v, x] returns True;
else it returns False. =x)
Pur eFuncti onOf TanhQ[u_,v_,x_1 : =
I f [At onQ[u],
u=1=X,
I f [Cal cul usQJ[u],
Fal se,
| f [HyperbolicQ[u] && ZeroQ[u[[1l]]-V],
TanhQ[u] || CothQ[u],
Catch[Scan[Function[lf [Not [PureFuncti onOf TanhQ[#, v, x]], Throw[Fal se]]]1,u]; Truelll]

(» If uis a pure function of Coth[v], PureFunctionO CothQ[u,v,x] returns True;
else it returns False. =x)
Pur eFuncti onOf Cot hQ[u_,v_,x_1 : =
I f [At onQ[u],
u=1=X,
I f [Cal cul usQJu],
Fal se,
| f [HyperbolicQ[u] && ZeroQ[u[[1l]]-V],
Cot hQ[u],
Catch[Scan[Function[lf [Not [PureFuncti onCf Cot hQ[#, v, x]], Throw[Fal se]]]1,u]; Truelll]

= Function of hyperbolic functions predicates

(» I'f uis a function of Sinh[v], FunctionO SinhQ[u,v,x] returns True; else it returns False. =)
FunctionOf Si nhQ[u_,v_,x_1 : =
I f [At onQ[u],
u=1=X,
I f [Cal cul usQJu],
Fal se,
I f [HyperbolicQ[u] && IntegerQuotientQ[u[[1l]],V],
I f [OddQuotientQ[u[[1]1],V],
(» Basis: If modd, Sinh[mkv]”n is a function of Sinh[v]. %)
SinhQ[u] || CschQ[uy,
(» Basis: If meven, Cos[mkv]”™n is a function of Sinh[v]. x)
CoshQ[u] || SechQ[ul],
I f [I nteger Power Q[u] && HyperbolicQ[u[[1l]]] && IntegerQuotientQ[u[[1,1]1],V],
I'f [EvenQ[u[[2]11,
(» Basis: If minteger and n even, Hyper [mkv]®n is a function of Sinh[v]. x)
True,
Functi onOf Si nhQ[u[[1]],V, X11,
I f [Product Q[u],
I f [CoshQ[u[[1]1]] && SinhQ[u[[2]]] && ZeroQ[u[[1,1]1-v/2] && ZeroQ[u[[2,1]1]1-v/2],
Functi onOf Si nhQ[Drop[u, 2], v, X1,
Modul e [ {l st },
| st =Fi ndTri gFact or [Si nh, Csch, u, v, Fal se];
I f [Not Fal seQ[l st] && EvenQuotientQ[lst[[1]]1,V],
(» Basis: If meven and n odd, Sinh[mkv]”n == Cosh[v]*u where u is a function of Sinh[v]. %)
Functi onOf Si nhQ[Cosh [v]xl st [[2]],V, X1,
| st =Fi ndTri gFact or [Cosh, Sech, u, v, Fal se];
I f [Not Fal seQ[lst] && OddQuotientQ[lst [[1]1],V],
(» Basis: If modd and n odd, Cosh[mxv]”n == Cosh[v]xu where u is a function of Sinh[v]. =)
Functi onOf Si nhQ[Cosh [v]xl st [[2]],V, X1,
| st =Fi ndTri gFact or [Tanh, Cot h, u, v, True];
| f [Not Fal seQIl st 1,
(» Basis: If minteger and n odd, Tanh[mkv]”n == Cosh[v]*u where u is a function of Sinh[v]. =x)
Functi onOf Si nhQ[Cosh [v]xl st [[2]],V, X1,
Catch[Scan[Function[lf [Not [Functi onOf Si nhQ[#, v, x11, Throw[Fal se1]1],ul; Truellll11l,
Catch[Scan[Function[lf [Not [Functi onOf Si nhQ[#, v, x11, Throw[Fal se]1]1],u]; Truel]ll11]
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(» If uis a function of Cosh[v], FunctionO CoshQJ[u,v,x] returns True; else it returns False. =)
Functi onOf CoshQ[u_,v_,x_]1 : =
I f [At onQ[u],
u=1=X,
I f [Cal cul usQJ[u],
Fal se,
I f [HyperbolicQ[u] && IntegerQuotientQ[u[[1l]],V],
(» Basis: If minteger, Cosh[mkv]”n is a function of Cosh[v]. =)
CoshQ[u] || SechQ[uy,
I f [I nteger Power Q[u] && HyperbolicQ[u[[1l]]] && IntegerQuotientQ[u[[1,1]],V],
I'f [EvenQ[ul[2]11,
(» Basis: If minteger and n even, Hyper [mkv]®n is a function of Cosh[v]. x)
True,
Functi onOf CoshQ[u[[1]1],V, Xx11,
I f [Product Q[u],
Modul e [ {l st },
| st =Fi ndTri gFact or [Si nh, Csch, u, v, Fal se];
| f [Not Fal seQIl st 1,
(» Basis: If minteger and n odd, Sinh[mkv]”n == Sinh[v]*u where u is a function of Cosh[v]. =)
Functi onOf CoshQI[Si nh[v]xl st [[2]],V, X1,
| st =Fi ndTri gFact or [Tanh, Cot h, u, v, True];
I f [Not Fal seQJl st 1,
(» Basis: If minteger and n odd, Tanh[mkv]”n == Sinh[v]*u where u is a function of Cosh[v]. =)
Functi onOf CoshQI[Si nh[v]xl st [[2]],V, X1,
Catch[Scan[Function[lf [Not [Functi onOf CoshQ[#, v, x]11, Throw[Fal se]11],ul; Truellll,
Catch[Scan[Function[lf [Not [Functi onOf CoshQ[#, v, x1], Throw[Fal se]1]1],u]; Truel]ll11]

(» If uis a function of the formf [Tanh[v], Coth[v]] where f is independent of x,
Functi onO TanhQ[u, v, x] returns True; else it returns Fal se. x)
Functi onOf TanhQ[u_,v_,x_]1 : =
I f [At onQ[u],
u=1=X,
I f [Cal cul usQJ[u],
Fal se,
I f [HyperbolicQ[u] && IntegerQuotientQ[u[[1l]],V],
TanhQ[u] || CothQ[u] || EvenQuotientQ[u[[1]],V],
I f [Power Q[u] && EvenQ[u[[2]]] && HyperbolicQ[u[[1l]]] && IntegerQuotientQ[u[[1,1]],Vv],
True,
I f [Product Q[u],
Modul e [ {l st =ReapLi st [Scan[Functi on[lf [Not [Functi onOf TanhQ[#, v, x11, Sow[#]]1,ull},
If[lIst===(},
True,
Length[l st ]==2 && OddHyper bol i cPower Q[I st [[1]],V, Xx] && OddHyperbol i cPower Q[I st [[2]],V, X111,
Catch[Scan[Function[lf [Not [Functi onOf TanhQ[#, v, x11, Throw[Fal se]1]1],u]; Truel]ll11]

OddHyper bol i cPower Q[u_,v_,x_] : =
If [SinhQ[u]l || CoshQ[u] || SechQ[u] || CschQ[u],
OddQuotient Q[u[[1]],V],
| f [Power Q[u],
OddQ[u[[2]1]] && OddHyperbolicPowerQ[u[[1]],V, X1,
| f [Product Q[u],
Modul e [ {l st =ReapLi st [Scan[Function[lf [Not [Functi onOf TanhQ[#, v, x11, Sow[#]]1,ull},
I f[lst==={},
True,
Length[lst]1==1 && OddHyperbol i cPower Q[l st [[1]],V, X111,
(+1 f [SumQ[u],
Catch[Scan[Function[lf [Not [OddHyper bol i cPower Q[#, v, x]11, Throw[Fal se]]1], ul; Truel, =)
Fal se]]1]
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(*» uis a function of the formf [Tanh[v], Coth[v]] where f is independent of x.
Functi onOf TanhWei ght [u, v, x] returns a nonnegative nunber if u is best considered a function
of Tanh[v]; else it returns a negative nunber. =)
Functi onOf TanhWei ght [u_,v_,x_1 : =
I f [At onQ[u],
0,
I f [Cal cul usQJ[u],
0,
I f [HyperbolicQ[u] && IntegerQuotientQ[u[[1l]],V],
I f [TanhQ[u] && ZeroQ[u[[1l]]-V],
1,
I f [CothQ[u] && ZeroQ[u[[l]]-V],
-1,
011
| f [Power Q[u] && EvenQ[u[[2]]] && HyperbolicQ[u[[1l]]] && IntegerQuotientQ[u[[1,1]],Vv],
If [TanhQ[u[[1]]11 || CoshQ[u[[111] || SechQ[u[[1]11,
1,
-11,
I f [Product Q[u],
I f [Catch[Scan[Function[lf [Not [Functi onCf TanhQI[#, v, x]1, Throw[Fal se]]1], ul; Truel,
Appl y [Pl us, Map [Functi on [Functi onOf TanhWei ght [#, v, x1], Appl y [List,ul1],
01,
Appl y [Pl us, Map [Functi on [Functi onOf TanhWei ght [#, v, x1], Appl y[List,ul1111111

(» If u (x) is equivalent to a function of the formf (Sinh[v], Cosh[v], Tanh[v], Coth[v], Sech[v], Csch[v]
where f is independent of x, FunctionOfHyperbolicQI[u,v,x] returns True; else it returns False. =)
Functi onOf HyperbolicQ[u_,v_,x_Synbol ] : =
I f [At onQ[u],
u=1=X,
I f [Cal cul usQJu],
Fal se,
I f [HyperbolicQ[u] && IntegerQuotientQ[u[[1l]]1,V],
True,
Catch[Scan[Function[lf [Functi onCf Hyperbol i cQ[#, v, x], Nul |, Throw[Fal se]1],ul; Truel]l]l]l

(» If u/v is an integer, IntegerQotientQ[u,v] returns True; else it returns False. =x)
I ntegerQuotientQ[u_,v_] :=
U===v || ZeroQ[u-v] || IntegerQu/v]

(» If u/v is odd, OddQuotientQ[u,v] returns True; else it returns False. =x)
QddQuotientQ[u_,v_] : =
u===v || ZeroQ[u-v] || OddQ[u/v]

(» If u/v is even, EvenQuotientQ[u,v] returns True; else it returns False. x)
EvenQuotientQ[u_,v_1 : =
EvenQlu/v]

= Function of dense polynomials

(» If all occurrences of x in u (x) are in dense polynom als, FunctionO DensePol ynom al sQ[u, x]
returns True; else it returns False. x)
Functi onOf DensePol ynom al sQ[u_, x_Synbol ] : =
| f [FreeQ[u, x1,
True,
I f [Pol ynom al Q[u, X1,
Lengt h [Exponent [u, x, Li st 1]1>1,
Catch[
Scan [Function [l f [Functi onOf DensePol ynom al sQ [#, x], Nul | , Throw[Fal se]]1,ul;
True]]]
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Function of logarithm

(» If u (x) is equivalent to an expression of the formf (Log[a*x"n]), FunctionCOfLog[u, x] returns
the list {f (x),axx"n,n}; else it returns False. =x)
FunctionOf Log [u_, x_Synbol ] : =
Modul e [ {l st =Functi onOf Log [u, Fal se, Fal se, x]},
I f [Fal seQ[lst] || FalseQ[lst[[2]1],
Fal se,
Ist]]

FunctionOfLog[u_,v_,n_,x_] :=
I f [AtonQ[u],
| f [U===X,
Fal se,
{u,v,n}],
I f [Cal cul usQ[ul,
Fal se,
Modul e [{l st },
I f [LogQ[u] && Not Fal seQ[l st =Bi nomi al Test [u[[1]],X]] && ZeroQ[lst [[1]1]],
If [Fal seQ[v] || u[[1]]1===vV,
{X, ul[111,Ist [[311},
Fal se],
I st ={0, v, n};
Catch[
{Map [Function [l st =Functi onOf Log [#, | st [[2]],Ist [[311, X1;
I f [l st ===Fal se, Throw[Fal se],Ist [[1]1]]],
ul, I'st [[211,1st [[311}1111]

m Power of variable

(» If mis an integer, uis an expression of the formf [(cxx)”n] and g=GCD[m n]>1,
Power Vari abl eExpn [u, m x] returns the list {x*(mvg)=xf [(c*xx)*(n/g)],g,c}; else it returns False.
Power Vari abl eExpn [u_, m , x_Synbol ] : =
I f [I ntegerQ[m],
Modul e [ {l st =Power Vari abl eDegree [u, m 1, X1},
| f [Fal seQIl st 1,
Fal se,
{x" (mv/I st [[1]1]) »xPower Vari abl eSubst [u, st [[1]1],x], Ist[[11], Ist[[2]11}]1],
Fal se]

Power Vari abl eDegree [u_, m ,c_, x_Synbol ] : =
I f [FreeQ[u, x1,
{m c},
I f [AtonQ[u] || Cal cul usQ[u],
Fal se,
| f [Power Q[u] && FreeQ[u[[1]1]/X, X],
If[ZeroQ[m] || me==u[[2]] && Cc===u[[1]1]/X,
{ul[211, urril1/xy,
If[IntegerQ[u[[2]]] && IntegerQ[m] && GCD[MuU[[2]]1]>1 && c===u[[1]]/X,
{GCD[mMu[[2]1]1], c},
Fal se]1],
Catch[Mdule[{l st={m c}},
Scan [Function [l st =Power Vari abl eDegree [#, | st [[1]1],]st [[2]1], x];|f [I st ===Fal se, Throw[Fal se]]]1,ul;
Ist11111
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Power Vari abl eSubst [u_, m ,x_Synbol ] : =
| f [FreeQ[u, x] || AtomQ[u] |]|Cal cul usQ[u],
u,
| f [Power Q[u] && FreeQ[u[[1]]/X, X1,
XM UL[211/m),
Map [Funct i on [Power Vari abl eSubst [#, m x]1],ul]]
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m Squareroot of quadratic expression

(*
Eul er substitution #2:
If uis an expression of the formf (Sgrt [a+bsx+c*x"2],x), f (x,x) is a rational function, and
PosQ[c], FunctionOf Squar eRoot Of Quadratic [u, x] returns the 3-element list ({
f ((a*Sqrt [c]+b*x+Sqgrt [C]*x"2)/ (b+2%Sqrt [C]*X), (-a+X"2)/ (b+2xSqrt [C]*X)) *
(a*xSgrt [c]+b*x+Sqrt [C]1*x"2)/ (b+2%Sqrt [Cc]*Xx)"2,
Sgrt [c]*x+Sqrt [a+b*xx+C*x"2], 2 };

Eul er substitution #1:
If uis an expression of the formf (Sgrt [a+bsx+c*x"2],x), f (x,x) is a rational function, and
PosQ[a], FunctionO SquareRoot Of Quadratic [u,x] returns the two elenent list {
f ((c*xSqgrt [a]-b*x+Sqrt [a]*x"2)/(C-x"2), (-b+2xSqgrt [a]#*X)/ (C-X"2))*
(c*xSgrt [a]l-b*x+Sqgrt [a]*x"2)/ (C-x"2)"2,
(-Sgrt [a]+Sgrt [a+bxXx+C*Xx"2]) /X, 1 };

Eul er substitution #3:
If uis an expression of the formf (Sgrt [a+b*x+c*x"2],x), f (x,x) is a rational function, and
NegQ[a] and NegQ[c], FunctionOf SquareRoot Of Quadratic [u,x] returns the two elenment |ist
-Sgrt [b"2-4xaxC]*
f (-Sgrt [br2-4xaxC]*X/ (C-X"2), - (bxCc+CxSqrt [b"2-4xaxC]+ (-b+Sqrt [b"2-4xaxC]) *X"2) / (2*C* (C-X"2))
X/ (C-X"2)"2,
2xC*Sqrt [a+b*xx+Cc*x"2]/ (b-Sqgrt [b"2-4xaxC]+2%xCxX), 3 };

else it returns False. x)

Functi onOf Squar eRoot Of Quadrati ¢ [u_, x_Synbol ] : =
I'f [Mat chQ[u, x"m_.  (a_+b_. »x"n_. )"p_ /; FreeQ[{a, b, mn, p},x]],
Fal se,
Modul e [ {t mp=Funct i onOf Squar eRoot Of Quadrati c [u, Fal se, x1},
If [Fal seQ[tnp] || FalseQ[tnp[[1]1],
Fal se,
tmp=tnp[[1]1;
Modul e [ {a=Coef fi ci ent [tnp, x, 0], b=Coefficient [tnp, x, 1], c=Coefficient [tmp, X, 2],sqrt,q,r},
| f [ZeroQ[a] && ZeroQ[b] || ZeroQ[b"2-4xaxc],
Fal se,
I f [PosQ[c],
sqgrt =Rt [c, 2];
g=a*sqrt +bxx+sqrt *x"2;
r=b+2xsqrt *x;
{Si npl i fy[Squar eRoot Of Quadr ati cSubst [u, q/r, (-a+x"2)/r,x1%q/r"217,
Sinplify[sqgrt«x+Sqrt [tnp]l],

2},
| f [PosQ[a],
sqgrt =Rt [a, 2];
g=Cc#*sqrt -b*x+sqrt *x"2;
r=c-x"2;

{Si npl i fy [Squar eRoot Of Quadr ati cSubst [u, q/r, (-b+2*sqrt x=x) /r, x]1*q/r"2],
Sinmplify[(-sqgrt+Sqrt [tnp])/x]1,
1},

sqrt =Rt [b"2-4xaxc, 2];
r=c-x"2;

{Si nplify[-sqgrt *Squar eRoot Of Quadr ati cSubst [u, -sqrt «x/r, - (bxCc+c*sqrt + (-b+sqrt ) *x"2) / (2*Cxr), X]1*X/r"2]

Full Sinmplify[2xc«Sqrt [tnp]l/ (b-sqgrt +2xC*Xx)],

3}111111]
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Functi onOf Squar eRoot Of Quadratic [u_,v_, x_Synbol ] : =
I f [AtonQ[u] || FreeQu, x],
{v},
| f [Power Q[u] && FreeQ[u[[2]], X1,
I f [FractionQ[u[[2]]] && Denom nator [u[[2]]]==2 && Polynom al Q[u[[1]],Xx] && Exponent [u[[1]], x]==2,
If[(FalseQ[v] || u[[l]]===v),
{urrinny,
Fal se],
Functi onOf Squar eRoot Of Quadratic [u[[1]1],V, X]]1,
I f [Product Q[u] || SunQ[u],
Catch[Mdul e[{l st ={v}},
Scan [Functi on [l st =Functi onOf Squar eRoot Of Quadratic [#,1st [[1]],x];1f [I st===Fal se, Throw[Fal se]]], ul;
I'st1],
Fal se]]1]

(*» Squar eRoot OF Quadr ati cSubst [u, vv, xx, x] returns u with fractional powers replaced by vv raised
to the power and x replaced by xx. =)
Squar eRoot Of Quadr ati cSubst [u_, vv_, xx_, x_Synbol ] : =
I f [AtonQ[u] || FreeQu, x],
I f [u===X,
XX,
ul,
| f [Power Q[u] && FreeQ[u[[2]], X1,
I f [FractionQ[u[[2]]] && Denom nator [u[[2]]]==2 && Polynom al Q[u[[1]],Xx] && Exponent [u[[1]], x]==2,
vv~ANunerator [U[[2]]1],
Squar eRoot Of Quadr ati cSubst [u[[1]], VvV, XX, X]*u[[2]]]1,
Map [Funct i on [Squar eRoot OF Quadr ati cSubst [#, vv, XX, X]1]1,uUl1]

Substitution Functions

m Substitute for variable expression

Regul ari zeSubst [u_,x_,w_] : =
Modul e [ {l st =Const ant Fact or [Regul ari ze [Subst [u, X, w], X], X1},
I'st [[1]]1=lst[[2]]1]

(* Subst [u,v,w] returns u with all nondummy occurences of v replaced by w x)
Subst [u_,v_,w ] :=

I f [u===v,
W,

I f [At onQ[u],
u

| f [Power Q[u],
If [Power Q[v] && u[[1]]===V[[1]] && SumQ[u[[2]]],
Subst [u[[1]1]"First [u[[2]]],V,wW]*Subst [u[[1]]”Rest [u[[2]1]],V, W],
Subst [u[[1]1],V,w]"Subst [u[[2]],V,W]],
If [SubstQ[u]l && (u[[2]]===v || FreeQ[u[[1]],V]),
Subst [u[[1]1],u[[2]], Subst [u[[3]],V,W]],
Map [Functi on [Subst [#,v,w]]1,ull11] /;
AtomQ[u] || SubstQ[u] && (u[[2]]===Vv || FreeQ[u[[1]].Vv]) ||
Not [Cal cul usQ[u] && Not [FreeQ[v,u[[2]]1]1] || MenberQ[{Pattern, Defer, Hol d, Hol dFor m}, Head [u]]]
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m Substitute for subexpressions

(» uis a function v. SubstFor [v,u,x] returns f (x). =)
SubstFor [v_,u_,Xx_] :=
I f [AtonQ[Vv],
Subst [u, v, x1,
I f [Power Q[v] && FreeQ[Vv[[2]],X] (* &% NonzeroQ[V[[2]]+1] =*),
Subst For Power [u,v[[1]1,VvI[[2]1], X1,

I f[SinQ[v],

Subst For Tri g [u, x, Sgrt [1-x"2],v[[1]], X1,
I'f [CosQ[v],

SubstForTrig[u, Sqrt [1-x*2],Xx,Vv[[1]], X1,
I f [TanQ[V],

Subst For Tri g [u, x/Sqrt [1+x"2],1/Sqgrt [1+x”2]1,Vv[[1]1], X1,
If [CotQ[V],

Subst ForTrig[u, 1/Sqrt [1+x"2], x/Sqrt [1+x”2]1,Vv[[1]1], X1,
I f [SecQ[V],

Subst For Trig[u, 1/Sgrt [1-x"2],1/x,Vv[[1]], X1,
If [CscQ[v],

SubstForTrig[u, 1/x,1/Sqrt [1-x"*2]1,Vv[[1]], X1,

I f [SinhQ[V],

Subst For Hyperbolic [u, x, Sgrt [1+x72],Vv[[1]1], X1,
| f [CoshQ[V],

Subst For Hyperbolic [u, Sqrt [-1+x"2]1, X,V [[1]], X1,
| f [TanhQ[V],

Subst For Hyper bol i c [u, x/Sgrt [1-x72],1/Sqrt [1-x"2],Vv[[1]1], X1,
I f [Cot hQ[V],

Subst For Hyperbolic [u, 1/Sgrt [-1+x"2], x/Sqrt [-1+x"*2],Vv[[1]1], X1,
| f [SechQ[v],

Subst For Hyperbolic [u, 1/Sgrt [-1+x"2], 1/x,Vv[[1]], X1,
| f [CschQ[Vv],

Subst For Hyperbolic [u, 1/x,1/Sgrt [1+x”2],Vv[[1]], X1,

Subst For Expn [u, v, x111111111111111

Subst For Expn[u_,v_,x_] : =

| f [u===V,
X,

I f [At omQ[u],
u,

Map [Funct i on [Subst For Expn [#, v, x]1,ull]

Subst For Power [u_, bas_,deg ,x_1 :=
I f [AtonQ[u],
u,
| f [Power Q[u] && ZeroQ[u[[l]]-bas] && FreeQ[u[[2]],X] && IntegerQ[Sinmplify[u[[2]]/deg]]
(» & (U[[2]]1/deg>0 || FractionQ[deg]) =),
XM (u[[2]1]/deg),
Map [Funct i on [Subst For Power [#, bas, deg, x]1,ull]
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(* u (v) is an expression of the formf (Sin[v],Cos[v], Tan[v], Cot [v], Sec[v], CsCc[V]). =)
(* Subst ForTrigI[u,sin,cos,v,x] returns the expression f (sin,cos,sin/cos,cos/sin,1l/cos,1/sin). =)
SubstForTrig[u_,sin_,cos_,Vv_,X_] :=
I f [At onQ[u],
u,
If[TrigQ[u] && IntegerQuotientQu[[1l]1],V],
Iflul[l]]===v || ZeroQ[u[[1]]-V],
I f [SinQ[ul,
sin,
I'f [CosQ[ul,
cos,
I f [TanQ[u],
sin/cos,
I'f [Cot Q[u],
cos/sin,
I f [SecQ[u],
1/cos,
1/sin]11111,
Map [Funct i on [Subst For Tri g [#, sin, cos, v, X11,
Repl aceAl | [Tri gExpand [Head [u] [u[[1]]1/v*x]],Xx->v]1],
I f [Product Q[u] && CosQ[u[[1]]] && SinQ[u[[2]]] && ZeroQ[u[[1l,1]]1-v/2] && ZeroQ[u[[2,1]1]-v/2],
sin/2xSubst ForTri g [Drop[u, 21, sin, cos, v, x],
Map [Functi on [Subst For Tri g [#, sin,cos,Vv,x]],ull]]

(* u (v) is an expression of the formf (Sinh[v], Cosh[v], Tanh[v], Coth[v], Sech[v], Csch[v]). =*)
(*» Subst For Hyper bol i ¢ [u, si nh, cosh, v, x] returns the expression
f (sinh, cosh, si nh/cosh, cosh/si nh, 1/cosh, 1/si nh). x)
Subst For Hyperbolic [u_,sinh_,cosh_,v_,x_1 :=
I f [At onQ[u],
u,
I f [HyperbolicQ[u] && IntegerQuotientQ[u[[1l]],V],
Iflul[l]]===v || ZeroQ[u[[1]]-V],
I f [Si nhQ[u],
si nh,
I f [CoshQJ[u],
cosh,
I f [TanhQ[u],
si nh/cosh,
| f [Cot hQ[u],
cosh/si nh,
I f [SechQ[u],
1/cosh,
1/sinh]1111,
Map [Funct i on [Subst For Hyper bol i ¢ [#, si nh, cosh, v, X117,
Repl aceAl | [Tri gExpand [Head [u] [u[[1]]1/v*x]],Xx->v]1],
I f [Product Q[u] && CoshQ[u[[1]]] && SinhQ[u[[2]]] && ZeroQ[u[[l,1]1]1-v/2] && ZeroQ[u[[2,1]1]1-v/2],
si nh/2*Subst For Hyper bol i ¢ [Drop[u, 21, si nh, cosh, v, x],
Map [Funct i on [Subst For Hyper bol i ¢ [#, si nh, cosh, v, x]1],ul]1]
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m Substitute for fractional power of a linear

(» If u has a subexpression of the form (a+bxx)” (mvn) where mand n>1 are integers,
Subst For Fract i onal Power Of Li near [u, x] returns the list {v,n,a+bxx,1/b} where v is u
wi th subexpressions of the form (a+bxx)” (nvn) replaced by x*m and x repl aced
by -a/b+x*n/b, and all tinmes x"(n-1); else it returns Fal se. x)

Subst For Fr act i onal Power O Li near [u_, x_Synbol ] : =

Modul e [ {l st =Fracti onal Power O Li near [u, 1, Fal se, x],n, a, b,tnp},
I f [Fal seQ[lst] || FalseQ[lst[[2]]1],
Fal se,
n=lst [[1]1];
a=Coefficient [Ist[[2]],X%,01;
b=Coefficient [Ist[[2]],X,1];
t np=x” (n-1) *Subst For Fracti onal Power [u,|st [[2]],n, -a/b+x"n/b, x1;
tnp=Spl it FreeFactors [Regul ari ze [t np, X1, X1;
{trp[[2]11,n, Ist [[2]],tmp[[1]]1/b}]]

(» If u has a subexpression of the form (a+b*x)” (nmvn),
Fracti onal Power O Li near [u, 1, Fal se, x] returns {n,a+bxx}; else it returns False. =)
Fracti onal Power O Li near [u_,n_,v_,X_] : =
I f [AtonQ[u] || FreeQu, x],
{n, v},
| f [Cal cul usQ[u],
Fal se,
| f [Fractional Power Q[u] && LinearQ[u[[1]],Xx] && (FalseQ[v] || ZeroQ[u[[1]]1-V]),
{LCM[Denom nator [u[[2]]11,n],u[[1]11},
Catch[Mdul e[{l st ={n, Vv}},
Scan[Function[lf [Fal seQ[l st =Fracti onal Power O Li near [#,|st [[1]],Ist[[2]1],x]], Throw[False]]], ul;
Ist11111]

m Substitute for fractional power of quotient of linears

(» If u has a subexpression of the form ((a+bxx)/(c+dxx))” (nvn) where mand n>1 are integers,
Root OF Quot i ent OF Li nears [u, x] returns the list {v,n, (a+b*x)/(c+dxx), bxc-axd} where v is u
wi th subexpressions of the form ((a+bxx)/(c+dxx))”(nvn) replaced by x*m and x repl aced
by (-a+cxx”n)/(b-dxx”n), and all times x*(n-1)/(b-d«x"n)”~2; else it returns False. x)

Subst For Fract i onal Power Of Quoti ent Of Li nears [u_, Xx_Synbol ] : =

Modul e [ {l st =Fracti onal Power Of Quoti ent O Li nears [u, 1, Fal se, x],n,a, b,c,d,tnp},
I f [Fal seQ[lst] || FalseQ[lst[[2]]],

Fal se,
n=l'st [[1]11;
tmp=Ilst [[2]];
| st =Quot i ent O Li nearsParts [tnp, x];
a=Ist [[1]];
b=I'st [[2]];
c=Ist [[3]];
d=I'st [[4]];
I f [Zer 0oQ[d],
Fal se,

| st =x" (n-1) *Subst For Fracti onal Power [u,tnp, n, (-a+C*Xx"n)/ (b-d*x"n), x1/ (b-d*x"n)"2;
| st =SplitFreeFactors [Regul ari ze [l st, x], x1;
{Ist[[2]],n,tnp, I st [[1]](bxc-axd)}]]]
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(* I'f the substitution x=v*(1/n) will not conplicate al gebraic subexpressions of u,
Subst For Fracti onal Power Q[u, v, x] returns True; else it returns False. =)
Subst For Fracti onal PowerQ[u_,v_, x_Synbol ] : =
I f [AtonQ[u] || FreeQ[u, x],
True,
| f [Fractional Power Q[u],
Subst For Fr act i onal Power AuxQ [u, v, X1,
Catch[Scan[Function[lf [Not [Subst For Fracti onal Power Q[#, v, x]]1, Throw[Fal se]]1]1,ul; Truell]

Subst For Fract i onal Power AuxQ[u_,v_,X_] : =
I f [AtonQ[u],
Fal se,
I f [Fractional Power Q[u] && ZeroQ[u[[l]]-V],
True,
Cat ch[Scan [Function [l f [Subst For Fracti onal Power AuxQ [#, v, X], Throw[True]]1], u]; Fal se]1]

(» If u has a subexpression of the form ((a+bxx)/(c+dxx))” (nvn),
Fracti onal Power Of Quoti ent O Li nears [u, 1, Fal se, x] returns {n, (a+bxx)/(c+dxx)}; else it returns Fal se
Fracti onal Power Of Quoti ent Of Linears [u_,n_,Vv_,X_] :=
I f [AtonQ[u] || FreeQ[u, x],
{n, v},
I f [Cal cul usQ[ul,
Fal se,
| f [Fracti onal Power Q[u] && QuotientOfLinearsQ[u[[1]],x] && (FalseQ[v] || ZeroQ[u[[1]]1-V]),
{LCM[Denomni nator [u[[2]1],n],u[[1]11},
Cat ch [Modul e[{l st ={n, V}},
Scan [Function[lf [Fal seQ[l st =Fracti onal Power Of Quoti ent O Li nears [#,|st [[1]],1st [[2]],x]], Throw[Fal se
Ist11111

m Substitute for inverse function of a linear

(» If u has a subexpression of the formg[a+bxx] where g is the inverse of the function h
(i.e. h[gixll == x) and f [x, g[a+b*x]] equal s u, SubstForlnverseFunctionCO Linear [u,x] returns
the list {f[-a/b+h[x]/b,x]xh" [x], g[a+bxx], b} x)
Subst For I nver seFuncti onOf Li near [u_, x_Synbol ] : =
Modul e [ {t np=I nver seFuncti onCf Li near [u, x1, h, a, b},
I f [Fal seQ[tnp],
Fal se,
h=I nverseFuncti on [Head [t mp]];
a=Coefficient [tnp[[1]], X, 0]1;
b=Coefficient [tnp[[1]], X, 11;
{Subst For | nver seFuncti on [u, t mp, -a/b+h[x]/b, x]1*D[h[x], x], tnp, b}1]

(» If u has a subexpression of the formg[a+bxx] where g is an inverse function,
I nver seFuncti onOf Li near [u, x] returns g[a+bxx]; else it returns False. =)
I nver seFuncti onOf Li near [u_, x_Synbol ] : =
I f [AtonQ[u] || Cal culusQ[u] || FreeQ[u,x]1,
Fal se,
I f [I nverseFuncti onQ[u] && LinearQ[u[[1]], X1,
u,
Modul e [{tnp},
Catch[
Scan [Function [l f [Not Fal seQ[t np=I nver seFuncti onCf Li near [#,x]1], Throw[tnmp]]]1, ul;
Fal sel1111
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m Substitute for inverse function of quotient of linears

(+ I'f u has a subexpression of the formg[(a+b*x)/(c+d*x)] where g is the inverse of function h
and f [x,g[(a+bxx)/(c+d%x)]] equal s u, SubstForlnverseFunctionO Quotient O Linears [u,Xx] returns
the list {f[(-a+cxh[x])/(b-dxh[Xx]),Xx]*h" [x]/ (b-dxh[x])"2, g[(a+b*Xx)/(c+dxx)], bxCc-axd} =)

Subst For | nver seFunct i onOf Quoti ent Of Li nears [u_, x_Synbol ] : =

Modul e [ {t mp=I nver seFuncti onOf Quoti ent Of Li nears [u, x],h,a, b,c,d,Ist},
| f [Fal seQ[tnmp],
Fal se,
h=I nver seFuncti on [Head [t np]];
| st =Quoti ent O Li nearsParts [tnp[[1]], X];

a=lst [[1]];
b=l st [[2]];
c=lst [[3]];
d=I'st [[4]];

{Subst For I nver seFuncti on [u, t mp, (-a+cxh[x])/ (b-dxh[x]), x]1+*D[h[x], x]1/ (b-dxh[x])7"2, tnp, bxc-axd}]]

(» If u has a subexpression of the formg[(a+b*x)/(c+dxx)] where g is an inverse function,
I nver seFuncti onOf Quoti ent OF Li nears [u, X] returns g[(a+b*x)/(c+dxx)]; else it returns False. x)
I nver seFuncti onOf Quoti ent Of Li nears [u_, x_Synbol ] : =
I f [AtonQ[u] || Cal cul usQ[u] || FreeQ[u, x1,
Fal se,
I f [I nverseFuncti onQ[u] && QuotientOfLinearsQ[u[[1]], X],
u,
Modul e [{tnp},
Catch[
Scan [Function [l f [Not Fal seQ[t mp=Il nver seFuncti onCOf Quoti ent Of Li nears [#,x]1], Throw[tnp]]1],ul;

Fal se]111

= Substitution for inversefunctions

(*» Subst For Fracti onal Power [u,v,n,w, x] returns u with subexpressions equal to v (mvn) repl aced
by x"m and x replaced by w x)
Subst For Fract i onal Power [u_,v_,n_,w_, Xx_Synmbol ] : =
I f [AtonQ[u],
| f [u===X,
W,
ul,
I f [Fractional Power Q[u] && ZeroQ[u[[l]]-Vv],
XM (nxu[[211),
Map [Funct i on [Subst For Fracti onal Power [#, v, n,w, x]1],ul]l]

(* Subst ForlnverseFunction [u,v,w, Xx] returns u with subexpressions equal to v replaced by x
and x replaced by w x)
Subst For | nver seFunction [u_,v_, x_Synbol ] : =
(» Modul e[{a=Coefficient [Vv[[1]],0], b=Coefficient [v[[1]],11},
Subst For I nver seFuncti on [u, v, -a/b+l nverseFuncti on [Head [v]]/b, X]1] %)

Subst For | nver seFuncti on [u, v,
(-Coefficient [v[[1]], X, O]+l nverseFunction[Head[v]][x])/Coefficient [V[[1]], X, 1], X]

Subst For I nver seFunction [u_,v_,w ,x_Synbol ] : =
I f [AtonQ[u],
I f [u===X,
w,
ul,
I f [Head [u]===Head [v] && ZeroQ[u[[1]]1-Vv[[1]1],
X,
Map [Funct i on [Subst For | nver seFunction [#, v, w, x]],u]]]
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Substitute for function of an inverse linear binomial

(*» I'f uis a function of an inverse linear binomal of the formf [1/(a+b*x)],
Subst For I nver seLi near [u,Xx] returns the list {f[x],a+bxx,b}; else it returns False. =)
Subst For | nver seLi near [u_, x_Synbol ] : =
Modul e [{l st =Functi onOf | nver seLi near [u, x], a, b},
| f [Fal seQ[l st ],
Fal se,
a=lst [[1]];
b=l'st [[2]];
{Regul ari zeSubst [u, x, -a/b+1/ (b*x)], a+bxx, b}1]

m Substitute for trig function of a linear binomial

(* uis a function of trig functions of a linear function of Xx. =x)
(» SubstlnertSineForTrigOLinear [u] returns u with the trig functions replaced with the inert sin func
Subst | nert Si neFor Tri gOf Li near [u_,x_] : =
I f [At onQ[u],
u,
If[TrigQ[u] && LinearQ[u[[1]], X1,
I f [SinQ[ul,
sin[ul[1]11],
I'f [CosQ[u],
sin[ur[l11+Pi /21,
I f [TanQ[u],
sin[fu[[1]1]11/sin[u[[1]1]+Pi /2],
I'f [Cot Q[u],
sin[ul[l]1+Pi /2]1/sin[u[[1]1]],
I f [SecQ[ul,
sin[ul[l1]1+Pi /217 (-1),
sin[ul[1]111"M(-1)11111,
Map [Functi on [Subst | nert Si neFor Tri gOf Li near [#,x]1],ul]]

= Try tangent substitution predicates

TryTanSubst [u_, x_Synbol ] : =
Fal seQ[Functi onOf Li near [u, x]] &&
Not [Mat chQ[u, r_. »(s_+t_)~n_. /; IntegerQ[n] && n>0]] &&
(*Not [Mat chQ[u, Log[f_[x]"2] /; SinCosQ[f]]] && =*)
Not [Mat chQ[u, Log[v_11] &&
Not [Mat chQ[u, 1/ (a_+b_. «f _[x17n_) /; SinCosQ[f] && IntegerQ[n] && n>2]] &&
Not [Mat chQ[u, f_[m.. xx]*g_[n_. xx] /; IntegersQ[mn] && SinCosQ[f] && SinCosQ[g]]] &&
Not [Mat chQ[u, r_. »(a_. »s_"m_)"p_ /; FreeQ[{a, m p}, x] & Not [m===2 && (s===Sec[x] || s===Csc[x])1]] &
u===ExpnExpand [u, x]

TryPur eTanSubst [u_, x_Synbol ] : =
Not [Mat chQ[u, Log[v_1]1]1 &&
Not [Mat chQ[u, f_[v_1”2 /; LinearQ[v, x]]] &&
Not [Mat chQ[u, ArcTan[a_. *Tan[v_]1] /; FreeQ[a, x]]] &&
Not [Mat chQ[u, ArcTan[a_. *Cot [v_]] /; FreeQ[a,x]]1] &&
Not [Mat chQ[u, ArcCot [a_. *xTan[v_]] /; FreeQ[a,x]]] &&
Not [Mat chQ[u, ArcCot [a_. *Cot [v_]1] /; FreeQ[a,x]]1] &&
u===ExpnExpand [u, X]
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= Try hyperbolic tangent substitution predicates

TryTanhSubst [u_, x_Synbol ] : =
Fal seQ[FunctionOf Li near [u, x]] &&
Not [Mat chQ[u, r_. = (s_+t_)"n_. /; IntegerQ[n] && n>0]] &&
(*Not [Mat chQ[u, Log[f_[x]”2] /; SinhCoshQ[f]1]] && x)
Not [Mat chQ[u, Log[v_11] &&
Not [Mat chQ[u, 1/ (a_+b_. #f _[x1"n_) /; SinhCoshQ[f] && IntegerQ[n] && n>2]] &&
Not [Mat chQ[u, f _[m_ . *x]1%g_[n_. #x] /; IntegersQ[mn] && SinhCoshQ[f] && SinhCoshQ[g]]] &&
Not [Mat chQ[u, r_. »(a_. »s_"m_)"p_ /; FreeQ[{a, m p}, x] & Not [m===2 && (s===Sech[x] || s===Csch[x])]]]
u===ExpnExpand [u, X]

TryPur eTanhSubst [u_, x_Synbol ] : =
Not [Mat chQ[u, Log[v_11] &&
Not [Mat chQ[u, ArcTanh[a_. *Tanh[v_1]
Not [Mat chQ[u, ArcTanh[a_. *Coth[v_1]
Not [Mat chQ[u, ArcCot h[a_. *Tanh[v_1]
Not [Mat chQ[u, ArcCoth[a_. *Coth[v_1]
u===ExpnExpand [u, X]

FreeQ[a, x1]11
FreeQla, x]111]
FreeQ[a, x1]1
FreeQla, x]111]

NN N N

Derivative Divides Function

(» If uis easy to differentiate wt x and the derivative divides v wt x, returns the quotient;
else it returns False. «x)
DerivativeDi vides [u_,v_,x_Synbol ] : =
If [If[Polynom al Q[u, x], Polynom al Q[v, x] &% Exponent [v, x]==Exponent [u, x]-1, EasyDQ[u, x]1,
Modul e [ {w=BIl ock [ {ShowSt eps =Fal se}, D[u, x11},
I f [Zer oQ[w],
Fal se,
w=Si mpl i fy[v/w];
I f [FreeQ[w, x],
W,
Fal sel11,
Fal se]
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(» If uis easy to differentiate wt x, returns True; else it returns False. =)
EasyDQ[u_, x_Synbol ] : =
I f [AtonQ[u] || FreeQ[u,x] || Length[u]==0,
True,
I f [Cal cul usQJ[u],
Fal se,
If [Length[u]==1,
EasyDQ[u[[1]1], X1,
I f [Rati onal Functi onQ[u, x] && Rati onal Functi onExponents [u, x]==={1, 1},
True,
I f [Product Q[u],
I f [FreeQ[First [u], x1,
EasyDQ[Rest [u], x],
| f [FreeQ[Rest [u], X1,
EasyDQI[Fi rst [u], x]1,
Fal sel1,
I'f [SumQ[u],
EasyDQI[Fi rst [u], x] && EasyDQ[Rest [u], X],
If [Length[u]==2,
I'f [FreeQ[u[[1]],x],
EasyDQ[u[[2]], X1,
I'f [FreeQ[u[[2]], X1,
EasyDQ[u[[1]1], X1,
Fal se]1,
Fal sel111111

Nth Root Function
DownVal ues [Rt 1={};

Rt [u_"m,n_Integer] :=
1/Rt [ur-mn] /;
Rati onal Q[m] && nk0

Rt [v_.*u_"w_,n_Integer] :=
Modul e [ {m=Nuner at or [Nureri cFactor [w]]},
Rt [v, n]*Rt [u® (w/m), n/GCD[m n]]” (myGCD[m n]) /;
m1] /;
Not [Negati veOr ZeroQ[v]]

(#» Rt [u_*v_"m_,n_Integer] :=
Rt [-u,n]/Rt [-v*-m n] /;
Rational Q[m] && nmk0 && Negati veQ[u] =)
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Rt [u_,n_Integer] :=
Map [Function [Rt [#,n]],u] /;
Product Q[u] && OddQ[n]

Rt [u_,n_Integer] :=
Catch[
Do[lf [PositiveQIUII[illl,
Throw[Rt [u[[i]],n]*Rt [Delete[u,i],n]1]],
{i,1, Length[u]l}l;
Do[lf [NegativeQ[u[[i]]] &% NonzeroQ[u[[i ]1]+1],
Throw[Rt [-u[[i]],n]*Rt [-Delete[u,i],n]1]],
{i,1, Length[u]l}l;
Ifluf[l]]===-1,
Do[lf [SumQ[u[[i 111 && (NegQ[u[[i, 1111 || NegQ[ull[i,2111),
Throw[Rt [Di st [-1,u[[i]]],n]*=Rt [-Delete[u,i],n]]l],
{i,2,Length[u]}l;
Do[lf [AtomQ[u[[i1]l,
Throw[Rt [-u[[i]],n]*Rt [-Delete[u,i],n]1]],
{i,2,Length[u]l}l;
Rt [-u[[2]1], n1*Rt [Drop[u, 2], n],
Do[lf [Not [FreeQ[Del ete[u,i ], Rt [-u[[i]],n]1]],
Throw[Rt [-u[[i]],n]*Rt [-Delete[u,i],n]1]],
{i,1, Length[u]l}l;
Map [Function[Rt [#,Nn]],ul]l] /;
Product Q[u] && EvenQ[n] && Not [U[[1l]]===-1 && Length[u]==2]

(» Note: These sinplification rules required because not always done by Sinplify! See Warts. m
for exanples of the problem x)

(» Basis: 1-Sin[z]"2 == Cos[z]"2 x)

Rt [u_. »(a_+b_. *Sin[v_]"2)"m.,n_Integer | :
Rt [ux (axCos [v]"2)"m n] /;

ZeroQ[a+b]

(» Basis: 1-Cos[z]"2 == Sin[z]"2 x)

Rt [u_. »(a_+b_. xCos [v_]"2)"m_., n_I nteger | :
Rt [ux(a*Sin[v]*2)"mn] /;

Zer oQ[a+b]

(» Basis: 1+Sinh[z]"2 == Cosh[z]"2 x)

Rt [u_. »(a_+b_. *Sinh[v_]~2)"m_., n_I nteger | :
Rt [u* (a*Cosh[v]*2)"m n] /;

ZeroQ[a-b]

(» Basis: 1-Cosh[z]"2 == -Sinh[z]"2 %)

Rt [u_. »(a_+b_. *Cosh[v_]"2)"m_., n_I nteger | :
Rt [u*x (b*Si nh[v]*2)"mn] /;

Zer oQ[a+b]

Rt [u_,n_] :=
-Rt [-u, n] /;
OddQ[n] && NegativeQ[u]

Rt [u_,n_Integer] :=
Modul e [{v=Si nplify[ul},
| f [Leaf Count [Toget her [v]]<Leaf Count [v], v=Together [V]];
I f[v=!=u,
Rt [v, n],
utr (1/n)11
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(* RR[u_,n_Integer] :=
I f [AtonQ[u],
ur(1/n),
| f [Power Q[u],
I f [Rational Q[u[[2]]],
If [u[[2]1<0,
1/RE[u[[1]17-u[[2]], n],
I f [Nunerator [u[[2]]1]1>1,
Modul e [ {gcd=CCD[Nunerator [u[[2]]]1,nNn]},
Rt [u[[1]1]1”(1/Denomi nator [u[[2]1]1]),n/gcd]” (Nunerator [u[[2]]]/gcd)],
utr (1/n)11,
ur(1/nm1,
| f [Product Q[u],
I f [&ddQ[n],
Map [Function[Rt [#,n]], ul,
| f [NegativeQI[First [u]],
I f [First [u]l===-1,
| f [Power Q[Rest [u]] && OddQ[Rest [u][[2]1]]1,
I f [Rest [u]1[[2]1]<O,
1/Rt [(-Rest [u][[1]]1)"-Rest [u][[2]],n],
Modul e [ {gcd=CCD[Rest [u][[2]1],Nn]},
Rt [Rest [u][[1]], n/gcd]” (Rest [u][[2]]/gcd)]],
ur (1/nm1,
Rt [-First [u], n]*Rt [-Rest [u], n]],
ur (1/n)11, =)

IntegrateMonomialSum

(*» uis anmnomal sumin x. |ntegrateMnon al Sum[u,x] returns the antiderivative of u wt Xx
with the antiderivative of the constants ternms of u collected into a single termtinmes x. =)
I nt egr at eMonom al Sum[u_, x_Synbol ] : =
Modul e [{l st =Map [Function[If [FreeQ[#, x], {#, 0}, {0, #xx*| f [Exponent [#, x]===-1, Log[x], 1/ (Exponent [#, x]+1)
I'st [[1]]%x + |st[[2]]1]



