Integration Rules for (sin”j)”*m (A+B sin™k+C sin”™(2k)) (a+a sin”™k)"™n

Integration Rules for
f(sinj(z))m (A+Bsin“(2) + Csin®*(2))(a+b sink(z))n dz when

i2=1/\k?=1/\a?=p?

Domain Map

jkm

Legend:

The rule number in a colored region indicates the rule to use for integralsin that region.

The rule number next to a colored line indicates the rule to use for integrals on that line.

A white region or line indicates thereis no rule for integralsin that region or on that line.

A solid black line indicates integrals on that line are handled by rulesin another section.

A dashed black line on the border of aregion indicatesintegrals on that border are handled by the rule for that region.
The arrow(s) following a rule number indicates the direction the rule drivesintegrands in the nxm exponent plane.

A ¢ following arule number indicates the rule transforms the integrand into a form handled by another section.

A red (stop) disk indicates the terminal rule to use for the point at the center of the disk.

A cyan disk indicates the non-terminal rule to use for the point at the center of the disk.



Integration Rules for (sin”*))”*m (A+B sin”~k+C sin”™(2k)) (a+a sin”*k)"™n

X

] A+BCsc[c+dx] +CCsc[c +dx]?
Rulea.f d
a+bCsc[c+dx]

= Derivation: Algebraic expansion

= Bass A+Bz+Cz?2 - A _z(bA-aB-aCz)
a+b z a a (a+bz)

= Note: Therulefor integrands of the sameform when a2 - b2 # 0 could subsumethisrule, but the resulting antiderivativewill look lesslikethe
integrand involving sinesinstead of cosecants.

®» Rulea Ifa? - b2 = 0, then

dx

A+BCsc[c+dx] +CCsc[c+dx]? Ax C
J dlx—>—+—szc[c+dx]d1x—

(bA-aB+bC) J* Csc[c +dx]
a+bCsc[c+dx] a b

a a+bCsc[c+dx]

= Program code:

Int [(A_. +B_. #sin[c_. +d_. #x_]"(-1)+C_. #sin[c_. +d_. »x_]"(-2))/(a_+b_. #sin[c_. +d_. #x_1" (-1)), x_Synbol ]
Axx/a +
C/bxInt [sin[c+d*x]" (-1), X] -
(bxA-axB+bxC) /axl nt [si n[c+d*x]" (-1) / (a+b*si n[c+d*x]" (-1)), X] /;

FreeQ[{a, b, c,d, A B, C}, x] && ZeroQ[a"2-b"2]

Int [(A_. +C_. »sin[c_. +d_. #x_1"(-2))/(a_+b_. #sin[c_. +d_. #x_]"(-1)), x_Synbol ] : =
Axx/a + C/bxlnt [sin[c+d*x]"(-1), X] -
(bx*A+b%C) /axl nt [si n[c+d*x]" (-1) / (a+b*si n[c+d*x]" (-1)), x] /;

FreeQ[{a, b, c,d, A C}, x] & ZeroQ[a"2-b"2]



Integration Rules for (sin”*))”*m (A+B sin”~k+C sin”™(2k)) (a+a sin”*k)"™n

A+BCsc[c +dx] +CCSC[C+dX]2dl
Va+bCsc[c+dx]

X

Ruleb: f

= Derivation: Rule3withm= 0,k = -1 andn = -g

= Ruleb: If a2 - b2 = 0, then

dx — - + —

Va+bCsclc+dx] dva+bCsc[c+dx] @&

X

J~A+BCsc[c+dx]+CCsc[c+dx]2 2 CCot [c +d X] 1J~aA+(aB—bC)Csc[c+dx]dl

Va+bCsclc+dx]
= Program code:

Int [(A_. +B_. #sin[c_. +d_. #x_]1" (-1)+C_. »sin[c_. +d_. #x_1"(-2))/Sart [a_. +b_. »sin[c_. +d_. »x_1" (-1) ], x_Syn
-2%xCxCot [c+dxx]/ (d*Sqrt [a+bxCsc[c + dxx]]) +
Di st [1/a, I nt [Si m[axA+ (axB-bxC) xsi n[c+d*x]" (-1), x]/Sqrt [a+b*si n[c+d*x]1" (-1)], x]1] /;

FreeQ[{a, b, c,d, A B, C}, x] & ZeroQ[a"2-b"2]

Int [(A_+C_. #sin[c_. +d_. »x_]"(-2))/Sqrt [a_. +b_. #sin[c_. +d_. »x_]"(-1)], x_Synbol | : =
-2%xCxCot [c+dxx]/ (d*Sqrt [a+b*Csc[c + dxx]]) +
Di st [1/a, I nt [Si m[axA-b*Cxsi n[c+d*x]” (-1),Xx]/Sqrt [a+b*si n[c+d*x]" (-1)],x]] /;
FreeQ[{a, b, c,d, A C}, x] && ZeroQ[a"2-b"2]
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(Sintc +dx]i)m/2 (A+BCsc[c +dx] +CCsc[c+dx]?)

Rulec: j dx
Va+bCsc[c +dx]
= Derivation: Rule2withj m= %,k =-landn = _%
= RulecIfj2=1 A a?-b2=0 Aj m= 3 then
(Sin[c+dx]i)m/2 (A+BCsc[c+dx] +CCsc[c+dx]?)
dx —
Va+bCsc[c+dx]
dx

2ACos[c+dX] 1 bA-aB-aCGCsc[c+dX]
a0

d (Sin[c+dx]j)m/2w/a+szc[c+dx] Sin[c+dx]i)m/2\/a+szc[c+dx]

= Program code:

Int [(sin[c_. +d_. #x_1%j _. )"m #(A_+B_. #sin[c_. +d_. »x_]" (-1)+C_. #sin[c_. +d_. x_1"(-2))/
Sqrt [a_. +b_. #sinfc_. +d_. xx_]"(-1)1, x_Synbol ] : =
-2xAxCos [C+d*x]/ (d* (Sin[c+d*x]1"j ) mxSqrt [a+bxCsc [c+dxXx]]) -

Di st [1/a,
Int [Si m[bxA-axB-axCxsi n[c+d*x]" (-1), X1/ ((Sin[c+d*x]1"j ) "mkSqrt [a+b*si n[c+dxx]"(-1)]),X]] /;
FreeQ[{a, b, c,d, A B, C}, x] & OneQ[j "2] && ZeroQ[a’2-b"2] && Rational Q[m] && j *m=1/2

Int [(sin[c_ +d_. »x_17"j _. )*m_ » (A_+C_. #sin[c_. +d_. »x_]1" (-2) )/Sqrt [a_.+b_. #sin[c_. +d_. *x_]17(-1)], x_Synb
-2xAxCos [C+d*x]/ (d* (Si n[c+d*x]"] )"meSqrt [a+bxCsc [c+d*x]]) -

Di st [1/a,
I nt [Si m[bxA-axCxsin[c+d*x]" (-1), X1/ ((Sin[c+d*x]"j ) "meSqrt [a+bxsi n[c+d*x]" (-1)]),x]1]1 /;
FreeQ[{a, b, c,d, A C}, x] & OneQ[j 2] && ZeroQ[a"2-b”2] && Rational Q[m] && j xm=1/2
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Rule 4 : J(A+BSi nfc+dx]*+CSin[c+dx]¥) (a+bSinfc+dx]*)"dx

m Derivation: Recurrence7withj m= 0andk = 1 plusrecurrence7withA=0,B=Candj m=k

m Ruleda If a2 -b%2 =0 A n < -1,then

J-(A+BSin[c+dx] +CSin[c+dx]?) (a+bSin[c+dx])"dx —

(b (A+C) -aB) Cos[c+dx] (a+bSin[c+dx])"
ad (2n+1) "

1

m[(aA(n+l) +n (bB-aC)+bC(2n+1)Sin[c+dx]) (a+bSin[c+dx])™!dx
a n+

= Program code:

Int [ (A +B_. »sinfc_. +d_. #x_]+C_. »sin[c_. +d_. xx_]"2)*(a_+b_. »sin[c_. +d_. #x_])"n_, x_Synbol | : =
(bx (A+C) -axB) xCos [C+d*X] % (a+bxSi n[c+d*x])”n/ (axd* (2xn+1)) +
Di st [1/ (a"2* (2%n+1)),
Int [Si m[axAx (n+1) +n* (b*B-a*C) +b*xCx (2xn+1) *si n[C+d*X], X] * (a+bxsi n[c+d*x])" (n+1), x1] /;
FreeQ[{a, b, c,d, A B, C}, x] & ZeroQ[a”2-b"2] && Rational Q[n] && n<-1

Int [ (A_. +C_. sin[c_. +d_. #x_]"2) = (a_+b_. #sin[c_. +d_. »x_1)"n_, x_Synbol | : =
bx (A+C) *Cos [C+d*X ] * (a+b*Si n[c+d*x])"n/ (a*d» (2xn+1)) +
Di st [1/ (a"2* (2xn+1)),
Int [Si m[axAx (N+1) -a*Cxn+b*Cx (2xN+1) *Si N[C+dxX], X] * (a+b*Si n[c+d*x])" (n+1), x]] /;
FreeQ[{a, b, c,d, A C}, x] & ZeroQ[a"2-b"2] && Rational Q[n] && n<-1

= Derivation: Rulelwithm=0andk = -1

m Ruledb: If a2-b2=0 A n < -1,then

f(A+BCsc[c+dx] +CGCsc[c+dx]?) (a+bCsc[c+dx])"dx —

(aB-b (A+C)) Cot [c+dXx] (a+bCsc[c+dx])"
bd (2n+1)

+

1

PN 2n+1) j(aA(2n+1) +(bCn-(bA-aB) (n+1)) Csc[c+dx]) (a+bCsclc+dx])™dx
a n+

= Program code:

Int [ (AL +B_. #sin[c_. +d_. #x_]1" (-1)+C_. #sin[c_. +d_. »x_]1"(-2) ) = (a_+b_. »sin[c_. +d_. »x_1" (-1) )*n_, x_Synbo
(axB-bx* (A+C) ) xCot [C+d*Xx]* (a+bxCsc [c+d*x])”n/ (bxdx (2xn+1)) +
Di st [1/ (a"2* (2%n+1)),
Int [Si m[axAx (2xn+1) + (b*Cxn- (bxA-a%B) * (n+1)) *si n[c+d*Xx]" (-1), X]* (a+bxsi n[c+d*x]" (-1) )" (n+1), x]] /
FreeQ[{a, b, c, d, A B, C}, x] & ZeroQ[a"2-b"2] && Rational Q[n] && n<-1



Integration Rules for (sin”*))”*m (A+B sin”~k+C sin”™(2k)) (a+a sin”*k)"™n

Int [ (A +C_. #sin[c_. +d_. #x_]1"(-2))*(a_+b_. »sin[c_. +d_. #x_]"(-1))"n_, x_Synbol | : =
- (A+C) *Cot [c+d*x]* (a+bxCsc[c+d*x])"n/ (d* (2xn+1)) +
Di st [1/(a”2% (2xn+1)),
I nt [Si m[axAx (2xn+1) + (b*Cxn-b*xAx (N+1)) *Si n[c+d*x]" (-1), X]* (a+b*si n[c+d*x]" (-1))* (n+1),x]1] /;
FreeQ[{a, b, c,d, A C}, x] & ZeroQ[a"2-b"2] && Rational Q[n] && n<-1



Integration Rules for (sin”*))”*m (A+B sin”~k+C sin”™(2k)) (a+a sin”*k)"™n

Rules1l-3: J(Sin[c+dx]j)m
(A+BSin[c+dx]*+CSin[c+dx]?¥) (a+bSin[c+dx1*)"dx
= Derivation: Algebraic simplification
m Rulelf j2=k2=1 A a?-b?=0,then
j(Sin[c+dx]j)m(BSin[c+dx]k+CSin[c+dx]2k) (a+bSin[c+dx]k)nd1x —

j(Sin[c+dx]j)mj : (B+CSin[c+dx]¥) (a+bSin[c+dx]k)nd1x

= Program code:

Int [(sinfc_ +d_. #x_]7j _. )"m_. »(B_. #sin[c_. +d_. xx_]1"k_. +C_. #sin[c_. +d_. »x_]1"k2_)*
(a_+b_. #sin[c_. +d_. »x_]1"k_. )*n_., x_Synbol | : =
Int [(sin[c+d*x]"] )™ (Mt] xK) » (B+CxSi n[C+d*X]"K) * (a+b*Si n[c+d*x] k)" n, X] /;
FreeQ[{a, b,c,d, B, C, mn}, x] & & OneQ[j "2, k"2] && k2===2xk && ZeroQ[a"2-b"2]

m Derivation: Recurrence12 plusrecurrence7 with A = 0,B = Cand m= m+j k

m Rulel:1f j2=k?=1 A a2-b2=0 A n<-1,then

J(Sin[c+dx]j)m(A+BSin[c+dx]k+CSin[c+dx]2k) (a+bSin[c+dx]k)nd1x —

(aB-bA-bC) Cos[c+dx] (Sinfc+dx])™ K (a+bSinfc+dx1k)"
bd (2n+1)

J(Sin[c+dx]i)m-

k+1
aA(2n+1)-(bB-aA-aQ (j kK m+ > )+

+

1
aZz (2n+1)

. k+1 . . n+1
bCn-(bA-aB) (n+1) + (@aB-bA-bCQC) (j k m+ ]]S|n[c+dx]k) (a+bSinfc+dx]*)" dx

= Program code:

Int [(sin[c_ +d_. #x_]7j _. )"m.. » (A_+B_. #sin[c_. +d_. »x_]"k_. +C_. »sin[c_. +d_. »x_]"k2_)*
(a_+b_. #sin[c_. +d_. «x_]"k_. )~n_, x_Symbol | : =
(axB-b*A-bxC) xCos [C+d*X]* (Si n[C+d*x]"] )" (M) k) * (a+b*Si n[c+d*x] k) n/ (bxd* (2xn+1)) +
Di st [1/ (a"2* (2xn+1)),
Int [(sin[c+d*x]"] ) "mx
Si m[axAx (2xn+1) - (bxB-axA-ax*C) * (j *kxm+ (k+1) /2) +
(bxCxn- (bxA-axB) x (N+1) + (a*B-bxA-b*C) » (j *k*ms (k+1) /2)) *Si n[c+d*x]"k, X]*
(a+bxsi n[c+d*x]1 k)" (n+1), x]]1 /;
FreeQ[{a, b, c,d, A B, C}, x] & OneQIj 2, k"2] && k2===2xk && ZeroQ[a"2-b"2] &&
Rational Q[m n] && n<-1
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Int [(sinfc_. +d_. #x_17j _. )"m.. »(A_. +C_. »sin[c_. +d_. #x_]"k2_)(a_+b_. #sin[c_. +d_. xx_]1"k_. )*n_, x_Synbol
- (A+C) *Cos [C+d*X]* (Si n[C+d*x]"] )™ (M+] xK) » (a+b*Si n[c+d*x]"K)"n/ (d* (2*xn+1)) +
Di st [1/(a?2% (2xn+1)),
Int [(sin[c+d*X]"] )" mk
Si m[axAx (2xnN+1) +ax (A+C) * (j *kxmw (k+1) /2) +
(b*xCxn-bxAx (N+1) -b* (A+C) % (j *k*mw (k+1) /2)) *xSi n[c+d*x] Kk, X]*
(a+bxsi n[c+d*x] k)" (n+1), x]1]1 /;
FreeQ[{a, b, c,d, A C}, x] & OneQ[j "2, k"2] && k2===2xk && ZeroQ[a’2-b"2] &&
Rational Q[m n] && ns-1

= Derivation: Recurrencel1l withB = 0

m Rule21f j2=k?=1 A a?-b2=0 Aj km<-1 A n>-1,then
J(Sin[c+dx]i)m(A+BSin[c+dx]"+CSin[c+dx]2k) (a+bSin[c+dx]")nd1x —

ACos[c+dx] (Sinfc+dx] )™ ¥ (a+bSin[c+dxik)" 1 o
+ ( + ) ( + + ) . J(Sin[c+dX]])m]k-
k+l)

d (j kms ) a (j kms <

] k+1 ) k+1 ) . n
(aB(ka+ )—bAn+a(A(n+l)+(A+C) (jkm+ ))Sln[c+dx]k) (a+bSin[c+dx]*)" dx

= Program code:

Int [(sinfc_. +d_. #x_]7j _. )"m_#(A_+B_. »sin[c_. +d_. #x_]"k_. +C_. xsin[c_. +d_. #x_]"k2_) «
(a_+b_. #sin[c_. +d_. »x_]1"k_. )*n_., x_Synbol | : =
AxCos [C+d*xX]* (Si n[c+d*X]"j )N (M+] xK) » (a+b*Si n[c+d*Xx] k) n/ (d* (j *kxms (k+1) /2)) +
Di st [1/ (ax (] xk*m+ (k+1)/2)),
Int [(sin[c+dxXx]"j )™ (Mk] %K) *
Si m[axBx (j *k*m+ (k+1) /2) -bxAxn+a* (Ax (N+1) + (A+C) » (j *k*me (k+1) /2) ) *xSi n[c+d*x] "k, X] *
(a+bxsi n[c+d*x]1"k)"n, x]]1 /;
FreeQ[{a, b, c,d, A B, C}, x] & & OneQIj *2, k"2] && k2===2xk && ZeroQ[a"2-b"2] &&
Rational Q[m n] && j xkxnk-1 && n>-1

Int [(sinfc_. +d_. #x_]7j _. )"m #(A_. +C_. #sin[c_. +d_. »x_1"k2_)*(a_+b_. »sin[c_. +d_. xx_]"k_. )*n_., x_Synbol
AxCos [C+d*xX]* (Si n[C+d*X]"] )™ (Mt] *xK) » (a+b*Si n[c+d*x]1 k) n/ (d* (j *kxmw (K+1) /2)) +
Di st [1/ (ax (] xkxm+ (k+1)/2)),
Int [(sin[c+d*X]"] )™ (MH] %K) *
Si m[-bxAxn+ax (Ax (N+1) + (A+C) % (] *kxm+ (k+1) /2) ) *Si n[Cc+d*X] K, X] *
(a+bxsi n[c+d*x]17k)"n, x]1]1 /;
FreeQ[{a, b, c, d, A C}, x] & OneQ[j "2, k"2] && k2===2xk && ZeroQ[a’2-b"2] &&
Rational Q[m n] && j xkxnk-1 && n>-1
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m Derivation: Recurrence8with A = 0,B=Candm=m+j k

. RuIeS:Ifj2=k2=1/\az—b2=0/\j km+n+%¢0/\j kmz—l/\n>-1,then

J(Sin[c+dx]j)m(A+BSin[c+dx]"+CSin[c+dx]2k) (a+bsinfc+dx1*)"ax —

CCos[c+dx] (Sinfc+dx] )™ " (a+bSin[c+dx]*)" n o
- + ~J-(Sin[c+dx]') .
d(jkm"'n"'k;g) a(jkm+n+k;3)

1 ] K +
)+[an+aB(J Km+n+

K+ 3
(aA(n+1)+a(A+C) (jkm+ ))Sin[c+dx]k)

(a+bSin[c+dx]")nd1x

m  Program code:

Int [(sin[c_ +d_. »x_17j _. )"m_. #(A_+B_. »sin[c_. +d_. #x_]"k_. +C_. »sin[c_. +d_. #x_]"k2_)«
(a_+b_. #sinfc_. +d_. #x_]"*k_. )"n_., x_Synbol | : =
-CxCos [C+d*xX]* (Si n[C+dxXx]"j )™ (Mk] xk) x (a+b*Si n[c+d*x]1 k) n/ (d* (j *xkxmen+ (k+3) /2)) +
Di st [1/ (ax (] xk«men+ (k+3) /2)),
Int [(sin[c+d*x]"] ) "mk
Si m[axAx (N+1) +a* (A+C) » (j *k*mk (k+1) /2) + (b*Cxn+a*Bx (j xk«men+ (k+3) /2) ) *si n[c+d*Xx]"K, X] *
(a+bxsi n[c+d*x]1°k)"n, x]]1 /;
FreeQ[{a, b, c,d, A B, C}, x] &% OneQIj 2, k"2] && k2===2xk && ZeroQ[a"2-b"2] &&
Rational Q[m n] && Nonzer oQ[j xk*m¥n+ (k+3) /2] && j xkxmx-1 && n>-1

Int [(sinfc_. +d_. #x_]7j _. )"m_. »(A_. +C_. »sin[c_. +d_. #x_]"k2_)«(a_+b_. »sin[c_. +d_. »x_]"k_. )*n_., x_Symbo
-CxCos [C+d*xXx]* (Si n[c+dxx]"j )N (M+] xk) x (a+b*Si n[c+d*x]1 k) n/ (d* (j xkxmen+ (k+3) /2)) +
Di st [1/ (ax (] xk*men+ (k+3) /2)),
Int [(sin[c+d*x]"] ) "mx
Si m[axAx (N+1) +a* (A+C) » (j xk*me (k+1) /2) +b*Cxn*si n[c+d*X ]k, X] *
(a+bxsi n[c+d*x]17k)" n, x]]1 /;
FreeQ[{a, b, c,d, A C}, x] && OneQ[j "2, k"2] && k2===2xk && ZeroQ[a’2-b"2] &&
Rational Q[m n] && Nonzer oQ[j xk*m¥n+ (k+3) /2] && j xkxmx-1 && n>-1



