
à PolyLog@n, a Hb xpLqD âx

� Derivation:  Integration by parts

� Rule: If  n > 0, then

à PolyLog@n, a Hb xpLqD âx � x PolyLog@n, a Hb xpLqD - p q à PolyLog@n - 1, a Hb xpLqD âx

� Program code:

IntAPolyLogAn_,a_.*Ib_.*x_^p_.M^q_.E,x_SymbolE :=

x*PolyLog@n,a*Hb*x^pL^qD -

Dist@p*q,Int@PolyLog@n-1,a*Hb*x^pL^qD,xDD �;
FreeQ@8a,b,p,q<,xD && RationalQ@nD && n>0

� Derivation: Inverted integration by parts

� Rule: If  n < -1, then

à PolyLog@n, a Hb xpLqD âx �
x PolyLog@n + 1, a Hb xpLqD

p q
-

1

p q
à PolyLog@n + 1, a Hb xpLqD âx

� Program code:

IntAPolyLogAn_,a_.*Ib_.*x_^p_.M^q_.E,x_SymbolE :=

x*PolyLog@n+1,a*Hb*x^pL^qD�Hp*qL -

Dist@1�Hp*qL,Int@PolyLog@n+1,a*Hb*x^pL^qD,xDD �;
FreeQ@8a,b,p,q<,xD && RationalQ@nD && n<-1

Integration Rules for Polylogarithm Functions



à xm PolyLog@n, a Hb xpLqD âx

� Derivation: Primitive rule

� Basis: ¶LinHzL
¶z

=
Lin-1HzL

z

� Rule:

à PolyLog@n, a Hb xpLqD
x

âx �
PolyLog@n + 1, a Hb xpLqD

p q

� Program code:

IntAPolyLogAn_,a_.*Ib_.*x_^p_.M^q_.E�x_,x_SymbolE :=

PolyLog@n+1,a*Hb*x^pL^qD�Hp*qL �;
FreeQ@8a,b,n,p,q<,xD

� Derivation: Integration by parts

� Rule: If  n > 0 ì m + 1 ¹ 0, then

à xm PolyLog@n, a Hb xpLqD âx �
xm+1 PolyLog@n, a Hb xpLqD

m + 1
-

p q

m + 1
à xm PolyLog@n - 1, a Hb xpLqD âx

� Program code:

IntAx_^m_.*PolyLogAn_,a_.*Ib_.*x_^p_.M^q_.E,x_SymbolE :=

x^Hm+1L*PolyLog@n,a*Hb*x^pL^qD�Hm+1L -

Dist@p*q�Hm+1L,Int@x^m*PolyLog@n-1,a*Hb*x^pL^qD,xDD �;
FreeQ@8a,b,m,p,q<,xD && RationalQ@nD && n>0 && NonzeroQ@m+1D

� Derivation: Inverted integration by parts

� Rule: If  n < -1 ì m + 1 ¹ 0, then

à xm PolyLog@n, a Hb xpLqD âx �
xm+1 PolyLog@n + 1, a Hb xpLqD

p q
-
m + 1

p q
à xm PolyLog@n + 1, a Hb xpLqD âx

� Program code:

IntAx_^m_.*PolyLogAn_,a_.*Ib_.*x_^p_.M^q_.E,x_SymbolE :=

x^Hm+1L*PolyLog@n+1,a*Hb*x^pL^qD�Hp*qL -

Dist@Hm+1L�Hp*qL,Int@x^m*PolyLog@n+1,a*Hb*x^pL^qD,xDD �;
FreeQ@8a,b,m,p,q<,xD && RationalQ@nD && n<-1 && NonzeroQ@m+1D

Integration Rules for Polylogarithm Functions



� Derivation: Integration by substitution

� Rule:

á PolyLog@n, uD
a + b x

âx �
1

b
SubstBá

PolyLogAn, RegularizeASubstAu, x, -
a

b
+

x

b
E, xEE

x
âx, x, a + b xF

� Program code:

IntAPolyLog@n_,u_D�Ia_+b_.*x_M,x_SymbolE :=

Dist@1�b,Subst@Int@PolyLog@n,Regularize@Subst@u,x,-a�b+x�bD,xDD�x,xD,x,a+b*xDD �;
FreeQ@8a,b,n<,xD

Integration Rules for Polylogarithm Functions



à PolyLog@n, c Ha + b xLpD âx

� Derivation: Integration by parts

� Rule: If  n > 0, then

à PolyLog@n, c Ha + b xLpD âx � x PolyLog@n, c Ha + b xLpD -

p à PolyLog@n - 1, c Ha + b xLpD âx + a p à PolyLog@n - 1, c Ha + b xLpD
a + b x

âx

� Program code:

IntAPolyLogAn_,c_.*Ia_.+b_.*x_M^p_.E,x_SymbolE :=

x*PolyLog@n,c*Ha+b*xL^pD -

Dist@p,Int@PolyLog@n-1,c*Ha+b*xL^pD,xDD +

Dist@a*p,Int@PolyLog@n-1,c*Ha+b*xL^pD�Ha+b*xL,xDD �;
FreeQ@8a,b,c,p<,xD && RationalQ@nD && n>0

Integration Rules for Polylogarithm Functions



à xm PolyLog@n, c Ha + b xLpD âx

� Derivation: Integration by parts

� Rule: If  n > 0 ì m Î Z ì m > 0, then

à xm PolyLog@n, c Ha + b xLpD âx �

xm+1 PolyLog@n, c Ha + b xLpD
m + 1

-
b p

m + 1
à xm+1 PolyLog@n - 1, c Ha + b xLpD

a + b x
âx

� Program code:

IntAx_^m_.*PolyLogAn_,c_.*Ia_.+b_.*x_M^p_.E,x_SymbolE :=

x^Hm+1L*PolyLog@n,c*Ha+b*xL^pD�Hm+1L -

Dist@b*p�Hm+1L,Int@x^Hm+1L*PolyLog@n-1,c*Ha+b*xL^pD�Ha+b*xL,xDD �;
FreeQ@8a,b,c,m,p<,xD && RationalQ@nD && n>0 && IntegerQ@mD && m>0

Integration Rules for Polylogarithm Functions



à PolyLogAn, c fa+b xE âx

� Derivation: Primitive rule

� Basis: ¶zPolyLog@n, zD =
PolyLog@n-1,zD

z

� Rule:

à PolyLogAn, c fa+b xE âx �
PolyLogAn + 1, c fa+b xE

b Log@fD

� Program code:

IntAPolyLogAn_,c_.*f_^Ia_.+b_.*x_ME,x_SymbolE :=

PolyLog@n+1,c*f^Ha+b*xLD�Hb*Log@fDL �;
FreeQ@8a,b,c,n<,xD

Integration Rules for Polylogarithm Functions



à xm PolyLogAn, c fa+b xE âx

� Derivation: Integration by parts

� Rule: If  m > 0, then

à xm PolyLogAn, c fa+b xE âx �
xm PolyLogAn + 1, c fa+b xE

b Log@fD -
m

b Log@fD à xm-1 PolyLogAn + 1, c fa+b xE âx

� Program code:

IntAx_^m_.*PolyLogAn_,c_.*f_^Ia_.+b_.*x_ME,x_SymbolE :=

x^m*PolyLog@n+1,c*f^Ha+b*xLD�Hb*Log@fDL -

Dist@m�Hb*Log@fDL,Int@x^Hm-1L*PolyLog@n+1,c*f^Ha+b*xLD,xDD �;
FreeQ@8a,b,c,n<,xD && RationalQ@mD && m>0

Integration Rules for Polylogarithm Functions



à Log@a xnDp PolyLog@q, b xmD
x

âx

� Derivation: Integration by parts

� Rule: If  p > 0, then

à Log@a xnDp PolyLog@q, b xmD
x

âx �

Log@a xnDp PolyLog@q + 1, b xmD
m

-
n p

m
à Log@a xnDp-1 PolyLog@q + 1, b xmD

x
âx

� Program code:

IntALog@a_.*x_^n_.D^p_.*PolyLog@q_,b_.*x_^m_.D�x_,x_SymbolE :=

Log@a*x^nD^p*PolyLog@q+1,b*x^mD�m -

Dist@n*p�m,Int@Log@a*x^nD^Hp-1L*PolyLog@q+1,b*x^mD�x,xDD �;
FreeQ@8a,b,m,n,q<,xD && RationalQ@pD && p>0

Integration Rules for Polylogarithm Functions


