
à a Cos@c + d xD + b Sin@c + d xD âx

� Derivation: Algebraic simplification

� Basis: a Cos@zD + b Sin@zD = a2 + b2 Cos@z - ArcTan@a, bDD
� Rule: If  a2 + b2 ¹ 0 í a2 + b2 > 0, then

à a Cos@c + d xD + b Sin@c + d xD âx � Ia2 + b2M1�4 à Cos@c + d x - ArcTan@a, bDD âx

� Program code:

Int@Sqrt@a_.*Cos@c_.+d_.*x_D+b_.*Sin@c_.+d_.*x_DD,x_SymbolD :=

Dist@Ha^2+b^2L^H1�4L,Int@Sqrt@Cos@c+d*x-ArcTan@a,bDDD,xDD �;
FreeQ@8a,b,c,d<,xD && NonzeroQ@a^2+b^2D && PositiveQ@Sqrt@a^2+b^2DD

� Derivation: Piecewise constant extraction and algebraic simplification

� Basis: ¶x
a Cos@c+d xD+b Sin@c+d xD

a Cos@c+d xD+b Sin@c+d xD
a2+b2

= 0

� Basis: a Cos@zD+b Sin@zD
a2+b2

= Cos@z - ArcTan@a, bDD

� Rule: If  a2 + b2 ¹ 0 í Ø J a2 + b2 > 0N, then

á a Cos@c + d xD + b Sin@c + d xD

âx �
a Cos@c + d xD + b Sin@c + d xD

a Cos@c+d xD+b Sin@c+d xD
a2+b2

à Cos@c + d x - ArcTan@a, bDD âx

� Program code:

H* Int@Sqrt@a_.*Cos@c_.+d_.*x_D+b_.*Sin@c_.+d_.*x_DD,x_SymbolD :=

Sqrt@a*Cos@c+d*xD+b*Sin@c+d*xDD�Sqrt@Ha*Cos@c+d*xD+b*Sin@c+d*xDL�Sqrt@a^2+b^2DD*

Int@Sqrt@Cos@c+d*x-ArcTan@a,bDDD,xD �;
FreeQ@8a,b,c,d<,xD && NonzeroQ@a^2+b^2D && Not@PositiveQ@Sqrt@a^2+b^2DDD *L

Integration Rules for Rational Functions of Sines and Cosines



à 1

a Cos@c + d xD + b Sin@c + d xD âx

� Derivation: Algebraic simplification

� Basis: a Cos@zD + b Sin@zD = a2 + b2 Cos@z - ArcTan@a, bDD
� Rule: If  a2 + b2 ¹ 0 í a2 + b2 > 0, then

á 1

a Cos@c + d xD + b Sin@c + d xD âx �
1

Ia2 + b2M1�4 à 1

Cos@c + d x - ArcTan@a, bDD âx

� Program code:

IntA1�Sqrt@a_.*Cos@c_.+d_.*x_D+b_.*Sin@c_.+d_.*x_DD,x_SymbolE :=

Dist@1�Ha^2+b^2L^H1�4L,Int@1�Sqrt@Cos@c+d*x-ArcTan@a,bDDD,xDD �;
FreeQ@8a,b,c,d<,xD && NonzeroQ@a^2+b^2D && PositiveQ@Sqrt@a^2+b^2DD

� Derivation: Piecewise constant extraction and algebraic simplification

� Basis: ¶x

a Cos@c+d xD+b Sin@c+d xD
a2+b2

a Cos@c+d xD+b Sin@c+d xD = 0

� Basis: a Cos@zD+b Sin@zD
a2+b2

= Cos@z - ArcTan@a, bDD

� Rule: If  a2 + b2 ¹ 0 í Ø J a2 + b2 > 0N, then

á 1

a Cos@c + d xD + b Sin@c + d xD

âx �

a Cos@c+d xD+b Sin@c+d xD
a2+b2

a Cos@c + d xD + b Sin@c + d xD à 1

Cos@c + d x - ArcTan@a, bDD âx

� Program code:

H* IntA1�Sqrt@a_.*Cos@c_.+d_.*x_D+b_.*Sin@c_.+d_.*x_DD,x_SymbolE :=

Sqrt@Ha*Cos@c+d*xD+b*Sin@c+d*xDL�Sqrt@a^2+b^2DD�Sqrt@a*Cos@c+d*xD+b*Sin@c+d*xDD*

Int@1�Sqrt@Cos@c+d*x-ArcTan@a,bDDD,xD �;
FreeQ@8a,b,c,d<,xD && NonzeroQ@a^2+b^2D && Not@PositiveQ@Sqrt@a^2+b^2DDD *L

Integration Rules for Rational Functions of Sines and Cosines



à Ha Cos@c + d xD + b Sin@c + d xDLn âx

� Rule: If  a2 + b2 = 0, then

à Ha Cos@c + d xD + b Sin@c + d xDLn âx �
a Ha Cos@c + d xD + b Sin@c + d xDLn

b d n

� Program code:

IntAIa_.*Cos@c_.+d_.*x_D+b_.*Sin@c_.+d_.*x_DM^n_,x_SymbolE :=

a*Ha*Cos@c+d*xD+b*Sin@c+d*xDL^n�Hb*d*nL �;
FreeQ@8a,b,c,d,n<,xD && ZeroQ@a^2+b^2D

� Reference: G&R 2.557.5b'

� Rule: If  a2 + b2 ¹ 0, then

à 1

Ha Cos@c + d xD + b Sin@c + d xDL2
âx �

Sin@c + d xD
a d Ha Cos@c + d xD + b Sin@c + d xDL

� Program code:

IntA1�Ia_.*Cos@c_.+d_.*x_D+b_.*Sin@c_.+d_.*x_DM^2,x_SymbolE :=

Sin@c+d*xD�Ha*d*Ha*Cos@c+d*xD+b*Sin@c+d*xDLL �;
FreeQ@8a,b,c,d<,xD && NonzeroQ@a^2+b^2D

� Reference: G&R 2.557'

� Derivation: Integration by substitution

� Basis: If  n-1

2
Î Z, then Ha Cos@zD + b Sin@zDLn = Ia2 + b2 - H-b Cos@zD + a Sin@zDL2M n-1

2 ¶zH-b Cos@zD + a Sin@zDL
� Note: Should this rule also be used for odd n < 0?

� Rule: If  a2 + b2 ¹ 0 í n-1

2
Î Z í n > 0, then

à Ha Cos@c + d xD + b Sin@c + d xDLn âx �
1

d

SubstBIntBIa2 + b2 - x2M n-1

2 , xF, x, -b Cos@c + d xD + a Sin@c + d xDF

� Program code:

IntAIa_.*Cos@c_.+d_.*x_D+b_.*Sin@c_.+d_.*x_DM^n_,x_SymbolE :=

Dist@1�d,Subst@Int@Regularize@Ha^2+b^2-x^2L^HHn-1L�2L,xD,xD,x,-b*Cos@c+d*xD+a*Sin@c+d*xDDD �;
FreeQ@8a,b<,xD && NonzeroQ@a^2+b^2D && OddQ@nD && n>0
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� Derivation: Integration by parts with a double-back flip

� Rule: If  a2 + b2 ¹ 0 í n > 1 í n-1

2
Ï Z, then

à Ha Cos@c + d xD + b Sin@c + d xDLn âx �

-
Hb Cos@c + d xD - a Sin@c + d xDL Ha Cos@c + d xD + b Sin@c + d xDLn-1

d n
+

Hn - 1L Ia2 + b2M
n

à Ha Cos@c + d xD + b Sin@c + d xDLn-2 âx

� Program code:

IntAIa_.*Cos@c_.+d_.*x_D+b_.*Sin@c_.+d_.*x_DM^n_,x_SymbolE :=

-Hb*Cos@c+d*xD-a*Sin@c+d*xDL*Ha*Cos@c+d*xD+b*Sin@c+d*xDL^Hn-1L�Hd*nL +

Dist@Hn-1L*Ha^2+b^2L�n,Int@Ha*Cos@c+d*xD+b*Sin@c+d*xDL^Hn-2L,xDD �;
FreeQ@8a,b,c,d<,xD && NonzeroQ@a^2+b^2D && RationalQ@nD && n>1 && Not@OddQ@nDD

� Derivation: Integration by parts with a double-back flip

� Rule: If  a2 + b2 ¹ 0 ì n < -1 ì n ¹ -2, then

à Ha Cos@c + d xD + b Sin@c + d xDLn âx �

Hb Cos@c + d xD - a Sin@c + d xDL Ha Cos@c + d xD + b Sin@c + d xDLn+1

d Hn + 1L Ia2 + b2M +

n + 2

Hn + 1L Ia2 + b2M à Ha Cos@c + d xD + b Sin@c + d xDLn+2 âx

� Program code:

IntAIa_.*Cos@c_.+d_.*x_D+b_.*Sin@c_.+d_.*x_DM^n_,x_SymbolE :=

Hb*Cos@c+d*xD-a*Sin@c+d*xDL*Ha*Cos@c+d*xD+b*Sin@c+d*xDL^Hn+1L�Hd*Hn+1L*Ha^2+b^2LL +

Dist@Hn+2L�HHn+1L*Ha^2+b^2LL,Int@Ha*Cos@c+d*xD+b*Sin@c+d*xDL^Hn+2L,xDD �;
FreeQ@8a,b,c,d<,xD && NonzeroQ@a^2+b^2D && RationalQ@nD && n<-1 && n¹-2

Integration Rules for Rational Functions of Sines and Cosines



à Cos@c + d xDm Sin@c + d xDn

Ha Cos@c + d xD + b Sin@c + d xDLp
âx

� Derivation: Algebraic expansion

� Basis: Cos@zD Sin@zD
a Cos@zD+b Sin@zD =

b Cos@zD
a2+b2

+
a Sin@zD
a2+b2

-
a b

Ia2+b2M Ha Cos@zD+b Sin@zDL

� Rule: If  a2 + b2 ¹ 0 ì m, n Î Z ì m > 0 ì n > 0, then

à Cos@c + d xDm Sin@c + d xDn

a Cos@c + d xD + b Sin@c + d xD âx �
b

a2 + b2
à Cos@c + d xDm Sin@c + d xDn-1 âx +

a

a2 + b2
à Cos@c + d xDm-1 Sin@c + d xDn âx -

a b

a2 + b2
à Cos@c + d xDm-1 Sin@c + d xDn-1

a Cos@c + d xD + b Sin@c + d xD âx

� Program code:

H* IntACos@c_.+d_.*x_D^m_.*Sin@c_.+d_.*x_D^n_.�Ia_.*Cos@c_.+d_.*x_D+b_.*Sin@c_.+d_.*x_DM,x_SymbolE :=

Dist@b�Ha^2+b^2L,Int@Cos@c+d*xD^m*Sin@c+d*xD^Hn-1L,xDD +

Dist@a�Ha^2+b^2L,Int@Cos@c+d*xD^Hm-1L*Sin@c+d*xD^n,xDD -

Dist@a*b�Ha^2+b^2L,Int@Cos@c+d*xD^Hm-1L*Sin@c+d*xD^Hn-1L�Ha*Cos@c+d*xD+b*Sin@c+d*xDL,xDD �;
FreeQ@8a,b,c,d<,xD && NonzeroQ@a^2+b^2D && IntegersQ@m,nD && m>0 && n>0 *L

� Derivation: Algebraic expansion

� Basis: Cos@zD Sin@zD
a Cos@zD+b Sin@zD =

b Cos@zD
a2+b2

+
a Sin@zD
a2+b2

-
a b

Ia2+b2M Ha Cos@zD+b Sin@zDL

� Rule: If  a2 + b2 ¹ 0 ì m, n, p Î Z ì m > 0 ì n > 0 ì p < 0, then

à Cos@c + d xDm Sin@c + d xDn Ha Cos@c + d xD + b Sin@c + d xDLp âx �

b

a2 + b2
à Cos@c + d xDm Sin@c + d xDn-1 Ha Cos@c + d xD + b Sin@c + d xDLp+1 âx +

a

a2 + b2
à Cos@c + d xDm-1 Sin@c + d xDn Ha Cos@c + d xD + b Sin@c + d xDLp+1 âx -

a b

a2 + b2
à Cos@c + d xDm-1 Sin@c + d xDn-1 Ha Cos@c + d xD + b Sin@c + d xDLp âx

� Program code:

IntACos@c_.+d_.*x_D^m_.*Sin@c_.+d_.*x_D^n_.*Ia_.*Cos@c_.+d_.*x_D+b_.*Sin@c_.+d_.*x_DM^p_,x_SymbolE :=

Dist@b�Ha^2+b^2L,Int@Cos@c+d*xD^m*Sin@c+d*xD^Hn-1L*Ha*Cos@c+d*xD+b*Sin@c+d*xDL^Hp+1L,xDD +

Dist@a�Ha^2+b^2L,Int@Cos@c+d*xD^Hm-1L*Sin@c+d*xD^n*Ha*Cos@c+d*xD+b*Sin@c+d*xDL^Hp+1L,xDD -

Dist@a*b�Ha^2+b^2L,Int@Cos@c+d*xD^Hm-1L*Sin@c+d*xD^Hn-1L*Ha*Cos@c+d*xD+b*Sin@c+d*xDL^p,xDD �;
FreeQ@8a,b,c,d<,xD && NonzeroQ@a^2+b^2D && IntegersQ@m,n,pD && m>0 && n>0 && p<0
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� Derivation: Algebraic expansion

� Basis: Sin@zD2
a Cos@zD+b Sin@zD =

b Sin@zD
a2+b2

-
a Cos@zD
a2+b2

+
a2

Ia2+b2M Ha Cos@zD+b Sin@zDL

� Rule: If  a2 + b2 ¹ 0 ì n Î Z ì n > 1, then

à u Sin@c + d xDn

a Cos@c + d xD + b Sin@c + d xD âx �
b

a2 + b2
à u Sin@c + d xDn-1 âx -

a

a2 + b2
à u Sin@c + d xDn-2 Cos@c + d xD âx +

a2

a2 + b2
à u Sin@c + d xDn-2

a Cos@c + d xD + b Sin@c + d xD âx

� Program code:

IntAu_.*Sin@c_.+d_.*x_D^n_.�Ia_.*Cos@c_.+d_.*x_D+b_.*Sin@c_.+d_.*x_DM,x_SymbolE :=

Dist@b�Ha^2+b^2L,Int@u*Sin@c+d*xD^Hn-1L,xDD -

Dist@a�Ha^2+b^2L,Int@u*Sin@c+d*xD^Hn-2L*Cos@c+d*xD,xDD +

Dist@a^2�Ha^2+b^2L,Int@u*Sin@c+d*xD^Hn-2L�Ha*Cos@c+d*xD+b*Sin@c+d*xDL,xDD �;
FreeQ@8a,b,c,d<,xD && NonzeroQ@a^2+b^2D && IntegerQ@nD && n>0 &&

In>1 ÈÈ MatchQ@u,v_.*Tan@c+d*xD^m_. �; IntegerQ@mD && m>0DM

� Derivation: Algebraic expansion

� Basis: Cos@zD2
a Cos@zD+b Sin@zD =

a Cos@zD
a2+b2

-
b Sin@zD
a2+b2

+
b2

Ia2+b2M Ha Cos@zD+b Sin@zDL

� Rule: If  a2 + b2 ¹ 0 ì n Î Z ì n > 1, then

à u Cos@c + d xDn

a Cos@c + d xD + b Sin@c + d xD âx �
a

a2 + b2
à u Cos@c + d xDn-1 âx -

b

a2 + b2
à u Cos@c + d xDn-2 Sin@c + d xD âx +

b2

a2 + b2
à u Cos@c + d xDn-2

a Cos@c + d xD + b Sin@c + d xD âx

� Program code:

IntAu_.*Cos@c_.+d_.*x_D^n_.�Ia_.*Cos@c_.+d_.*x_D+b_.*Sin@c_.+d_.*x_DM,x_SymbolE :=

Dist@a�Ha^2+b^2L,Int@u*Cos@c+d*xD^Hn-1L,xDD -

Dist@b�Ha^2+b^2L,Int@u*Cos@c+d*xD^Hn-2L*Sin@c+d*xD,xDD +

Dist@b^2�Ha^2+b^2L,Int@u*Cos@c+d*xD^Hn-2L�Ha*Cos@c+d*xD+b*Sin@c+d*xDL,xDD �;
FreeQ@8a,b,c,d<,xD && NonzeroQ@a^2+b^2D && IntegerQ@nD && n>0 &&

In>1 ÈÈ MatchQ@u,v_.*Cot@c+d*xD^m_. �; IntegerQ@mD && m>0DM

Integration Rules for Rational Functions of Sines and Cosines



� Derivation: Algebraic expansion

� Basis: Sec@zD
a Cos@zD+b Sin@zD =

Tan@zD
b

+
b Cos@zD-a Sin@zD

b Ha Cos@zD+b Sin@zDL
� Rule:

à u Sec@c + d xD
a Cos@c + d xD + b Sin@c + d xD âx �

1

b
à u Tan@c + d xD âx +

1

b
à u Hb Cos@c + d xD - a Sin@c + d xDL

a Cos@c + d xD + b Sin@c + d xD âx

� Program code:

H* IntAu_.*Sec@c_.+d_.*x_D�Ia_.*Cos@c_.+d_.*x_D+b_.*Sin@c_.+d_.*x_DM,x_SymbolE :=

Dist@1�b,Int@u*Tan@c+d*xD,xDD +

Dist@1�b,Int@u*Hb*Cos@c+d*xD-a*Sin@c+d*xDL�Ha*Cos@c+d*xD+b*Sin@c+d*xDL,xDD �;
FreeQ@8a,b,c,d<,xD *L

� Derivation: Algebraic expansion

� Basis: Csc@zD
a Cos@zD+b Sin@zD =

Cot@zD
a

-
b Cos@zD-a Sin@zD

a Ha Cos@zD+b Sin@zDL
� Rule:

à u Csc@c + d xD
a Cos@c + d xD + b Sin@c + d xD âx �

1

a
à u Cot@c + d xD âx -

1

a
à u Hb Cos@c + d xD - a Sin@c + d xDL

a Cos@c + d xD + b Sin@c + d xD âx

� Program code:

H* IntAu_.*Csc@c_.+d_.*x_D�Ia_.*Cos@c_.+d_.*x_D+b_.*Sin@c_.+d_.*x_DM,x_SymbolE :=

Dist@1�a,Int@u*Cot@c+d*xD,xDD -

Dist@1�a,Int@u*Hb*Cos@c+d*xD-a*Sin@c+d*xDL�Ha*Cos@c+d*xD+b*Sin@c+d*xDL,xDD �;
FreeQ@8a,b,c,d<,xD *L
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à 1

a + b Cos@d + e xD + c Sin@d + e xD âx

� Reference: G&R 2.558.4c

� Rule: If  a - b = 0, then

à 1

a + b Cos@d + e xD + c Sin@d + e xD âx �
1

c e
LogBa + c TanB1

2
Hd + e xLFF

� Program code:

IntA1�Ia_+b_.*Cos@d_.+e_.*x_D+c_.*Sin@d_.+e_.*x_DM,x_SymbolE :=

Log@a+c*Tan@Hd+e*xL�2DD�Hc*eL �;
FreeQ@8a,b,c,d,e<,xD && ZeroQ@a-bD

� Reference: G&R 2.558.4c

� Rule: If  a + b = 0, then

à 1

a + b Cos@d + e xD + c Sin@d + e xD âx � -
1

c e
LogBa + c CotB1

2
Hd + e xLFF

� Program code:

IntA1�Ia_+b_.*Cos@d_.+e_.*x_D+c_.*Sin@d_.+e_.*x_DM,x_SymbolE :=

-Log@a+c*Cot@Hd+e*xL�2DD�Hc*eL �;
FreeQ@8a,b,c,d,e<,xD && ZeroQ@a+bD

� Reference: G&R 2.558.4d

� Rule: If  a2 - b2 - c2 = 0, then

à 1

a + b Cos@d + e xD + c Sin@d + e xD âx �
-c + a Sin@d + e xD

c e Hc Cos@d + e xD - b Sin@d + e xDL

� Program code:

IntA1�Ia_+b_.*Cos@d_.+e_.*x_D+c_.*Sin@d_.+e_.*x_DM,x_SymbolE :=

H-c+a*Sin@d+e*xDL�Hc*e*Hc*Cos@d+e*xD-b*Sin@d+e*xDLL �;
FreeQ@8a,b,c,d,e<,xD && ZeroQ@a^2-b^2-c^2D
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� Reference: G&R 2.558.4a, CRC 342b

� Rule: If  a2 - b2 ¹ 0 ì a2 - b2 - c2 > 0, then

á 1

a + b Cos@d + e xD + c Sin@d + e xD âx �
2

e a2 - b2 - c2
ArcTanBc + Ha - bL TanA 1

2
Hd + e xLE

a2 - b2 - c2
F

� Program code:

IntA1�Ia_.+b_.*Cos@d_.+e_.*x_D+c_.*Sin@d_.+e_.*x_DM,x_SymbolE :=

2*ArcTan@Hc+Ha-bL*Tan@Hd+e*xL�2DL�Rt@a^2-b^2-c^2,2DD�He*Rt@a^2-b^2-c^2,2DL �;
FreeQ@8a,b,c,d,e<,xD && NonzeroQ@a^2-b^2D && PosQ@a^2-b^2-c^2D

� Reference: G&R 2.558.4b', CRC 342b'

� Rule: If  a2 - b2 ¹ 0 ì Ø Ha2 - b2 - c2 > 0L, then

á 1

a + b Cos@d + e xD + c Sin@d + e xD âx � -
2

e -a2 + b2 + c2
ArcTanhBc + Ha - bL TanA 1

2
Hd + e xLE

-a2 + b2 + c2
F

� Program code:

IntA1�Ia_.+b_.*Cos@d_.+e_.*x_D+c_.*Sin@d_.+e_.*x_DM,x_SymbolE :=

-2*ArcTanh@Hc+Ha-bL*Tan@Hd+e*xL�2DL�Rt@-a^2+b^2+c^2,2DD�He*Rt@-a^2+b^2+c^2,2DL �;
FreeQ@8a,b,c,d,e<,xD && NonzeroQ@a^2-b^2D && NegQ@a^2-b^2-c^2D

Integration Rules for Rational Functions of Sines and Cosines



à a + b Cos@d + e xD + c Sin@d + e xD âx

� Reference: G&R 2.558.1 inverted with  n =
1

2
 and  a2 - b2 - c2 = 0

� Rule: If  a2 - b2 - c2 = 0, then

à a + b Cos@d + e xD + c Sin@d + e xD âx �
2 H-c Cos@d + e xD + b Sin@d + e xDL
e a + b Cos@d + e xD + c Sin@d + e xD

� Program code:

Int@Sqrt@a_+b_.*Cos@d_.+e_.*x_D+c_.*Sin@d_.+e_.*x_DD,x_SymbolD :=

2*H-c*Cos@d+e*xD+b*Sin@d+e*xDL�He*Sqrt@a+b*Cos@d+e*xD+c*Sin@d+e*xDDL �;
FreeQ@8a,b,c,d,e<,xD && ZeroQ@a^2-b^2-c^2D

� Derivation: Algebraic simplification

� Basis: a + b Cos@zD + c Sin@zD = a + b2 + c2 Cos@z - ArcTan@b, cDD
� Rule: If  a2 - b2 - c2 ¹ 0 í a + b2 + c2 > 0, then

á a + b Cos@d + e xD + c Sin@d + e xD âx � á a + b2 + c2 Cos@d + e x - ArcTan@b, cDD âx

� Program code:

Int@Sqrt@a_+b_.*Cos@d_.+e_.*x_D+c_.*Sin@d_.+e_.*x_DD,x_SymbolD :=

Int@Sqrt@a+Sqrt@b^2+c^2D*Cos@d+e*x-ArcTan@b,cDDD,xD �;
FreeQ@8a,b,c,d,e<,xD && NonzeroQ@a^2-b^2-c^2D && PositiveQ@a+Sqrt@b^2+c^2DD

Integration Rules for Rational Functions of Sines and Cosines



� Derivation: Piecewise constant extraction and algebraic simplification

� Basis: ¶x
a+b Cos@d+e xD+c Sin@d+e xD

a+b Cos@d+e xD+c Sin@d+e xD
a+ b2+c2

= 0

� Basis: a + b Cos@zD + c Sin@zD = a + b2 + c2 Cos@z - ArcTan@b, cDD
� Rule: If  a2 - b2 - c2 ¹ 0 í Ø Ja + b2 + c2 > 0N, then

á a + b Cos@d + e xD + c Sin@d + e xD âx �
a + b Cos@d + e xD + c Sin@d + e xD

a+b Cos@d+e xD+c Sin@d+e xD
a+ b2+c2

á a

a + b2 + c2
+

b2 + c2

a + b2 + c2
Cos@d + e x - ArcTan@b, cDD âx

� Program code:

Int@Sqrt@a_.+b_.*Cos@d_.+e_.*x_D+c_.*Sin@d_.+e_.*x_DD,x_SymbolD :=

Sqrt@a+b*Cos@d+e*xD+c*Sin@d+e*xDD�Sqrt@Ha+b*Cos@d+e*xD+c*Sin@d+e*xDL�Ha+Sqrt@b^2+c^2DLD*

Int@Sqrt@a�Ha+Sqrt@b^2+c^2DL+Sqrt@b^2+c^2D�Ha+Sqrt@b^2+c^2DL*Cos@d+e*x-ArcTan@b,cDDD,xD �;
FreeQ@8a,b,c,d,e<,xD && NonzeroQ@a^2-b^2-c^2D && Not@PositiveQ@a+Sqrt@b^2+c^2DDD

Integration Rules for Rational Functions of Sines and Cosines



à 1

a + b Cos@d + e xD + c Sin@d + e xD âx

� Derivation: Algebraic simplification    NonzeroQ[a^2 - b^2 - c^2] ???? 

� Basis: a + b Cos@zD + c Sin@zD = a + b2 + c2 Cos@z - ArcTan@b, cDD
� Rule: If  a + b2 + c2 > 0, then

á 1

a + b Cos@d + e xD + c Sin@d + e xD âx � á 1

a + b2 + c2 Cos@d + e x - ArcTan@b, cDD
âx

� Program code:

IntA1�Sqrt@a_+b_.*Cos@d_.+e_.*x_D+c_.*Sin@d_.+e_.*x_DD,x_SymbolE :=

Int@1�Sqrt@a+Sqrt@b^2+c^2D*Cos@d+e*x-ArcTan@b,cDDD,xD �;
FreeQ@8a,b,c,d,e<,xD && PositiveQ@a+Sqrt@b^2+c^2DD

� Derivation: Piecewise constant extraction and algebraic simplification

� Basis: ¶x

a+b Cos@d+e xD+c Sin@d+e xD
a+ b2+c2

a+b Cos@d+e xD+c Sin@d+e xD = 0

� Basis: a + b Cos@zD + c Sin@zD = a + b2 + c2 Cos@z - ArcTan@b, cDD
� Rule: If  a + b2 + c2 ¹ 0 í Ø Ja + b2 + c2 > 0N, then

á 1

a + b Cos@d + e xD + c Sin@d + e xD âx �

a+b Cos@d+e xD+c Sin@d+e xD
a+ b2+c2

a + b Cos@d + e xD + c Sin@d + e xD

á 1

a

a+ b2+c2
+

b2+c2

a+ b2+c2
Cos@d + e x - ArcTan@b, cDD

âx

� Program code:

IntA1�Sqrt@a_.+b_.*Cos@d_.+e_.*x_D+c_.*Sin@d_.+e_.*x_DD,x_SymbolE :=

Sqrt@Ha+b*Cos@d+e*xD+c*Sin@d+e*xDL�Ha+Sqrt@b^2+c^2DLD�Sqrt@a+b*Cos@d+e*xD+c*Sin@d+e*xDD*

Int@1�Sqrt@a�Ha+Sqrt@b^2+c^2DL+Sqrt@b^2+c^2D�Ha+Sqrt@b^2+c^2DL*Cos@d+e*x-ArcTan@b,cDDD,xD �;
FreeQ@8a,b,c,d,e<,xD && NonzeroQ@a+Sqrt@b^2+c^2DD && Not@PositiveQ@a+Sqrt@b^2+c^2DDD

Integration Rules for Rational Functions of Sines and Cosines



à Ha + b Cos@d + e xD + c Sin@d + e xDLn âx

� Reference: G&R 2.558.1 inverted with a2 - b2 - c2 = 0

� Rule: If  a2 - b2 - c2 = 0 ì n Î F ì n > 1, then

à Ha + b Cos@d + e xD + c Sin@d + e xDLn âx �

H-c Cos@d + e xD + b Sin@d + e xDL Ha + b Cos@d + e xD + c Sin@d + e xDLn-1

e n
+

a H2 n - 1L
n

à Ha + b Cos@d + e xD + c Sin@d + e xDLn-1 âx

� Program code:

IntAIa_+b_.*Cos@d_.+e_.*x_D+c_.*Sin@d_.+e_.*x_DM^n_,x_SymbolE :=

H-c*Cos@d+e*xD+b*Sin@d+e*xDL*Ha+b*Cos@d+e*xD+c*Sin@d+e*xDL^Hn-1L�He*nL +

Dist@a*H2*n-1L�n,Int@Ha+b*Cos@d+e*xD+c*Sin@d+e*xDL^Hn-1L,xDD �;
FreeQ@8a,b,c,d,e<,xD && ZeroQ@a^2-b^2-c^2D && RationalQ@nD && n>1

� Reference: G&R 2.558.1 inverted

� Rule: If  a2 - b2 - c2 ¹ 0 ì n Î F ì n > 1, then

à Ha + b Cos@d + e xD + c Sin@d + e xDLn âx �

H-c Cos@d + e xD + b Sin@d + e xDL Ha + b Cos@d + e xD + c Sin@d + e xDLn-1

e n
+

1

n
à In a2 + Hn - 1L Ib2 + c2M + a b H2 n - 1L Cos@d + e xD + a c H2 n - 1L Sin@d + e xDM

Ha + b Cos@d + e xD + c Sin@d + e xDLn-2 âx

� Program code:

IntAIa_+b_.*Cos@d_.+e_.*x_D+c_.*Sin@d_.+e_.*x_DM^n_,x_SymbolE :=

H-c*Cos@d+e*xD+b*Sin@d+e*xDL*Ha+b*Cos@d+e*xD+c*Sin@d+e*xDL^Hn-1L�He*nL +

Dist@1�n,Int@Hn*a^2+Hn-1L*Hb^2+c^2L+a*b*H2*n-1L*Cos@d+e*xD+a*c*H2*n-1L*Sin@d+e*xDL*

Ha+b*Cos@d+e*xD+c*Sin@d+e*xDL^Hn-2L,xDD �;
FreeQ@8a,b,c,d,e<,xD && NonzeroQ@a^2-b^2-c^2D && FractionQ@nD && n>1

Integration Rules for Rational Functions of Sines and Cosines



à 1

Ha + b Cos@d + e xD + c Sin@d + e xDLn
âx

� Reference: G&R 2.558.1 inverted with a2 - b2 - c2 = 0 inverted

� Rule: If  a2 - b2 - c2 = 0 ì n < -1, then

à Ha + b Cos@d + e xD + c Sin@d + e xDLn âx �

Hc Cos@d + e xD - b Sin@d + e xDL Ha + b Cos@d + e xD + c Sin@d + e xDLn

a e H2 n + 1L +

n + 1

a H2 n + 1L à Ha + b Cos@d + e xD + c Sin@d + e xDLn+1 âx

� Program code:

IntAIa_+b_.*Cos@d_.+e_.*x_D+c_.*Sin@d_.+e_.*x_DM^n_,x_SymbolE :=

Hc*Cos@d+e*xD-b*Sin@d+e*xDL*Ha+b*Cos@d+e*xD+c*Sin@d+e*xDL^n�Ha*e*H2*n+1LL +

Dist@Hn+1L�Ha*H2*n+1LL,Int@Ha+b*Cos@d+e*xD+c*Sin@d+e*xDL^Hn+1L,xDD �;
FreeQ@8a,b,c,d,e<,xD && ZeroQ@a^2-b^2-c^2D && RationalQ@nD && n<-1

� Reference: G&R 2.558.1 with  n = -2

� Rule: If  a2 - b2 - c2 ¹ 0, then

à 1

Ha + b Cos@d + e xD + c Sin@d + e xDL2

âx �

c Cos@d + e xD - b Sin@d + e xD
e Ia2 - b2 - c2M Ha + b Cos@d + e xD + c Sin@d + e xDL +

a

a2 - b2 - c2
à 1

a + b Cos@d + e xD + c Sin@d + e xD âx

� Program code:

IntA1�Ia_+b_.*Cos@d_.+e_.*x_D+c_.*Sin@d_.+e_.*x_DM^2,x_SymbolE :=

Hc*Cos@d+e*xD-b*Sin@d+e*xDL�He*Ha^2-b^2-c^2L*Ha+b*Cos@d+e*xD+c*Sin@d+e*xDLL +

Dist@a�Ha^2-b^2-c^2L,Int@1�Ha+b*Cos@d+e*xD+c*Sin@d+e*xDL,xDD �;
FreeQ@8a,b,c,d,e<,xD && NonzeroQ@a^2-b^2-c^2D

Integration Rules for Rational Functions of Sines and Cosines



� Reference: G&R 2.558.1 with n = -
3

2

� Rule: If  a2 - b2 - c2 ¹ 0, then

á 1

Ha + b Cos@d + e xD + c Sin@d + e xDL3�2
âx �

2 Hc Cos@d + e xD - b Sin@d + e xDL
e Ia2 - b2 - c2M a + b Cos@d + e xD + c Sin@d + e xD +

1

a2 - b2 - c2
à a + b Cos@d + e xD + c Sin@d + e xD âx

� Program code:

IntA1�Ia_+b_.*Cos@d_.+e_.*x_D+c_.*Sin@d_.+e_.*x_DM^H3�2L,x_SymbolE :=

2*Hc*Cos@d+e*xD-b*Sin@d+e*xDL�He*Ha^2-b^2-c^2L*Sqrt@a+b*Cos@d+e*xD+c*Sin@d+e*xDDL +

Dist@1�Ha^2-b^2-c^2L,Int@Sqrt@a+b*Cos@d+e*xD+c*Sin@d+e*xDD,xDD �;
FreeQ@8a,b,c,d,e<,xD && NonzeroQ@a^2-b^2-c^2D

� Reference: G&R 2.558.1

� Rule: If  a2 - b2 - c2 ¹ 0 í n < -1 í n ¹ -2 í n ¹ -
3

2
, then

à Ha + b Cos@d + e xD + c Sin@d + e xDLn

âx �
H-c Cos@d + e xD + b Sin@d + e xDL Ha + b Cos@d + e xD + c Sin@d + e xDLn+1

e Hn + 1L Ia2 - b2 - c2M +

1

Hn + 1L Ia2 - b2 - c2M à HHn + 1L a - Hn + 2L b Cos@d + e xD - Hn + 2L c Sin@d + e xDL
Ha + b Cos@d + e xD + c Sin@d + e xDLn+1 âx

� Program code:

IntAIa_+b_.*Cos@d_.+e_.*x_D+c_.*Sin@d_.+e_.*x_DM^n_,x_SymbolE :=

H-c*Cos@d+e*xD+b*Sin@d+e*xDL*Ha+b*Cos@d+e*xD+c*Sin@d+e*xDL^Hn+1L�He*Hn+1L*Ha^2-b^2-c^2LL +

Dist@1�HHn+1L*Ha^2-b^2-c^2LL,
Int@HHn+1L*a-Hn+2L*b*Cos@d+e*xD-Hn+2L*c*Sin@d+e*xDL*Ha+b*Cos@d+e*xD+c*Sin@d+e*xDL^Hn+1L,xDD �;

FreeQ@8a,b,c,d,e<,xD && NonzeroQ@a^2-b^2-c^2D && RationalQ@nD && n<-1 && n¹-2 && n¹-3�2

Integration Rules for Rational Functions of Sines and Cosines



à HA + B Cos@d + e xD + C Sin@d + e xDL
Ha + b Cos@d + e xD + c Sin@d + e xDLn âx

� Note: Although exactly analogous to G&R 2.451.3 for hyperbolic functions, there is no corresponding G&R 2.558.n formula for trig functions.  
Apparently the authors did not anticipate  b2 + c2 could be 0 in the complex plane.

� Rule: If  b2 + c2 = 0, then

à A + B Cos@d + e xD + C Sin@d + e xD
a + b Cos@d + e xD + c Sin@d + e xD âx �

H2 a A - b B - c CL x

2 a2
-

Hb B + c CL Hb Cos@d + e xD - c Sin@d + e xDL
2 a b c e

+

Ia2 Hb B - c CL - 2 a A b2 + b2 Hb B + c CLM Log@a + b Cos@d + e xD + c Sin@d + e xDD
2 a2 b c e

� Program code:

IntAIA_.+B_.*Cos@d_.+e_.*x_D+C_.*Sin@d_.+e_.*x_DM�Ia_+b_.*Cos@d_.+e_.*x_D+c_.*Sin@d_.+e_.*x_DM,x_Symbol
H2*a*A-b*B-c*CL*x�H2*a^2L - Hb*B+c*CL*Hb*Cos@d+e*xD-c*Sin@d+e*xDL�H2*a*b*c*eL +

Ha^2*Hb*B-c*CL-2*a*A*b^2+b^2*Hb*B+c*CLL*Log@a+b*Cos@d+e*xD+c*Sin@d+e*xDD�H2*a^2*b*c*eL �;
FreeQ@8a,b,c,d,e,A,B,C<,xD && ZeroQ@b^2+c^2D

IntAIA_.+C_.*Sin@d_.+e_.*x_DM�Ia_+b_.*Cos@d_.+e_.*x_D+c_.*Sin@d_.+e_.*x_DM,x_SymbolE :=

H2*a*A-c*CL*x�H2*a^2L - C*Cos@d+e*xD�H2*a*eL + c*C*Sin@d+e*xD�H2*a*b*eL +

H-a^2*C+2*a*c*A+b^2*CL*Log@a+b*Cos@d+e*xD+c*Sin@d+e*xDD�H2*a^2*b*eL �;
FreeQ@8a,b,c,d,e,A,C<,xD && ZeroQ@b^2+c^2D

IntAIA_.+B_.*Cos@d_.+e_.*x_DM�Ia_+b_.*Cos@d_.+e_.*x_D+c_.*Sin@d_.+e_.*x_DM,x_SymbolE :=

H2*a*A-b*BL*x�H2*a^2L - b*B*Cos@d+e*xD�H2*a*c*eL + B*Sin@d+e*xD�H2*a*eL +

Ha^2*B-2*a*b*A+b^2*BL*Log@a+b*Cos@d+e*xD+c*Sin@d+e*xDD�H2*a^2*c*eL �;
FreeQ@8a,b,c,d,e,A,B<,xD && ZeroQ@b^2+c^2D

� Reference: G&R 2.558.2 with  A Hb2 + c2L - a Hb B + c CL = 0

� Rule: If  b2 + c2 ¹ 0 ì A Hb2 + c2L - a Hb B + c CL = 0, then

à A + B Cos@d + e xD + C Sin@d + e xD
a + b Cos@d + e xD + c Sin@d + e xD âx �

Hb B + c CL x

b2 + c2
+

Hc B - b CL Log@a + b Cos@d + e xD + c Sin@d + e xDD
e Ib2 + c2M

� Program code:

IntAIA_.+B_.*Cos@d_.+e_.*x_D+C_.*Sin@d_.+e_.*x_DM�Ia_.+b_.*Cos@d_.+e_.*x_D+c_.*Sin@d_.+e_.*x_DM,x_Symbol
Hb*B+c*CL*x�Hb^2+c^2L + Hc*B-b*CL*Log@a+b*Cos@d+e*xD+c*Sin@d+e*xDD�He*Hb^2+c^2LL �;

FreeQ@8a,b,c,d,e,A,B,C<,xD && NonzeroQ@b^2+c^2D && ZeroQ@A*Hb^2+c^2L-a*Hb*B+c*CLD

Integration Rules for Rational Functions of Sines and Cosines



� Reference: G&R 2.558.2 with  B = 0  and  A Hb2 + c2L - a c C = 0

IntAIA_.+C_.*Sin@d_.+e_.*x_DM�Ia_.+b_.*Cos@d_.+e_.*x_D+c_.*Sin@d_.+e_.*x_DM,x_SymbolE :=

c*C*x�Hb^2+c^2L - b*C*Log@a+b*Cos@d+e*xD+c*Sin@d+e*xDD�He*Hb^2+c^2LL �;
FreeQ@8a,b,c,d,e,A,C<,xD && NonzeroQ@b^2+c^2D && ZeroQ@A*Hb^2+c^2L-a*c*CD

� Reference: G&R 2.558.2 with  C = 0  and  A Hb2 + c2L - a b B = 0

IntAIA_.+B_.*Cos@d_.+e_.*x_DM�Ia_.+b_.*Cos@d_.+e_.*x_D+c_.*Sin@d_.+e_.*x_DM,x_SymbolE :=

b*B*x�Hb^2+c^2L + c*B*Log@a+b*Cos@d+e*xD+c*Sin@d+e*xDD�He*Hb^2+c^2LL �;
FreeQ@8a,b,c,d,e,A,B<,xD && NonzeroQ@b^2+c^2D && ZeroQ@A*Hb^2+c^2L-a*b*BD

� Reference: G&R 2.558.2

� Rule: If  b2 + c2 ¹ 0 ì A Hb2 + c2L - a Hb B + c CL ¹ 0, then

à A + B Cos@d + e xD + C Sin@d + e xD
a + b Cos@d + e xD + c Sin@d + e xD âx �

Hb B + c CL x

b2 + c2
+

Hc B - b CL Log@a + b Cos@d + e xD + c Sin@d + e xDD
e Ib2 + c2M +

A Ib2 + c2M - a Hb B + c CL
b2 + c2

à 1

a + b Cos@d + e xD + c Sin@d + e xD âx

� Program code:

IntAIA_.+B_.*Cos@d_.+e_.*x_D+C_.*Sin@d_.+e_.*x_DM�Ia_.+b_.*Cos@d_.+e_.*x_D+c_.*Sin@d_.+e_.*x_DM,x_Symbol
Hb*B+c*CL*x�Hb^2+c^2L + Hc*B-b*CL*Log@a+b*Cos@d+e*xD+c*Sin@d+e*xDD�He*Hb^2+c^2LL +

Dist@HA*Hb^2+c^2L-a*Hb*B+c*CLL�Hb^2+c^2L,Int@1�Ha+b*Cos@d+e*xD+c*Sin@d+e*xDL,xDD �;
FreeQ@8a,b,c,d,e,A,B,C<,xD && NonzeroQ@b^2+c^2D && NonzeroQ@A*Hb^2+c^2L-a*Hb*B+c*CLD

� Reference: G&R 2.558.2 with  B = 0

IntAIA_.+C_.*Sin@d_.+e_.*x_DM�Ia_.+b_.*Cos@d_.+e_.*x_D+c_.*Sin@d_.+e_.*x_DM,x_SymbolE :=

c*C*Hd+e*xL�He*Hb^2+c^2LL - b*C*Log@a+b*Cos@d+e*xD+c*Sin@d+e*xDD�He*Hb^2+c^2LL +

Dist@HA*Hb^2+c^2L-a*c*CL�Hb^2+c^2L,Int@1�Ha+b*Cos@d+e*xD+c*Sin@d+e*xDL,xDD �;
FreeQ@8a,b,c,d,e,A,C<,xD && NonzeroQ@b^2+c^2D && NonzeroQ@A*Hb^2+c^2L-a*c*CD

� Reference: G&R 2.558.2 with  C = 0

IntAIA_.+B_.*Cos@d_.+e_.*x_DM�Ia_.+b_.*Cos@d_.+e_.*x_D+c_.*Sin@d_.+e_.*x_DM,x_SymbolE :=

b*B*Hd+e*xL�He*Hb^2+c^2LL +

c*B*Log@a+b*Cos@d+e*xD+c*Sin@d+e*xDD�He*Hb^2+c^2LL +

Dist@HA*Hb^2+c^2L-a*b*BL�Hb^2+c^2L,Int@1�Ha+b*Cos@d+e*xD+c*Sin@d+e*xDL,xDD �;
FreeQ@8a,b,c,d,e,A,B<,xD && NonzeroQ@b^2+c^2D && NonzeroQ@A*Hb^2+c^2L-a*b*BD

Integration Rules for Rational Functions of Sines and Cosines



� Reference: G&R 2.558.1 with  n = -2  and  a A - b B - c C = 0

� Rule: If  a2 - b2 - c2 ¹ 0 ì a A - b B - c C = 0, then

à A + B Cos@d + e xD + C Sin@d + e xD
Ha + b Cos@d + e xD + c Sin@d + e xDL2

âx �
c B - b C - Ha C - c AL Cos@d + e xD + Ha B - b AL Sin@d + e xD

e Ia2 - b2 - c2M Ha + b Cos@d + e xD + c Sin@d + e xDL

� Program code:

IntAIA_.+B_.*Cos@d_.+e_.*x_D+C_.*Sin@d_.+e_.*x_DM�Ia_.+b_.*Cos@d_.+e_.*x_D+c_.*Sin@d_.+e_.*x_DM^2,x_Symbol
Hc*B-b*C-Ha*C-c*AL*Cos@d+e*xD+Ha*B-b*AL*Sin@d+e*xDL�

He*Ha^2-b^2-c^2L*Ha+b*Cos@d+e*xD+c*Sin@d+e*xDLL �;
FreeQ@8a,b,c,d,e,A,B,C<,xD && NonzeroQ@a^2-b^2-c^2D && ZeroQ@a*A-b*B-c*CD

� Reference: G&R 2.558.1 with  B = 0,  n = -2  and  a A - c C = 0

IntAIA_.+C_.*Sin@d_.+e_.*x_DM�Ia_.+b_.*Cos@d_.+e_.*x_D+c_.*Sin@d_.+e_.*x_DM^2,x_SymbolE :=

-Hb*C+Ha*C-c*AL*Cos@d+e*xD+b*A*Sin@d+e*xDL�He*Ha^2-b^2-c^2L*Ha+b*Cos@d+e*xD+c*Sin@d+e*xDLL �;
FreeQ@8a,b,c,d,e,A,C<,xD && NonzeroQ@a^2-b^2-c^2D && ZeroQ@a*A-c*CD

� Reference: G&R 2.558.1 with  C = 0,  n = -2  and  a A - b B = 0

IntAIA_.+B_.*Cos@d_.+e_.*x_DM�Ia_.+b_.*Cos@d_.+e_.*x_D+c_.*Sin@d_.+e_.*x_DM^2,x_SymbolE :=

Hc*B+c*A*Cos@d+e*xD+Ha*B-b*AL*Sin@d+e*xDL�He*Ha^2-b^2-c^2L*Ha+b*Cos@d+e*xD+c*Sin@d+e*xDLL �;
FreeQ@8a,b,c,d,e,A,B<,xD && NonzeroQ@a^2-b^2-c^2D && ZeroQ@a*A-b*BD

� Reference: G&R 2.558.1 with  n = -2

� Rule: If  a2 - b2 - c2 ¹ 0 ì a A - b B - c C ¹ 0, then

à A + B Cos@d + e xD + C Sin@d + e xD
Ha + b Cos@d + e xD + c Sin@d + e xDL2

âx �

c B - b C - Ha C - c AL Cos@d + e xD + Ha B - b AL Sin@d + e xD
e Ia2 - b2 - c2M Ha + b Cos@d + e xD + c Sin@d + e xDL +

a A - b B - c C

a2 - b2 - c2
à 1

a + b Cos@d + e xD + c Sin@d + e xD âx

� Program code:

IntAIA_.+B_.*Cos@d_.+e_.*x_D+C_.*Sin@d_.+e_.*x_DM�Ia_.+b_.*Cos@d_.+e_.*x_D+c_.*Sin@d_.+e_.*x_DM^2,x_Symbol
Hc*B-b*C-Ha*C-c*AL*Cos@d+e*xD+Ha*B-b*AL*Sin@d+e*xDL�

He*Ha^2-b^2-c^2L*Ha+b*Cos@d+e*xD+c*Sin@d+e*xDLL +

Dist@Ha*A-b*B-c*CL�Ha^2-b^2-c^2L,Int@1�Ha+b*Cos@d+e*xD+c*Sin@d+e*xDL,xDD �;
FreeQ@8a,b,c,d,e,A,B,C<,xD && NonzeroQ@a^2-b^2-c^2D && NonzeroQ@a*A-b*B-c*CD

Integration Rules for Rational Functions of Sines and Cosines



� Reference: G&R 2.558.1 with  B = 0  and  n = -2

IntAIA_.+C_.*Sin@d_.+e_.*x_DM�Ia_.+b_.*Cos@d_.+e_.*x_D+c_.*Sin@d_.+e_.*x_DM^2,x_SymbolE :=

-Hb*C+Ha*C-c*AL*Cos@d+e*xD+b*A*Sin@d+e*xDL�He*Ha^2-b^2-c^2L*Ha+b*Cos@d+e*xD+c*Sin@d+e*xDLL +

Dist@Ha*A-c*CL�Ha^2-b^2-c^2L,Int@1�Ha+b*Cos@d+e*xD+c*Sin@d+e*xDL,xDD �;
FreeQ@8a,b,c,d,e,A,C<,xD && NonzeroQ@a^2-b^2-c^2D && NonzeroQ@a*A-c*CD

� Reference: G&R 2.558.1 with  C = 0  and  n = -2

IntAIA_.+B_.*Cos@d_.+e_.*x_DM�Ia_.+b_.*Cos@d_.+e_.*x_D+c_.*Sin@d_.+e_.*x_DM^2,x_SymbolE :=

Hc*B+c*A*Cos@d+e*xD+Ha*B-b*AL*Sin@d+e*xDL�He*Ha^2-b^2-c^2L*Ha+b*Cos@d+e*xD+c*Sin@d+e*xDLL +

Dist@Ha*A-b*BL�Ha^2-b^2-c^2L,Int@1�Ha+b*Cos@d+e*xD+c*Sin@d+e*xDL,xDD �;
FreeQ@8a,b,c,d,e,A,B<,xD && NonzeroQ@a^2-b^2-c^2D && NonzeroQ@a*A-b*BD

� Reference: G&R 2.558.1

� Rule: If  a2 - b2 - c2 ¹ 0 ì n < -1 ì n ¹ -2, then

à HA + B Cos@d + e xD + C Sin@d + e xDL Ha + b Cos@d + e xD + c Sin@d + e xDLn âx �

-
Hc B - b C - Ha C - c AL Cos@d + e xD + Ha B - b AL Sin@d + e xDL Ha + b Cos@d + e xD + c Sin@d + e xDLn+1

e Hn + 1L Ia2 - b2 - c2M +

1

Hn + 1L Ia2 - b2 - c2M
à HHn + 1L Ha A - b B - c CL + Hn + 2L Ha B - b AL Cos@d + e xD + Hn + 2L Ha C - c AL Sin@d + e xDL

Ha + b Cos@d + e xD + c Sin@d + e xDLn+1 âx

� Program code:

IntAIA_.+B_.*Cos@d_.+e_.*x_D+C_.*Sin@d_.+e_.*x_DM*Ia_.+b_.*Cos@d_.+e_.*x_D+c_.*Sin@d_.+e_.*x_DM^n_,x_Symbol
-Hc*B-b*C-Ha*C-c*AL*Cos@d+e*xD+Ha*B-b*AL*Sin@d+e*xDL*Ha+b*Cos@d+e*xD+c*Sin@d+e*xDL^Hn+1L�

He*Hn+1L*Ha^2-b^2-c^2LL +

Dist@1�HHn+1L*Ha^2-b^2-c^2LL,
Int@HHn+1L*Ha*A-b*B-c*CL+Hn+2L*Ha*B-b*AL*Cos@d+e*xD+Hn+2L*Ha*C-c*AL*Sin@d+e*xDL*

Ha+b*Cos@d+e*xD+c*Sin@d+e*xDL^Hn+1L,xDD �;
FreeQ@8a,b,c,d,e,A,B,C<,xD && NonzeroQ@a^2-b^2-c^2D && RationalQ@nD && n<-1 && n¹-2

� Reference: G&R 2.558.1 with  B = 0

IntAIA_.+C_.*Sin@d_.+e_.*x_DM*Ia_.+b_.*Cos@d_.+e_.*x_D+c_.*Sin@d_.+e_.*x_DM^n_,x_SymbolE :=

Hb*C+Ha*C-c*AL*Cos@d+e*xD+b*A*Sin@d+e*xDL*Ha+b*Cos@d+e*xD+c*Sin@d+e*xDL^Hn+1L�
He*Hn+1L*Ha^2-b^2-c^2LL +

Dist@1�HHn+1L*Ha^2-b^2-c^2LL,
Int@HHn+1L*Ha*A-c*CL-Hn+2L*b*A*Cos@d+e*xD+Hn+2L*Ha*C-c*AL*Sin@d+e*xDL*

Ha+b*Cos@d+e*xD+c*Sin@d+e*xDL^Hn+1L,xDD �;
FreeQ@8a,b,c,d,e,A,C<,xD && NonzeroQ@a^2-b^2-c^2D && RationalQ@nD && n<-1 && n¹-2
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� Reference: G&R 2.558.1 with  C = 0

IntAIA_.+B_.*Cos@d_.+e_.*x_DM*Ia_.+b_.*Cos@d_.+e_.*x_D+c_.*Sin@d_.+e_.*x_DM^n_,x_SymbolE :=

-Hc*B+c*A*Cos@d+e*xD+Ha*B-b*AL*Sin@d+e*xDL*Ha+b*Cos@d+e*xD+c*Sin@d+e*xDL^Hn+1L�
He*Hn+1L*Ha^2-b^2-c^2LL +

Dist@1�HHn+1L*Ha^2-b^2-c^2LL,
Int@HHn+1L*Ha*A-b*BL+Hn+2L*Ha*B-b*AL*Cos@d+e*xD-Hn+2L*c*A*Sin@d+e*xDL*

Ha+b*Cos@d+e*xD+c*Sin@d+e*xDL^Hn+1L,xDD �;
FreeQ@8a,b,c,d,e,A,B<,xD && NonzeroQ@a^2-b^2-c^2D && RationalQ@nD && n<-1 && n¹-2

� Derivation: Algebraic simplification

� Basis: HA + B zL Ha + b zLn =
B

b
Ha + b zLn+1 +

HA b-a BL
b

Ha + b zLn

� Rule: If  b C - c B = 0 í b A - a B ¹ 0 í Jn = -
1

2
ë a2 - b2 - c2 = 0N, then

à HA + B Cos@d + e xD + C Sin@d + e xDL Ha + b Cos@d + e xD + c Sin@d + e xDLn âx �

B

b
à Ha + b Cos@d + e xD + c Sin@d + e xDLn+1 âx +

b A - a B

b
à Ha + b Cos@d + e xD + c Sin@d + e xDLn âx

� Program code:

IntAIA_.+B_.*Cos@d_.+e_.*x_D+C_.*Sin@d_.+e_.*x_DM*Ia_+b_.*Cos@d_.+e_.*x_D+c_.*Sin@d_.+e_.*x_DM^n_,x_Symbol
Dist@B�b,Int@Ha+b*Cos@d+e*xD+c*Sin@d+e*xDL^Hn+1L,xDD +

Dist@Hb*A-a*BL�b,Int@Ha+b*Cos@d+e*xD+c*Sin@d+e*xDL^n,xDD �;
FreeQ@8a,b,c,d,e,A,B,C<,xD && ZeroQ@b*C-c*BD && NonzeroQ@b*A-a*BD && RationalQ@nD && Hn==-1�2 ÈÈ ZeroQ L

� Reference: G&R 2.558.1 inverted

� Rule: If  a2 - b2 - c2 ¹ 0 ì n Î F ì n > 0, then

à HA + B Cos@d + e xD + C Sin@d + e xDL Ha + b Cos@d + e xD + c Sin@d + e xDLn âx �

HB c - b C - a C Cos@d + e xD + a B Sin@d + e xDL Ha + b Cos@d + e xD + c Sin@d + e xDLn

a e Hn + 1L +

1

a Hn + 1L à Ia Hb B + c CL n + a2 A Hn + 1L + Ia2 B n + c Hb C - c BL n + a b A Hn + 1LM Cos@d + e xD +

Ia2 C n - b Hb C - c BL n + a c A Hn + 1LM Sin@d + e xDM Ha + b Cos@d + e xD + c Sin@d + e xDLn-1 âx

� Program code:

IntAIA_.+B_.*Cos@d_.+e_.*x_D+C_.*Sin@d_.+e_.*x_DM*Ia_+b_.*Cos@d_.+e_.*x_D+c_.*Sin@d_.+e_.*x_DM^n_,x_Symbol
HB*c-b*C-a*C*Cos@d+e*xD+a*B*Sin@d+e*xDL*Ha+b*Cos@d+e*xD+c*Sin@d+e*xDL^n�Ha*e*Hn+1LL +

Dist@1�Ha*Hn+1LL,
Int@Ha*Hb*B+c*CL*n + a^2*A*Hn+1L +

Ha^2*B*n + c*Hb*C-c*BL*n + a*b*A*Hn+1LL*Cos@d+e*xD +

Ha^2*C*n - b*Hb*C-c*BL*n + a*c*A*Hn+1LL*Sin@d+e*xDL*

Ha+b*Cos@d+e*xD+c*Sin@d+e*xDL^Hn-1L,xDD �;
FreeQ@8a,b,c,d,e,A,B,C<,xD && NonzeroQ@a^2-b^2-c^2D && RationalQ@nD && n>0

� Reference: G&R 2.558.1 inverted with B = 0
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�

Reference: G&R 2.558.1 inverted with B = 0

IntAIA_.+C_.*Sin@d_.+e_.*x_DM*Ia_+b_.*Cos@d_.+e_.*x_D+c_.*Sin@d_.+e_.*x_DM^n_,x_SymbolE :=

-Hb*C+a*C*Cos@d+e*xDL*Ha+b*Cos@d+e*xD+c*Sin@d+e*xDL^n�Ha*e*Hn+1LL +

Dist@1�Ha*Hn+1LL,
Int@Ha*c*C*n+a^2*A*Hn+1L+Hc*b*C*n+a*b*A*Hn+1LL*Cos@d+e*xD+Ha^2*C*n-b^2*C*n+a*c*A*Hn+1LL*Sin@d+e*

Ha+b*Cos@d+e*xD+c*Sin@d+e*xDL^Hn-1L,xDD �;
FreeQ@8a,b,c,d,e,A,C<,xD && NonzeroQ@a^2-b^2-c^2D && RationalQ@nD && n>0

� Reference: G&R 2.558.1 inverted with C = 0

IntAIA_.+B_.*Cos@d_.+e_.*x_DM*Ia_+b_.*Cos@d_.+e_.*x_D+c_.*Sin@d_.+e_.*x_DM^n_,x_SymbolE :=

HB*c+a*B*Sin@d+e*xDL*Ha+b*Cos@d+e*xD+c*Sin@d+e*xDL^n�Ha*e*Hn+1LL +

Dist@1�Ha*Hn+1LL,
Int@Ha*b*B*n+a^2*A*Hn+1L+Ha^2*B*n-c^2*B*n+a*b*A*Hn+1LL*Cos@d+e*xD+Hb*c*B*n+a*c*A*Hn+1LL*Sin@d+e*

Ha+b*Cos@d+e*xD+c*Sin@d+e*xDL^Hn-1L,xDD �;
FreeQ@8a,b,c,d,e,A,B<,xD && NonzeroQ@a^2-b^2-c^2D && RationalQ@nD && n>0
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