Integration Rules for Two Hyperbolic Functions

X (A+BSinh[c+dXx]) dx
(a+bSinh[c+dx])?

= Derivation: Integration by parts

m Rulelf aA+bB=0,then

dx

J-x (A+BSinh[c+dx]) Bx Cosh[c +d Xx] B J~ Cosh[c +dx]

dx — R
(a+bSinh[c+dx])? ad (a+bSinh[c+dx]) adJa+bSinh[c+dx]

= Program code:

Int [x_#(A_+B_. *Sinh[c_. +d_. #x_1)/(a_+b_. #Sinh[c_. +d_. #x_1)"2, x_Synbol | :
BxxxCosh [c+dxXx]/ (axdx (a+b*xSi nh[c+d*x])) -
Di st [B/ (a*d), | nt [Cosh[c+dxXx]/ (a+b*Si nh[c+d*x]),Xx]1] /;

FreeQ[{a, b, c, d, A B}, x] & ZeroQ[a*A+bxB]

I nt [X_* (A_+B_. xCosh[c_. +d_. *x_])/(a_+b_. *Cosh[c_. +d_. xx_] )"2, x_Synbol ] :
Bxx*Si nh[c+dxXx]/ (axd* (a+bxCosh[c+dxXx])) -
Di st [B/ (axd), I nt [Si nh[c+dxXx]/ (a+bxCosh[c+d%x]), x]] /;

FreeQ[{a, b, c, d, A B}, x] & & ZeroQ[axA-bxB]



Integration Rules for Two Hyperbolic Functions

Sinh[a+bx]MTanh[a + b x]" dx

m Reference: G& R 2.423.18'

= Derivation: Algebraic expansion

m Basis: Sinh[z] Tanh[z] = Cosh[z] - Sech[z]
= Rule

S

jSi nh[a+bx] Tanh[a+b Xx] dXx —

= Program code:
Int [Sinh[a_. +b_. *x_J]*Tanh[a_. +b_. *x_1, x_Synbol ] :

Si nh[a+b*x]/b - |Int [Sech[a+b*x], X] /;
FreeQ[{a, b}, x]

m Reference G&R 2.423.34'

Int [Cosh[a_. +b_. *xx_]*Coth[a_. +b_. *x_1, x_Synbol ] :
Cosh[a+bxx]1/b + Int [Csch[a+b*x], x] /;
FreeQ[{a, b}, x]

m RuleIf m+n-1=0,then

JSi nhla+bx]™Tanh[a+bXx]"dx —

= Program code:

i nh[a+bx]

b

—jSech[a+bx] dx

Sinh[a+bx]™Tanh[a+bx]"?!

Int [Sinh[a_. +b_. *x_]”"m xTanh[a_. +b_. *x_]”n_, x_Synbol ]: =

Si nh[a+b*x]1 "mxTanh [a+b*x 1" (n-1) / (bxm) /;
FreeQ[{a, b, mn}, x] && ZeroQ[m+n-1]

Int [Cosh[a_. +b_. *x_]”"m xCoth[a_. +b_. *x_]”n_, x_Synbol ] : =

Cosh[a+b*x]1"mkCot h [a+b*x 1" (n-1) / (bxm) /;
FreeQ[{a, b, mn}, x] && ZeroQ[m+n-1]

b m



Integration Rules for Two Hyperbolic Functions

= Derivation: Integration by substitution

men-1
-1+Cosh[z]?) 2

. H m n _ (
= Basis If m n, € Z,thenSi nh[z]MTanh[z]" = Cosh 2] 9, Cosh[z]

mn-1
2

= Note: Thisruleisused if m+ n isodd sinceit requiresfewer stepsand resultsin a simpler antiderivativethan the other rulesin thissection.

mn-1

= Rulelf m n, € Z,then

1 (-1+x2) 2
Sinh[a+bx]™Tanh[a+bx]"dx — BSubst[ — dx, X, Oosh[a+bx]]

= Program code:

Int [Sinh[a_. +b_. *x_]"m_. xTanh[a_. +b_. *x_]1”n_.,x_Synbol ] : =
Di st [1/b, Subst [I nt [Regul ari ze [ (-1+x"2)”" ((m+n-1) /2) /X"n, X1, X1, X, Cosh [a+b*x]1]] /;
FreeQ[{a, b}, x] && IntegersQ[m n, (mn-1)/2]

men-1
(l+Si nh[z]Z)T
Sinh[z]"

= Basis If m n, ”‘*2‘1 € Z,then Cosh[z]™Cot h[z]" = 3,Sinh[z]

Int [Cosh[a_. +b_. *x_]”"m .. xCoth[a . +b_. *x_]1”n_.,x_Synbol ] : =
Di st [1/b, Subst [I nt [Regul ari ze [ (1+Xx~2)" ((m+n-1)/2) /x"n, X1, X], X, Si nh[a+b*x]11] /;
FreeQ[{a, b}, x] && IntegersQ[m n, (mn-1)/2]

m Reference: G&R 2.411.1, CRC 567a
m Rulelf m>1 A n< -1,then

) Sinh[a+bx]™Tanh[a+b x]"!
fSl nh[a+bx]M™Tanh[a+bx]"dx — . -
m

n+1
—jSi nh[a +bx]™? Tanh[a + b x]"*? dx
m

= Program code:

Int [Sinh[a_. +b_. *x_]”m xTanh[a_. +b_. *x_]”n_, x_Synbol ] : =

Si nh[a+bxx]1 "mkTanh [a+b*x]" (n+1) / (bxm) -

Di st [(n+1)/m Int [Si nh[a+bxx]" (M-2) *xTanh [a+b*x]1" (n+2), Xx]] /;
FreeQ[{a, b}, x] & Rational Q[{mn}] && m>1 && n<-1

m Reference: G&R 2.411.2, CRC 567b

Int [Cosh[a_. +b_. *x_]"m xCoth[a_. +b_. *x_]”n_, x_Synbol ] : =
Cosh[a+b*x] "mxCot h [a+b*x]” (n+1) / (b*xm) +
Di st [(n+1) /m I nt [Cosh[a+bxx]" (Mm-2) «Cot h[a+b*x]1" (n+2), Xx]] /;
FreeQ[{a, b}, x] & Rational Q[{m n}] && m>1 && n<-1
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m Reference: G&R 2.411.6, CRC 568b
m Rulelf m< -1 A n> 1, then

) Sinh[a+bx]™2 Tanh[a +b x]"-1
fS| nh[a+bx]M™Tanh[a+bx]"dx — . 1 -
(n-1)

m+ 2
n-1

JSi nh[a +bx]™2? Tanh[a + b x]"2 dx

= Program code:

Int [Sinh[a_. +b_. *x_]"m xTanh[a_. +b_. *x_]1”n_, x_Synbol ] : =
Sinh[a+b*x]” (m+2) *Tanh [a+b*x]” (n-1) / (b* (n-1)) -
Di st [ (m+2)/(n-1), I nt [Si nh[a+b*x]" (m+2) *xTanh [a+b*x]1" (n-2), Xx]1] /;
FreeQ[{a, b}, x] & Rational Q[{m n}] && nk-1 && n>1

m Reference: G&R 2.411.5, CRC 568a

Int [Cosh[a_. +b_. *x_]"m xCoth[a_. +b_. *x_]”n_, x_Synbol ] : =
-Cosh[a+bxx]” (m+2) *Cot h [a+b*x]1” (n-1) / (b* (n-1)) +
Di st [ (m+2)/(n-1), I nt [Cosh[a+bxx]" (m+2) xCot h [a+b*x]" (n-2),Xx]1] /;
FreeQ[{a, b}, x] & Rational Q[{mn}] && nk-1 && n>1

m Reference: G&R 2.411.2, CRC 567b
s Rule If m> 1,then

) Sinh[a+bx]™Tanh[a +b x]"-1
fSl nh[a+bx]M™Tanh[a+bx]"dx — . -
m

m+n-1 )
—j& nhia+bx]1™2 Tanh[a +b x]" dx
m

= Program code:

Int [Sinh[a_. +b_. *x_]”"m xTanh[a_. +b_. *x_1”n_., x_Synbol ]: =

Si nh[a+b*x]1 "mkTanh [a+b*x]" (n-1) / (bxm) -

Di st [ (mwn-1)/m I nt [Si nh[a+b*x]” (M-2) *xTanh [a+bxx]1"n, x1] /;
FreeQ[{a, b, n}, x] & Rational Q[m] && m>1

m Reference: G&R 2.411.1, CRC 567a

Int [Cosh[a_. +b_. *x_]”"m xCoth[a_. +b_. *x_]”n_.,x_Synbol ] : =
Cosh[a+b*x ] mxCot h[a+b*x]” (n-1) / (b*xm) +
Di st [ (mkn-1)/m | nt [Cosh[a+b*Xx]" (M-2) *Cot h[a+b*x]1”n, X]] /;
FreeQ[{a, b, n}, x] & Rational Q[m] && m>1
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m Reference G&R 2.411.3

m RuleIf n>1,then

) Sinh[a+bx]™Tanh[a +b x]"1
jSlnh[a+bx]mTanh[a+bx]”d1x — - +
b (n-1)
m+n-1
— jSi nhla+bx]™Tanh[a +b x]"2 dx
n-

= Program code:

Int [Sinh[a_. +b_. *x_]"m_. xTanh[a_. +b_. *x_1”n_, x_Synbol ] : =

-Si nh[a+b*x]*m«Tanh [a+b*x]" (n-1) / (b*x (n-1)) +

Di st [ (men-1)/(n-1), I nt [Si nh[a+b*x]*"m«Tanh [a+bxx]" (n-2), X]] /;
FreeQ[{a, b, m}, x] && Rational Q[n] && n>1

m Reference: G&R 2.411.4

Int [Cosh[a_. +b_. *x_]"m . xCoth[a_. +b_. *x_]”n_, x_Synbol ] : =
-Cosh [a+bxx]*mxCot h [a+bxXx]" (n-1) / (bx(n-1)) +
Di st [ (m+n-1) / (n-1), I nt [Cosh [a+bxx] mxCot h[a+bxXx]" (n-2), x]1] /;
FreeQ[{a, b, m}, x] && Rational Q[n] && n>1

m Reference: G&R 2.411.5, CRC 568a
m Rulelf m<-1 A m+n+1#0,then

) Sinh[a+bx]™2 Tanh[a +b x]"-1
fSl nh[a+bx]M™Tanh[a+bx]"dx — -
b (m+n+1)

m+ 2
—jSi nhla+bx]™? Tanh[a + b x]" dx
m+n+1

= Program code:

Int [Sinh[a_. +b_. *x_]"m xTanh[a_. +b_. *x_1”n_., x_Synbol ]: =

Si nh[a+b*x]” (m+2) *xTanh [a+b*Xx]" (n-1) / (b* (M+Nn+1)) -

Di st [ (m+2) / (men+1), I nt [Si nh[a+b*x]" (m+2) xTanh [a+b*x]17n, Xx]] /;
FreeQ[{a, b, n}, x] & Rational Q[m] && nkx-1 && Nonzer oQ[M+n+1]

m Reference: G& R 2.411.6, CRC 568b

Int [Cosh[a_. +b_. *x_]"m xCothf[a_. +b_. *x_]”n_.,x_Synbol ] : =
-Cosh[a+bxx]” (m+2) *Cot h[a+b*x]1” (n-1) / (b* (M:n+1)) +
Di st [ (m+2) / (m+n+1), I nt [Cosh [a+b*x]" (m+2) xCot h[a+b*x]1”n, x]] /;
FreeQ[{a, b, n}, x] && Rational Q[m && nk-1 && Nonzer oQ[M+n+1]
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s Reference: G&R 24114
m Rulelf n<-1 A m+n+1#0,then

) Sinh[a+bx]™Tanh[a +b x]"*!
fSl nh[a+bx]M™Tanh[a+bx]"dx — +
b (m+n+1)

n+1
jSi nhla+bx]MTanh[a + b x]"*2 dx
m+n+1

= Program code:

Int [Sinh[a_. +b_. *x_]"m_. *xTanh[a_. +b_. *x_1"n_, x_Synbol ]: =

Si nh[a+b*x ] m«Tanh [a+b*x]” (n+1) / (b* (M:n+1)) +

Dist [(n+1)/ (mn+1), I nt [Si nh[a+b*x] "m«Tanh [a+bxx]" (n+2), X]] /;
FreeQ[{a, b, m}, x] && Rational Q[n] && n<-1 && Nonzer oQ[M+n+1]

m Reference: G&R 2.411.3

Int [Cosh[a_. +b_. *x_]"m . xCoth[a_. +b_. *x_]”n_, x_Synbol ] : =
Cosh[a+b*x ] "mxCot h [a+b*x]” (n+1) / (b* (M#n+1)) +
Dist [(n+1)/ (mn+1), I nt [Cosh[a+bxx ] "mxCot h [a+bxx]" (N+2), X]] /;
FreeQ[{a, b, m}, x] && Rational Q[n] && n<-1 && Nonzer oQ[M+n+1]
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uSi nh[v] Hyper [w] dX

= Derivation: Algebraic expansion
» Bass Sinh[v] Cosh[w] = %Si nhv +w] + % Si nh[v - w]

m Rulelf v, wePx AVv+wz0 A Vv-wgzO0,then

1 1
J-u Sinh[v] Cosh[w] dX — Eju Sinh[v +w] dX + Eju Si nh[v -w] dx

= Program code:

Int [u_. *Sinh[v_]*Cosh[w_], x_Synbol ] : =
Di st [1/2, I nt [uxRegul ari ze [Si nh[v+w], X], Xx]] +
Di st [1/2, I nt [uxRegul ari ze [Si nh[v-w], x], x]] /;
(Pol ynom al Q[v, x] && Pol ynom al Q[w, x] || | ndependent Q[Cancel [v/w], X]) && NonzeroQ[v+w] && NonzeroQ[v:

= Derivation: Algebraic expansion
» Basis Sinh[v] Sinh[w] = %Oosh[v +W] - % Cosh [V - w]

m Rulelf v, wePx AVv+w#0 A Vv-wgzO0,then

1 1
J-u Sinh[v] Sinh[w] dXx — Eju Cosh[v +w] dXx - Eju Cosh[v -w] dx

= Program code:

Int [u_. *Sinh[v_1*Sinh[w_], x_Synbol ] : =
Di st [1/2, I nt [uxRegul ari ze [Cosh [v+W], X], X]] -
Di st [1/2, I nt [uxRegul ari ze [Cosh [v-w], x], x]] /;
(Pol ynomi al Q[v, x] && Pol ynomi al Q[w, x] || | ndependent Q[Cancel [v/w], Xx]) && NonzeroQ[v+w] && Nonzer oQ[V-

m Basis: Cosh[v] Cosh[w] = %Cosh[v -w] + % Cosh[v +w]

I nt [u_. *xCosh[v_]1xCosh[w_], x_Synbol ] : =
Di st [1/2, I nt [uxRegul ari ze [Cosh [v-w], X], Xx]] +
Di st [1/2, I nt [uxRegul ari ze [Cosh [v+W], X1, x]] /;
(Pol ynom al Q[v, x] && Pol ynom al Q[w, x] || | ndependent Q[Cancel [v/w], X]) && NonzeroQ[v+w] && NonzeroQ[v:



Integration Rules for Two Hyperbolic Functions

= Derivation: Algebraic expansion
m Basis: Si nh[v] Tanh[w] = Cosh[v] - Cosh[v -w] Sech[w]

m Ruleelf n>0 A x ¢v-wgO0,then

ju Sinh[v] Tanh[w]"dx — Ju Cosh[v] Tanh[w]""1 dx - Cosh[v - w] ju Sech [w] Tanh [w]""! dx

= Program code:

Int [u_. «*Sinh[v_]*Tanh[w_]1”n_.,x_Synbol ] : =
I nt [uxCosh[v]*Tanh[w]” (n-1),x] - Cosh[v-w] =l nt [uxSech [w] *Tanh [w]" (n-1), X] /;
Rati onal Q[n] && n>0 && FreeQ[v-w, X] && Nonzer oQ[V-w]

m Basis: Cosh[v] Coth[w] = Si nh[v] + Cosh[v -w] Csch[w]

Int [u_. *xCosh[v_]xCoth[w_]~n_.,x_Synbol ] : =
I nt [uxSi nh[v]*Cot h[w]” (n-1), x] + Cosh[v-w]=xlnt [uxCsch [w] *Cot h[w]" (n-1), X] /;
Rati onal Q[n] && n>0 && FreeQ[v-w, X] && Nonzer oQ[V-w]

= Derivation: Algebraic expansion
m Basis: Sinh[v] Coth[w] = Cosh[v] + Si nh[v -w] Csch[w]

m Rulelf n>0 A x ¢v-wgO0,then

ju Sinh[v] Coth[w]"dx — Ju Cosh[v] Cot h[w]"1 dx +Si nh[v - w] ju Csch[w] Cot h[w]""! dx

= Program code:

Int [u_. *Sinh[v_]*Coth[w_]1”n_.,x_Synbol ] : =
I nt [uxCosh[v]*Cot h[w]” (n-1),x] + Sinh[v-w]=xlnt [uxCsch[w]*Coth[w]" (n-1), X] /;
Rati onal Q[n] && n>0 && FreeQ[v-w, X] && Nonzer oQ[V-w]

m Basis: Cosh[v] Tanh[w] = Si nh[v] - Si nh[v -w] Sech [w]

I nt [u_. *xCosh[v_]*Tanh[w_]~n_.,Xx_Synbol ] : =
I nt [uxSi nh[v]*Tanh[w]” (n-1), x] - Sinh[v-w]=xlnt [uxSech [w] *Tanh [w]" (n-1), X] /;
Rati onal Q[n] && n>0 && FreeQ[v-w, Xx] && Nonzer oQ[V-w]
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= Derivation: Algebraic expansion
m Basis: Si nh[v] Sech[w] = Cosh[v -w] Tanh[w] + Si nh[v - w]

m Ruleelf n>0 A x ¢v-wgO0,then

J-u Sinh[v] Sech[w]"dx — Cosh[v -w] ju Tanh [w] Sech [w]"! dx + Si nh[v - w] J-u Sech [w]"! dx

= Program code:

Int [u_. «*Sinh[v_]*Sech[w_]”n_.,x_Synbol ] : =
Cosh [v-w] =l nt [uxTanh [w] *Sech [w]” (n-1), x] + Sinh[v-w]=xlnt [uxSech[w]” (n-1), X] /;
Rati onal Q[n] && n>0 && FreeQ[v-w, X] && Nonzer oQ[V-w]

m Basis: Cosh[v] * Csch[w] = Cosh[v -w] % Coth[w] + Si nh[v -w]

I nt [u_. *xCosh[v_]1*Csch[w_]~n_.,x_Synbol ] : =
Cosh [v-w] %l nt [uxCot h [w] *Csch [w]” (n-1), x] + Sinh[v-w]=xlnt [uxCsch[w]” (n-1), X] /;
Rati onal Q[n] && n>0 && FreeQ[v-w, X] && Nonzer oQ[V-w]

= Derivation: Algebraic expansion
m Basis: Sinh[v] Csch[w] = Si nh[v -w] Cot h[w] + Cosh[v - w]

m Rulelf n>0 A x ¢v-wgO0,then

J-u Sinh[v] Csch[w]"dx — Sinh[v -w] ju Cot h[w] Csch[w]"! dx + Cosh[v - w] J-u Csch[w]"t dx

= Program code:

Int [u_. *Sinh[v_]%*Csch[w_]”n_.,x_Synbol ] : =
Si nh [v-w] %l nt [u*Cot h [w] *Csch [w]” (n-1), x] + Cosh[v-w] =l nt [uxCsch[w]” (n-1), x] /;
Rati onal Q[n] && n>0 && FreeQ[v-w, X] && Nonzer oQ[V-w]

m Basis: Cosh[v] Sech[w] = Si nh[v -w] Tanh[w] + Cosh[v - w]

I nt [u_. *xCosh[v_]*Sech[w_]”n_.,x_Synbol ] : =
Si nh[v-w] %l nt [uxTanh [w] *Sech [w]” (n-1), x] + Cosh[v-w] =l nt [uxSech [w]” (n-1), X] /;
Rati onal Q[n] && n>0 && FreeQ[v-w, Xx] && Nonzer oQ[V-w]
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XMSi nh[a + bx"1P Cosh[a + b x"] dx

m Reference: G& R 2.479.6
m Rulelf mn, pez Ap#-1A 0<n=<nmthen

x™n+1 Si nh[a + b x"]P*! m-n+1

jmei nhla+bx"1P Cosh[a+bx"] dx — -
bn (p+1) bn (p+1)

= Program code:

Int [x_"m_. *Sinh[a_. +b_. *x_"n_. ]"p_. *Cosh[a_. +b_. *x_"n_. ], x_Synbol ] : =
XN (m-n+1) *Si nh[a+b*x*n]” (p+1) / (bxn% (p+1)) -
Di st [ (m-n+1) / (bxnx (p+1)), I nt [x* (M-n) *Si nh[a+b*x*n]" (p+1), X]] /;
FreeQ[{a, b}, x] & IntegersQ[mn, p] & p#-1 && 0<nzm

m Reference: G& R 2.479.3

Int [x_“m.*Cosh[a_. +b_. *x_"n_. 1"p_. *Sinh[a_. +b_. *x_"n_. ], x_Synbol ] : =
XN (m-n+1) *Cosh [a+b*x*n]” (p+1) / (b*xn% (p+1)) -
Di st [ (m-n+1) / (bxnx (p+1)), I nt [x* (Mm-n) *Cosh [a+b*x n]" (p+1), X]] /;
FreeQ[{a, b}, x] & IntegersQ[mn, p] && p#-1 && 0<nszm

jx””‘ Si nh[a+b x"1P** dx
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Sinh[a+bx]MCosh[a + b x]"dx

m Reference: G& R 2.411.5, CRC 568a, A& S4.5.86awithm+n +2 =0
m Rulelf men+2 =0 A m+1 #0,then

Sinh[a+bx]™! Cosh[a+bx]"*?
b (m+1)

JSi nh[a+bx]MCosh[a+bx]"dx —

= Program code:

Int [Sinh[a_. +b_. *x_]”"m_. xCosh[a_. +b_. *x_1”n_, x_Synbol ] : =
Si nh[a+b*x 1" (m+1) xCosh [a+b*x ] (n+1) / (b*x (m:1)) /;
FreeQ[{a, b, mn}, x] && ZeroQ[m+n+2] && Nonzer oQ[m+1]

= Derivation: Integration by substitution

n-1
2

m Bass If "2;1 € z,then Sinh[z]MCosh[z]" = Sinh[z]™ (1 + Si nh[z]z) Si nh’[z]

= Note: Thisruleisused for odd n sinceit requiresfewer stepsand resultsin a smpler antiderivativethan the other rulesin this section.
| n-1 m-1
" Rule.IfTeZ/\ - (Tez/\0<m<n),then

n-1
2

1
jSi nhla+bx]MCosh[a+bx]"dx — ESubst [J.xm(1+x2) dx, x, Si nh[a+bx]]

= Program code:

Int [Sinh[a_. +b_. *x_]"m xCosh[a_. +b_. *x_]1”n_, x_Synbol ] : =
Di st [1/b, Subst [I nt [Regul ari ze [X"mx (L+x"2)”" ((n-1)/2), X1, X1, X, Si nh[a+b*x]1] /;
FreeQ[{a, b, m}, x] && OddQ[n] && Not [CddQ[m] && 0<mkn]

m-1
m Bass If mTl € z,then Sinh[z]™Cosh[z]" = Cosh[z]" (—1+Cosh[z]2)T Cosh’[z]

Int [Sinh[a_. +b_. *x_]"m xCosh[a_. +b_. *x_]”n_, x_Synbol ] : =
Di st [1/b, Subst [I nt [Regul ari ze [X*n* (-1+x"2)" ((m-1) /2), X], X], X, Cosh[a+bxXx]1] /;
FreeQ[{a, b, n}, x] && OJdQ[m] && Not [CddQ[n] && O<n<=m]
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m Reference: G&R 2.411.3
s Rulelf m>1 A n< -1,then

) Sinh[a+bx]™! Cosh[a+b x]"*1
fS|nh[a+bx]m®sh[a+bx]”dx — -
b (n+1)

m-1

JSi nh[a+bx]™2 Cosh[a+b x]™? dx
n+1

= Program code:

Int [Sinh[a_. +b_. *x_]"m xCosh[a_. +b_. *x_]”n_, x_Synbol ] : =
Sinh[a+b*x]” (m-1) *Cosh [a+b*x]” (n+1) / (b* (n+1)) -
Dist [(m-1)/(n+1),Int [Sinh[a+b*x]" (M-2) *xCosh[a+b*x]" (n+2),Xx]1] /;
FreeQ[{a, b}, x] & Rational Q[{m n}] & & m1 && n<-1

m Reference: G&R 2.411.4

Int [Sinh[a_. +b_. *x_]"m xCosh[a_. +b_. *x_]”n_, x_Synbol ] : =

Si nh[a+b*x1" (m+1) xCosh [a+bxx]” (n-1) / (b* (M+1)) -

Di st [(n-1)/(m+1), I nt [Sinh[a+bxx]" (m+2) xCosh [a+b*x]" (n-2),Xx]1] /;
FreeQ[{a, b}, x] & Rational Q[{mn}] && nk-1 && n>1

m Reference: G&R 2.411.2, CRC 567b, A& S 4.5.85b

n Rule:lfm>1/\""Tlez/\m+n¢0/\-(%ez/\n>l),then

) Sinh[a+bx]™! Cosh[a +b x]"*!
J-Slnh[a+bx]mCosh[a+bx]“d1x — -
b (m+n)

m-1

fSi nhla+bx]™2 Cosh[a+b x]" dx
m+ n

= Program code:

Int [Sinh[a_. +b_. *x_]”"m xCosh[a_. +b_. *x_]”n_, x_Synbol ] : =

Si nh[a+b*x 1" (m-1) xCosh [a+b*x ] (n+1) / (b* (M+n)) -

Di st [(m-1)/ (men), I nt [Si nh[a+bxx]" (Mm-2) xCosh [a+b*x]/n, x]]1 /;
FreeQ[{a, b, n}, x] && Rational Q[m] && m>1 &% Nonzer oQ[mkn]

m Reference: G&R 2.411.1, CRC 567a, A& S 4.5.85a

Int [Sinh[a_. +b_. *x_]"m xCosh[a_. +b_. *x_]”n_, x_Synbol ] : =

Si nh[a+b*x 1" (m+1) xCosh [a+b*x]” (n-1) / (b* (M+Nn)) +

Di st [(n-1)/ (men), I nt [Si nh[a+bxx]*mxCosh[a+b*x]1" (n-2), x]] /;
FreeQ[{a, b, m}, x] && Rational Q[n] &% n>1 && Nonzer oQ[mkn]



Integration Rules for Two Hyperbolic Functions

m Reference: G&R 2.411.5, CRC 568a, A& S 4.5.86a
m Rulelf m<-1 A m+n+2 #0,then

) Sinh[a+bx]™! Cosh[a+b x]"*!
fS|nh[a+bx]m®sh[a+bx]”dx — -
b (m+1)

m+n+2
—jSi nh[a+bx]™? Cosh[a+b x]" dx
m+1

= Program code:

Int [Sinh[a_. +b_. *x_]"m xCosh[a_. +b_. *x_]”n_, x_Synbol ] : =

Si nh[a+b#x]” (m+1) *Cosh [a+b*x]” (n+1) / (b* (m:1)) -

Di st [ (mwn+2) / (m+1), I nt [Si nh[a+b*x]" (m+2) xCosh [a+b*x]1”n, x]] /;
FreeQ[{a, b, n}, x] && Rational Q[m && nkx-1 && Nonzer oQ[M+n+2]

m Reference: G& R 2.411.6, CRC 568b, A& S 4.5.86b

Int [Sinh[a_. +b_. *x_]"m xCosh[a_. +b_. *x_]”n_, x_Synbol ] : =

-Si nh[a+b*x]” (m+1) *Cosh [a+b*Xx]" (n+1) / (b*x (n+1)) +

Di st [ (mwn+2) / (n+1), I nt [Si nh[a+b*x]*"m«Cosh [a+bxx]" (n+2), X]] /;
FreeQ[{a, b, m}, x] && Rational Q[n] && n<-1 && Nonzer oQ[M+n+2]

= Derivation: Integration by substitution

Si nh[z]m)l/m

. 1 Sinh[z]™ Cosh[z]M Sinh[z]™
n _ =
Basis: If m € Z,then Cosh[z]™ AE nhiz1my 2/m z Cosh[z]m
( -(Oash[z]m) )

= Note: Thisruleshould bereplaced with a more general one.

. 1 1
= Rule If F]ez/\ E>1,then

Sinh[fa+bx]™ 1 x1/m Sinh[a+bx]m
j— dx — —— Subst [J-— dx, X, —]
Cosh[a+bx]™ b m 1 -x2/m Cosh[a+bx]™

= Program code:

Int [Sinh[a_. +b_. *x_]"m xCosh[a_. +b_. *x_]1”n_, x_Synbol ] : =
Di st [1/ (bxm), Subst [I nt [x" (1/m)/ (1-x"(2/m)), X], X, Si nh[a+bxx]*nvCosh [a+b*x]1"m]] /;
FreeQ[{a, b}, X] && ZeroQ[m«n] && IntegerQ[l/m && 1/m1

Cosh[z]"\1/n

Cosh[z]" _ (Sinh[z]“) Cosh[z]"

Sinh[z]" " ( _(Cosh[z]")zm) 2 Sinh[z]"
Sinh[z]"

» Bass If % € Z, then

Int [Sinh[a_. +b_. *x_]"m xCosh[a_. +b_. *x_]”n_, x_Synbol ] : =
Di st [1/ (b*n), Subst [I nt [X" (1/n)/(1-x"(2/n)), X], X, Cosh[a+bxx]1*n/Si nh[a+b*x]1"n]] /;
FreeQ[{a, b}, x] && ZeroQ[m+n] && IntegerQ[l/n] && 1/n>1



Integration Rules for Two Hyperbolic Functions

x™ (a +b Cosh[d +ex]2+c Sinh[d+ex]?)" dx

m Derivation: Algebraic simplification
m Basis a+bCosh[z]2+cSinh[z]? = % (2a+b-c+ (b+c) Cosh[22])

m Rulelf mez A m>0Aa+b#0 A a+c #0,then

xm xm
J~ dx — Z-f dx
a+bCosh[d+ex]2+cSinh[d+ex]? 2a+b-c+ (b+c) Cosh[2d+2ex]

= Program code:

Int [x_"m. /(a_. +b_. «Cosh[d_. +e_. »x_]"2+C_. *Sinh[d_. +e_. xx_]1"2), x_Synbol | : =
Di st [2, I nt [X*nV (2xa+b-Cc+ (b+Cc) *Cosh[2xd+2xexX]), X]] /;
FreeQ[{a, b,c,d, e}, x] & IntegerQ[m] && m>0 && NonzeroQ[a+b] && NonzeroQ[a+C]



Integration Rules for Two Hyperbolic Functions

xM(@a+bSinh[c+dx] Cosh[c +dx])"dx

m Derivation: Algebraic simplification
» Basis: Sinh[z] Cosh[z] = %Si nh[2z]

m RuleIf mez A m> 0,then

xm xm
dx — dx
a+bSinh[c+dx] Cosh[c +dX] a+1bSinh[2c+2dx]
2

= Program code:

Int [x_"m.. /(a_+b_. #Sinh[c_. +d_. #x_]*Cosh[c_. +d_. »x_]1), x_Synbol | : =
I nt [X*nv (a+b*Si nh[2xc+2xd*Xx]/2), X] /;
FreeQ[{a, b,c,d}, x] & IntegerQ[m] && m>0

= Derivation: Algebraic simplification
m Basis: Sinh[z] Cosh[z] = %Si nh[2z]

s Rule If n- % € Z, then

n

1
f(a+b8i nh[c +dx] Cosh[c +dx])"dx — j(a+zb8i nh[2c+2dx]| dx

= Program code:

Int [ (a_+b_. #Sinh[c_. +d_. xx_]*Cosh[c_. +d_. »x_1)"n_, x_Synbol | : =
Int [ (a+b*Si nh[2xCc+2xd*x]/2)"n, x] /;
FreeQ[{a, b,c,d}, x] & Hal flntegerQ[n]



Integration Rules for Two Hyperbolic Functions

Sinh[a + b x"1P Cosh[a + b x"]P dx

m Derivation: Algebraic simplification
» Basis: Sinh[z] Cosh[z] = %Si nh[2z]

m RuleIf n, p €z, then

1
jSi nh[a+bx"]P Cosh[a+bx"]1Pdx — EJSi nh[2a+2bx"]P dx

= Program code:

Int [Sinh[a_. +b_. *x_"~n_]”p_. *xCosh[a_. +b_. *x_"n_1"p_., x_Synbol ] : =
Di st [1/2,Int [Sinh[2%xa+2xbxX"n]"p, X1] /;
FreeQ[{a, b}, x] && | ntegersQ[n, p]



Integration Rules for Two Hyperbolic Functions

J(aCsch[c+dx] +aSinh[c+dx])"dx

= Derivation: Algebraic simplification
m Basis: Csch[z] +Sinh[z] = Cosh[z] Coth[z]

= Rule

j(aCsch[c+dx] +aSinh[c+dx])"dx — J(aCosh[c+dx] Coth[c +d x])" dx

= Program code:

Int [(a_. *Csch[c_. +d_. »x_]+b_. *Sinh[c_. +d_. #x_])"n_, x_Synbol | :
Int [ (axCosh[c+d*x]*Cot h[c+d*x])"n, X] /;
FreeQ[{a, b, c,d, n}, x] & & ZeroQ[a-b]

Int [(a_. *Sech[c_. +d_. xx_]+b_. xCosh[c_. +d_. #x_])"n_, x_Synbol | :
Int [ (-a*Si nh[c+d*x]*Tanh [c+d*x])"n, X] /;
FreeQ[{a, b,c,d, n}, x] & ZeroQ[a+b]



Integration Rules for Two Hyperbolic Functions

Sech[v]™ (a+b Tanh[v])" dx

m Derivation: Algebraic simplification

a+b Tanh[z]
Sech[z]

= Basis =aCosh[z] +bSinh[z]

= Rule If m nezAm+n=O/\mTleZ,then

jSech[v]m (a+bTanh[v])"dx — j(a Cosh[v] +b Sinh[v])" dx

= Program code:

Int [Sech[v_]"m_. = (a_+b_. «Tanh[v_])"n_., x_Symbol | : =
Int [ (axCosh[v]+bxSinh[v])”"n, x] /;
FreeQ[{a, b}, x] & IntegersQ[mn] &% m+n==0 && CddQ[m]

Int [Cschv_]*m.. = (a_+b_. xCoth[v_])"n_., x_Symbol | : =
Int [ (bxCosh[v]+a%Sinh[v])"n, X] /;
FreeQ[{a, b}, x] & IntegersQ[mn] &% m+n==0 && OddQ[m]



Integration Rules for Two Hyperbolic Functions

XMCsch[a+bx]"Sech[a + b x]P dx

m Derivation: Algebraic simplification
m Basis: Csch[z] Sech[z] =2Csch[22z]

m Rule If n € Z, then

fx”@sch[a+bx]”Sech[a+bx]“d1x — 2”jmesch[2a+2bx]”dx

= Program code:
Int [x_"m_. xCsch[a_. +b_. *x_1°n_. *Sech[a_. +b_. *x_]”n_., x_Synbol ] : =

Di st [2”n, | nt [X*m«Csch [2*xa+2xbxx]1"n, Xx]1] /;
FreeQ[{a, b}, x] & Rational Q[m] && | ntegerQ[n]

= Derivation: Integration by parts

m Rulelfn, pez Am>0 A n#p,then
jmesch[a+bx]”Sech[a+bx]pd1x —

me-Csch[a+bx]” Sech[a+bx]pd1x—mJ-x”*1 (stch[anbx]“Sech[a+bx]p dlx) dx

= Program code:

Int [x_"m . xCsch[a_. +b_. *x_1”"n_. *Sech[a_. +b_. *x_]”p_., x_Synbol ] : =
Modul e [ {u=Bl ock [ {ShowSt eps =Fal se, St epCount er =Nul | }, Int [Csch[a+bxx]”nxSech[a+bxx]"p, x]1]},
X mku - Di st [mInt [X*(m-1)=*u,x]11] /;

FreeQ[{a, b}, x] & Rational Q[m] && | ntegersQ[n, p] && m0 && n#p



Integration Rules for Two Hyperbolic Functions

u (aTanh[v]™+b Sech[v]™" dx

m Derivation: Algebraic simplification
= Basis If a2 +b2 = 0,thena Tanh[z] + b Sech[z] = aTanh[% -2 %]

» Rulelf a2-b2=0 /\ gez,then

vV ma
f(aTanh[v] +bSech[v])"dx — a" fTanh[E—Z E] dx

= Program code:

Int [(a_. *Tanh[v_]+b_. xSech[v_])"n_, x_Symbol | : =
Di st [a"n, I nt [Tanh[v/2-Pi /4xa/b]”n, x1]1 /;
FreeQ[{a, b}, x] && ZeroQ[a"2+b"2] && EvenQ[n]

m Basis If a2-b2 =0,thena Coth[z] +b Csch[z] =aCoth[§+ "Ti %]
Int [(a_. «Coth[v_]+b_. «xCsch[v_])"n_, x_Synbol ] : =
Di st [a"n, Int [Coth[v/2+Pi %l /4% (a-b) /b]”n, x1] /;
FreeQ[{a, b}, x] && ZeroQ[a”2-b"2] && EvenQ[n]

= Derivation: Algebraic simplification

a+b Sinh[z]

m Basis.a Sech[z] +b Tanh[z] = Coshiz]

= Rule If m nez/\ (%'lez\/mn<0) /\—-(m=2/\a—b=0),then

u(a+bSinhfvimn
fu (aTanh[v]™+b Sech[v]™"dx — J dx
Cosh[v]mn

= Program code:

Int [u_. «(a_. «Sech[v_]"m.. +b_. «Tanh[v_]*m.. )"n_., x_Synbol | : =
I nt [ux (a+b*Si nh[v]*m)~n/Cosh[v]” (m«n), X] /;
FreeQ[{a, b}, x] & IntegersQ[m n] && (OddQ[mxn] || nMkn<0) && Not [m==2 && ZeroQ[a-b]]

Int [u_. «(a_. «Cschv_]"m. +b_. «Coth[v_]*m.. )~n_., x_Symbol | : =
Int [ux (a+bxCosh[v]*m~n/Si nh[v]" (mkn), X] /;
FreeQ[{a, b}, Xx] && IntegersQ[mn] && (QddQ[mxn] || mxn<0) && Not [M==2 && ZeroQ[a+b]]



