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Legend:
•  The rule number in a colored region indicates the rule to use for integrals in that region.
•  The rule number next to a colored line indicates the rule to use for integrals on that line.
•  A white region or line indicates there is no rule for integrals in that region or on that line.
•  A solid black line indicates integrals on that line are handled by rules in another section.
•  A dashed black line on the border of a region indicates integrals on that border are handled by the rule for that region.
•  The arrow(s) following a rule number indicates the direction the rule drives integrands in the n�m exponent plane.
•  A � following a rule number indicates the rule transforms the integrand into a form handled by another section.
•  A red (stop) disk indicates the terminal rule to use for the point at the center of the disk.
•  A cyan disk indicates the non-terminal rule to use for the point at the center of the disk.
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 Integration Rules for 

Ù Isin
jHzLMm IA + B sin

kHzL + C sin
2 kHzLM âz when j

2 = 1 í k
2 = 1

Rules 7 - 8 : à ISin@c + d xDjMm IA + B Sin@c + d xDk + C Sin@c + d xD2 kM âx

� Derivation: Rule 7b with B = 0 and A + HA + CL Im +
k+1

2
M = 0

� Rule 7a: If  j2 = k2 = 1 í A + HA + CL Ij k m +
k+1

2
M = 0, then

á ISin@c + d xDjMm IA + C Sin@c + d xD2 kM âx �
A Cos@c + d xD ISin@c + d xDjMm+j k

d Ij k m +
k+1

2
M

� Program code:

IntAIsin@c_.+d_.*x_D^j_.M^m_*IA_+C_.*sin@c_.+d_.*x_D^k2_M,x_SymbolE :=

A*Cos@c+d*xD*HSin@c+d*xD^jL^Hm+j*k2�2L�Hd*Hj*k2�2*m+Hk2�2+1L�2LL �;
FreeQ@8c,d,A,C,m<,xD && OneQ@j^2,k2^2�4D && ZeroQ@A+HA+CL*Hj*k2�2*m+Hk2�2+1L�2LD

� Derivation: Rule 5 with a = 1, b = 0 and  n = 0

� Rule 7b: If  j2 = k2 = 1 í j k m +
k+1

2
¹ 0 í j k m £ -1 , then

á ISin@c + d xDjMm IA + B Sin@c + d xDk + C Sin@c + d xD2 kM âx �
A Cos@c + d xD ISin@c + d xDjMm+j k

d Ij k m +
k+1

2
M +

1

j k m +
k+1

2

à ISin@c + d xDjMm+j k
B j k m +

k + 1

2
+ A + HA + CL j k m +

k + 1

2
Sin@c + d xDk âx

� Program code:

IntAIsin@c_.+d_.*x_D^j_.M^m_.*IA_.+B_.*sin@c_.+d_.*x_D^k_.+C_.*sin@c_.+d_.*x_D^k2_M,x_SymbolE :=

A*Cos@c+d*xD*HSin@c+d*xD^jL^Hm+j*kL�Hd*Hj*k*m+Hk+1L�2LL +

Dist@1�Hj*k*m+Hk+1L�2L,
Int@Hsin@c+d*xD^jL^Hm+j*kL*Sim@B*Hj*k*m+Hk+1L�2L+HA+HA+CL*Hj*k*m+Hk+1L�2LL*sin@c+d*xD^k,xD,xDD �;

FreeQ@8c,d,A,B,C<,xD && OneQ@j^2,k^2D && k2===2*k && RationalQ@mD && j*k*m+Hk+1L�2¹0 && j*k*m£-1

IntAIsin@c_.+d_.*x_D^j_.M^m_.*IA_+C_.*sin@c_.+d_.*x_D^k2_M,x_SymbolE :=

A*Cos@c+d*xD*HSin@c+d*xD^jL^Hm+j*k2�2L�Hd*Hj*k2�2*m+Hk2�2+1L�2LL +

Dist@HA+HA+CL*Hj*k2�2*m+Hk2�2+1L�2LL�Hj*k2�2*m+Hk2�2+1L�2L,Int@Hsin@c+d*xD^jL^Hm+j*k2L,xDD �;
FreeQ@8c,d,A,C<,xD && OneQ@j^2,k2^2�4D && RationalQ@mD && j*k2�2*m+Hk2�2+1L�2¹0 && j*k2�2*m£-1

Integration Rules for (sin^j)^m (A+B sin^k+C sin^(2k)) (a+b sin^k)^n



� Derivation: Rule 2 with a = 0, b = 1 and  n = 0

� Rule 8: If  j2 = k2 = 1 í j k m +
k+3

2
¹ 0 í j k m ³ -1, then

á ISin@c + d xDjMm IA + B Sin@c + d xDk + C Sin@c + d xD2 kM âx � -
C Cos@c + d xD ISin@c + d xDjMm+j k

d Ij k m +
k+3

2
M +

1

j k m +
k+3

2

à ISin@c + d xDjMm
A + HA + CL j k m +

k + 1

2
+ B j k m +

k + 3

2
Sin@c + d xDk âx

� Program code:

IntAIsin@c_.+d_.*x_D^j_.M^m_.*IA_.+B_.*sin@c_.+d_.*x_D^k_.+C_.*sin@c_.+d_.*x_D^k2_M,x_SymbolE :=

-C*Cos@c+d*xD*HSin@c+d*xD^jL^Hm+j*kL�Hd*Hj*k*m+Hk+3L�2LL +

Dist@1�Hj*k*m+Hk+3L�2L,
Int@Hsin@c+d*xD^jL^m*Sim@A+HA+CL*Hj*k*m+Hk+1L�2L+B*Hj*k*m+Hk+3L�2L*sin@c+d*xD^k,xD,xDD �;

FreeQ@8c,d,A,B,C<,xD && OneQ@j^2,k^2D && k2===2*k && RationalQ@mD && j*k*m+Hk+3L�2¹0 && j*k*m³-1

IntAIsin@c_.+d_.*x_D^j_.M^m_.*IA_+C_.*sin@c_.+d_.*x_D^k2_M,x_SymbolE :=

-C*Cos@c+d*xD*HSin@c+d*xD^jL^Hm+j*k2�2L�Hd*Hj*k2�2*m+Hk2�2+3L�2LL +

Dist@HA+HA+CL*Hj*k2�2*m+Hk2�2+1L�2LL�Hj*k2�2*m+Hk2�2+3L�2L,Int@Hsin@c+d*xD^jL^m,xDD �;
FreeQ@8c,d,A,C<,xD && OneQ@j^2,k2^2�4D && RationalQ@mD && j*k2�2*m+Hk2�2+3L�2¹0 && j*k2�2*m³-1
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 Integration Rules for 

Ù IA + B sin
kHzL + C sin

2 kHzLM Ia + b sin
kHzLMn

âz when k
2 = 1

Rule a : à A + B Sin@c + d xDk + C Sin@c + d xD2 k

a + b Sin@c + d xDk
âx

� Derivation: Algebraic expansion

� Basis: A+B z+C z2

a+b z
=

C z

b
+

b A+Hb B-a CL z

b Ha+b zL
� Rule a1:

à A + B Sin@c + d xD + C Sin@c + d xD2

a + b Sin@c + d xD âx � -
C Cos@c + d xD

b d
+
1

b
à b A + Hb B - a CL Sin@c + d xD

a + b Sin@c + d xD âx

� Program code:

IntAIA_.+B_.*sin@c_.+d_.*x_D+C_.*sin@c_.+d_.*x_D^2M�Ia_+b_.*sin@c_.+d_.*x_DM,x_SymbolE :=

-C*Cos@c+d*xD�Hb*dL + Dist@1�b,Int@Hb*A+Hb*B-a*CL*sin@c+d*xDL�Ha+b*sin@c+d*xDL,xDD �;
FreeQ@8a,b,c,d,A,B,C<,xD

IntAIA_+C_.*sin@c_.+d_.*x_D^2M�Ia_+b_.*sin@c_.+d_.*x_DM,x_SymbolE :=

-C*Cos@c+d*xD�Hb*dL + Dist@1�b,Int@Hb*A-a*C*sin@c+d*xDL�Ha+b*sin@c+d*xDL,xDD �;
FreeQ@8a,b,c,d,A,C<,xD

� Derivation: Algebraic expansion

� Basis: A+B z-1+C z-2

a+b z-1
=

A

a
+

a C-Hb A-a BL z

a z Hb+a zL
� Rule a2: If a2 - b2 ¹ 0, then

à A + B Csc@c + d xD + C Csc@c + d xD2

a + b Csc@c + d xD âx �
A x

a
+ à C + HB - b A � aL Sin@c + d xD

Sin@c + d xD Hb + a Sin@c + d xDL âx

� Program code:

IntAIA_.+B_.*sin@c_.+d_.*x_D^H-1L+C_.*sin@c_.+d_.*x_D^H-2LM�Ia_+b_.*sin@c_.+d_.*x_D^H-1LM,x_SymbolE
A*x�a + Int@HC+HB-b*A�aL*sin@c+d*xDL�Hsin@c+d*xD*Hb+a*sin@c+d*xDLL,xD �;

FreeQ@8a,b,c,d,A,B,C<,xD && NonzeroQ@a^2-b^2D

IntAIA_+C_.*sin@c_.+d_.*x_D^H-2LM�Ia_+b_.*sin@c_.+d_.*x_D^H-1LM,x_SymbolE :=

A*x�a + Int@HC-b*A�a*sin@c+d*xDL�Hsin@c+d*xD*Hb+a*sin@c+d*xDLL,xD �;
FreeQ@8a,b,c,d,A,C<,xD && NonzeroQ@a^2-b^2D
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à IA + B Csc@c + d xD + C Csc@c + d xD2M Ha + b Csc@c + d xDLn�2 âx

� Derivation: Piecewise constant extraction

� Basis: ¶zJ z 1 � z N = 0

� Rule: If  n2 = 1, then

à IA + B Csc@c + d xD + C Csc@c + d xD2M Hb Csc@c + d xDLn�2 âx �

HSin@c + d xDLn�2 Hb Csc@c + d xDLn�2 à C + B Sin@c + d xD + A Sin@c + d xD2

Sin@c + d xDn�2+2
âx

� Program code:

IntAIA_+B_.*sin@c_.+d_.*x_D^H-1L+C_.*sin@c_.+d_.*x_D^H-2LM*Ib_.*sin@c_.+d_.*x_D^H-1LM^n_,x_SymbolE :=

Dist@Sin@c+d*xD^n*Hb*Csc@c+d*xDL^n,Int@HC+B*sin@c+d*xD+A*sin@c+d*xD^2L�sin@c+d*xD^Hn+2L,xDD �;
FreeQ@8b,c,d,A,B,C<,xD && ZeroQ@n^2-1�4D

IntAIA_+C_.*sin@c_.+d_.*x_D^H-2LM*Ib_.*sin@c_.+d_.*x_D^H-1LM^n_,x_SymbolE :=

Dist@Sin@c+d*xD^n*Hb*Csc@c+d*xDL^n,Int@HC+A*sin@c+d*xD^2L�sin@c+d*xD^Hn+2L,xDD �;
FreeQ@8b,c,d,A,C<,xD && ZeroQ@n^2-1�4D

� Derivation: Piecewise constant extraction

� Basis: ¶z
b+a f@zD

f@zD a+b�f@zD = 0

� Rule: If  a2 - b2 ¹ 0 í n -
1

2
Î Z í -2 < n < 0, then

à IA + B Csc@c + d xD + C Csc@c + d xD2M Ha + b Csc@c + d xDLn âx �

b + a Sin@c + d xD
Sin@c + d xD a + b Csc@c + d xD à IC + B Sin@c + d xD + A Sin@c + d xD2M Hb + a Sin@c + d xDLn

Sin@c + d xDn+2
âx

� Program code:

IntAIA_.+B_.*sin@c_.+d_.*x_D^H-1L+C_.*sin@c_+d_.*x_D^H-2LM*Ia_.+b_.*sin@c_.+d_.*x_D^H-1LM^n_,x_Symbol
Dist@Sqrt@b+a*Sin@c+d*xDD�HSqrt@Sin@c+d*xDD*Sqrt@a+b*Csc@c+d*xDDL,

Int@HC+B*sin@c+d*xD+A*sin@c+d*xD^2L*Hb+a*sin@c+d*xDL^n�sin@c+d*xD^Hn+2L,xDD �;
FreeQ@8a,b,c,d,A,B,C<,xD && NonzeroQ@a^2-b^2D && IntegerQ@n-1�2D && -2<n<0

IntAIA_.+C_.*sin@c_.+d_.*x_D^H-2LM*Ia_+b_.*sin@c_.+d_.*x_D^H-1LM^n_,x_SymbolE :=

Dist@Sqrt@b+a*Sin@c+d*xDD�HSqrt@Sin@c+d*xDD*Sqrt@a+b*Csc@c+d*xDDL,
Int@HC+A*sin@c+d*xD^2L*Hb+a*sin@c+d*xDL^n�sin@c+d*xD^Hn+2L,xDD �;

FreeQ@8a,b,c,d,A,C<,xD && NonzeroQ@a^2-b^2D && IntegerQ@n-1�2D && -2<n<0
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à IA + B Sin@c + d xDk + C Sin@c + d xD2 kM Ia + b Sin@c + d xDkMn
âx

� Derivation: Algebraic simplification

� Basis: If  a2 C - a b B + b2 A = 0, then A + B z + C z2 =
1

b2
Hb B - a C + b C zL Ha + b zL

� Rule: If  k2 = 1 ì a2 C - a b B + b2 A = 0 ì n < -1, then

à IA + B Sin@c + d xDk + C Sin@c + d xD2 kM Ia + b Sin@c + d xDkMn
âx �

1

b2
à Ib B - a C + b C Sin@c + d xDkM Ia + b Sin@c + d xDkMn+1

âx

� Program code:

IntAIA_.+B_.*sin@c_.+d_.*x_D^k_.+C_.*sin@c_.+d_.*x_D^k2_M*Ia_+b_.*sin@c_.+d_.*x_D^k_.M^n_,x_SymbolE
Dist@1�b^2,Int@Sim@b*B-a*C+b*C*sin@c+d*xD^k,xD*Ha+b*sin@c+d*xD^kL^Hn+1L,xDD �;

FreeQ@8a,b,c,d,A,B,C<,xD && OneQ@k^2D && k2===2*k && ZeroQ@a^2*C-a*b*B+b^2*AD && RationalQ@nD &&

n<-1

IntAIA_+C_.*sin@c_.+d_.*x_D^k2_M*Ia_+b_.*sin@c_.+d_.*x_D^k_.M^n_.,x_SymbolE :=

Dist@C�b^2,Int@Sim@-a+b*sin@c+d*xD^k,xD*Ha+b*sin@c+d*xD^kL^Hn+1L,xDD �;
FreeQ@8a,b,c,d,A,C<,xD && OneQ@k^2D && k2===2*k && ZeroQ@a^2*C+b^2*AD && RationalQ@nD && n<-1
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Rules 17 - 18 : à IA + B Csc@c + d xD + C Csc@c + d xD2M Ha + b Csc@c + d xDLn âx

� Derivation: Rule 6 with m = 0 and k = -1

� Rule 17: If  a2 - b2 ¹ 0 ì a2 C - a b B + b2 A ¹ 0 ì n < -1, then

à IA + B Csc@c + d xD + C Csc@c + d xD2M Ha + b Csc@c + d xDLn âx �

Ia2 C - a b B + b2 AM Cot@c + d xD Ha + b Csc@c + d xDLn+1

a d Hn + 1L Ia2 - b2M +
1

a Hn + 1L Ia2 - b2M ×

à IA Ia2 - b2M Hn + 1L - a Hb A - a B + b CL Hn + 1L Csc@c + d xD + Ia2 C - a b B + b2 AM Hn + 2L Csc@c + d xD2M
Ha + b Csc@c + d xDLn+1 âx

� Program code:

IntAIA_.+B_.*sin@c_.+d_.*x_D^H-1L+C_.*sin@c_.+d_.*x_D^H-2LM*Ia_+b_.*sin@c_.+d_.*x_D^H-1LM^n_,x_Symbol
Ha^2*C-a*b*B+b^2*AL*Cot@c+d*xD*Ha+b*Csc@c+d*xDL^Hn+1L�Ha*d*Hn+1L*Ha^2-b^2LL +

Dist@1�Ha*Hn+1L*Ha^2-b^2LL,
Int@Sim@A*Ha^2-b^2L*Hn+1L-Ha*Hb*A-a*B+b*CL*Hn+1LL*sin@c+d*xD^H-1L+

Ha^2*C-a*b*B+b^2*AL*Hn+2L*sin@c+d*xD^H-2L,xD*

Ha+b*sin@c+d*xD^H-1LL^Hn+1L,xDD �;
FreeQ@8a,b,c,d,A,B,C<,xD && NonzeroQ@a^2-b^2D && NonzeroQ@a^2*C-a*b*B+b^2*AD && RationalQ@nD && n<-1

IntAIA_.+C_.*sin@c_.+d_.*x_D^H-2LM*Ia_+b_.*sin@c_.+d_.*x_D^H-1LM^n_,x_SymbolE :=

Ha^2*C+b^2*AL*Cot@c+d*xD*Ha+b*Csc@c+d*xDL^Hn+1L�Ha*d*Hn+1L*Ha^2-b^2LL +

Dist@1�Ha*Hn+1L*Ha^2-b^2LL,
Int@Sim@A*Ha^2-b^2L*Hn+1L-Ha*b*HA+CL*Hn+1LL*sin@c+d*xD^H-1L+Ha^2*C+b^2*AL*Hn+2L*sin@c+d*xD^H-2L,

Ha+b*sin@c+d*xD^H-1LL^Hn+1L,xDD �;
FreeQ@8a,b,c,d,A,C<,xD && NonzeroQ@a^2-b^2D && NonzeroQ@a^2*C+b^2*AD && RationalQ@nD && n<-1
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� Derivation: Rule 3 with m = 0 and k = -1

� Note: If  A = B = a2 - b2 = 0, there is an a2 - b2 = 0 rule that simplifies resulting integrand to Ha + b Csc@c + d xDLn.

� Rule 18: If  n > 0 ì Ø HA = B = a2 - b2 = 0L, then

à IA + B Csc@c + d xD + C Csc@c + d xD2M Ha + b Csc@c + d xDLn âx �

-
C Cot@c + d xD Ha + b Csc@c + d xDLn

d Hn + 1L +
1

n + 1
×

à Ia A Hn + 1L + Hb A + a B + n Hb A + a B + b CLL Csc@c + d xD + Ha C n + b B Hn + 1LL Csc@c + d xD2M
Ha + b Csc@c + d xDLn-1 âx

� Program code:

IntAIA_.+B_.*sin@c_.+d_.*x_D^H-1L+C_.*sin@c_.+d_.*x_D^H-2LM*Ia_+b_.*sin@c_.+d_.*x_D^H-1LM^n_.,x_Symbol
-C*Cot@c+d*xD*Ha+b*Csc@c+d*xDL^n�Hd*Hn+1LL +

Dist@1�Hn+1L,
Int@Sim@a*A*Hn+1L+Hb*A+a*B+n*Hb*A+a*B+b*CLL*sin@c+d*xD^H-1L+Ha*C*n+b*B*Hn+1LL*sin@c+d*xD^H-2L,xD

Ha+b*sin@c+d*xD^H-1LL^Hn-1L,xDD �;
FreeQ@8a,b,c,d,A,B,C<,xD && RationalQ@nD && n>0

IntAIA_.+C_.*sin@c_.+d_.*x_D^H-2LM*Ia_+b_.*sin@c_.+d_.*x_D^H-1LM^n_.,x_SymbolE :=

-C*Cot@c+d*xD*Ha+b*Csc@c+d*xDL^n�Hd*Hn+1LL +

Dist@1�Hn+1L,
Int@Sim@a*A*Hn+1L+b*HA+n*HA+CLL*sin@c+d*xD^H-1L+a*C*n*sin@c+d*xD^H-2L,xD*

Ha+b*sin@c+d*xD^H-1LL^Hn-1L,xDD �;
FreeQ@8a,b,c,d,A,C<,xD && RationalQ@nD && n>0 && Not@ZeroQ@AD && ZeroQ@a^2-b^2DD
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Rules 15 - 16 : à IA + B Sin@c + d xDk + C Sin@c + d xD2 kM Ib Sin@c + d xDkMn
âx

� Derivation: For k = 1, Rule 9b with k = 1

� Derivation: For k = -1, ???

� Rule 15: If  k2 = 1 ì n < -1, then

á IA + B Sin@c + d xDk + C Sin@c + d xD2 kM Ib Sin@c + d xDkMn
âx �

2 A Cos@c + d xD Ib Sin@c + d xDkMn+1

b d H2 n + k + 1L +

1

b H2 n + k + 1L à IH2 n + k + 1L B + H2 A + HA + CL H2 n + k + 1LL Sin@c + d xDkM Ib Sin@c + d xDkMn+1
âx

� Program code:

IntAIA_.+B_.*sin@c_.+d_.*x_D^k_.+C_.*sin@c_.+d_.*x_D^k2_M*Ib_.*sin@c_.+d_.*x_D^k_.M^n_,x_SymbolE :=

2*A*Cos@c+d*xD*Hb*Sin@c+d*xD^kL^Hn+1L�Hb*d*H2*n+k+1LL +

Dist@1�Hb*H2*n+k+1LL,
Int@Sim@H2*n+k+1L*B+H2*A+HA+CL*H2*n+k+1LL*sin@c+d*xD^k,xD*Hb*sin@c+d*xD^kL^Hn+1L,xDD �;

FreeQ@8b,c,d,A,B,C<,xD && OneQ@k^2D && k2===2*k && RationalQ@nD && n<-1

IntAIA_+C_.*sin@c_.+d_.*x_D^k2_M*Ib_.*sin@c_.+d_.*x_D^k_.M^n_,x_SymbolE :=

2*A*Cos@c+d*xD*Hb*Sin@c+d*xD^kL^Hn+1L�Hb*d*H2*n+k+1LL +

Dist@H2*A+HA+CL*H2*n+k+1LL�Hb^2*H2*n+k+1LL,Int@Hb*sin@c+d*xD^kL^Hn+2L,xDD �;
FreeQ@8b,c,d,A,C<,xD && OneQ@k^2D && k2===2*k && RationalQ@nD && n<-1

� Derivation: Rule 2 or 3 with m = 0 and a = 0

� Rule 16: If  k2 = 1 ì n > -1, then

á IA + B Sin@c + d xDk + C Sin@c + d xD2 kM Ib Sin@c + d xDkMn
âx � -

2 C Cos@c + d xD Ib Sin@c + d xDkMn+1

b d H2 n + k + 3L +

1

2 n + k + 3
à I2 A + HA + CL H2 n + k + 1L + B H2 n + k + 3L Sin@c + d xDkM Ib Sin@c + d xDkMn

âx

� Program code:

IntAIA_.+B_.*sin@c_.+d_.*x_D^k_.+C_.*sin@c_.+d_.*x_D^k2_M*Ib_.*sin@c_.+d_.*x_D^k_.M^n_.,x_SymbolE :=

-2*C*Cos@c+d*xD*Hb*Sin@c+d*xD^kL^Hn+1L�Hb*d*H2*n+k+3LL +

Dist@1�H2*n+k+3L,
Int@Sim@2*A+HA+CL*H2*n+k+1L+B*H2*n+k+3L*sin@c+d*xD^k,xD*Hb*sin@c+d*xD^kL^n,xDD �;

FreeQ@8b,c,d,A,B,C<,xD && OneQ@k^2D && k2===2*k && RationalQ@nD && n>-1

IntAIA_+C_.*sin@c_.+d_.*x_D^k2_M*Ib_.*sin@c_.+d_.*x_D^k_.M^n_.,x_SymbolE :=

-2*C*Cos@c+d*xD*Hb*Sin@c+d*xD^kL^Hn+1L�Hb*d*H2*n+k+3LL +

Dist@H2*A+HA+CL*H2*n+k+1LL�H2*n+k+3L,Int@Hb*sin@c+d*xD^kL^n,xDD �;
FreeQ@8b,c,d,A,C<,xD && OneQ@k^2D && k2===2*k && RationalQ@nD && n>-1
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 Integration Rules for 

Ù Isin
jHzLMm IA + B sin

kHzL + C sin
2 kHzLM Ia + b sin

kHzLMn
âz when j

2 = 1 í k
2 = 1

Rule b : à A + B Sin@c + d xD + C Sin@c + d xD2

Sin@c + d xD Ha + b Sin@c + d xDL âx

� Derivation: Algebraic expansion

� Basis: A+B z+C z2

z Ha+b zL =
A

a z
-

b A-a B-a C z

a Ha+b zL
� Rule b: If  a2 - b2 ¹ 0, then

à A + B Sin@c + d xD + C Sin@c + d xD2

Sin@c + d xD Ha + b Sin@c + d xDL âx �
A

a
à 1

Sin@c + d xD âx -
1

a
à b A - a B - a C Sin@c + d xD

a + b Sin@c + d xD âx

� Program code:

IntAIA_.+B_.*sin@c_.+d_.*x_D+C_.*sin@c_.+d_.*x_D^2M�Isin@c_.+d_.*x_D*Ia_+b_.*sin@c_.+d_.*x_DMM,x_Symbol
A�a*Int@1�sin@c+d*xD,xD -

Dist@1�a,Int@Hb*A-a*B-a*C*sin@c+d*xDL�Ha+b*sin@c+d*xDL,xDD �;
FreeQ@8a,b,c,d,A,B,C<,xD && NonzeroQ@a^2-b^2D

IntAIA_+C_.*sin@c_.+d_.*x_D^2M�Isin@c_.+d_.*x_D*Ia_+b_.*sin@c_.+d_.*x_DMM,x_SymbolE :=

A�a*Int@1�sin@c+d*xD,xD -

Dist@1�a,Int@Hb*A-a*C*sin@c+d*xDL�Ha+b*sin@c+d*xDL,xDD �;
FreeQ@8a,b,c,d,A,C<,xD && NonzeroQ@a^2-b^2D
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Rule c : à A + B Sin@c + d xD + C Sin@c + d xD2

Sin@c + d xD Ha + b Sin@c + d xDL âx

� Derivation: Algebraic expansion

� Rule c: If  a2 - b2 ¹ 0, then

à A + B Sin@c + d xD + C Sin@c + d xD2

Sin@c + d xD Ha + b Sin@c + d xDL âx �

C

b
à Sin@c + d xD âx +

1

b
à b A + Hb B - a CL Sin@c + d xD

Sin@c + d xD Ha + b Sin@c + d xDL âx

� Program code:

IntAIA_.+B_.*sin@c_.+d_.*x_D+C_.*sin@c_.+d_.*x_D^2M�ISqrt@sin@c_.+d_.*x_DD*Ia_+b_.*sin@c_.+d_.*x_DMM
Dist@C�b,Int@Sqrt@sin@c+d*xDD,xDD +

Dist@1�b,Int@Sim@b*A+Hb*B-a*CL*sin@c+d*xD,xD�HSqrt@sin@c+d*xDD*Ha+b*sin@c+d*xDLL,xDD �;
FreeQ@8a,b,c,d,A,B,C<,xD && NonzeroQ@a^2-b^2D

IntAIA_+C_.*sin@c_.+d_.*x_D^2M�ISqrt@sin@c_.+d_.*x_DD*Ia_+b_.*sin@c_.+d_.*x_DMM,x_SymbolE :=

Dist@C�b,Int@Sqrt@sin@c+d*xDD,xDD +

Dist@1�b,Int@Hb*A-a*C*sin@c+d*xDL�HSqrt@sin@c+d*xDD*Ha+b*sin@c+d*xDLL,xDD �;
FreeQ@8a,b,c,d,A,C<,xD && NonzeroQ@a^2-b^2D
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Rule d : à A + B Sin@c + d xD + C Sin@c + d xD2

Sin@c + d xD a + b Sin@c + d xD âx

� Derivation: Algebraic expansion

� Rule d: If  a2 - b2 ¹ 0, then

à A + B Sin@c + d xD + C Sin@c + d xD2

Sin@c + d xD a + b Sin@c + d xD âx �

C

b
à a + b Sin@c + d xD âx +

1

b
à b A + Hb B - a CL Sin@c + d xD
Sin@c + d xD a + b Sin@c + d xD âx

� Program code:

IntAIA_.+B_.*sin@c_.+d_.*x_D+C_.*sin@c_.+d_.*x_D^2M�Isin@c_.+d_.*x_D*Sqrt@a_+b_.*sin@c_.+d_.*x_DDM,x_Symbol
Dist@C�b,Int@Sqrt@a+b*sin@c+d*xDD,xDD +

Dist@1�b,Int@Sim@b*A+Hb*B-a*CL*sin@c+d*xD,xD�Hsin@c+d*xD*Sqrt@a+b*sin@c+d*xDDL,xDD �;
FreeQ@8a,b,c,d,A,B,C<,xD && NonzeroQ@a^2-b^2D

IntAIA_+C_.*sin@c_.+d_.*x_D^2M�Isin@c_.+d_.*x_D*Sqrt@a_+b_.*sin@c_.+d_.*x_DDM,x_SymbolE :=

Dist@C�b,Int@Sqrt@a+b*sin@c+d*xDD,xDD +

Dist@1�b,Int@HA*b-a*C*sin@c+d*xDL�Hsin@c+d*xD*Sqrt@a+b*sin@c+d*xDDL,xDD �;
FreeQ@8a,b,c,d,A,C<,xD && NonzeroQ@a^2-b^2D
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Rule e : à A + B Sin@c + d xD + C Sin@c + d xD2

Sin@c + d xD a + b Sin@c + d xD âx

� Rule e1: If  a2 - b2 ¹ 0 ì 2 b A - a C = 0, then

á A + A Sin@c + d xD + C Sin@c + d xD2

Sin@c + d xD a + b Sin@c + d xD âx �

C Sin@c + d xD a + b Sin@c + d xD TanA 1

2
Ic -

Π

2
+ d xME

b d
+
C

b
à a + b Sin@c + d xD

Sin@c + d xD H1 + Sin@c + d xDL âx

� Program code:

IntAIA_+B_.*sin@c_.+d_.*x_D+C_.*sin@c_.+d_.*x_D^2M�ISqrt@sin@c_.+d_.*x_DD*Sqrt@a_+b_.*sin@c_.+d_.*x_

C*Sqrt@Sin@c+d*xDD*Sqrt@a+b*Sin@c+d*xDD*Tan@Hc-Pi�2+d*xL�2D�Hb*dL +

C�b*Int@Sqrt@a+b*sin@c+d*xDD�HSqrt@sin@c+d*xDD*H1+sin@c+d*xDLL,xD �;
FreeQ@8a,b,c,d,A,B,C<,xD && NonzeroQ@a^2-b^2D && ZeroQ@A-BD && ZeroQ@2*b*A-a*CD

� Derivation: Algebraic expansion

� Rule e2: If  a2 - b2 ¹ 0, then

à A + C Sin@c + d xD2

Sin@c + d xD a + b Sin@c + d xD âx �

A à 1

Sin@c + d xD a + b Sin@c + d xD âx + C à Sin@c + d xD3�2

a + b Sin@c + d xD âx

� Program code:

IntAIA_+C_.*sin@c_.+d_.*x_D^2M�ISqrt@sin@c_.+d_.*x_DD*Sqrt@a_+b_.*sin@c_.+d_.*x_DDM,x_SymbolE :=

A*Int@1�HSqrt@sin@c+d*xDD*Sqrt@a+b*sin@c+d*xDDL,xD +

Dist@C,Int@sin@c+d*xD^H3�2L�Sqrt@a+b*sin@c+d*xDD,xDD �;
FreeQ@8a,b,c,d,A,C<,xD && NonzeroQ@a^2-b^2D
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� Derivation: Algebraic expansion

� Rule e3: If  a2 - b2 ¹ 0, then

à A + B Sin@c + d xD + C Sin@c + d xD2

Sin@c + d xD a + b Sin@c + d xD âx �

1

2 b
à 2 b A - a C + H2 b B - a CL Sin@c + d xD

Sin@c + d xD a + b Sin@c + d xD âx +
C

2 b
à a + a Sin@c + d xD + 2 b Sin@c + d xD2

Sin@c + d xD a + b Sin@c + d xD âx

� Program code:

IntAIA_.+B_.*sin@c_.+d_.*x_D+C_.*sin@c_.+d_.*x_D^2M�ISqrt@sin@c_.+d_.*x_DD*Sqrt@a_+b_.*sin@c_.+d_.*x_

Dist@1�H2*bL,Int@H2*b*A-a*C+H2*b*B-a*CL*sin@c+d*xDL�HSqrt@sin@c+d*xDD*Sqrt@a+b*sin@c+d*xDDL,xDD +

Dist@C�H2*bL,Int@Ha+a*sin@c+d*xD+2*b*sin@c+d*xD^2L�HSqrt@sin@c+d*xDD*Sqrt@a+b*sin@c+d*xDDL,xDD �;
FreeQ@8a,b,c,d,A,B,C<,xD && NonzeroQ@a^2-b^2D
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Rule f : à A + B Sin@c + d xD + C Sin@c + d xD2

Sin@c + d xD3�2 a + b Sin@c + d xD âx

� Derivation: Algebraic expansion

� Note: This rule is not essential, but produces simpler results.

� Rule f: If  a2 - b2 ¹ 0, then

à A + B Sin@c + d xD + C Sin@c + d xD2

Sin@c + d xD3�2 a + b Sin@c + d xD âx �

C à 1 + Sin@c + d xD
Sin@c + d xD a + b Sin@c + d xD âx + à A + HB - CL Sin@c + d xD

Sin@c + d xD3�2 a + b Sin@c + d xD âx

� Program code:

IntAIA_.+B_.*sin@c_.+d_.*x_D+C_.*sin@c_.+d_.*x_D^2M�Isin@c_.+d_.*x_D^H3�2L*Sqrt@a_+b_.*sin@c_.+d_.*x_

Dist@C,Int@H1+sin@c+d*xDL�HSqrt@sin@c+d*xDD*Sqrt@a+b*sin@c+d*xDDL,xDD +

Int@HA+HB-CL*sin@c+d*xDL�Hsin@c+d*xD^H3�2L*Sqrt@a+b*sin@c+d*xDDL,xD �;
FreeQ@8a,b,c,d,A,B,C<,xD && NonzeroQ@a^2-b^2D

IntAIA_+C_.*sin@c_.+d_.*x_D^2M�Isin@c_.+d_.*x_D^H3�2L*Sqrt@a_+b_.*sin@c_.+d_.*x_DDM,x_SymbolE :=

Dist@C,Int@H1+sin@c+d*xDL�HSqrt@sin@c+d*xDD*Sqrt@a+b*sin@c+d*xDDL,xDD +

Int@HA-C*sin@c+d*xDL�Hsin@c+d*xD^H3�2L*Sqrt@a+b*sin@c+d*xDDL,xD �;
FreeQ@8a,b,c,d,A,C<,xD && NonzeroQ@a^2-b^2D
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Rule g : à A + B Sin@c + d xD + C Sin@c + d xD2

Sin@c + d xD Ha + b Sin@c + d xDL3�2 âx

� Derivation: Algebraic expansion

� Note: This rule is not essential, but produces simpler results.

� Rule g: If  a2 - b2 ¹ 0, then

à A + B Sin@c + d xD + C Sin@c + d xD2

Sin@c + d xD Ha + b Sin@c + d xDL3�2 âx �

C

b
à 1 + Sin@c + d xD

Sin@c + d xD a + b Sin@c + d xD âx +
1

b
à b A - a C + Hb B - C Ha + bLL Sin@c + d xD

Sin@c + d xD Ha + b Sin@c + d xDL3�2 âx

� Program code:

IntAIA_.+B_.*sin@c_.+d_.*x_D+C_.*sin@c_.+d_.*x_D^2M�ISqrt@sin@c_.+d_.*x_DD*Ia_+b_.*sin@c_.+d_.*x_DM^
Dist@C�b,Int@H1+sin@c+d*xDL�HSqrt@sin@c+d*xDD*Sqrt@a+b*sin@c+d*xDDL,xDD +

Dist@1�b,Int@Hb*A-a*C+Hb*B-C*Ha+bLL*sin@c+d*xDL�HSqrt@sin@c+d*xDD*Ha+b*sin@c+d*xDL^H3�2LL,xDD �;
FreeQ@8a,b,c,d,A,B,C<,xD && NonzeroQ@a^2-b^2D

IntAIA_+C_.*sin@c_.+d_.*x_D^2M�ISqrt@sin@c_.+d_.*x_DD*Ia_+b_.*sin@c_.+d_.*x_DM^H3�2LM,x_SymbolE :=

Dist@C�b,Int@H1+sin@c+d*xDL�HSqrt@sin@c+d*xDD*Sqrt@a+b*sin@c+d*xDDL,xDD +

Dist@1�b,Int@Hb*A-a*C-C*Ha+bL*sin@c+d*xDL�HSqrt@sin@c+d*xDD*Ha+b*sin@c+d*xDL^H3�2LL,xDD �;
FreeQ@8a,b,c,d,A,C<,xD && NonzeroQ@a^2-b^2D
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Rule h :

à ISin@c + d xDjMm IA + B Sin@c + d xDk + C Sin@c + d xD2 kM Ib Sin@c + d xDkMn
âx

� Derivation: Algebraic simplification

� Rule h1: If  k2 = 1 ì m Î Z, then

à Sin@c + d xDm IA + B Sin@c + d xDk + C Sin@c + d xD2 kM Ib Sin@c + d xDkMn
âx �

1

bk m
à IA + B Sin@c + d xDk + C Sin@c + d xD2 kM Ib Sin@c + d xDkMk m+n

âx

� Program code:

IntAsin@c_.+d_.*x_D^m_.*IA_.+B_.*sin@c_.+d_.*x_D^k_.+C_.*sin@c_.+d_.*x_D^k2_M*

Ib_.*sin@c_.+d_.*x_D^k_.M^n_,x_SymbolE :=

Dist@1�b^Hk*mL,Int@HA+B*sin@c+d*xD^k+C*sin@c+d*xD^H2*kLL*Hb*sin@c+d*xD^kL^Hk*m+nL,xDD �;
FreeQ@8b,c,d,A,B,C,n<,xD && OneQ@k^2D && k2===2*k && IntegerQ@mD

IntAsin@c_.+d_.*x_D^m_.*IA_+C_.*sin@c_.+d_.*x_D^k2_M*Ib_.*sin@c_.+d_.*x_D^k_.M^n_,x_SymbolE :=

Dist@1�b^Hk*mL,Int@HA+C*sin@c+d*xD^H2*kLL*Hb*sin@c+d*xD^kL^Hk*m+nL,xDD �;
FreeQ@8b,c,d,A,C,n<,xD && OneQ@k^2D && k2===2*k && IntegerQ@mD

� Derivation: Piecewise constant extraction

� Basis: If  j2 = 1, then ¶z
b f@zDk
f@zDj j k

= 0

� Rule h2: If  j2 = k2 = 1 í m -
1

2
Î Z í n -

1

2
Î Z í n > 0, then

á ISin@c + d xDjMm IA + B Sin@c + d xDk + C Sin@c + d xD2 kM Ib Sin@c + d xDkMn
âx �

bn-
1

2 b Sin@c + d xDk

Sin@c + d xDj
j k

à Sin@c + d xDj m+k n IA + B Sin@c + d xDk + C Sin@c + d xD2 kM âx

� Program code:

IntAIsin@c_.+d_.*x_D^j_.M^m_*IA_.+B_.*sin@c_.+d_.*x_D^k_.+C_.*sin@c_.+d_.*x_D^k2_M*

Ib_*sin@c_.+d_.*x_D^k_.M^n_,x_SymbolE :=

Dist@b^Hn-1�2L*Sqrt@b*Sin@c+d*xD^kD�HSqrt@Sin@c+d*xD^jDL^Hj*kL,
Int@sin@c+d*xD^Hj*m+k*nL*HA+B*sin@c+d*xD^k+C*sin@c+d*xD^H2*kLL,xDD �;

FreeQ@8b,c,d,A,B,C<,xD && OneQ@j^2,k^2D && IntegerQ@m-1�2D && IntegerQ@n-1�2D && n>0
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IntAIsin@c_.+d_.*x_D^j_.M^m_*IA_.+C_.*sin@c_.+d_.*x_D^k2_M*Ib_*sin@c_.+d_.*x_D^k_.M^n_,x_SymbolE :=

Dist@b^Hn-1�2L*Sqrt@b*Sin@c+d*xD^kD�HSqrt@Sin@c+d*xD^jDL^Hj*kL,
Int@sin@c+d*xD^Hj*m+k*nL*HA+C*sin@c+d*xD^H2*kLL,xDD �;

FreeQ@8b,c,d,A,C<,xD && OneQ@j^2,k^2D && IntegerQ@m-1�2D && IntegerQ@n-1�2D && n>0

� Derivation: Piecewise constant extraction

� Basis: If  j2 = 1, then ¶z

f@zDj j k

b f@zDk
= 0

� Rule h3: If  j2 = k2 = 1 í m -
1

2
Î Z í n -

1

2
Î Z í n < 0, then

á ISin@c + d xDjMm IA + B Sin@c + d xDk + C Sin@c + d xD2 kM Ib Sin@c + d xDkMn
âx �

bn+
1

2 Sin@c + d xDj
j k

b Sin@c + d xDk

à Sin@c + d xDj m+k n IA + B Sin@c + d xDk + C Sin@c + d xD2 kM âx

� Program code:

IntAIsin@c_.+d_.*x_D^j_.M^m_*IA_.+B_.*sin@c_.+d_.*x_D^k_.+C_.*sin@c_.+d_.*x_D^k2_M*

Ib_*sin@c_.+d_.*x_D^k_.M^n_,x_SymbolE :=

Dist@b^Hn+1�2L*HSqrt@Sin@c+d*xD^jDL^Hj*kL�Sqrt@b*Sin@c+d*xD^kD,
Int@sin@c+d*xD^Hj*m+k*nL*HA+B*sin@c+d*xD^k+C*sin@c+d*xD^H2*kLL,xDD �;

FreeQ@8b,c,d,A,B,C<,xD && OneQ@j^2,k^2D && IntegerQ@m-1�2D && IntegerQ@n-1�2D && n<0

IntAIsin@c_.+d_.*x_D^j_.M^m_*IA_.+C_.*sin@c_.+d_.*x_D^k2_M*Ib_*sin@c_.+d_.*x_D^k_.M^n_,x_SymbolE :=

Dist@b^Hn+1�2L*HSqrt@Sin@c+d*xD^jDL^Hj*kL�Sqrt@b*Sin@c+d*xD^kD,
Int@sin@c+d*xD^Hj*m+k*nL*HA+C*sin@c+d*xD^H2*kLL,xDD �;

FreeQ@8b,c,d,A,C<,xD && OneQ@j^2,k^2D && IntegerQ@m-1�2D && IntegerQ@n-1�2D && n<0
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Rule i :

à ISin@c + d xDjMm IA + B Csc@c + d xD + C Csc@c + d xD2M Ha + b Csc@c + d xDLn âx

� Derivation: Algebraic simplification

� Rule i1: If  j2 = 1 ì a2 - b2 ¹ 0 ì -1 < m £ 1, then

á
ISin@c + d xDjMm IA + B Csc@c + d xD + C Csc@c + d xD2M

a + b Csc@c + d xD âx �

á
ISin@c + d xDjMm-j IC + B Sin@c + d xD + A Sin@c + d xD2M

b + a Sin@c + d xD âx

� Program code:

IntAIsin@c_.+d_.*x_D^j_.M^m_.*IA_.+B_.*sin@c_.+d_.*x_D^H-1L+C_.*sin@c_.+d_.*x_D^H-2LM�
Ia_+b_.*sin@c_.+d_.*x_D^H-1LM,x_SymbolE :=

Int@Hsin@c+d*xD^jL^Hm-jL*HC+B*sin@c+d*xD+A*sin@c+d*xD^2L�Hb+a*sin@c+d*xDL,xD �;
FreeQ@8a,b,c,d,A,B,C<,xD && OneQ@j^2D && NonzeroQ@a^2-b^2D && RationalQ@mD && -1<m£1

IntAIsin@c_.+d_.*x_D^j_.M^m_.*IA_.+C_.*sin@c_.+d_.*x_D^H-2LM�Ia_+b_.*sin@c_.+d_.*x_D^H-1LM,x_SymbolE
Int@Hsin@c+d*xD^jL^Hm-jL*HC+A*sin@c+d*xD^2L�Hb+a*sin@c+d*xDL,xD �;

FreeQ@8a,b,c,d,A,C<,xD && OneQ@j^2D && NonzeroQ@a^2-b^2D && RationalQ@mD && -1<m£1

� Derivation: Piecewise constant extraction

� Basis: ¶z
b+a f@zD

f@zD a+b�f@zD = 0

� Rule i2: If  a2 - b2 ¹ 0, then

à Sin@c + d xD IA + B Csc@c + d xD + C Csc@c + d xD2M
a + b Csc@c + d xD âx �

b + a Sin@c + d xD
Sin@c + d xD a + b Csc@c + d xD à C + B Sin@c + d xD + A Sin@c + d xD2

Sin@c + d xD b + a Sin@c + d xD âx

� Program code:

IntAsin@c_.+d_.*x_D*IA_.+B_.*sin@c_.+d_.*x_D^H-1L+C_.*sin@c_.+d_.*x_D^H-2LM�
Sqrt@a_.+b_.*sin@c_.+d_.*x_D^H-1LD,x_SymbolE :=

Dist@Sqrt@b+a*Sin@c+d*xDD�HSqrt@Sin@c+d*xDD*Sqrt@a+b*Csc@c+d*xDDL,
Int@HC+B*sin@c+d*xD+A*sin@c+d*xD^2L�HSqrt@sin@c+d*xDD*Sqrt@b+a*sin@c+d*xDDL,xDD �;

FreeQ@8a,b,c,d,A,B,C<,xD && NonzeroQ@a^2-b^2D

Integration Rules for (sin^j)^m (A+B sin^k+C sin^(2k)) (a+b sin^k)^n



IntAsin@c_.+d_.*x_D*IA_.+C_.*sin@c_.+d_.*x_D^H-2LM�Sqrt@a_.+b_.*sin@c_.+d_.*x_D^H-1LD,x_SymbolE :=

Dist@Sqrt@b+a*Sin@c+d*xDD�HSqrt@Sin@c+d*xDD*Sqrt@a+b*Csc@c+d*xDDL,
Int@HC+A*sin@c+d*xD^2L�HSqrt@sin@c+d*xDD*Sqrt@b+a*sin@c+d*xDDL,xDD �;

FreeQ@8a,b,c,d,A,C<,xD && NonzeroQ@a^2-b^2D

� Derivation: Piecewise constant extraction

� Basis: If  j2 = 1, then  ¶z
b+a f@zD

f@zDj j

a+b f@zD-1

= 0

� Rule i3: If  j2 = 1 ì a2 - b2 ¹ 0 ì j m =
1

2
, then

á
ISin@c + d xDjMm IA + B Csc@c + d xD + C Csc@c + d xD2M

a + b Csc@c + d xD âx �

b + a Sin@c + d xD
Sin@c + d xDj

j

a + b Csc@c + d xD
à Sin@c + d xDj m-3�2 I C + B Sin@c + d xD + A Sin@c + d xD2M

b + a Sin@c + d xD âx

� Program code:

IntAIsin@c_.+d_.*x_D^j_.M^m_*IA_.+B_.*sin@c_.+d_.*x_D^H-1L+C_.*sin@c_.+d_.*x_D^H-2LM�
Sqrt@a_.+b_.*sin@c_.+d_.*x_D^H-1LD,x_SymbolE :=

Dist@Sqrt@b+a*Sin@c+d*xDD�HHSqrt@Sin@c+d*xD^jDL^j*Sqrt@a+b*Csc@c+d*xDDL,
Int@sin@c+d*xD^Hj*m-3�2L*HC+B*sin@c+d*xD+A*sin@c+d*xD^2L�Sqrt@b+a*sin@c+d*xDD,xDD �;

FreeQ@8a,b,c,d,A,B,C<,xD && OneQ@j^2D && NonzeroQ@a^2-b^2D && ZeroQ@j*m-1�2D

IntAIsin@c_.+d_.*x_D^j_.M^m_*IA_.+C_.*sin@c_.+d_.*x_D^H-2LM�Sqrt@a_.+b_.*sin@c_.+d_.*x_D^H-1LD,x_Symbol
Dist@Sqrt@b+a*Sin@c+d*xDD�HHSqrt@Sin@c+d*xD^jDL^j*Sqrt@a+b*Csc@c+d*xDDL,

Int@sin@c+d*xD^Hj*m-3�2L*HC+A*sin@c+d*xD^2L�Sqrt@b+a*sin@c+d*xDD,xDD �;
FreeQ@8a,b,c,d,A,C<,xD && OneQ@j^2D && NonzeroQ@a^2-b^2D && ZeroQ@j*m-1�2D

Integration Rules for (sin^j)^m (A+B sin^k+C sin^(2k)) (a+b sin^k)^n



Rule

j : à Csc@c + d xDm IA + B Sin@c + d xD + C Sin@c + d xD2M Ha + b Sin@c + d xDLn âx

� Derivation: Piecewise constant extraction

� Basis: ¶zHSin@zDm Csc@zDmL = 0

� Rule j: If  m -
1

2
Î Z í 0 < m < 2 í -2 < n < 0, then

à Csc@c + d xDm IA + B Sin@c + d xD + C Sin@c + d xD2M Ha + b Sin@c + d xDLn âx �

Csc@c + d xD Sin@c + d xD à IA + B Sin@c + d xD + C Sin@c + d xD2M Ha + b Sin@c + d xDLn

Sin@c + d xDm
âx

� Program code:

IntAIsin@c_.+d_.*x_D^H-1LM^m_*IA_.+B_.*sin@c_.+d_.*x_D+C_.*sin@c_.+d_.*x_D^2M*

Ia_+b_.*sin@c_.+d_.*x_DM^n_,x_SymbolE :=

Dist@Sqrt@Csc@c+d*xDD*Sqrt@Sin@c+d*xDD,
Int@HA+B*sin@c+d*xD+C*sin@c+d*xD^2L*Ha+b*sin@c+d*xDL^n�sin@c+d*xD^m,xDD �;

FreeQ@8a,b,c,d,A,B,C<,xD && IntegerQ@m-1�2D && RationalQ@nD && 0<m<2 && -2<n<0

IntAIsin@c_.+d_.*x_D^H-1LM^m_*IA_.+C_.*sin@c_.+d_.*x_D^2M*Ia_+b_.*sin@c_.+d_.*x_DM^n_,x_SymbolE :=

Dist@Sqrt@Csc@c+d*xDD*Sqrt@Sin@c+d*xDD,
Int@HA+C*sin@c+d*xD^2L*Ha+b*sin@c+d*xDL^n�sin@c+d*xD^m,xDD �;

FreeQ@8a,b,c,d,A,C<,xD && IntegerQ@m-1�2D && RationalQ@nD && 0<m<2 && -2<n<0

Integration Rules for (sin^j)^m (A+B sin^k+C sin^(2k)) (a+b sin^k)^n



Rules 9 - 10 :

à Sin@c + d xD k-1

2 IA + B Sin@c + d xDk + C Sin@c + d xD2 kM Ia + b Sin@c + d xDkMn
âx

� Derivation: Rule 1 with m =
k-1

2

� Rule 9: If  k2 = 1 ì a2 - b2 ¹ 0 ì a2 C - a b B + b2 A ¹ 0 ì n < -1, then

á Sin@c + d xD k-1

2 IA + B Sin@c + d xDk + C Sin@c + d xD2 kM Ia + b Sin@c + d xDkMn
âx �

-
Ia2 C - a b B + b2 AM Cos@c + d xD Sin@c + d xD k-1

2 Ia + b Sin@c + d xDkMn+1

b d Hn + 1L Ia2 - b2M +
1

b Hn + 1L Ia2 - b2M ×

à Sin@c + d xD k-1

2 Ib Ha A - b B + a CL Hn + 1L - Ia2 C - a b B + b2 A + Ib2 A - a b B + b2 CM Hn + 1LM Sin@c + d xDkM
Ia + b Sin@c + d xDkMn+1

âx

� Program code:

IntAIA_.+B_.*sin@c_.+d_.*x_D+C_.*sin@c_.+d_.*x_D^2M*Ia_+b_.*sin@c_.+d_.*x_DM^n_,x_SymbolE :=

-Ha^2*C-a*b*B+b^2*AL*Cos@c+d*xD*Ha+b*Sin@c+d*xDL^Hn+1L�Hb*d*Hn+1L*Ha^2-b^2LL +

Dist@1�Hb*Hn+1L*Ha^2-b^2LL,
Int@Sim@b*Ha*A-b*B+a*CL*Hn+1L-Ha^2*C-a*b*B+b^2*A+Hb^2*A-a*b*B+b^2*CL*Hn+1LL*sin@c+d*xD,xD*

Ha+b*sin@c+d*xDL^Hn+1L,xDD �;
FreeQ@8a,b,c,d,A,B,C<,xD && NonzeroQ@a^2-b^2D && NonzeroQ@a^2*C-a*b*B+b^2*AD && RationalQ@nD && n<-1

IntAIA_.+C_.*sin@c_.+d_.*x_D^2M*Ia_+b_.*sin@c_.+d_.*x_DM^n_,x_SymbolE :=

-Ha^2*C+b^2*AL*Cos@c+d*xD*Ha+b*Sin@c+d*xDL^Hn+1L�Hb*d*Hn+1L*Ha^2-b^2LL +

Dist@1�Hb*Hn+1L*Ha^2-b^2LL,
Int@Sim@a*b*HA+CL*Hn+1L-Ha^2*C+b^2*A+Hb^2*A+b^2*CL*Hn+1LL*sin@c+d*xD,xD*

Ha+b*sin@c+d*xDL^Hn+1L,xDD �;
FreeQ@8a,b,c,d,A,C<,xD && NonzeroQ@a^2-b^2D && NonzeroQ@a^2*C+b^2*AD && RationalQ@nD && n<-1

IntAsin@c_.+d_.*x_D^H-1L*IA_.+B_.*sin@c_.+d_.*x_D^H-1L+C_.*sin@c_.+d_.*x_D^H-2LM*

Ia_+b_.*sin@c_.+d_.*x_D^H-1LM^n_,x_SymbolE :=

-Ha^2*C-a*b*B+b^2*AL*Cot@c+d*xD*Ha+b*Csc@c+d*xDL^Hn+1L�Hb*d*Hn+1L*Ha^2-b^2LL +

Dist@1�Hb*Hn+1L*Ha^2-b^2LL,
Int@sin@c+d*xD^H-1L*

Sim@b*Ha*A-b*B+a*CL*Hn+1L-Ha^2*C-a*b*B+b^2*A+Hb^2*A-a*b*B+b^2*CL*Hn+1LL*sin@c+d*xD^H-1L,xD*

Ha+b*sin@c+d*xD^H-1LL^Hn+1L,xDD �;
FreeQ@8a,b,c,d,A,B,C<,xD && NonzeroQ@a^2-b^2D && NonzeroQ@a^2*C-a*b*B+b^2*AD && RationalQ@nD && n<-1

IntAsin@c_.+d_.*x_D^H-1L*IA_.+C_.*sin@c_.+d_.*x_D^H-2LM*Ia_+b_.*sin@c_.+d_.*x_D^H-1LM^n_,x_SymbolE :=

-Ha^2*C+b^2*AL*Cot@c+d*xD*Ha+b*Csc@c+d*xDL^Hn+1L�Hb*d*Hn+1L*Ha^2-b^2LL +

Dist@1�Hb*Hn+1L*Ha^2-b^2LL,
Int@sin@c+d*xD^H-1L*

Sim@a*b*HA+CL*Hn+1L-Ha^2*C+b^2*A+Hb^2*A+b^2*CL*Hn+1LL*sin@c+d*xD^H-1L,xD*

Ha+b*sin@c+d*xD^H-1LL^Hn+1L,xDD �;
FreeQ@8a,b,c,d,A,C<,xD && NonzeroQ@a^2-b^2D && NonzeroQ@a^2*C+b^2*AD && RationalQ@nD && n<-1

Integration Rules for (sin^j)^m (A+B sin^k+C sin^(2k)) (a+b sin^k)^n



� Derivation: Rule 2 with m =
k-1

2

� Rule 10: If  k2 = 1 ì n > -1, then

á Sin@c + d xD k-1

2 IA + B Sin@c + d xDk + C Sin@c + d xD2 kM Ia + b Sin@c + d xDkMn
âx �

-
C Cos@c + d xD Sin@c + d xD k-1

2 Ia + b Sin@c + d xDkMn+1

b d Hn + 2L +
1

b Hn + 2L ×

à Sin@c + d xD k-1

2 Ib A Hn + 2L + b C Hn + 1L + Hb B Hn + 2L - a CL Sin@c + d xDkM Ia + b Sin@c + d xDkMn
âx

� Program code:

IntAIA_.+B_.*sin@c_.+d_.*x_D+C_.*sin@c_.+d_.*x_D^2M*Ia_.+b_.*sin@c_.+d_.*x_DM^n_.,x_SymbolE :=

-C*Cos@c+d*xD*Ha+b*Sin@c+d*xDL^Hn+1L�Hb*d*Hn+2LL +

Dist@1�Hb*Hn+2LL,
Int@Sim@b*A*Hn+2L+b*C*Hn+1L+Hb*B*Hn+2L-a*CL*sin@c+d*xD,xD*Ha+b*sin@c+d*xDL^n,xDD �;

FreeQ@8a,b,c,d,A,B,C<,xD && RationalQ@nD && n>-1

IntAIA_.+C_.*sin@c_.+d_.*x_D^2M*Ia_.+b_.*sin@c_.+d_.*x_DM^n_.,x_SymbolE :=

-C*Cos@c+d*xD*Ha+b*Sin@c+d*xDL^Hn+1L�Hb*d*Hn+2LL +

Dist@1�Hb*Hn+2LL,
Int@Sim@b*A*Hn+2L+b*C*Hn+1L-a*C*sin@c+d*xD,xD*Ha+b*sin@c+d*xDL^n,xDD �;

FreeQ@8a,b,c,d,A,C<,xD && RationalQ@nD && n>-1

IntAsin@c_.+d_.*x_D^H-1L*IA_.+B_.*sin@c_.+d_.*x_D^H-1L+C_.*sin@c_.+d_.*x_D^H-2LM*

Ia_+b_.*sin@c_.+d_.*x_D^H-1LM^n_.,x_SymbolE :=

-C*Cot@c+d*xD*Ha+b*Csc@c+d*xDL^Hn+1L�Hb*d*Hn+2LL +

Dist@1�Hb*Hn+2LL,
Int@sin@c+d*xD^H-1L*

Sim@b*A*Hn+2L+b*C*Hn+1L+Hb*B*Hn+2L-a*CL*sin@c+d*xD^H-1L,xD*Ha+b*sin@c+d*xD^H-1LL^n,xDD �;
FreeQ@8a,b,c,d,A,B,C<,xD && RationalQ@nD && n>-1

IntAsin@c_.+d_.*x_D^H-1L*IA_.+C_.*sin@c_.+d_.*x_D^H-2LM*Ia_+b_.*sin@c_.+d_.*x_D^H-1LM^n_.,x_SymbolE
-C*Cot@c+d*xD*Ha+b*Csc@c+d*xDL^Hn+1L�Hb*d*Hn+2LL +

Dist@1�Hb*Hn+2LL,
Int@sin@c+d*xD^H-1L*

Sim@b*A*Hn+2L+b*C*Hn+1L-a*C*sin@c+d*xD^H-1L,xD*Ha+b*sin@c+d*xD^H-1LL^n,xDD �;
FreeQ@8a,b,c,d,A,C<,xD && RationalQ@nD && n>-1

Integration Rules for (sin^j)^m (A+B sin^k+C sin^(2k)) (a+b sin^k)^n



Rules 11 - 12 :

à ISin@c + d xDjMm IA + B Sin@c + d xDk + C Sin@c + d xD2 kM Ia + b Sin@c + d xDkM âx

� Note: The rules in this section would only generate slightly simpler antiderivatives and require as many steps as using rules 3 and 4 directly.

� Derivation: Rule 4 with n = 1 and ???

� Rule 11: If  j2 = k2 = 1 ì j k m < -1, then

á ISin@c + d xDjMm IA + B Sin@c + d xDk + C Sin@c + d xD2 kM Ia + b Sin@c + d xDkM âx �

a A Cos@c + d xD ISin@c + d xDjMm+j k

d Ij k m +
k+1

2
M +

1

j k m +
k+1

2

à ISin@c + d xDjMm+j k
×

j k m +
k + 1

2
Hb A + a BL +

j k m +
k + 3

2
a A + j k m +

k + 1

2
Hb B + a CL Sin@c + d xDk + j k m +

k + 1

2
b C Sin@c + d xD2 k âx

� Program code:

H* IntAIsin@c_.+d_.*x_D^j_.M^m_.*IA_.+B_.*sin@c_.+d_.*x_D^k_.+C_.*sin@c_.+d_.*x_D^k2_M*

Ia_+b_.*sin@c_.+d_.*x_D^k_.M,x_SymbolE :=

a*A*Cos@c+d*xD*HSin@c+d*xD^jL^Hm+j*kL�Hd*Hj*k*m+Hk+1L�2LL +

Dist@1�Hj*k*m+Hk+1L�2L,
Int@Hsin@c+d*xD^jL^Hm+j*kL*

Sim@Hj*k*m+Hk+1L�2L*Hb*A+a*BL+HHj*k*m+Hk+3L�2L*a*A+Hj*k*m+Hk+1L�2L*Hb*B+a*CLL*sin@c+d*xD^k+

Hj*k*m+Hk+1L�2L*b*C*sin@c+d*xD^H2*kL,xD,xDD �;
FreeQ@8a,b,c,d,A,B,C<,xD && OneQ@j^2,k^2D && k2===2*k && RationalQ@mD && j*k*m<-1 *L

H* IntAIsin@c_.+d_.*x_D^j_.M^m_.*IA_.+C_.*sin@c_.+d_.*x_D^k2_M*

Ia_+b_.*sin@c_.+d_.*x_D^k_.M,x_SymbolE :=

a*A*Cos@c+d*xD*HSin@c+d*xD^jL^Hm+j*kL�Hd*Hj*k*m+Hk+1L�2LL +

Dist@1�Hj*k*m+Hk+1L�2L,
Int@Hsin@c+d*xD^jL^Hm+j*kL*

Sim@Hj*k*m+Hk+1L�2L*b*A+HHj*k*m+Hk+3L�2L*a*A+Hj*k*m+Hk+1L�2L*a*CL*sin@c+d*xD^k+

Hj*k*m+Hk+1L�2L*b*C*sin@c+d*xD^H2*kL,xD,xDD �;
FreeQ@8a,b,c,d,A,C<,xD && OneQ@j^2,k^2D && k2===2*k && RationalQ@mD && j*k*m<-1 *L

Integration Rules for (sin^j)^m (A+B sin^k+C sin^(2k)) (a+b sin^k)^n



� Derivation: Rule 3 with n = 1 and ???

� Rule 12: If  j2 = k2 = 1 ì j k m ³ -1, then

á ISin@c + d xDjMm IA + B Sin@c + d xDk + C Sin@c + d xD2 kM Ia + b Sin@c + d xDkM âx �

-
b C Cos@c + d xD ISin@c + d xDjMm+2 j k

d Ij k m +
k+5

2
M +

1

j k m +
k+5

2

à ISin@c + d xDjMm
×

j k m +
k + 5

2
a A + j k m +

k + 5

2
Hb A + a BL + j k m +

k + 3

2
b C Sin@c + d xDk +

j k m +
k + 5

2
Hb B + a CL Sin@c + d xD2 k âx

� Program code:

H* IntAIsin@c_.+d_.*x_D^j_.M^m_.*IA_.+B_.*sin@c_.+d_.*x_D^k_.+C_.*sin@c_.+d_.*x_D^k2_M*

Ia_+b_.*sin@c_.+d_.*x_D^k_.M,x_SymbolE :=

-b*C*Cos@c+d*xD*HSin@c+d*xD^jL^Hm+2*j*kL�Hd*Hj*k*m+Hk+5L�2LL +

Dist@1�Hj*k*m+Hk+5L�2L,
Int@Hsin@c+d*xD^jL^m*

Sim@Hj*k*m+Hk+5L�2L*a*A+HHj*k*m+Hk+5L�2L*Hb*A+a*BL+Hj*k*m+Hk+3L�2L*b*CL*sin@c+d*xD^k+

Hj*k*m+Hk+5L�2L*Hb*B+a*CL*sin@c+d*xD^H2*kL,xD,xDD �;
FreeQ@8a,b,c,d,A,B,C<,xD && OneQ@j^2,k^2D && k2===2*k && RationalQ@mD && j*k*m³-1 *L

H* IntAIsin@c_.+d_.*x_D^j_.M^m_.*IA_.+C_.*sin@c_.+d_.*x_D^k2_M*

Ia_+b_.*sin@c_.+d_.*x_D^k_.M,x_SymbolE :=

-b*C*Cos@c+d*xD*HSin@c+d*xD^jL^Hm+2*j*kL�Hd*Hj*k*m+Hk+5L�2LL +

Dist@1�Hj*k*m+Hk+5L�2L,
Int@Hsin@c+d*xD^jL^m*

Sim@Hj*k*m+Hk+5L�2L*a*A+HHj*k*m+Hk+5L�2L*b*A+Hj*k*m+Hk+3L�2L*b*CL*sin@c+d*xD^k+

Hj*k*m+Hk+5L�2L*a*C*sin@c+d*xD^H2*kL,xD,xDD �;
FreeQ@8a,b,c,d,A,C<,xD && OneQ@j^2,k^2D && k2===2*k && RationalQ@mD && j*k*m³-1 *L

Integration Rules for (sin^j)^m (A+B sin^k+C sin^(2k)) (a+b sin^k)^n



Rules 1 - 6 : à ISin@c + d xDjMm

IA + B Sin@c + d xDk + C Sin@c + d xD2 kM Ia + b Sin@c + d xDkMn
âx

� Derivation: Rule 1 or 6 with a2 C - a b B + b2 A = 0

� Derivation: Algebraic simplification

� Basis:  If  a2 C - a b B + b2 A = 0, then A + B z + C z2 =
Hb B-a C+b C zL Ha+b zL

b2

� Rule: If  j2 = k2 = 1 ì a2 C - a b B + b2 A = 0 ì n < -1, then

à ISin@c + d xDjMm IA + B Sin@c + d xDk + C Sin@c + d xD2 kM Ia + b Sin@c + d xDkMn
âx �

1

b2
à ISin@c + d xDjMm Ib B - a C + b C Sin@c + d xDkM Ia + b Sin@c + d xDkMn+1

âx

� Program code:

IntAIsin@c_.+d_.*x_D^j_.M^m_.*IA_.+B_.*sin@c_.+d_.*x_D^k_.+C_.*sin@c_.+d_.*x_D^k2_M*

Ia_+b_.*sin@c_.+d_.*x_D^k_.M^n_,x_SymbolE :=

Dist@1�b^2,Int@Hsin@c+d*xD^jL^m*Sim@b*B-a*C+b*C*sin@c+d*xD^k,xD*Ha+b*sin@c+d*xD^kL^Hn+1L,xDD �;
FreeQ@8a,b,c,d,A,B,C,m<,xD && OneQ@j^2,k^2D && k2===2*k && ZeroQ@a^2*C-a*b*B+b^2*AD && RationalQ@nD && 1

IntAIsin@c_.+d_.*x_D^j_.M^m_.*IA_.+C_.*sin@c_.+d_.*x_D^k2_M*Ia_+b_.*sin@c_.+d_.*x_D^k_.M^n_,x_Symbol
Dist@1�b^2,Int@Hsin@c+d*xD^jL^m*Sim@-a*C+b*C*sin@c+d*xD^k,xD*Ha+b*sin@c+d*xD^kL^Hn+1L,xDD �;

FreeQ@8a,b,c,d,A,C,m<,xD && OneQ@j^2,k^2D && k2===2*k && ZeroQ@a^2*C+b^2*AD && RationalQ@nD && n<-1

Integration Rules for (sin^j)^m (A+B sin^k+C sin^(2k)) (a+b sin^k)^n



� Derivation: Recurrence 1

� Rule 1: If  j2 = k2 = 1 ì a2 - b2 ¹ 0 ì a2 C - a b B + b2 A ¹ 0 ì j k m > 0 ì n < -1, then

á ISin@c + d xDjMm IA + B Sin@c + d xDk + C Sin@c + d xD2 kM Ia + b Sin@c + d xDkMn
âx �

-
Ia2 C - a b B + b2 AM Cos@c + d xD ISin@c + d xDjMm Ia + b Sin@c + d xDkMn+1

b d Hn + 1L Ia2 - b2M +

1

b Hn + 1L Ia2 - b2M à ISin@c + d xDjMm-j k
×

Ia2 C - a b B + b2 AM j k m +
k - 1

2
+ b Ha A - b B + a CL Hn + 1L Sin@c + d xDk -

Ib2 A - a b B + b2 CM Hn + 1L + Ia2 C - a b B + b2 AM j k m +
k + 1

2

Sin@c + d xD2 k Ia + b Sin@c + d xDkMn+1
âx

� Program code:

IntAIsin@c_.+d_.*x_D^j_.M^m_.*IA_.+B_.*sin@c_.+d_.*x_D^k_.+C_.*sin@c_.+d_.*x_D^k2_M*

Ia_+b_.*sin@c_.+d_.*x_D^k_.M^n_,x_SymbolE :=

-Ha^2*C-a*b*B+b^2*AL*Cos@c+d*xD*HSin@c+d*xD^jL^m*Ha+b*Sin@c+d*xD^kL^Hn+1L�Hb*d*Hn+1L*Ha^2-b^2LL +

Dist@1�Hb*Hn+1L*Ha^2-b^2LL,
Int@Hsin@c+d*xD^jL^Hm-j*kL*

Sim@Ha^2*C-a*b*B+b^2*AL*Hj*k*m+Hk-1L�2L+b*Ha*A-b*B+a*CL*Hn+1L*sin@c+d*xD^k-

HHb^2*A-a*b*B+b^2*CL*Hn+1L+Ha^2*C-a*b*B+b^2*AL*Hj*k*m+Hk+1L�2LL*sin@c+d*xD^H2*kL,xD*

Ha+b*sin@c+d*xD^kL^Hn+1L,xDD �;
FreeQ@8a,b,c,d,A,B,C<,xD && OneQ@j^2,k^2D && k2===2*k && NonzeroQ@a^2-b^2D &&

NonzeroQ@a^2*C-a*b*B+b^2*AD && RationalQ@m,nD && j*k*m>0 && n<-1

IntAIsin@c_.+d_.*x_D^j_.M^m_.*IA_.+C_.*sin@c_.+d_.*x_D^k2_M*Ia_+b_.*sin@c_.+d_.*x_D^k_.M^n_,x_Symbol
-Ha^2*C+b^2*AL*Cos@c+d*xD*HSin@c+d*xD^jL^m*Ha+b*Sin@c+d*xD^kL^Hn+1L�Hb*d*Hn+1L*Ha^2-b^2LL +

Dist@1�Hb*Hn+1L*Ha^2-b^2LL,
Int@Hsin@c+d*xD^jL^Hm-j*kL*

Sim@Ha^2*C+b^2*AL*Hj*k*m+Hk-1L�2L+b*Ha*A+a*CL*Hn+1L*sin@c+d*xD^k-

HHb^2*A+b^2*CL*Hn+1L+Ha^2*C+b^2*AL*Hj*k*m+Hk+1L�2LL*sin@c+d*xD^H2*kL,xD*

Ha+b*sin@c+d*xD^kL^Hn+1L,xDD �;
FreeQ@8a,b,c,d,A,C<,xD && OneQ@j^2,k^2D && k2===2*k && NonzeroQ@a^2-b^2D &&

NonzeroQ@a^2*C+b^2*AD && RationalQ@m,nD && j*k*m>0 && n<-1

Integration Rules for (sin^j)^m (A+B sin^k+C sin^(2k)) (a+b sin^k)^n



� Derivation: Recurrence 2

� Rule 2: If  j2 = k2 = 1 ì a2 - b2 ¹ 0 ì j k m > 0 ì -1 £ n < 0, then

á ISin@c + d xDjMm IA + B Sin@c + d xDk + C Sin@c + d xD2 kM Ia + b Sin@c + d xDkMn
âx �

-
C Cos@c + d xD ISin@c + d xDjMm Ia + b Sin@c + d xDkMn+1

b d Ij k m + n +
k+3

2
M +

1

b Ij k m + n +
k+3

2
M à ISin@c + d xDjMm-j k

×

a C j k m +
k - 1

2
+ b A + HA + CL j k m + n +

k + 1

2
Sin@c + d xDk +

b B Hn + 1L + Hb B - a CL j k m +
k + 1

2
Sin@c + d xD2 k Ia + b Sin@c + d xDkMn

âx

� Program code:

IntAIsin@c_.+d_.*x_D^j_.M^m_.*IA_.+B_.*sin@c_.+d_.*x_D^k_.+C_.*sin@c_.+d_.*x_D^k2_M*

Ia_+b_.*sin@c_.+d_.*x_D^k_.M^n_,x_SymbolE :=

-C*Cos@c+d*xD*HSin@c+d*xD^jL^m*Ha+b*Sin@c+d*xD^kL^Hn+1L�Hb*d*Hj*k*m+n+Hk+3L�2LL +

Dist@1�Hb*Hj*k*m+n+Hk+3L�2LL,
Int@Hsin@c+d*xD^jL^Hm-j*kL*

Sim@a*C*Hj*k*m+Hk-1L�2L+b*HA+HA+CL*Hj*k*m+n+Hk+1L�2LL*sin@c+d*xD^k+

Hb*B*Hn+1L+Hb*B-a*CL*Hj*k*m+Hk+1L�2LL*sin@c+d*xD^H2*kL,xD*

Ha+b*sin@c+d*xD^kL^n,xDD �;
FreeQ@8a,b,c,d,A,B,C<,xD && OneQ@j^2,k^2D && k2===2*k && NonzeroQ@a^2-b^2D &&

RationalQ@m,nD && j*k*m>0 && -1£n<0

IntAIsin@c_.+d_.*x_D^j_.M^m_.*IA_.+C_.*sin@c_.+d_.*x_D^k2_M*Ia_+b_.*sin@c_.+d_.*x_D^k_.M^n_,x_Symbol
-C*Cos@c+d*xD*HSin@c+d*xD^jL^m*Ha+b*Sin@c+d*xD^kL^Hn+1L�Hb*d*Hj*k*m+n+Hk+1L�2+1LL +

Dist@1�Hb*Hj*k*m+n+Hk+1L�2+1LL,
Int@Hsin@c+d*xD^jL^Hm-j*kL*

Sim@a*C*Hj*k*m+Hk-1L�2L+b*HA+HA+CL*Hj*k*m+n+Hk+1L�2LL*sin@c+d*xD^k-

a*C*Hj*k*m+Hk+1L�2L*sin@c+d*xD^H2*kL,xD*

Ha+b*sin@c+d*xD^kL^n,xDD �;
FreeQ@8a,b,c,d,A,C<,xD && OneQ@j^2,k^2D && k2===2*k && NonzeroQ@a^2-b^2D &&

RationalQ@m,nD && j*k*m>0 && -1£n<0

Integration Rules for (sin^j)^m (A+B sin^k+C sin^(2k)) (a+b sin^k)^n



� Derivation: Recurrence 3

� Note: Rule 4 is used if j k m = k = -1.

� Rule 3: If  j2 = k2 = 1 ì a2 - b2 ¹ 0 ì j k m ³ -1 ì Ø Hm2 = 1 ì k = -1L ì n > 0, then

á ISin@c + d xDjMm IA + B Sin@c + d xDk + C Sin@c + d xD2 kM Ia + b Sin@c + d xDkMn
âx �

-
C Cos@c + d xD ISin@c + d xDjMm+j k Ia + b Sin@c + d xDkMn

d Ij k m +
k+3

2
+ nM +

1

j k m +
k+3

2
+ n

à ISin@c + d xDjMm
×

a A Hn + 1L + HA + CL j k m +
k + 1

2
+ b A + a B + Hb A + a B + b CL j k m +

k + 1

2
+ n Sin@c + d xDk +

a C n + b B j k m +
k + 3

2
+ n Sin@c + d xD2 k Ia + b Sin@c + d xDkMn-1

âx

� Program code:

IntAIsin@c_.+d_.*x_D^j_.M^m_.*IA_.+B_.*sin@c_.+d_.*x_D^k_.+C_.*sin@c_.+d_.*x_D^k2_M*

Ia_+b_.*sin@c_.+d_.*x_D^k_.M^n_.,x_SymbolE :=

-C*Cos@c+d*xD*HSin@c+d*xD^jL^Hm+j*kL*Ha+b*Sin@c+d*xD^kL^n�Hd*Hj*k*m+Hk+3L�2+nLL +

Dist@1�Hj*k*m+Hk+3L�2+nL,
Int@Hsin@c+d*xD^jL^m*

Sim@a*HA*Hn+1L+HA+CL*Hj*k*m+Hk+1L�2LL+Hb*A+a*B+Hb*A+a*B+b*CL*Hj*k*m+Hk+1L�2+nLL*sin@c+d*xD^k+

Ha*C*n+b*B*Hj*k*m+Hk+3L�2+nLL*sin@c+d*xD^H2*kL,xD*

Ha+b*sin@c+d*xD^kL^Hn-1L,xDD �;
FreeQ@8a,b,c,d,A,B,C<,xD && OneQ@j^2,k^2D && k2===2*k && NonzeroQ@a^2-b^2D &&

RationalQ@m,nD && j*k*m³-1 && Not@m^2�1 && k�-1D && n>0

IntAIsin@c_.+d_.*x_D^j_.M^m_.*IA_.+C_.*sin@c_.+d_.*x_D^k2_M*Ia_+b_.*sin@c_.+d_.*x_D^k_.M^n_.,x_Symbol
-C*Cos@c+d*xD*HSin@c+d*xD^jL^Hm+j*kL*Ha+b*Sin@c+d*xD^kL^n�Hd*Hj*k*m+Hk+3L�2+nLL +

Dist@1�Hj*k*m+Hk+3L�2+nL,
Int@Hsin@c+d*xD^jL^m*

Sim@a*HA*Hn+1L+HA+CL*Hj*k*m+Hk+1L�2LL+Hb*A+Hb*A+b*CL*Hj*k*m+Hk+1L�2+nLL*sin@c+d*xD^k+

a*C*n*sin@c+d*xD^H2*kL,xD*

Ha+b*sin@c+d*xD^kL^Hn-1L,xDD �;
FreeQ@8a,b,c,d,A,C<,xD && OneQ@j^2,k^2D && k2===2*k && NonzeroQ@a^2-b^2D &&

RationalQ@m,nD && j*k*m³-1 && Not@m^2�1 && k�-1D && n>0

Integration Rules for (sin^j)^m (A+B sin^k+C sin^(2k)) (a+b sin^k)^n



� Derivation: Recurrence 4

� Rule 4: If  j2 = k2 = 1 í a2 - b2 ¹ 0 í j k m +
k+1

2
¹ 0 í j k m £ -1 í n > 0, then

á ISin@c + d xDjMm IA + B Sin@c + d xDk + C Sin@c + d xD2 kM Ia + b Sin@c + d xDkMn
âx �

A Cos@c + d xD ISin@c + d xDjMm+j k Ia + b Sin@c + d xDkMn

d Ij k m +
k+1

2
M +

1

j k m +
k+1

2

à ISin@c + d xDjMm+j k
×

a B j k m +
k + 1

2
- b A n + a A + Ha A + a C + b BL j k m +

k + 1

2
Sin@c + d xDk +

b A Hn + 1L + HA + CL j k m +
k + 1

2
Sin@c + d xD2 k Ia + b Sin@c + d xDkMn-1

âx

� Program code:

IntAIsin@c_.+d_.*x_D^j_.M^m_.*IA_.+B_.*sin@c_.+d_.*x_D^k_.+C_.*sin@c_.+d_.*x_D^k2_M*

Ia_+b_.*sin@c_.+d_.*x_D^k_.M^n_.,x_SymbolE :=

A*Cos@c+d*xD*HSin@c+d*xD^jL^Hm+j*kL*Ha+b*Sin@c+d*xD^kL^n�Hd*Hj*k*m+Hk+1L�2LL +

Dist@1�Hj*k*m+Hk+1L�2L,
Int@Hsin@c+d*xD^jL^Hm+j*kL*

Sim@a*B*Hj*k*m+Hk+1L�2L-b*A*n+Ha*A+Ha*A+a*C+b*BL*Hj*k*m+Hk+1L�2LL*sin@c+d*xD^k+

b*HA*Hn+1L+HA+CL*Hj*k*m+Hk+1L�2LL*sin@c+d*xD^H2*kL,xD*

Ha+b*sin@c+d*xD^kL^Hn-1L,xDD �;
FreeQ@8a,b,c,d,A,B,C<,xD && OneQ@j^2,k^2D && k2===2*k && NonzeroQ@a^2-b^2D &&

RationalQ@m,nD && j*k*m+Hk+1L�2¹0 && j*k*m£-1 && n>0

IntAIsin@c_.+d_.*x_D^j_.M^m_.*IA_.+C_.*sin@c_.+d_.*x_D^k2_M*Ia_+b_.*sin@c_.+d_.*x_D^k_.M^n_.,x_Symbol
A*Cos@c+d*xD*HSin@c+d*xD^jL^Hm+j*kL*Ha+b*Sin@c+d*xD^kL^n�Hd*Hj*k*m+Hk+1L�2LL +

Dist@1�Hj*k*m+Hk+1L�2L,
Int@Hsin@c+d*xD^jL^Hm+j*kL*

Sim@-b*A*n+a*HA+HA+CL*Hj*k*m+Hk+1L�2LL*sin@c+d*xD^k+

b*HA*Hn+1L+HA+CL*Hj*k*m+Hk+1L�2LL*sin@c+d*xD^H2*kL,xD*

Ha+b*sin@c+d*xD^kL^Hn-1L,xDD �;
FreeQ@8a,b,c,d,A,C<,xD && OneQ@j^2,k^2D && k2===2*k && NonzeroQ@a^2-b^2D &&

RationalQ@m,nD && j*k*m+Hk+1L�2¹0 && j*k*m£-1 && n>0

Integration Rules for (sin^j)^m (A+B sin^k+C sin^(2k)) (a+b sin^k)^n



� Derivation: Recurrence 5

� Rule 5: If  j2 = k2 = 1 í a2 - b2 ¹ 0 í j k m +
k+1

2
¹ 0 í j k m £ -1 í -1 £ n < 0, then

á ISin@c + d xDjMm IA + B Sin@c + d xDk + C Sin@c + d xD2 kM Ia + b Sin@c + d xDkMn
âx �

A Cos@c + d xD ISin@c + d xDjMm+j k Ia + b Sin@c + d xDkMn+1

a d Ij k m +
k+1

2
M +

1

a Ij k m +
k+1

2
M à ISin@c + d xDjMm+j k

×

Ha B - b AL j k m +
k + 1

2
- b A Hn + 1L + a A + HA + CL j k m +

k + 1

2
Sin@c + d xDk +

b A j k m + n +
k + 5

2
Sin@c + d xD2 k Ia + b Sin@c + d xDkMn

âx

� Program code:

IntAIsin@c_.+d_.*x_D^j_.M^m_.*IA_.+B_.*sin@c_.+d_.*x_D^k_.+C_.*sin@c_.+d_.*x_D^k2_M*

Ia_+b_.*sin@c_.+d_.*x_D^k_.M^n_,x_SymbolE :=

A*Cos@c+d*xD*HSin@c+d*xD^jL^Hm+j*kL*Ha+b*Sin@c+d*xD^kL^Hn+1L�Ha*d*Hj*k*m+Hk+1L�2LL +

Dist@1�Ha*Hj*k*m+Hk+1L�2LL,
Int@Hsin@c+d*xD^jL^Hm+j*kL*

Sim@Ha*B-b*AL*Hj*k*m+Hk+1L�2L-b*A*Hn+1L+a*HA+HA+CL*Hj*k*m+Hk+1L�2LL*sin@c+d*xD^k+

b*A*Hj*k*m+n+Hk+5L�2L*sin@c+d*xD^H2*kL,xD*

Ha+b*sin@c+d*xD^kL^n,xDD �;
FreeQ@8a,b,c,d,A,B,C<,xD && OneQ@j^2,k^2D && k2===2*k && NonzeroQ@a^2-b^2D &&

RationalQ@m,nD && j*k*m+Hk+1L�2¹0 && j*k*m£-1 && -1£n<0

IntAIsin@c_.+d_.*x_D^j_.M^m_.*IA_.+C_.*sin@c_.+d_.*x_D^k2_M*Ia_+b_.*sin@c_.+d_.*x_D^k_.M^n_,x_Symbol
A*Cos@c+d*xD*HSin@c+d*xD^jL^Hm+j*kL*Ha+b*Sin@c+d*xD^kL^Hn+1L�Ha*d*Hj*k*m+Hk+1L�2LL +

Dist@1�Ha*Hj*k*m+Hk+1L�2LL,
Int@Hsin@c+d*xD^jL^Hm+j*kL*

Sim@-b*A*Hj*k*m+Hk+1L�2L-b*A*Hn+1L+a*HA+HA+CL*Hj*k*m+Hk+1L�2LL*sin@c+d*xD^k+

b*A*Hj*k*m+n+Hk+5L�2L*sin@c+d*xD^H2*kL,xD*

Ha+b*sin@c+d*xD^kL^n,xDD �;
FreeQ@8a,b,c,d,A,C<,xD && OneQ@j^2,k^2D && k2===2*k && NonzeroQ@a^2-b^2D &&

RationalQ@m,nD && j*k*m+Hk+1L�2¹0 && j*k*m£-1 && -1£n<0

Integration Rules for (sin^j)^m (A+B sin^k+C sin^(2k)) (a+b sin^k)^n



� Derivation: Recurrence 6

� Rule 6: If  j2 = k2 = 1 ì a2 - b2 ¹ 0 ì a2 C - a b B + b2 A ¹ 0 ì j k m < 0 ì n < -1, then

á ISin@c + d xDjMm IA + B Sin@c + d xDk + C Sin@c + d xD2 kM Ia + b Sin@c + d xDkMn
âx �

Ia2 C - a b B + b2 AM Cos@c + d xD ISin@c + d xDjMm+j k Ia + b Sin@c + d xDkMn+1

a d Hn + 1L Ia2 - b2M +

1

a Hn + 1L Ia2 - b2M à ISin@c + d xDjMm
×

A Ia2 - b2M Hn + 1L - Ia2 C - a b B + b2 AM j k m +
k + 1

2
- a Hb A - a B + b CL Hn + 1L Sin@c + d xDk +

Ia2 C - a b B + b2 AM j k m + n +
k + 5

2
Sin@c + d xD2 k Ia + b Sin@c + d xDkMn+1

âx

� Program code:

IntAIsin@c_.+d_.*x_D^j_.M^m_.*IA_.+B_.*sin@c_.+d_.*x_D^k_.+C_.*sin@c_.+d_.*x_D^k2_M*

Ia_+b_.*sin@c_.+d_.*x_D^k_.M^n_,x_SymbolE :=

Ha^2*C-a*b*B+b^2*AL*Cos@c+d*xD*HSin@c+d*xD^jL^Hm+j*kL*Ha+b*Sin@c+d*xD^kL^Hn+1L�Ha*d*Hn+1L*Ha^2-b^2L
Dist@1�Ha*Hn+1L*Ha^2-b^2LL,

Int@Hsin@c+d*xD^jL^m*

Sim@A*Ha^2-b^2L*Hn+1L-Ha^2*C-a*b*B+b^2*AL*Hj*k*m+Hk+1L�2L-a*Hb*A-a*B+b*CL*Hn+1L*sin@c+d*xD^k+

Ha^2*C-a*b*B+b^2*AL*Hj*k*m+n+Hk+5L�2L*sin@c+d*xD^H2*kL,xD*

Ha+b*sin@c+d*xD^kL^Hn+1L,xDD �;
FreeQ@8a,b,c,d,A,B,C<,xD && OneQ@j^2,k^2D && k2===2*k && NonzeroQ@a^2-b^2D &&

NonzeroQ@a^2*C-a*b*B+b^2*AD && RationalQ@m,nD && j*k*m<0 && n<-1

IntAIsin@c_.+d_.*x_D^j_.M^m_.*IA_.+C_.*sin@c_.+d_.*x_D^k2_M*Ia_+b_.*sin@c_.+d_.*x_D^k_.M^n_,x_Symbol
Ha^2*C+b^2*AL*Cos@c+d*xD*HSin@c+d*xD^jL^Hm+j*kL*Ha+b*Sin@c+d*xD^kL^Hn+1L�Ha*d*Hn+1L*Ha^2-b^2LL +

Dist@1�Ha*Hn+1L*Ha^2-b^2LL,
Int@Hsin@c+d*xD^jL^m*

Sim@A*Ha^2-b^2L*Hn+1L-Ha^2*C+b^2*AL*Hj*k*m+Hk+1L�2L-a*b*HA+CL*Hn+1L*sin@c+d*xD^k+

Ha^2*C+b^2*AL*Hj*k*m+n+Hk+5L�2L*sin@c+d*xD^H2*kL,xD*

Ha+b*sin@c+d*xD^kL^Hn+1L,xDD �;
FreeQ@8a,b,c,d,A,C<,xD && OneQ@j^2,k^2D && k2===2*k && NonzeroQ@a^2-b^2D &&

NonzeroQ@a^2*C+b^2*AD && RationalQ@m,nD && j*k*m<0 && n<-1

Integration Rules for (sin^j)^m (A+B sin^k+C sin^(2k)) (a+b sin^k)^n


