Trig Substitution Integration Rules

u(cFla+bx]™Mdx

= Derivation: Piecewise constant extraction

VeFET

F[Z]n/z = O

= Basis 9,

| n 1
= Rule If 5 M-S €z /\ m> 0, then

1 VcF[la+bx]"
ju (cF[a+bx1™Mdx — c™z [a+bxi ju Fla+bx]™ dx
Fla+bx]n/2

= Program code:

Int [u_. #(c_. *F_[a_. +b_. xx_1"n_)"m_, x_Symbol | : =

Di st [c" (m-1/2)*Sqrt [cxF[a+bxx]~n]/F[a+b*xx]1" (n/2), | nt [uxF[a+b*x]" (mkn), x11 /;
FreeQ[{a, b,c}, x] & IntegerQ[n/2] && IntegerQ[m-1/2] && m0 &&

Menber Q[ {Si n, Cos, Tan, Cot, Si nh, Cosh, Tanh, Cot h}, F]

= Derivation: Piecewise constant extraction

F[Z]n/z

=0
Ve F[zi"

= Basis 9,

n

) 1
= Rule If 7 M->¢€z /\ m< 0, then

Fla+bx]"/2

AcFla+bx]"

ju (cFla+bx1MMdax — c™3 JuF[a+bx]m”dx

= Program code:

Int [u_. «(c_. »F_[a_. +b_. »x_1"n_)"m_, x_Synbol | : =

Di st [c" (m+1/2) *F[a+b*x]1” (n/2) /Sqrt [cxF[a+bxx]1"n], | nt [uxF[a+b*x]1" (mkn), x11 /;
FreeQ[{a, b,c}, x] & IntegerQ[n/2] && IntegerQ[m-1/2] && nkx0 &&

Menmber Q[ {Si n, Cos, Tan, Cot, Si nh, Cosh, Tanh, Cot h}, F]



Trig Substitution Integration Rules

f[SIN[u]] 6xSin[u] dx

= Derivation: Integration by substitution
m Basisf [Sin[z]] Cos[z] =f[Sin[z]] 8,Sin[z]

= Rule

1
Jf [Sin[a+bx]] Cos[a+bx]dx — ESubst [jf [x] dx, X, Sin[a+bx]]

= Program code:

Int [u_xCos [c_. »(a_. +b_. »x_) ], x_Synbol | : =
Di st [1/ (bxc), Subst [I nt [Regul ari ze [Subst For [Sin[c* (a+b*X) ], u, X1, X], X], X, Sin[Ccx (a+b*x)]111 /;
FreeQ[{a, b, c}, x] && Functi onO Q[Si n[c* (a+b=xX) ], u, x, True]

= Derivation: Integration by substitution

z

» Basisf [Sin[z]] Cot [z] = %@Si niz]
= Rule

f [x]

1
Jf [Sin[a+bx]] Cot [a+bXx]dXx — ESub:st [J dx, X, Sin[a+bx]]

X

= Program code:

Int [u_«Cot [c_. »(a_. +b_. »x_) ], x_Synbol | : =
Di st [1/ (bxc), Subst [I nt [Regul ari ze [Subst For [Si n[c* (a+b*Xx) ], u, X1/X, X1, X1, X, Sin[c* (a+b*x)1]]1 /;
FreeQ[{a, b, c}, x] && FunctionOf Q[Si n[c* (a+bxXx) 1, u, X, True]



Trig Substitution Integration Rules

f [Cos[u]] 8xCos [u] dx

= Derivation: Integration by substitution
m Basis f [Cos[z]] Sin[z] = -f [Cos[z]] 8,Cos [Z]

= Rule

1
ff [Cos[a+bx]]Sin[a+bx]dx — —ESubst [jf [x] dX, X, Cos[a+bx]]

= Program code:

Int [u_xSin[c_. »(a_. +b_. »x_)], x_Synbol | :=
-Di st [1/ (bxc), Subst [I nt [Regul ari ze [Subst For [Cos [C* (a+b*X) ], u, X], X], X], X, Cos [Cx (a+b*x)]1] /;
FreeQ[{a, b, c}, x] && Functi onOf Q[Cos [c* (a+bxX) ], u, X, True]

= Derivation: Integration by substitution

» Basis f [Cos[z]] Tan[z] = -%azms[z]

= Rule

f [x]

1
jf [Cos[a+bXx]] Tan[a+bXx] dX — —BSubst [J dx, X, Oos[a+bx]]

X

= Program code:

Int [u_s«Tan[c_. »(a_. +b_. »x_) ], x_Synbol | : =
-Di st [1/ (bxc), Subst [I nt [Regul ari ze [Subst For [Cos [C* (a+b*X) ], U, X]/X, X1, X], X, Cos[C* (a+bxXx)]1]] /;
FreeQ[{a, b, c}, x] && FunctionOf Q[Cos [C* (a+bxX) ], u, X, True]



Trig Substitution Integration Rules

f [Cot [u]] 8xCot [u] dx

= Derivation: Integration by substitution
m Basis f [Cot [z]] Csc[z]? = -f [Cot [2]] &, Cot [2]

= Rule

1
Jf [Cot [a+bx]] Csc[a+bx]?dx —s —ESubst [Jf [x] dx, x, Cot [a+bx]]

= Program code:

Int [u_xCsc[c_. »(a_. +b_. »x_)]"2, x_Symbol | : =
-Di st [1/ (bxc), Subst [I nt [Regul ari ze [Subst For [Cot [c* (a+b*X) ], u, X], X], X], X, Cot [Cx (a+b*x)]1] /;
FreeQ[{a, b, c}, x] && Functi onO Q[Cot [c* (a+bxX) ], u, x, True] && NonsunmQ[u]

= Derivation: Integration by substitution

f [Cot [2]]

.o n _ IR S T8 F
m Basis If n e z thenf [Cot [z]] Tan[z]" = ot 121" (100t [277)

9, Cot [z]

s Rule If n € z, then

1 f [x]
jf [Cot [a+bx]] Tan[a+bXx]"dXx — —ESubst [j
XI’]

—— dx, X, Cot [a+bx]]
(1+x2)

= Program code:

Int [u_sTan[c_. »(a_. +b_. »x_)]~n_., x_Synbol | : =
-Di st [1/ (b%c), Subst [I nt [Regul ari ze [Subst For [Cot [C* (a+b*X) ], U, X1/ (X*n* (1+x"2)), X1, X], X, Cot [Cx (a+bxX
FreeQ[{a, b,c}, x] & IntegerQ[n] && Functi onOf Q[Cot [C* (a+b*x) ], u, X, True] && TryPureTanSubst [uxTan [C* (:



Trig Substitution Integration Rules

= Derivation: Integration by substitution

» Basis f [Cot [2]] = -%azmt [z]

= Rule
f [x]

1+x2

1
J‘f[Cot[a+bx]]dlx—>—ESubst[J\ dx, x, Cot [a+bx]]

= Program code:

| f [ShowsSt eps,

Int [u_,x_Synbol ] :=
Modul e [ {v=Functi onOf Tri g [u, X]},
ShowStep ["", "I nt [f [Cot [a+b*x]1], X]", "Subst [I nt [f [x]/(1+x"2), X], X, Cot [a+b*x]]/b", Hol d [
Di st [-1/Coeffi ci ent [v, X, 1], Subst [I nt [Regul ari ze [Subst For [Cot [V], u, x]/ (1+x"2), x], X1, X, Cot [V]]11] /;
Not Fal seQ[v] && Functi onOf Q[Cot [V], u, X, True] && TryPureTanSubst [u, x]] /;
SinmplifyFl ag,

Int [u_,x_Synbol ] : =
Modul e [ {v=Functi onCf Tri g [u, X1},
Di st [-1/Coefficient [v, x, 1], Subst [I nt [Regul ari ze [Subst For [Cot [V], u, X]/ (1+x"2), x], X1, X, Cot [Vv]1] /;
Not Fal seQ[v] && FunctionO Q[Cot [V], u, X, True] && TryPureTanSubst [u, x]]]



Trig Substitution Integration Rules

f [Tan[u]] 6x Tan[u] dx

= Derivation: Integration by substitution
» Basis f [Tan[z]] Sec[z]? =f [Tan[z]] 8, Tan[z]

= Rule

1
Jf [Tan[a+bx]] Sec[a+bx]2dx — : Subst [Jf [x] dx, x, Tan [a+bx]]

= Program code:

Int [u_xSec[c_. »(a_. +b_. »x_)]"2, x_Symbol | : =
Di st [1/ (bxc), Subst [I nt [Regul ari ze [Subst For [Tan[c* (a+b*X) ], u, X1, X], X], X, Tan[Cx (a+b*x)]11]1 /;
FreeQ[{a, b, c}, x] && Functi onO Q[Tan[c* (a+bxX)], u, x, True] && NonsumQ[u]

= Derivation: Integration by substitution

f[Tan[z]]

. n _
m Basis If n e z thenf [Tan[z]] Cot [z]" = Tan (21" (LeTanizl?)

9, Tan[z]

s Rule If n € z, then

1 f [x]
jf [Tan[a+bx]] Cot [a+bXx]"dXx — BSubst [I
Xn

——— dXx, X, Tan[a+bx]]
(1+x2)

= Program code:

Int [u_xCot [c_. »(a_. +b_. »x_)]~n_., x_Synbol | : =
Di st [1/ (bxc), Subst [I nt [Regul ari ze [Subst For [Tan[c* (a+b*X) 1, U, X]/ (X*n* (1+x"2)), X1, X], X, Tan[C (a+b*Xx)
FreeQ[{a, b,c}, x] & IntegerQ[n] && Functi onO Q[Tan[c* (a+b*x)], u, X, True] && TryPureTanSubst [uxCot [C* (:



Trig Substitution Integration Rules

= Derivation: Integration by substitution

» Basis f [Tan[z]] = %azTan[z]

= Rule

1 f [x]
Jf [Tan[a+bXx]] dX — m Subst [j

. dx, X, Tan[a+bx]]
1+Xx

= Program code:

| f [ShowsSt eps,

Int [u_,x_Synbol ] :=
Modul e [ {v=Functi onOf Tri g [u, X]},
ShowStep ["", "I nt [f [Tan[a+b*x]1], Xx]", "Subst [I nt [f [x]/ (1+x"2), X], X, Tan[a+b*x]]/b", Hol d [
Di st [1/Coeffi cient [v, X, 1], Subst [I nt [Regul ari ze [Subst For [Tan[Vv], u, x]/ (1+x"2),x], X1, X, Tan[v]111] /;
Not Fal seQ[v] && Functi onOf Q[Tan[V], u, X, True] && TryPureTanSubst [u, x]] /;
SinmplifyFl ag,

Int [u_,x_Synbol ] : =
Modul e [ {v=Functi onCf Tri g [u, X1},
Di st [1/Coefficient [v, x, 1], Subst [I nt [Regul ari ze [Subst For [Tan[v], u, X1/ (1+x"2), x], X1, X, Tan[v]1] /;
Not Fal seQ[v] && FunctionO Q[Tan[v], u, X, True] && TryPureTanSubst [u, x]]]



Trig Substitution Integration Rules

u(@a+bSinfc+dx])"dx

= Note: Thisruleshould be moved just beforethe tangent 6/2 substitution rulesfor linear trigonometric expressions
m Derivation: Piecewise constant extraction and algebraic expansion

Va+b Sin[z]

» Bads If a?2-b% =0,thend, —F—=_— =
Cos[z]+5 Sin[3]

: 2 2 _ 1
m Rulelf a?-b _OAn-Eez,then

Ju (a+bSin[c+dx])"dx —

Va+bSin[c+dx]

s[5 + g Sin[ ]

c+dx ) ol a o rc+dx . ol
(quos[ > ](a+bS|n[c+dx])'de+5fu5|n[ > ](a+bS|n[c+dx])'5d1x

= Program code:

(» Int [u_=(a_+b_. #Sin[c_. +d_. »x_])"n_, x_Synbol | : =
Sgrt [a+b*Sin[c+d*x]]1/ (Cos[c/2+d*x/2]+a/bxSin[c/2+d*x/2]) *
(Int [uxCos [c/2+d*xX/2] % (a+b*Si n[c+d*Xx])" (n-1/2), x] +
a/bxlnt [uxSin[c/2+d*x/2] % (a+b*Sin[c+d*x]1)" (n-1/2),X]) /;
FreeQ[{a, b, c,d}, x] & ZeroQ[a’2-b"2] && IntegerQ[n-1/2] =)



Trig Substitution Integration Rules

u(a+bCosfc+dx])"dx

= Note: Theserulesshould be moved just before the tangent 6/2 substitution rulesfor linear trigonometric expressions
= Derivation: Piecewise constant extraction

vV a+a Cos[z] -0

= Basis 8, o []
2

s RuleIf n- % € Z, then

a+aCos[c+dx c+dxX 1
Var [c+dx] fuCos[ ! ](a+aOos[c+dx])”‘5d1x

uUu(a+acCos[c+dx])"dx —
Cos [ 4] ?

= Program code:

(* I nt [u_* (a_+b_. *Cos [C_. +d_. *x_] )"n_, x_Synbol ] L=
Sqrt [a+b*xCos [c+dxx]]/Cos[c/2+dxX/2] %l nt [uxCos [c/2+dxXx/2]* (a+b*xCos [c+dxx])" (n-1/2),X] /;
FreeQ[{a, b, c,d}, x] & & ZeroQ[a-b] && IntegerQ[n-1/2] =*)

= Derivation: Piecewise constant extraction

Va-aCos[z]

- =0
Sin[;]

= Bass 9,

= Rulelf n- % € Z,then

va-aCos[c+dx]

HED

d 1
JuSin[C+ X] (a-aCos[c+dx])"zdx

Ju (a-aCos[c+dx])"dx — 5

m  Program code:

(* Int [u_«(a_+b_. #Cos [c_. +d_. »x_])"n_, x_Synbol | : =
Sqrt [a+b*xCos [c+d*x]]1/Si n[c/2+dxXx/2] %l nt [uxSi n[c/2+d*xx/2]* (a+b*xCos [c+d*x])”" (n-1/2),X] /;
FreeQ[{a, b,c,d}, x] & ZeroQ[a+b] && IntegerQ[n-1/2] =*)



Trig Substitution Integration Rules

u(a+bCos[d+ex]+cSin[d+ex])"dx

= Note: Thisruleshould be moved just beforethe tangent 6/2 substitution rulesfor linear trigonometric expressions
m Derivation: Piecewise constant extraction and algebraic expansion

Va+b Cos[z]+c Sin[z] _

m Basis If a2 -b?2-c¢? = 0, then 8, > = =
cOos[E]»,(a-b) Sin[;]

: 2 2 2 _ 1
s Rule If a?-b?%-c _O/\n-gez,then

Ju (a+bCos[d+ex]+cSin[d+ex])"

dx —

1

] (a+bCos[d+ex]+cSin[d+ex])"zdx+

cva+bCos[d+ex]+cSin[d+ex] d+ex
quos[
cOos[—de] +(a-b) Sin[—d*gx]

(a-b) Va+bCos[d+ex] +cSin[d+ex]  rd+ex
JuSm[

cOos[‘“%] +(a-b) Sin[d*%]

] (a+bCos[d+ex] +cSin[d+ex])”‘%d1x

= Program code:

(* Int [u_«(a_+b_. #Cos [d_. +e_. »x_]+C_. *Sin[d_. +e_. #x_])"n_, x_Synbol | : =
Sqrt [a+bxCos [d+exx]+C*xSi n[d+exx]]/ (c*xCos [ (d+exx) /2] + (a-b)*Si n[ (d+exXx) /2])
Di st [c, | nt [uxCos [ (d+exXx) /2] * (a+bxCos [d+exx]+CxSi n[d+exx])" (n-1/2),x]] +
Sqrt [a+bxCos [d+exx]+CxSi n[d+exx]]/ (c*Cos [ (d+exx) /2] + (a-b)*Si n[ (d+exX) /2])
Di st [a-b, Int [uxSin[ (d+exx) /2] % (a+bxCos [d+exx]+CxSi n[d+exx])”" (n-1/2),x]]1 /;
FreeQ[{a, b, c,d, e}, x] & & ZeroQ[a"2-b"2-c"2] && IntegerQ[n-1/2] =*)



