Integration Rules for Sine Functions

xM(@a+bSin[c+dx])"dx

m Derivation: Algebraic simplification

na+2]2
4b 2

m Rulelf a2-b2=0 Ame@ Anez A n<0,then

» Basis If a2-b2 = 0,thena +b Sin[z] =2aOos[-

i ra ¢ dx 2"
Jxm(a+bS|n[c+dx])”d1x—> (2a)“fxm®s[-—+_+_ dx
4b 2 2

= Program code:

Int [x_"m_. «(a_+b_. *Sin[c_. +d_. #x_])"n_, x_Synbol | : =
Di st [ (2%a)”n, | nt [x"mxCos [-Pi xa/ (4xb) +c/2+d*x/2]" (2%n), x1] /;
FreeQ[{a, b, c,d}, x] & ZeroQ[a"2-b"2] && Rational Q[m] && I ntegerQ[n] && n<0

m Derivation: Algebraic simplification and piecewise constant extraction
2
m Basis If a2-Db%2 =0,thena+bSin[z] = 2aCos[-% + %]

Va+b Sin[z]

Cos[-T5+3]
Rule:lfaz—b2=0/\meQ/\n—%eZ,then
1
_ (2a)"zva+bSin[c+dx] 7 c dx,2n
xM(@+bSin[c+dx])"dx — Jxm@s[__+_+_ dx

a
CDS[—%+%+dTX] 4b 2 2

Basis: If a2 - b2 = 0, then &, =0

= Program code:

Int [x_"m_. «(a_+b_. «Sin[c_. +d_. #x_])"n_, x_Synbol | : =
Di st [(2%a)” (n-1/2)*Sqrt [a+b*Si n[c+dxx]]/Cos [-Pi *a/ (4xb) +c/2+dxx /2],
I nt [x*mxCos [-Pi *a/ (4xb)+c/2+dxx/2]1" (2%n), x1]1 /;
FreeQ[{a, b,c,d}, x] && ZeroQ[a"2-b"2] && Rational Q[m] && I ntegerQ[n-1/2]



Integration Rules for Sine Functions

= Derivation: Algebraic expansion

. 1 a b (b+az)
| ] B = -
asis. (a+h z)?2 (a2-b?) (a+bz) (a2-b?) (a+b z)?

= Rule If a2 -b? # 0, then

X a X b X (b+aSin[c+dx])
j dx — j _ dx - j dx
(a+bSin[c+dx])? a2-b2 Ja+bSin[c+dx] a? - b? (a+bSin[c+dx])2

= Program code:

Int [x_/(a_+b_. #Sin[c_. +d_. xx_1)"2, x_Synbol | : =

Di st [a/ (a"2-b”"2), I nt [x/ (a+b*Sin[c+dxx]), x]] -

Di st [b/ (a"2-b”2), I nt [x* (b+axSin[c+dxx])/ (a+b*Si n[c+d*x])"2,x]1] /;
FreeQ[{a, b, c,d}, x] & NonzeroQ[a’2-b"2]

= Derivation: Algebraic expansion

ib+2aet?-ibe?i?

2 iz

m Bassa+bSin[z] =

m Rulelf a2-b220 Am>0 Anez A n<O0,then

dx

1 xM(ib+2aeicridx_jpe? @eridn)h
jxm(a+bSi nc+dx])"dx — _j
2N @ (ic+idx)

= Program code:

Int [x_"m_. «(a_+b_. *Sin[c_. +d_. #x_])"n_, x_Synbol | : =
Di st [1/27n, | nt [X"mk (| *b+2xa*E" (I *C+| *dxX) - *b*E® (2% (I *C+| *d*Xx) ) ) n/E* (n» (| *C+| xd*x)), x]] /;
FreeQ[{a, b,c,d}, x] & NonzeroQ[a’2-b"2] && Rational Q[m] && m>0 && I ntegerQ[n] && n<0



Integration Rules for Sine Functions

xM(a+bCos[c+dx])"dx

m Derivation: Algebraic simplification
. 1 a z12
= BassIf a?-b?=0,thena+bCos[z] =2aCos[-Fx (1-2)+]

2

= Note: Thisruleunifiesthe following two rules, but superficially appears more complicated.
m Rulelf a2-b2=0 A me@ Anez A n<D0,then

1 ay ¢ dx,2"
jxm(a+b005[c+dx])“d1x — (2a)”J‘meos[Z (-) (1—E)+5+7] dx

= Program code:

(* Int [x_"m_. =(a_+b_. #Cos [c_. +d_. »x_])"n_, x_Synbol | : =
Di st [ (2%a)”n, I nt [x*mxCos [-Pi /4% (1-a/b)+c/2+d*x/2]1" (2xn), x]] /;
FreeQ[{a, b, c,d}, x] & & ZeroQ[a"2-b"2] && Rational Q[m] && I ntegerQ[n] && n<0 =)

= Derivation: Algebraic simplification
= Basis 1+Cos[z] =2 Cos[%]”

m Rulelfa-b=0 A me@ Anez A n<O0,then

C
jxm(a+b®s[c+dx])”dx — (2a)"jxmms[5+— dx

= Program code:

Int [x_"m_. «(a_+b_. »xCos [c_. +d_. #x_])"n_, x_Synbol | : =
Di st [ (2%a)”n, I nt [x*mxCos [c/2+dxx/2]" (2%Nn), X111 /;
FreeQ[{a, b,c,d}, x] & ZeroQ[a-b] && Rational Q[m] && I ntegerQ[n] && n<0



Integration Rules for Sine Functions

m Derivation: Algebraic simplification
= Basis 1-Cos[z] =2Sin[%]?
m Rulelfa+b=0 A me@ Anez A n<O0,then

m . G Come 1€ dX 2n
xM(@a+bCos[c+dx])"dx — (2a) X Sln[5+7] dx

= Program code:

Int [x_"m_. «(a_+b_. «xCos [c_. +d_. #x_])"n_, x_Synbol | : =
Di st [(2%xa)”n, | nt [X*m«Si n[c/2+d*x/2]" (2%Nn), X]] /;
FreeQ[{a, b,c,d}, x] && ZeroQ[a+b] && Rational Q[m] && I ntegerQ[n] && n<0

= Derivation: Algebraic simplification and piecewise constant extraction

= Basis If a2-b2 = 0,thena + b Cos [Z] =2aOos[§—%7r(1—3)]2

Va+b Cos[z] .

= Bads If a? - b2 = 0, then 8, Al -
Cos[3-3 7 (1-3)]

= Note: Thisruleunifiesthefollowing two rules, but superficially appears more complicated.

= Rule If a2-b2=0/\meQ/\n-%ez,then

(2a)”'§\/a+bCos[c+dx] 1 ay ¢ dx-2n
xM(@a+bCos[c+dx])"dx — jmeos[Z(—rr)( )
]

1-—|+—+— dx
@[} (m (1-3) 50 % RN

= Program code:

(*» Int [x_"m_. »(a_+b_. xCos [c_. +d_. #x_])"n_, x_Symbol | : =
Di st [ (2%a)” (n-1/2)xSqrt [a+b*xCos [c+d*x]]/Cos [-Pi /4% (1-a/b)+c/2+dxx/2],
I nt [x*mxCos [-Pi /4% (1-a/b)+c/2+dxx/2]" (2%n), x11 /;
FreeQ[{a, b,c,d}, x] & & ZeroQ[a”2-b"2] && Rational Q[m] && I ntegerQ[n-1/2] =)



Integration Rules for Sine Functions

m Derivation: Algebraic simplification
= Bass 1+ Cos[z] = 2C03[§]2

vV a+a Cos[z]

- =0
Cos[;]

= Bass: 9,

n Rule:lfa—b=0/\meQ/\n—%ez,then

(2a)"'§w/a+bOos[c+dx] c dx.,2n
xM(@a+bCos[c+dx])"dx — J-x ] dx
Cos[£+LX
[z+3

= Program code:

Int [x_"m_. «(a_+b_. «xCos [c_. +d_. #x_])"n_, x_Synbol | : =
Di st [(2%a)” (n-1/2)*Sqrt [a+bxCos [c+dxXx]]/Cos [c/2+d*xx/2], | nt [ X mxCos [C/2+dxXx/2]" (2%n), X]1] /;
FreeQ[{a, b,c,d}, x] && ZeroQ[a-b] && Rational Q[m] && I ntegerQ[n-1/2]

= Derivation: Algebraic simplification
m Basisi1-Cos[z] =28 n[%]2

Va-aCos[z]

= =0
Sin[;]

= Basis 9,

L] Rule:lfa+b=0/\meQ/\n-%ez,then

(2a)"'%\/a+bCos[c+dx] c dx,2n
xM(a+bCos[c+dx])"dx — Jx i

. c dx
= Program code:
Int [x_"m_. «(a_+b_. xCos [c_. +d_. #x_])"n_, x_Synbol | : =

Di st [(2%a)” (n-1/2)xSqrt [a+bxCos[c+d*x]]/Si n[c/2+dxx/2], | nt [X*m«Si n[C/2+d*Xx/2]" (2%n), X]] /;
FreeQ[{a, b,c,d}, x] & ZeroQ[a+b] && Rational Q[m] && I ntegerQ[n-1/2]



Integration Rules for Sine Functions

= Derivation: Algebraic expansion

. 1 a b (b+az)
| ] B = -
asis. (a+h z)?2 (a2-b?) (a+bz) (a2-b?) (a+b z)?

= Rule If a2 -b? # 0, then

X a X b X (b+aCos[c+dx])
j dx — J dx - j dx
(a+bCos[c+dx])2 a2-b2 Ja+bCos[c+dx] 2 _p? (a+bCos[c+dx])2

= Program code:

Int [x_/(a_+b_. #Cos [c_. +d_. »x_])"2, x_Synbol | : =

Di st [a/ (a"2-b”"2), I nt [x/ (a+bxCos [c+dxx]), X]] -

Di st [b/ (a"2-b”2), I nt [x* (b+axCos [c+dxXx]) / (a+bxCos [c+d*x])"2,Xx]] /;
FreeQ[{a, b, c,d}, x] & NonzeroQ[a’2-b"2]

= Derivation: Algebraic expansion

m Bassa+bCos[z] = b+2a:¢e+ez“
= Ruleif a2-b2#0 A m>0 Anez An<O0,then

1 xm (b+2aeic+idx +be2 (ic+idx))“
Jxm(a+bCos[c+dx])“dlx—> 2_“J. dx

e" (ic+idx)

= Program code:

Int [x_"m_. «(a_+b_. xCos [c_. +d_. #x_])"n_, x_Synbol | : =
Di st [1/27n, | nt [X"mk (b+2*xa*E" (I *C+] *d*xX) +b*E" (2% (I *C+] *dxXx) ) ) n/EM (n* (| *C+| xd*x)), x]] /;
FreeQ[{a, b,c,d}, x] & NonzeroQ[a’2-b"2] && Rational Q[m] && m>0 && I ntegerQ[n] && n<0



Integration Rules for Sine Functions

u (a+bSin[C+dx]2)nd1x

m Derivation: Algebraic simplification
» Bass Sin[z]? = % (1-Cos[22])
= Note: Thisruleshould bereplaced with rulesthat directly reducetheintegrand rather than transformingit using trig power expansion!

m Rulelfa+b#0 A n#-1,then

1
J(a+bSin[C+dX]2)ndX — 2—nJ‘(2a+b—bOOS[ZC+2dx])”dlx

= Program code:

Int [(a_+b_. #Sin[c_. +d_. »x_1"2)"n_, x_Symbol | : =
Di st [1/2”n, I nt [ (2%xa+b-bxCos [2xC+2*xdxXx])"n, X]]1 /;
FreeQ[{a, b,c,d}, x] & NonzeroQ[a+b] && Rational Q[n] && n#-1

Int [(a_+b_. Cos[c_. +d_. xx_1"2)"n_, x_Symbol | : =
Di st [1/2”"n, I nt [ (2xa+b+bxCos [2xC+2xdxX])"n, x]] /;
FreeQ[{a, b,c,d}, x] & NonzeroQ[a+b] && Rational Q[n] && n#-1

= Derivation: Algebraic simplification
» Basis Sin[z]? = % (1-Cos[22])
= Note: Thisruleshould bereplaced with rulesthat directly reducetheintegrand rather than transforming it using trig power expansion!

m Rulelfa+b#0 A mez A m>0,then

1
fxm(a+bSin[c+dx]2)nd1x — 2—njxm(2a+b—b®s[2c+2dx])”dx

= Program code:

Int [x_"m_. «(a_+b_. «Sin[c_. +d_. #x_]"2)"n_, x_Synbol | : =
Di st [1/2”n, | nt [X"mk (2*a+b-b*Cos [2xC+2xd*Xx])"n, X]] /;
FreeQ[{a, b,c,d}, x] & NonzeroQ[a+b] && IntegersQ[mn] & & (M0 &% n=-1 || m=1 && n=-2)

Int [x_"m_. «(a_+b_. »Cos [c_. +d_. #x_]"2)"n_, x_Synbol | : =
Di st [1/27n, | nt [X"mk (2*xa+b+bxCos [2xC+2xd*x])"n, X]1] /;
FreeQ[{a, b,c,d}, x] & NonzeroQ[a+b] && IntegersQ[mn] && (M0 && n==-1 || M=1 && n==-2)



Integration Rules for Sine Functions

Sin[a+bx"] dx

= Derivation: Primitiverule
= Bads Fresnel S'[z] = Si n["z—zz]

= Rule

JSi n[bx?] dx — \/? Fr esnel S[WX]

Vb

T

= Program code:

Int [Sin[b_. *x_"2],x_Synbol ] : =
Sgrt [Pi /2] *Fresnel S[Rt [b, 2]*x/Sqrt [Pi /2]]/Rt [b, 21 /;
FreeQIb, x]

Int [Cos[b_. *x_"2],x_Synbol ] : =
Sgrt [Pi /2] *Fresnel C[Rt [b, 2]*x/Sqrt [Pi /2]]/Rt [b, 2] /;
FreeQI[b, x]

= Derivation: Algebraic expansion
m Basis Sin[w+2z] =Sin[w] Cos[z] +Cos[w] Sin[z]

= Rule

JSi n[a+bx?] dx — Sin[a] JCos[b x?] dx + Cos [a] jSi n[bx?] ax

= Program code:

Int [Sin[a_+b_.*x_"2],x_Synbol ] : =
Di st [Sin[a], I nt [Cos[bxx"2],Xx]] +
Di st [Cos[a], I nt [Sin[bxx"2],Xx]1] /;

FreeQ[{a, b}, x]

Int [Cos[a_+b_.xx_"2],x_Synbol ] : =
Di st [Cos [a], I nt [Cos [bxx"2],Xx]] -
Di st [Sin[a], I nt [Sin[bxx"2],Xx]] /;

FreeQ[{a, b}, x]



Integration Rules for Sine Functions

= Derivation: Algebraic expansion
i Qi L. -iz_ 1. iz
L] BasnsSm[z]:Ene -sie

m Rulelf - (neF V n<0),then

i . on i o on
JSin[a+bx“] dx — Eje‘an‘bnx dx—EJean*bnx dx

= Program code:

Int [Sin[a_.+b_.*x_"n_],x_Synbol ] : =
Dist [l /2,1 nt [E® (-axl -b*|l *x*n), x]] -
Dist [l /2,1 nt [E® (ax| +bx] *x*n), x]] /;
FreeQ[{a, b, n}, x] && Not [Fracti onOr Negati veQ[n]]

. 1 . 1 .
m Basis Cos[z] = Ece'“+5¢e’lZ

Int [Cos[a_. +b_. *x_"n_],x_Synbol ] : =
Dist [1/2, ] nt [EN (-axl -b*|l *x*n), x]] +
Dist [1/2, ] nt [E® (axl +bx] *x*n), x]]1 /;
FreeQ[{a, b, n}, x] && Not [Fracti onOr Negati veQ[n]]

= Derivation: Integration by parts
= Note: Although resulting integrand looks more complicated than the original, rulesfor improper binomialsrectify it.

m Rulelf nez V n<O0,then

JSin[a+bx”]dlx — xSin[a+bx"] -bnjx”Cos[a+bx”] dx

= Program code:

Int [Sin[a_.+b_.*x_"n_],x_Synbol ] : =
X*Si n[a+b*x"n] -
Di st [b*n, | nt [x*n%Cos [a+b*x"n], x]] /;
FreeQ[{a, b}, x] & IntegerQ[n] && n<0

Int [Cos[a_.+b_.*x_"n_],x_Synbol ] : =
x*Cos [a+bxXx"n] +
Di st [b*n, I nt [X*n*Si n[a+bxx"n], x1] /;
FreeQ[{a, b}, x] && IntegerQ[n] && n<0



Integration Rules for Sine Functions

XxMSin[a+bx"] dx

= Derivation: Primitiverule

m Basis: Sinlntegral "[z] = S'”Zi
= Rule

dx —
X n

J-Si n[ib x"] Si nl ntegral [bx"]

= Program code:

Int [Sin[b_. «x_"n_.1/x_, x_Synbol | : =
Si nl ntegral [bxx~n]/n /;
FreeQ[{b, n}, x]

Int [Cos[b_. «x_"n_.1/x_, x_Synbol | : =
Cosl ntegral [bxx~n]/n /;
FreeQ[ {b, n}, x]

= Derivation: Algebraic expansion
m Basiss Sin[w+2z] =Sin[w] Cos[z] + Cos[w] Sin[z]
= Rule

Sin[bx"]

Cos [b x"]
—d1x+Cos[a] j— X

.[-Si nia+bx"]

dx — Sm[a]j
X

= Program code:

Int [Sin[a_+b_. »x_"n_. 1/x_, x_Synbol ] :
Di st [Sin[a], Int [Cos[bxx"n]/x, X]] +
Di st [Cos [a], I nt [Sin[bxx"n]/x, x]] /;

FreeQ[{a, b, n}, x]

I nt [Cos [a_+b_. »x_"n_. 1/x_, x_Synbol ] :
Di st [Cos[a], | nt [Cos [b*xx"n]/x, x]] -
Di st [Sin[a], Int [Sin[bxx"n]/x, x]] /;
FreeQ[{a, b, n}, x]



Integration Rules for Sine Functions

m Reference: CRC 392, A& S4.3.119

= Derivation: Integration by parts

. . m-n+l n
= Basis X™Sin[a+ b x"] =—Xa*?+bx]
m Rulelfnez A O0<n <mthen

. . x™n+l Cos[a+bx"] m-n+1 . .
jx Sinf[a+bx"]dx — - - + - jx Cos[a+b x"] dx
n n

= Program code:

Int [x_“m.*Sin[a_. +b_. *x_"n_.1,x_Synbol ] : =

-X" (m-n+1) *Cos [a+bxx"n]/ (bxn) +

Di st [ (m-n+1) / (bxn), I nt [X" (Mm-n) *Cos [a+bxx"n], x]1] /;
FreeQ[{a, b}, Xx] && IntegerQ[n] && Rational Q[m] && O<n<=m

m Reference: CRC 396, A& S4.3.123

Int [x_"m.*Cos[a_. +b_. *x_"~n_. 1, x_Synbol ] : =

XN (m-n+1) *Si n[a+b*x*n]/ (bxn) -

Di st [ (m-n+1)/ (b%n), | nt [x" (Mm-n) *Si n[a+b*x"n], x]] /;
FreeQ[{a, b}, x] & IntegerQ[n] && Rational Q[m] && O<n<=m

m Reference: CRC 405, A& S4.3.120
= Derivation: Integration by parts
m Ruelf min+1=0VY (nez A ((n>0 A m<-1) V 0<-n<m+1),then

_ x™LlSinfa+bx"] bn
fxm8|n[a+bx”]dx — - x™N Cos[a+bx"] dx
m+1 m+ 1

= Program code:

Int [x_“m.*Sin[a_.+b_. *x_~n_.1,x_Synbol ] : =
XN (mel) *Si n[a+b*x"n]/ (m:l) -
Di st [bxn/ (m+1), I nt [X» (men) *Cos [a+b*x"n], X111 /;
FreeQ[{a, b, mn}, x] & & (ZeroQ[m+n+1] || IntegerQ[n] && Rational Q[m && (n>0 && nmk-1 || O<-n<m+l))

m Reference: CRC 406, A& S4.3.124

Int [x_"m.*Cos[a_. +b_. *x_"~n_. 1, x_Synbol ] : =
XN (mel) *Cos [a+b*x*n]/ (M+1l) +
Di st [bxn/ (m+1), | nt [X® (men) *Si n[a+b*x"n], x]]1 /;
FreeQ[{a, b, mn}, x] && (ZeroQ[m+n+1] || IntegerQ[n] && Rational Q[m && (n>0 && nk-1 || O<-n<m+l))



Integration Rules for Sine Functions

= Derivation: Algebraic expansion
i Qi L. -iz_ 1. iz
L] BaSIS.SIn[Z]:E:Ile -sie

m Ruelf mirl#20 Am-n+1#20 A - (meF\ neF V n<DO0),then

. j‘ i-b 4 x" j‘ i+b 1 XD
Jme| nfa+bx"1dx — ijme'“‘ X dx—ijmean* X0 dx

= Program code:

Int [x_"m.*Sin[a_. +b_. *x_"n_. 1, x_Synbol ] : =

Dist [l /2,1 nt [X*mxE" (-ax| -b*| *x"n), x]] -

Di st [I /2, | nt [X*mxE" (a*l +bx*l *x*n), x1] /;
FreeQ[{a, b, mn}, x] & NonzeroQ[m+1] && NonzeroQ[m-n+1] &&
Not [Fracti onQ[m] || FractionOrNegativeQ[n]]

. 1 . .
m Basis Cos[z] = Ee'“+ 1z

N~

e

Int [x_"m_. xCos[a_.+b_.*x_"~n_.]1,x_Synbol ] : =

Dist [1/2, ] nt [X*mxE" (-a*| -b*| *x"n), x]] +

Di st [1/2, ] nt [X*mxE" (a*l +bx*l *x*n), x1] /;
FreeQ[{a, b, m n}, x] & & NonzeroQ[m+1] && NonzeroQ[m-n+1] &&
Not [Fracti onQ[m] || FractionOrNegativeQ[n]]



Integration Rules for Sine Functions

XxMSin[a+bx"]P dx

m Derivation: Integration by parts

m Rulelfn, pez Ap>1 An-14%0,then

_) -—
x" (n-1) xn-1 n-1

Sin[a+bx"]P Sinf[a+bx"]P bnp ]
j— dix + jS| nfa+bx"1P-1 Cos[a+bx"] dx

= Program code:

Int [x_“m.*Sin[a_. +b_. *x_~n_. 1"p_, x_Synbol ] : =
-Sin[a+b*x*n]1"p/ ((nN-1) *x* (n-1)) +
Di st [bxnxp/ (n-1), I nt [Si n[a+b*x"n]” (p-1) *Cos [a+bxXx"n], x]1] /;
FreeQ[{a, b}, x] && IntegersQ[n, p] && ZeroQ[m+n] && p>1 && NonzeroQ[n-1]

Int [x_"m.*Cos[a_.+b . *x_~n_.1"p_,x_Synbol ] : =
-Cos [a+b*x*n]1"p/ ((N-1) *x* (n-1)) -
Di st [b*nxp/ (n-1), | nt [Cos [a+b*Xx"n]" (p-1) *Si n[a+bxXx"n], x1] /;
FreeQ[{a, b}, x] && IntegersQ[n, p] && ZeroQ[m+n] && p>1 && NonzeroQ[n-1]

m Reference: G&R 2.631.2' special casewhenm-2n+1 =0
m Rulelf p>1 A m-2n+1=0,then

jms‘ [a+bx"]Pd nSinfa+bx"]P x"Cos[a+bx"]Sin[fa+bx"]P! p-1
xMSin[a+bx X — - +
b2n2p2 bnp p

Jmei n[a+b x"1P2 dx

= Program code:

Int [x_"m.*Sin[a_. +b_. *x_"~n_. 1"p_, x_Synbol ] : =
nxSi n[a+b*xx*n]*p/ (b"2xn"2xp"2) -
x"nxCos [a+bxXx*n]*Si n[a+bxx*n]” (p-1) / (bxnxp) +
Di st [(p-1)/p, | nt [X*mkSi n[a+bxx"*n]" (p-2), x1] /;
FreeQ[{a, b, mn}, x] & & Rational Q[p] && p>1 && ZeroQ[m-2xn+1]

m Reference: G&R 2.631.3' special casewithm-2n+1 =0

Int [x_"m.*Cos[a_.+b . *x_~n_. 1"p_,x_Synbol ] : =
nxCos [a+b*Xx"n]"p/ (b"2xn"2xp"2) +
X"nxSi n[a+b*x"n]*Cos [a+b*x*"n]” (p-1) / (bxnxp) +
Di st [(p-1)/p, | nt [x*mxCos [a+b*x"n]" (p-2),x]1] /;
FreeQ[{a, b, mn}, x] && Rational Q[p] && p>1 && ZeroQ[m-2xn+1]



Integration Rules for Sine Functions

m Reference G&R 2.631.2'

m Ruelfmnez Ap>1 A0<2n<m+1,then

+
b2n2p2 bnp

J-ms_ fasbx"1Pa (m-n+1) x™2n+l Sipnra+bx"P x™"1 Cos[a+bx"] Sin[a+bx"]P-?
xMSin[a+bx X —

-1 m-n+1) (m-2n+1
P - mein[a+bx”]p‘2d1x—( ) )

p b2 n2 p2

fx’“” Sin[a+bx"1P dx
= Program code:

Int [x_"m_. *Sinfa_. +b_. *x_"n_. ]"p_, x_Synbol ] : =

(M-n+1) *x* (M-2xn+1) *Si n [a+b*x*n]"p/ (bA"2xn"2xp"2) -

XN (m-n+1) *Cos [a+bxXx"n]*Si n[a+bxx*n]” (p-1) / (bxnxp) +

Di st [(p-1)/p, | nt [X*"mkSi n[a+b*x*n]”" (p-2), x]] -

Di st [ (Mm-n+1) * (M-2%n+1) / (bA"2%n"2xp”~2), | nt [X* (M-2%n) *Si n[a+bxXx*n]"p, X1] /;
FreeQ[{a, b}, x] & IntegersQ[m n] && Rational Q[p] && p>1 && 0<2xn<mk1l

m Reference: G&R 2.631.3'

Int [x_"m_.*Cos[a_. +b_. *x_"n_. 1"p_, x_Synbol ] :
(M-n+1) *x" (M-2xn+1) *Cos [a+bxx*n] p/ (bA2xn"2xp"2) +
XN (m-n+1) *Si n[a+b*xx”*n]*Cos [a+bxX*n]" (p-1) / (b*nxp) +
Di st [ (p-1)/p, | nt [x*"mxCos [a+b*Xx*n]" (p-2), x]] -
Di st [ (Mm-n+1) * (M-2%n+1) / (bA"2xn"2xp”2), | nt [X* (M-2xn) *xCos [a+bxXxn]"p, X1] /;
FreeQ[{a, b}, x] && IntegersQ[m n] && Rational Q[p] && p>1 && 0<2xn<mkl

m Reference: G&R 2.643.1' special casewhenm-2n+1 =0

m Rulelf p<-1 Ap#-2 Am-2n+1=0,then
~J-mei nfa+bx"1Pdx —

x"Cos[a+bx"] Sin[a+bx"]P*Y  nSin[a+bx"]P*? p+2 _ )
- + jxm& nfa+b x"]P** dx
b?n2 (p+1) (p+2) Pp+1

bn (p+1)
= Program code:

Int [x_“m.*Sin[a_. +b_. *x_"n_. 1"p_, x_Synbol ] : =
X nxCos [a+b*x"n]*Si n[a+b*x*"n]” (p+1) / (bxn* (p+1))
nxSi n[a+b*x"n]" (p+2) / (b"2xn"2x (p+1) * (p+2)) +
Di st [ (p+2)/ (p+1), | nt [Xx "m&Si n[a+b*x*n]" (p+2), x1]1 /;

FreeQ[{a, b, mn}, x] & Rational Q[p] && p<-1 && p#-2 && ZeroQ[mM-2xn+1]



Integration Rules for Sine Functions

m Reference: G&R 2.643.2' special casewithm-2n+1 =0

Int [x_“m.*Cos[a_. +b_. *xx_~n_. 1"p_, x_Synbol ] : =
-Xx"n%Si n[a+bxx”n]*xCos [a+bxx*n]” (p+1) / (bxnx (p+1)) -
nxCos [a+b*x"n]" (p+2) / (b"2xn"2x (p+1) * (P+2)) +
Di st [ (p+2)/ (p+1), | nt [x "mxCos [a+b*x*n]" (p+2), x]] /;
FreeQ[{a, b, mn}, x] & Rational Q[p] && p<-1 && p#-2 && ZeroQ[mM-2xn+1]

m Reference: G&R 2.643.1'

" Ruelfmnez Ap<-1 Ap#-2A0<2n<m+l, then

JmS' fasbx"Pd x™M+1l Cos[a+bx"] Sinfa+bx"1P*1  (m-n+1) x™2M+1 Sinra+b x"]P*2
xMSin[a+bx X — -
bn(p+1) b2n2 (p+1) (p+2)

(m-n+1) (m-=-2n+1)

bZ2n2 (p+1) (p+2)

+

p+2
p+1

Jmein[a+bx”]p*2dx+ JXWZn Sin[a+bx“]p*2d1x

= Program code:

Int [x_"m.*Sin[a_.+b . *x_~n_.1"p_,x_Synbol ] : =

XN (m-n+1) *Cos [a+b*x*n]*Si n[a+b*x*n]" (p+1) / (b*nx (p+1)) -

(m-n+1) XN (M-2%n+1) *Si n[a+b*x"n]1" (p+2) / (b"2%n"2x (p+1) * (P+2)) +

Di st [(p+2)/ (p+1), | nt [X*mkSi n[a+b*x*n]" (p+2), Xx]] +

Di st [(Mm-n+1)* (M-2xn+1) / (b"2xn"2% (p+1) * (P+2) ), | nt [X (M-2%Nn) *Si n[a+b*x"n]1” (p+2), X]]1 /;
FreeQ[{a, b}, x] && IntegersQ[m n] && Rational Q[p] && p<-1 && p#-2 && 0<2xn<mkl

m Reference G&R 2.643.2

Int [x_"m.*Cos[a_. +b_. *x_~n_. 1"p_, x_Synbol ] : =

-XN (Mm-n+1) *Si n[a+b*x"n]*Cos [a+b*x"n]1” (p+1) / (bxn* (p+1)) -

(m-n+1) *x" (M-2xn+1) *Cos [a+b*x"n]" (p+2) / (b"2*n" 2% (p+1) * (P+2)) +

Di st [ (p+2)/ (p+1), | nt [x "mxCos [a+b*x*n]" (p+2), X]] +

Di st [(M-n+1l)* (M-2xn+1) / (bA"2%n"2% (p+1) * (P+2) ), | nt [X (M-2%n) xCos [a+b*x*n]" (p+2), X]] /;
FreeQ[{a, b}, x] & IntegersQ[m n] && Rational Q[p] && p<-1 && p#-2 && 0<2xn<mkl



Integration Rules for Sine Functions

m Reference: G&R 2.638.1'
m Ruelfmnez Ap>1 A0<2n<1-mA m+n+1#0,then

jms‘ [a+bx"1Pd x™Sinfa+bx"P  bnpx™ Cosfa+bx"] Sinfa+bx"]P?
X I N[a+DX X — - -
m+ 1 (m+1) (m+n+1)

b2 n2 p2

(m+1) (m+n+1)

b?nZp (p-1)

fx”‘*Z”Si nfa+bx"1P dx +
(m+1) (m+n+1)

= Program code:

Int [x_*m.*Sin[a_. +b_. *x_~n_. 1"p_, x_Synbol ] : =
XN (mel) *Si n[a+b*x"n]1 p/ (M+1l) -
bxnxpxx” (Men+1) *Cos [a+b*x"n]*Si n[a+b*x"n]1" (p-1) / ((M1l) » (Mkn+1)) -
Di st [bA2xn"2%xp”2/ ((M+1) * (Men+1)), | nt [X (M+2%Nn) *Si n[a+b*x*n]1"p, Xx]] +
Di st [bA2xn"2xpx (p-1) / ((M:1l) » (Men+1)), | nt [X* (M+2xn) *Si n[a+b*x*n]” (p-2), x1] /;
FreeQ[{a, b}, x] && IntegersQ[m n] && Rational Q[p] && p>1 && 0<2xn<l-m && Nonzer oQ[M+n+1]

m Reference: G&R 2.638.2'

Int [x_"m.*Cos[a_. +b_. *x_"~n_. 1"p_, x_Synbol ] : =
XN (mel) *Cos [a+bxxn]1 p/ (M+l) +
bxnxpxx™ (M-Nn+1) *Si n [a+bxx"n]xCos [a+b*x"n]1" (p-1) / ((M1l) » (Mkn+1)) -
Di st [bA2xn"2%p”2/ ( (ML) * (Men+1)), | nt [X” (M+2%n) xCos [a+bxx*n]1"p, Xx]] +
Di st [bA2xn"2xpx (p-1) / ((M1l) » (Men+1)), | nt [X* (Mmk2xn) *Cos [a+bxx*n]” (p-2), Xx1] /;
FreeQ[{a, b}, X] && IntegersQ[m n] && Rational Q[p] && p>1 && 0<2xn<l-m && Nonzer oQ[M+n+1]

= Derivation: Algebraic expansion
m Basis Sin[z] = %ie'“ - %ie“
= Note: Not sureif thisisuseful or necessary.
m Rulelf pez Ap>0 A mM+1#0 A m-n+1#0,then
i

p
J-mein[a+bx”]pdlx — (E] jxm (e'a""b“"—ea"‘*b“")pdlx

= Program code:

(* Int [x_"m.=*Sin[a_. +b_. *x_"n_. 1*p_, x_Synbol ] : =
Dist [(I /2)2p, | nt [X*mk (E* (-ax| -bx| *x*n) -E* (a*| +bx| *x*n))"p, x1]1 /;

FreeQ[{a,b, mn}, x] & IntegerQ[p] && p>0 && NonzeroQ[m+1] && Nonzer oQ[m-n+1] && Not [Fracti onQ[m]

jx"‘*z” Sin[a+bx"1P2dx



Integration Rules for Sine Functions

xMSin[a+b (c +dx)"]Pdx

m Derivation: Integration by linear substitution

m Rulelf mez A m>0 A p e Q,then

1 c x\m
jmein[a+b (c+dx)"MPdx — aSubst [J(—a+a) Sin[a+bx"]Pdx, x, c+dx]

= Program code:

Int [x_"m_. «Sin[a_. +b_. »(c_+d_. #x_)"~n_]"p_., x_Synbol | : =
Di st [1/d, Subst [Int [ (-c/d+x/d)*mkSi n[a+b*x"n]"p, X], X, cC+d*x]1] /;
FreeQ[{a, b,c,d, n}, x] & IntegerQ[m] && m>0 && Rati onal Q[p]

Int [x_"m_. «Cos[a_. +b_. »(c_+d_. #x_)"n_]"p_., x_Synbol | : =
Di st [1/d, Subst [Int [ (-c/d+x/d)*mkCos [a+b*x"n]"p, X], X, C+d*x]1] /;
FreeQ[{a, b,c,d, n}, x] & IntegerQ[m] && m>0 && Rati onal Q[p]



Integration Rules for Sine Functions

Sin[a+bx+cx2] dx

m Derivation: Algebraic simplification

(b+2 ¢ x)?2

m Basis If b2-4ac =0,thena+bx +c x? = —

m RuleIf b2-4ac =0,then
(b+2cx)?

JSin[a+bx+cx2]dx — jSin[4—]d1x
c

= Program code:

Int [Sin[a_.+b_.*x_+C_. xx_"2], x_Synbol ] :
Int [Sin[(b+2xC*x)"2/ (4%C) ], X] /;
FreeQ[{a, b, c}, x] && ZeroQ[b"2-4xaxcC]

Int [Cos[a_. +b_. *x_+C_. xx_”"2], x_Synbol ] :
Int [Cos[ (b+2xC*x)"2/ (4%C) ], X] /;
FreeQ[{a, b, c}, x] && ZeroQ[b"2-4xaxcC]

= Derivation: Algebraic expansion

m Basis a+bx+cx2= (22607 bPdac
4c 4c

m BasissSin[z-w] =Cos[w] Sin[z] -Sin[w] Cos[z]
m RuleIf b2-4ac # 0,then

I R T Ak e e E e I s B

= Program code:

Int [Sin[a_.+b_. *x_+C_. *x_"2],x_Synbol ] : =
Cos [ (b"2-4xaxc) / (4xc) ]I nt [Sin[(b+2xCc*x)"2/ (4%C) ], X]
Sin[ (b"2-4%xaxc) / (4xc) ]l nt [Cos[ (b+2xC*Xx)"2/ (4%C) ], X]
FreeQ[{a, b, c}, x] & Nonzer oQ[b"2-4xaxcC]

~ |

Int [Cos[a_. +b_. *x_+C_. *x_"2],x_Synbol ] : =
Cos [ (b"2-4xaxc) / (4xC) ]1*I nt [Cos [ (b+2xCxXx)"2/ (4%C) ], X]
Sin[(b"2-4xaxc)/ (4xCc)1*Int [Sin[(b+2xCxXx)"2/ (4%C) ], X]
FreeQ[{a, b, c}, x] && NonzeroQ[b"2-4xaxc]

+

~



Integration Rules for Sine Functions

j(d+ex)mSin[a+bx+cx2] dx

m Rulelf be-2cd =0,then

eOos[a+bx+cx2]

j(d+ex) Sin[a+bx+cx?]dx — -

2c
= Program code:
I nt [(d_. +e_. *X_) *Sinfa_. +b_. *x_+C_. *x_"27, x_Synbol ] =
-exCos [a+b*x+C*Xx"2]/ (2%C) /;
FreeQ[{a, b,c,d, e}, x] & ZeroQ[bxe-2xCc*d]
Int [(d_. +e_. »x_)Cos[a_. +b_. #x_+c_. »x_"2], x_Symbol | : =
exSi n[a+bx*x+C*X"2]/ (2%C) /;
FreeQ[{a, b,c,d, e}, x] & ZeroQ[bxe-2xc*d]
m Rulelf be-2cd # 0,then
eCos[a+bx+cx?] be-2cd
J(d+ex)Sin[a+bx+cx2]d1x—>— > - > JSin[a+bx+cx2]ﬂx
c C

= Program code:

Int [(d_. +e_. »x_)*Sin[a_. +b_. xx_+c_. #x_"2], x_Symbol ] :
-exCos [a+bxXx+C*X"2]/ (2%C) -
Di st [ (bxe-2xc*d) / (2%C), I nt [Si n[a+bxx+C*Xx"2],X]] /;
FreeQ[{a, b, c,d, e}, x] & NonzeroQ[bxe-2xc=*d]

Int [(d_. +e_. »x_)Cos[a_. +b_. xx_+c_. #x_"2], x_Symbol ] :
exSi n[a+bxx+Ccxx"2]1/ (2xC) -
Di st [ (bxe-2xcxd) / (2%C), | nt [Cos [a+bxX+C*X"2], X]1] /;
FreeQ[{a, b, c,d, e}, x] & NonzeroQ[bxe-2xcxd]



Integration Rules for Sine Functions

m Rulelf m>1 A be-2cd =0,then

j(d+ex)m8in[a+bx+cx2] dx —

e(d+ex)™ Cos[a+bx+cx?] e2(m-1)
- > +— J}d+ex)m20m[a+bx+cx2]dx
c c

m  Program code:

Int [(d_. +e_. #x_)"m «Sin[a_. +b_. #x_+c_. xx_"2], x_Symbol | : =

-ex (d+exx)" (m-1) xCos [a+b*Xx+C*x"2]/ (2xC) +

Di st [e"2x (m-1) / (2%C), | nt [ (d+exXx)” (m-2) xCos [a+bxX+C*xx"2], x]] /;
FreeQ[{a, b,c,d, e}, x] & Rational Q[m] && m>1 && ZeroQ[bxe-2xCc=xd]

Int [(d_. +e_. »x_)"m »Cos[a_. +b_. xx_+Cc_. xx_"2], x_Symbol | : =

ex (d+exx)” (Mm-1) *Si n[a+bxX+C*X"2]/ (2%C) -

Di st [e"2x (m-1) / (2%C), I nt [ (d+exXx)” (Mm-2) *Si n[a+bxXx+C*x"2], x]] /;
FreeQ[{a, b,c,d, e}, x] & Rational Q[m] && m>1 && ZeroQ[bxe-2xc=*d]

m Rulelf m>1 A be-2cd #0,then

e (d+ex)™! Cos[a+bx+cx?]

j(d+ex)mSin[a+bx+cx2]d1x—»- > -
c

e2 (m-1)

2c¢c

be-2cd

> j(d+ex)“18in[a+bx+cx2]dlx+
C

J}d+ex)m203[a+bx+cx2]dx

= Program code:

I nt [(d_. +e_. *x_)"m_*Si nfa_. +b_. *x_+C_. *x_"2], x_Synbol ] =
-ex (d+exx)” (m-1) xCos [a+b*X+C*xX"2]/ (2%C) -
Di st [ (bxe-2xCc*d) / (2%C), I nt [ (d+exXx)" (M-1) *Si n[a+b*Xx+C*x"2], X]] +
Di st [e"2x (Mm-1)/ (2%C), I nt [ (d+exXx)" (M-2) xCos [a+b*x+C*x"2], X]] /;
FreeQ[{a, b,c,d, e}, x] & Rational Q[m] && m>1 && Nonzer oQ[bxe-2xcxd]

Int [(d_. +e_. »x_)"m =Cos[a_. +b_. #x_+C_. xx_"2], x_Symbol | : =
ex (d+exx)" (Mm-1) *Si n[a+b*Xx+C*x"2]/ (2%C) -
Di st [ (bxe-2«xc*d) / (2%C), I nt [ (d+exx)" (m-1) »Cos [a+b*x+C*x"2], x]] -
Di st [e"2% (Mm-1)/ (2%C), I nt [ (d+exXx)" (M-2) *Si n[a+b*x+C*x"2], x]] /;
FreeQ[{a, b,c,d, e}, x] & Rational Q[m] && m>1 && Nonzer oQ[bxe-2xcxd]



Integration Rules for Sine Functions

m Rulelf m<-1 A be-2cd=0,then

j(d+ex)m8in[a+bx+cx2] dx —

(d+ex)mlsnﬂa+bx+cxﬂ 2¢
- J}d+ex)mzam[a+bx+cx2]dx
e (m+1) e (m+1)

= Program code:

Int [(d_. +e_. »x_)"m «Sin[a_. +b_. #x_+c_. xx_"2], x_Symbol | : =
(d+exx)”™ (Mm+1l) *Si n[a+bxX+C*X"2]/ (e* (Mkl)) -
Di st [2xCc/ (e"2% (m+1)), I nt [ (d+exXx)” (m+2) *Cos [a+bxX+C*Xx"2], X]] /;
FreeQ[{a, b,c,d, e}, x] & Rational Q[m] && nx-1 && ZeroQ[bxe-2xc*d]

I nt [(d_. +e_. *x_)"m_*Oos [a_. +b_. *x_+c_. *x_"2], x_Synbol ] =
(d+e*x)”™ (mel) *Cos [a+bxX+C*X"2]/ (e* (M+1)) +
Di st [2xCc/ (e”2% (m+1l)), I nt [ (d+exX)" (M+2) *Si n [a+b*Xx+C*x"2], X]1] /;
FreeQ[{a, b,c,d, e}, x] & Rational Q[m] && nk-1 && ZeroQ[bxe-2xCcxd]

m Rulelf m<-1 A be-2cd #0,then

(d+ex)™Sin[a+bx+cx?]
J}d+ex)mSHﬂa+bx+cx2]dx-a -
e (m+1)

be-2cd

e2 (m+1)

2c¢C

J}d+ex)“10w[a+bx+cx2]dx— J}d+ex)“2&B[a+bx+cx2]dx

e? (m+1)
= Program code:

I nt [(d_. +€e_. *x_)"m_*Si nfa_. +b_. *X_+C_. *x_"2], x_Synbol ] =
(d+e*x)™ (mel) *Si n[a+bxX+C*Xx"2]/ (e* (M+1)) -
Di st [ (bxe-2xc*d) / (e”2% (m+1)), I nt [ (d+exx)” (m+l) xCos [a+b*x+C*x"2], X]] -
Di st [2xCc/ (e”2% (m+1)), I nt [ (d+exXx)”" (M+2) xCos [a+bxx+C*x"2], X]] /;
FreeQ[{a, b,c,d, e}, x] & Rational Q[m] && nk-1 && Nonzer oQ[bxe-2xCcxd]

I nt [(d_. +€_. *X_)"m_*OOS [a_. +b_. *x_+C_. *x_"27], x_Synbol ] =
(d+e*x)”™ (ml) *Cos [a+bxX+C*Xx"2]/ (e* (M+1l)) +
Di st [ (bxe-2xCc*d) / (e"2% (mM+1)), I nt [ (d+exx)” (m+l) *Si n[a+b*xx+C*x"2], x]] +
Di st [2xC/ (e”2% (m+1)), I nt [ (d+exXx)" (M+2) *Si n[a+b*x+C*x"2], x]] /;
FreeQ[{a, b,c,d, e}, x] & Rational Q[m] && nmk-1 && Nonzer oQ[bxe-2xCxd]



Integration Rules for Sine Functions

Sin[a+bLog[cx"]]Pdx

m RuleIf 1+b2n2 #0,then

xSin[a+blog[cx"]] bnxCos[a+bLlLog[cx"]]

1+b2n2 1+b2n?

JSin[a+bLog[cx"]]d1x —

= Program code:

Int [Sin[a_.+b_. xLog[c_. *x_"n_. 11, x_Synbol ] :
X*Si n[a+bxLog[c*x"n]]/ (1+b"2xn"2) -
bxnxxxCos [a+bxLog [c*x*n]]1/ (1+b"2xn"2) /;

FreeQ[{a, b,c,n}, x] & Nonzer oQ[1+b"2xn"2]

Int [Cos[a_. +b_. xLog[c_. *x_"n_. 11, x_Synbol ] :
x*Cos [a+bxLog[Cc*x"n]]/ (1+b"2xn"2) +
bxnxx*Si n[a+bxLog[c*x*n]]1/ (1+b"2xn"2) /;

FreeQ[{a, b,c,n}, x] & Nonzer oQ[1+b"2xn"2]

m Rulelf p>1 A 1+b%2n2p2#0,then

) X Sin[a+bLlog[cx"]]P
jSln[a+bLog[cx”]]pdx — -
1 + b2 n?p?

bnpxCos[a+bLog[cx"]]Sin[a+bLog[cx"]I1Pt bZn2p (p-1)
+
1 +b?n?p? 1 + b2 n2 p2

fSi n[a+bLog[c x"]1P2 dx

= Program code:

Int [Sin[a_.+b_. xLog[Cc_. *x_"n_. 11"p_, x_Synbol ] : =
X*Si n[a+bxLog[Cc*x*n]]1 p/ (1+b"2xn"2xp"2) -
bxnxpxx*Cos [a+bxLog [Cx*Xx*n]]*Si n[a+bxLog[c*Xx*n]]" (p-1)/ (1+b"2xn"2xp"2) +
Di st [b22xn*2xpx (p-1) / (L+b"2xn"2xp”2), I nt [Si n[a+bxLog[c*Xx*n]]1" (p-2), X]1] /;
FreeQ[{a, b,c,n}, x] & Rational Q[p] && p>1 && Nonzer oQ[1+b"2xn"2xp~2]

Int [Cos[a_. +b_. *Log[Cc_. *x_"n_. 11"p_, Xx_Synbol ] : =
x*Cos [a+bxLog [C*x"n] ] p/ (1+b"2xn"2xp"2) +
bxnxpxx*Cos [a+bxLog [Cc*Xx*n]]” (p-1) *Si n[a+bxLog[C*Xx"n]]/ (1+b"2xn"2xp"2) +
Di st [bA2xn"2xpx (p-1) / (L+b"2xn"2xp”2), I nt [Cos [a+bxLog[Cc*x*n]]1" (p-2), X]] /;
FreeQ[{a, b,c,n}, x] & Rational Q[p] && p>1 && NonzeroQ[1+b"2xn"2xp"2]



Integration Rules for Sine Functions

" Rulelf pz-1 Ap#-2 A 1+b2n2 (p+2)2=0,then

_ x Cot [a+bLog[cx"]]Sin[a+bLog[cx"]1]P*2 xSin[a+bLlog[cx"]]P*?
fS|n[a+bLog[cx”]]pdx — -
bn (p+1) b2n2 (p+1) (p+2)

= Program code:

Int [Sin[a_.+b_. xLog[Cc_. *x_"n_. 11"p_, x_Synbol ] : =
x*Cot [a+bxLog[c*x"n]]1Si n[a+bxLog[c*x*n]]1" (p+2)/ (bxn% (p+1)) -
X*Si n[a+bxLog [c*x*n] 1" (p+2) / (b"2%n" 2% (p+1) * (p+2)) /;
FreeQ[{a, b,c,n, p}, x] & NonzeroQ[p+1l] && NonzeroQ[p+2] && Zer 0Q[1l+b"2xn"2x (p+2)"2]

Int [Cos[a_. +b_. xLog[Cc_. *x_"n_. 11"p_, x_Synbol ] : =
-xxTan [a+bxLog [c*x"n]]*Cos [a+bxLog[C*Xx*n]]" (p+2)/ (bxnx (p+1)) -
x*Cos [a+bxLog [C*x"*n] 1" (p+2) / (b"2xn"2x% (p+1) x (p+2)) /;
FreeQ[{a, b,c,n, p}, x] & NonzeroQ[p+1l] &% NonzeroQ[p+2] && Zer oQ[1l+b"2xn"2x (p+2)"2]

" Ruelfp<-1 Ap#-2 A 1+b%2n2 (p+2)2 #0,then

_ x Cot [a+b Log[cx"]] Sin[a+bLog[cx"]]P*?
fSln[a+bLog[cx”]]pdx — -
bn (p+1)

X Sin[a+bLog[cx"]]P*? 1+b2n2 (p+2)2

+ JSi nfa+b Log[c x"]1P*? dx
b2n2 (p+1) (p+2) b2n2 (p+1) (p+2)

= Program code:

Int [Sin[a_.+b_.xLog[c_.*x_“n_.11"p_,x_Synbol ] : =

x*Cot [a+bxLog[C*x"n]]*Si n[a+bxLog[c*x*n]]1" (p+2)/ (b*nx (p+1)) -

X*Si n[a+bxLog [C*x"*n] 1" (p+2) / (b"2xn"2% (p+1) » (P+2)) +

Di st [ (1+b"2xn"2% (p+2)"2) / (b"2xn"2% (p+1) * (p+2)), I nt [Si n[a+bxLog[C*X*n]]" (p+2), X]1] /;
FreeQ[{a, b,c,n}, x] & Rational Q[p] && p<-1 && p#-2 && NonzeroQ[1+b"2xn"2x (p+2)"2]

Int [Cos[a_. +b_. xLog[Cc_. *x_"n_. 11"p_, x_Synbol ] : =

-xxTan [a+bxLog [c*x"n]]*Cos [a+bxLog [C*X"n]]" (p+2)/ (bxnx (p+1l)) -

x*Cos [a+bxLog [C*x*n] 1" (p+2) / (b"2xn" 2% (P+1) *» (P+2)) +

Di st [ (1+b"2xn"2% (p+2)"2) / (b"2xn"2% (p+1) * (p+2)), I nt [Cos [a+bxLog [C*Xx*n]]" (p+2), X]1] /;
FreeQ[{a, b,c,n}, x] & Rational Q[p] && p<-1 && p#-2 && NonzeroQ[1+b"2xn"2x (p+2)"2]



Integration Rules for Sine Functions

XxMSin[a+bLog[cx"]]Pdx

= Rulelf b2n2+ (m+1)2#0 A m+1 #0,then

(m+1) x™ Sin[fa+bLog[cx"]] bnx™!Cos[a+bLog[cx"]]

jmei nfa+blog[cx"]] dx —
bZnZ + (m+1)2 bZnZ + (m+1)2

= Program code:

Int [x_"m.*Sin[a_. +b_. xLog[c_. *x_"n_. 11, x_Synbol ] : =
(mel) *X™ (m+1) *Si n[a+bxLog [C*x*n]]/ (bA2xn"2+ (Mk1)N2) -
bxnxx” (m+1) xCos [a+bxLog [C*x*n]]/ (b"2%n"2+ (M+1)"2) /;
FreeQ[{a, b,c,mn}, x] & NonzeroQ[b"2xn"2+ (m+1)"2] && Nonzer oQ[m+1]

Int [x_"m.*xCos[a_. +b_. xLog[c_. *x_"n_. 11, x_Synbol ] : =
(mel) X (m+l) *Cos [a+bxLog [C*x*n]]/ (DA2xn"2+ (Mk1)"2) +
bxnxx” (m+1) *Si n[a+bxLog [c*x*n]]/ (b"2%n"2+ (M+1)"2) /;
FreeQ[{a, b,c,mn}, x] & Nonzer oQ[b"2%xn"2+ (Mm+1)"2] && Nonzer oQ[m+1]

" Rulelf p>1 A b2n2p2+ (m+1)2#0 A m+1 #0,then

) (m+1) x™ Sin[a+bLog[cx"]]P
jxm8|n[a+bLog[cx”]]pdx — -
bZn2p2+ (M+1)2

bnpx™!Cos[a+blog[cx"]]Sin[a+bLlog[cx"]]1P? bZ2n2p (p-1) ) 5
+ fxm8|n[a+bLog[cx“]]p‘ dx
b2 n2p2+ (M+1)2 b%2n2p2+ (M+1)2

= Program code:

Int [x_“m.*Sin[a_. +b_. xLog[c_. *x_"n_. 1]"p_, X_Synbol ] : =

(me1) *x™ (m+1) *Si n[a+bxLog [C*x"n] 1 p/ (bA"2xn"2xp 2+ (Mk1)N2) -

bxnxpxx” (Mm+1) *Cos [a+bxLog [C*x*n]]*Si n[a+bxLog[C*Xx*n]]" (p-1)/ (b"A2%xn"2%xp"2+ (M+1)"2) +

Di st [bA2xn"2xpx (p-1) / (b"2%n"2%p" 2+ (M+1)"2), | nt [Xx *mkSi n[a+bxLog[c*Xx*n]]" (p-2), x]] /;
FreeQ[{a, b,c, mn}, x] & Rational Q[p] && p>1 && Nonzer oQ[b"2xn"2xp 2+ (Mr1)"2] && Nonzer oQ[mk1]

Int [x_“m.*Cos[a_. +b_. xLog[Cc_. *x_"n_. 1]"p_, X_Synbol ] : =

(me1) »x» (m+1) *Cos [a+bxLog [C*x*n] 1 p/ (bA2xn"2xp 2+ (Mk1)"2) +

bxnxpxx” (M+1) *Si n[a+bxLog [c*x”n]]*Cos [a+bxLog [C*Xx*n]]" (p-1)/ (b"A2*xn"2%xp"2+ (M+1)"2) +

Di st [bA2xn"2xpx (p-1) / (b"2%n*2%p"2+ (M+1)"2), | nt [x *mxCos [a+bxLog [c*Xx*n]]" (p-2), x]] /;
FreeQ[{a, b,c,mn}, x] & Rational Q[p] && p>1 && Nonzer oQ[b"2xn"2xp” 2+ (Mr1)"2] &% Nonzer oQ[mk1]



Integration Rules for Sine Functions

m Ruelf p<-1 Ap#-2 A m+1%0,then

fmein[a b Log [c x"] P dx x™1 Cot [a+bLog[cx"]]Sin[a+bLog[cx"]]P*?
+ — -
bn (p+1)

(m+1) x™ Sin[a+bLog[cx"]1P*? DbZn2 (p+2)2+ (M+1)2
+

jmein[a+bLog[cx”]]p*2d1x
b%2n2 (p+1) (p+2) b2n2 (p+1) (p+2)

= Program code:

Int [x_“m.*Sin[a_. +b_. xLog[Cc_. *x_"n_. 1]"p_, X_Synbol ] : =

X" (m+1) *Cot [a+bxLog [C*x*n]]1Si n[a+bxLog[c*Xxn]]1" (p+2)/ (b*nx(p+1l)) -

(mel) *X» (me1) *Si n[a+bxLog [C*x*n] 1" (p+2) / (b"2%xn"2x (p+1) » (P+2)) +

Di st [ (b"2xn"2% (p+2) "2+ (Mk1)~2) / (bA2xn"2% (p+1) * (p+2) ), | nt [X meSi n[a+bxLog [C*x*n]]" (p+2), X]1] /;
FreeQ[{a, b,c,mn}, x] & Rational Q[p] && p<-1 && p#-2 && Nonzer oQ[M+1]

Int [x_“m.*Cos[a_. +b . xLog[c_. *x_"n_. 1]"p_, Xx_Synbol ] : =

-X" (m+1) *Tan [a+bxLog [c*x"n]]*Cos [a+bxLog [C*x*n]]" (p+2) / (bxn% (p+1)) -

(m+1) X (m+1) *Cos [a+bxLog [C*x*n] 1" (p+2) / (b"2%xn"2% (p+1) » (P+2)) +

Di st [ (b"2xn"2% (p+2) "2+ (Mk1)72) / (bA2xn" 2% (p+1) * (p+2) ), | nt [ X mkCos [a+bxLog [C*x*n]]" (p+2), X]1] /;
FreeQ[{a, b,c,mn}, x] & Rational Q[p] && p<-1 && p#-2 &% Nonzer oQ[M+1]



Integration Rules for Sine Functions

Sin[ax"Log[bx]P] Log[bx]P dx

m Rule If p > 0, then

Cos[ax Log[b x]P]

J-Si n[ax Log[bx]P] Log[bx]Pdx — - -iji nfax Log[bx]P] Log[b x]P! dx

a

= Program code:

Int [Sin[a_. *x_xLog[b_. *x_]1”p_. 1xLog[b_. *x_]"p_., Xx_Synbol ] :
-Cos [axx*xLog [bxx]*p]l/a -
Di st [p, I nt [Si n[a*xxLog[bxx]"p]*Log[bxx]" (p-1),x1] /;
FreeQ[{a, b}, x] & Rational Q[p] && p>0

Int [Cos[a_. *x_=xLog[b_. *x_]1”p_. 1xLog[b_. *x_]”p_., x_Synbol ] :
Si n[axxxLog[bxx]"p]/a -
Di st [p, | nt [Cos [a*xxLog[bxx]"p]*Log[bxx]” (p-1), x1] /;
FreeQ[{a, b}, x] & Rational Q[p] && p>0

m Rule If p > 0, then
Cos[ax"Log[bx]1P]

jSi nfax"Log[bx]P] Log[bx]Pdx — -
anxn-1

n-1 J~Cos[ax“ Log[b x]P]

BJ\Sin[axn Log[b x]P] Log[b x]Ptdx - dx
n

an xn

= Program code:

Int [Sin[a_. *x_"n_xLog[b_. *x_1"p_. 1*xLog[b_. *x_1"p_., x_Synbol ] :
-Cos [axXxnxLog [bxx]"p]/ (a*n*x" (n-1)) -
Di st [p/n, I nt [Si n[axx*nxLog[bxx]"p]xLog[bxx]" (p-1), x]] -
Di st [(n-1)/ (a%n), | nt [Cos [axx*nxLog [bxx]1"p]1/X"n, X1] /;
FreeQ[{a, b}, x] & Rational Q[{n, p}] && p>0

Int [Cos[a_. *x_"n_=xLog[b_. *x_1"p_. 1*xLog[b_. *x_1"p_., x_Synbol ] :
Si n[axx"nxLog [bxx]1"p]/ (a*n*x" (n-1)) -
Di st [p/n, I nt [Cos [axx*nxLog[bxx]"p]xLog[bxx]" (p-1), x]] +
Di st [(n-1)/ (a%n), I nt [Si n[axx*nxLog [bxx]1"p]1/X"n, x1] /;
FreeQ[{a, b}, x] && Rational Q[{n, p}] &% p>0



Integration Rules for Sine Functions

xMSi n[ax" Log[bx]P] Log[b x]P dx

m Rulelf p>0 A m-n+1=0,then

. Cos[ax"Log[bx]P] p .
Jme| nfax" Log[bx]P] Log[bx]Pdx — - - — Jxm& nfax" Log[b x]P] Log[b x]P-! dx
an n

= Program code:

Int [x_"m.*Sin[a_. xx_"n_. xLog[b_. *x_]"p_. 1*xLog[b_. *x_]1"p_.,x_Synbol ] : =
-Cos [axx™nxLog [bxx]"p]/ (a*n) -
Di st [p/n, I nt [Xx*mxSi n[axx"nxLog [bxx]1"p]lxLog[bxx]1" (p-1), x]]1 /;

FreeQ[{a, b}, x] & Rational Q[{m n, p}] && p>0 && ZeroQ[m-n+1]

Int [x_“m.*xCos[a_. xx_"n_. xLog[b_. *x_]"p_. 1*xLog[b_. *x_1"p_.,x_Synbol ] : =
Si n[a*x*nxLog [b*x]"p]/ (axn) -
Di st [p/n, I nt [x*mxCos [axx"nxLog [bxx]"p]xLog[bxx]1”" (p-1),x]]1 /;

FreeQ[{a, b}, x] & Rational Q[{m n, p}] && p>0 && ZeroQ[m-n+1]

m Rulelf p>0 A m-n+1#0,then

x™+1 Cos [a x" Log[b x]P]
jmei n[ax" Log[bx]P] Log[bx]Pdx — - -
an

p m-n+1
- Jmei nfax" Log[bx]P] Log[b x]Ptdx + ——

Jx””‘ Cos[ax" Log[bx]P] dx
n an

= Program code:

Int [x_“m.*Sin[a_. xx_"n_. xLog[b_. *x_]"p_. 1*xLog[b_. *x_1"p_.,x_Synbol ] : =
=X (m-n+1) *Cos [axXx*nxLog [bxx]"p]/ (a*n) -
Di st [p/n, I nt [X*mxSi n[axx"nxLog [bxx]1"p]lxLog[bxx]" (p-1), x]] +
Di st [ (m-n+1)/ (axn), | nt [X* (m-n) *xCos [axXx*nxLog [bxx]"p]l, X]] /;

FreeQ[{a, b}, x] & Rational Q[I{m n, p}] && p>0 && NonzeroQ[m-n+1]

Int [x_"m xCos[a_. *xx_"n_. xLog[b_. *x_]"p_. 1xLog[b_. *x_1”p_.,x_Synbol ] : =
XN (m-n+1) *Si n[a*x"nxLog [b*x]1"p]/ (a*xn) -
Di st [p/n, I nt [x*mxCos [axXx"nxLog [bxx]"p]lxLog[bxx]" (p-1), x]] -
Di st [ (m-n+1)/ (axn), | nt [X* (Mm-n) *Si n[axXx"nxLog [bxx]"p]1, X]]1 /;

FreeQ[{a, b}, x] && Rational Q[{mn, p}] && p>0 && NonzeroQ[m-n+1]



Integration Rules for Sine Functions

uSinfa+bx]"dx

= Derivation: Algebraic expansion
» Bass Sin[z]? = %- %005[221

= Rule If ”2—1 ¢ Z, then

o ra bx,% 1 ) 1 )
jS|n[E+7] Sin[a+bx]"dx — EJSln[a+bx]”dx—zj®s[a+bx]Sln[a+bx]“d1x

= Program code:

Int [Sin[c_.+d_. *x_1"2xSin[a_. +b_. *x_1"n_. ,x_Synbol ] : =
Di st [1/2,Int [Sin[a+b*x]"n, X]] -
Di st [1/2, | nt [Cos [a+b*x]*Si n[a+b*Xx]”n, x]] /;
FreeQ[{a, b,c,d}, x] & & ZeroQ[c-a/2] && ZeroQ[d-b/2] && Not [CddQ[n]]

m Derivation: Algebraic expansion
= Basis Cos[z]? = 3 + 5 Cos[27]

= Rule If ”2—1 ¢ Z, then

a bx,% 1 ) 1 )
j@s[5+7] Sin[a+bx]"dx — EJSln[a+bx]”dx+zj®s[a+bx]Sln[a+bx]“d1x

= Program code:

Int [Cos[Cc_.+d_. *x_1"2xSin[a_. +b_. *x_1"n_. ,x_Synbol ] : =
Di st [1/2,Int [Sin[a+b*x]"n, X]] +
Di st [1/2, | nt [Cos [a+b*x]*Si n[a+b*x]”n, x]] /;
FreeQ[{a, b,c,d}, x] & ZeroQ[c-a/2] && ZeroQ[d-b/2] && Not [CddQ[n]]



Integration Rules for Sine Functions

m Derivation: Algebraic simplification
m BasissSin[2z] =2Sin[z] Cos[z]
= RuleIf n e zand uisafunction of trig functionsof 2 + bz—x,then

] a bx," a bx "
JuSm[a+bx]”d1x — 2”[u®s[5+7] Sin E+7] dx

m  Program code:

Int [u_*Sinfa_. +b_. *x_]”n_.,x_Synbol ] : =
Di st [2"n, I nt [uxCos [a/2+b*x/2]1"nxSin[a/2+bxx/2]1"n, x]]1 /;
FreeQ[{a, b}, x] & IntegerQ[n] && ZeroQ[a/2+bxx/2-Functi onOf Tri g [u, x]]

= Derivation: Algebraic simplification and piecewise constant extraction
m BasissSin[2z] =2Sin[z] Cos[z]

- Sin[a+b x]"
lBaSISGX a bx abx"=0

Si n[5+ ]n Oos[?T

=z
m Rule If n e zand uisafunction of trig functions of g + bz—x,then

) Sinfa+bx]" a bx," a bx,"
USIn[a"'bX]ndlx_) b n b n_J‘UCOS[E.'-? Sln[5+7 dx
. a X a X

= Program code:

(» Int [u_*Sin[a_. +b_. *x_1"n_, x_Synbol ] : =
Sin[a+bxx]"n/ (Sin[a/2+bxx/2]1"nxCos [a/2+bxXx/2]1”n) x| nt [uxCos [a/2+bxXx/2]”nxSi n[a/2+bxx/2]"n, X] /;
FreeQ[{a, b}, x] && FractionQ[n] && ZeroQ[a/2+bxXx/2-Functi onCOf Tri g [u, X]] =*)



Integration Rules for Sine Functions

uSin[v]?dx

= Derivation: Algebraic expansion
» Bass Sin[z]? = %- %005[221

m Rule If uisafunction of trig functionsof 2 v, then

1 1
JuSin[v]de — E~I-udlx-Equos[Zv]dlx

= Program code:

(* Int [u_*Sin[v_]"2,x_Synbol ] : =
Dist[1/2,]nt [u,Xx]] -
Di st [1/2,Int [uxCos [2%V], X]] /;
Functi onOf Tri gQ[u, 2%V, X] *)

(* Int [u_xCos[v_]"2,x_Synbol ] : =
Dist [1/2,Int [u, x]] +
Di st [1/2,]1nt [uxCos[2%Vv], X]] /;
Functi onOf Tri gQI[u, 2%V, X] *)



