Integration Rules for Hyperbolic Integral Functions

Sinhlntegral [a+bx]"dx

m Derivation: Integration by parts

= Rule

(a+bx) Sinhintegral [a+bx] Cosh[a+bX]
b b

jSi nhintegral [a+bx] dXx —

= Program code:

Int [Sinhlntegral [a_.+b . *x_]1,x _Synbol ] : =
(a+b*x) *Si nhl nt egral [a+b*x]/b - Cosh[a+bxx]/b/;
FreeQ[{a, b}, x]

I nt [Coshlntegral [a_. +b_. »x_], x_Synbol ] : =
(a+bxx) *Coshl ntegral [a+b*x]/b - Sinh[a+bxx]/b /;
FreeQ[{a, b}, x]

= Derivation: Integration by parts

= Rule

~I-Si nhintegral [a+bx]?dx —

(a+bx) Sinhlntegral [a+bXx]?
b

—ZJSi nh[a+bx] Sinhlntegral [a+bXx] dx

= Program code:

Int [Sinhlntegral [a_. +b_. *x_]172,x_Synbol ] : =
(a+bxx) *Si nhl nt egral [a+bxx]"2/b -
Di st [2, I nt [Si nh[a+b*x]Si nhl ntegral [a+b*x],Xx]1] /;
FreeQ[{a, b}, x]

I nt [Coshlntegral [a_. +b_. *x_172, x_Synbol ] : =

(a+bxx) *Coshl nt egral [a+bxx]"2/b -

Di st [2, | nt [Cosh[a+bxx]*Coshl nt egral [a+b*x],Xx]1] /;
FreeQ[{a, b}, x]
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xMSi nhl ntegral [a+bx]"dx

m Derivation: Integration by parts

s Rule If m+1 # 0, then

. x™1 Sinhlntegral [a+bx] b x™1 Sinh[a+bx]
jxm& nhl ntegral [a+bx] dx — - j dx

m+ 1 m+1 a+bx

= Program code:

Int [x_“m_. *Sinhlntegral [a_. +b_. *x_],x_Synbol ] : =

x™ (mrl) xSi nhil nt egral [a+b*x]/ (m«l) -

Di st [b/ (m+1), I nt [x® (m+1) *Si nh[a+b*x]/ (a+b*x), x]] /;
FreeQ[{a, b, m}, x] && Nonzer oQ[m+1]

Int [x_“m_. xCoshlntegral [a_. +b_. *x_],x_Synbol ] : =

x” (mrl) *Coshl nt egral [a+b*x]/ (m«l) -

Di st [b/ (mel), I nt [X™ (m+1) *Cosh [a+b*x]/ (a+bxXx), x]]1 /;
FreeQ[{a, b, m}, x] && Nonzer oQ[m+1]

= Derivation: Integration by parts
m RuleIf mez A m> 0,then

. x™1 Si nhi nt egral [bx]? 2 _ _
jme| nhintegral [bx]?dx — - jme| nh[b x] Si nhl ntegral [bx] dx
m+ 1 m+ 1

= Program code:

Int [x_"m_. *Si nhl ntegral [b_. *xx_]172, x_Synbol ] : =

x™ (mrl) *Si nhl nt egral [bxx]"2/ (m«l) -

Di st [2/ (ml), I nt [Xx*mxSi nh [bxx]*Si nhl ntegral [bxx], x]]1 /;
FreeQ[b, x] && | ntegerQ[m] && m>0

Int [x_~m_. xCoshl ntegral [b_. *x_]1”2,x_Synbol ] : =

x"N (m+1) xCoshl ntegral [b*x]172/(m1l) -

Di st [2/ (mel), I nt [x*mxCosh [bxx]*Coshl ntegral [bxx], x]] /;
FreeQ[b, x] && I ntegerQ[m] && m>0
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= Derivation: Iterated integration by parts
m RuleIf mez A m> 0,then

) x™L Sinhintegral [a+bx]?2 ax™Sinhintegral [a+bx]?
jxm8| nhintegral [a+bx]?dx — + -
m+ 1 b (m+1)

am

b (m+1)

Jmei nh[a+bx] Sinhintegral [a+bx]dx - jx”*l Si nhlntegral [a+bx]2dx

m+ 1

= Program code:

Int [x_“m_. %Si nhl ntegral [a_+b_. *x_]72,x_Synbol ] : =
X" (m+1) #Si nhl nt egral [a+b*x]1"2/ (m+1) +
axx"mxSi nhl nt egral [a+b*x]"2/ (b* (m+1)) -
Di st [2/ (m+1), I nt [Xx*mxSi nh [a+b*x]*Si nhl nt egral [a+b*x], X]]
Di st [a*nV (bx (m+1)), I nt [x* (M-1) *Si nhl nt egral [a+b*x]"2, X]]
FreeQ[{a, b}, x] & IntegerQ[m] && m>0

~

Int [x_“m . *Coshlntegral [a_+b_. *x_]72,x_Synbol ] : =
x™ (mrl) *Coshl nt egral [a+bxx]1"2/ (Mm+1l) +
axXx"mkCoshl nt egral [a+b*x]1"2/ (bx (M+1)) -
Di st [2/ (m+1), I nt [x*mxCosh [a+bxXx]*Coshl ntegral [a+bxx], X]]
Di st [a*mV/ (bx (Mm+1)), I nt [x" (m-1) *Coshl nt egral [a+b*x]"2, x]]
FreeQ[{a, b}, x] && IntegerQ[m] && m>0

~

m Derivation: Inverted integration by parts
m RuleIf mez A m< -2,then

. bx™2Sinhlntegral [a+bx]? x™!Sinhlintegral [a+bx]?
fme| nhintegral [a+bx]?dx — + _
a (m+1) m+ 1

2b

b (m+2)
a (m+1)

jx"‘*l Sinh[a+bx] Sinhlntegral [a+bx] dx - J.xm*l Si nhlntegral [a+bx]?dx

a (m+1)

= Program code:

(* Int [x_“m.*Sinhlntegral [a_+b_.*x_]72,x_Synbol ] : =
bxx” (m+2) *Si nhl nt egral [a+b*x]"2/ (a* (M+1)) +
x” (m¢l) *Si nhl nt egral [a+bxx]7"2/ (Mm+1) -
Di st [2xb/ (ax (m+1)), I nt [X" (m+1) *Si nh [a+bxXx]Si nhl nt egral [a+bxx], Xx]] -
Di st [b*x (m+2) / (ax (m+1)), I nt [x” (m+1) *Si nhl nt egral [a+bxx]"2,x]1] /;
FreeQ[{a, b}, x] & IntegerQ[m] && nx-2 =)

(* Int [x_"m. xCoshlntegral [a_+b_.*x_]72,x_Synbol ] : =
bxx” (m+2) xCoshl nt egral [a+b*xx]"2/ (ax (M+1l)) +
x” (mr1l) *Coshl nt egral [a+bxx]1722/ (m+1l) -
Di st [2xb/ (ax (m+1)), I nt [x" (m+1) *xCosh [a+bxXx]xCoshl nt egral [a+bxx], Xx]] -
Di st [b*x (m+2) / (ax (m+1)), I nt [x” (m+1) *Coshl nt egral [a+bxx]"2,x]1] /;
FreeQ[{a, b}, x] & IntegerQ[m] && nMx-2 =)
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Sinh[a+bx] Sinhlntegral [c +dXx] dx

m Derivation: Integration by parts

= Rule

fSi nh[a+bx] Sinhlntegral [c+dXx]dX —

Cosh[a+bx] Sinhlntegral [c+dx] d J-Cosh[a+bx] Sinh[c +dX] 4
b b

X
c+dx

= Program code:

Int [Sinh[a_. +b_. *x_]=*Si nhlntegral [c_. +d_. *x_], x_Synbol ] :
Cosh[a+b*x]*Si nhl ntegral [c+d*x]/b -
Di st [d/b, I nt [Cosh[a+bxx]*Si nh[c+d*x]/ (C+d*X), X]1] /;
FreeQ[{a, b, c, d}, x]

Int [Cosh[a_. +b_. *x_]=*Coshlntegral [c_. +d_. *x_], x_Synbol ] :
Si nh[a+b*x]*xCoshl nt egral [c+d*x]/b -
Di st [d/b, I nt [Si nh[a+b*x]*Cosh[c+d*Xx]/ (c+dxX), Xx]] /;
FreeQ[{a, b, c, d}, x]
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xMSi nh[a + b x] Sinhlntegral [c +dXx] dx

m Derivation: Integration by parts

s RuleIf mez A m> 0,then

xMCosh[a+bx] Sinhlntegral [c+dX]

jmei nh[a+bx] Sinhlntegral [c+dXx] dXx — . -

d J-meosh[a+bx] Sinh[c +dx]
b

m
dx - —fx”*l Cosh[a+bx] Sinhlntegral [c+dXx] dx
c+dx b

= Program code:

Int [x_“m.*Sinh[a_. +b_. *x_1%Si nhlntegral [c_. +d_. *x_1], Xx_Synbol ] :
x mkCosh [a+b*x]*Si nhl ntegral [c+d*x]/b -
Di st [d/b, I nt [x*mxCosh[a+bxx]*Si nh[c+dxXx]/ (C+d*Xx),Xx]] -
Di st [nvb, I nt [x" (m-1) *Cosh [a+bxx]Si nhl nt egral [c+d*x],X]1] /;
FreeQ[{a, b,c,d}, x] & Integer Q[m] && m>0

Int [x_“m. *Cosh[a_. +b_. *xx_]1*Coshlntegral [c_. +d_. *x_1], X_Synbol ] :
X mxSi nh [a+bxx]*Coshl nt egral [c+d*x]/b -
Di st [d/b, | nt [Xx*m«Si nh[a+b*x]*Cosh[c+d*x]/ (C+dxXx), X]] -
Di st [nvb, | nt [X" (m-1) *Si nh [a+bxx]*Coshl nt egral [c+dxx],Xx]] /;
FreeQ[{a, b,c,d}, x] & IntegerQ[m] && m>0

m Derivation: Inverted integration by parts
m Rulelf mez A m< -1,then

x™Ll Sinh[a+bx] Sinhlntegral [c+dXx]

jmei nh[a+bx] Sinhlntegral [c +dX] dX — -
m+1

d x™1 Sinh[a+bx] Sinh[c+dx] b .
j dx - Jx"‘*l Cosh[a+bx] Sinhlntegral [c+dXx] dx

m+1 c+dx m+ 1

= Program code:

Int [x_“m *Sinh[a_. +b_. *x_]1*Si nhintegral [c_. +d_. *x_1], x_Synbol ] :
XN (mrl) *Si nh [a+bxx]*Si nhl ntegral [c+d*x]/ (M+1l) -
Di st [d/ (m¢l), | nt [X” (m+1) *Si nh [a+b*x]*Si nh[c+d*Xx]/ (c+d*Xx), x]]
Di st [b/ (m+l), I nt [x” (m+1) xCosh [a+b*x]*Si nhl ntegral [c+d*x], X]1]
FreeQ[{a, b,c,d}, x] & IntegerQ[m] && nk-1

~

Int [x_“m. *Cosh[a_. +b_. *xx_]1%xCoshlntegral [c_. +d_. *x_1], Xx_Synbol ] : =
X" (m+1) *Cosh [a+b*x]xCoshl nt egral [c+d*x]/ (m+l) -
Di st [d/ (m+1), I nt [x" (m+1) *Cosh [a+b*x]*Cosh[c+d*x]/ (C+d*X), X]]
Di st [b/ (m:1), I nt [x" (m+1) *Si nh[a+b*x]*Coshl nt egral [c+d*x], x]]
FreeQ[{a, b,c,d}, x] & IntegerQ[m] && nk-1

~
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JCosh[a+ bx] Sinhlntegral [c +dXx] dx

m Derivation: Integration by parts

= Rule

fCosh[a+bx] Sinhintegral [c+dXx] dX —

Sinh[a+bx] Sinhlntegral [c+dx] d J-Si nh[a+bx] Sinh[c +dXx] 4
- — X
b

b c+dx

= Program code:

Int [Cosh[a_. +b_. *x_]=*Si nhlntegral [c_. +d_. *x_], x_Synbol ] :
Si nh[a+b*x]1*Si nhl ntegral [c+d*x]/b -
Di st [d/b, I nt [Si nh[a+bxx]*Si nh[c+d*x]/ (C+d*X), X]1] /;
FreeQ[{a, b, c,d}, x]

Int [Sinh[a_. +b_. *x_]=*Coshlntegral [c_. +d_. *x_], x_Synbol ] :
Cosh[a+b*x]*Coshl ntegral [c+d*x]/b -
Di st [d/b, I nt [Cosh[a+b*x]*Cosh[c+d*Xx]/ (c+dxX), Xx]] /;
FreeQ[{a, b, c, d}, x]
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xMCosh[a + b x] Si nhlntegral [c +dXx] dx

m Derivation: Integration by parts

s RuleIf mez A m> 0,then

) XMSinh[a+bx] Sinhlntegral [c+dX]
Jx"@osh[aubx]& nhintegral [c +dXx] dX — . -

b

d rxM™Sinh[a+bx] Sinh[c+dx] m ) )
f " dx—gjx”*18|nh[a+bx]Slnhlntegral [c +dXx] dXx
C+0X

= Program code:

Int [x_“m. *Cosh[a_. +b_. *x_1%Si nhlntegral [c_. +d_. *x_], X_Synbol ] :
X mkSi nh [a+b*x]*Si nhl ntegral [c+d*x]/b -
Di st [d/b, I nt [x*mxSi nh[a+b*x]*Si nh[c+dxXx]/ (C+d*Xx), Xx]] -
Di st [nvb, I nt [x" (m-1) *Si nh[a+bxx]1Si nhl nt egral [c+d*x],X]1] /;
FreeQ[{a, b,c,d}, x] & Integer Q[m] && m>0

Int [x_“m. *Sinh[a_. +b_. *xx_]1*Coshlntegral [c_. +d_. *x_1], X_Synbol ] :
x" mxCosh [a+bxx]*Coshl nt egral [c+dxx]/b -
Di st [d/b, | nt [x*mxCosh [a+b*x]*Cosh[c+d*x]/ (C+dxXx), X]] -
Di st [nvb, | nt [x" (m-1) *Cosh [a+bxx]*Coshl nt egral [c+dxx],Xx]] /;
FreeQ[{a, b,c,d}, x] & IntegerQ[m] && m>0

m Derivation: Inverted integration by parts
m Rulelf mez A m< -1,then

x™1 Cosh[a+bx] Sinhlntegral [c+dX]

Jx”@osh[a+bx] Si nhl ntegral [c +dXx] dX —
m+ 1

d x™1 Cosh[a+bx] Sinh[c+dx] b . )
J dx - jx“18| nh[a+bx] Sinhlntegral [c+dXx] dx

m+1 c+dx m+1

= Program code:

Int [x_“m. *Cosh[a_. +b_. *x_1%Sinhlntegral [c_. +d_. *x_1], Xx_Synbol ] : =
X" (mrl) *xCosh [a+bxx]*Si nhl ntegral [c+dxx]/ (M+1l) -
Di st [d/ (m¢l), I nt [X” (m+1) *Cosh[a+b*x]*Si nh[c+d*Xx]/ (C+d*x), x]] -
Di st [b/ (m+l), I nt [X” (m+1) *Si nh[a+b*x]%Si nhl ntegral [c+d*x],x]] /;
FreeQ[{a, b,c,d}, x] & IntegerQ[m] && nk-1

Int [x_“m *Sinh[a_. +b_. *x_]1*xCoshlntegral [c_. +d_. *x_1], Xx_Synbol ] :
X" (m+1) *Si nh[a+b*x]*Coshl nt egral [c+d*x]/ (m+l) -
Di st [d/ (m+1), I nt [X" (m+1) *Si nh[a+b*x]*Cosh[c+d*x]/ (C+d*X), X]]
Di st [b/ (m+1), I nt [x* (m+1) *Cosh [a+b*x]xCoshl nt egral [c+d*x], x]]
FreeQ[{a, b,c,d}, x] & IntegerQ[m] && nk-1

~



