Integration Rules for Inverse Cotangent Functions

ArcCot [a x]" dx

= Reference: G&R 2.822.2, CRC 444, A& S4.4.63
m Derivation: Integration by parts

= Rule

Log[1 +a?x?]
J-ArcOot [aX] dX — X ArcCot [aX] + ———

2a
= Program code:
I nt [ArcCot [a_. *x_], x_Synbol ] : =
x*ArcCot [a*xx] + Log[l+a"2xx"2]1/(2%a) /;
FreeQ[a, x]
= Derivation: Integration by parts
m Rulelf nez A n>1,then
x ArcCot [ax]"1
chOot [ax]"dx — Xx ArcCot [ax]”+anj dx
1+a2x2

= Program code:

I nt [ArcCot [a_. *x_]”n_, x_Synbol ] : =

X*ArcCot [a*x]"n +

Di st [a*n, | nt [X*ArcCot [a*x]” (n-1)/ (1+a”2xx"2),x1] /;
FreeQ[a, x] && I ntegerQ[n] && n>1



Integration Rules for Inverse Cotangent Functions

XxMArcCot [ax]" dx

m Derivation: Iterated integration by parts
m Rulelf nez A n>0,then

ArcCot [ax]" x2 ArcCot [ax]"
+
2 a2 2

n
JxArcOot [ax]"dx — +2—jNC®t [ax]"!dx
a

= Program code:

Int [x_*ArcCot [a_. *x_]”n_.,x_Synbol ] : =
ArcCot [axXx]"n/ (2xa"2) + x"2xArcCot [a*X]"n/2 +
Di st [n/ (2%a), | nt [ArcCot [a*xx]” (n-1),x]]1 /;
FreeQ[a, x] && I ntegerQ[n] && n>0

= Derivation: Iterated integration by parts
m Rulelfnez A n>0 A m>1,then

x™1 ArcCot [ax]" x™! ArcCot [ax]"
J-xmArcCot [ax]"dx — + +
az (m+1) m+ 1

n m-1

fx”*l ArcCot [ax]"! dx - jxmchmt [ax]" dx

a (m+1) aZ (m+1)

= Program code:

Int [x_“m xArcCot [a_. *x_]1"n_.,x_Synbol ] : =
XN (m-1) *Ar cCot [a*x]"n/ (a"2% (M+1l)) + X" (m+l)xArcCot [a*x]*n/ (Mm1l) +
Di st [n/ (ax (m+1)), I nt [x» (m-1) *Ar cCot [a*x]” (n-1),Xx]] -
Dist [(m1)/(@"2%(m+1)), I nt [x*(m-2)=*ArcCot [a*x]”n, x]] /;

FreeQ[a, x] && IntegerQ[n] && n>0 && Rational Q[m] && m>1
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= Derivation: Integration by parts

m Rulelf nez A n> 1, then

Ar cCot [ax]" 2 Ar cCot [ax]”‘lArcOOth[l—%]
j—dlx —s 2 ArcCot [ax]“ArcOoth[l— ]+2an
X | -ax 1+a?x?

dx

= Program code:

Int [ArcCot [a_. #x_]"n_/x_, x_Synbol | : =

2%xAr cCot [a*x] nxArcCot h[1-2x| / (|l —a*x)] +

Di st [2xaxn, | nt [ArcCot [a*x]” (n-1) *xArcCot h[1-2x] / (| —axx) ]/ (1+a"2%xx"2),x]] /;
FreeQ[a, x] &% IntegerQ[n] & n>1

= Derivation: Integration by parts

m Rulelf nez A n > 0,then

ArcCot [ax]" ArcCot [ax]" ArcCot [a x]"1
j—dlx—»———anJ. dx
x2 X x (1+a?x?)
= Program code:
Int [ArcCot [a_. #x_]"n_. /x_"2,x_Symbol | : =
-ArcCot [a*x]*n/X -
Di st [a*n, | nt [ArcCot [a*x]" (n-1)/ (X* (1+a"2%xx"2)),x]] /;
FreeQ[a, x] && I ntegerQ[n] && n>0
m Derivation: Inverted iterated integration by parts special case
m Rulelf nez A n>0,then
ArcCot [ax]" a2 ArcCot [ax]" ArcCot [ax]" an rArcCot[ax]"?
j— dx — - - -— dx
x3 2 2 x2 2 x2

= Program code:

Int [ArcCot [a_. #x_]"n_. /x_"3, x_Synbol | : =
-an2xArcCot [a*x]1"n/2 - ArcCot [a*X]"n/ (2xXx"2) -
Di st [axn/2, I nt [ArcCot [a*x]” (n-1) /x"2,X]1] /;

FreeQ[a, x] && IntegerQ[n] && n>0
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= Derivation: Inverted iterated integration by parts
m Rulelfnez A n>0 A m< -3, then

x™1 ArcCot [ax]" a?x™3 ArcCot [ax]"
xMArcCot [aXx]"dXx — + +
m+1 m+1

an aZ (m+3)

Jx“lNcmt [ax]"?!dx - Jx“chmt [ax]" dx

m+1 m+ 1

= Program code:

Int [x_“m xArcCot [a_. *x_]"n_.,Xx_Synbol ] : =
XN (me1) *ArcCot [a*x]*n/ (mkl) + a”2xx" (M+3) *ArcCot [a*x]1 n/ (m+l) +
Di st [a*n/ (m+1), | nt [x* (mel) *Ar cCot [axx]” (n-1), X]] -
Di st [a?2% (m+3) / (m+1), | nt [x® (Mk2) *Ar cCot [axx]™n, x]] /;

FreeQ[a, x] && IntegerQ[n] && n>0 && Rational Q[m] && nk-3
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Ar cCot [a x]"

c+dxX
= Derivation: Integration by parts
m Rulelf a2¢c2+d2=0 Anez A n>O0,then
J*Arcom [axjn G ArcCot [ax]" Log[czﬂ‘;x] ) ﬂJ‘ArcCot [ax]"! Log[czﬂgx]
c+dx d 1+a?x?

= Program code:

Int [ArcCot [a_. #x_]"n_. /(c_+d_. xx_), x_Synbol | : =

-ArcCot [a*x]*nxLog[2xC/ (C+d*x)]/d -

Di st [axn/d, | nt [ArcCot [a*x]”" (n-1)xLog[2%C/ (C+d*X)]/ (1+a”2xx"2),x]1] /;
FreeQ[{a, c, d}, x] && ZeroQ[a’2xc"2+d"2] && IntegerQ[n] && n>0

dx
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xMAr cCot [a x]"

c +dX
= Derivation: Integration by parts
m Rulelf a2¢c2+d2=0 Anez A n>O0,then
Ar cCot [ax]" Ar cCot [ax]“Log[Z——Cfdcx] an ["ArcCot [ax]”‘lLog[Z—Cfdcx]
_  dx — + — dx
X (C+dx) c c 1 +a?x?

= Program code:
Int [ArcCot [a_. #x_]1"n_. /(x_«(c_+d_. +x_)), x_Synbol | : =
ArcCot [a*x]*nxLog[2-2%C/ (C+d*Xx)]/C +

Di st [axn/c, | nt [ArcCot [a*x]” (n-1)xLog[2-2%C/ (C+d*Xx)]/ (1+a"2xx"2),x]1] /;
FreeQ[{a, c, d}, x] && ZeroQ[a’2xc"2+d"2] && IntegerQ[n] && n>0

= Derivation: Integration by parts

m Rulelf a2¢c2+d2=0 Anez A n>O0,then

— + — dx

Ar cCot [a x]" ArcCot [ax]"Log[2- =2-] 5 (TArcCot [ax]"!Log[2- 2]
— dX
cx+dx? c c

1 +a?x?

= Program code:

Int [ArcCot [a_. #x_]1"n_. /(c_. »x_+d_. #x_"2), x_Synbol | : =

ArcCot [a*x]”nxLog[2-2%C/ (C+dxX)]/C +

Di st [a*n/c, | nt [ArcCot [a*X]” (n-1) xLog [2-2%C/ (C+d*X) ]/ (1+a”2xx"2),x]1] /;
FreeQ[{a, c,d}, x] && ZeroQ[a’2xc"2+d"2] && | ntegerQ[n] && n>0
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m Derivation: Algebraic simplification
» Bass —=— == - c

c+d x d " d (c+d x)

m Rulelf a2¢c?2+d2=0 Am>0 A nez A n>0,then

J-xmArcCot [axin c Jx”*lArcCot [axin 4
X

1
dx — ajx”” ArcCot [ax]"dX - m

c+dX c+dx

= Program code:

Int [x_"m_. «ArcCot [a_. #x_1"n_. /(c_+d_. »x_), x_Synbol | : =
Di st [1/d, | nt [X" (m-1) *ArcCot [a*Xx]”"n, x]] -
Di st [c/d, | nt [X" (m-1) *Ar cCot [a*Xx]”n/ (C+d*X), X]] /;
FreeQ[{a, c,d}, x] && ZeroQ[a’2xc"2+d"2] && Rational Q[m] & & m>0 && I ntegerQ[n] && n>0

= Derivation: Algebraic simplification

" Basis —— = = -
c+d X [

dx
c (c+d x)

m Rulelf a2c?+d?>=0 A m<-1 Anez A n>O0,then

XM Ar cCot [ax]" 1 d rx™1 ArcCot [ax]"
j dx — —jxmArcCot [ax]“dlx——f dx
c

c+dX c c+dx

= Program code:

Int [x_"m_xArcCot [a_. »x_]"n_. /(c_+d_. #x_), x_Symbol | : =
Di st [1/c, | nt [X*mxAr cCot [a*x]”n, X]] -
Di st [d/c, | nt [X" (m+1) *Ar cCot [a*Xx]”n/ (C+d*X), X]] /;
FreeQ[{a, c,d}, x] && ZeroQ[a’2xc"2+d"2] && Rational Q[m] && nmk-1 && IntegerQ[n] && n>0
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Ar cCot [a x]"

c +d x?2

= Derivation: Reciprocal rulefor integration

m Rule If d = a2 c, then

dx — -

j 1 Log[ArcCot [aXx]]
(c +dx2) ArcCot [ax] ac

= Program code:

Int [1/((c_+d_. »x_"2) »ArcCot [a_. #x_]), x_Symbol ] : =
-Log [ArcCot [a*x]]1/ (a*Cc) /;
FreeQ[{a, c,d}, x] && ZeroQ[d-a"2xcC]

= Derivation: Power rulefor integration

m Rulelf d=a2c A n#-1,then

dx —
c +dx? ac (n+1)

J-ArcOot [ax]" Ar cCot [a x]"*1

= Program code:

Int [ArcCot [a_. #x_]"n_. /(c_+d_. #x_"2), x_Synbol | : =
-ArcCot [a*x]” (n+1)/ (a*Cx(n+1)) /;
FreeQ[{a, c,d, n}, x] & ZeroQ[d-a"2xc] && NonzeroQ[n+1]
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xMAr cCot [a x]"

c +d x?2
Derivation: Algebraic expansion
. X _ | _ 1
Bass: 1+a2x2 a (1+a2 ><2) a (I -ax)
Rule:If d =a%?c A n > 0,then
x ArcCot [ax]" | ArcCot [ax]"*1
J dx —
c+dx? d(n+1)

Program code:

Int [x_#ArcCot [a_. xx_]1~n_. /(c_+d_. #x_"2), x_Synbol | : =
| *ArcCot [a*x]” (n+1)/ (d*(n+1)) -
Di st [1/ (a%*c), I nt [ArcCot [a*x]”n/ (| —a*x), Xx]1] /;

1

ac

FreeQ[{a,c,d}, x] & ZeroQ[d-a”"2xc] && Rational Q[n] && n>0

Derivation: Algebraic expansion

: 1 al |
Basis: = - +
X (l+a2 X2) 1+a? x? X (I +ax)

Rule:If d =a2¢ A n > 0,then

X —s
x(c+dx2) c (n+1)

jArcOOt [ax]“dl | ArcCot [ax]"*1

Program code:

Int [ArcCot [a_. #x_]"n_. /(x_«(c_+d_. #x_"2)), x_Synbol | : =
| *Ar cCot [a*X]™ (n+1l)/(C*x(N+1l)) +
Di st [I /c, | nt [ArcCot [a*x]”n/ (X* (| +a*x)), Xx]1] /;

C

FreeQ[{a,c,d}, x] && ZeroQ[d-a”"2xc] && Rational Q[n] && n>0

J

ArcCot [ax]"

| —ax

ArcCot [ax]"
—_— dx

X (I +ax)

dx
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= Derivation: Algebraic expansion

s Bass 1 - _ al + |
x (1+a% x2) 1+a2 x2 x (I +ax)

m Rulelf d =a2c A n > 0,then

— + —
cx+dx3 c(n+1) c

ArcCot [ax]" | ArcCot [ax]™! | rArcCot[ax]"
j—dlx J—dlx

X (I +ax)

= Program code:

Int [ArcCot [a_. #x_]1"n_. /(c_. »x_+d_. #x_"3), x_Synbol | : =
| *ArcCot [a*x]" (n+1)/ (C*x(nN+1)) +
Di st [I /c, I nt [ArcCot [axx]"n/ (X% (| +a*x)), x]] /;
FreeQ[{a, c,d}, x] & ZeroQ[d-a"2xc] && Rational Q[n] && n>0

= Derivation: Algebraic expansion

; x? 1
n : = = -
Bass c+d x? d

c
d (c+d x?)

m Rulelf d=a%2c A m>1 A n>0,then

jxmArcOot [ax]" c J*X”*ZArcCot [axi"

1
dx — ajx””ArcOot [ax]"dx - 5

c +dx?2 c +d x2

m  Program code:

I'nt [x_"m_*ArcCot [a_. »x_]"n_. /(c_+d_. #x_"2), x_Synbol | : =
Di st [1/d, | nt [X" (m-2) *ArcCot [a*x]”"n, x]] -
Di st [c/d, | nt [X" (m-2) *Ar cCot [axx]"n/ (C+d*x"2),X]] /;
FreeQ[{a, c,d}, x] && ZeroQ[d-a"2xc] && Rational Q({m n}] & & m1 && n>0

m Derivation: Algebraic expansion

1 _1 dx?
c

c+d x?

= Bass c (c+d x2)

m Rulelf d=a%c A m<-1 A n>O0,then

dx — — |xMArcCot [ax]"dx - —

dx

J‘XmArcOot [ax]" 1J~ d J*xm*zArcCOt [ax]“dl
X

Cc

c+dx? c c +d x?2

= Program code:

Int [x_"m_#ArcCot [a_. »x_]"n_. /(c_+d_. #x_"2), x_Synbol | : =
Di st [1/c, | nt [X*mxAr cCot [a*x]”n, X]] -
Di st [d/c, | nt [X" (m+2) *Ar cCot [axx]"n/ (c+d*x"2),X]] /;
FreeQ[{a, c,d}, x] && ZeroQ[d-a"2xc] && Rational Q[{m n}] && nmk-1 && n>0
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= Derivation: Integration by substitution

m Basis Ifmezoras 0’ x™Ar cCot [a X] - _ Cot [ArcCot [ax]]™ArcCot [aXx] GXAI’CCDI [ax]

1+a2 x? am!

m Ruelfd=a2c Amneg A (n<0Vne¢z) A (mez\ a>0),then

dXx — -
c +d x? a™lc

XxMArcCot [ax]"
J Subst [JX” Cot [x]™dx, x, ArcCot [ax]]

m  Program code:

Int [x_"m_. *ArcCot [a_. #x_]1"n_/(c_+d_. #x_"2), x_Synbol | : =
-Di st [1/ (a” (m+1) xc), Subst [I nt [x*nxCot [X]"m X], X, ArcCot [a*x]]1] /;
FreeQ[{a, c,d}, x] & ZeroQ[d-a"2xc] && Rational Q[{m n}] && (n<0 || Not [I ntegerQ[n]]) && (I ntegerQ[m]

m Derivation: Integration by substitution

. m n
= Bass x™Ar cCot [aX] _ _g (Cot [ArcCot [aX]]

1+a? x? a

)mArcOOt [ax]" &, ArcCot [aX]

m Ruelfd=a?c Amneg A (n<0Vne¢z) A - (mezV\ a>0),then

XxMArcCot [ax]" 1 Cot [x]\™
f dXx — - — Subst [jx” (—) dx, x, ArcCot [ax]]
c+dx?2 ac a

= Program code:

Int [x_"m_. #ArcCot [a_. #x_]1"n_/(c_+d_. #x_"2),x_Synbol | : =
-Di st [1/ (axC), Subst [I nt [x"nx (Cot [x]/a)”m x], X, ArcCot [a*x]]] /;
FreeQ[{a, c,d}, x] && ZeroQ[d-a"2xc] & Rational Q[{mn}] &% (n<0 || Not [IntegerQ[n]]) && Not [I nteger Q[
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ArcCot [ax]" ArcCot h[u] dx

c +d x?2

= Derivation: Algebraic simplification

m Basis: ArcCot h[z] =%Log[l+§]—%Log[l—%]
m Rulelf d=a%c /\n>0/\ (u2= (1-|f;x)2 \/ u? = (1-%)2),then

Ar cCot [ax]" ArcCot h[u] 1 (CArcCot [ax]"Log[1+ ] 1 (CArcCot [ax]"Log[1- ]
dx — —
c+dx? 2

dx - — dx

c+dx? 2

c+dx?

= Program code:

I'nt [ArcCot [a_. #x_]"n_. xArcCoth[u_]/(c_+d_. xx_"2), x_Synbol | : =
Di st [1/2, I nt [ArcCot [a*x]"nxLog[Regul ari ze [1+1/u, x]1]/ (C+d*x"2), x]] -
Di st [1/2, 1 nt [ArcCot [a*x]*nxLog[Regul ari ze [1-1/u, x]]1/ (c+d*x"2), x1]1 /;

FreeQ[{a, c,d}, x] && ZeroQ[d-a"2xc] && Rational Q[n] && n>0 && (ZeroQ[u"2-(1-2xl /(I +axx))"2] || Zer oQII
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ArcCot [ax]" Lo
[aX] g[u] dx
c +d x?2

= Derivation: Integration by parts

21
| +ax

2
-RuIe:Ifd:azc/\n>O/\(1-u)2=(1_ ),then

ArcCot [ax]" Log[u] | ArcCot [ax]" PolyLog[2, 1-u] nl ArcCot [ax]"1 Pol yLog[2, 1-u]
j dx — dx

c +dx? 2ac 2 c +dx?

m  Program code:

Int [ArcCot [a_. #x_]"n_. xLog[u_]/(c_+d_. »x_"2), x_Synbol ] :
| *ArcCot [axx]"n%Pol yLog[2, 1-u]/ (2%xa%C) +
Di st [n*l /2, I nt [ArcCot [a*Xx]” (n-1) *Pol yLog [2, 1-u]/ (c+d*x"2),X]] /;

FreeQ[{a, c,d}, x] && ZeroQ[d-a"2xc] && Rational Q[n] && n>0 && Zer oQ[ (1-u)"2-(1-2xl / (I +axx))"2]

m Derivation: Integration by parts

21
| -ax

2
s Ruelfd=a?c An>0 A (1-u)? = (1- ) , then

X

J‘ArcOot [ax]" Log[u] a | ArcCot [ax]" Pol yLog[2, 1-u] nl ArcCot [ax]"! PolyLog[2, 1-u] 4
X — -

c +dx2? 2ac 2 c +dx?

= Program code:

Int [ArcCot [a_. #x_]1"n_. xLog[u_]/(c_+d_. #x_"2), x_Synbol | : =
-1 *ArcCot [a*x]”nxPol yLog[2, 1-u]/ (2*xaxC) -
Di st [n*l /2, I nt [ArcCot [a*Xx]” (n-1) *Pol yLog [2, 1-u]/ (c+d*x"2),X]] /;
FreeQ[{a, c,d}, x] && ZeroQ[d-a"2xc] && Rational Q[n] && n>0 && Zer oQ[ (1-u)"2-(1-2xl / (I —axx))"2]
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ArcCot [ax]" Pol yLog[p, u] dx

c +d x?2

= Derivation: Integration by parts

s Rulelfd=a2c An>0 Au?=(1-2-)° then
ArcCot [a x]" Pol yLog[p, u]
J- dx —
c +dx?

| ArcCot [ax]"PolyLog[p+1, ul] nl ArcCot [ax]"! PolyLog[p+1, ul 4
- X
2ac 2 c+dx?

= Program code:

I nt [ArcCot [a_. #x_]"n_. xPol yLog [p_, u_1/(c_+d_. #x_"2), x_Synbol | : =
-1 *ArcCot [a*x]”nxPol yLog [p+1, u]l/ (2*axc) -
Di st [nxl /2, I nt [ArcCot [a*x]" (n-1) %Pol yLog [p+1, u]/ (c+d*x"2),x1] /;
FreeQ[{a, c,d, p}, x] & ZeroQ[d-a"2xc] && Rational Q[n] && n>0 && ZeroQ[u"2-(1-2xl / (I +axx))"2]

m Derivation: Integration by parts

2
n Rule:lfd:azc/\n>0/\u2=(1— 2! ),then

| -ax

X —

J-ArcCot [ax]" Pol yLog[p, u] g
c+dx?
| ArcCot [ax]" Pol yLog[p+1, u]l] nl ArcCot [ax]"! PolyLog[p+1, u]
+

R — dx
2ac 2 c+dx?

= Program code:

Int [ArcCot [a_. #x_]"n_. «Pol yLog [p_, u_1/(c_+d_. #x_"2), x_Synbol | : =
| *ArcCot [a*x]”nxPol yLog [p+1, u]/ (2*xaxCc) +
Di st [n*l /2,1 nt [ArcCot [a*x]” (n-1) xPol yLog [p+1, u]/ (c+d*x"2), x1]1 /;
FreeQ[{a, c,d, p}, x] & ZeroQ[d-a"2xc] && Rational Q[n] && n>0 && Zer oQ[ur2- (1-2xl / (I —a*x))"2]
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ArcTan[ax]MArcCot [ax]"

c +d x?2

= Derivation: Integration by parts

m Rulelfd=a?c Amnez A 0<n = mthen

dx —

J~ArcTan[a X]MArcCot [ax]"

c+dx?

dx

+

ArcTan[ax]™! ArcCot [ax]" n J*ArcTan[ax]m*l ArcCot [ax]"?
ac (m+1) m+1

c+dx?

= Program code:

Int [ArcTan [a_. #x_]"m.. »ArcCot [a_. »x_]"n_. /(c_+d_. xx_"2), x_Synbol | : =
ArcTan [a*x]”" (m+1) *Ar cCot [ax*X]"n/ (a*Cx (M+1l)) +
Di st [n/ (m+1), I nt [ArcTan [a*x]” (m+1) *Ar cCot [a*Xx]” (n-1) / (C+d*x"2),x]] /;
FreeQ[{a, c,d}, x] && ZeroQ[d-a"2xc] && IntegersQ[mn] &% O0<n<m
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(c +dx2)mArcCot [ax]" dx

m Rulelf d =a2c A ¢ > 0,then

Vi1+l ax . iVi+l ax . i Vi1l ax '
21 ArcCot [ax] ArcTan| —=— Pol yLog |2, - —== Pol yLog|2, —=~
JNC@t [ax] dx [ax] [Vl-l ax ] . y g[ V1ol ax ] . y g[ Vidax
R — — - - +
"/C+dX2 avec avc avec

= Program code:

Int [ArcCot [a_. #x_]1/Sqrt [c_+d_. xx_"2], x_Symbol | : =
-2%| *ArcCot [a*x]+ArcTan[Sqrt [1+] *a%xx]/Sqrt [1-] *a*x]]1/ (a*Sqrt [c]) -
| *Pol yLog [2, -| *Sqrt [1+] xaxx]/Sqrt [1-1 xa*x]]/ (a*Sqrt [c]) +
| *Pol yLog [2, | *Sgrt [1+] xa*xx]/Sqrt [1-] xaxx]]/ (a*Sqrt [c]) /;
FreeQ[{a,c,d}, x] && ZeroQ[d-a"2xc] && PositiveQ[c]

A/ 1+a2 x? =0

c +c a? x?

m Bass: 9,

m Rulelf d=a%c A - (c > 0),then

Ar cCot ArcCot [ax] V1+a?x? Ar cCot [ax]
dx —
‘\/C+dX2 ‘\,C+dX2 \/1+a2x2

= Program code:

Int [ArcCot [a_. +x_]1/Sqrt [c_+d_. #x_"2], x_Synbol | : =
Sgrt [1+a”2%x72]1/Sqrt [c+d*Xx"2] |l nt [ArcCot [a*x]/Sqrt [1+a”2%x"2], x] /;
FreeQ[{a, c,d}, x] && ZeroQ[d-a"2xc] && Not [PositiveQ[c]]

m Rule If d = a2 c, then

Ar cCot [a X] 1 x ArcCot [a X]
(c+dx?) acc+dx? cyc+dx?

= Program code:

Int [ArcCot [a_. #x_]1/(c_+d_. »x_"2)~(3/2), x_Synbol | : =
-1/ (axc*Sqrt [c+d*Xx"2]) +
X*ArcCot [axx]/ (cxSgrt [c+dxx"2]) /;

FreeQ[{a, c,d}, x] && ZeroQ[d-a"2xcC]
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m Rulelf d =a%c A n > 1,then

ArcCot [ax]" n ArcCot [ax]"1 x ArcCot [ax]" ArcCot [ax]"2
—3/2d e + -n(n-l) 372 dx
(c+dx?) acyc+dx? cc+dx? (c+dx?)

®  Program code:

Int [ArcCot [a_. #x_]1"n_/(c_+d_. »x_"2)"(3/2), x_Synbol | : =
-nxAr cCot [a*x]” (N-1)/ (axC*Sqrt [C+d*x"2]) +
x*ArcCot [a*x]"n/ (c*Sqrt [C+d*x"2]) -
Di st [nx(n-1), I nt [ArcCot [a*xXx]”" (n-2)/ (c+d*x"2)" (3/2),x1] /;
FreeQ[{a, c,d}, x] && ZeroQ[d-a"2xc] && Rational Q[n] && n>1

m Rulelfd=a%2c An<-1 A n#-2then

JArcOot [ax]"
—  _ dx —
(C +dX2)3/2

Ar cCot [a x]M? x Ar cCot [a x]"*2 1 JNCOOt [ax]"*2

- dx
(n+1) (n+2) (C+dX2)3/2

ac (n+1l)yc+dx? c(n+1) (N+2)\c+dx?

= Program code:

Int [ArcCot [a_. #x_]"n_/(c_+d_. #x_"2)"(3/2),x_Synbol | : =

-ArcCot [a*X]” (n+1) / (a*Cx (n+1)*Sqrt [C+d*x"2]) +

X*ArcCot [a*x]" (n+2) / (Cx (N+1) % (N+2) *Sqrt [C+d*xx"2]) -

Dist [1/((n+1)*(n+2)), I nt [ArcCot [a*Xx]" (N+2) / (C+d*x"2)"(3/2),Xx1] /;
FreeQ[{a,c,d}, x] & ZeroQ[d-a"2xc] && Rational Q[n] && n<-1 && n#-2

m Rulelf d =a?2c A m> 0,then

j(c +d xz)mArcCot [ax] dx —

(c+dx?)™  x (c+dx?)"ArcCot [ax] 2cm
+

. j(c+dx2)mlNc@t [ax] dx
2am(2m+1) (2 m+1) 2m+1

= Program code:

Int [(c_+d_. #x_"2)"m_. *ArcCot [a_. xx_], x_Synbol | : =
(C+d*X"2) AV (2%axMmk (2%me1)) +
X% (C+d*X"2) mxAr cCot [a*X]/ (2xm+1l) +
Di st [2xC*nm/ (2«m1), I nt [ (C+d*x"2)" (m-1) xArcCot [axx], X]] /;
FreeQ[{a, c,d}, x] && ZeroQ[d-a"2xc] && Rational Q[m] && m>0
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m Rulelf d=a%c /\m< -1 /\ m;t-;,then

J\(c +dx2)mArcOot [ax] dX —

(c+dx2)rml x(c+dx2)m'lArcCot [ax] 2m+3

+
4ac (m+1)2 2¢c (m+1) 2¢c (m+1)

j(c +d x2)rml ArcCot [ax] dx

= Program code:
Int [(c_+d_. #x_"2)"m_»ArcCot [a_. #x_], x_Symbol | : =
- (C+d*x"2)N (mkl) / (d*axCx (Mkl)N2) -
X% (C+d*X"2)" (mr1l) *Ar cCot [axX]/ (2%C* (m+1)) +

Di st [ (2xm+3) / (2%Cx (M+1)), I nt [ (C+d*x"2)” (mk1) *Ar cCot [axX], X]] /;
FreeQ[{a, c,d}, x] && ZeroQ[d-a"2xc] && Rational Q[m] && mk-1 && m¢-3/2

" Rule:lfd:azc/\m<—1/\m¢-g /\n>1,then

J(o+dx2)mNc®t [ax]"dx —

n (c+dx2)m+1 ArcCot [ax]™! x (c+dx2)m1ArcCot [ax]"

B - +
4ac (m+1)2 2c (m+1)
2m+3 nn-1
—+J(C+d><2)m'°~f000t [ax]"dx - ¥J~(C+dx2)mArcOOt [ax]"?dx
2c (m+1) 4 (m+1)2

= Program code:

Int [(c_+d_. #x_"2)"m_»ArcCot [a_. #x_]"n_, x_Symbol | : =

-Nx (C+d*x"2)” (mk1) *Ar cCot [a*Xx]" (n-1)/ (4*xaxCx (M+1)"2) -

X% (C+d*X"2) " (Mm+1) *Ar cCot [a*X] N/ (2%Cx (m1l)) +

Di st [ (2%«m+3) / (2%Cx (M+1)), I nt [ (C+d*x"2)” (mk1) *Ar cCot [axx]”n, x]] -

Di st [nx(n-1)/ (4% (M+1)"2), I nt [ (c+d*x"2)*mkArcCot [a*x]" (n-2),Xx]1] /;
FreeQ[{a,c,d}, x] && ZeroQ[d-a"2xc] && Rational Q[{m n}] && nx-1 && m¢-3/2 && n>1
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= Derivation: Integration by parts

Rule If d=a?c A m<-1 A n< -1,then

J(c+dx2)mNc®t [ax]"dx —

c+dx2)™ ArcCot [ax]™! 2a (ms+1
( ) + (m+ 1) jx (c+dx2)mArcOot [ax]™! dx
ac (n+1) n+1

= Program code:

Int [(c_+d_. #x_"2)"m_ArcCot [a_. #x_]"n_, x_Symbol | : =

- (C+d*x"2)" (m1) *ArcCot [a*X]” (n+1)/ (a*Cx(n+1)) +

Di st [2%xa* (m+1) / (n+1), I nt [X* (C+d*Xx"2) mkAr cCot [a*x]" (n+1),X]] /;
FreeQ[{a, c,d}, x] && ZeroQ[d-a"2xc] && Rational Q[{m n}] && nk-1 && n<-1

= Derivation: Integration by substitution
» Basis Ifme z (1+a2x2)"ArcCot [ax]" = -% Csc [ArcCot [ax]]12 (™ ArcCot [ax]" 8y ArcCot [aX]

m Ruelfd=a?c AmezAne@ Am<-1A (n<0V n¢z),then

m

c
j(c+dx2)mNcOot [ax]"dx — - — Subst [jx” Csc[x]% (™D gx, x, ArcCot [ax]]
a

= Program code:

Int [ (c_+d_. #x_"2)"m_»ArcCot [a_. xx_]"n_, x_Symbol | : =
-Di st [c"m/a, Subst [l nt [x*n*Csc [x]" (2% (m+1)), X1, X, ArcCot [a*x]]1] /;
FreeQ[{a, c,d}, x] && ZeroQ[d-a"2xc] && |IntegerQ[m] && Rational Q[n] && nk-1 && (n<0 || Not [I nt eger Q[n]

a? c,D[Cm;— ‘“dxz, x] =0

1+a? x?

Basis: If d

Rulelf d =a?c A m neQ/\m<—1/\ (n<0Vngz /\m—%ez/\—-(c>0),then

1
c™z /¢ +dx?
\/1+a2x2

J(c+dx2)mmcmt [ax]"dx — (1+a2x2)mArcCot [ax]" dx

Program code:

(* Int [(c_+d_. »x_"2)"m_*ArcCot [a_. »x_]1"n_, x_Synbol | : =
cA(m-1/2)*Sqrt [c+d*x"2]/Sqrt [1+a”2xx"2] %l nt [ (1+a"2xx"2) "mxAr cCot [a*x]”"n, X] /;
FreeQ[{a, c,d}, x] && ZeroQ[d-a"2xc] && Rational Q[{m n}] && nk-1 & & (n<0 || Not [I ntegerQ[n]]) && I ntege
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x™ (c +dx2)pArcCot [ax]" dx

m Derivation: Integration by parts
m Ruelfd=a2c Ape@ An>0 A p¢#-1,then

(c+dx2)p+lArcOot [axi" n

j(c +dx2)p ArcCot [ax]"! dx

x(c+dx2)pArcCot [ax]"dx — +
2d (p+1) 2a (p+1)

= Program code:

Int [x_x(c_+d_. #x_"2)"p_. *ArcCot [a_. xx_]"n_., x_Synbol | : =

(C+d*x"2)" (p+1) xArcCot [a*x]”n/ (2xdx (p+1)) =+

Di st [n/ (2*ax (p+1)), I nt [ (c+d*x"2)"pxArcCot [a*x]”" (n-1), x1] /;
FreeQ[{a, c,d}, x] && ZeroQ[d-a"2xc] && Rational Q[{n, p}] & n>0 && p#-1

m Rulelf d=a%c A p e Q,then

Jx(c+dx2)p x(c+dx2)p+l 1J-(1+(2p+3) a?x?) (c+dx?)°
L —

dx -
ArcCot [ax]? acArcCot [ax] a ArcCot [a X]

dx

= Program code:

Int [x_#(c_+d_. #x_"2)"p_. /ArcCot [a_. *x_]1"2, x_Synbol | : =

X* (C+d*x"2)" (p+1) / (axCxArcCot [a*X]) -

Dist[1/a,Int [(1+(2%p+3)*a”2%xx"2) x (C+d*x"2)"p/ArcCot [a*x], x]1] /;
FreeQ[{a, c,d}, x] && ZeroQ[d-a"2xc] && Rational Q[p]

» Rulelfd=a?c An<-1An#-2then

Jx ArcCot [ax]"
dx —
(c+dx2)2
x ArcCot [a x]"? (1-a%x?) ArcCot [ax]"? 4 x Ar cCot [aX]mzdl
- - X
ac (n+1) (c+dx?) d(n+1) (n+2) (c+dx?) (n+1) (N+2)

(c +dx?)?
= Program code:

Int [x_»ArcCot [a_. »x_]"n_/(c_+d_. #x_"2)"2, x_Symbol | : =

-X*Ar cCot [a*x]” (N+1)/ (a*C* (N+1) % (C+d*x"2)) -

(1-an2%xx"2) xAr cCot [a*X]” (N+2) / (d*x (N+1) * (N+2) » (C+d*x"2)) -

Di st [4/ ((n+1) % (n+2)), | nt [x*xArcCot [a*x]”" (N+2) / (C+d*x"2)"2,Xx]1] /;
FreeQ[{a, c,d}, x] && ZeroQ[d-a"2xc] && Rational Q[n] && n<-1 && n#-2
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= Derivation: Integration by parts

m Ruelfd=a?c Ammn, 2pez A m<-1 An>0A m+2p+3=0,then

Jxm (c+dx2)pArcOot [ax]"dx —

x™L (c +dx2)""! ArcCot [ax]" an
( ) + Jx”‘*l (c+dx2)pArcCot [ax]"?tdx
c (m+1) m+1

= Program code:

Int [x_"m_ «(c_+d_. *x_"2)"p_. *ArcCot [a_. xx_]"n_., x_Synbol | : =
XN (Mel) % (C+d*x"2) " (p+1) *ArcCot [a*X]”n/ (C* (Mm+1l)) +
Di st [a*n/ (m+1), | nt [X" (M+1) = (C+d*Xx"2) p*ArcCot [a*x]" (n-1),X]] /;
FreeQ[{a, c,d}, x] && ZeroQ[d-a"2xc] && IntegersQ[mn, 2xp] && nk-1 && n>0 && Zer oQ[M+2xp+3]

m Derivation: Integration by parts

m Ruelfd=a2c Amn, 2pez A n<-1Am+2p+2=0,then

Jxm (c+dx2)pArcOot [ax]"dx —

xm (c+dx2)p+lArcOOt [ax]n+t m

+ jx”"l (c+dx2)pArcCot [ax]™!dx
ac (n+1) a(n+1)

= Program code:

Int [x_"m_(c_+d_. #x_"2)"p_. »ArcCot [a_. »x_]"n_., x_Synbol | : =
=X me (C+d*x"2)" (p+1) *ArcCot [a*x]" (n+1)/ (a*Cx(N+1l)) +
Di st [nV (a* (n+1)), I nt [X" (M-1) % (C+d*x"2)"p*Ar cCot [a*x]" (n+1), X]] /;
FreeQ[{a, c,d}, x] && ZeroQ[d-a"2xc] && IntegersQ[m n, 2xp] && n<-1 && Zer oQ[M+2xp+2]
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= Derivation: Algebraic expansion

; x2 1
u . = = -
Basis: c+d x? d

c
d (c+d x?)

m Ruelfd=a?c Ammn, 2pez A m>1 An#-1 A p<-1,then
2\P 1 2 2\ P+l
Jxm (c+dx?)" ArcCot [ax]"dx — EJ-X”* (c+dx*)™" ArcCot [ax]"dx -

c
afxmz (c+dx2)pArcOot [ax]" dx

= Program code:

Int [x_"m_ x(c_+d_. *x_"2)"p_=ArcCot [a_. #x_]"n_., x_Synbol | : =
Di st [1/d, | nt [X" (M-2) * (C+d*Xx"2)" (p+1) xArcCot [a*x]"n, X]] -
Di st [c/d, | nt [X" (M-2) % (C+d*Xx"2)"p*Ar cCot [axx]"n, x]1] /;
FreeQ[{a, c,d}, x] && ZeroQ[d-a"2xc] && IntegersQ[mn, 2xp] && m>1l && n#-1 && p<-1

= Derivation: Algebraic expansion

] iS: =
Basis c+d x?

1 1 dx?
c c (c+d x?)

m Ruelfd=a?c Ammn, 2pez Am<0 An#-1 A p<-1,then

1 . d
jxm (c+dx2)pArcCot [ax]"dx — —jxm (c+dx2)p Y ArcCot [ax]"dx - —Jx’“*z (c+dx2)pArcOot [ax]"dx
c c

= Program code:

Int [x_"m_ «(c_+d_. #x_"2)"p_=ArcCot [a_. #x_]"n_., x_Synbol | : =
Di st [1/c, I nt [X"mk (C+d*xx"2)" (p+1) *ArcCot [ax*x]"n, Xx]] -
Di st [d/c, I nt [X" (M+2) % (C+d*Xx"2)p*ArcCot [a*xx]1"n, x]] /;
FreeQ[{a, c,d}, x] && ZeroQ[d-a"2xc] && |ntegersQ[mn, 2xp] && nk0 && n#-1 && p<-1
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= Derivation: Integration by parts

m Ruelfd=a?c Ammn, 2pez A m<-1 An>0 A m+2p+3#0,then

5 x™1 (¢ +dx2)p+1ArcOot [ax]"
x™(c+dx?)" ArcCot [ax]"dx — +

c (m+1)

an aZ (m+2p+3)

fxm*l (c+dx2)pArcOot [axy™tdx - jx”‘*z (c +dx2)pArcCot [ax]" dx

m+1 m+1

= Program code:

Int [x_"m_ (c_+d_. x_"2)"p_. *ArcCot [a_. xx_]"n_., x_Synbol | : =
XN (mel) x (C+d*x"2) " (p+1) *ArcCot [axX]*n/ (C* (M+l)) +
Di st [a*n/ (m+1), | nt [X* (mkl) * (C+d*xx"2) pxArcCot [axX]” (N-1), x]] -
Di st [a"2% (M2%p+3) / (ML), I nt [X® (M+2) % (C+d*xx"2) pxAr cCot [axXx]"n, x]] /;
FreeQ[{a, c,d}, x] & ZeroQ[d-a"2xC] && IntegersQ[mn, 2xp] && nk-1 && n>0 && Nonzer oQ[M+2xp+3]

= Derivation: Integration by parts

m Ruelfd=a?c Ammn, 2pez A n<-1 A m+2p+2¢0,then

) x™ (c +dx2)p+1ArcOot [ax]n+t
x™ (c+dx?)" ArcCot [ax]"dx — - +
ac (n+1)
m a(m+2p+2)

jx”*l (c +dx2)pArcCot [ax]™dx + jx”‘*l (c +dx2)pArcOot [ax]™?! dax

a(n+1) n+1

= Program code:

Int [x_"m_. *(c_+d_. «x_"2)"p_. »ArcCot [a_. »x_]1"n_., x_Synbol | : =
-X"mk (C+d*x"2)" (p+1) *ArcCot [a*xx]" (n+1l)/ (a*C* (n+1l)) +
Di st [nV (ax (n+1)), I nt [X* (M-1) % (C+d*x"*2) p*xArcCot [a*x]" (n+1), X]] +
Di st [ax (Mk2xp+2) / (n+1), I nt [X" (M+1) * (C+d*x"2) pxArcCot [a*x]” (n+1),x]1] /;
FreeQ[{a, c,d}, x] && ZeroQ[d-a"2xc] && |IntegersQ[mn, 2xp] && n<-1 && Nonzer oQ[M+2xp+2]
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= Derivation: Integration by substitution

m Bass Ifpezand(mezora>0), (e+f x™ (1+a2x2)P ArcCot [ax]" =
'alw (eam+f Cot [ArcCot [ax]]™) Csc[ArcCot [ax]]1? ®P*1) ArcCot [ax]" 8xArcCot [aX]

m Ruelfd=a?2c Amneg ApezAp<-1A(nN<0Vne¢z) A (mezV a>0),then

cP

j(e+f x™) (c+dx2)pArcOot [ax]"dx — -
arml

Subst [Jx“ (ea™+f Cot [x]™ Csc[x]?®*1) dx, x, ArcCot [a x]]

= Program code:

Int [(e_. +f_. »x_"m_. )= (c_+d_. #x_"2)"p_xArcCot [a_. »x_]1"n_, x_Synbol | : =
-Di st [c*p/a” (m+1), Subst [I nt [Expand [x"nxTri gReduce [Regul ari ze [ (exa”mf *Cot [Xx] m) *Csc [X]" (2% (p+1)), X
FreeQ[{a,c,d, e, f}, x] & ZeroQ[d-a’2xc] &% Rational Q[{m n}] && IntegerQ[p] && p<-1 && (n<0 || Not [I nt«

m Derivation: Integration by substitution

Cot [ArcCot [ax]]

» Basis Ifp e z x™M (1 +a2 x2)P ArcCot [ax]”=_§( :

)mCsc[ArcOot [ax]12 ®*1 ArcCot [ax]" 8y ArcCot [aX]

m Ruelfd=a?c Amneg ApezAp<-1A(n<0VYnegz) A-(mezl a>O0),then

cP
Jxm (c+dx2)pArcCot [aXx]"dX — - — Subst [jx” (Cot [x] /a)™Csc[x]? ®*D) dax, x, ArcCot [ax]]
a

= Program code:

Int [x_"m_. *(c_+d_. xx_"2)"p_#ArcCot [a_. »xx_]"n_, x_Synbol | : =
-Di st [c"p/a, Subst [I nt [X"nx (Cot [x]/a)”*mkCsc [X]" (2% (p+1)), X], X, ArcCot [a*x]1]] /;
FreeQ[{a, c,d}, x] && ZeroQ[d-a"2xc] && Rational Q[{m n}] && IntegerQ[p] && p<-1 & & (n<0 || Not [I nt eger

bl
= Basis Ifd = a% ¢, D[ =X Vewdx® x] =0

 1+a2 x2
m Rulelf d=a%2c¢c A m neQ/\p<—1/\ (n<0Vn¢e¢z) /\p-%ez/\-a(c>0),then

1
cPz \/c+dx2
‘\/1+a2 x2

Jxm(c+dx2)pArc®t [ax]"dx — x™ (1 +a? xz)pArcOot [ax]"dx

= Program code:

(* Int [x_"m_. »(c_+d_. #x_"2)"p_=ArcCot [a_. +x_]"n_, x_Symbol | : =
cN(p-1/2)*Sqrt [c+d*xx"2]/Sqrt [1+a”2xx"2] *| nt [Xx mk (L+a"2xx"2) pxArcCot [axX]”"n, X] /;
FreeQ[{a, c,d}, x] && ZeroQ[d-a"2xc] && Rational Q[{mn, p}] && p<-1 & & (n<0 || Not [I ntegerQ[n]]) && Int
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ArcCot [a + b x"] dx

= Reference: G&R 2.822.2, CRC 444, A& S4.4.63
m Derivation: Integration by parts

= Rule

(a+bx) ArcCot [a+bx] Log[l+ (a+bx)?]
+
b 2b

jArcOot [a+bXx]dXx —

= Program code:

Int [ArcCot [a_+b_. *x_],x_Synbol ] : =
(a+bxx) *ArcCot [a+bxx]/b + Log[l+ (a+bxx)"2]/(2xb) /;
FreeQ[{a, b}, x]

m Reference: G&R 2.822.2, CRC 444, A& S4.4.63
= Derivation: Integration by parts
= Rule If n € @, then
Xn

JArcCot[a+bx”]d1x — X Ar cCot [a+bx“]+bnj dx
l+a?+2abx"+bZx2n

= Program code:

Int [ArcCot [a_+b_. *x_"n_1],x_Synbol ] : =

X*Ar cCot [a+b*Xx"n] +

Di st [b*n, I nt [X"n/ (1+a”2+2%xaxbxx n+b"2xX" (2xn)), X111 /;
FreeQ[{a, b}, x] & Rational Q[n]
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XMArcCot [a + b x"] dx

Derivation: Algebraic expansion

53
[E—

Basis: Ar cCot [z] = %iLog[l-Zi] -%:’1L09[1+Z

ArcCot [a+b x"] I LOg[l_ a+:)Lx"] I LOg[1+ a+l])Lx”]
dx — — —_— dX - — — dX
2 X 2 X

= Rule

X

= Program code:

Int [ArcCot [a_. +b_. »x_"n_. 1/x_, x_Synbol | : =
Di st [I /2,1 nt [Log[1-] / (a+b*x”n)1/x,Xx]] -
Di st [l /2,1 nt [Log[l+] /(a+b*xx*n)]/x,x]] /;

FreeQ[{a, b, n}, x]

Reference: G& R 2.852, CRC 458, A& S4.4.71

= Derivation: Integration by parts

Rulelf m ne@ A m+1#0 A m+1#n,then
x™L ArcCot [a+bx"] bn
Jx”%rcCot [a+bx"]dx — + f
m+1 m+ 1

XTTN-FI

1+a?2+2abx"+bZx2n

= Program code:

Int [x_"m_. xArcCot [a_+b_. *xx_"n_. ], x_Synbol ]

XN (m+1) *Ar cCot [a+b*x*n]/ (m1l) +
Di st [bxn/ (m+1), I nt [X® (men) / (L+a”2+2xaxbxx"n+b"2xx" (2%n)), x1] /;

FreeQ[{a, b}, x] & Rational Q[{m n}] && m+r1#0 && mr1#n
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ArcCot [a + b x]" dx

= Derivation: Integration by substitution

m Rulelf nez A n> 1, then

1
JNCCOt [a+bXx]"dx — ESubst [jArcOot [x1"dx, X, a+bx]

= Program code:

I nt [ArcCot [a_+b_. *x_]”n_.,x_Synbol ] : =
Di st [1/b, Subst [I nt [ArcCot [Xx]”"n, X], X, a+bxx]1] /;
FreeQ[{a, b}, x] && IntegerQ[n] && n>1



Integration Rules for Inverse Cotangent Functions

XMArcCot [a + b x]"dx

= Derivation: Integration by substitution

m Ruelfmnez A m>0 A n> 1, then

1
Jx”%rcOot [a+bXx]"dx — —18ubst U-(x—a)mArcCot [X]"dx, X, a+bx]
bml-

= Program code:

Int [x_"m_. xArcCot [a_+b_. *x_1”"n_, x_Synbol ] : =
Di st [1/b” (m+1), Subst [I nt [ (x-a) mxArcCot [Xx]"n, X1, X, a+b*x]1] /;
FreeQ[{a, b}, X] & & IntegersQ[mn] & & m>0 && n>1



Integration Rules for Inverse Cotangent Functions

ArcCot [a + b X] 4
c +dx"

X

= Derivation: Algebraic simplification
» Basis ArcCot [z] = %iLog[l— ;] - %iLog[l+ ;]

m Ruelfnez A -~ (n=2Ad=b?c),then
Ar cCot [bx] | ((Log[l- ] | (Log[1+ ]
—_——dX — -— - O dx--= dx
C+an 2 C+dxn 2 C+an

Int [ArcCot [b_. x_1/(c_+d_. »x_~n_. ), x_Synbol ] : =
Dist [l /2,Int [Log[l-]/(bxx)]/(C+d*xx"n), x]] -
Dist [I /2,1 nt [Log[l+] /(b%xx)]/ (c+d*xx"n), x]] /;
FreeQ[{b, c,d}, x] & IntegerQ[n] && Not [n==2 && ZeroQ[d-b"2xcC]]

= Program code:

= Derivation: Algebraic simplification

» Basis ArcCot [2] = %iLog[l—Zi] -giLog[uz'

| B
[—

m Rulelfnez A - (n=1Aad-bc =0),then

ArcCot [a +b x] I Log[1- 551 | Log[1+ 5]
dX —» — [ —— " " dx-— | ————— " dx
c+dxn 2 c+dx" 2 c+dx"

= Program code:

Int [ArcCot [a_+b_. #x_1/(c_+d_. #x_"n_. ), x_Synbol | : =
Dist [I /2,1 nt [Log[1l-] /(a+bxX)]1/(C+d*x*n), x]] -
Dist [I /2,1 nt [Log[l+] / (a+bxXx)]1/ (c+d*x"n), x]1] /;
FreeQ[{a, b,c,d}, x] & IntegerQ[n] && Not [n==1 && ZeroQ[axd-b=xc]]



Integration Rules for Inverse Cotangent Functions

C m
u Arcoot [ ——1"ax
a+bx"
= Derivation: Algebraic simplification
m Basis; ArcCot [Z] = ArcTan[%]
= Rule
c m a bxh,m
juArcOot[—] dx — uArcTan[—+ dx
a+bxn c c

= Program code:

Int [u_. »ArcCot [c_. /(a_. +b_. #x_~n_. )]*m.., x_Synbol | : =
I nt [uxArcTan[a/c+bxx*n/c1"m x] /;
FreeQ[{a, b, c, n, m}, X]



Integration Rules for Inverse Cotangent Functions

f [x, ArcCot [a+bX]] dx
1-(a+bx)?

= Derivation: Integration by substitution

» Basis -2l - _f [Cot [ArcCot [z]]] ArcCot ’ [z]

1422

m Basisr+sx+t x2= -S40t ( - (S"z”)z)

4t s2-4rt
m Basis 1+ Cot [z]? = Csc[z]?

= Rule

f [x, ArcCot [a+bX]] 1 a Cot [x]
J dlx—»——Subst[Jf[——+—, x]dlx, x,ArcOot[a+bx]]
1+ (a+bx)? b b b

= Program code:

| f [ShowsSt eps,

Int [u_*v_"~n_.,x_Synbol ] : =

Modul e [ {t np=I nver seFuncti onCf Li near [u, X1},

ShowStep ["", "I nt [f [X, ArcCot [a+bxx]1]/ (1+ (a+bxx)"2), x]",

" -Subst [I nt [f [-a/b+Cot [x]/b, X], x], X, ArcCot [a+b*xx]]/b", Hold[
Di st [-(-Di scrim nant [v, x]/ (4%Coefficient [v, x,2]))*n/Coefficient [tnmp[[1]], X, 11,
Subst [I nt [Regul ari ze [Subst For | nver seFuncti on [u, t np, x]*Csc [Xx]" (2% (n+1)), x1, X1, X, tnmplll11 /;
Not Fal seQ[tmp] && Head [tnp]===ArcCot && ZeroQ[Di scri m nant [v, x]*tnp[[1]]”*2+D[v, x]1*21] /;

SinplifyFlag & QuadraticQ[v, x] & |IntegerQ[n] &% n<0 && NegQ[Di scri m nant [v, x]] &% MatchQ[u, r_. »f _™

Int [u_*v_"n_.,x_Synbol ] : =
Modul e [ {t np=I nver seFuncti onCf Li near [u, X1},
Di st [-(-Di scrim nant [v, x]/ (4%Coefficient [v, x,2]))*n/Coefficient [tnmp[[1]], X, 1],
Subst [I nt [Regul ari ze [Subst For | nver seFuncti on [u, t mp, x]*Csc [x]” (2% (n+1)), x], X1, X, tnmpll /;
Not Fal seQ[t mp] && Head [t nmp]===ArcCot && ZeroQ[Di scri m nant [v, x]*tnp[[1]]”*2+D[v, x]1*21] /;
Quadrati cQ[v, x] & IntegerQ[n] && n<0 && NegQ[Di scri m nant [v,x]] & MatchQ[u,r . xf _~w_ /; FreeQ[f, x]



Integration Rules for Inverse Cotangent Functions

JArcCot [a+ bf“dx] dx

m Derivation: Algebraic simplification
- 1. i 1. i
m Bass ArcCot [z] = EnLog[l- ;] - 5:1Log[1+ ;]

= Rule

JNCCOt [a+bf°+dx] dx — I—J-Log[l—;]dlx—I—J‘Log[1+;] dx
2 a+bferdx 2 a+bferdx

= Program code:

Int [ArcCot [a_. +b_. «f _~(c_. +d_. »x_)], x_Synbol | : =
Di st [l /2,1 nt [Log[1-] /(a+b*f~ (c+d*x))], x]] -
Dist [l /2,1 nt [Log[1+] /(a+b*f~ (c+dxx)) 1, x]1 /;

FreeQ[{a, b, c,d, f}, x]



Integration Rules for Inverse Cotangent Functions

x™Ar cCot [a + be+dX] dx

m Derivation: Algebraic simplification
- 1. i 1. i
» Basis ArcCot [z] = EnLog[l- ;] - 51Log[1+ ;]

s RuleIf mez A m> 0,then

Jx”%rcOot [a+bf°+dx] dx — I—J-X"‘Log[l- ;] dlx—l—jxmLog[1+ ;] dx
2 a+bfc+d>< 2 a+bfc+dx

= Program code:

Int [x_"m_. «ArcCot [a_. +b_. »f _"(c_. +d_. »x_) ], x_Symbol | : =
Di st [I /2, I nt [x*mkLog[1-] / (a+bxf” (c+dxXx))], x]] -
Di st [I /2, I nt [x*mkLog[1+] / (a+bxf~ (c+dxx))], x]1] /;
FreeQ[{a, b,c,d,f}, x] & IntegerQ[m] && m-0



Integration Rules for Inverse Cotangent Functions

v ArcCot [u] dx

m Derivation: Integration by parts
m Rule If uisfreeof inversefunctions, then

AU
dx

X
~J-ArcOot [u] dX — X ArcCot [u] +J
1 +u?

= Program code:

I nt [ArcCot [u_1],x_Synbol ] : =

X*ArcCot [u] +

I nt [Regul ari ze [x*D[u, x]/ (1+u”2), x1, X1 /;
I nver seFuncti onFreeQ[u, x]

= Derivation: Integration by parts

m Rule If m+1 # 0 A uisfreeof inversefunctions, then

x™1 ArcCot [u] 1 x™1 5, u
jxmArcmt [u] dX — + f
m+ 1 m+ 1 1+u2

= Program code:

Int [x_“m_. %ArcCot [u_],x_Synbol ] : =
X~ (mel) xArcCot [u]/ (mel) +
Di st [1/ (m+1), I nt [Regul ari ze [X" (m+1) *D[u, x]/ (1+u”2), x1, X1]1 /;
FreeQ[m x] && NonzeroQ[m+1] && | nverseFunctionFreeQ[u, X] &&
Not [Functi onOf Q[x” (mk1l), u, x]] &&
Fal seQ[Power Vari abl eExpn [u, m1, X]1



Integration Rules for Inverse Cotangent Functions

= Derivation: Integration by parts
m Rule If uisfreeof inversefunctions, let w = jv dx, if wisfreeof inversefunctions, then

Wy U

1+u?

dx

jv ArcCot [u] dXx — wArcCot [u] +J

= Program code:

I nt [v_=*ArcCot [u_], x_Synbol ] : =
Modul e [ {w=Bl ock [ {ShowSt eps =Fal se, St epCounter =Nul | }, Int [v,Xx]1},
wxAr cCot [u] +
I nt [Regul ari ze [wxD[u, x]/ (1+u”2), x1, X1 /;
I nver seFuncti onFreeQ[w, x11 /;
I nver seFuncti onFreeQ[u, x] &&
Not [Mat chQ[v, x"m_. /; FreeQ[m x]1]] &&

Fal seQ[Functi onCOf Li near [v«ArcCot [u], x]]



