
 Integration Rules for 

Ù Isin
jHzLMm JA Isin

kHzLMp
+ B Isin

kHzLMp+1
+ C Isin

kHzLMp+2N âz when 

j
2 = 1 í k

2 = 1

à Isin@c + d xDjMm IA Isin@c + d xDkMp
+ B Isin@c + d xDkMp+1M âx

� Derivation: Algebraic normalization

� Rule: If  j2 = k2 = 1 ì Hj = k ê p Î ZL ì p ¹ 1 ì p ¹ -2, then

à Isin@c + d xDjMm JA Isin@c + d xDkMp
+ B Isin@c + d xDkMp+1N âx �

à Isin@c + d xDjMm+j k p IA + B sin@c + d xDkM âx

� Program code:

IntAIsin@c_.+d_.*x_D^j_.M^m_.*IA_.*Isin@c_.+d_.*x_D^k_.M^p_+B_.*Isin@c_.+d_.*x_D^k_.M^q_M,x_SymbolE
Int@Hsin@c+d*xD^jL^Hm+j*k*pL*HA+B*sin@c+d*xD^kL,xD �;

FreeQ@8c,d,A,B,m,p<,xD && ZeroQ@j^2-1D && ZeroQ@k^2-1D && ZeroQ@p+1-qD &&

HZeroQ@j-kD ÈÈ IntegerQ@pDL && p¹-2

� Derivation: Algebraic normalization

� Rule: If  k2 = 1 ì m Î Z ì p Ï Z, then

à Isin@c + d xD-kMm JA Isin@c + d xDkMp
+ B Isin@c + d xDkMp+1N âx �

à Isin@c + d xDkMp-m IA + B sin@c + d xDkM âx

� Program code:

IntAIsin@c_.+d_.*x_D^j_.M^m_.*IA_.*Isin@c_.+d_.*x_D^k_.M^p_+B_.*Isin@c_.+d_.*x_D^k_.M^q_M,x_SymbolE
Int@Hsin@c+d*xD^kL^Hp-mL*HA+B*sin@c+d*xD^kL,xD �;

FreeQ@8c,d,A,B,m,p<,xD && ZeroQ@k^2-1D && ZeroQ@j+kD && ZeroQ@p+1-qD && IntegerQ@mD &&

Not@IntegerQ@pDD

Integration Rules for Trig Normalization



� Derivation: Piecewise constant extraction and algebraic normalization

� Basis: ¶zJ Sec@zD Cos@zD N = 0

� Rule: If  k2 = 1 í m -
1

2
Î Z í p Ï Z, then

à Isin@c + d xD-kMm JA Isin@c + d xDkMp
+ B Isin@c + d xDkMp+1N âx �

Csc@c + d xD Sin@c + d xD à Isin@c + d xDkMp-m IA + B sin@c + d xDkM âx

� Program code:

IntAIsin@c_.+d_.*x_D^j_.M^m_.*IA_.*Isin@c_.+d_.*x_D^k_.M^p_+B_.*Isin@c_.+d_.*x_D^k_.M^q_M,x_SymbolE
Dist@Sqrt@Csc@c+d*xDD*Sqrt@Sin@c+d*xDD,

Int@Hsin@c+d*xD^kL^Hp-mL*HA+B*sin@c+d*xD^kL,xDD �;
FreeQ@8c,d,A,B,m,p<,xD && ZeroQ@k^2-1D && ZeroQ@j+kD && ZeroQ@p+1-qD && IntegerQ@m-1�2D &&

Not@IntegerQ@pDD

� Derivation: Piecewise constant extraction and algebraic normalization

� Basis: ¶zJ Sec@zD Cos@zD N = 0

� Rule: If  k2 = 1 í p -
1

2
Î Z í 2 m Ï Z, then

à Isin@c + d xD-kMm JA Isin@c + d xDkMp
+ B Isin@c + d xDkMp+1N âx �

Csc@c + d xD Sin@c + d xD à Isin@c + d xD-kMm-p IA + B sin@c + d xDkM âx

� Program code:

IntAIsin@c_.+d_.*x_D^j_.M^m_.*IA_.*Isin@c_.+d_.*x_D^k_.M^p_+B_.*Isin@c_.+d_.*x_D^k_.M^q_M,x_SymbolE
Dist@Sqrt@Csc@c+d*xDD*Sqrt@Sin@c+d*xDD,

Int@Hsin@c+d*xD^jL^Hm-pL*HA+B*sin@c+d*xD^kL,xDD �;
FreeQ@8c,d,A,B,m,p<,xD && ZeroQ@k^2-1D && ZeroQ@j+kD && ZeroQ@p+1-qD && IntegerQ@p-1�2D &&

Not@IntegerQ@2*mDD

Integration Rules for Trig Normalization



à Isin@c + d xDjMm IA Isin@c + d xDkMp
+ C Isin@c + d xDkMp+2M âx

� Derivation: Algebraic normalization

� Rule: If  j2 = k2 = 1 ì Hj = k ê p Î ZL, then

à Isin@c + d xDjMm JA Isin@c + d xDkMp
+ C Isin@c + d xDkMp+2N âx �

à Isin@c + d xDjMm+j k p IA + C sin@c + d xD2 kM âx

� Program code:

IntAIsin@c_.+d_.*x_D^j_.M^m_.*IA_.*Isin@c_.+d_.*x_D^k_.M^p_.+C_.*Isin@c_.+d_.*x_D^k_.M^r_M,x_SymbolE
Int@Hsin@c+d*xD^jL^Hm+j*k*pL*HA+C*sin@c+d*xD^H2*kLL,xD �;

FreeQ@8c,d,A,C,m,p<,xD && ZeroQ@j^2-1D && ZeroQ@k^2-1D && ZeroQ@p+2-rD &&

HZeroQ@j-kD ÈÈ IntegerQ@pDL

� Derivation: Algebraic normalization

� Rule: If  k2 = 1 ì m Î Z ì p Ï Z, then

à Isin@c + d xD-kMm JA Isin@c + d xDkMp
+ C Isin@c + d xDkMp+2N âx �

à Isin@c + d xDkMp-m IA + C sin@c + d xD2 kM âx

� Program code:

IntAIsin@c_.+d_.*x_D^j_.M^m_.*IA_.*Isin@c_.+d_.*x_D^k_.M^p_+C_.*Isin@c_.+d_.*x_D^k_.M^r_M,x_SymbolE
Int@Hsin@c+d*xD^kL^Hp-mL*HA+C*sin@c+d*xD^H2*kLL,xD �;

FreeQ@8c,d,A,C,m,p<,xD && ZeroQ@k^2-1D && ZeroQ@j+kD && ZeroQ@p+2-rD && IntegerQ@mD &&

Not@IntegerQ@pDD

Integration Rules for Trig Normalization



� Derivation: Piecewise constant extraction and algebraic normalization

� Basis: ¶zJ Sec@zD Cos@zD N = 0

� Rule: If  k2 = 1 í m -
1

2
Î Z í p Ï Z, then

à Isin@c + d xD-kMm JA Isin@c + d xDkMp
+ C Isin@c + d xDkMp+2N âx �

Csc@c + d xD Sin@c + d xD à Isin@c + d xDkMp-m IA + C sin@c + d xD2 kM âx

� Program code:

IntAIsin@c_.+d_.*x_D^j_.M^m_.*IA_.*Isin@c_.+d_.*x_D^k_.M^p_+C_.*Isin@c_.+d_.*x_D^k_.M^r_M,x_SymbolE
Dist@Sqrt@Csc@c+d*xDD*Sqrt@Sin@c+d*xDD,

Int@Hsin@c+d*xD^kL^Hp-mL*HA+C*sin@c+d*xD^H2*kLL,xDD �;
FreeQ@8c,d,A,C,m,p<,xD && ZeroQ@k^2-1D && ZeroQ@j+kD && ZeroQ@p+2-rD && IntegerQ@m-1�2D &&

Not@IntegerQ@pDD

� Derivation: Piecewise constant extraction and algebraic normalization

� Basis: ¶zJ Sec@zD Cos@zD N = 0

� Rule: If  k2 = 1 í p -
1

2
Î Z í 2 m Ï Z, then

à Isin@c + d xD-kMm JA Isin@c + d xDkMp
+ C Isin@c + d xDkMp+2N âx �

Csc@c + d xD Sin@c + d xD à Isin@c + d xD-kMm-p IA + C sin@c + d xD2 kM âx

� Program code:

IntAIsin@c_.+d_.*x_D^j_.M^m_.*IA_.*Isin@c_.+d_.*x_D^k_.M^p_+C_.*Isin@c_.+d_.*x_D^k_.M^r_M,x_SymbolE
Dist@Sqrt@Csc@c+d*xDD*Sqrt@Sin@c+d*xDD,

Int@Hsin@c+d*xD^jL^Hm-pL*HA+C*sin@c+d*xD^H2*kLL,xDD �;
FreeQ@8c,d,A,C,m,p<,xD && ZeroQ@k^2-1D && ZeroQ@j+kD && ZeroQ@p+2-rD && IntegerQ@p-1�2D &&

Not@IntegerQ@2*mDD

Integration Rules for Trig Normalization



à Isin@c + d xDjMm IA + B sin@c + d xD + C sin@c + d xD-1M âx

� Derivation: Algebraic normalization

� Rule: If  j2 = 1, then

à Isin@c + d xDjMm IA + B sin@c + d xD + C sin@c + d xD-1M âx �

à Isin@c + d xDjMm-j IC + A sin@c + d xD + B sin@c + d xD2M âx

� Program code:

IntAIsin@c_.+d_.*x_D^j_.M^m_.*IA_.+B_.*sin@c_.+d_.*x_D+C_.*sin@c_.+d_.*x_D^H-1LM,x_SymbolE :=

Int@Hsin@c+d*xD^jL^Hm-jL*HC+A*sin@c+d*xD+B*sin@c+d*xD^2L,xD �;
FreeQ@8c,d,A,B,C,m<,xD && ZeroQ@j^2-1D

Integration Rules for Trig Normalization



à Isin@c + d xDjMm

IA Isin@c + d xDkMp
+ B Isin@c + d xDkMp+1

+ C Isin@c + d xDkMp+2M âx

� Derivation: Algebraic normalization

� Rule: If  j2 = k2 = 1 ì Hj = k ê p Î ZL, then

à Isin@c + d xDjMm JA Isin@c + d xDkMp
+ B Isin@c + d xDkMp+1

+ C Isin@c + d xDkMp+2N âx �

à Isin@c + d xDjMm+j k p IA + B sin@c + d xDk + C sin@c + d xD2 kM âx

� Program code:

IntAIsin@c_.+d_.*x_D^j_.M^m_.*

IA_.*Isin@c_.+d_.*x_D^k_.M^p_.+B_.*Isin@c_.+d_.*x_D^k_.M^q_+C_.*Isin@c_.+d_.*x_D^k_.M^r_M,x_Symbol
Int@Hsin@c+d*xD^jL^Hm+j*k*pL*HA+B*sin@c+d*xD^k+C*sin@c+d*xD^H2*kLL,xD �;

FreeQ@8c,d,A,B,C,m,p<,xD && ZeroQ@j^2-1D && ZeroQ@k^2-1D && ZeroQ@p+1-qD && ZeroQ@p+2-rD &&

HZeroQ@j-kD ÈÈ IntegerQ@pDL

� Derivation: Algebraic normalization

� Rule: If  k2 = 1 ì m Î Z ì p Ï Z, then

à Isin@c + d xD-kMm JA Isin@c + d xDkMp
+ B Isin@c + d xDkMp+1

+ C Isin@c + d xDkMp+2N âx �

à Isin@c + d xDkMp-m IA + B sin@c + d xDk + C sin@c + d xD2 kM âx

� Program code:

IntAIsin@c_.+d_.*x_D^j_.M^m_.*

IA_.*Isin@c_.+d_.*x_D^k_.M^p_+B_.*Isin@c_.+d_.*x_D^k_.M^q_+C_.*Isin@c_.+d_.*x_D^k_.M^r_M,x_Symbol
Int@Hsin@c+d*xD^kL^Hp-mL*HA+B*sin@c+d*xD^k+C*sin@c+d*xD^H2*kLL,xD �;

FreeQ@8c,d,A,B,C,m,p<,xD && ZeroQ@k^2-1D && ZeroQ@j+kD && ZeroQ@p+1-qD && ZeroQ@p+2-rD &&

IntegerQ@mD && Not@IntegerQ@pDD

Integration Rules for Trig Normalization



� Derivation: Piecewise constant extraction and algebraic normalization

� Basis: ¶zJ Sec@zD Cos@zD N = 0

� Rule: If  k2 = 1 í m -
1

2
Î Z í p Ï Z, then

à Isin@c + d xD-kMm JA Isin@c + d xDkMp
+ B Isin@c + d xDkMp+1

+ C Isin@c + d xDkMp+2N âx �

Csc@c + d xD Sin@c + d xD à Isin@c + d xDkMp-m IA + B sin@c + d xDk + C sin@c + d xD2 kM âx

� Program code:

IntAIsin@c_.+d_.*x_D^j_.M^m_.*

IA_.*Isin@c_.+d_.*x_D^k_.M^p_+B_.*Isin@c_.+d_.*x_D^k_.M^q_+C_.*Isin@c_.+d_.*x_D^k_.M^r_M,x_Symbol
Dist@Sqrt@Csc@c+d*xDD*Sqrt@Sin@c+d*xDD,

Int@Hsin@c+d*xD^kL^Hp-mL*HA+B*sin@c+d*xD^k+C*sin@c+d*xD^H2*kLL,xDD �;
FreeQ@8c,d,A,B,C,m,p<,xD && ZeroQ@k^2-1D && ZeroQ@j+kD && ZeroQ@p+1-qD && ZeroQ@p+2-rD &&

IntegerQ@m-1�2D && Not@IntegerQ@pDD

� Derivation: Piecewise constant extraction and algebraic normalization

� Basis: ¶zJ Sec@zD Cos@zD N = 0

� Rule: If  k2 = 1 í p -
1

2
Î Z í 2 m Ï Z, then

à Isin@c + d xD-kMm JA Isin@c + d xDkMp
+ B Isin@c + d xDkMp+1

+ C Isin@c + d xDkMp+2N âx �

Csc@c + d xD Sin@c + d xD à Isin@c + d xD-kMm-p IA + B sin@c + d xDk + C sin@c + d xD2 kM âx

� Program code:

IntAIsin@c_.+d_.*x_D^j_.M^m_.*

IA_.*Isin@c_.+d_.*x_D^k_.M^p_+B_.*Isin@c_.+d_.*x_D^k_.M^q_+C_.*Isin@c_.+d_.*x_D^k_.M^r_M,x_Symbol
Dist@Sqrt@Csc@c+d*xDD*Sqrt@Sin@c+d*xDD,

Int@Hsin@c+d*xD^jL^Hm-pL*HA+B*sin@c+d*xD^k+C*sin@c+d*xD^H2*kLL,xDD �;
FreeQ@8c,d,A,B,C,m,p<,xD && ZeroQ@k^2-1D && ZeroQ@j+kD && ZeroQ@p+1-qD && ZeroQ@p+2-rD &&

IntegerQ@p-1�2D && Not@IntegerQ@2*mDD

Integration Rules for Trig Normalization



 Integration Rules for 

Ù JA Isin
iHzLMp

+ B Isin
iHzLMp+1

+ C Isin
iHzLMp+2N Ia + b sin

kHzLMn
âz when 

i
2 = 1 í k

2 = 1

à IA Isin@c + d xDkMp
+ B Isin@c + d xDkMp+1M Ia + b sin@c + d xDkMn

âx

� Derivation: Algebraic normalization

� Rule: If  k2 = 1 ì p ¹ 1, then

à JA Isin@c + d xDkMp
+ B Isin@c + d xDkMp+1N Ia + b sin@c + d xDkMn

âx �

à Isin@c + d xDkMp IA + B sin@c + d xDkM Ia + b sin@c + d xDkMn
âx

� Program code:

IntAIA_.*Isin@c_.+d_.*x_D^k_.M^p_+B_.*Isin@c_.+d_.*x_D^k_.M^q_M*Ia_.+b_.*sin@c_.+d_.*x_D^k_.M^n_.,x_Symbol
Int@Hsin@c+d*xD^kL^p*HA+B*sin@c+d*xD^kL*Ha+b*sin@c+d*xD^kL^n,xD �;

FreeQ@8a,b,c,d,A,B,n,p<,xD && ZeroQ@k^2-1D && ZeroQ@p+1-qD && Not@a===0 && b===1D

Integration Rules for Trig Normalization



à IA Isin@c + d xD-kMp
+ B Isin@c + d xD-kMp+1M Ia + b sin@c + d xDkMn

âx

� Derivation: Algebraic normalization

� Rule: If  k2 = 1, then

à IA + B sin@c + d xD-kM Ia + b sin@c + d xDkMn
âx �

à sin@c + d xD-k IB + A sin@c + d xDkM Ia + b sin@c + d xDkMn
âx

� Program code:

IntAIA_+B_.*sin@c_.+d_.*x_D^i_.M*Ia_.+b_.*sin@c_.+d_.*x_D^k_.M^n_.,x_SymbolE :=

Int@sin@c+d*xD^H-kL*HB+A*sin@c+d*xD^kL*Ha+b*sin@c+d*xD^kL^n,xD �;
FreeQ@8a,b,c,d,A,B,n<,xD && ZeroQ@k^2-1D && ZeroQ@k+iD && Not@a===0 && b===1D

� Derivation: Algebraic normalization

� Rule: If  k2 = 1 ì p ¹ 1 ì p ¹ -2, then

à JA Isin@c + d xD-kMp
+ B Isin@c + d xD-kMp+1N Ia + b sin@c + d xDkMn

âx �

à Isin@c + d xD-kMp+1 IB + A sin@c + d xDkM Ia + b sin@c + d xDkMn
âx

� Program code:

IntAIA_.*Isin@c_.+d_.*x_D^i_.M^p_+B_.*Isin@c_.+d_.*x_D^i_.M^q_M*Ia_.+b_.*sin@c_.+d_.*x_D^k_.M^n_.,x_Symbol
Int@Hsin@c+d*xD^H-kLL^Hp+1L*HB+A*sin@c+d*xD^kL*Ha+b*sin@c+d*xD^kL^n,xD �;

FreeQ@8a,b,c,d,A,B,n,p<,xD && ZeroQ@k^2-1D && ZeroQ@k+iD && ZeroQ@p+1-qD &&

Not@a===0 && b===1D && p¹-2

Integration Rules for Trig Normalization



à IA Isin@c + d xDkMp
+ C Isin@c + d xDkMp+2M Ia + b sin@c + d xDkMn

âx

� Derivation: Algebraic normalization

� Rule: If  k2 = 1, then

à JA Isin@c + d xDkMp
+ C Isin@c + d xDkMp+2N Ia + b sin@c + d xDkMn

âx �

à Isin@c + d xDkMp IA + C sin@c + d xD2 kM Ia + b sin@c + d xDkMn
âx

� Program code:

IntAIA_.*Isin@c_.+d_.*x_D^k_.M^p_.+C_.*Isin@c_.+d_.*x_D^k_.M^r_M*

Ia_.+b_.*sin@c_.+d_.*x_D^k_.M^n_.,x_SymbolE :=

Int@Hsin@c+d*xD^kL^p*HA+C*sin@c+d*xD^H2*kLL*Ha+b*sin@c+d*xD^kL^n,xD �;
FreeQ@8a,b,c,d,A,C,n,p<,xD && ZeroQ@k^2-1D && ZeroQ@p+2-rD

Integration Rules for Trig Normalization



à IA Isin@c + d xD-kMp
+ C Isin@c + d xD-kMp+2M Ia + b sin@c + d xDkMn

âx

� Derivation: Algebraic normalization

� Rule: If  k2 = 1, then

à IA + C sin@c + d xD-2 kM Ia + b sin@c + d xDkMn
âx �

à sin@c + d xD-2 k IC + A sin@c + d xD2 kM Ia + b sin@c + d xDkMn
âx

� Program code:

IntAIA_+C_.*sin@c_.+d_.*x_D^i2_M*Ia_.+b_.*sin@c_.+d_.*x_D^k_.M^n_.,x_SymbolE :=

Int@sin@c+d*xD^H-2*kL*HC+A*sin@c+d*xD^H2*kLL*Ha+b*sin@c+d*xD^kL^n,xD �;
FreeQ@8a,b,c,d,A,C,n<,xD && ZeroQ@k^2-1D && ZeroQ@k+i2�2D

� Derivation: Algebraic normalization

� Rule: If  k2 = 1, then

à JA Isin@c + d xD-kMp
+ C Isin@c + d xD-kMp+2N Ia + b sin@c + d xDkMn

âx �

à Isin@c + d xD-kMp+2 IC + A sin@c + d xD2 kM Ia + b sin@c + d xDkMn
âx

� Program code:

IntAIA_.*Isin@c_.+d_.*x_D^i_.M^p_.+C_.*Isin@c_.+d_.*x_D^i_.M^r_M*Ia_.+b_.*sin@c_.+d_.*x_D^k_.M^n_.,x_Symbol
Int@Hsin@c+d*xD^H-kLL^Hp+2L*HC+A*sin@c+d*xD^H2*kLL*Ha+b*sin@c+d*xD^kL^n,xD �;

FreeQ@8a,b,c,d,A,C,n,p<,xD && ZeroQ@k^2-1D && ZeroQ@k+iD && ZeroQ@p+2-rD

Integration Rules for Trig Normalization



à IA + B sin@c + d xDk + C sin@c + d xD-kM Ia + b sin@c + d xDkMn
âx

� Derivation: Algebraic normalization

� Rule: If  k2 = 1, then

à IA + B sin@c + d xDk + C sin@c + d xD-kM Ia + b sin@c + d xDkMn
âx �

à sin@c + d xD-k IC + A sin@c + d xDk + B sin@c + d xD2 kM Ia + b sin@c + d xDkMn
âx

� Program code:

IntAIA_.+B_.*sin@c_.+d_.*x_D^k_.+C_.*sin@c_.+d_.*x_D^l_.M*Ia_.+b_.*sin@c_.+d_.*x_D^k_.M^n_.,x_SymbolE
Int@sin@c+d*xD^H-kL*HC+A*sin@c+d*xD^k+B*sin@c+d*xD^H2*kLL*Ha+b*sin@c+d*xD^kL^n,xD �;

FreeQ@8a,b,c,d,A,B,C,n<,xD && ZeroQ@k^2-1D && ZeroQ@k+lD

Integration Rules for Trig Normalization



à IA Isin@c + d xDkMp
+ B Isin@c + d xDkMp+1

+ C Isin@c + d xDkMp+2M
Ia + b sin@c + d xDkMn

âx

� Derivation: Algebraic normalization

� Rule: If  k2 = 1, then

à JA Isin@c + d xDkMp
+ B Isin@c + d xDkMp+1

+ C Isin@c + d xDkMp+2N Ia + b sin@c + d xDkMn
âx �

à Isin@c + d xDkMp IA + B sin@c + d xDk + C sin@c + d xD2 kM Ia + b sin@c + d xDkMn
âx

� Program code:

IntAIA_.*Isin@c_.+d_.*x_D^k_.M^p_.+B_.*Isin@c_.+d_.*x_D^k_.M^q_+C_.*Isin@c_.+d_.*x_D^k_.M^r_M*

Ia_.+b_.*sin@c_.+d_.*x_D^k_.M^n_.,x_SymbolE :=

Int@Hsin@c+d*xD^kL^p*HA+B*sin@c+d*xD^k+C*sin@c+d*xD^H2*kLL*Ha+b*sin@c+d*xD^kL^n,xD �;
FreeQ@8a,b,c,d,A,B,C,n,p<,xD && ZeroQ@k^2-1D && ZeroQ@p+1-qD && ZeroQ@p+2-rD

Integration Rules for Trig Normalization



à IA Isin@c + d xD-kMp
+ B Isin@c + d xD-kMp+1

+ C Isin@c + d xD-kMp+2M
Ia + b sin@c + d xDkMn

âx

� Derivation: Algebraic normalization

� Rule: If  k2 = 1, then

à IA + B sin@c + d xD-k + C sin@c + d xD-2 kM Ia + b sin@c + d xDkMn
âx �

à sin@c + d xD-2 k IC + B sin@c + d xDk + A sin@c + d xD2 kM Ia + b sin@c + d xDkMn
âx

� Program code:

IntAIA_.+B_.*sin@c_.+d_.*x_D^i_.+C_.*sin@c_.+d_.*x_D^i2_M*Ia_.+b_.*sin@c_.+d_.*x_D^k_.M^n_.,x_Symbol
Int@sin@c+d*xD^H-2*kL*HC+B*sin@c+d*xD^k+A*sin@c+d*xD^H2*kLL*Ha+b*sin@c+d*xD^kL^n,xD �;

FreeQ@8a,b,c,d,A,B,C,n<,xD && ZeroQ@k^2-1D && ZeroQ@k+iD && ZeroQ@2*i-i2D

� Derivation: Algebraic normalization

� Rule: If  k2 = 1, then

à JA Isin@c + d xD-kMp
+ B Isin@c + d xD-kMp+1

+ C Isin@c + d xD-kMp+2N Ia + b sin@c + d xDkMn
âx �

à Isin@c + d xD-kMp+2 IC + B sin@c + d xDk + A sin@c + d xD2 kM Ia + b sin@c + d xDkMn
âx

� Program code:

IntAIA_.*Isin@c_.+d_.*x_D^i_.M^p_.+B_.*Isin@c_.+d_.*x_D^i_.M^q_+C_.*Isin@c_.+d_.*x_D^i_.M^r_M*

Ia_.+b_.*sin@c_.+d_.*x_D^k_.M^n_.,x_SymbolE :=

Int@Hsin@c+d*xD^H-kLL^Hp+2L*HC+B*sin@c+d*xD^k+A*sin@c+d*xD^H2*kLL*Ha+b*sin@c+d*xD^kL^n,xD �;
FreeQ@8a,b,c,d,A,B,C,n,p<,xD && ZeroQ@k^2-1D && ZeroQ@k+iD && ZeroQ@p+1-qD && ZeroQ@p+2-rD

Integration Rules for Trig Normalization



 Integration Rules for 

Ù Isin
jHzLMm JA Isin

iHzLMp
+ B Isin

iHzLMp+1
+ C Isin

iHzLMp+2N Ia + b sin
kHzLMn

âz when 

j
2 = 1 í i

2 = 1 í k
2 = 1

à Isin@c + d xDjMm

IA Isin@c + d xDkMp
+ B Isin@c + d xDkMp+1M Ia + b sin@c + d xDkMn

âx

� Derivation: Algebraic normalization

� Rule: If  j2 = k2 = 1 ì Hj = k ê p Î ZL ì p ¹ 1, then

à Isin@c + d xDjMm JA Isin@c + d xDkMp
+ B Isin@c + d xDkMp+1N Ia + b sin@c + d xDkMn

âx �

à Isin@c + d xDjMm+j k p IA + B sin@c + d xDkM Ia + b sin@c + d xDkMn
âx

� Program code:

IntAIsin@c_.+d_.*x_D^j_.M^m_.*IA_.*Isin@c_.+d_.*x_D^k_.M^p_+B_.*Isin@c_.+d_.*x_D^k_.M^q_M*

Ia_.+b_.*sin@c_.+d_.*x_D^k_.M^n_.,x_SymbolE :=

Int@Hsin@c+d*xD^jL^Hm+j*k*pL*HA+B*sin@c+d*xD^kL*Ha+b*sin@c+d*xD^kL^n,xD �;
FreeQ@8a,b,c,d,A,B,m,n,p<,xD && ZeroQ@j^2-1D && ZeroQ@k^2-1D && ZeroQ@p+1-qD &&

HZeroQ@j-kD ÈÈ IntegerQ@pDL

� Derivation: Algebraic normalization

� Rule: If  k2 = 1 ì m Î Z ì p Ï Z, then

à Isin@c + d xD-kMm JA Isin@c + d xDkMp
+ B Isin@c + d xDkMp+1N Ia + b sin@c + d xDkMn

âx �

à Isin@c + d xDkMp-m IA + B sin@c + d xDkM Ia + b sin@c + d xDkMn
âx

� Program code:

IntAIsin@c_.+d_.*x_D^j_.M^m_.*IA_.*Isin@c_.+d_.*x_D^k_.M^p_+B_.*Isin@c_.+d_.*x_D^k_.M^q_M*

Ia_.+b_.*sin@c_.+d_.*x_D^k_.M^n_.,x_SymbolE :=

Int@Hsin@c+d*xD^kL^Hp-mL*HA+B*sin@c+d*xD^kL*Ha+b*sin@c+d*xD^kL^n,xD �;
FreeQ@8a,b,c,d,A,B,m,n,p<,xD && ZeroQ@k^2-1D && ZeroQ@j+kD && ZeroQ@p+1-qD &&

IntegerQ@mD && Not@IntegerQ@pDD

Integration Rules for Trig Normalization



� Derivation: Piecewise constant extraction and algebraic normalization

� Basis: ¶zJ Sec@zD Cos@zD N = 0

� Rule: If  k2 = 1 í m -
1

2
Î Z í p Ï Z, then

à Isin@c + d xD-kMm JA Isin@c + d xDkMp
+ B Isin@c + d xDkMp+1N Ia + b sin@c + d xDkMn

âx �

Csc@c + d xD Sin@c + d xD à Isin@c + d xDkMp-m IA + B sin@c + d xDkM Ia + b sin@c + d xDkMn
âx

� Program code:

IntAIsin@c_.+d_.*x_D^j_.M^m_.*IA_.*Isin@c_.+d_.*x_D^k_.M^p_+B_.*Isin@c_.+d_.*x_D^k_.M^q_M*

Ia_.+b_.*sin@c_.+d_.*x_D^k_.M^n_.,x_SymbolE :=

Dist@Sqrt@Csc@c+d*xDD*Sqrt@Sin@c+d*xDD,
Int@Hsin@c+d*xD^kL^Hp-mL*HA+B*sin@c+d*xD^kL*Ha+b*sin@c+d*xD^kL^n,xDD �;

FreeQ@8a,b,c,d,A,B,m,n,p<,xD && ZeroQ@k^2-1D && ZeroQ@j+kD && ZeroQ@p+1-qD &&

IntegerQ@m-1�2D && Not@IntegerQ@pDD

� Derivation: Piecewise constant extraction and algebraic normalization

� Basis: ¶zJ Sec@zD Cos@zD N = 0

� Rule: If  k2 = 1 í p -
1

2
Î Z í 2 m Ï Z, then

à Isin@c + d xD-kMm JA Isin@c + d xDkMp
+ B Isin@c + d xDkMp+1N Ia + b sin@c + d xDkMn

âx �

Csc@c + d xD Sin@c + d xD à Isin@c + d xD-kMm-p IA + B sin@c + d xDkM Ia + b sin@c + d xDkMn
âx

� Program code:

IntAIsin@c_.+d_.*x_D^j_.M^m_.*IA_.*Isin@c_.+d_.*x_D^k_.M^p_+B_.*Isin@c_.+d_.*x_D^k_.M^q_M*

Ia_.+b_.*sin@c_.+d_.*x_D^k_.M^n_.,x_SymbolE :=

Dist@Sqrt@Csc@c+d*xDD*Sqrt@Sin@c+d*xDD,
Int@Hsin@c+d*xD^jL^Hm-pL*HA+B*sin@c+d*xD^kL*Ha+b*sin@c+d*xD^kL^n,xDD �;

FreeQ@8a,b,c,d,A,B,m,n,p<,xD && ZeroQ@k^2-1D && ZeroQ@j+kD && ZeroQ@p+1-qD &&

IntegerQ@p-1�2D && Not@IntegerQ@2*mDD

Integration Rules for Trig Normalization



à Isin@c + d xDjMm

IA Isin@c + d xD-kMp
+ B Isin@c + d xD-kMp+1M Ia + b sin@c + d xDkMn

âx

� Derivation: Algebraic normalization

� Rule: If  j2 = k2 = 1, then

à Isin@c + d xDjMm IA + B sin@c + d xD-kM Ia + b sin@c + d xDkMn
âx �

à Isin@c + d xDjMm-j k IB + A sin@c + d xDkM Ia + b sin@c + d xDkMn
âx

� Program code:

IntAIsin@c_.+d_.*x_D^j_.M^m_.*IA_.+B_.*sin@c_.+d_.*x_D^i_.M*Ia_.+b_.*sin@c_.+d_.*x_D^k_.M^n_.,x_Symbol
Int@Hsin@c+d*xD^jL^Hm-j*kL*HB+A*sin@c+d*xD^kL*Ha+b*sin@c+d*xD^kL^n,xD �;

FreeQ@8a,b,c,d,A,B,m,n<,xD && ZeroQ@j^2-1D && ZeroQ@k^2-1D && ZeroQ@k+iD

� Derivation: Algebraic normalization

� Rule: If  j2 = k2 = 1 ì Hj + k = 0 ê p Î ZL ì p ¹ 1 ì p ¹ -2, then

à Isin@c + d xDjMm JA Isin@c + d xD-kMp
+ B Isin@c + d xD-kMp+1N Ia + b sin@c + d xDkMn

âx �

à Isin@c + d xDjMm-j k Hp+1L IB + A sin@c + d xDkM Ia + b sin@c + d xDkMn
âx

� Program code:

IntAIsin@c_.+d_.*x_D^j_.M^m_.*IA_.*Isin@c_.+d_.*x_D^i_.M^p_+B_.*Isin@c_.+d_.*x_D^i_.M^q_M*

Ia_.+b_.*sin@c_.+d_.*x_D^k_.M^n_.,x_SymbolE :=

Int@Hsin@c+d*xD^jL^Hm-j*k*Hp+1LL*HB+A*sin@c+d*xD^kL*Ha+b*sin@c+d*xD^kL^n,xD �;
FreeQ@8a,b,c,d,A,B,m,n,p<,xD && ZeroQ@j^2-1D && ZeroQ@k^2-1D && ZeroQ@k+iD &&

ZeroQ@p+1-qD && HZeroQ@j+kD ÈÈ IntegerQ@pDL && p¹-2

Integration Rules for Trig Normalization



� Derivation: Algebraic normalization

� Rule: If  k2 = 1 ì m Î Z ì p Ï Z, then

à Isin@c + d xDkMm JA Isin@c + d xD-kMp
+ B Isin@c + d xD-kMp+1N Ia + b sin@c + d xDkMn

âx �

à Isin@c + d xD-kMp-m+1 IB + A sin@c + d xDkM Ia + b sin@c + d xDkMn
âx

� Program code:

IntAIsin@c_.+d_.*x_D^k_.M^m_.*IA_.*Isin@c_.+d_.*x_D^i_.M^p_+B_.*Isin@c_.+d_.*x_D^i_.M^q_M*

Ia_.+b_.*sin@c_.+d_.*x_D^k_.M^n_.,x_SymbolE :=

Int@Hsin@c+d*xD^H-kLL^Hp-m+1L*HB+A*sin@c+d*xD^kL*Ha+b*sin@c+d*xD^kL^n,xD �;
FreeQ@8a,b,c,d,A,B,m,n,p<,xD && ZeroQ@k^2-1D && ZeroQ@k+iD && ZeroQ@p+1-qD &&

IntegerQ@mD && Not@IntegerQ@pDD

� Derivation: Piecewise constant extraction and algebraic normalization

� Basis: ¶zJ Sec@zD Cos@zD N = 0

� Rule: If  k2 = 1 í m -
1

2
Î Z í p Ï Z, then

à Isin@c + d xDkMm JA Isin@c + d xD-kMp
+ B Isin@c + d xD-kMp+1N Ia + b sin@c + d xDkMn

âx �

Csc@c + d xD Sin@c + d xD à Isin@c + d xD-kMp-m+1 IB + A sin@c + d xDkM Ia + b sin@c + d xDkMn
âx

� Program code:

IntAIsin@c_.+d_.*x_D^k_.M^m_.*IA_.*Isin@c_.+d_.*x_D^i_.M^p_+B_.*Isin@c_.+d_.*x_D^i_.M^q_M*

Ia_.+b_.*sin@c_.+d_.*x_D^k_.M^n_.,x_SymbolE :=

Dist@Sqrt@Csc@c+d*xDD*Sqrt@Sin@c+d*xDD,
Int@Hsin@c+d*xD^H-kLL^Hp-m+1L*HB+A*sin@c+d*xD^kL*Ha+b*sin@c+d*xD^kL^n,xDD �;

FreeQ@8a,b,c,d,A,B,m,n,p<,xD && ZeroQ@k^2-1D && ZeroQ@k+iD && ZeroQ@p+1-qD &&

IntegerQ@m-1�2D && Not@IntegerQ@pDD

Integration Rules for Trig Normalization



� Derivation: Piecewise constant extraction and algebraic normalization

� Basis: ¶zJ Sec@zD Cos@zD N = 0

� Rule: If  k2 = 1 í p -
1

2
Î Z í 2 m Ï Z, then

à Isin@c + d xDkMm JA Isin@c + d xD-kMp
+ B Isin@c + d xD-kMp+1N Ia + b sin@c + d xDkMn

âx �

Csc@c + d xD Sin@c + d xD à Isin@c + d xDkMm-p-1 IB + A sin@c + d xDkM Ia + b sin@c + d xDkMn
âx

� Program code:

IntAIsin@c_.+d_.*x_D^k_.M^m_.*IA_.*Isin@c_.+d_.*x_D^i_.M^p_+B_.*Isin@c_.+d_.*x_D^i_.M^q_M*

Ia_.+b_.*sin@c_.+d_.*x_D^k_.M^n_.,x_SymbolE :=

Dist@Sqrt@Csc@c+d*xDD*Sqrt@Sin@c+d*xDD,
Int@Hsin@c+d*xD^kL^Hm-p-1L*HB+A*sin@c+d*xD^kL*Ha+b*sin@c+d*xD^kL^n,xDD �;

FreeQ@8a,b,c,d,A,B,m,n,p<,xD && ZeroQ@k^2-1D && ZeroQ@k+iD && ZeroQ@p+1-qD &&

IntegerQ@p-1�2D && Not@IntegerQ@2*mDD

Integration Rules for Trig Normalization



à Isin@c + d xDjMm

IA Isin@c + d xDkMp
+ C Isin@c + d xDkMp+2M Ia + b sin@c + d xDkMn

âx

� Derivation: Algebraic normalization

� Rule: If  j2 = k2 = 1 ì Hj = k ê p Î ZL, then

à Isin@c + d xDjMm JA Isin@c + d xDkMp
+ C Isin@c + d xDkMp+2N Ia + b sin@c + d xDkMn

âx �

à Isin@c + d xDjMm+j k p IA + C sin@c + d xD2 kM Ia + b sin@c + d xDkMn
âx

� Program code:

IntAIsin@c_.+d_.*x_D^j_.M^m_.*IA_.*Isin@c_.+d_.*x_D^k_.M^p_.+C_.*Isin@c_.+d_.*x_D^k_.M^r_M*

Ia_.+b_.*sin@c_.+d_.*x_D^k_.M^n_.,x_SymbolE :=

Int@Hsin@c+d*xD^jL^Hm+j*k*pL*HA+C*sin@c+d*xD^H2*kLL*Ha+b*sin@c+d*xD^kL^n,xD �;
FreeQ@8a,b,c,d,A,C,m,n,p<,xD && ZeroQ@j^2-1D && ZeroQ@k^2-1D && ZeroQ@p+2-rD &&

HZeroQ@j-kD ÈÈ IntegerQ@pDL

� Derivation: Algebraic normalization

� Rule: If  k2 = 1 ì m Î Z ì p Ï Z, then

à Isin@c + d xD-kMm JA Isin@c + d xDkMp
+ C Isin@c + d xDkMp+2N Ia + b sin@c + d xDkMn

âx �

à Isin@c + d xDkMp-m IA + C sin@c + d xD2 kM Ia + b sin@c + d xDkMn
âx

� Program code:

IntAIsin@c_.+d_.*x_D^j_.M^m_.*IA_.*Isin@c_.+d_.*x_D^k_.M^p_+C_.*Isin@c_.+d_.*x_D^k_.M^r_M*

Ia_.+b_.*sin@c_.+d_.*x_D^k_.M^n_.,x_SymbolE :=

Int@Hsin@c+d*xD^kL^Hp-mL*HA+C*sin@c+d*xD^H2*kLL*Ha+b*sin@c+d*xD^kL^n,xD �;
FreeQ@8a,b,c,d,A,C,m,n,p<,xD && ZeroQ@k^2-1D && ZeroQ@j+kD && ZeroQ@p+2-rD &&

IntegerQ@mD && Not@IntegerQ@pDD

Integration Rules for Trig Normalization



� Derivation: Piecewise constant extraction and algebraic normalization

� Basis: ¶zJ Sec@zD Cos@zD N = 0

� Rule: If  k2 = 1 í m -
1

2
Î Z í p Ï Z, then

à Isin@c + d xD-kMm JA Isin@c + d xDkMp
+ C Isin@c + d xDkMp+2N Ia + b sin@c + d xDkMn

âx �

Csc@c + d xD Sin@c + d xD à Isin@c + d xDkMp-m IA + C sin@c + d xD2 kM Ia + b sin@c + d xDkMn
âx

� Program code:

IntAIsin@c_.+d_.*x_D^j_.M^m_.*IA_.*Isin@c_.+d_.*x_D^k_.M^p_+C_.*Isin@c_.+d_.*x_D^k_.M^r_M*

Ia_.+b_.*sin@c_.+d_.*x_D^k_.M^n_.,x_SymbolE :=

Dist@Sqrt@Csc@c+d*xDD*Sqrt@Sin@c+d*xDD,
Int@Hsin@c+d*xD^kL^Hp-mL*HA+C*sin@c+d*xD^H2*kLL*Ha+b*sin@c+d*xD^kL^n,xDD �;

FreeQ@8a,b,c,d,A,C,m,n,p<,xD && ZeroQ@k^2-1D && ZeroQ@j+kD && ZeroQ@p+2-rD &&

IntegerQ@m-1�2D && Not@IntegerQ@pDD

� Derivation: Piecewise constant extraction and algebraic normalization

� Basis: ¶zJ Sec@zD Cos@zD N = 0

� Rule: If  k2 = 1 í p -
1

2
Î Z í 2 m Ï Z, then

à Isin@c + d xD-kMm JA Isin@c + d xDkMp
+ C Isin@c + d xDkMp+2N Ia + b sin@c + d xDkMn

âx �

Csc@c + d xD Sin@c + d xD à Isin@c + d xD-kMm-p IA + C sin@c + d xD2 kM Ia + b sin@c + d xDkMn
âx

� Program code:

IntAIsin@c_.+d_.*x_D^j_.M^m_.*IA_.*Isin@c_.+d_.*x_D^k_.M^p_+C_.*Isin@c_.+d_.*x_D^k_.M^r_M*

Ia_.+b_.*sin@c_.+d_.*x_D^k_.M^n_.,x_SymbolE :=

Dist@Sqrt@Csc@c+d*xDD*Sqrt@Sin@c+d*xDD,
Int@Hsin@c+d*xD^jL^Hm-pL*HA+C*sin@c+d*xD^H2*kLL*Ha+b*sin@c+d*xD^kL^n,xDD �;

FreeQ@8a,b,c,d,A,C,m,n,p<,xD && ZeroQ@k^2-1D && ZeroQ@j+kD && ZeroQ@p+2-rD &&

IntegerQ@p-1�2D && Not@IntegerQ@2*mDD

Integration Rules for Trig Normalization



à Isin@c + d xDjMm

IA Isin@c + d xD-kMp
+ C Isin@c + d xD-kMp+2M Ia + b sin@c + d xDkMn

âx

� Derivation: Algebraic normalization

� Rule: If  j2 = k2 = 1, then

à Isin@c + d xDjMm IA + C sin@c + d xD-2 kM Ia + b sin@c + d xDkMn
âx �

à Isin@c + d xDjMm-2 j k IC + A sin@c + d xD2 kM Ia + b sin@c + d xDkMn
âx

� Program code:

IntAIsin@c_.+d_.*x_D^j_.M^m_.*IA_.+C_.*sin@c_.+d_.*x_D^i2_M*Ia_.+b_.*sin@c_.+d_.*x_D^k_.M^n_.,x_Symbol
Int@Hsin@c+d*xD^jL^Hm-2*j*kL*HC+A*sin@c+d*xD^H2*kLL*Ha+b*sin@c+d*xD^kL^n,xD �;

FreeQ@8a,b,c,d,A,C,m,n<,xD && ZeroQ@j^2-1D && ZeroQ@k^2-1D && ZeroQ@k+i2�2D

� Derivation: Algebraic normalization

� Rule: If  j2 = k2 = 1 ì Hj + k = 0 ê p Î ZL, then

à Isin@c + d xDjMm JA Isin@c + d xD-kMp
+ C Isin@c + d xD-kMp+2N Ia + b sin@c + d xDkMn

âx �

à Isin@c + d xDjMm-j k Hp+2L IC + A sin@c + d xD2 kM Ia + b sin@c + d xDkMn
âx

� Program code:

IntAIsin@c_.+d_.*x_D^j_.M^m_.*IA_.*Isin@c_.+d_.*x_D^i_.M^p_.+C_.*Isin@c_.+d_.*x_D^i_.M^r_M*

Ia_.+b_.*sin@c_.+d_.*x_D^k_.M^n_.,x_SymbolE :=

Int@Hsin@c+d*xD^jL^Hm-j*k*Hp+2LL*HC+A*sin@c+d*xD^H2*kLL*Ha+b*sin@c+d*xD^kL^n,xD �;
FreeQ@8a,b,c,d,A,C,m,n,p<,xD && ZeroQ@j^2-1D && ZeroQ@k^2-1D && ZeroQ@k+iD &&

ZeroQ@p+2-rD && HZeroQ@j+kD ÈÈ IntegerQ@pDL

Integration Rules for Trig Normalization



� Derivation: Algebraic normalization

� Rule: If  k2 = 1 ì m Î Z ì p Ï Z, then

à Isin@c + d xDkMm JA Isin@c + d xD-kMp
+ C Isin@c + d xD-kMp+2N Ia + b sin@c + d xDkMn

âx �

à Isin@c + d xD-kMp-m+2 IC + A sin@c + d xD2 kM Ia + b sin@c + d xDkMn
âx

� Program code:

IntAIsin@c_.+d_.*x_D^k_.M^m_.*IA_.*Isin@c_.+d_.*x_D^i_.M^p_+C_.*Isin@c_.+d_.*x_D^i_.M^r_M*

Ia_.+b_.*sin@c_.+d_.*x_D^k_.M^n_.,x_SymbolE :=

Int@Hsin@c+d*xD^H-kLL^Hp-m+2L*HC+A*sin@c+d*xD^H2*kLL*Ha+b*sin@c+d*xD^kL^n,xD �;
FreeQ@8a,b,c,d,A,C,m,n,p<,xD && ZeroQ@k^2-1D && ZeroQ@k+iD && ZeroQ@p+2-rD &&

IntegerQ@mD && Not@IntegerQ@pDD

� Derivation: Piecewise constant extraction and algebraic normalization

� Basis: ¶zJ Sec@zD Cos@zD N = 0

� Rule: If  k2 = 1 í m -
1

2
Î Z í p Ï Z, then

à Isin@c + d xDkMm JA Isin@c + d xD-kMp
+ C Isin@c + d xD-kMp+2N Ia + b sin@c + d xDkMn

âx �

Csc@c + d xD Sin@c + d xD à Isin@c + d xD-kMp-m+2 IC + A sin@c + d xD2 kM Ia + b sin@c + d xDkMn
âx

� Program code:

IntAIsin@c_.+d_.*x_D^k_.M^m_.*IA_.*Isin@c_.+d_.*x_D^i_.M^p_+C_.*Isin@c_.+d_.*x_D^i_.M^r_M*

Ia_.+b_.*sin@c_.+d_.*x_D^k_.M^n_.,x_SymbolE :=

Dist@Sqrt@Csc@c+d*xDD*Sqrt@Sin@c+d*xDD,
Int@Hsin@c+d*xD^H-kLL^Hp-m+2L*HC+A*sin@c+d*xD^H2*kLL*Ha+b*sin@c+d*xD^kL^n,xDD �;

FreeQ@8a,b,c,d,A,C,m,n,p<,xD && ZeroQ@k^2-1D && ZeroQ@k+iD && ZeroQ@p+2-rD &&

IntegerQ@m-1�2D && Not@IntegerQ@pDD

Integration Rules for Trig Normalization



� Derivation: Piecewise constant extraction and algebraic normalization

� Basis: ¶zJ Sec@zD Cos@zD N = 0

� Rule: If  k2 = 1 í p -
1

2
Î Z í 2 m Ï Z, then

à Isin@c + d xDkMm JA Isin@c + d xD-kMp
+ C Isin@c + d xD-kMp+2N Ia + b sin@c + d xDkMn

âx �

Csc@c + d xD Sin@c + d xD à Isin@c + d xDkMm-p-2 IC + A sin@c + d xD2 kM Ia + b sin@c + d xDkMn
âx

� Program code:

IntAIsin@c_.+d_.*x_D^k_.M^m_.*IA_.*Isin@c_.+d_.*x_D^i_.M^p_+C_.*Isin@c_.+d_.*x_D^i_.M^r_M*

Ia_.+b_.*sin@c_.+d_.*x_D^k_.M^n_.,x_SymbolE :=

Dist@Sqrt@Csc@c+d*xDD*Sqrt@Sin@c+d*xDD,
Int@Hsin@c+d*xD^kL^Hm-p-2L*HC+A*sin@c+d*xD^H2*kLL*Ha+b*sin@c+d*xD^kL^n,xDD �;

FreeQ@8a,b,c,d,A,C,m,n,p<,xD && ZeroQ@k^2-1D && ZeroQ@k+iD && ZeroQ@p+2-rD &&

IntegerQ@p-1�2D && Not@IntegerQ@2*mDD

Integration Rules for Trig Normalization



à Isin@c + d xDjMm IA + B sin@c + d xDk + C sin@c + d xD-kM Ia + b sin@c + d xDkMn
âx

� Derivation: Algebraic normalization

� Rule: If  j2 = k2 = 1, then

à Isin@c + d xDjMm IA + B sin@c + d xDk + C sin@c + d xD-kM Ia + b sin@c + d xDkMn
âx �

à Isin@c + d xDjMm-j k IC + A sin@c + d xDk + B sin@c + d xD2 kM Ia + b sin@c + d xDkMn
âx

� Program code:

IntAIsin@c_.+d_.*x_D^j_.M^m_.*IA_.+B_.*sin@c_.+d_.*x_D^k_.+C_.*sin@c_.+d_.*x_D^l_.M*

Ia_.+b_.*sin@c_.+d_.*x_D^k_.M^n_.,x_SymbolE :=

Int@Hsin@c+d*xD^jL^Hm-j*kL*HC+A*sin@c+d*xD^k+B*sin@c+d*xD^H2*kLL*Ha+b*sin@c+d*xD^kL^n,xD �;
FreeQ@8a,b,c,d,A,B,C,m,n<,xD && ZeroQ@j^2-1D && ZeroQ@k^2-1D && ZeroQ@k+lD

Integration Rules for Trig Normalization



à Isin@c + d xDjMm IA Isin@c + d xDkMp
+ B Isin@c + d xDkMp+1

+ C Isin@c + d xDkMp+2M
Ia + b sin@c + d xDkMn

âx

� Derivation: Algebraic normalization

� Rule: If  j2 = k2 = 1 ì Hj = k ê p Î ZL, then

à Isin@c + d xDjMm

JA Isin@c + d xDkMp
+ B Isin@c + d xDkMp+1

+ C Isin@c + d xDkMp+2N Ia + b sin@c + d xDkMn
âx �

à Isin@c + d xDjMm+j k p IA + B sin@c + d xDk + C sin@c + d xD2 kM Ia + b sin@c + d xDkMn
âx

� Program code:

IntAIsin@c_.+d_.*x_D^j_.M^m_.*

IA_.*Isin@c_.+d_.*x_D^k_.M^p_.+B_.*Isin@c_.+d_.*x_D^k_.M^q_+C_.*Isin@c_.+d_.*x_D^k_.M^r_M*

Ia_.+b_.*sin@c_.+d_.*x_D^k_.M^n_.,x_SymbolE :=

Int@Hsin@c+d*xD^jL^Hm+j*k*pL*HA+B*sin@c+d*xD^k+C*sin@c+d*xD^H2*kLL*Ha+b*sin@c+d*xD^kL^n,xD �;
FreeQ@8a,b,c,d,A,B,C,m,n,p<,xD && ZeroQ@j^2-1D && ZeroQ@k^2-1D && ZeroQ@p+1-qD &&

ZeroQ@p+2-rD && HZeroQ@j-kD ÈÈ IntegerQ@pDL

� Derivation: Algebraic normalization

� Rule: If  k2 = 1 ì m Î Z ì p Ï Z, then

à Isin@c + d xD-kMm

JA Isin@c + d xDkMp
+ B Isin@c + d xDkMp+1

+ C Isin@c + d xDkMp+2N Ia + b sin@c + d xDkMn
âx �

à Isin@c + d xDkMp-m IA + B sin@c + d xDk + C sin@c + d xD2 kM Ia + b sin@c + d xDkMn
âx

� Program code:

IntAIsin@c_.+d_.*x_D^j_.M^m_.*

IA_.*Isin@c_.+d_.*x_D^k_.M^p_+B_.*Isin@c_.+d_.*x_D^k_.M^q_+C_.*Isin@c_.+d_.*x_D^k_.M^r_M*

Ia_.+b_.*sin@c_.+d_.*x_D^k_.M^n_.,x_SymbolE :=

Int@Hsin@c+d*xD^kL^Hp-mL*HA+B*sin@c+d*xD^k+C*sin@c+d*xD^H2*kLL*Ha+b*sin@c+d*xD^kL^n,xD �;
FreeQ@8a,b,c,d,A,B,C,m,n,p<,xD && ZeroQ@k^2-1D && ZeroQ@j+kD && ZeroQ@p+1-qD &&

ZeroQ@p+2-rD && IntegerQ@mD && Not@IntegerQ@pDD

Integration Rules for Trig Normalization



� Derivation: Piecewise constant extraction and algebraic normalization

� Basis: ¶zJ Sec@zD Cos@zD N = 0

� Rule: If  k2 = 1 í m -
1

2
Î Z í p Ï Z, then

à Isin@c + d xD-kMm

JA Isin@c + d xDkMp
+ B Isin@c + d xDkMp+1

+ C Isin@c + d xDkMp+2N Ia + b sin@c + d xDkMn
âx �

Csc@c + d xD Sin@c + d xD
à Isin@c + d xDkMp-m IA + B sin@c + d xDk + C sin@c + d xD2 kM Ia + b sin@c + d xDkMn

âx

� Program code:

IntAIsin@c_.+d_.*x_D^j_.M^m_.*

IA_.*Isin@c_.+d_.*x_D^k_.M^p_+B_.*Isin@c_.+d_.*x_D^k_.M^q_+C_.*Isin@c_.+d_.*x_D^k_.M^r_M*

Ia_.+b_.*sin@c_.+d_.*x_D^k_.M^n_.,x_SymbolE :=

Dist@Sqrt@Csc@c+d*xDD*Sqrt@Sin@c+d*xDD,
Int@Hsin@c+d*xD^kL^Hp-mL*HA+B*sin@c+d*xD^k+C*sin@c+d*xD^H2*kLL*Ha+b*sin@c+d*xD^kL^n,xDD �;

FreeQ@8a,b,c,d,A,B,C,m,n,p<,xD && ZeroQ@k^2-1D && ZeroQ@j+kD && ZeroQ@p+1-qD &&

ZeroQ@p+2-rD && IntegerQ@m-1�2D && Not@IntegerQ@pDD

� Derivation: Piecewise constant extraction and algebraic normalization

� Basis: ¶zJ Sec@zD Cos@zD N = 0

� Rule: If  k2 = 1 í p -
1

2
Î Z í 2 m Ï Z, then

à Isin@c + d xD-kMm

JA Isin@c + d xDkMp
+ B Isin@c + d xDkMp+1

+ C Isin@c + d xDkMp+2N Ia + b sin@c + d xDkMn
âx �

Csc@c + d xD Sin@c + d xD
à Isin@c + d xD-kMm-p IA + B sin@c + d xDk + C sin@c + d xD2 kM Ia + b sin@c + d xDkMn

âx

� Program code:

IntAIsin@c_.+d_.*x_D^j_.M^m_.*

IA_.*Isin@c_.+d_.*x_D^k_.M^p_+B_.*Isin@c_.+d_.*x_D^k_.M^q_+C_.*Isin@c_.+d_.*x_D^k_.M^r_M*

Ia_.+b_.*sin@c_.+d_.*x_D^k_.M^n_.,x_SymbolE :=

Dist@Sqrt@Csc@c+d*xDD*Sqrt@Sin@c+d*xDD,
Int@Hsin@c+d*xD^jL^Hm-pL*HA+B*sin@c+d*xD^k+C*sin@c+d*xD^H2*kLL*Ha+b*sin@c+d*xD^kL^n,xDD �;

FreeQ@8a,b,c,d,A,B,C,m,n,p<,xD && ZeroQ@k^2-1D && ZeroQ@j+kD && ZeroQ@p+1-qD &&

ZeroQ@p+2-rD && IntegerQ@p-1�2D && Not@IntegerQ@2*mDD

Integration Rules for Trig Normalization



à Isin@c + d xDjMm

IA Isin@c + d xD-kMp
+ B Isin@c + d xD-kMp+1

+ C Isin@c + d xD-kMp+2M
Ia + b sin@c + d xDkMn

âx

� Derivation: Algebraic normalization

� Rule: If  j2 = k2 = 1, then

à Isin@c + d xDjMm IA + B sin@c + d xD-k + C sin@c + d xD-2 kM Ia + b sin@c + d xDkMn
âx �

à Isin@c + d xDjMm-2 j k IC + B sin@c + d xDk + A sin@c + d xD2 kM Ia + b sin@c + d xDkMn
âx

� Program code:

IntAIsin@c_.+d_.*x_D^j_.M^m_.*IA_.+B_.*sin@c_.+d_.*x_D^i_.+C_.*sin@c_.+d_.*x_D^i2_M*

Ia_.+b_.*sin@c_.+d_.*x_D^k_.M^n_.,x_SymbolE :=

Int@Hsin@c+d*xD^jL^Hm-2*j*kL*HC+B*sin@c+d*xD^k+A*sin@c+d*xD^H2*kLL*Ha+b*sin@c+d*xD^kL^n,xD �;
FreeQ@8a,b,c,d,A,B,C,m,n<,xD && ZeroQ@j^2-1D && ZeroQ@k^2-1D && ZeroQ@k+iD &&

ZeroQ@2*i-i2D

� Derivation: Algebraic normalization

� Rule: If  j2 = k2 = 1 ì Hj + k = 0 ê p Î ZL, then

à Isin@c + d xDjMm

JA Isin@c + d xD-kMp
+ B Isin@c + d xD-kMp+1

+ C Isin@c + d xD-kMp+2N Ia + b sin@c + d xDkMn
âx �

à Isin@c + d xDjMm-j k Hp+2L IC + B sin@c + d xDk + A sin@c + d xD2 kM Ia + b sin@c + d xDkMn
âx

� Program code:

IntAIsin@c_.+d_.*x_D^j_.M^m_.*

IA_.*Isin@c_.+d_.*x_D^i_.M^p_.+B_.*Isin@c_.+d_.*x_D^i_.M^q_+C_.*Isin@c_.+d_.*x_D^i_.M^r_M*

Ia_.+b_.*sin@c_.+d_.*x_D^k_.M^n_.,x_SymbolE :=

Int@Hsin@c+d*xD^jL^Hm-j*k*Hp+2LL*HC+B*sin@c+d*xD^k+A*sin@c+d*xD^H2*kLL*Ha+b*sin@c+d*xD^kL^n,xD �;
FreeQ@8a,b,c,d,A,B,C,m,n,p<,xD && ZeroQ@j^2-1D && ZeroQ@k^2-1D && ZeroQ@k+iD &&

ZeroQ@p+1-qD && ZeroQ@p+2-rD && HZeroQ@j+kD ÈÈ IntegerQ@pDL

Integration Rules for Trig Normalization



� Derivation: Algebraic normalization

� Rule: If  k2 = 1 ì m Î Z ì p Ï Z, then

à Isin@c + d xDkMm

JA Isin@c + d xD-kMp
+ B Isin@c + d xD-kMp+1

+ C Isin@c + d xD-kMp+2N Ia + b sin@c + d xDkMn
âx �

à Isin@c + d xD-kMp-m+2 IC + B sin@c + d xDk + A sin@c + d xD2 kM Ia + b sin@c + d xDkMn
âx

� Program code:

IntAIsin@c_.+d_.*x_D^k_.M^m_.*

IA_.*Isin@c_.+d_.*x_D^i_.M^p_+B_.*Isin@c_.+d_.*x_D^i_.M^q_+C_.*Isin@c_.+d_.*x_D^i_.M^r_M*

Ia_.+b_.*sin@c_.+d_.*x_D^k_.M^n_.,x_SymbolE :=

Int@Hsin@c+d*xD^H-kLL^Hp-m+2L*HC+B*sin@c+d*xD^k+A*sin@c+d*xD^H2*kLL*Ha+b*sin@c+d*xD^kL^n,xD �;
FreeQ@8a,b,c,d,A,B,C,m,n,p<,xD && ZeroQ@k^2-1D && ZeroQ@k+iD && ZeroQ@p+1-qD &&

ZeroQ@p+2-rD && IntegerQ@mD && Not@IntegerQ@pDD

� Derivation: Piecewise constant extraction and algebraic normalization

� Basis: ¶zJ Sec@zD Cos@zD N = 0

� Rule: If  k2 = 1 í m -
1

2
Î Z í p Ï Z, then

à Isin@c + d xDkMm

JA Isin@c + d xD-kMp
+ B Isin@c + d xD-kMp+1

+ C Isin@c + d xD-kMp+2N Ia + b sin@c + d xDkMn
âx �

Csc@c + d xD Sin@c + d xD
à Isin@c + d xD-kMp-m+2 IC + B sin@c + d xDk + A sin@c + d xD2 kM Ia + b sin@c + d xDkMn

âx

� Program code:

IntAIsin@c_.+d_.*x_D^k_.M^m_.*

IA_.*Isin@c_.+d_.*x_D^i_.M^p_+B_.*Isin@c_.+d_.*x_D^i_.M^q_+C_.*Isin@c_.+d_.*x_D^i_.M^r_M*

Ia_.+b_.*sin@c_.+d_.*x_D^k_.M^n_.,x_SymbolE :=

Dist@Sqrt@Csc@c+d*xDD*Sqrt@Sin@c+d*xDD,
Int@Hsin@c+d*xD^H-kLL^Hp-m+2L*HC+B*sin@c+d*xD^k+A*sin@c+d*xD^H2*kLL*Ha+b*sin@c+d*xD^kL^n,xDD �;

FreeQ@8a,b,c,d,A,B,C,m,n,p<,xD && ZeroQ@k^2-1D && ZeroQ@k+iD && ZeroQ@p+1-qD &&

ZeroQ@p+2-rD && IntegerQ@m-1�2D && Not@IntegerQ@pDD

Integration Rules for Trig Normalization



� Derivation: Piecewise constant extraction and algebraic normalization

� Basis: ¶zJ Sec@zD Cos@zD N = 0

� Rule: If  k2 = 1 í p -
1

2
Î Z í 2 m Ï Z, then

à Isin@c + d xDkMm

JA Isin@c + d xD-kMp
+ B Isin@c + d xD-kMp+1

+ C Isin@c + d xD-kMp+2N Ia + b sin@c + d xDkMn
âx �

Csc@c + d xD Sin@c + d xD
à Isin@c + d xDkMm-p-2 IC + B sin@c + d xDk + A sin@c + d xD2 kM Ia + b sin@c + d xDkMn

âx

� Program code:

IntAIsin@c_.+d_.*x_D^k_.M^m_.*

IA_.*Isin@c_.+d_.*x_D^i_.M^p_+B_.*Isin@c_.+d_.*x_D^i_.M^q_+C_.*Isin@c_.+d_.*x_D^i_.M^r_M*

Ia_.+b_.*sin@c_.+d_.*x_D^k_.M^n_.,x_SymbolE :=

Dist@Sqrt@Csc@c+d*xDD*Sqrt@Sin@c+d*xDD,
Int@Hsin@c+d*xD^kL^Hm-p-2L*HC+B*sin@c+d*xD^k+A*sin@c+d*xD^H2*kLL*Ha+b*sin@c+d*xD^kL^n,xDD �;

FreeQ@8a,b,c,d,A,B,C,m,n,p<,xD && ZeroQ@k^2-1D && ZeroQ@k+iD && ZeroQ@p+1-qD &&

ZeroQ@p+2-rD && IntegerQ@p-1�2D && Not@IntegerQ@2*mDD

Integration Rules for Trig Normalization



If@ShowSteps,
Int@u_,x_SymbolD :=

Int@SubstInertSineForTrigOfLinear @u,xD,xD �;
SimplifyFlag && FunctionOfTrigOfLinearQ @u,xD,
Int@u_,x_SymbolD :=

Int@SubstInertSineForTrigOfLinear @u,xD,xD �;
FunctionOfTrigOfLinearQ @u,xDD

Int@u_,x_SymbolD :=

Defer@Int@u,xDD �;
RecognizedFunctionOfTrigQ @u,xD

Integration Rules for Trig Normalization


