Integration Rules for Rational Functions of Binomials

1
a+bxn

m Reference: G& R 2.124.1a, CRC 60, A& S3.3.21

= Derivation: Primitiverule

= Bass ArcTan’[z] = 157

= Rule If % > 0, then

= Program code:

Int [1/(a_+b_. #x_"2), x_Synbol | : =
Rt [a/b, 2] 7/axArcTan [x/Rt [a/b, 2]] /;
FreeQ[{a, b}, x] && PosQ[a/b]

m Reference: G&R 2.124.1b', CRC 61b, A& S3.3.23

= Derivation: Primitiverule
m Basis. ArcTanh’[z] = %
1-z

= Rule If - (% >O),then

= Program code:

Int [1/(a_+b_. #x_"2),x_Synbol | : =
Rt [-a/b, 2] /axArcTanh [x/Rt [-a/b, 2]]1 /;
FreeQ[{a, b}, x] & NegQ[a/b]



Integration Rules for Rational Functions of Binomials

m Reference: G&R 2.126.1.2, CRC 74

= Derivation: Algebraic expansion

r a)1/3 th 1 _ r r (2r-sz)

» BassIf L= (_ = +
s b a+b z3 3a (r+sz) 3a (r2-r s z+s2z2)

L a r (a)\l/3
= Rulelf 25>0,let L = (5) , then

1 r 1 r 2r -sx
J—dlx—» —_ dx + — dx
a+bx3 3aJr+sx 3aJr2_-rsx+s2x?

= Program code:

Int [1/(a_+b_. #x_"3), x_Synbol | : =
Modul e [ {r =Nuner at or [Rt [a/b, 3]1], s=Denom nator [Rt [a/b, 311},
Di st [r/(3%a),Int [1/(r+sS*Xx),X]] +
Di st [r/ (3%a), I nt [ (2%r -S*X) / (r*2-r *S*X+S"2xx"2),x111 /;
FreeQ[{a, b}, x] && PosQ[a/b]

m Derivation: Algebraic expansion

. r a\l/3 1 r r (2r+sz)

| BaS|S|f ; = (—E) ,then a+b z3 - 3a(r-sz) + 3a(r2+r SZ+SZZZ)
1/3

= Rule If - (3 >O),Ietr— = (—3) , then

b S b
1 r 1 r 2r +s X
J-—dlx —_ — dx + — dx
a+bx3 3aJr-sx 3aJr24+r sx+s2x2

= Program code:

Int [1/(a_+b_. #x_"3), x_Synbol | : =
Modul e [ {r =Nuner at or [Rt [-a/b, 3]], s=Denom nator [Rt [-a/b, 311},
Di st [r/(3%a),Int [1/(r-s*x),X]] +
Di st [r/ (3%a), I nt [ (2%r +S*X) / (r "2+ *S*X+S"2xx"2), X111 /;
FreeQ[{a, b}, x] &% NegQ[a/b]



Integration Rules for Rational Functions of Binomials

m Reference: G&R 2.132.1.1', CRC 77
= Derivation: Algebraic expansion

) r a)l/4 1 r (\/Z_r—sz) r (\/2_r+sz)
s Bass If - = (—) , then - = +
s b a+bz 21/2_a(r2-\/_rsz+szzz) 2\/2_a(r2+\/2_rsz+5222)

= Rule If %ez/\n>2 /\ %>0,Iet;—= (%)1/4,then

dx

J~ 1 r J~ A2 r -5 xn/4 r J~ A2 1 +s x4

—dXx — dx +
n
a+bx 242 aZr2-4/2 r sxV44s2x"/2 242 aZr2+4/2 r sxV44s2x"/2

m  Program code:

Int [1/(a_+b_. »x_"n_), x_Synbol ] : =
Modul e [ {r =Nuner at or [Rt [a/b, 4]1], s=Denom nator [Rt [a/b, 411},
Di st [r/(2*Sqrt [2]*a), Int [(Sqrt [2]*r -S*x" (N/4)) / (r"2-Sqrt [2] *r *S*X" (N/4) +s"2%X" (n/2)),X]] +
Di st [r/(2*Sqrt [2]%a), I nt [(Sqrt [2]*r +S*X" (N/4)) / (r*2+Sqrt [2] *f *S*X™ (n/4) +S"2%xX" (n/2)), X111 /;
FreeQ[{a, b}, x] & IntegerQ[n/4] && n>2 && PositiveQla/b]

m Reference: G&R 2.132.1.2', CRC 78'

m Derivation: Algebraic expansion

L ro_ a\l/2 1 r r
= BassIf s - (_E)  then asbz2 = 2a (r-sz) +2a(r+sz)
» Rulelf Tez An>2 A~ (2>0)lel=(-2)7 then
) 4 b ! s b !
1 r 1 r 1
J—le —_ — | ————dX + — | ——— dX
a+bxn" 2a Jr -sxn/? 2aJr +sx"?

= Program code:

Int [1/(a_+b_. #x_"n_), x_Synbol ] : =
Modul e [ {r =Nuner at or [Rt [-a/b, 2]], s=Denom nator [Rt [-a/b, 2]1},
Di st [r/ (2%a), Int [1/(r-s*x*(n/2)),X]] +
Di st [r/ (2*%a), I nt [1/(r+s*x*(n/2)),x11]1 /;

FreeQ[{a, b}, x] & IntegerQ[n/4] & n>2 && Not [PositiveQ[a/b]]



Integration Rules for Rational Functions of Binomials

= Derivation: Algebraic expansion

2/n n-2 r-s Cos

. -2 1 2 4

" Basslf"—ezandr—=(3) , then = : + = 55 [
4 s b a+b z" an (r+sz?) an

2 (2k-1
( )"]zz
n

2 (2k-1) =
r2-2rs Cos[%] 22452 2%

s Ruelf™ez An>2 A\ 2>0et- (%)Z/n,then

n-2

il 2 (2k-1) m
J 1 2r 1 4r (2 r-s Cos [ 25202 x2

dX —» — | — dx + — dx

n -
a+bx anJr +sx? an k=1r2—2rsCos[—z(Zil)"]x2+szx4

= Program code:

Int [1/(a_+b_. #x_"n_), x_Synbol ] : =
Modul e [ {r =Nuner at or [Rt [a/b, n/2]], s=Denom nator [Rt [a/b,n/2]1]},
Di st [2%r / (axn), I nt [1/ (r +S*x"2),Xx]] +
Di st [4xr / (axn), | nt [Sum[ (r -s*CoS [2% (2xk-1) *Pi /n]*x"2) / (r"2-2xr *S%xCoS [2* (2xk-1) xPi /n] *Xx"2+S"2xx"4),
{k, 1, (n-2)/4}1,x111 /;
FreeQ[{a, b}, Xx] && IntegerQ[(n-2)/4] && n>2 && PosQ[a/b]

m Derivation: Algebraic expansion

Basis |f "=2 dr a\2/n h 1 27 4r nT r—sOos[“:"]z?
| Y —_— - = - = [
asis If 22 ezand - = (- 2], then —— T B

7K
r2-2rs Oos[T"] 22452 24

. Rule:lf%ez/\ ns2 /\ - (% >O),Iet;— = (—i)zm,then

J- 1 21 1 ar r-sCos[‘“;’*]x2

—ndlx—> —_— | —————— dX + — dx
a+bx anJr -sx? an k=1r2-2rsOos[—"E"]x2+32x4

= Program code:

Int [1/(a_+b_. *x_"n_), x_Synbol | : =
Modul e [ {r =Nunerat or [Rt [-a/b, n/2]], s=Denom nator [Rt [-a/b, n/2]1},
Di st [2xr / (axn), I nt [1/(r -s*x"2),Xx]] +
Di st [4xr / (axn), | nt [Sum[ (r -s*CosS [4xk*Pi /n]*x"2) / (r*2-2xr *xS%xCos [4xk*Pi /n] *x"2+s"2xx"4),
{k, 1, (n-2)/4}1,x111 /;
FreeQ[{a, b}, X] && IntegerQ[(n-2)/4] && n>2 && NegQ[a/b]



Integration Rules for Rational Functions of Binomials

= Derivation: Algebraic expansion

. n-1 r a\l/mn 1 r 2r - r-s S[
u Y —_ - = - _— —_—
Basis: If 3 € Zand 3 (b) ,then 24D 2" an (r+sz) + n Zk:l

2k-1
( }"]Z
n

2k-1
r2-2rs Cos[(n—)"] z+s2 7?2

s Ruelf ez An>1 A\ 250t - (%)1/n,then

n-1

1 . r = 21 (r —sCos[—‘ZK;l)"] x) 5
——dx — + X
a+bx" an (r +sx) k=1an(r2—2rsCos[(2k;¢]x+szx2)

= Program code:

Int [1/(a_+b_. *x_"n_), x_Synbol | : =
Modul e [ {r =Nuner at or [Rt [a/b, n]], s=Denom nator [Rt [a/b, n]]},
Int [r/(axn%(r +S*x)) +
SUM[2*r % (r —=s*CoS [ (2xk-1) *Pi /n]*X) / (axN% (r*2-2xr xS*Cos [ (2xk-1) *Pi /n]*Xx+S"2%x"2)),
{k, 1, (n-1)/2}1,x11 /;
FreeQ[{a, b}, x] & OddQ[n] && n>1 && PosQ[a/b]

m Derivation: Algebraic expansion

: n-1 r a\l/n 1 r 2r ”SCOS[(H;ﬁ]Z
m Bass If —— ezand - = (——) ythen — = ——— + — 32, Ty
2 s b a+b z an (r-sz) n r2+2rsCos[ . ]z+5222

s Ruelf ez An>1 A - (% >O),Iet;— - (—%)Un,then

n-1

1 . r = 2r (r +sOos[—(2k;l)"] x) 5
——dx — + X
a+bx" an (r -sx) k=1an(r2+2rsCos[(2k;¢]x+szx2)

= Program code:

Int [1/(a_+b_. *x_"n_), x_Synbol | : =
Modul e [ {r =Nunerat or [Rt [-a/b, n]], s=Denom nator [Rt [-a/b,n]]1},
Int [r/(axn*(r -sxx)) +
Sum[2xr % (r +s*Cos [ (2xk-1) *Pi /n]%x) / (a*Nx (r *2+2%r *S*Cos [ (2xk-1) *Pi /Nn]*X+S"2xx"2)),
{k,1, (n-1)/2}1,x11 /;
FreeQ[{a, b}, x] & OddQ[n] && n>1 && NegQ[a/b]



Integration Rules for Rational Functions of Binomials

Xm
—— dXx
a+bxn
m Reference: G&R 2.126.2, CRC 75
= Derivation: Algebraic expansion
‘. r_fa 1/3 z _ r2 r2 (r+sz)
= Bass |f s - (E)  then a+bz3  3as (r+sz) * 3as (r2-r s z+s2 2?%)
: a r a\l/3
= Rulelf 2>0lets = (2) " then

X r2 1 r2 r +sXx
J—dlx—»— f dx + j dx
a+bx3 3as Jr+sx 3as Jr2-r sx+s2x?

Program code:

Int [x_/(a_+b_. #x_"3), x_Synbol ] : =
Modul e [{r =Nuner at or [Rt [a/b, 3]1], s=Denomi nator [Rt [a/b, 3]1},
Di st [-r”2/ (3%xa%s), I nt [1/(r+s*x), x]] +
Di st [r"2/(3%a%S), I nt [ (r+S*X)/ (r*"2-r xS*Xx+s"2xx"2),x111 /;
FreeQ[{a, b}, x] && PosQ[a/b]

= Derivation: Algebraic expansion

i 1/3 1 2 2 _
m Bass If L = (-3) , then = L - r-sz)
s b a+b z3 3as (r-sz) 3as (r2+rsz+s?z2)

= Rule If - (% >0),Iet;— = (—%)1/3,then

X r2 1 r2 r-sx
J-—dlx - J dx - f dx
a+bx8 3as Jr-sx 3as Jr24rsx+s2x2
= Program code:

Int [x_/(a_+b_. #x_"3), x_Synbol | : =
Modul e [ {r =Nuner at or [Rt [-a/b, 3]], s=Denom nator [Rt [-a/b, 311},
Di st [r"2/(3%ax*s),Int [1/(r-s*x),Xx]] -
Di st [r"2/(3%a*S), I nt [ (r-Ss*X)/ (r"2+r *S*X+S"2xx"2),x111 /;
FreeQ[{a, b}, x] && NegQ[a/b]



Integration Rules for Rational Functions of Binomials

= Derivation: Integration by substitution

m Rulelf mnez AO<m+1<n,letg=0CCD[m+1, n],if g > 1,then

m+1
xm 1 xo *
—_—dx — —Subst[ —dx, X, xg]
a+hbxn g a+bxn/9

= Program code:

Int [x_"m_.. /(a_+b_. »x_"n_), x_Synbol | : =
Modul e [ {g=CCD[m+1, n]},
Di st [1/g, Subst [I nt [x” ((m+1) /g-1) / (a+b*Xx" (n/Qg)), X1, X, X g1]1 /;
g>11 /;
FreeQ[{a, b}, x] & IntegersQ[mn] && O<mkl<n

m Reference: G&R 2.132.3.1', CRC 81"

= Derivation: Algebraic expansion

X 1/4 2 3 3
= BassIf &= (2) " then = = >z - 2
s b a+bz 242 br (rz-v rsz+szzz) 242 br (r2+V2 rsz+szzz)

= Rule If g‘ez/\ m> 0 /\ %>O,Iet;— = (%)1/4,then

xm S8 X2 s3 X2
a+bxzm 242 br Y r2-4/2 r sxW24g2xm 242 br Yr24+4/2 r sxW2,g2xm
= Program code:

Int [x_"m_/(a_+b_. »x_"n_), x_Synbol | : =
Modul e [ {r =Nuner at or [Rt [a/b, 4]1], s=Denom nator [Rt [a/b, 4]11]},
Di st [s"3/(2*Sqrt [2]xbxr ), I nt [X" (MV2) / (r*2-Sqrt [2] *r *S*X™ (NV2) +S*2%x"m), X]] -
Di st [S"3/ (2*Sqrt [2]1xbxr ), I nt [X™ (MV2) / (r"2+Sqrt [2] *r *S*X" (M/2) +S"2xx"m), x11] /;
FreeQ[{a, b}, x] && IntegerQ[m/2] && m>0 && ZeroQ[n-2xm] && PositiveQ[a/b]



Integration Rules for Rational Functions of Binomials

m Reference: G&R 2.132.3.2", CRC 82

= Derivation: Algebraic expansion

. r a\l/2 z s s
= Bass|f ;_(_E) » then arbzZ _ 2b(r+sz) 2b (r-sz)
Cm a - a\1/2
= Rule If Eez/\m>0/\-(3>0),let;_(—g) , then
xm S 1 S 1
J‘—d]X—> — | — —ax- — | —/——ax
a+bx2m 2b Jr +sxM 2b Jr -sxM

= Program code:

Int [x_"m_/(a_+b_. »x_~n_), x_Synbol | : =
Modul e [ {r =Nuner at or [Rt [-a/b, 2]], s=Denomi nator [Rt [-a/b, 2]1},
Di st [Ss/ (2xb), I nt [1/(r +S*x"m), X]] -
Di st [S/ (2xb), I nt [1/(r -s*x"m), X111 /;
FreeQ[{a, b}, x] & EvenQ[m] && m>0 && Zer oQ[n-2xm] && Not [PositiveQ[a/b]]

Derivation: Algebraic expansion

m m, n-2
zm 2 (-ryz" 4rzt TrCos[

=1

(2k-1) mx

+ - ]

a+b z" ans™2 (r+sz?)  ans™? r2—2rsOos[2(2k-1)"]zz+sz 24
n

(2k-1) (Me2) 2
m -s Cos[i] z

. n-2 r_[a 2/n
Basis If ==, 7€z 0sm<nand - = (E) , then

n

2/
Rule:lf%, g‘ez/\0<m<n /\OoprimaQ[m+1, ni /\ %>0,Iet;—= (%) " then

= m c 2k-1) m 2k-1) (ms2
J, xm dx 2(—I’)3+1J. 1 dx 4r5+1 J4 r&)S[(n#]—SCOS[( )n( )n]Xz
- - . Z —_—
k

] r2-2rsCos~.[2(2k#]x2+szx4

= Program code:

Int [x_~m.. /(a_+b_. #x_"n_), x_Synbol | : =
Modul e [ {r =Nuner at or [Rt [a/b, n/2]], s=Denom nator [Rt [a/b,n/2]1]},
Di st [-2% (-r )N (m/2+1) / (a*n*S”™ (MV2)), I nt [1/ (r +S*x"2), x]] +
Di st [4xr ™ (m/2+1) / (axn*s” (M/2)),
Int [Sum[ (r *xCos [ (2xk-1) *mxPi /n]-s*Cos [ (2xk-1) x (m+2) *Pi /n]*x"2)/
(r"2-2xr xs*CoS [2% (2xk-1) xPi /n]*x"2+s"2xx"4), {k, 1, (n-2)/4}1,x111 /;
FreeQ[{a, b}, Xx] && I ntegersQ[(n-2)/4, m/2] && O0<nkn && Copri meQ[m+1, n] && PosQ[a/b]



Integration Rules for Rational Functions of Binomials

Derivation: Algebraic expansion

m m 2k mn 2k (Me2)
= Bass If n-2 m zm 2r7" . 4rz" ZkT "OOS[ - ]'SCOS[—n ]22
47 2 a+bz" T ansm2 (r-s z?) ansm? =1
n-2
= Rule If -

T
r2-2rs Oos[—n"] 72452 74

€270 <m< nand;-= (-a)zm,th

1 n-2

rz—"ez/\0<m<n/\C0prirreQ[m+l, nJ /\—-(%>0),Iet;—

- ]—SCDS[—ZK(TZ)"] x2
ansm? -s x? ansm?

2
=(-%) " then
m m n-2
xm 2r3+1j L 4rz*t irOos[”m"
—dx — X +
a+bx" r ”

” dx
1 r2-2r sOos[4n—"] X2 +s2 x4
Program code:

Int [x_~m.. /(a_+b_. #x_"n_), x_Synbol | : =
Modul e [ {r =Nuner ator [Rt [-a/b, n/2]1],

s=Denoni nator [Rt [-a/b, n/21]},
Di st [2%r ™ (MV2+1) / (axn*s™ (MV2) ), I nt [1/(r -s*x"2), x]] +
Di st [4%r” (m/2+1) / (axn*s" (M/2)),

I nt [Sum[ (r *Cos [2xk*mxPi /n]-s*Cos [2xk* (Mm+2) *Pi /n]*x"2) /
(r"2-2%r *xs*xCos [4xkxPi /n]*x"2+s"2xx"4), {k, 1, (n-2)/4}1,x111 /;

FreeQ[{a, b}, x] && I ntegersQ[(n-2)/4, V2] && 0<nmkn && Copri nmeQ[m+1, n] && NegQ[a/b]

Derivation: Algebraic expansion

: -1
Basslf"T, mez,Osm<nand;—

a\1/n om (crym DL r Cos [ 221 s cos [ LU 1] )
= (= ,then - = - — +Zk=1 @k-1) =
b a+bz ans™ (r+sz) ansm(rZ-ZrSCos[ - ]Z+Szzz)
e n-1 . a r a\l/n
L] Rule.IfT, me z 0<m<n CoprimeQ[m+1, nJ E>O,Ietg= v , then

j xm o _)f_ (-r)yml +'§:2rm1 (r COS[(Zk—r;L)mn]_SCOS[(Zk—l)n(rml)n]x)
a+bx" ans™(r +sx)

dx
ansm™(rz-2r sCos[M] X +s2 x2)
n
Program code:

Int [x_"m.. /(a_+b_. #x_"n_), x_Synbol | : =
Modul e [ {r =Nuner at or [Rt [a/b, n]], s=Denomni nator [Rt [a/b, n]]},
Int [-(-r)" (mel) / (@*N* S Mk (r +S*X)) +

Sum[2#r ™ (mkl) * (r *Cos [ (2xk-1) *mxPi /n]-s*Cos [ (2xk-1) » (m+1) *Pi /n]*x) /

(@axN*xS” Mk (r "2-2xr *S*CoS [ (2xk-1) *xPi /n]xx+s"2xx"2)), {k, 1, (n-1)/2}1,x11 /;
FreeQ[{a, b}, x] & IntegersQ[(n-1)/2, m && 0<nmkn && Copri meQ[m+1, n] && PosQ[a/b]



Integration Rules for Rational Functions of Binomials

= Derivation: Algebraic expansion

a Zm pmel nlop (rymt (rCos[

. n-1 r 1/n >
Bass If ==, me z 0 <m<nand - = ('E) then —— = TG -2k

(2k-1) mx
n

]+S COS[(Zk-l) (ml)n] Z)

n

2k-1
ansm (r2+2 rs Cos[(n—)"] z+s? 22)

Rule:lf”zi, mez/\0<m<n /\CoprirreQ[m+1, ni /\ - (%>O),Ietr;= (-%)l/n,then

n-1

xm r mel z 2 (-r)yml (I’ COS[—(Zk_i) m"] +S COS[—(Zk_l)n(rml)"] x)
j .fans’“(r—sx)_Z

a+bxn = m(y2 (2k-1) 7 2 2
ko1 ans (r +2rsOos[T]x+s X)

dx

Program code:

Int [x_"m_.. /(a_+b_. »x_"n_), x_Synbol | : =
Modul e [ {r =Nuner at or [Rt [-a/b, n]], s=Denom nator [Rt [-a/b,n]]1},
Int [r™(mel) / (@*N*xS™ Mk (I -=S*X)) -
Sum[2# (-r )™ (M+1) * (r *Cos [ (2xk-1) xmxPi /n]+s*Cos [ (2xk-1) * (mr1) xPi /n]xX) /
(axN*S Mk (r "2+2xr *sxCos [ (2xk-1) *Pi /n]*x+s”2xx"2)), {k, 1, (n-1)/2}1,x11 /;
FreeQ[{a, b}, x] & IntegersQ[(n-1)/2, m && 0<nmkn && Copri meQ[m+1, n] &% NegQ[a/b]

= Note: Anintegration rulefor thefollowing algebraic expansion isnot needed sincem+ 1 and n arenot coprimewhen misodd and n even:

Ly 20 o[22 s [ 222)

m+1 n

= Basis If 2 —ezo<m<nandr——(—3)1/n then —— = 2r™ z + 57
2’ 2 Ui s b ’ atbz" T ans™! (r2-s2z2) =1

2k
ansm (r2-2r s Oos[T"] Z+s2 zz)



Integration Rules for Rational Functions of Binomials

c +dxM
dXx

a+bxzm

= Derivation: Algebraic expansion

r (\/Z_cr s+(cs2-dr?) z”‘/z) r (1/2_cr s-(cs?-dr?) zm/z)
+

2vV2 as (rZ—N/Z_r sz’"’2+szz"‘)

1/4 ced zM
) ,then b > =
a+bz 242 as (r2+V2 r sz"‘/2+szz’“)

. r a
u BaS|S.|f g: (E
« Rulelf Dez A m>o A\ 2>0letl - (%)1/4,then
c+dxm r V2 crs+(cs?-dr?)xm? r V2 crs-(cs?-dr?)xm?
—_—dX — dx +
rZ+42 r sxm2is2ym 24/2 as r2-4/2 r sxmW2,4s2xm

a+bxzm 24/2 as

dx

= Program code:

+d_. +x_"m_)/(a_+b_. »x_"n_), x_Synbol ] : =

I nt [(c_.
s=Denoni nator [Rt [a/b, 4]1]},

Modul e [ {r =Nuner at or [Rt [a/b, 4]],
Di st [r/(2*Sqrt [2] xaxS),
Int [(Sqrt [2]*C*r S+ (C*S™2-d*r 22) xx" (NV2) ) / (r*2+Sqrt [2] *r *S*X™ (NMV2) +S*2%xX m), X]] +
Di st [r/(2*Sqrt [2] xaxS),
Int [(Sqrt [2] *C*r *S— (C*S"2-d*r *2) X" (NMV2)) / (r"2-Sqrt [2] *r *S*X" (NV2) +s"2xx"m), X111 /;
FreeQ[{a, b,c,d}, x] & IntegerQ[nmv2] &% m>0 && Zer oQ[n-2xm] && PosQ[a/b]

Derivation: Algebraic expansion

c+dz™ cs+dr cs-dr

Basis: If 22 th
asis. s © (_E) » then arbzZm 2 (as+br zM * 2 (as-br zM
| m a 2 2 r o
Rule: If 5ez/\m>0/\—-(5>0) /\bc +ad #O,Ietg_
cs-dr 1

c+dxm cs+dr 1
f—dlx—» j dx + j dx
a+bx2zm 2 as+br xm 2 as-brxm

= Program code:

+d_. #x_"m_) /(a_+b_. #x_"n_), x_Symbol | : =

| nt [(c_.
s=Denom nator [Rt [-a/b, 211},

Modul e [ {r =Nuner at or [Rt [-a/b, 271,
Di st [(C*s+d=*r) /2, Int [1/(a*S+b*r *x"m), Xx]] +

Di st [(cxs-dxr) /2, Int [1/(axS-b*r*x"m), x111 /;
FreeQ[{a, b,c,d}, x] & & IntegerQ[nv2] &% m>0 && Zer oQ[n-2xm] && NegQ[a/b] && Nonzer oQ[bxc"2+axd"2]



Integration Rules for Rational Functions of Binomials

J(a+ b x")P dx

» Reference: G&R 2.110.2, CRC 88d special casewhenn (p+1) +1 =0

s Rulelf n (p+1) +1 =0,then

j(a+bx”)p dx —
a

= Program code:

Int [(a_+b_. #x_"n_)"p_, x_Symbol | : =
X% (a+bxx"n)” (p+1l) /a /;
FreeQ[{a, b, n, p}, x] && ZeroQ[n=x (p+1)+1]

m Reference: G&R 2.110.2, CRC 88d

m Derivation: Integration by parts

. NyP _ yn (p+1)+1 (8+bX™M)P
» Basist (a+bx")P = x" (Dl o
: . (asbhxM)P _ (a+b xM) P+l
= Basis: XN (p+1)+1 dx = - XN (P+1) g n (p+1)

= Note: Requirement that n > 1 ensuresnew termisaproper fraction.

m Rulelfn, pez An>1A p<-1,then

X (@a+bxMPl n(p+1) +1
j(a+bx”)pd1x — - +
an((p+1) an (p+1)

= Program code:

Int [(a_+b_. #x_"n_)"p_, x_Symbol | : =

-X* (a+b*x"n)” (p+1) / (axn* (p+1)) +

Di st [(n*(p+1)+1)/ (a*nx (p+1)), I nt [ (a+bxx~n)”" (p+1),x1]1 /;
FreeQ[{a, b}, x] && IntegersQ[n, p] && n>1 && p<-1

X (a+bxnypr+t

j(a+ b x")P* dx



Integration Rules for Rational Functions of Binomials

XM (a + b x")P dx

m Reference: G&R 2.110.6, CRC 88c special casewhenm+n (p+1) +1 =0
m Rulelf men (p+1) +1 =0 Am+1#0 A p# -2,then

L (a+ b Xn)p+l

J.x"‘ (a+bxMPdx —
a (m+1)

= Program code:

Int [x_"m_. «(a_+b_. »x_"n_)"p_, x_Synbol | : =
XN (mel)  (a+bxx n) " (p+1) / (ax (Mml)) /;
FreeQ[{a, b, mn, p},x] && ZeroQ[mn«+(p+1)+1] &% NonzeroQ[m+1] && Nonzer oQ[p+2]

m Reference: G&R 2.1104
= Derivation: Integration by parts
m Basis x™ (a+bx")P = x™™1 (a4 px")P xn-1

(a+h xM) P+
bn (p+1)

» Bass [(a+bx")Px"1dx =
= Note: Requirement that m< 2 n - 1 ensuresnew termisa proper fraction.
m Rulelf mn, pezAl<nsm<2n-1 A p<-1,then

XM+l (g 4 p xny P+t m-n+1

jxm(a+bx”)pdx — Jx””‘ (a+bx")yP ax

bn (p+1) _bn(p+1)

= Program code:

Int [x_"m_. «(a_+b_. »x_"n_)"p_, x_Synbol | : =

XN (M-n+1) * (a+b*x*n)”~ (p+1) / (bxnx (p+1)) -

Di st [ (m-n+1) / (bxn* (p+1)), | nt [X" (M-n) = (a+bxx*n)” (p+1), x1]1 /;
FreeQ[{a, b}, X] && IntegersQ[mn, p] && 1l<n<=nk2xn-1 && p<-1



Integration Rules for Rational Functions of Binomials

m Reference: G&R 2.110.2, CRC 88d

= Derivation: Integration by parts

ice v M NyP _ yMen (p+l)+1 (a+bxM)P
m Basis x™ (a + b xM)P = x™n (p+1)+ T
: . (a+bxM)P _ (a+b xM) P+l
= Basis: _[ XN (prD)+1 dx = - X" D) an (pel)

= Note: Requirement that m+ 1 < n ensuresnew termisa proper fraction.
m Ruelfmn pez An>1 AO0O<m+l<n Ap<-1 A m+n (p+1)+1¢0,then

x™L (a+bx™P*?Y men (p+l) +1
+

fxm(a+bx“)pdx — - Jxm(a+bx”)p*1dx

an (p+1) an(p+1)

= Program code:

Int [x_"m_. *(a_+b_. »x_"n_)"p_, x_Synbol | : =
=XN (Mkl) % (a+bxXx”n) ™ (p+1) / (a*nx (p+1)) +
Di st [ (menx (p+1)+1) / (axn* (p+1)), | nt [X*mk (a+b*x*n)”" (p+1), x]1 /;
FreeQ[{a, b}, x] & IntegersQ[mn, p] & n>1 && O<mkl<n && p<-1 && Nonzer oQ[M+n=x (p+1) +1]

m Reference: G&R 2.110.6, CRC 88c

= Derivation: Integration by parts

men (p+l)+1

Xt (a+bx") " n

men+l

(a+b x") "n

. m m1
= Basis: x—mml dx = rr)il—
(a+b x™) n (a+b x™) n (a (ml))

= Note: Requirement that m+ 1 < n ensuresnew termisaproper fraction.

m Bass x™(a+bx")P =

= Rulelf m n, p, WGZ/\m<—1/\n>0/\0<n—2(m+n(p+1)+1)<np,then

x™L (@a+bxMPT b (m+n (p+1) +1)

J-xm (a+bxMPdx — fx”‘*“ (a+bxMPdx

a (m+1) a (m+1)

= Program code:

Int [x_"m_. «(a_+b_. «x_"n_)"p_, x_Synbol | : =

XN (Mel) % (a+bxx"n) " (p+1) / (ax (Mrl)) -

Di st [b* (menx (p+1) +1) / (a% (Mm+1)), I nt [X” (MeN) * (@+b*x*n)" p, x11 /;
FreeQ[{a, b}, x] && IntegersQ[mn, p, (MmN (p+1)+1)/n] && nmk-1 && n>0 &&
0<n-2 (MmN (p+1) +1) <n*p



Integration Rules for Rational Functions of Binomials

= Reference: G&R 2.110.5, CRC 88a

= Derivation: Inverted integration by parts
= Rulelfm n, p, ”“Tlez/\m+np+1¢0/\ m*T1>O/\ 2Tm<p+1/\0<nsrr,then

x™+1l (g 4+ bx™MPl 3 (m-n+1)

jxm (a+bxMPdx — jx””‘ (a+bx"Pdax

b (m+np+1) _b(m+np+1)

= Program code:

Int [x_"m_. (a_+b_. *x_"n_)"p_, x_Synbol | : =

XN (M-n+1) % (a+b*x*n) ™ (p+1) / (b* (Mknxp+1)) -

Di st [ax (m-n+1) / (b* (Menxp+1) ), I nt [XN (M-n) * (@a+bxXx"n)"*p, X11 /;
FreeQ[{a, b}, x] & IntegersQ[mn, p, (m+l)/n] && NonzeroQ[m+nxp+1l] &&
(m:l) /n>0 && 2xm/n<p+l & & O<n<=m

= Derivation: Algebraic expansion
= Program code:
Int [x_"m_. «(a_+b_. »x_"n_. )*p_., x_Synbol | : =

I nt [Expand [X*mk (a+bxx"*n)”~p], x] /;
FreeQ[{a, b, mn}, x] & I ntegerQ[p] && p>0 && Expandl ntegrandQ[m n, p]

m Reference: G&R 2.110.4

= Derivation: Integration by parts

m Basis x™ (a+bxMP = x™n+1 (g 4+ px")P x"-1

= Note: Requirement that m< 2 n - 1 ensuresnew termisa proper fraction.

= Note: Unfortunately thisruleisnecessary to prevent the Ostrogradskiy-Hermitemethod from being applied instead of substituting for ¢ + d x.

m Rulelf mn, pez An>1 Ap<-1 Ans<m<2n-1,then

j(c+dx)m(a+b (c+dx)MPdx —

(c+dx)™™1 (a+b (c+dx)n)Pt m-n+1

bdn (p+1) _bn(p+l)

J(c+dx)"*” (a+b (c+dx)")Pdx

= Program code:

Int [ (c_+d_. #x_)"m_. »(a_+b_. #(c_+d_. »x_)~n_)"p_, x_Symbol | : =

(C+d*x)N (m-n+1) » (a+b* (C+d*x)”n)" (p+1) / (bxd*n* (p+1)) -

Di st [ (m-n+1) / (bxnx (p+1)), I nt [ (C+d*Xx)" (M-n) x (a+b* (C+d*x) n)" (p+1), x1]1 /;
FreeQ[{a, b,c,d}, x] & IntegersQ[mn, p] & n>1 && p<-1 && n<=nmk2xn-1



Integration Rules for Rational Functions of Binomials

a+bxmm
(a + )dl

b+ &
X

n

= Derivation: Algebraic simplification

a+b x"
a

m Basis =x"

o

= Rule

(a+bxMym
J— dx — Jx” (a+bx")™ ax

b+ 2
X
= Program code:
Int [(a_+b_. #x_"*n_.)*m_/(b_+a_. #x_"p_. ), x_Synbol | : =

I nt [X"n% (a+bxx”n)* (m-1), x] /;
FreeQ[{a, b, mn, p}, x] && ZeroQ[n+p]



Integration Rules for Rational Functions of Binomials

J‘(axIO + b xN " dx

m Derivation: Algebraic simplification
m BassazP+bz%=2zP (a+bz9P)

m Rule If n € Z, then

~J-(ax”+bx0')”dlx — fx”p (a+bx%P)"dx

= Program code:

Int [(a_. #x_"p_. +b_. #x_"q_. )"n_, x_Synbol | : =
I nt [X" (nxp) * (a+b*x" (q-p) )~ n, xX] /;
FreeQ[{a, b, p, g}, x] && IntegerQ[n] && Not [FractionQ[p]] && Not [Fracti onQ[q]] && Not [NegativeQ[q-p]l]

m Derivation: Algebraic simplification
m BassazP+bz%=2zP (a+bz9P)

= Rule If n € z, then

jxm(axp+bxq)”dlx — jx"‘*”" (a+bx9P)y"dx

= Program code:

Int [x_"m_. #(a_. #x_"p_. +b_. #x_"q_. )*n_, x_Symbol | : =
I nt [X" (Mrnxp) = (a+b*x” (q-p))~n, X1 /;
FreeQ[{a, b, mp, q}, x] & IntegerQ[n] &&
Not [Fracti onQ[p]] && Not [Fracti onQ[q]] && Not [Fracti onQ[m]] && Not [Negati veQ[g-p]]



