Integration Rules for Hyperbolic Tangent Functions

Tanh[a + b x]" dx

Reference: G& R 2.243.17, CRC 556, A& S4.5.79

Derivation: Reciprocal rule

Sinh[z]

Basis: Tanh[z] = Soshz]

Rule

jTanh[a+bx] dx —

Program code:

Int [Tanh[a_. +b_. *x_], x_Synbol ] :
Log [Cosh[a+b*x]11/b /;
FreeQ[{a, b}, x]

Reference: G& R 2.423.33, CRC 557, A& S4.5.82

Int [Coth[a_. +b_. *x_], x_Synbol ] :
Log [Si nh[a+b%x]]/b /;
FreeQ[{a, b}, x]

Reference: G&R 2.423.22, CRC 569
Derivation: Algebraic expansion
Basis Tanh[z]? = 1 - Sech[z]?

Rule:

~J-Tanh[a+bx]2d1x — X -

Program code:

Int [Tanh[a_. +b_. *x_]72, x_Synbol ] :
X - Tanh[a+bxx]1/b /;
FreeQ[{a, b}, x]

Reference: G& R 2.423.38, CRC 573

Int [Coth[a_. +b_. *x_]72, x_Synbol ] :
X - Cothl[a+bxx]/b /;
FreeQ[{a, b}, x]

Log[Cosh[a +b Xx]]

b

Tanh[a + b x]
b
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m Reference: G&R 2.411.3, CRC 570, A& S4.5.87

m Derivation: Integration by partswith a double-back flip

i n _ Tanh[z]"!Sinh[z]
m Basis Tanh[z]" = SoshTz]
s Rule If n > 1,then

c (c Tanh[a+bx])"?
b (n-1)

J(cTanh[a+bx])”d1x — - +czf(cTanh[a+bx])”‘2dx

= Program code:

Int [(c_. «Tanh[a_. +b_. xx_1)"n_, x_Synbol | :
-Cx (cxTanh [a+b*x])” (n-1)/ (b* (n-1)) +
Di st [c"2,Int [ (cxTanh[a+b*x])” (n-2), x]1]1 /;
FreeQ[{a, b,c}, x] & Rational Q[n] && n>1

m Reference: G&R 2.411.4, CRC 574, A& S4.5.88

Int [(c_. *Coth[a_. +b_. xx_1)"n_, x_Synbol | :
-Ccx (cxCot h[a+b*x])” (n-1)/ (b*(n-1)) +
Di st [c"2,Int [ (cxCot h[a+bxx])" (n-2), x]] /;
FreeQ[{a, b,c}, x] & Rational Q[n] && n>1

m Reference: G&R 2.411.4, CRC 574
m Derivation: Inverted integration by partswith a double-back flip
s Rule If n < -1,then

(c Tanh[a+b x])"*1

bc (n+1)

1
j(cTanh[a+bx])”d1x — +7j(cTanh[a+bx])”*2dx
c

= Program code:

Int [(c_. *Tanh[a_. +b_. »x_1)"n_, x_Synbol | : =
(cxTanh [a+bxx])” (n+1) / (bxC* (n+1)) +
Di st [1/c”2,Int [ (cxTanh[a+bxx]1)" (n+2),Xx1] /;
FreeQ[{a, b,c}, x] & Rational Q[n] && n<-1

m Reference G&R 2.411.3, CRC 570

Int [(c_. *Coth[a_. +b_. »x_1)"n_, x_Synbol | : =
(cxCot h[a+b*x])”" (n+1) / (b*xCc* (n+1)) +
Di st [1/c”2,Int [ (cxCot h[a+b*xx])" (n+2), x]1] /;
FreeQ[{a, b,c}, x] & Rational Q[n] && n<-1
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j(a+bTanh[C+dx])”dlx when a2 -b? =0

m Rule If a2 - b2 = 0, then

1 X a
j dx — —— -
a+bTanh[c +dXx] 2a 2bd (a+bTanh[c +dXx])

= Program code:

Int [1/(a_+b_. *Tanh[c_. +d_. #x_1), x_Symbol ] :
X/ (2xa) - a/(2xbxdx (a+bxTanh[c+dxXx])) /;
FreeQ[{a, b, c,d}, x] && ZeroQ[a"2-b"2]

Int [1/(a_+b_. *Coth[c_. +d_. #x_1), x_Symbol ]| :
X/ (2%xa) - a/(2xbxdx (a+bxCot h[c+dxx])) /;
FreeQ[{a, b, c,d}, x] && ZeroQ[a"2-b"2]

m Rulelf a2-b2=0 A a > 0,then

b a+bTanh[c +d X
ArcTanh[v : e+ ] ]

jVa+bTanh[c+dx] dx —
dva V2 Va

= Program code:

Int [Sgrt [a_+b_. *Tanh[c_. +d_. *x_]]1, X_Synbol ] : =
Sqrt [2]xb/ (dxRt [a, 2]) *ArcTanh [Sgrt [a+bxTanh[c+d*x]1]1/(Sqrt [2]1*Rt [a, 2])] /;
FreeQ[{a, b,c,d}, x] & ZeroQ[a”"2-b"2] && PosQ[a]

Int [Sgrt [a_+b_. *Coth[c_. +d_. *x_]], Xx_Synbol ] : =
(Sqrt [2]xb/ (dxRt [a, 2]) *ArcCot h[Sqrt [a+bxCot h[c+d*xx]]1/(Sqrt [2]%Rt [a, 2])1) /;
FreeQ[{a, b,c,d}, x] & ZeroQ[a"2-b"2] && PosQ[a]

m Rulelf a2-b2=0 A - (a > 0),then

V2 b
dv-a

Va+bTanh[c +dx]

VZ N

Ar cTan[

]

JVa+bTanh[c+dx] dx — -

= Program code:

Int [Sgrt [a_+b_. *Tanh[c_. +d_. *x_]], x_Synbol ] : =
-Sgrt [2]*xb/ (dxRt [-a, 2]) *ArcTan[Sqrt [a+bxTanh[c+dxx]1/(Sqrt [2]*Rt [-a, 2])1 /;
FreeQ[{a, b, c,d}, x] && ZeroQ[a"2-b"2] && NegQ[a]
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Int [Sgrt [a_+b_. *Coth[c_. +d_. *x_]], Xx_Synbol ] : =
Sqrt [2]+b/ (d«Rt [-a, 2]) *ArcCot [Sqrt [a+bxCot h[c+d*x]]1/(Sqrt [2]*Rt [-a, 2])]1 /;
FreeQ[{a, b, c,d}, x] && ZeroQ[a"2-b"2] && NegQ[a]

m Rulelf a2-b2=0 AneF A n>1,then

aZ (a+bTanh[c +dx])"1
bd(n-1)

j(a+bTanh[c+dx])“d1x — - +2aj(a+bTanh[c+dx])”‘ldx

= Program code:

Int [(a_+b_. «Tanh[c_. +d_. »x_1)"n_, x_Synbol | : =
-a"2x (a+bxTanh[c+d*x])” (n-1) / (b*d* (n-1)) +
Di st [2%a, | nt [ (a+bxTanh[c+d*x])" (n-1),x]1] /;
FreeQ[{a, b,c,d}, x] && ZeroQ[a"2-b"2] && Fracti onQ[n] && n>1

Int [(a_+b_. «Coth[c_. +d_. »x_]1)"n_, x_Synbol | : =
-an2x (a+bxCoth[c+dxx])" (n-1)/ (bxd* (n-1)) +
Di st [2%a, I nt [ (a+b*Cot h[c+d*xx])” (n-1),Xx1] /;
FreeQ[{a, b,c,d}, x] & ZeroQ[a”2-b"2] && FractionQ[n] &&% n>1

m Rulelf a2-b2=0 A n<0,then

a (a+bTanh[c +dx])"
2bdn

1
J(a+bTanh[c+dx])”dlx — +2—j(a+bTanh[c+dx])”*1d1x
a

= Program code:

Int [(a_+b_. «Tanh[c_. +d_. »x_1)"n_, x_Synbol | : =
ax (a+bxTanh [c+d*x])"n/ (2xbxd*n) +
Di st [1/(2%a), I nt [ (a+bxTanh[c+d*x])” (n+1), x1] /;
FreeQ[{a, b,c,d}, x] && ZeroQ[a"2-b"2] && Rational Q[n] && n<0

I nt [(a_+b_. *Coth[c_. +d_. #Xx_] )"n_, x_Synbol ] L=
ax (a+bxCot h[c+d*x])"n/ (2xbxd*n) +
Di st [1/(2%a), I nt [ (a+bxCot h[c+d*x])" (n+1),Xx]1] /;
FreeQ[{a, b, c,d}, x] && ZeroQ[a"2-b"2] && Rational Q[n] && n<0
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j(a+bTanh[C+dx])”d1x when a2 +b? #0

m Derivation: Algebraic expansion and integration by substitution

1 a b

s Bass ————— = —— -
a+b Tanh[z] a2-h? (a2-b?) (aCosh[z]+b Sinh[z])

8; (aCosh[z] +b Sinh[z])

m Rule If a2 -b2 # 0, then

dx — -

J~ 1 ax bLog[aCosh[c+dXx] +bSinh[c+dXx]]
a+bTanh[c +dx] a2 - p2 d (a? - b?)

= Program code:

Int [1/(a_+b_. «Tanh[c_. +d_. #x_1), x_Synbol | : =
axXx/ (a”2-b"2) - bxLog[ax*Cosh[c+dxx]+b*xSi nh[c+dxx]]/ (d%(a”2-b"2)) /;
FreeQ[{a, b,c,d}, x] & NonzeroQ[a"2-b"2]

Int [1/(a_+b_. *Coth[c_. +d_. #x_1), x_Synbol | : =
axXx/ (a”2-b”"2) - bxLog[bxCosh[c+dxx]+a*Si nh[c+dxx]]/ (d%(a"2-b"2)) /;
FreeQ[{a, b, c,d}, x] & & NonzeroQ[a"2-b"2]
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J.(A+ BTanh[c +d x]) (a+bTanh[c +d x])" dx

= Derivation: Algebraic expansion

A+Bz
a+b z

bA-aB 1
b a+bz

= Basis

_B
_E+
m Rulelf bA-aB#0,then

dx

A+BTanh[c +d Xx] Bx bA-aB 1
J dxX — — + J
a+b Tanh[c +d x] b b a+b Tanh[c +d Xx]

= Program code:

Int [(A_. +B_. »Tanh[c_. +d_. »x_1)/(a_. +b_. «Tanh[c_. +d_. »x_]), x_Synbol ] :
Bxx/b + Dist [ (bxA-axB) /b, I nt [1/ (a+bxTanh[c+d*x]), x]] /;
FreeQ[{a, b, c, d, A B}, x] & NonzeroQ[bxA-axB]

Int [(A_. +B_. xCoth[c_. +d_. »x_1)/(a_. +b_. xCoth[c_. +d_. »x_]), x_Synbol ] :
Bxx/b + Dist [ (bxA-axB) /b, I nt [1/ (a+bxCot h[c+d*x]), Xx]1] /;
FreeQ[{a, b, c,d, A B}, x] & NonzeroQ[bxA-axB]

= Note: Thisruledoes not appear in published integral tables.

m RuleIf 2-B2=0 A bA+aB#0,then

X —

va+bTanh[c +d x] b Ava B b A+aB

A+BTanh[c +dx] 2B va+bTanh[c +d x]
d —ArcTanh[ ]

= Program code:

Int [(A_+B_. «Tanh[c_. +d_. #x_]1)/Sqrt [a_. +b_. *Tanh[c_. +d_. #x_11, x_Synbol | : =
2xB/ (d*Sqrt [ (bxA+axB) /B]) *ArcTanh [Sqrt [a+bxTanh[c+dxXx]1]/Sqrt [ (bxA+axB)/Bl] /;
FreeQ[{a, b, c,d, A B}, x] & ZeroQ[A*2-B"2] && Nonzer oQ[bxA+axB]

Int [(A_+B_. Coth[c_. +d_. x_]1)/Sqrt [a_. +b_. *Coth[c_. +d_. #x_11, x_Synbol | : =
2xB/ (d*Sqrt [ (bxA+axB) /B]) *ArcTanh [Sqrt [a+bxCot h[c+dxx]]/Sqrt [ (bxA+axB)/Bl] /;
FreeQ[{a, b, c,d, A B}, x] & ZeroQ[A"2-B*2] && Nonzer oQ[bxA+axB]
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= Derivation: Algebraic expansion

A+B

m Bass A+Bz = >

(1+2) + 22 (1-2)

m Rulelf 2-B2#0 A a2-b? #0,then

— dx +

va+bTanh[c +d x] 2 va+bTanh[c +d x] 2

J~A+BTanh[c+dx] g A+BJ~ 1+Tanh[c +d x] A—BJ~ 1-Tanh[c +d X]
X

va+bTanh[c +d x]

= Program code:

Int [(A_. +B_. #Tanh[c_. +d_. #x_1)/Sart [a_. +b_. »Tanh[c_. +d_. »x_]1], x_Synbol ] :
Di st [ (A+B) /2, I nt [ (1+Tanh[c+d*x])/Sqrt [a+bxTanh[c+dxXx]], X]1] +
Di st [ (A-B) /2, Int [ (1-Tanh[c+d%x])/Sqrt [a+bxTanh[c+dxx]1], x1] /;

FreeQ[{a, b, c,d, A B}, x] & NonzeroQ[A"2-B*"2] && NonzeroQ[a"2-b"2]

Int [(A_. +B_. »Coth[c_. +d_. »x_1)/Sart [a_. +b_. xCoth[c_. +d_. xx_]], x_Synbol ] :
Di st [ (A+B) /2, I nt [ (1+Cot h[c+d*x])/Sqrt [a+b*Cot h[c+d*Xx]], X]] +
Di st [(A-B) /2, Int [ (1-Coth[c+d%x])/Sqrt [a+b*Cot h[c+d*Xx]1],Xx]1] /;

FreeQ[{a, b, c, d, A B}, x] & NonzeroQ[A"2-B"2] && NonzeroQ[a"2-b"2]

m Note: Thisruledoes not appear in published integral tables.

= Rule If n > 0, then

j(A+BTanh[c+dx]) (a+bTanh[c+dx])"dx —

B (a+bTanh[c +dx])"
- ;. +J(aA+bB+(bA+aB)Tanh[c+dx])(a+bTanh[c+dx])"'1d1x
n

= Program code:

Int [(A_. +B_. »Tanh[c_. +d_. »x_])* (a_+b_. «Tanh[c_. +d_. »x_])"n_., x_Synbol | :
-Bx (a+bxTanh[c+d*x])~n/ (dxn) +
I nt [ (axA+bxB+ (bxA+axB) xTanh [c+dxX]) *x (a+bxTanh [c+d*x])”" (n-1), X] /;
FreeQ[{a, b, c, d, A B}, x] & Rational Q[n] && n>0

Int [ (A_. +B_. xCoth[c_. +d_. #x_]) = (a_+b_. *Coth[c_. +d_. »x_1)"n_., x_Synbol | :
-Bx (a+b*xCot h[c+d*x])”~n/ (d*n) +
I nt [ (axA+b*B+ (bxA+axB) *xCot h[c+d*X]) * (a+b*Cot h[c+d*Xx])” (n-1), x] /;
FreeQ[{a, b, c,d, A B}, x] & Rational Q[n] && n>0
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= Note: Thisruledoesnot appear in published integral tables.
m Rulelf a2-b%2#0 A n< -1,then
J(A+BTanh[c +dx]) (a+bTanh[c+dx])"dx —

(bA-aB) (a+bTanh[c +dx])"?!
d (a?-b?) (n+1)

+

1

a2 - b2

f(aA—bB— (b A-aB) Tanh[c +d x]) (a+b Tanh[c +d x])"*?! dx

= Program code:

Int [ (A_. +B_. *Tanh[c_. +d_. #x_]) = (a_+b_. «Tanh[c_. +d_. xx_1)"n_, x_Synbol | : =

- (bxA-axB) x (a+bxTanh [c+d*x]1)" (n+1) / (d* (a"2-b"2) x (n+1)) +

Di st [1/ (a”2-b"2), I nt [ (axA-b*B- (bxA-axB) *xTanh [c+dxx]) * (a+b*Tanh [c+d*x])" (n+1), X]] /;
FreeQ[{a, b, c,d, A B}, x] & NonzeroQ[a*2-b”2] && Rational Q[n] && n<-1

Int [(A_. +B_. xCoth[c_. +d_. #x_]) = (a_+b_. *Coth[c_. +d_. »x_1)"n_, x_Synbol | : =

- (bxA-axB) x (a+bxCot h[c+d*x])” (n+1) / (d* (a”2-b"2) x (n+1)) +

Di st [1/ (a*2-b"2), I nt [ (axA-b*B- (bxA-axB) xCot h[c+d*Xx]) * (a+bxCot h[c+d*x])" (n+1),Xx]1] /;
FreeQ[{a, b, c, d, A B}, x] & NonzeroQ[a"2-b"2] && Rational Q[n] && n<-1
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(a+bTan[c +dx]2)" dx

m Derivation: Algebraic simplification
m Basis If a-b =0,then a+bTan[z]? = b Sec[z]?

m Rulelf a-b=0 A me z then

Ju (a+bTan[v]2)mdlx — bmju Sec[v]®™dx

= Program code:

Int [u_. «(a_+b_. «Tan[v_]"2)"m_, x_Synbol | : =
Di st [b"m | nt [uxSec [V]" (2«m), X]1] /;
FreeQ[{a, b, m}, x] && ZeroQ[a-b] && | nteger Q[m]

m Derivation: Algebraic simplification
m Bass If a-b =0,then a+bTan[z]? = b Sec[z]?

m Rulelf a-b=0 A m¢ z then

J.u (a+bTan[v]2)mdlx — J.u (b Sec [V]Z)mdlx

= Program code:

Int [u_. «(a_+b_. «Tan[v_]"2)"m_, x_Synbol | : =
Int [ux(bxSec[v]*2)"m x] /;
FreeQ[{a, b, m}, x] && ZeroQ[a-b] && Not [I nt eger Q[m] ]

= Rule If a+b # 0,then

\/FTanh[c+dx]]
Va

dx — +
a+b Tanh[c +d x]2 a+b  \/a d (a+b)

j 1 X \/F

Ar cTan[

= Program code:

Int [1/(a_+b_. *Tanh[c_. +d_. x_]1"2), x_Synbol | : =
X/ (a+b) + Sgrt [b]*ArcTan[Sqrt [b]xTanh[c+dxx]/Sqrt [a]l]/(Sqrt [a]l*d* (a+b)) /;
FreeQ[{a, b, c,d}, x] & NonzeroQ[a+b]

Int [1/(a_+b_. «Coth[c_. +d_. #x_1"2), x_Synbol | : =
X/ (a+b) + Sgrt [b]*ArcTan[Sqrt [b]*xCoth[c+dxx]/Sqrt [a]l]/(Sqrt [a]lxd* (a+b)) /;
FreeQ[{a, b,c,d}, x] & NonzeroQ[a+b]
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xMTanh[a + b x"1P dx

= Derivation: Algebraic expansion

m Basis Tanh[z] =1 - T 2

Tee2?
m Rulelf mez A m>0 A m-n+1#0,then

Xm+l xm
fmeanh[a+bx”] dx — —Zj dx
m+ 1 1+ @2a+2bx"

= Program code:

Int [x_“m.*Tanh[a_. +b_. *x_"n_. 1, x_Synbol ] : =
XN (mel) / (mel) -
Di st [2, | nt [Xx*nV/ (1+E" (2%a+2xb*xx"n)), x1] /;
FreeQ[{a, b, n}, x] && IntegerQ[m] && m-0 && Nonzer oQ[m-n+1]

Int [x_"m. *Coth[a_. +b_. *x_"n_. ], x_Synbol ] : =
XN (mel) / (mel) -
Di st [2, | nt [x*n/ (1-E" (2%*a+2xb*xx"n)), x1] /;
FreeQ[{a, b,n}, x] && IntegerQ[m] && m-0 && Nonzer oQ[m-n+1]

= Note: Thisruledoesnot appear in published integral tables.
m Ruelf p>1 Am-n+1#0 A 0<n=<mthen

x™n+1 Tanh[a + b x"]P-1
J.meanh[a+bx”]”d1x — - +
bn (p-1)

m-n+1

jxm” Tanh[a+b x"1P"1 dx + ijTanh [a+bx"]P?dx
bn(p-1)

= Program code:

Int [x_“m.*Tanh[a_. +b_. *x_"n_. 1*p_, x_Synbol ] : =
=X (m-n+1) *Tanh [a+bxx~n]” (p-1) / (b*nx (p-1)) +
Di st [ (m-n+1) / (bxn* (p-1)), I nt [X" (M-n) *xTanh [a+b*x*n]" (p-1), X]] +
I nt [x*mxkTanh [a+bxx*n]" (p-2), X1 /;
FreeQ[{a, b}, x] & Rational Q[{mn, p}] && p>1 && NonzeroQ[m-n+1] && O<n<=m

Int [x_"m.*Coth[a_. +b_. *x_"n_. 1*p_, x_Synbol ] : =
=X (m-n+1) *Cot h [a+bxx~n]” (p-1) / (b*nx (p-1)) +
Di st [ (m-n+1) / (bxn* (p-1)), I nt [X" (Mm-n) *xCot h [a+b*xx*n]" (p-1), Xx]] +
I nt [x*mxCot h [a+bxx*n]" (p-2), X1 /;
FreeQ[{a, b}, x] & Rational Q[I{m n, p}] && p>1 &% NonzeroQ[m-n+1] && 0<n<=m
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xM™Tanh[a+bx +c x2] dx

= Rule

Log[Cosh[a+bx +cx?]] b
J-xTanh[a+bx+cx2]d1x—> > 5o Tanh[a+bx+cx2]d1x
c c

Program code:

Int [x_*Tanh[a_. +b_. *x_+c_. *x_"2], x_Synbol ] :
Log[Cosh[a+bxXx+C*Xx"2]1/ (2*C) -
Di st [b/ (2%c), | nt [Tanh [a+bxX+C*Xx"2], X]] /;
FreeQ[{a, b, c}, x]

Int [x_*Coth[a_. +b_. *x_+c_. *x_"2], x_Synbol ] :
Log [Si nh[a+bxX+C*Xx"2]1/ (2xC) -
Di st [b/ (2%c), | nt [Cot h[a+bxx+C*x"2], X]] /;
FreeQ[{a, b, c}, x]

= Note: Thisruleisvalid, but to be useful need arulefor reducingintegrands of theform x™Log[Cosh[a + b x + ¢ x21].
= Rule If m> 1, then

x™! Log[Cosh[a+bx +c x?]]

Jmeanh[a+bx+cx2] dx —» > -
c

b -1
2—fx”1Tanh[a+bx+cx2] dlx—n;—fxmzLog[msh[a+bx+cx2]] dx
c c

= Program code:

(* Int [x_“m xTanh[a_. +b_. *x_+C_. *x_"2],x_Synbol ] : =

x" (m-1) xLog [Cosh [a+bxX+C*Xx"2]]1/ (2%C) -

Di st [b/ (2xc), I nt [x* (m-1) *xTanh [a+b*x+C*x"2], X]] -

Dist [(m-1)/(2%C), | nt [x* (m-2) xLog [Cosh [a+b*x+C*x"2]], x]] /;
FreeQ[{a, b,c}, x] & Rational Q[m] && m>1 x)

(* Int [x_"m xCoth[a_.+b_.*x_+C_. *x_"2],x_Synbol ] : =

X" (m-1) xLog [Si nh[a+bxX+C*x"2]]1/ (2*C) -

Di st [b/ (2xc), I nt [x* (m-1) *xCot h [a+b*x+C*x"2], X]] -

Dist [(m-1)/(2%C), | nt [X* (Mm-2) xLog [Si nh [a+b*x+Cc*x"2]], x]] /;
FreeQ[{a, b,c}, x] & Rational Q[m] && m>1 x)



