
Special Function Integration Problem 1

à xm Gamma@n, a + b xD âx

� Rubi uses reduction rules to integrate all the expressions:

Int@Gamma@n, a + b xD, xD
Ha + b xL Gamma@n, a + b xD

b
-
Gamma@1 + n, a + b xD

b

Int@x Gamma@n, a + b xD, xD

-
1

2

a2

b2
- x2 Gamma@n, a + b xD +

a Gamma@1 + n, a + b xD
b2

-
Gamma@2 + n, a + b xD

2 b2

IntAx2 Gamma@n, a + b xD, xE
1

3

a3

b3
+ x3 Gamma@n, a + b xD -

a2 Gamma@1 + n, a + b xD
b3

+
a Gamma@2 + n, a + b xD

b3
-
Gamma@3 + n, a + b xD

3 b3

� Mathematica is able to integrate all the expressions:

à Gamma@n, a + b xD âx

a Gamma@n, a + b xD
b

+ x Gamma@n, a + b xD -
Gamma@1 + n, a + b xD

b

à x Gamma@n, a + b xD âx

I-a2 + b2 x2M Gamma@n, a + b xD + 2 a Gamma@1 + n, a + b xD - Gamma@2 + n, a + b xD
2 b2

à x2 Gamma@n, a + b xD âx

1

3 b3
IIa3 + b3 x3M Gamma@n, a + b xD - 3 a2 Gamma@1 + n, a + b xD + 3 a Gamma@2 + n, a + b xD - Gamma@3 + n, a + b xDM

� Maple is unable to integrate any of the expressions:

int HGAMMA Hn, a + b * xL, xL;

à Gamma@n, a + b xD âx

int Hx * GAMMA Hn, a + b * xL, xL;



à x Gamma@n, a + b xD âx

int Hx^2 * GAMMA Hn, a + b * xL, xL;

à x2 Gamma@n, a + b xD âx



Special Function Integration Problem 2

à xm PolyLogAn, c ãa+b xE âx

� Rubi uses integration by parts to reduce the degree of xm:

IntAPolyLogAn, c ãa+b xE, xE
PolyLogA1 + n, c ãa+b xE

b

IntAx PolyLogAn, c ãa+b xE, xE
x PolyLogA1 + n, c ãa+b xE

b
-

PolyLogA2 + n, c ãa+b xE
b2

IntAx2 PolyLogAn, c ãa+b xE, xE
x2 PolyLogA1 + n, c ãa+b xE

b
-

2 x PolyLogA2 + n, c ãa+b xE
b2

+

2 PolyLogA3 + n, c ãa+b xE
b3

� Mathematica does not know to use integration by parts:

à PolyLogAn, c ãa+b xE âx

PolyLogA1 + n, c ãa+b xE
b

à x PolyLogAn, c ãa+b xE âx

à x PolyLogAn, c ãa+b xE âx

à x2 PolyLogAn, c ãa+b xE âx

à x2 PolyLogAn, c ãa+b xE âx

� Maple does not know to use integration by parts:

int Hpolylog Hn, c * exp Ha + b * xLL, xL;

à PolyLogAn, c ãa+b xE âx

int Hpolylog Hn, exp Ha + b * xLL, xL;



PolyLogAn + 1, ãa+b xE
b

int Hx * polylog Hn, exp Ha + b * xLL, xL;

à x PolyLogAn, ãa+b xE âx

int Hx^2 * polylog Hn, exp Ha + b * xLL, xL;

à x2 PolyLogAn, ãa+b xE âx



Special Function Integration Problem 3

à Log@xDm PolyLog@n, a xD
x

âx

� Rubi uses integration by parts to reduce the degree of Log@xDm:

IntB Log@xD PolyLog@n, a xD
x

, xF

Log@xD PolyLog@1 + n, a xD - PolyLog@2 + n, a xD

IntB Log@xD2 PolyLog@n, a xD
x

, xF

Log@xD2 PolyLog@1 + n, a xD - 2 Log@xD PolyLog@2 + n, a xD + 2 PolyLog@3 + n, a xD

IntB Log@xD3 PolyLog@n, a xD
x

, xF

Log@xD3 PolyLog@1 + n, a xD - 3 Log@xD2 PolyLog@2 + n, a xD + 6 Log@xD PolyLog@3 + n, a xD - 6 PolyLog@4 + n, a xD
� Mathematica does not know to use integration by parts:

à Log@xD PolyLog@n, a xD
x

âx

à Log@xD PolyLog@n, a xD
x

âx

à Log@xD2 PolyLog@n, a xD
x

âx

à Log@xD2 PolyLog@n, a xD
x

âx

à Log@xD3 PolyLog@n, a xD
x

âx

à Log@xD3 PolyLog@n, a xD
x

âx

� Maple does not know to use integration by parts:

int Hlog HxL * polylog Hn, a * xL � x, xL;

à Log@xD PolyLog@n, a xD
x

âx

int Hlog HxL^2 * polylog Hn, a * xL � x, xL;



à Log@xD2 PolyLog@n, a xD
x

âx

int Hlog HxL^3 * polylog Hn, a * xL � x, xL;

à Log@xD3 PolyLog@n, a xD
x

âx



Special Function Integration Problem 4

à xm ProductLog@a + b xD âx

� Rubi uses integration by parts to reduce the degree of xm:

Int@ProductLog@a + b xD, xD

-x +
a + b x

b ProductLog@a + b xD +
Ha + b xL ProductLog@a + b xD

b

Int@x ProductLog@a + b xD, xD
a Ha + b xL

b2
-

Ha + b xL2

4 b2
-

Ha + b xL2

8 b2 ProductLog@a + b xD2
-

a Ha + b xL
b2 ProductLog@a + b xD +

Ha + b xL2

4 b2 ProductLog@a + b xD -
a Ha + b xL ProductLog@a + b xD

b2
+

Ha + b xL2 ProductLog@a + b xD
2 b2

IntAx2 ProductLog@a + b xD, xE

-
a2 Ha + b xL

b3
+
a Ha + b xL2

2 b3
-

Ha + b xL3

9 b3
+

2 Ha + b xL3

81 b3 ProductLog@a + b xD3
+

a Ha + b xL2

4 b3 ProductLog@a + b xD2
-

2 Ha + b xL3

27 b3 ProductLog@a + b xD2
+

a2 Ha + b xL
b3 ProductLog@a + b xD -

a Ha + b xL2

2 b3 ProductLog@a + b xD +
Ha + b xL3

9 b3 ProductLog@a + b xD +

a2 Ha + b xL ProductLog@a + b xD
b3

-
a Ha + b xL2 ProductLog@a + b xD

b3
+

Ha + b xL3 ProductLog@a + b xD
3 b3

� Mathematica does not know to use integration by parts:

à ProductLog@a + b xD âx

Ha + b xL I1 - ProductLog@a + b xD + ProductLog@a + b xD2M
b ProductLog@a + b xD

à x ProductLog@a + b xD âx

à x ProductLog@a + b xD âx

à x2 ProductLog@a + b xD âx

à x2 ProductLog@a + b xD âx



� Maple uses integration by parts to reduce the degree of xm:

int HLambertW Ha + b * xL, xL;

Ha + b xL I1 - LambertW Ha + b xL + LambertW Ha + b xL2M
b LambertW Ha + b xL

int Hx * LambertW Ha + b * xL, xL;

a Ha + b xL
b2

-
Ha + b xL2

4 b2
-

Ha + b xL2

8 b2 LambertW Ha + b xL2
-

a Ha + b xL
b2 LambertW Ha + b xL +

Ha + b xL2

4 b2 LambertW Ha + b xL -
a Ha + b xL LambertW Ha + b xL

b2
+

Ha + b xL2 LambertW Ha + b xL
2 b2

int Hx^2 * LambertW Ha + b * xL, xL;

-
a2 Ha + b xL

b3
+
a Ha + b xL2

2 b3
-

Ha + b xL3

9 b3
+

2 Ha + b xL3

81 b3 LambertW Ha + b xL3
+

a Ha + b xL2

4 b3 LambertW Ha + b xL2
-

2 Ha + b xL3

27 b3 LambertW Ha + b xL2
+

a2 Ha + b xL
b3 LambertW Ha + b xL -

a Ha + b xL2

2 b3 LambertW Ha + b xL +
Ha + b xL3

9 b3 LambertW Ha + b xL +

a2 Ha + b xL LambertW Ha + b xL
b3

-
a Ha + b xL2 LambertW Ha + b xL

b3
+

Ha + b xL3 LambertW Ha + b xL
3 b3



Special Function Integration Problem 5

à xm ProductLog@a + b xD2 âx

� Rubi uses integration by parts to reduce the degree of xm:

IntAProductLog@a + b xD2, xE

4 x -
4 Ha + b xL

b ProductLog@a + b xD -
2 Ha + b xL ProductLog@a + b xD

b
+

Ha + b xL ProductLog@a + b xD2

b

IntAx ProductLog@a + b xD2, xE

-
4 a Ha + b xL

b2
+
3 Ha + b xL2

4 b2
+

3 Ha + b xL2

8 b2 ProductLog@a + b xD2
+

4 a Ha + b xL
b2 ProductLog@a + b xD -

3 Ha + b xL2

4 b2 ProductLog@a + b xD +
2 a Ha + b xL ProductLog@a + b xD

b2
-

Ha + b xL2 ProductLog@a + b xD
2 b2

-
a Ha + b xL ProductLog@a + b xD2

b2
+

Ha + b xL2 ProductLog@a + b xD2

2 b2

IntAx2 ProductLog@a + b xD2, xE
4 a2 Ha + b xL

b3
-
3 a Ha + b xL2

2 b3
+
8 Ha + b xL3

27 b3
-

16 Ha + b xL3

243 b3 ProductLog@a + b xD3
-

3 a Ha + b xL2

4 b3 ProductLog@a + b xD2
+

16 Ha + b xL3

81 b3 ProductLog@a + b xD2
-

4 a2 Ha + b xL
b3 ProductLog@a + b xD +

3 a Ha + b xL2

2 b3 ProductLog@a + b xD -
8 Ha + b xL3

27 b3 ProductLog@a + b xD -

2 a2 Ha + b xL ProductLog@a + b xD
b3

+
a Ha + b xL2 ProductLog@a + b xD

b3
-
2 Ha + b xL3 ProductLog@a + b xD

9 b3
+

a2 Ha + b xL ProductLog@a + b xD2

b3
-
a Ha + b xL2 ProductLog@a + b xD2

b3
+

Ha + b xL3 ProductLog@a + b xD2

3 b3

� Mathematica does not know to use integration by parts:

à ProductLog@a + b xD2
âx

Ha + b xL I-4 + 4 ProductLog@a + b xD - 2 ProductLog@a + b xD2
+ ProductLog@a + b xD3M

b ProductLog@a + b xD

à x ProductLog@a + b xD2
âx

à x ProductLog@a + b xD2
âx

à x2 ProductLog@a + b xD2
âx



à x2 ProductLog@a + b xD2
âx

� Maple uses integration by parts to reduce the degree of xm:

int HLambertW Ha + b * xL^2, xL;

I-4 + 4 LambertW Ha + b xL - 2 LambertW Ha + b xL2
+ LambertW Ha + b xL3M Ha + b xL

b LambertW Ha + b xL
int Hx * LambertW Ha + b * xL^2, xL;

-
4 a Ha + b xL

b2
+
3 Ha + b xL2

4 b2
+

3 Ha + b xL2

8 b2 HLambertW Ha + b xLL2
+

4 a Ha + b xL
b2 LambertW Ha + b xL -

3 Ha + b xL2

4 b2 LambertW Ha + b xL +
2 a Ha + b xL LambertW Ha + b xL

b2
-

Ha + b xL2 LambertW Ha + b xL
2 b2

-

a Ha + b xL HLambertW Ha + b xLL2

b2
+

Ha + b xL2 HLambertW Ha + b xLL2

2 b2

int Hx^2 * LambertW Ha + b * xL^2, xL;

4 a2 Ha + b xL
b3

-
3 a Ha + b xL2

2 b3
+
8 Ha + b xL3

27 b3
-

16 Ha + b xL3

243 b3 HLambertW Ha + b xLL3
-

3 a Ha + b xL2

4 b3 HLambertW Ha + b xLL2
+

16 Ha + b xL3

81 b3 HLambertW Ha + b xLL2
-

4 a2 Ha + b xL
b3 LambertW Ha + b xL +

3 a Ha + b xL2

2 b3 LambertW Ha + b xL -
8 Ha + b xL3

27 b3 LambertW Ha + b xL -

2 a2 Ha + b xL LambertW Ha + b xL
b3

+
a Ha + b xL2 LambertW Ha + b xL

b3
-
2 Ha + b xL3 LambertW Ha + b xL

9 b3
+

a2 Ha + b xL HLambertW Ha + b xLL2

b3
-
a Ha + b xL2 HLambertW Ha + b xLL2

b3
+

Ha + b xL3 HLambertW Ha + b xLL2

3 b3



Special Function Integration Problem 6

à xm ProductLogAa x2E âx

� Rubi is able to integrate  xm ProductLogAa x2E for all odd m:

IntAx3 ProductLogAa x2E, xE

-
x4

8
-

x4

16 ProductLogAa x2E2
+

x4

8 ProductLogAa x2E +
1

4
x4 ProductLogAa x2E

IntAx ProductLogAa x2E, xE

-
x2

2
+

x2

2 ProductLogAa x2E +
1

2
x2 ProductLogAa x2E

IntB ProductLogAa x2E
x

, xF

1

2
ProductLogAa x2E +

1

4
ProductLogAa x2E2

IntB ProductLogAa x2E
x3

, xF

1

2
a ExpIntegralEiA-ProductLogAa x2EE -

ProductLogAa x2E
2 x2

IntB ProductLogAa x2E
x5

, xF

-
1

2
a2 ExpIntegralEiA-2 ProductLogAa x2EE -

ProductLogAa x2E
2 x4

� Mathematica is only able to integrate  xm ProductLogAa x2E for odd m greater than -2:

à x3 ProductLogAa x2E âx

-
x4

8
-

x4

16 ProductLogAa x2E2
+

x4

8 ProductLogAa x2E +
1

4
x4 ProductLogAa x2E

à x ProductLogAa x2E âx

-
x2

2
+

x2

2 ProductLogAa x2E +
1

2
x2 ProductLogAa x2E



à ProductLogAa x2E
x

âx

1

2
ProductLogAa x2E +

1

4
ProductLogAa x2E2

à ProductLogAa x2E
x3

âx

à ProductLogAa x2E
x3

âx

à ProductLogAa x2E
x5

âx

à ProductLogAa x2E
x5

âx

� Maple is only able to integrate  xm LambertW Ia x2M for m equal 1 or -1:

int Hx^3 * LambertW Ha * x^2L, xL;

à x3 LambertW Ia x2M âx

int Hx * LambertW Ha * x^2L, xL;

-
x2

2
+

x2

2 LambertW Ia x2M +
1

2
x2 LambertW Ia x2M

int HLambertW Ha * x^2L � x, xL;
1

2
LambertW Ia x2M +

1

4
LambertW Ia x2M2

int HLambertW Ha * x^2L � x^3, xL;

à LambertW Ia x2M
x3

âx

int HLambertW Ha * x^2L � x^5, xL;

à LambertW Ia x2M
x5

âx



Special Function Integration Problem 7

à xm ProductLogB a

x
F âx

� Rubi is able to integrate  xm ProductLogA a

x
E for all integer m:

IntBx2 ProductLogB a
x

F, xF

-
3

2
a3 ExpIntegralEiB-3 ProductLogB a

x
FF +

1

2
x3 ProductLogB a

x
F -

1

2
x3 ProductLogB a

x
F2

IntBx ProductLogB a
x

F, xF

a2 ExpIntegralEiB-2 ProductLogB a
x

FF + x2 ProductLogB a
x

F

IntBProductLogB a
x

F, xF

-a ExpIntegralEiB-ProductLogB a
x

FF + x ProductLogB a
x

F

IntB ProductLogA a

x
E

x
, xF

-ProductLogB a
x

F -
1

2
ProductLogB a

x
F2

IntB ProductLogA a

x
E

x2
, xF

1

x
-

1

x ProductLogA a

x
E -

ProductLogA a

x
E

x

IntB ProductLogA a

x
E

x3
, xF

1

4 x2
+

1

8 x2 ProductLogA a

x
E2

-
1

4 x2 ProductLogA a

x
E -

ProductLogA a

x
E

2 x2

IntB ProductLogA a

x
E

x4
, xF

1

9 x3
-

2

81 x3 ProductLogA a

x
E3

+
2

27 x3 ProductLogA a

x
E2

-
1

9 x3 ProductLogA a

x
E -

ProductLogA a

x
E

3 x3

� Mathematica is only able to integrate  xm ProductLogA a

x
E for m equal -1 or -2:



�

Mathematica is only able to integrate  xm ProductLogA a

x
E for m equal -1 or -2:

à x2 ProductLogB a
x

F âx

à x2 ProductLogB a
x

F âx

à x ProductLogB a
x

F âx

à x ProductLogB a
x

F âx

à ProductLogB a
x

F âx

à ProductLogB a
x

F âx

á
ProductLogA a

x
E

x
âx

-ProductLogB a
x

F -
1

2
ProductLogB a

x
F2

á
ProductLogA a

x
E

x2
âx

1

x
-

1

x ProductLogA a

x
E -

ProductLogA a

x
E

x

á
ProductLogA a

x
E

x3
âx

á
ProductLogA a

x
E

x3
âx

á
ProductLogA a

x
E

x4
âx

á
ProductLogA a

x
E

x4
âx

� Maple is able to integrate  xm LambertW I a

x
M for all integer m:

int Hx^2 * LambertW Ha � xL, xL;
3

2
a3 Ei 1, 3 LambertW

a

x
+
1

2
x3 LambertW

a

x
-
1

2
x3 LambertW

a

x

2



int Hx * LambertW Ha � xL, xL;

-a2 Ei 1, 2 LambertW
a

x
+ x2 LambertW

a

x

int HLambertW Ha � xL, xL;

a Ei 1, LambertW
a

x
+ x LambertW

a

x

int HLambertW Ha � xL � x, xL;

-LambertW
a

x
-
1

2
LambertW

a

x

2

int HLambertW Ha � xL � x^2, xL;

1

x
-

1

x LambertW I a

x
M -

LambertW I a

x
M

x

int HLambertW Ha � xL � x^3, xL;

1

4 x2
+

1

8 x2 LambertW I a

x
M2

-
1

4 x2 LambertW I a

x
M -

LambertW I a

x
M

2 x2

int HLambertW Ha � xL � x^4, xL;

1

9 x3
-

2

81 x3 LambertW I a

x
M3

+
2

27 x3 LambertW I a

x
M2

-
1

9 x3 LambertW I a

x
M -

LambertW I a

x
M

3 x3



Special Function Integration Problem 8

à ProductLogB a

x1�Hn-1L Fn

âx

� Rubi knows how to integrate  ProductLogB a

x1�Hn-1L Fn

 for symbolic and numeric n:

IntBProductLogB a

x1�Hn-1L Fn

, xF

n

n - 1
x ProductLogB a

x1�Hn-1L Fn-1

+ x ProductLogB a

x1�Hn-1L Fn

IntBProductLogB a
x

F2

, xF

2 x ProductLogB a
x

F + x ProductLogB a
x

F2

IntBProductLogB a

x1�2 F3

, xF

3

2
x ProductLogB a

x
F2

+ x ProductLogB a

x
F3

IntBProductLogB a

x1�3 F4

, xF

4

3
x ProductLogB a

x1�3 F3

+ x ProductLogB a

x1�3 F4

� Mathematica does not know how to integrate  ProductLogB a

x1�Hn-1L Fn

 for symbolic or numeric n:

à ProductLogB a

x1�Hn-1L Fn

âx

à ProductLogB a

x1�Hn-1L Fn

âx

à ProductLogB a
x

F2

âx

à ProductLogB a
x

F2

âx

à ProductLogB a

x1�2 F3

âx

à ProductLogB a

x
F3

âx



à ProductLogB a

x1�3 F4

âx

à ProductLogB a

x1�3 F4

âx

� Maple does not know how to integrate  LambertW I a

x1�Hn-1L Mn for symbolic n:

int HLambertW Ha � x^H1 � Hn - 1LLL^n, xL;

à LambertW
a

x1�Hn-1L
n

âx

int HLambertW Ha � xL^2, xL;

2 x LambertW
a

x
+ x LambertW

a

x

2

int HLambertW Ha � x^H1 � 2LL^3, xL;

3

2
x LambertW

a

x

2

+ x LambertW
a

x

3

int HLambertW Ha � x^H1 � 3LL^4, xL;
4

3
x LambertW

a

x1�3
3

+ x LambertW
a

x1�3
4



Special Function Integration Problem 9

à ProductLog@a xnDp

xn Hp-1L+1
âx

� Rubi knows how to integrate 
ProductLog@a xnDp

xn Hp-1L+1
 for symbolic and numeric n and p:

IntB ProductLog@a xnDp

xn Hp-1L+1
, xF

-
p ProductLog@a xnD-1+p

n Hp - 1L2 xn Hp-1L -
ProductLog@a xnDp

n Hp - 1L xn Hp-1L

IntBProductLogB a
x

F2

, xF

2 x ProductLogB a
x

F + x ProductLogB a
x

F2

IntBProductLogB a

x1�2 F3

, xF

3

2
x ProductLogB a

x
F2

+ x ProductLogB a

x
F3

IntBProductLogB a

x1�3 F4

, xF

4

3
x ProductLogB a

x1�3 F3

+ x ProductLogB a

x1�3 F4

� Mathematica does not know how to integrate 
ProductLog@a xnDp

xn Hp-1L+1
 for symbolic or numeric n and p:

à ProductLog@a xnDp

xn Hp-1L+1
âx

à ProductLog@a xnDp

xn Hp-1L+1
âx

á
ProductLogAa x2Ep

x2 Hp-1L+1
âx

á
ProductLogAa x2Ep

x2 Hp-1L+1
âx

à ProductLog@a xnD3

xn H3-1L+1
âx



à ProductLog@a xnD3

x2 n+1
âx

á
ProductLogAa x2E3

x2 H3-1L+1
âx

á
ProductLogAa x2E3

x5
âx

� Maple does not know how to integrate 
LambertW Ha xnLp

xn Hp-1L+1
 for symbolic or numeric n and p:

int HLambertW Ha * x^nL^p � x^Hn * Hp - 1L + 1L, xL;

à LambertW Ha xnLp

xn Hp-1L+1
âx

int HLambertW Ha * x^2L^p � x^H2 * Hp - 1L + 1L, xL;

à LambertW Ia x2Mp

x2 Hp-1L+1
âx

int HLambertW Ha * x^nL^3 � x^Hn * H3 - 1L + 1L, xL;

à LambertW Ha xnL3

x2 n+1
âx

int HLambertW Ha * x^2L^3 � x^H2 * H3 - 1L + 1L, xL;

á
LambertW Ia x2M3

x5
âx


