Integration Rules for Algebraic Functions of Trinomials

1
d X

\/a+bx+cx2

m Reference: G&R 2.261.3 whichiscorrectonlyforb+2cx >0

= Derivation: Piecewise constant extraction

b+2c x

A/ a+b x+c x?

m Basis If b2-4ac =0, then 8 =0

m RuleIf b2-4ac =0,then

1 b+2cx 1
dx — jb > dx
CX
‘\/a+bx+cx2 \/a+bx+cx2 *

= Program code:

Int [1/Sqrt [a_+b_. xx_+c_. #x_"2], x_Synbol ] : =
(b+2xC*x) /Sqrt [a+bxx+Cc*x"2]*l nt [1/ (b+2xCxX), X] /;
FreeQ[{a, b, c}, x] && ZeroQ[b"2-4xaxc]

m Reference: G& R 2.261.2, CRC 237b, A& S3.3.34

= Derivation: Primitiverule

1

m Basis 94 ArcSinh[x] =

14+x2

= Note: Unliketheformulasin thereferences, thisruleisvalid even if cisnot positive.

. b?
= Rulelf 4a-2 50 /\c>o,then

1 ) b+2cx
dx — —— ArcSi nh[

J 1
Va+bx+cx? Ve NG Jaa-2

c

]

= Program code:

Int [1/Sqrt [a_. +b_. »x_+c_. #x_"2], x_Synbol | : =
ArcSinh[ (b+2xc*x)/ (Rt [c, 2]1*Sqrt [4xa-b”2/c])]/Rt [c, 2] /;
FreeQ[{a, b,c}, x] && PositiveQ[4xa-b"2/c] && PosQ[c]
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m Reference: G&R 2.261.3, CRC 238, A& S3.3.36

m Derivation: Primitiverule

m Basis 9xArcSin[x] =

1-x2?

= Note: Unliketheformulasin thereferences, thisruleisvalid even if cisnot positive.

. b2
L] Rule.lf4a—?>0 /\ - (c > 0),then

] b+2cx
dx — - ArcS|n[

J 1 1
Va+bx+cx? V-C Ny 4a_bc_2

= Program code:

Int [1/Sqrt [a_. +b_. »x_+c_. #x_"2]1, x_Synbol | : =
-ArcSin[(b+2%c%x)/ (Rt [-C, 2]*Sqrt [4*a-b”2/c]1)]1/Rt [-c, 2] /;
FreeQ[{a, b, c}, x] && PositiveQ[4xa-b"2/c] && NegQ[c]

» Rule If - (4a-bc—2>0) /\ ¢ >0, then

1 2 Ve x
J—dlx — —ArcTanh[—]
\/bx+cx2 Ve Vb x+cx2

= Program code:

Int [1/Sqrt [b_. #x_+C_. #x_"2], x_Synbol | : =
2xArcTanh [Rt [c, 2] #x/Sqrt [bxx+c*x"2]1]/Rt [c, 2] /;
FreeQ[{b,c}, x] & Not [PositiveQ[-b"2/c]] && PosQ[c]

= Rule If - (4a—bc—2>0) /\ - (c > 0),then

J‘; dx — 2 ArcTan[L]
A bx+cx2 V-c AV bx+cx2

= Program code:

Int [1/Sqrt [b_. »x_+c_. #x_"2]1, x_Synbol | : =
2xArcTan [Rt [-C, 2]1*x/Sqrt [bxx+c*x"2]1]/Rt [-C, 2] /;
FreeQ[{b, c}, x] && Not [PositiveQ[-b”"2/c]] && NegQ[c]
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m Reference: G&R 2.261.1, CRC 237a, A& S3.3.33
m Derivation: Primitiverule

m Rulelf b2-4ac#0 A c>0,then

1 1 b+2cx
dx — —ArcTanh[ ]
\/a+bx+cx2 Ve 24/c \/a+bx+cx2

m  Program code:

Int [1/Sqrt [a_+b_. #x_+c_. xx_"2], x_Synbol ] : =
ArcTanh [ (b+2xCcxX) / (2%Rt [C, 2] *Sqrt [a+b*x+Cc*x"2]1)]1/Rt [c, 2] /;
FreeQ[{a, b, c}, x] && NonzeroQ[b"2-4xaxc] && PosQ[c]

m Reference; CRC 238
= Derivation: Primitiverule

m Rulelf b2-4ac#0 A - (c >0),then

1 1 b+2cx
dX — - ArcTan[ ]
Va+bx+cx? V-C 24 -c YJa+bx+cx?

= Program code:

Int [1/Sqrt [a_+b_. #x_+c_. *x_"2], x_Synbol | : =
-ArcTan[ (b+2xc*x) / (2%Rt [-C, 2]1%Sqrt [a+bxx+Cc*x"2])1/Rt [-c, 2] /;
FreeQ[{a, b, c}, x] && NonzeroQ[b"2-4xaxc] && NegQ[c]
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(a+bx+cx2)ndlx

m Rulelf b2-4ac=0A2n+1#0 A n ¢ zthen

(b+2cx) (a+bx+cx2)n

J(a+bx+cx2)ndlx —
2c (2n+1)

= Program code:

Int [(a_+b_. #x_+c_. »x_"2)"n_, x_Synbol | : =
(b+2%C*X) * (A+b*X+C*X"2)"n/ (2*Cx (2%n+1)) /;
FreeQ[{a, b, c, n}, x] & ZeroQ[b"2-4xaxc] &% NonzeroQ[2xn+1] && Not [I nteger Q[n]]

m Reference: G&R 2.264.5, CRC 239

m RuleIf b2-4ac #0,then

1 2 (b+2cx)
v dx — -
(a+bx+cx?) (b2_4ac)w/a+bx+cx2

= Program code:

Int [1/(a_. +b_. #x_+c_. #x_"2)"(3/2),x_Synbol | : =
-2% (b+2xCcxX) / ((b"2-4xaxc) xSqrt [a+bxx+Ccxx"2]) /;
FreeQ[{a, b, c}, x] && NonzeroQ[b"2-4xaxc]

m Reference: G&R 2.260.2, CRC 245, A& S3.3.37
m Rulelf b2-4ac#0 AneF A n>D0,then

(b+2cx) (a+bx+cx2)" n(b2-4ac
J(a+bx+cx2)ndx — i (8+bx~ ) - ( )J(a+bx+cx2)n'1d1x
2c (2n+1) 2c (2n+1)

= Program code:

Int [(a_. +b_. »x_+c_. #x_"2)"n_, x_Synbol | : =

(b+2xC*X) *x (a+bxXx+C*X"2) n/ (2xC* (2%n+1)) -

Di st [nx (b"2-4xaxC) / (2xC* (2xn+1)), I nt [ (a+bxx+Cc*x"2)” (n-1),Xx1] /;
FreeQ[{a, b, c}, x] && NonzeroQ[b"2-4xaxc] && Fracti onQ[n] && n>0
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m Reference: G&R 2.263.3, CRC 241
m Rulelf b2-4ac#0 AneF A n<-1,then

+1

(b+2cx) (a+bx+cx?)" 2¢ (2n+3
(a+bx+cx2)nd1x—> i (arbxs ) - c@n+s j(a+bx+cx2)n+ldx
(n+1) (b>-4ac) (n+1) (b?-4ac)

= Program code:

Int [(a_. +b_. »x_+c_. #x_"2)"n_, x_Synbol | : =

(b+2xC*X) *x (a+b*x+C*xx"2)” (n+1) / ((n+1) x (b"2-4xaxc)) -

Di st [2xCx (2%xn+3) / ((N+1) » (b"2-4%xaxc)), | nt [ (a+bxXx+C*x*2)" (n+1), Xx1] /;
FreeQ[{a, b, c}, x] && NonzeroQ[b"2-4xaxc] && Fracti onQ[n] && n<-1
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1

(d + e x) \/a+cx2

d X

m Reference: G&R 2.266.7, CRC 260

= Note: Thisisan unnecessary special case of theintegration rulefor (d +ex)™ (a+c x2)"whenm+2 (n+1) = 0.

m Rule If cd? +ae? =0,then

e\/a+cx2

—

1
dx —d "
(d +ex) \/a+cx2 cd(@+ex

= Program code:
(» Int [1/((d_+e_. »x_)=*Sqrt [a_. +c_. #x_"2]), x_Synbol | : =

exSqrt [a+C*x"2]/ (Cxd* (d+exx)) /;
FreeQ[{a, c,d, e}, x] & & ZeroQ[cxd"2+axe"2] =*)

m Reference: G&R 2.266.1, CRC 258

s Rule If cd?2+ae? > 0,then

dx — -

ArcTanh[ ae-cdx ]

1
Vcd2+ae? \/cd2+ae2 \/a+cx2

1
(d+ex) \a+cx?

= Program code:

Int [1/((d_+e_. »x_)+Sqrt [a_. +c_. #x_"2]),x_Synbol | : =
-ArcTanh [ (axe-cxdxx) / (Rt [cxd"2+axe”2, 2] %xSqrt [a+Cxx"2])]/Rt [cxd"2+axe”2, 2] /;
FreeQ[{a, c,d, e}, x] & & PosQ[cxd"2+axe”2]

m Reference: G&R 2.266.3, CRC 259

m Rule If -~ (cd?+ae?>0),then

ArcTan[ ae-cdx ]

J 1 1
dX —» —
(d+ex) \a+cx? \-cd?-ae? \/—cdz—ae2 \/a+cx2

= Program code:

Int [1/((d_+e_. »x_)*Sqrt [a_. +c_. #x_"2]),x_Synbol | : =
ArcTan[ (axe-cxdxx) / (Rt [-cxd"2-axe”2, 2]1*Sqrt [a+C*Xx"2])]1/Rt [-cxd*2-axe”2, 2] /;
FreeQ[{a, c,d, e}, x] & & NegQ[cxd"2+axe”2]
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1

d X

(d + e Xx) \/a+bx+cx2

m Reference: G&R 2.266.7, CRC 260

m Rulelf cd?2-bde+ae?2=0 A 2cd-be #0,then

1 2eJasbxscx?
dx —
(d+eX)\/m (2cd-be) (d+ex)

= Program code:

Int [1/((d_. +e_. »x_)*Sqrt [a_. +b_. #x_+c_. #x_"2]), x_Synbol | : =
2xexSqrt [a+b*x+C*xXx"2]1/ ((2xCxd-bxe) x (d+exX)) /;
FreeQ[{a, b,c,d, e}, x] && ZeroQ[cxd"2-bxdxe+axe”2] && Nonzer oQ[2xCxd-bxe]

m Reference: G&R 2.266.6 which iscorrectonlyfor2a +bx > 0

Derivation: Piecewise constant extraction

b+2c x =0

A a+b x+c x2

Basis. If b2 -4 ac =0, then a,

Rule: If b2-4ac = 0,then

1 b+2cx 1
dx — jd 2 dx
(d+ex) ya+bx+cx? Va+bx+cx? (drex) (br2cx)

= Program code:

Int [1/((d_. +e_. #x_)*Sqrt [a_+b_. #x_+c_. #x_"2]),x_Synbol | : =
(b+2xCc*x) /Sqrt [a+b*xx+C*x"2] %I nt [1/ ((d+exx) * (b+2xC*Xx)), X] /;
FreeQ[{a, b, c,d, e}, x] && ZeroQ[b"2-4xaxcC]
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. Rule:lf20d—be=0/\ bz"C‘J>0,then

1 2 2\/:’:1+bx+cx2
—ArcTan[
(d+ex)

dx —

‘\/a+bx+cx2 e ’b2—4ac ’b2—4ac
C c

]

= Program code:

I nt [1/( (d_. +€e_. *x_)*Sqrt [a_. +b_. *x_+cC_. *X_"Z]), x_Synbol ] L=
2/ (exRt [ (b"2-4xaxc) /c, 2])*ArcTan [2xSqrt [a+bxx+Cc*x"2] /Rt [ (b"2-4xaxc) /c, 2]1] /;
FreeQ[{a, b,c,d, e}, x] & ZeroQ[2xCcxd-bxe] && PosQ[ (b"2-4xaxc) /c]

= Rulelf 2cd-be=0 A - (bz'i;ac>0),then

2\/&1+bx+cx2

Ar cTanh ]

2
’ 4ac-b? ’ 4ac-b?
e ac ac
Cc Cc

dx — -

J‘ 1
(d+ex) \a+bx+cx?

= Program code:

Int [1/((d_. +e_. #x_)*Sqrt [a_. +b_. »x_+C_. »x_"21), x_Synbol | : =
-2/ (exRt [ (4xaxc-b"2) /c, 2]) xArcTanh [2xSqrt [a+bxX+C*Xx"2] /Rt [ (4*xaxCc-b"2) /c, 21] /;
FreeQ[{a, b, c,d, e}, x] & & ZeroQ[2xCcxd-bxe] && NegQ[ (b"2-4xaxc) /c]

m Reference: G&R 2.266.1, CRC 258

m Rulelf b2-4ac#0 A2cd-be#0 Acd?>-bde+ae?>0,then

1 1 2ae-bd-(2cd-be)x
dx — - ArcTanh[
(d +ex)

a+bx+cx? \/cdz—bde+ae2 2\/Cd2—bde+ae2 \/a+bx+cx2

= Program code:

Int [1/((d_. +e_. #x_)=Sqrt [a_. +b_. »x_+C_. xx_"21), x_Synbol | : =

-1/Rt [cxd"2-bxdxe+axe”2, 2] %

ArcTanh [ (2xaxe-bxd- (2xcxd-bxe) xx) / (2xRt [cxd"2-bxdxe+axe”2, 2]xSqrt [a+bxx+Cc*x"2]1)] /;
FreeQ[{a, b, c,d, e}, x] & NonzeroQ[b"2-4xaxc] && NonzeroQ[2xcxd-bxe] && PosQ[cxd*2-bxdxe+axe”2]
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m Reference: G&R 2.266.3, CRC 259

m Rulelf b?-4ac#0 A2cd-be#0 A -~ (cd?-bde+ae?>0),then

1 2ae-bd-(2cd-be)x

— Ar cTan[

1
dx
(d+ex) Va+bx+cx? \/—cd2+bde-ae2 2\/—cd2+bde—ae2 \/a+bx+cx2

m  Program code:

Int [1/((d_. +e_. »x_)*Sqrt [a_. +b_. #x_+c_. #x_"2]), x_Synbol ] : =

1/Rt [-c*d"2+bxdxe-axe”2, 2] *

ArcTan[ (2xaxe-bxd- (2xcxd-bxe) xx) / (2xRt [-c*d"2+bxdxe-axe”2, 2]*Sqrt [a+b*xX+C*x"2])] /;
FreeQ[{a, b, c, d, e}, x] & & NonzeroQ[b"2-4xaxCc] &% NonzeroQ[2xcxd-bxe] && NegQ[c*d"2-bxdxe+axe”2]
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(a+bx+cx2)”

d X

d+ex
m Reference: G& R 2.265b
m RuelfneF An>0 Acd?-bde+ae?=0,then
(a+bx+cx?)" (a+bx+cx?)" 2cd-be o1
J dx — - j(a+bx+cx2) dx
d+ex 2en 2 e?

= Program code:

Int [(a_. +b_. #x_+c_. »x_"2)"n_/(d_. +e_. #x_), x_Synmbol | : =
(a+bxx+Ccxx"2)~n/ (2xe%n) -
Di st [ (2xc*d-bxe) / (2xe"2), I nt [ (a+b*x+C*x"2)" (n-1), X1] /;
FreeQ[{a, b,c,d, e}, x] & Fracti onQ[n] && n>0 && ZeroQ[c*d"2-bxdxe+axe”2]

m Reference: G& R 2.265b

m RulelfneF An>0 A 2cd-be =0,then

dx

— +
d+ex

J~(a+bx+cx2)ndl (a+bx+cx?)" cd2-bde+ae? (a+bx+cx2)”'l
X
d+ex 2en e?

= Program code:

Int [(a_. +b_. »x_+c_. #x_"2)"n_/(d_. +e_. #x_), x_Synbol ] : =
(a+b*x+c*x"2)"n/ (2xexn) +
Di st [ (c*d"2-bxdxe+axe”2)/e”2, I nt [ (a+b*xXx+C*x"2)" (n-1) / (d+ex*X), x1] /;
FreeQ[{a, b,c,d, e}, x] & Fracti onQ[n] && n>0 && Zer oQ[2xCc*d-b=xe]
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m Reference: G& R 2.265b

m Rulelf neF A n>0,then

dx — -

d+ex 2en
cdz—bde+ae2\J\(c’11+bX+CX2)n-l

J(a+bx+cx2)n (a+bx+cx?)"

2cd-be

2 e?

dx

J-(a+bx+cx2)n'ld1x+

e? d+ex

= Program code:

Int [(a_. +b_. »x_+c_. #x_"2)"n_/(d_. +e_. #x_), x_Synbol ] : =
(a+bxx+C*x"2)"n/ (2xe*n) -
Di st [ (2xcxd-bxe) / (2xe"2), Int [ (a+bxx+C*x"2)" (n-1),Xx]] +
Di st [ (cxd*"2-bxdxe+axe”2) /e”2, I nt [ (a+bxx+C*x"2)" (n-1) / (d+exXx), x]]1 /;
FreeQ[{a, b, c,d, e}, x] & Fracti onQ[n] && n>0

m Reference: G&R 2.268b, CRC 122

m RuelfneF An<-1Acd?’-bde+ae?#0 A be-2cd=0,then

‘{(a+bx+cxﬂ" e(a+bx+cx2)n+l e2 v[(a+bx+cxﬂ”d

dx

dx — - +
d+ex 2(n+1) (cd?-bde+ae?) cd?’-bde+ae?

d+ex

= Program code:

Int [(a_. +b_. #x_+c_. #x_"2)"n_/(d_. +e_. #x_), x_Synbol | : =
-ex (a+b*x+Cc*x"2)N (n+1l) / (2% (n+1) * (C*xd*2-bxdxe+axe"2)) +
Di st [e"2/ (c*d"2-bxdxe+axe”2), I nt [ (a+b*Xx+C*x"2)" (n+1) / (d+exXx), x]] /;
FreeQ[{a, b,c,d, e}, x] & Fracti onQ[n] && n<-1 && Nonzer oQ[c*xd"2-bxdxe+axe”2] && ZeroQ[2xCcxd-bxe]
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m Reference: G&R 2.268b, CRC 122

m RuelfneF An<-1 Acd?-bde+ae? #0,then

v[\(a+bx+cx2)n e(a+bx+cx2)n+1

dx — - +

d+ex 2(n+1) (cd?’-bde+ae?)

2¢d-b 2 a+bx+cx2)™!
¢ © )j(a+bx+cx2)ndx+ © J( i i ) dx

2(cd2—bde+ae2 cd?-bde+ae? d+ex

= Program code:

Int [(a_. +b_. #x_+c_. #x_"2)"n_/(d_. +e_. *x_), x_Synbol | : =

-ex (a+b*x+C*x"2)" (n+1) / (2% (N+1) * (Cxd*"2-bxdxe+axe”2)) +

Di st [ (2xcxd-bxe) / (2% (cxd*2-bxdxe+axe”2)), |nt [(a+bxx+Cc*xx"2)"n, x]] +

Di st [e"2/ (cxd"2-bxdxe+axe”2), I nt [ (a+bxX+Cxx"2)" (nN+1) / (d+exX), x]] /;
FreeQ[{a, b,c,d, e}, x] & FractionQ[n] && n<-1 && Nonzer oQ[c*d"2-bxdxe+axe” 2]
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1

\/a+bx2+cx4

d X

= Derivation: Algebraic expansion and piecewise constant extraction

m Basis If q=Vb2-4ac ,thena+bx2+cx*=a (1+2bc_:2) (1+2b°+:2)

2¢cx2 2cx2
. _\/2— \/ 1+W * g
m Bass If q=Vbs-4ac , then 8y ———— =0
A a+b x2+c x4

m Rulelf b2-4ac#0,letq=+vVb2-4ac ,then

2¢cx?

2¢cx?
\/l+ b g \/1+_b+q 1
_)
cx* \/1+

1
dx
‘\/a+bx2+cx4 a+bx?+ 2¢ x2 1+2cx2
b-q b+q

= Program code:

Int [1/Sart [a_+b_. #x_"2+c_. +x_"4], x_Synbol | : =
Modul e [{g=Rt [b"2-4xaxc, 2]},
Sqrt [1+2xCc*x"2/ (b-q) 1%Sqrt [1+2xCc*xx"2/ (b+q)]1/Sqrt [a+b*x"2+C*x"4] *
Int [1/(Sqrt [1+2%Cc*x"2/ (b-q)]1*Sqrt [1+2xCc*xx"2/ (b+q)]1), x]1] /;
FreeQ[{a, b, c}, x] && NonzeroQ[b"2-4xaxc]
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d + e x?2

\/a+bx2+cx4

d X

= Derivation: Piecewise constant extraction

» Basis If b2-4ac = 0,then 8, —=22X _ _ 0
'\/ a+b x2+c x4
m RuleIf b2-4ac =0,then
d+ex? b+2cx? d+ex?
dx — j 5 dx
Va+bx2+cx? Va+bx?+cx? b+2cx
= Program code:
Int [(d_. +e_. »x_"2)/Sqrt [a_+b_. xx_"2+c_. *x_"4], x_Synbol | : =
Di st [ (b+2xCc*x"2) /Sqrt [a+bxx"2+Cc*x*4], | nt [ (d+exx"2) / (b+2xCc*x"2),Xx1]1 /;
FreeQ[{a, b, c,d, e}, x] & & ZeroQ[b"2-4xaxcC]
= Derivation: Algebraic expansion
m Basis If a>0,letq=vVb2-4ac  then Va+bxZ+cx? =+ a \/1+ 2;_:2 \/1+ 2b°+:2
m Rulelf b2-4ac#0 A a>0,letq=vVb%2-4ac,then
d+ex? 1 d+ex?
dx — dx
\Va+bx?+cx* va \/1 2¢x2 \/ 2cx?
+ 1+
b-q b+q

= Program code:

I nt [(d_. +€_. *x_"2)/Sqrt [a_+b_. *x_"2+c_. *x_"47, x_Synbol ] L=

Modul e [{g=Rt [b"2-4xaxc, 2]},

Di st [1/Sgrt [a], | nt [ (d+e*xx"2)/(Sqrt [1+2xC*x"2/ (b-q)1*Sqrt [1+2xcxx"2/(b+q)]1), X111 /;
FreeQ[{a, b, c,d, e}, x] &k NonzeroQ[b”"2-4xaxc] && PositiveQ[a]
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= Derivation: Algebraic expansion and piecewise constant extraction

) (1 55)

m Bass If g=Vb2-4ac thena+bx2+cx4—a(1+

2¢x? cx?
1’1 “’1"17
Vb -4ac, then ax— =0

A/ a+b x2+c x4
m Rulelf b2-4ac#0,letq=+Vb2-4ac,then

m Bass If q =

1 2cx 2cxZ
d+e x? -a b+q d+e x?
dx —
\/a+bx2+cx4 Va+bxZ+cx4 \/ \/1+2cx2

b+q

= Program code:

Int [(d_. +e_. »x_"2)/Sqrt [a_+b_. xx_"2+c_. *x_"4], x_Synbol ]
Modul e [{g=Rt [b"2-4xaxc, 2]},
Sart [1+2xCcxx"2/ (b-q) 1%Sqrt [1+2xC*x"2/ (b+q)]1/Sqrt [a+b*x"2+C*x"4] *
Int [ (d+exx"2)/(Sqrt [1+2xCc*x"2/ (b-q) 1*Sqrt [1+2xCc*x"2/ (b+q)]1), X111 /;
FreeQ[{a, b, c,d, e}, x] & NonzeroQ[b"2-4xaxC]
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1
d X

X\/a+bx”+cx2n

m Reference: G&R 2.266.7, CRC 260

= Rule

dx — -

b nx"
\/bx”+cx2“

J 1 24 bx"+cx2n
X

= Program code:

Int [1/(x_*Sqrt [b_. #x_"n_. +c_. #x_"j _. 1), x_Synbol | : =
-2%Sgrt [bxx*n+c*x”"j 1/ (bxnxx"n) /;
FreeQ[{b, c, n}, x] && ZeroQ[j -2xn]

m Reference: G&R 2.266.1, CRC 258

m Rulelf b2-4ac#0 A a>O0,then

ArcTanh[ 2a+bx? ]

1
J dXx — -
X\/a+bx“+cx2” Van 2+a \/a+bx“+cx2n

= Program code:

Int [1/(x_»Sqrt [a_+b_. «x_"n_. +C_. #x_"j _. 1), x_Synbol ] : =
-ArcTanh [ (2xa+bxx”n) / (2xRt [a, 2] *Sqrt [a+b*x"n+c*xx"] 1)1/ (n*xRt [a, 2]) /;
FreeQ[{a, b,c,n}, x] & & ZeroQ[j -2xn] && NonzeroQ[b"2-4xaxCc] && PosQ[a]

m Reference: G&R 2.266.3, CRC 259

m Rulelf b2-4ac#0 A - (a>0),then

1 1 2a+bx"
J dx — —ArcTan[ ]

X'\/a+bX”+CX2” v-an 24/-a \/a+bx”+cx2n

= Program code:

Int [1/(x_»Sqrt [a_+b_. «x_"n_. +C_. #x_"j _. 1), x_Synbol ] : =
ArcTan [ (2xa+bxx"n)/ (2xRt [-a, 2]1*Sqrt [a+bxx*n+Cc*x"j 1)1/ (n*xRt [-a, 2]) /;
FreeQ[{a, b,c,n}, x] & & ZeroQ[j -2xn] && NonzeroQ[b"2-4xaxCc] && NegQ[al]



Integration Rules for Algebraic Functions of Trinomials

(a+bx”+cx2”)pd1x

m Derivation: Algebraic manipulation and piecewise constant extraction

A a+b xM+c x20
N (b+2cxM)?P

1

m Basis If p - % ezandb?-4ac =0,then (@a+bx"+cx2MP =
(4¢)”7 (bs2cxM)

Basis: If b2—4ac=0,thenaxm =0

(b+2 c xM)

= Rule If n, p-%ez/\n>1/\p>0/\b2-4ac=0,then

a+bx"+cx2n
J(a+bx”+cx2”)pd1x — \/ J(b+2cxn)2pdlx

(4 c)p'§ (b+2cxM)

= Program code:

Int [(a_+b_. #x_"n_+c_. »x_"j _)"p_, x_Synbol | : =
Sgrt [a+bxx n+Ccxx" (2%n) 1/ (b+2xCc*x”n) xDi st [1/ (4%C)” (p-1/2), I nt [ (b+2xC*xx n)" (2%p), X1] /;
FreeQ[{a, b, c}, x] && ZeroQ[j -2xn] && I ntegersQ[n, p-1/2] && n>1 && p>0 && ZeroQ[b"2-4xaxC]

= Derivation: Algebraic manipulation and piecewise constant extraction

b+2c x"

1
(4¢c)™7 4/ asb xnac x21

= Basis If p—%ezandb2—4ac = 0,then (a+bx"+cx2MP = (b+2cxn)2P

b+2 c x"

A/ a+b x"+c x2"

= Rulelfn p+zez An>1 /\p<0o /\ b?-4ac =0, then

m Basis If b2-4ac = 0,thenay =0

(a by 2\ P b+2cx" n2p
+bx"+cx®") dx — (b+2cx")?Pdx
1
(4c)p"5\/a+bx“+cx2n

= Program code:

Int [ (a_+b_. #x_"n_+c_. »x_"j _)"p_, x_Synbol | : =
(b+2xCc*x"n) /Sqrt [a+bxx"n+C*x”" (2%n) ] xDi st [1/ (4%C)” (p+1/2), I nt [ (b+2xC*xx n)" (2%p), X1] /;
FreeQ[{a, b,c}, x] && ZeroQ[j -2xn] && | ntegersQ[n, p+1/2] && n>1 && p<0 && Zer oQ[b"2-4xaxcC]



Integration Rules for Algebraic Functions of Trinomials

= Note: Previously undiscovered rule?
= Note: Although theresulting integrand appear s mor e complicated than the original, it hasthe form of another new rule.
m Ruelfnez An>1ApeFAp>0Ab?2-4ac#0 A 2np+1%0,then

x (a+bx"+cx2")’

n
j(a+bx”+cx2“)pcﬂx — " P J(2a+bx”) (a+bXn+CX2“)p_1dlx
2np+1

2np+1

= Program code:

Int [(a_+b_. #x_"n_+c_. »x_"j _)"p_, x_Synbol | : =

X% (a+bxX N+CxX" (2%n) ) p/ (2*xN*xp+1) +

Di st [n*xp/ (2xn*p+1), I nt [ (2xa+bxx"n) * (a+b*x*n+c*x”" (2+xn) )" (p-1), x11 /;
FreeQ[{a, b,c}, x] && ZeroQ[j -2xn] && IntegerQ[n] && n>1 && Fracti onQ[p] && p>0 &&
Nonzer oQ[b"2-4xaxCc] &% Nonzer oQ[2xn*p+1]



Integration Rules for Algebraic Functions of Trinomials

xm (a+bx”+cx2”)pd1x

m Reference: G& R 2.265¢

= Rule: If pe]F/\ p<—%,then

(bX+CX2)pd1x . (bx+cx2)p+1 _c@p+1
X bpx bp

j(bx+cx2)pdx

= Program code:

Int [ (b_. #x_+c_. #x_"2)"p_/x_, x_Synbol | : =
(bxx+Cc*xx"2)" (p+1) / (bxpxXx) -
Di st [Cx (2xp+1) / (bxp), I nt [ (bxx+Cxx"2)"p, X1] /;
FreeQ[{b,c}, x] & Fracti onQ[p] && p<-1/2

= Derivation: Algebraic manipulation and piecewise constant extraction

y a+b x"+c x21
N (b+2cx")?P

1

Basis: If p - % ezandb?2-4ac =0,then (a+bx"+cx2MP =
(4¢)”7 (bs2cxM)

\/ a+b x"+c x210 0

T 2 -
Basis: If b -4 ac = 0, then 8y Bz o

Rule lf m n, p- ez/\n>0/\p>0/\b2—4ac=0/\m—n+1¢0,then

p \/a+bx”+cx2” )
x™(a+bx"+cx*") dx — - Jxm(b+2cx”) P dx
(4¢c)Pz (b+2cxM)

= Program code:

Int [x_"m_. (a_+b_. *x_"n_. +c_. *x_"j _)*p_, x_Synbol | : =

Sqrt [a+bxxAn+c*Xx” (2%n) ]/ (b+2xCc*x”n) xDi st [1/ (4xC)” (p-1/2), | nt [X mk (b+2xC*Xx"n)" (2%p), X1] /;
FreeQ[{a, b, c}, x] && ZeroQ[j -2xn] && IntegersQ[mn, p-1/2] & & n>0 && p>0 && ZeroQ[b"2-4xaxCc] &&
Nonzer oQ[m-n+1]



Integration Rules for Algebraic Functions of Trinomials

= Derivation: Algebraic manipulation and piecewise constant extraction

L] Basislfp—%ezandbz—4ac=0,then (a+bx"+cx2mP = D2 X (b +2cx"?2P

(4¢c)™7 \/ asb xnac x21
» Bass If b2-4ac =0,theng, —=2X__ _ o

A a+b x"+c x2"
= Ruelfmn przez An>0 A p<o /\b2-4ac=0Am-n+14#0,then
p b+2cx" )
x™(a+bx"+cx*") dx — x™ (b +2cx")?Pdx
1
(4c)p"5\/a+bx”+cx2n

= Program code:

Int [x_"m_. *(a_+b_. »x_"n_. +c_. »x_"j _)"p_, x_Synbol | : =

(b+2%xCc*x”n) /Sqrt [a+bxx*"n+c*x”" (2%xn) ]*Di st [1/ (4%xC)” (p+1/2), I nt [X Mk (b+2xC*X"n)" (2%p), X]] /;
FreeQ[{a, b,c}, x] && ZeroQ[j -2xn] && IntegersQ[mn, p+1/2] && n>0 && p<0 && ZeroQ[b"2-4xaxCc] &&
Nonzer oQ[m-n+1]

s Reference: G&R 2.174.2
= Note: Can thisbe generalized to handle any symmetrictrinomial?
m Rulelf mez ApeFAp<-1A m+2p+1=0,then
)p+1

o xm1 (a+bx+cx2
xm(a+bx+cx2) dx —s - -
c (m-1)

b 1
7c xm1 (a+bx+cx2)pd1x+—J.x"*2 (a+bx+cx2)p+ld1x
c c

= Program code:

Int [x_"m_ «(a_. +b_. »x_+c_. #x_"2)"p_, x_Synbol | : =
XN (M-1) * (a+bxX+C*x"2)" (p+1) / (C* (M-1)) -
Di st [b/ (2xc), I nt [X® (M-1) * (a+b*X+C*x"2)"p, x]] +
Di st [1/c, I nt [X" (M-2) x (a+bxX+C*xx"2)" (p+1), x1] /;
FreeQ[{a, b,c}, x] & IntegerQ[m] && Fracti onQ[p] && p<-1 && Zer oQ[m+2xp+1]



Integration Rules for Algebraic Functions of Trinomials

m Reference: G& R 2.160.2
m Ruelfmnez Am<-1 An>0ApeF A p>O0,then
x™1 (a+bx"+cx2n)P

Jxm(a+bx“+cx2”)pdlx — -
m+ 1

bnp 2cnp

J-xm*” (a+bx”+cx2”)p'l dx jx”‘*z" (a+bx“+cx2”)p_l dx

m+1 m+1

= Program code:

Int [x_"m_ (a_+b_. #x_"n_. +C_. #x_"j _)"p_, x_Synbol | : =
XN (Mel) % (a+bxx n+C*x” (2%n) ) p/ (M1l) -
Di st [bxnxp/ (Mme1), | Nt [X™ (MeN) % (@+b*X*n+C %X (2%n) )" (p-1), x]] -
Di st [2xC*nxp/ (M+1), | Nt [X" (ME2%N) % (A+bxX N+C*X" (2%n) )" (p-1), X]] /;
FreeQ[{a, b,c}, x] && ZeroQ[j -2xn] && IntegersQ[mn] && nx-1 && n>0 && FractionQ[p] && p>0

m Reference: G&R 2.160.4
= Note: Thisruleiscommented out sinceit seemsinferior to G& R 2.160.2 above.
m Ruelfmnez Am<-1 An>0ApeFAP>0AmM+2np+1#0,then

x Ml (a+bx”+cx2”)p

jxm(a+bx”+cx2”)pdx — +
m+2np+1
2an _ bn -
—pfxm(a+bx”+cx2”)pldx+—pfxn“” (a+bx”+cx2“)pld1x
m+2np+1 m+2np+1

= Program code:

(* Int [x_"m_*(a_+b_. #x_"n_. +c_. »x_"j _)"p_, x_Synbol | : =

XN (mel) x (a+b*x n+C*xX™ (2xN) ) p/ (M2xNnxp+1) +

Di st [2xaxn*p/ (Me2xNxp+1), | nt [X Mk (@+bxx*n+Cxx" (2xn) )" (p-1), X111 +

Di st [bxnxp/ (M2xnxp+1), | nt [X" (MeN) * (a+b*x n+C*xX” (2xn) )™ (p-1), x11 /;
FreeQ[{a, b,c}, x] & ZeroQ[j -2xn] && IntegersQ[mn] && nk-1 & & n>0 && FractionQ[p] && p>0 &&
Nonzer oQ[Mm+2xn*p+1] =)



Integration Rules for Algebraic Functions of Trinomials

= Reference: G&R 2.160.1
= Note: G&R 2.161.6 isa special case of G& R 2.160.1.

m Ruelfmnez Am<-1 An>0ApeFAmM+n (p+1)+1+#0 A m+2n (p+1) +1 # 0, then

x M1 (a+bx“+cx2“)p+l
xm(a+bx”+cx2”)pd1x—> -

a (m+1)

b (m+n (p+1) +1) c(m+2n (p+1) +1)

fx”“" (a+bx”+cx2“)pd1x jxm*z"(a+bx”+cx2”)pd1x

a (m+1) a (m+1)

= Program code:

Int [x_"m_(a_+b_. #x_"n_. +c_. *x_"j _)"p_, x_Synbol | : =

XN (mel) * (a+bxx*n+Cc*x” (2xn) )" (p+1) / (ax (M+l)) -

Di st [b* (menx (p+1) +1) / (a% (Me1) ), | nt [X (Men) % (@+bxx n+C*x” (2xn) )" p, X]]1 -

Di st [Cx (Me2xN% (p+1) +1) / (ax (ML) ), I nt [X™ (Mk2%N) * (a+b*xx n+C*x” (2xn) )" p, X111 /;
FreeQ[{a, b, c, p}, x] && ZeroQ[j -2+«n] && IntegersQ[mn] &% nk-1 && n>0 && FractionQ[p] &&
Nonzer oQ[m+n* (p+1) +1] && Nonzer oQ[m+2xn= (p+1) +1]

m Reference: G&R 2.160.3

m Ruelfmnez A2<2n<smApeF A m+n (p-1) +1 =0,then

1
o xm-2n+l (a+bx”+cx2”)p+ a o
xm(a+bx”+cx2”) dx — +—jx”*2” (a+bx”+cx2”) dx
cn(p+1) c

= Program code:

Int [x_"m_ (a_+b_. #x_"n_. +c_. *x_"j _)"p_, x_Synbol | : =

XN (M-2xn+1) % (@+bxXn+Cxx" (2%xn) )~ (p+1) / (C*xnx (p+1)) +

Di st [a/c, | nt [X" (M-2%N) » (a+b*x*n+C*xXx™ (2xn) )" p, x1] /;
FreeQ[{a, b, c, p}, x] && ZeroQ[j -2xn] && IntegersQ[m n] && 0<2xn=<m && Fracti onQ[p] &&
Zer oQ[Mmenx (p-1) +1]



Integration Rules for Algebraic Functions of Trinomials

m Reference: G&R 2.160.3
m Note: G&R 2.174.1 isa special caseof G& R 2.160.3.

m Ruelfmnez A2<2n<mApeFAM+2np+1 0 A m+n (p-1) +1 # 0, then

x™20+1 (g4 xn 4 ¢ x2n)PH
Jxm(a+bx”+cx2”)pd1x — -

c(m+2np+1)

b (m+n (p-1) +1) a(m-2n+1)

jx””‘ (a+bx"+cx2”)pd1x— fxmzn(a+bx"+cx2”)pdx

c(m+2np+1) c(m+2np+1)

= Program code:

Int [x_"m_ »(a_+b_. #x_"n_. +Cc_. *x_"j _)"p_, x_Synbol | : =

XN (M-2xn+1) % (@+bxXn+C*x" (2xn) )" (p+1) / (Cx (M:2xnNxp+1)) -

Di st [b* (menx (p-1) +1) / (C* (Me2xn%xp+1) ), | nt [XN (M-N) » (a+b*x n+Cc*Xx” (2xn) )" p, x]1] -

Di st [ax (M-2xn+1) / (C*x (M:2xNxp+1)), | nt [X" (M-2%N) * (a+b*xx*n+C*x” (2xn) )" p, X111 /;
FreeQ[{a, b, c, p}, x] & & ZeroQ[j -2xn] && I ntegersQ[m n] && 0<2xn=<m && Fracti onQ[p] &&
Nonzer oQ[Mm+2xn*p+1] && Nonzer oQ[mkn#* (p-1)+1]



Integration Rules for Algebraic Functions of Trinomials

J-(d+ex”) (a+bx”+cx2”)pd1x

= Note: Previously undiscovered rule?
= Note: Although theresulting integrand has complicated coefficients, it ishasthe sameform asthe original integrand so recursion can occur.

m Ruelfnez An>1 ApeFAPpP>0ADb2-4ac#0 A2np+1#0 A 2np+n+1#0,then

f(d+ex”) (a+bx”+cx2“)pd1x —

X (benp+cd 2np+n+l)+ce (2np+1) x")

n
(a+bx”+cx2”)p— P
c(2np+l) 2np+n+1) C@2np+l) 2np+n+1)

J(abe—Zacd (2np+n+1l) - (2ace (2np+1)+bcd (2np+n+1) -b’e (np+1)) x") -

)"

(a+bx“+cx2n dx

= Program code:

Int [(d_. +e_. »x_"n_)=(a_+b_. »x_"n_+c_. #x_"j _)"*p_, x_Symbol | : =
X% (bxexnN*xp+Cxd* (2xN*xpP+nN+1) +Cx€x (2*xN*P+1) *XN) % (A+bxX N+CxX" (2%n) ) *p/ (C* (2*N*p+1) * (2xN*xp+n+1l)) -
Di st [n*p/ (C* (2%¥nxp+1) *x (2xn*p+n+1)),
Int [ (axbxe-2xaxC*dx (2xnxp+n+1) - (2xa*Cxex (2xNxp+1) +bxC*xdx (2xn*p+n+1) -b"2xex (N*xp+1) ) *X n)
(a+bxx”n+cxx” (2xn) )" (p-1), x1]1 /;
FreeQ[{a, b,c,d, e}, x] &% ZeroQ[j -2%n] && IntegerQ[n] && n>1 && Fracti onQ[p] && p>0 &&
Nonzer oQ[b"2-4xaxCc] &% Nonzer oQ[2*nxp+1] && Nonzer oQ[2xnxp+n+1]



Integration Rules for Algebraic Functions of Trinomials

(a+bx+cx2+dx3+ex4)pd1x

= Derivation: Integration by substitution

. d 5 g4 d2 3d2
m BassIfd®-4cde+8be2=0andt = — +x,then a+bx+cxZ2+dx3+ex*=a+ -2 +(c——)t2+et4
4e 256 €3 16 €2 8e

» Note: Thesubstitution transformsa dense quartic polynomial into a symmetricquartic trinomial.

= Rulelf p-2ez /\ d®-4cde+8be?=0,then

256 e3 16 e2

P d
c——] x2+ex4] dx, X, —+x]

8e 4e

5 d4 c d? 3d?
J.(a+bx+cx2+dx3+ex4)pd1x—>Subst[j[a+ +[

= Program code:

Int [(a_. +b_. »x_+C_. #x_"2+d_. »x_"3+e_. #x_"4)"p_, x_Synbol | : =
Subst [l nt [ (a+5*d"4/ (256%e”"3) -c*d"2/ (16%xe"2) + (C-3xd"2/ (8xe) ) *x 2+e*xX"4)"p, X1, X, d/ (4xe) +Xx] /;
FreeQ[{a, b,c,d, e}, x] & IntegerQ[p-1/2] && ZeroQ[d"3-4xCcxd*e+8xbxe"2]

m Derivation: Integration by substitution

. 1

m Bass If b®-4abc+8a2d=0andt = %+;,then

a (-3b*+16ab?c-642a2bd+256a%e-32a? (3b?-8ac) t2+256a*t*)
(b-4at)?

a+bx+cx?2+dx3+ex? =
= Note: Thesubstitution transformsa dense quartic polynomial into a symmetricquartic trinomial over the 4th power of alinear.

= Rule If p-%ez /\ b3-4abc+8a?d = 0,then

J-(a+bX+CX2+dX3+eX4)ple — -162a?

a(-3b*+16ab?c-64a2bd+256a%e-32a? (3b2-8ac) x?+256a*x*))"
Subst [J / (b-4ax)?dx,

(b-4ax)*
b 1

X, — + —
4a X

= Program code:

I nt [(a_. +b_. *X_+C_. *X_"2+d_. xx_"3+e_. *X_"4)"p_, x_Synbol ] =
Di st [-16%a”2, Subst [
Int [ (ax(-3xb"4+16xaxb"2xc-64xa"2xbxd+256xa"3xe-32%xa"2% (3xb"2-8xaxC) *x"2+256xa4xx"4) / (b-4xaxx)"4
FreeQ[{a, b,c,d, e}, x] & IntegerQ[p-1/2] && Zer oQ[b"3-4xaxbxCc+8xa”2xd]



Integration Rules for Algebraic Functions of Trinomials

Int [u_~p_,x_Synbol ] : =
Modul e [{v=Expand [u, x]},
Int [v*p, X] /;
v=!=U && (
Mat chQ[v, a_+b . *x"2+c_. *x"4 /; FreeQ[{a, b,c}, x]]1 ||
Mat chQ[V, a_. +b_. #x+C_. »x"2+d_. xx"3+e_. xx"4 /; FreeQ[{a, b, c,d, e}, x] & ZeroQ[d"3-4xcxdxe+8xbxe"2]]) ]
Pol ynom al Q[u, x] && Exponent [u, X]==4 && | ntegerQ[p-1/2]



