Integration Rules for Inverse Hyperbolic Secant Functions

ArcSechf[a + b x]" dx

m Reference: CRC 591', A& S4.6.47
m Derivation: Integration by parts

= Rule

(a+bx) ArcSech[a+bx] 2 1-a-bx]

jArcSech[a+bx]d1x — - —BArcTan[

l+a+bx

= Program code:

Int [ArcSech[a_. +b_. *x_],x_Synbol ] : =
(a+bxx) *ArcSech[a+bxx]/b - 2xArcTan[Sgrt [ (1-a-bxx)/ (1+a+bxx)]]1/b /;
FreeQ[{a, b}, x]



Integration Rules for Inverse Hyperbolic Secant Functions

XxMArcSech[a + b x] dx

= Derivation: Integration by substitution

s RuleIf mez A m> 0,then

1 a x\m
jmecSech[a+bx] dx — BSubst [J(_E+E) ArcSech[x] dx, X, a+bx]

= Program code:

Int [x_"m_. xArcSech[a_+b_. *x_]1,x_Synbol ] : =
Di st [1/b, Subst [Int [ (-a/b+x/b)~mkAr cSech [x], X1, X, a+b*x1] /;
FreeQ[{a, b}, x] & IntegerQ[m] && m>0

m Reference: CRC 593", A& S4.6.58

= Derivation: Integration by parts

> V 1+x

1+x

m Bass oy ArcSech[x] = - ——
x V1sx V1-x

l+a+b x"

n Basisaxl —t ‘\/1+a+bx”]=0
s Rule If m+1 # 0, then

x™1 ArcSech[ax] 1 Xm
fmecSech[ax] dx — + dx
l-ax

m+1 m+1

Toox (1 +ax)

m  Program code:

Int [x_“m_. xArcSech[a_. *x_1], Xx_Synbol ] : =

XN (mrl) *ArcSech [a*x]/ (m«l) +

Di st [1/ (mel), Int [X*nv (Sqrt [ (1-a%x) / (l+axx)]x(l+axx)),x1] /;
FreeQ[{a, m}, x] && NonzeroQ[m+1]

(» Int [ArcSech[a_. #x_"n_. ]/x_, x_Symbol | : =
(* I nt [ArcCosh[1/a*x" (-n)]1/X,X] /; =*)
-ArcSech[a*x"n]"2/(2xn) -
ArcSech[ax*x"n]*xLog [1+E" (-2xArcSech [a*Xx"n])]1/n +
Pol yLog [2, -E™ (-2%Ar cSech [a*x"n]) 1/ (2%n) /;
(» -ArcSech[a*x"n]"2/(2%n) -
ArcSech[a*x”n]xLog[1+1/(1/ (a*x*n)+Sqrt [-1+1/ (a*x"n)1*Sqrt [1+1/ (a*x*n)]1)"2]/n +
Pol yLog [2, -1/ (1/ (a*x"n)+Sqgrt [-1+1/ (a*x*n)1*Sqrt [1+1/ (a*Xx"n)]1)"2]1/(2*n) /; =*)
FreeQ[{a, n}, X] =*)



Integration Rules for Inverse Hyperbolic Secant Functions

m

C
uArcSech[m] dx

= Derivation: Algebraic smplification
m Basis: ArcSech[z] =ArcOosh[§]
= Rule

c m a bxnh,m
uArcSech[—] dx — uArcCosh[—+
a+bx" c c

dx

= Program code:

Int [u_. »ArcSech[c_. /(a_. +b_. »x_"n_.)]*m..,x_Synbol | : =
I nt [uxArcCosh[a/c+bxx*n/c]1"m x] /;
FreeQ[{a, b, c, n, m}, X]



Integration Rules for Inverse Hyperbolic Secant Functions

ArcSech[u] dx

m Derivation: Integration by parts

m Rule If uisfreeof inversefunctions, then

JArcSech[u] dx — Xx ArcSech[u] +J dx

= Program code:

(» I nt [ArcSech[u_],x_Synbol ] : =
X*ArcSech [u] +
I nt [Regul ari ze [x*D[u, x]/ (u"2%Sqrt [-1+1/u]l*Sqrt [1+1/u]), x]1, X] /;
I nver seFuncti onFreeQI[u, x] && Not [Functi onOf Exponenti al Of Li near [u, X]] =)



Integration Rules for Inverse Hyperbolic Secant Functions

xM N ArcSech[u] dx

Derivation: Algebraic simplification

n
BaSiSe"ArCSECh[Z]=[\/—1+£ \/1+£ +l]
z z z

1-z
. - Taz
Basis Ifn e z, e"ArcSechizl _ |1, [12 i
z 1+z z
— \N
1+ 1z
*
Basis: Ifn e Z, enArcSech[z] - 1.z
z

Rulelf nez A uisapolynom al inkx,then

n

Program code:
Int [E*(n_. *ArcSech[u_]), x_Symbol | :=

Int [(1/u + Sgrt [(1-u)/(l+u)] + Sgrt [(1-u)/(l+u)]/u)”n,x] /;
I nt eger Q[n] && Pol ynom al Q[u, x]

Derivation: Algebraic simplification

Basis:enArcSech[z]=[\/_1+£ \/1+£ +£J
z z z

Rulelf nez A uisapolynom al inkx,then

n
1-u
- \’ 1+u
JxmenNc%ch[u] dx —s Jxm £+ 1-u
u

Program code:

Int [x_"m_. «E* (n_. xArcSech[u_]), x_Symbol | : =
Int [x*mx(1/u + Sgrt [(1-u)/(l+u)] + Sgrt [(1-u)/(l+u)]/u)”n,x] /;
Rati onal Q[m] && I ntegerQ[n] && Pol ynom al Q[u, x]



