Integration Rules for (sin”j)”*m (A+B sin™k+C sin”™(2k)) (a+b sin”k)"™n

Integration Rules for
f(sinj(z))m (A+Bsin“(2) + Csin*(2))(a+b sink(z))n dz when j> =1 /\ k?=1

Domain Map

jkm

L egend:

» Therule number in acolored region indicates the rule to use for integralsin that region.

The rule number next to a colored line indicates the rule to use for integrals on that line.

A white region or line indicates thereis no rule for integralsin that region or on that line.

A solid black line indicatesintegrals on that line are handled by rules in another section.

A dashed black line on the border of aregion indicatesintegrals on that border are handled by the rule for that region.
The arrow(s) following a rule number indicates the direction the rule drives integrands in the nxm exponent plane.

A ¢ following arule number indicates the rule transforms the integrand into a form handled by another section.

A red (stop) disk indicates the terminal rule to use for the point at the center of the disk.

A cyan disk indicates the non-terminal rule to use for the point at the center of the disk.



Integration Rules for (sin”*))”*m (A+B sin”~k+C sin”™~(2k)) (a+b sin”~k)"™n

Integration Rules for
f(sinj(z))m (A +Bsin*(2) + Csin®*(z))dz when j* =1 /\ k?=1

Rules7 -8 J(Si n[c+dx]j)m(A+BSi nic+dx1*+CSin[c+dx]1%¥) ax

= Derivation: Rule7bwithB = 0and A+ (A+C) (m+ kgl) =0

k+1
2

» Rule7alf j2=k?=1 /\ A+ (A+C) (j kms+ 1) = 0, then

ACos[c+dx] (Sinfc+dx] )™ "

J\(Sin[c+dx]i)m(A+CSi n[c+dx12%) dx —

d(j kms kgl)

= Program code:
Int [(sinfc_. +d_. #x_]7j _. )"m_#(A_+C_. »sin[c_. +d_. «x_]"k2_), x_Synbol | : =

AxCos [C+dxX]* (Si n[C+dxx]"] )™ (k] xk2/2) / (dx (] *k2/2%xmw (k2/2+1)/2)) /;
FreeQ[{c,d, A, C, m}, x] && OneQ[j "2, k2722/4] && Zer oQ[A+ (A+C) x (j xk2/2xmw (k2/2+1) /2)]

= Derivation: Rule5witha =1,b=0and n =0

= Rule7b:If j2=k?2=1 A\ jkms+ <220 A jkms-1,then
- ACos[c +dX] (Sin[c+dx]1')rmjk
(Sinfc+dx] )" (A+BSin[c+dx]*+CSin[c+dx]?*) dx — +

d(j kms kgl)

1

. i k+1 k+1
I(Sin[c+dx]1)m1k(B(jkm+ * )+(A+(A+C) (jkm+ * ))Sin[C+dX]k dx

k+1

j km+ >

= Program code:

Int [(sinfc_ +d_. #x_]7j _. )"m.. »(A_. +B_. »sin[c_. +d_. #x_]"k_. +C_. »sin[c_. +d_. #x_]"k2_), x_Synbol | : =
AxCos [C+d*xX]* (Si n[C+d*xX]"] )™ (M) xK) / (d* (j *k*me (k+1) /2)) +
Di st [1/ (j *k+me (k+1) /2),
Int [(sin[c+d*Xx]"] )™ (M) xK) *Si M[Bx (j *k*m+ (kK+1) /2) + (A+ (A+C) % (] *kxmr (k+1) /2) ) *Si n[c+d*x] K, X1, X]1] /
FreeQ[{c, d, A, B, C}, x] & & OneQ[j 72, k"2] && k2===2xk && Rational Q[m] && j xk*m+ (k+1)/2#0 && j *kxmx-1

Int [(sinfc_. +d_. #x_]7j _. )"m.. »(A_+C_. #sin[c_. +d_. »x_]1"k2_), x_Synbol | : =

AxCos [C+dxX]* (Si n[C+d*x]"] )N (M) xk2/2) / (d* (j *k2/2%xmw (k2/2+1) /2)) +

Di st [ (A+ (A+C) % (j *k2/2%mw (k2/2+1) /2)) / (j *k2/2%mw (k2/2+1) /2), I nt [(Sin[c+d*x]"] )" (m+] *k2), x]] /;
FreeQ[{c, d, A, C}, x] && OneQIj *2, k27"2/4] && Rational Q[m] && j *k2/2xmw (k2/2+1) /2#0 && | xk2/2xms-1



Integration Rules for (sin”*))”*m (A+B sin”~k+C sin”™~(2k)) (a+b sin”~k)"™n

m Derivation: Rule2witha =0,b=1and n=0

. . k+3 .
. Rule8:|f12=k2=1/\j km+ == #0 /\j kmz -1, then

m+j k

- CCos[c+dx] (Sin[c+dx])
(Sinfc+dx]')" (A+BSin[c+dx]*+CSin[c+dx]?¥)dx — - +
d (i kms <2)
1 . - i k+1 i k+3y ‘
—“j(5|n[c+dx]l) [A+(A+C) (ka+ )+B(ka+ )Sln[c+dx])d1x
jkm+%

= Program code:

Int [(sin[c_. +d_. »x_1"j _. )"m_. #(A_. +B_. #sin[c_. +d_. »x_]"k_. +C_. #sin[c_. +d_. »x_]"k2_), x_Synbol | : =
-CxCos [C+d*X]* (Si n[C+d*x]"j )N (mk] xk) / (d* (] *kxm (k+3)/2)) +
Di st [1/ (j *k*m+ (k+3) /2),
Int [(sin[c+d*Xx]"] ) "mxSi M[A+ (A+C) % (j *kxme (k+1) /2) +B* (j *k*mw (k+3) /2) »Si n[c+d*x]"k, x], X]] /;
FreeQ[{c, d, A B, C}, x] & & OneQ[j *2, k"2] && k2===2xk && Rational Q[m] && j xk*m+ (k+3)/2#0 && j *kxnme-1

Int [(sinfc_. +d_. #x_]7j _. )"m.. »(A_+C_. #sin[c_. +d_. »x_]1"k2_), x_Synbol | : =

-CxCos [C+d*X]* (Si n[C+d*X]"] )™ (k] xk2/2) / (d* (] *k2/2%m+ (k2/2+3)/2)) +

Di st [ (A+ (A+C) # (j *k2/2%me (K2/2+1) /2)) / (j *k2/2+mw (k2/2+3) /2), I nt [ (si n[c+d*x]] ) m x]] /;
FreeQ[{c, d, A, C}, x] & OneQ[j 2, k2"2/4] && Rational Q[m] && j xk2/2xme (k2/2+3) /240 && j xk2/2xme-1



Integration Rules for (sin”*))”*m (A+B sin”~k+C sin”™~(2k)) (a+b sin”~k)"™n

Integration Rules for
[(A+Bsin*(2) + Csin®*2))(a+b sink(z))n dz when k? =1

) A+BSin[c+dx]k+CSin[c +dx]2k
Rulea: _ > dx
a+bSin[c+dx]

= Derivation: Algebraic expansion

. . A+Bz+Cz? C b A+ (b B-a C)
= Bass a+zbzZ = TZ+ b(a+baz) -
= Ruleal:

A+BSin[c+dx]+CSin[c+dx]?2 CCos[c+dx] 1 rbA+ (bB-aC)Sin[c+dx]
[ _ g SRR _ ax
a+bSin[c+dx] bd b a+bSin[c+dx]

= Program code:

Int [ (A_. +B_. #sin[c_. +d_. #x_1+C_. »sin[c_. +d_. #x_172) /(a_+b_. »sin[c_. +d_. #x_1), x_Synbol | : =
-CxCos [c+dxx]/ (bxd) + Dist [1/b,|nt [(bxA+(bxB-axC)=xsin[c+dxx])/ (a+bxsin[c+dxx]),X]1] /;
FreeQ[{a, b, c, d, A, B, C}, x]

Int [ (A_+C_. #sin[c_. +d_. »x_]"2)/(a_+b_. #sin[c_. +d_. »x_]), x_Synbol | : =
-CxCos [c+d*Xx]/ (bxd) + Dist [1/b,Int [ (bxA-a*Cssin[c+d%x])/ (a+b*xsin[c+dxx]),x]] /;
FreeQ[{a, b, c, d, A, C}, X]

= Derivation: Algebraic expansion

: A+Bz-14+Cz2 A C-(b A-aB
» Bass +Bz-+Cz = A, a ( aB)z
a+bz?t E az (b+az)

m Rulea2: Ifa2 - b2 # 0, then

dx

dX — — +

a+bCsc[c+dx] a

fA+BCsc[c+dx] +CGCsc[c+dx]2 AX J- C+ (B-bA/a)Sin[c+dx]
Sin[c+dx] (b+aSin[c+dx])

= Program code:

I nt [(A_. +B . *sin[c_. +d_. *x_]"(-1)+C_. xsin[c_. +d_. *x_1" (-2) )/(a_+b_. *Sin[c_. +d_. »x_1" (—1)), x_Synbol ]
Axx/a + Int [ (C+(B-bxA/a)*sin[c+dxx])/(sin[c+dxx]*(b+a*sin[c+d*x])), x] /;
FreeQ[{a, b, c,d, A B, C}, x] & NonzeroQ[a’2-b"2]

Int [(A_+C_. #sin[c_. +d_. »x_]1"(-2))/(a_+b_. »sin[c_. +d_. #x_1"(-1)), x_Synbol | : =
Axx/a + Int [ (C-bxA/axsi n[c+d*x])/(sin[c+dxx]* (b+axsin[c+d*x])), Xx] /;
FreeQ[{a, b, c,d, A C}, x] & NonzeroQ[a"2-b"2]



Integration Rules for (sin”*))”*m (A+B sin”~k+C sin”™~(2k)) (a+b sin”~k)"™n

J(A+ BCsc[c+dx]+CCsclc+dx]?) (a+bCsclc+dx])"?dx

= Derivation: Piecewise constant extraction
m Bass: 9, (Vz V1i/z ) =0

m Rule If n2 = 1, then

J(A+BCsc[c+dx] +CCsc[c+dx]?) (bCsc[c+dx])V?dx —

) C+BSin[c+dx]+ASin[c+dx]?
(Sinfc+dxy)n? (szc[c+dx])”/2j dx
Sin[c +dx]n/2+2

= Program code:

Int [(A_+B_. #sin[c_. +d_. »x_]1" (-1)+C_. #sin[c_. +d_. »x_]1" (-2) ) » (b_. #si n[c_. +d_. »x_1" (-1) )*n_, x_Synbol | :
Di st [Sin[c+d*x]”n* (bxCsc[c+d*x])"n, | nt [ (C+Bxsi n[C+d*X]+AxSi n[Cc+d*x]"2) /sin[c+d*x]" (n+2),Xx]1] /;
FreeQ[{b, c, d, A B, C}, x] & ZeroQ[n"2-1/4]

Int [(A_+C_. #sin[c_. +d_. »x_1"(-2) ) » (b_. #sin[c_. +d_. »x_1" (1) )"n_, x_Synbol | : =
Di st [Sin[c+d*x]”n* (bxCsc[c+d*x])"n, I nt [ (C+Axsin[c+d*x]"2)/sin[Cc+d*x]" (n+2),Xx]] /;
FreeQ[{b, c, d, A, C}, x] & ZeroQ[n"2-1/4]

= Derivation: Piecewise constant extraction

Vb+af[z]

_— = 0
Vf[z] Va+b/f[z]

= Bass 9,
» Rule If az-b2¢0/\n-%ez/\-2<n<0,then

j(A+BCsc[c+dx] +CCsc[c+dx]?) (a+bCsc[c+dx])"dx —

dx

vVb+aSin[c+dx] J-(C+BSin[c+dx] +ASin[c+dx]?) (b+aSin[c+dx])"

VSin[c+dx] Va+bCsc[c+dx] Sinfc+dx]"?

= Program code:

Int [ (A +B_. »sin[c_. +d_. #x_]" (-1)+C_. »sin[c_+d_. »x_]1" (-2) ) » (a_. +b_. »sin[c_. +d_. #x_]" (-1) )*n_, x_Symbo
Di st [Sqrt [b+a*Si n[c+d*x]1]1/(Sqrt [Sin[c+d*x]]1*Sqrt [a+b*xCsc[c+d*x]]),
Int [ (C+Bxsi n[c+d*x]+AxSi Nn[C+d*X]"2) % (b+axsi n[c+d*Xx])~n/sin[c+d*X]" (n+2), X]1] /;
FreeQ[{a, b, c, d, A B, C}, x] & NonzeroQ[a”"2-b"2] && IntegerQ[n-1/2] && -2<n<0

Int [ (A_. +C_. #sin[c_. +d_. #x_]"(-2))*(a_+b_. »sin[c_. +d_. #x_]"(-1))"n_, x_Synbol | : =
Di st [Sqrt [b+a*Sin[c+dxXx]]1/(Sqrt [Sin[c+d*x]]*Sqrt [a+b*xCsc[c+d*X]]),
Int [ (C+Axsin[c+d*x]"2) % (b+axsi n[c+d*x])”n/sin[c+d*x]" (n+2),X]1] /;
FreeQ[{a, b, c, d, A C}, x] & NonzeroQ[a"2-b"2] && IntegerQ[n-1/2] && -2<n<0



Integration Rules for (sin”*))”*m (A+B sin”~k+C sin”™~(2k)) (a+b sin”~k)"™n

J(A+BSi n[c+dx]*+CSinc+dx]?¥) (a+bSin[c+dx]*)"dx

= Derivation: Algebraic simplification
» Bass If a2C-abB+b2A=0,thenA+Bz+Cz2 = bl—z (bB-aC+bCz) (a+bz)

m Rulelf k2=1 A a2C-abB+b2A=0 A n< -1,then
J(A+BSin[c+dx]k+CSin[c+dx]2k) (a+bSin[c+dx]k)ndlx —

1
— | (bB-aC+bCSin[c+dx]*) (a+bSin[c+dx]

n+l
b2 )

dx

= Program code:

I nt [(A_. +B . *sin[c_. +d_. *xx_]"k_. +C_. *sin[c_. +d_. *x_]"k2_)*(a_+b_. *Sin[c_. +d_. »x_]1"k_. )"n_, x_Synbol ]
Di st [1/b”2, I nt [Si M[bxB-a*C+b*Cxsi n[c+d*x] "k, Xx]* (a+bxsi n[c+d*x] k)" (n+1), x]] /;

FreeQ[{a, b, c,d, A B, C}, x] &% OneQ[k"2] && k2===2xk && ZeroQ[a’2xC-axbxB+b"2xA] && Rational Q[n] &&
n<-1

Int [ (A_+C_. #sin[c_. +d_. »x_]1"k2_)*(a_+b_. #sin[c_. +d_. #x_]"k_. )"n_., x_Synbol | : =
Di st [C/b"2, I nt [Si mM[-a+b*si n[c+d*Xx]"k, X]* (a+bxsi n[c+d*x] k)" (n+1),x1] /;
FreeQ[{a, b, c,d, A C}, x] & OneQ[k"2] && k2===2xk && ZeroQ[a’2xC+b"2xA] && Rational Q[n] && n<-1



Integration Rules for (sin”*))”*m (A+B sin”~k+C sin”™~(2k)) (a+b sin”~k)"™n

Rules17 - 18: J(A+BCSC[C+dX] +CGCsc[c+dx]?) (a+bCsc[c+dx])"dx

m Derivation: Rule6withm=0andk = -1

Rulel7:1f a2-b2#0 A a2C-abB+b2A#0 A n< -1,then

J-(A+BCsc[c+dx] +CGCsc[c+dx]?) (a+bCsc[c+dx])"dx —

(a?2C-abB+b?A) Cot [c+dx] (a+bCsc[c+dx])"! 1
+

ad (n+1) (a?-b?) a (n+1) (a?-b?) '

j(A (a®-b?) (n+1) -a (b A-aB+bC) (n+1) Csc[c+dx] + (a®?C-abB+b?A) (n+2) Csc[c+dx]?)

(a+bCsclc+dx])™!dx

= Program code:

I nt [(A_. +B . *sin[c_. +d_. *xXx_]"(-1)+C_. xsin[c_. +d_. *x_1" (—2))*(a_+b_. *Sin[c_. +d_. xx_1" (—1))"n_, X_Synmbo
(a”2%C-axb*xB+b"2xA) xCot [c+d*X]* (a+b*Csc [c+d*x])" (n+1) / (a*xd* (n+1) » (a"2-b"2)) +
Di st [1/ (a* (n+1) % (a*2-b"2)),
I nt [Si m[Ax (a"2-b"2) % (n+1) - (a* (bxA-a*B+b*C) » (n+1) ) *si n[c+d*x]" (-1) +
(a”2%C-axb*B+b"2xA) x (N+2) *Si n[C+d*X]" (-2), X] *
(a+b*si n[c+d*x]" (-1))" (n+1),x1] /;
FreeQ[{a, b, c,d, A B, C}, x] & NonzeroQ[a"2-b"2] && NonzeroQ[a’2xC-axbxB+b"2xA] && Rational Q[n] && n<-1

Int [ (A_. +C_. #sin[c_. +d_. #x_]"(-2))*(a_+b_. »sin[c_. +d_. #x_]"(-1))"n_, x_Synbol | : =
(a"2xC+b"2xA) xCot [C+d*X]* (a+bxCsc [C+d*x])" (N+1) / (axdx (n+1l) *x (a”2-b"2)) +
Di st [1/ (ax (n+1) % (a”2-b"2)),
Int [Si m[A* (a"2-b"2) % (N+1) - (axbx (A+C) x (n+1) ) *si n[C+d*X]" (-1) + (a"2xC+b"2xA) x (N+2) *Si n[C+dxX]" (-2),
(a+bxsi n[c+d*x]1” (-1))" (n+1),x]]1 /;
FreeQ[{a, b, c,d, A C}, x] & NonzeroQ[a"2-b”2] && NonzeroQ[a’2xC+b"2xA] && Rational Q[n] && n<-1



Integration Rules for (sin”*))”*m (A+B sin”~k+C sin”™~(2k)) (a+b sin”~k)"™n

m Derivation: Rule3withm=0andk = -1
m Note: If A=B=a?-b?=0,thereisana? - b? = 0 rulethat simplifiesresultingintegrandto (a + b Csc[c +d x1)".

= Rulel81f n>0 A -~ (A=B=a?-b?=0),then

J-(A+BCsc[c+dx] +CGCsc[c+dx]?) (a+bCsc[c+dx])"dx —

CCot [c+dX] (a+bCsc[c+dx])" 1
- +

d((n+1) n+1.

J-(aA(n+1)+(bA+aB+n (bA+aB+bC)) Csc[c+dx]+(aCn+bB (n+1)) Csclc+dx]?)

(a+bCsclc+dx])"™?!dx

= Program code:

I nt [(A_. +B . *sin[c_. +d_. *Xx_]"(-1)+C_. xsin[c_. +d_. *x_1" (—2))*(a_+b_. *Sin[c_. +d_. xx_1" (—1))"n_. , X_Synb
-CxCot [c+d*X]* (a+b*Csc[c+d*x])"n/ (d* (n+1)) +
Di st [1/(n+1),
I nt [Si m[axAx (n+1) + (bxA+a*B+nx (bxA+a*xB+bxC) ) xsi n[c+d*x]" (-1) + (a*Cxn+b*Bx (n+1) ) *si n[c+d*Xx]" (-2), X]
(a+bxsi n[c+d*x]” (-1))~(n-1),x1] /;
FreeQ[{a, b, c,d, A B, C}, x] & Rational Q[n] && n>0

Int [ (A +C_. #sin[c_. +d_. #x_]"(-2))*(a_+b_. »sin[c_. +d_. #x_]"(-1) )*n_., x_Synbol | : =
-CxCot [Cc+d*Xx]* (a+bxCsc[c+dxx])”n/ (dx(n+1)) +
Di st [1/(n+1),
Int [Si m[axAx (nN+1) +b* (A+n* (A+C) ) *si n[c+d*x]" (-1) +a*CxnxSi n[C+d*X]1" (-2), X] *
(a+bxsin[c+d*xx]1" (-1))"(n-1), x1] /;
FreeQ[{a, b, c, d, A C}, x] & Rational Q[n] && n>0 && Not [Zer oQ[A] && ZeroQ[a’2-b"2]]



Integration Rules for (sin”*))”*m (A+B sin”~k+C sin”™~(2k)) (a+b sin”~k)"™n

Rules15-16: J‘(A+ BSin[c+dx]*+CSin[c+dx]?¥) (bSin[c+dx]*)"dx

m Derivation: For k = 1, Rule9b withk =1
m Derivation: For k = -1, ???

» Rule15:1f k2 =1 A n < -1,then

) 2 ACos[c+dx] (bSin[c+dx]¥)™
(A+BSin[c+dx]“+CSinfc+dx]12¥) (bSin[c+dx]¥)"ax — kol *
2n+k+1)

1

- )n+1
b@2n+k+1)

J-((2n+k+1) B+ (2A+ (A+ C) (2n+k+1)) Sin[c+dx]*) (bSin[c+dx]¥ dx

= Program code:

Int [ (A_. +B_. #sin[c_. +d_. #x_]"k_. +C_. #sin[c_. +d_. »x_]1"k2_) = (b_. #sin[c_. +d_. »x_]1"k_. )~n_, x_Synbol ] : =
2xAxCos [C+dxX]* (b*Si n[c+d*x] k)" (n+1) / (bxd* (2xn+k+1)) +
Dist [1/ (bx (2xn+k+1)),
Int [Sim[(2xn+k+1) *B+ (2%A+ (A+C) x (2xn+k+1) ) *si n[c+dxX ]k, X] % (bxsi n[c+d*x] k)" (n+1), X1] /;
FreeQ[{b,c,d, A B, C}, x] && OneQ[k"2] && k2===2xk && Rational Q[n] && n<-1

Int [(A_+C_. #sin[c_. +d_. »x_]1"k2_)=*(b_. »sinfc_. +d_. xx_]"k_. )"n_, x_Synbol | : =
2xAxCos [C+dxX]* (b*Si n[c+d*x] k)" (n+1) / (bxd* (2xn+k+1)) +
Di st [ (2%A+ (A+C) » (2xn+k+1)) / (b"2% (2xn+k+1)), I nt [ (bxsi n[c+d*x] k)" (n+2), Xx]1] /;
FreeQ[{b,c,d, A C}, x] && OneQ[k"2] && k2===2xk && Rational Q[n] && n<-1

m Derivation: Rule2or 3withm=0anda =0

m Rulel6:1f k2 =1 A n>-1,then

n+1l

. 2CCos[c+dx] (bSin[c+dx]¥)
(A+BSin[c+dx]*+CSin[c+dx]?*) (bSin[c+dx]*) dx — - +
bd 2n+k+3)

1

mJ(ZA+ (A+C) 2n+k+1) +B(2n+k+3) Sin[C+dx]k) (bSin[C+dX]k)nd1X
n+k+

= Program code:

Int [ (A +B_. #sin[c_. +d_. #x_]"k_. +C_. #sin[c_. +d_. »x_1"k2_) * (b_. »sin[c_. +d_. «x_]"k_. )*n_., x_Synbol | : =
-2%CxCos [C+d*X]* (b*Si n[c+d*x] k)" (n+1) / (b*xd* (2%*n+k+3)) +
Di st [1/ (2%¥n+k+3),
I nt [Si M[2%A+ (A+C) * (2%*n+k+1) +B* (2*n+k+3) *si n[c+d*Xx ]k, X] * (b*si n[c+d*x]"k)"n, x]] /;
FreeQ[{b,c,d, A B, C}, x] & OneQ[k"2] && k2===2xk && Rational Q[n] && n>-1

Int [ (A_+C_. #sin[c_. +d_. »x_]"k2_)*(b_. #sin[c_. +d_. »x_]"k_. )*n_., x_Synbol | : =
-2%xCxCos [c+dxX]* (b*Si n[c+d*x]1 k)" (n+1) / (bxd* (2xn+k+3)) +
Di st [ (2%A+ (A+C) » (2xn+k+1)) / (2xn+k+3), I nt [ (bxsi n[c+d*x]"k)”n, X]1] /;
FreeQ[{b, c, d, A C}, x] & & OneQ[k"2] && k2===2xk && Rational Q[n] && n>-1



Integration Rules for (sin”*))”*m (A+B sin”~k+C sin”™~(2k)) (a+b sin”~k)"™n

Integration Rules for
f(sinj(z))m (A+Bsin*(2) + Csin®*(2)) (a+b sin"(z))n dz when j2 =1 /\ k?=1

A+BSin[c+dx] +CSin[c+dx]? dx
Sin[c+dx] (a+bSin[c+dx])

Ruleb: j

= Derivation: Algebraic expansion

= Bass A+Bz+Cz2 - A _bA-aB-aCz
z (a+b z) az a (a+b z)

= Ruleb: If a2 -b? # 0, then

J~A+BSin[c+dx]+CSin[c+dx]2dl AJ 1 4 1J~bA—aB—aCSin[c+dx]dl
— _  dx - — X
Sin[c+dx] (a+bSin[c+dx]) aJ Sin[c+dx] a a+bSin[c+dx]

= Program code:

Int [(A_. +B_. #sin[c_. +d_. #x_1+C_. #sin[c_. +d_. #x_172) /(sin[c_. +d_. #x_]1«(a_+b_. #sin[c_. +d_. xx_])), x_Syn
A/axlnt [1/sin[c+d*x], X] -
Dist [1/a, I nt [ (bxA-axB-axCxsi n[c+dxx])/ (a+bxsi n[c+d*x]),x]] /;

FreeQ[{a, b, c,d, A B, C}, x] & NonzeroQ[a"2-b"2]

Int [(A_+C_. #sin[c_. +d_. »x_]1"2)/(sin[c_. +d_. »x_]+(a_+b_. #sin[c_. +d_. #x_1)), x_Synbol | : =
A/axlnt [1/si n[c+d*x], X] -
Di st [1/a, I nt [ (bxA-axCxsin[c+dxx])/ (a+bxsin[c+dxx]),X]] /;

FreeQ[{a, b, c,d, A C}, x] & NonzeroQ[a"2-b"2]



Integration Rules for (sin”*))”*m (A+B sin”~k+C sin”™~(2k)) (a+b sin”~k)"™n

A+BSin[c+dx] +CSin[c+dx]?
Rulec: J- dx
AVSin[c+dx] (a+bSin[c+dx])
= Derivation: Algebraic expansion
m Rulec: If a2 - b2 # 0, then
A+BSin[c+dx]+CSin[c+dx]?2
j dx —
vYSin[c+dx] (a+bSin[c+dx])
1J* bA+ (bB-aC)Sin[c+dx] 4
— X

C
—jVSin[c+dx] dx +
b bJ A/Sinfc+dx] (a+bSin[c+dx])

= Program code:

Int [(A_. +B_. #sin[c_. +d_. «x_]+C_. #sin[c_. +d_. #x_]172)/(Sqrt [sin[c_. +d_. «x_]]1(a_+b_. »sin[c_. +d_. xx_]))
Di st [C/b, Int [Sgrt [Ssin[c+d%x]], X]] +
Di st [1/b, I nt [Si m[bxA+ (b*B-a%C) *si n[c+dxx], X]/(Sqrt [sin[c+dxXx]]* (a+b*sin[c+d*x])),Xx]1] /;

FreeQ[{a, b, c,d, A B, C}, x] & & NonzeroQ[a"2-b"2]

Int [ (A_+C_. #sin[c_. +d_. »x_172)/(Sart [sin[c_. +d_. »x_]1](a_+b_. »sin[c_. +d_. »x_1)), x_Synbol | : =
Di st [C/b, Int [Sgrt [sin[c+d*Xx]],X]] +
Di st [1/b, Int [ (bxA-axCxsin[c+dxXx])/(Sqrt [Sin[c+d*x]]* (a+bxsin[c+d*x])),Xx]1] /;

FreeQ[{a, b, c, d, A, C}, x] & NonzeroQ[a"2-b"2]



Integration Rules for (sin”*))”*m (A+B sin”~k+C sin”™~(2k)) (a+b sin”~k)"™n

X

A+BSi d CSin[c+dx]2
Ruled:J‘ + IN[C +dX] + INn[C +dX] q
Sin[c+dx]Va+bSin[c+dx]

= Derivation: Algebraic expansion

m Ruled: If a2 - b2 # 0, then

J~A+BSin[c+dx] +CSin[c+dx]? 4
X

Sinfc+dx] Va+bSin[c+dx]

C i 1 bA+ (bB-aC) Sin[c+dx]
—J\/a+bSm[c+dx] dlx+—j dx
b Sinfc+dx]Va+bsSin[c+dx]

= Program code:

Int [(A_. +B_. #sin[c_. +d_. #x_]+C_. «sin[c_. +d_. #x_]172)/(sin[c_. +d_. »x_]*Sqrt [a_+b_. #sinfc_. +d_. »x_]1), x
Di st [C/b, I nt [Sgrt [a+bxSi n[c+d*X]], X]] +
Di st [1/b, I nt [Si m[bxA+ (b*B-a%C) *si n[c+dxx], X]/ (Sin[Cc+d*Xx]*Sqrt [a+b*si n[c+d*x]]1),X]] /;

FreeQ[{a, b, c,d, A B, C}, x] & & NonzeroQ[a"2-b"2]

Int [ (A_+C_. #sin[c_. +d_. »x_]"2)/(sin[c_. +d_. »x_]1+Sqrt [a_+b_. xsin[c_. +d_. +x_11), x_Synbol | : =
Di st [C/b, Int [Sgrt [a+bxSi n[c+d*Xx]], X]] +
Di st [1/b, I nt [ (Axb-axCxsin[c+dxX])/(Sin[c+dxx]*Sqrt [a+b*si n[c+d*Xx]]1),Xx]1] /;

FreeQ[{a, b, c, d, A, C}, x] & NonzeroQ[a"2-b"2]



Integration Rules for (sin”*))”*m (A+B sin”~k+C sin”™~(2k)) (a+b sin”~k)"™n

A+BSin[c+dx] +CSin[c+dx]?
Rulee: j dx
AVSin[c+dx] Va+bSin[c+dx]
m Ruleel:If a2-b2#0 A 2bA-aC-=0,then
JA+ASin[c+dx]+CSin[c+dx]2
dx —
A/Sin[c+dx] Ya+bSin[c+dx]
C+/Sin[c+dx] Ya+bSin[c+dx] Tan[%(c—§+dx)] C Vva+bsSin[c+dx]
+ — dx

bd bj

AVSin[c+dx] (1+Sin[c+dx])

= Program code:

Int [(A_+B_. #sin[c_. +d_. »x_]+C_. #sin[c_. +d_. »x_]"2)/(Sart [sin[c_. +d_. xx_]1]+Sqrt [a_+b_. sin[c_. +d_. *x_
CxSqgrt [Sin[c+dxx]]*Sqrt [a+bxSi n[c+dxx]]*Tan[ (c-Pi /2+dxXx)/2]/ (bxd) +
C/bxl nt [Sqrt [a+bxsin[c+dxx]1]1/(Sqrt [sin[c+d*x]]* (l+sin[c+dxX])), Xx] /;

FreeQ[{a, b, c,d, A B, C}, x] & NonzeroQ[a”2-b"2] && Zer oQ[A-B] && Zer oQ[2xbxA-axC]

= Derivation: Algebraic expansion

m Rulee2: If a2 - b2 # 0, then

dx —

J‘ A+CSin[c+dx]?2

AVSin[c+dx] Va+bSin[c+dx]

1 Sin[c +dx]3/2
AJ d1X+Cj dx
A/Sin[fc+dx] Ya+bSin[c+dx] Ya+bSin[c+dx]
m  Program code:

Int [(A_+C_. #sin[c_. +d_. »x_1"2)/(Sqart [sin[c_. +d_. +x_]11+Sqrt [a_+b_. xsin[c_. +d_. «x_1]1),x_Synbol | : =
Axlnt [1/(Sqrt [sin[c+d*x]]1*Sqrt [a+b*si n[c+d*x]1]), X] +
Di st [C I nt [sin[c+d*Xx]" (3/2)/Sqrt [a+bxSi n[c+d*X]], X]] /;

FreeQ[{a, b, c,d, A C}, x] & NonzeroQ[a"2-b"2]



Integration Rules for (sin”*))”*m (A+B sin”~k+C sin”™~(2k)) (a+b sin”~k)"™n

= Derivation: Algebraic expansion

m Rulee3: If a2 - b2 # 0, then

J~A+BSin[c+dx] +CSin[c+dx]?

dx —
AVSin[c+dx] Ya+bSin[c+dx]
1 J-ZbA-aC+(2bB-aC) Sin[c+dx] 4 C ra+aSin[c+dx]+2bSin[c+dx]?2
[R— X + —
2bJ sfSinfc+dx] Va+bSin[c+dx] 2b J y[Sinfc+dx] Va+bSin[c+dx]

= Program code:

Int [(A_. +B_. #sin[c_. +d_. #x_1+C_. sin[c_. +d_. #x_1"2)/(Sqrt [sin[c_. +d_. «x_11+Sqrt [a_+b_. #sin[c_. +d_. X
Di st [1/(2xb), I nt [ (2xbxA-a*C+ (2xbxB-axC) xsi n[c+d*x])/(Sqrt [sin[c+dxx]]1*Sqrt [a+bxSi n[c+d*x]1]), X]] +

Di st [C/ (2xb), I nt [ (a+a*Si n[c+d*xx]+2xb*si n[c+dxx]"2)/(Sqrt [Sin[c+dxXx]]*Sqrt [a+bxsin[c+d*xx]1]1), x]] /;
FreeQ[{a, b, c,d, A B, C}, x] & & NonzeroQ[a"2-b"2]



Integration Rules for (sin”*))”*m (A+B sin”~k+C sin”™~(2k)) (a+b sin”~k)"™n

d X

Rulef: J‘A+BSin[C+dX] +CSin[c +dx]?
Sin[fc+dx]%24a+bSin[c+dx]

= Derivation: Algebraic expansion
= Note: Thisruleisnot essential, but producessimpler results.

m Rulef: If a2 - b2 # 0, then

J’A+BSin[c+dx] +CSin[c+dx]? g
X

Sinfc+dx1%2+a+bSin[c+dx]
1+Sin[c+dx] A+ (B-C) Sin[c +dx]
CJ dX+J
A/Sin[c+dx] Ya+bSin[c+dx] Sinfc+dx]1%2+a+bSin[c+dx]

dx

= Program code:

Int [(A_. +B_. #sin[c_. +d_. «x_]+C_. #sin[c_. +d_. #x_]"2)/(sin[c_. +d_. »x_]"(3/2) *Sqrt [a_+b_. #si n[c_. +d_. »x
Dist [C Int [(l+sin[c+d*x])/(Sqrt [Sin[c+dxx]]*Sqrt [a+b*sin[c+d*x]1]1),X]] +
Int [ (A+(B-C)*sin[c+d*x])/(sin[c+d*x]" (3/2)*Sqrt [a+b*sin[c+d*x]]), X] /;

FreeQ[{a, b, c,d, A B, C}, x] & & NonzeroQ[a"2-b"2]

Int [ (A_+C_. #sin[c_. +d_. »x_]"2)/(sin[c_. +d_. »x_1"(3/2)*Sqrt [a_+b_. »sin[c_. +d_. xx_11), x_Synbol | : =
Dist [CInt [(l+sin[c+dxx])/(Sqrt [Sin[c+dxXx]]*Sqrt [a+bxsi n[c+d*x]1]),X]] +
Int [ (A-Cxsin[c+d*x])/(sin[c+d*x]" (3/2)*Sqrt [a+bxsi n[c+d*x]1]), X] /;

FreeQ[{a, b, c, d, A, C}, x] & NonzeroQ[a"2-b"2]



Integration Rules for (sin”*))”*m (A+B sin”~k+C sin”™~(2k)) (a+b sin”~k)"™n

) A+BSin[c+dx] +CSin[c +dx]?
Ruleg.j dx
AVSin[c+dx] (a+bSin[c+dx])3/2

= Derivation: Algebraic expansion
= Note: Thisruleisnot essential, but producessimpler results.

= Ruleg: If a2 - b2 # 0, then

J A+BSin[c+dx] +CSin[c+dx]?2

dx —
A/Sin[c+dx] (a+bSin[c+dx])3/?
C 1+Sin[c+dx] 1 rbA-aC+ (bB-C(a+b)) Sin[c+dx]
—J dx + — dx
bJ . /Sinic+dx] Va+bSin[c+dx] bJ y/Sinfc+dx] (a+bSin[c+dx])3?

= Program code:

Int [(A_. +B_. #sin[c_. +d_. «x_]+C_. sin[c_. +d_. #x_]1"2)/(Sqrt [sin[c_. +d_. «x_]](a_+b_. sin[c_. +d_. xx_])"
Di st [C/b, Int [(1+sin[c+d*X])/(Sqrt [sin[c+d*x]]*Sqrt [a+bxsin[c+d*x]]), Xx]] +
Di st [1/b, I nt [ (bxA-a%C+ (bxB-Cx (a+b))*sin[c+dxx])/(Sqrt [Si n[c+d*x]]* (a+bxsi n[c+d*x]1)"(3/2)),x]1] /;
FreeQ[{a, b, c,d, A B, C}, x] & & NonzeroQ[a"2-b"2]

Int [ (A_+C_. #sin[c_. +d_. »x_172)/(Sart [sin[c_. +d_. »x_]](a_+b_. »sin[c_. +d_. »x_1)"(3/2)), x_Symbol | : =
Di st [C/b, Int [(1+sin[c+d%x])/(Sqrt [Sin[c+dxXx]]*Sqrt [a+bxsin[c+d*x]1]), X]] +
Di st [1/b, Int [ (bxA-axC-Cx (a+b) xsi n[c+d*x])/(Sqrt [Sin[c+dxX]]* (a+bxsin[c+d*x]1)"(3/2)),x1] /;
FreeQ[{a, b, c, d, A, C}, x] & NonzeroQ[a"2-b"2]



Integration Rules for (sin”*))”*m (A+B sin”~k+C sin”™~(2k)) (a+b sin”~k)"™n

Ruleh:
J(Si nfc+dx] )" (A+BSin[c+dx]*+CSinfc+dx]1?%) (bSin[c+dx]*)"dx

= Derivation: Algebraic simplification

= Rulehl:If k? =1 A me z, then

JSi nfc+dx]™(A+BSin[c+dx]*+CSinfc+dx]12¥) (bSin[c+dx]¥)"ax —

1
— | (A+BSin[c+dx]*+CSin[c+dx]2¥) (bSin[c+dx]k)km*”d1x
bkm

= Program code:

Int [sin[c_. +d_. #x_]"m.. »(A_. +B_. »sin[c_. +d_. #x_]"k_. +C_. »sin[c_. +d_. #x_]"k2_)«
(b_. »sin[c_. +d_. xx_]"k_. )*n_, x_Symbol | : =
Di st [1/b”" (k«m), | nt [ (A+Bxsi n[c+d*x ] "k+Cxsi n[Cc+d*Xx]" (2xk) ) * (bxSi n[c+d*x] k)" (k*men), X]] /;
FreeQ[{b, c,d, A B, C n}, x] & OneQ[k"2] && k2===2xk && | nteger Q[ m]

Int [sin[c_. +d_. #x_]"m.. » (A_+C_. #sin[c_. +d_. xx_]1"k2_) = (b_. #sin[c_. +d_. »x_]"k_. )*n_, x_Symbol | : =
Di st [1/b” (kxm), I nt [ (A+CxSi n[C+d*Xx]1" (2xk) ) * (b*si n[c+d*x]"K) " (K*men), X]]1 /;
FreeQ[{b,c,d, A C n}, X] & OneQ[k"2] && k2===2xk && | nteger Q[m]

= Derivation: Piecewise constant extraction

\/bf[z]K =0
]

m Basis If j2 =1,thend,

= Ruleh21fj?=k?=1 A m-2ez An-2ez /A n>o0,then

J(Si nfc+dx] )" (A+BSin[c+dx]1¥+CSin[c+dx]12¥) (bSin[c+dx]¥)"dax —

"> /b Sin[c+dx]

i K
(\/Sin[c+dx]1 )

jSin[c+dx]J' ™k (A+BSin[c+dx]*+CSin[c+dx]?¥) dx

= Program code:

Int [(sin[c_. +d_. #x_17j _. ) m #(A_. +B_. #sin[c_. +d_. »x_]1"k_. +C_. »sin[c_. +d_. xx_]"k2_)*
(b_#sin[c_. +d_. »x_1"k_. )*n_, x_Synbol | : =
Di st [b” (n-1/2)*Sqrt [bxSi n[c+d*x]1"k]1/(Sqrt [Si n[c+d*x]"] 1)" (j *k),
Int [sin[c+d*x]" (j xm+k*n) * (A+Bxsi n[c+dxX]"k+CxSi n[c+d*x]1" (2xk)), x1] /;
FreeQ[{b,c,d, A B, C}, x] & OneQ[j "2, k"2] && IntegerQ[m-1/2] && I ntegerQ[n-1/2] && n>0



Integration Rules for (sin”*))”*m (A+B sin”~k+C sin”™~(2k)) (a+b sin”~k)"™n

Int [(sin[c_. +d_. #x_]7j _. ) m #(A_. +C_. #sin[c_. +d_. »x_1"k2_)* (b_s#sin[c_. +d_. xx_]1"k_. )*n_, x_Synbol | : =
Di st [b” (n-1/2)*Sqrt [bxSi n[c+d*x]1"k]/(Sqrt [Si n[c+d*x]"] 1)" (j *k),
Int [sin[c+d*x]" (] *m+k*n) * (A+Cxsi n[c+dxx]" (2xk)), x]1]1 /;
FreeQ[{b, c, d, A C}, x] && OneQIj "2, k"2] && IntegerQ[m-1/2] && | ntegerQ[n-1/2] && n>0

= Derivation: Piecewise constant extraction

W)

bfrzik

] Basislfj2=1,thenaz =0

. 2 2 _ 1 1
m Ruleh3:If j< =k _1/\m-§ez/\n-3ez/\n<0,then

J(Si nfc+dx]’)" (A+BSin[c+dx]¥+CSin[c+dx]?¥) (bSin[c+dx]¥)"dx —

j k

1 ]
b"tz (\/ Sin[c+dx] )

\/bSingc+dxik

Sinfc+dx] ™" (A+BSin[c+dx]*+CSin[c+dx]?¥) dx

= Program code:

Int [(sin[c_ +d_. »x_17"j _. )"m_ (A_. +B_. »sin[c_. +d_. #x_]"k_. +C_. »sin[c_. +d_. #x_]"k2_)«
(b_#sinfc_. +d_. »x_1"k_. )*n_, x_Synbol | : =
Di st [b” (n+1/2) % (Sqrt [Sin[c+dxx]"j 1)" (J *k) /Sqrt [b*Si n[c+d*x] k],
Int [sin[c+d*x]" (j xm:k*n) * (A+Bxsi n[c+dxX ] "k+CxSi n[c+d*x]" (2xk)), x1] /;
FreeQ[{b, c,d, A B, C}, Xx] & & OneQJj "2, k2] && IntegerQ[m-1/2] && IntegerQ[n-1/2] && n<0

Int [(sin[c_ +d_. »x_17j _. )"m_» (A_. +C_. »sin[c_. +d_. +x_]"k2_) = (b_#sin[c_. +d_. »x_]"k_. )*n_, x_Synbol ] : =
Di st [b” (n+1/2) % (Sqrt [Sin[c+d*x]"j ])” (j *k) /Sqrt [b*Si n[c+d*x] k],
Int [sin[c+d*x]" (j xm+k*n) * (A+Cxsi n[c+d*x]" (2%k)), x]]1 /;
FreeQ[{b, c,d, A C}, x] & OneQ[j "2, k"2] && IntegerQ[m-1/2] && |ntegerQ[n-1/2] && n<0



Integration Rules for (sin”*))”*m (A+B sin”~k+C sin”™~(2k)) (a+b sin”~k)"™n

Rulei:
J(Sin[c+dx]j)m(A+BCsc[c+dx] +CGCsc[c+dx]?) (a+bCsc[c+dx])"dx

= Derivation: Algebraic simplification

m RuleiliIf j2=1 A a?-b%2#0 A -1<ms1,then

dx —

(Sinfc+dx1)™ (A+BCsc[c+dx] +CCsc[c +dx]?)
a+bCsc[c+dx]

dx

(Sin[c+dx]i)m (C+BSin[c+dx] +ASin[c+dx]?)
b+aSin[c+dx]

m  Program code:

Int [(sin[c_ +d_. »x_1"j _. )"m_. #(A_. +B_. #sin[c_. +d_. »x_]" (-1)+C_. #sin[c_. +d_. xx_]" (-2) )/
(a_+b_. »sin[c_. +d_. #x_]1"(-1)), x_Synbol | : =
Int [(sin[c+dxx]"j )" (M-] ) * (C+BxSi n[C+d*x]+AxSi n[c+dxx]"2)/ (b+a*si n[c+dxx]), X] /;
FreeQ[{a, b, c, d, A B, C}, x] & OneQ[j *2] && NonzeroQ[a’2-b"2] && Rational Q[m] && -1<nxl

Int [(sin[c_ +d_. »x_17%j _. )"m_. #(A_. +C_. #sin[c_. +d_. »x_]"(-2))/(a_+b_. »sin[c_. +d_. «x_1" (-1)), x_Synbol ]
Int [(sin[c+d*Xx]"] )™ (M) ) * (C+AxSi n[c+d*Xx]"2) / (b+a*si n[c+dxXx]), X] /;
FreeQ[{a, b, c,d, A C}, x] & OneQ[j *2] && NonzeroQ[a”2-b"2] && Rational Q[m] && -1<nkl

= Derivation: Piecewise constant extraction

Vb+af[z]

— = O
Vf[z]l Va+b/f [z]

= Basis 9,

m Rulei2: If a2 - b2 # 0, then

dx —

J-Sin[c+dx] (A+BCsc[c+dx] +CCsc[c+dx]?)

Va+bCsclc+dx]

dx

VYb+aSin[c+dx] J\C+BSin[c+dx]+ASin[c+dx]2

AVSin[c+dx] VYa+bCsc[c+dx] AV/Sin[c+dx] VYb+aSin[c+dx]

= Program code:

Int [sinfc_. +d_. «x_1#(A_. +B_. #sin[c_. +d_. »x_]1" (-1)+C_. #sin[c_. +d_. »x_]"(-2))/
Sqrt [a_. +b_. #sin[c_. +d_. xx_1" (-1)1, x_Synbol | : =
Di st [Sqrt [b+a*Si n[c+d*x]1]1/(Sqrt [Sin[c+d*x]]1*Sqrt [a+b*xCsc[c+d*x]1]),
Int [ (C+Bxsi n[c+d*x]+AxSi n[C+d*x]"2)/(Sqrt [Sin[c+d*x]]*Sqrt [b+a*si n[c+d*x]1]1),X]] /;
FreeQ[{a, b, c,d, A B, C}, x] & & NonzeroQ[a"2-b"2]



Integration Rules for (sin”*))”*m (A+B sin”~k+C sin”™~(2k)) (a+b sin”~k)"™n

Int [sinfc_. +d_. «x_1#(A_. +C_. #sin[c_. +d_. «x_1"(-2))/Sart [a_. +b_. *sin[c_. +d_. xx_]1" (-1) ], x_Synbol | : =
Di st [Sqrt [b+a*Sin[c+dxx]]1/(Sqrt [Sin[c+d*xx]]*Sqrt [a+bxCsc[c+dxXx]]),
Int [ (C+Axsin[c+dxx]"2)/(Sqrt [sin[c+dxx]]*Sqrt [b+axsi n[c+dxx1]1), x]] /;
FreeQ[{a, b, c,d, A, C}, x] & & NonzeroQ[a"2-b"2]

= Derivation: Piecewise constant extraction

Vhb+af [z]
- ]
[\/f [z ) \/a+bf [z1?

1
E,then

] Basislfj2=1,thenaz =0

m RuleidIf j2=1 A a2-b2#0 A | m=

dx —

J’ (Sinfc+dx1')" (A+BCscc+dx] +CCsc[c +dx]?)

va+bCsclc+dx]

dx

Vb+aSin[c+dx] J-Sin[c+dx]j m3/2 (C+BSin[c+dx]+ASin[c+dx]?)
]
\Sinc+dx]’ +Va+bGCsc[c+dx]

= Program code:

Vb+aSin[c+dx]

Int [(sin[c_. +d_. #x_17j _. )"m #(A_. +B_. #sin[c_. +d_. #x_]" (-1)+C_. #sin[c_. +d_. »x_]"(-2))/
Sqrt [a_. +b_. #sinfc_. +d_. xx_]"(-1)1, x_Synbol ] : =
Di st [Sqrt [b+a*Sin[c+dxx]1/((Sqrt [Sin[c+d*x]"j 1)”] *Sqrt [a+bxCsc [c+d*x]]),
Int [sin[c+d*x]" (j *m-3/2) % (C+BxSi n[c+d*xx]+Axsi n[c+dxx]"2)/Sqrt [b+a*xsi n[c+dxx]]1,X]] /;
FreeQ[{a, b, c,d, A B, C}, x] & OneQ[j *2] && NonzeroQ[a’2-b"2] && ZeroQ[j *m-1/2]

Int [(sin[c_ +d_. »x_17"j _. )"m_ » (A_. +C_. sin[c_. +d_. #x_]"(-2))/Sqrt [a_. +b_. »sin[c_. +d_. #x_]1" (-1)1, x_Synm
Di st [Sqrt [b+a*Sin[c+d*x]1]1/ ((Sqrt [Si n[c+d*x]1"j ])"] *Sqrt [a+b*xCsc [c+d*x]1]),
Int [sin[c+d*x]" (j *m-3/2) » (C+AxSi n[c+d*x]"2)/Sqrt [b+axsi n[c+dxx]], Xx1] /;
FreeQ[{a, b,c,d, A C}, X] & OneQ[j *2] && NonzeroQ[a’2-b"2] && Zer oQ[j *m-1/2]



Integration Rules for (sin”*))”*m (A+B sin”~k+C sin”™~(2k)) (a+b sin”~k)"™n

Rule
j: J&c[c+dx]m(A+BSin[c+dx] +CSin[c+dx]?) (a+bSin[c+dx])"dx

= Derivation: Piecewise constant extraction
m Basis 4, (Sin[z]™Csc[z]™ =0

= Rulej:if m-2ez /\ 0<m<2 /\ -2 <n<0,then

JCsc[c+dx]m(A+BSin[c+dx] +CSinfc+dx]?) (a+bSin[c+dx])"dx —

(A+BSin[c+dx] +CSin[c+dx]?) (a+bSin[c+dx])"
AV Csc[c+dx] VSin[c+dx] J dx
Sin[fc+dx]™

m  Program code:

Int [(sin[c_ +d_. »x_1"(-1))"m «(A_. +B_. »sin[c_. +d_. «x_]1+C_. #sin[c_. +d_. »x_]1"2)«
(a_+b_. #sin[c_. +d_. #x_])"n_, x_Synbol | : =
Di st [Sqrt [Csc[c+d*x]]*Sqrt [Sin[c+dxx]],
Int [ (A+Bxsi n[c+d*x]+Cxsi n[c+d*x]"2) % (a+bxsi n[c+d*x])”n/sin[c+d*x]"m x1] /;
FreeQ[{a, b,c,d, A B, C}, x] & IntegerQ[m-1/2] && Rational Q[n] && 0<nk2 && -2<n<0

Int [(sin[c_ +d_. »x_1"(-1))"m_«(A_. +C_. »sin[c_. +d_. xx_]1"2) = (a_+b_. #sin[c_. +d_. »x_])"n_, x_Synbol | : =
Di st [Sqrt [Csc[c+dxx]]*Sqrt [Sin[c+d*x]],
Int [ (A+CxsSi n[C+d*X]"2) % (a+bxSi n[c+d*Xx])"n/Si n[c+d*x]"m X]] /;
FreeQ[{a, b,c,d, A C}, x] & IntegerQ[m-1/2] && Rational Q[n] && 0<nk2 && -2<n<0



Integration Rules for (sin”*))”*m (A+B sin”~k+C sin”™~(2k)) (a+b sin”~k)"™n

Rules9-10:
JSin[c+dx]%l (A+BSin[c+dx]*+CSin[c+dx]?¥) (a+bSin[c+dx]*)"dx

= Derivation: Rule 1 with m = %i
" Rule9:1fk2=1 A a2-b2#0 A a2C-abB+b2A#0 A n < -1,then
k-1
JSin[c+dx]T (A+BSin[c+dx]*+CSin[c+dx]?¥) (a+bSin[c+dx]k)”d1x —

k-1
(a2C-abB+b?A) Cos[c+dx] Sin[c+dx]Z (a+bSinfc+dx]¥)™ 1
_ +

bd (n+1) (a?-b?) b (n+1) (a%-b?)

k-1
JSin[c+dx]T (b (aA-bB+aC) (n+1) - (a?C-abB+b?A+ (b?A-abB+b?C) (n+1)) Sin[c+dx]¥)

)n+1

(a+bSin[c+dx]¥ dx

= Program code:

Int [ (A +B_. #sin[c_. +d_. #x_]+C_. #sin[c_. +d_. «x_]"2)*(a_+b_. #sin[c_. +d_. x_])"n_, x_Synbol | : =
- (a"2xC-axb*B+b"2xA) xCos [C+d*X] % (a+bxSi n[c+d*x])" (n+1) / (b*d* (n+1) x (a"2-b"2)) +
Di st [1/ (b* (n+1) % (a*2-b"2)),
Int [Si m[bx (axA-bxB+axC) x (n+1) - (a"2xC-axb*xB+b"2xA+ (b"2xA-axb*xB+b"2xC) x (n+1) ) xSi n[C+d*X], X]*
(a+bxsi n[c+d*x]1)” (n+1),x1] /;
FreeQ[{a, b, c,d, A B, C}, x] & NonzeroQ[a"2-b"2] && NonzeroQ[a"2xC-axbxB+b"2xA] && Rational Q[n] && n<-1

Int [ (A_. +C_. »sin[c_. +d_. #x_]"2) = (a_+b_. #sin[c_. +d_. xx_1)"n_, x_Synbol | : =
- (a"2xC+b"2xA) xCos [C+d*xX] % (a+bxSi n[c+d*xx])”" (n+1) / (bxd* (n+1) » (a"2-b"2)) +
Di st [1/ (b* (n+1) % (a*2-b"2)),
Int [Si m[axbx (A+C) » (n+1) - (a"2*xC+b"2xA+ (b"2xA+b"2xC) x (n+1) ) xsi n[C+d*X], X] *
(a+bxsi n[c+d*x]1)" (n+1), x1] /;
FreeQ[{a, b, c,d, A C}, x] & NonzeroQ[a"2-b”2] && NonzeroQ[a’2xC+b"2xA] && Rational Q[n] && n<-1

Int [sin[c_. +d_. #x_]"(-1)*(A_. +B_. #sin[c_. +d_. »x_]1" (-1)+C_. #sin[c_. +d_. »x_]1" (-2) )
(a_+b_. #sin[c_. +d_. »x_]"(-1))"n_, x_Synbol | : =
- (a”2xC-axbxB+b"2xA) xCot [C+d*X]* (a+b*Csc [c+d*x])" (n+1) / (b*dx (n+1) x (a"2-b"2)) +
Di st [1/ (bx (n+1) % (a”2-b"2)),
Int [sin[c+d*x]" (-1)*
Si m[b* (axA-bxB+axC) * (n+1) - (a"2xC-axbxB+b"2xA+ (b"2xA-axb*xB+b"2xC) » (n+1) ) *Si n[C+d*X]" (-1), X]*
(a+bxsi n[c+d*x1” (-1))* (n+1), x11 /;
FreeQ[{a, b, c,d, A B, C}, x] & NonzeroQ[a"2-b"2] && NonzeroQ[a"2xC-axbxB+b"2xA] && Rational Q[n] && n<-1

Int [sin[c_. +d_. #x_]"(-1)*(A_. +C_. »sin[c_. +d_. xx_]" (-2) ) » (a_+b_. #sin[c_. +d_. »x_1" (-1) )*n_, x_Synbol | :
- (a"2xC+b"2xA) xCot [C+d*X]* (a+bxCsc [C+d*x])" (N+1) / (bxd* (n+1) x (a”2-b"2)) +
Di st [1/ (b* (n+1) % (a”2-b"2)),
Int [sin[c+d*x]" (-1)=*
Si m[axbx (A+C) * (n+1) - (a"2%C+b"2xA+ (b 2xA+b"2xC) * (N+1) ) *Si N[C+d*X]" (-1), X] *
(a+bxsi n[c+d*x]1” (-1))" (n+1),x]]1 /;
FreeQ[{a, b, c,d, A, C}, x] & NonzeroQ[a"2-b"2] && NonzeroQ[a’2xC+b"2xA] && Rational Q[n] && n<-1



Integration Rules for (sin”*))”*m (A+B sin”~k+C sin”™~(2k)) (a+b sin”~k)"™n

= Derivation: Rule2with m= kz;l

m Rulel0:If k2=1 A n>-1,then
k-1
JSi”[C"dX]T (A+BSin[c+dx1¥+CSin[c+dx]12¥) (a+bSin[c+dx]¥)"dx —

CCos[<:+dx]Sin[c+dx]%1(a+bSin[c+dx]k 1
+ .
bd (n+2) b (n+2)

)n+l

J‘Sin[c+dx]%1 (bA(n+2)+bC(n+1)+ (bB(n+2)-aC) Sin[c+dx]¥) (a+bSin[c+dx]k)nd1x

= Program code:

Int [ (A +B_. *»sin[c_. +d_. #x_]+C_. #sin[c_. +d_. #x_]"2)«(a_. +b_. #sin[c_. +d_. »x_])"n_., x_Symbol | : =
-CxCos [C+d*X]* (a+bxSin[c+d*x])" (n+1) / (b*d* (n+2)) +
Di st [1/ (b% (n+2)),
Int [Si m[bxAx (N+2) +b*Cx (N+1) + (b*Bx (N+2) -a*C) *Si n[C+d*X], X]* (a+bxsi n[c+d*x]1)"n, x]] /;
FreeQ[{a, b, c,d, A B, C}, x] & Rational Q[n] & n>-1

Int [(A_. +C_. #sin[c_. +d_. #x_]"2) = (a_. +b_. #sin[c_. +d_. #x_])"n_., x_Synbol | : =
-CxCos [c+dxXx]* (a+b*Sin[c+d*x])" (n+1) / (b*d* (n+2)) +
Di st [1/ (b*(n+2)),
I nt [Si m[bxAx (n+2) +b*Cx (n+1) -a*xCxsi n[C+d*X], X]* (a+bxsi n[c+dxx]1)"n, x]] /;
FreeQ[{a, b, c,d, A C}, x] & Rational Q[n] && n>-1

Int [sin[c_. +d_. #x_]"(-1)*(A_. +B_. #sin[c_. +d_. »x_]1" (-1)+C_. #sin[c_. +d_. »x_]1" (-2) )
(a_+b_. #sin[c_. +d_. »x_1"(-1))"n_., x_Synbol | : =
-CxCot [c+d*X]* (a+b*Csc[c+d*x])" (n+1)/ (b*xd*x (n+2)) +
Di st [1/ (b*(n+2)),
Int [sin[c+d*x]" (-1)
Si m[bxAx (nN+2) +b*Cx (N+1) + (b*Bx (N+2) -a*C) *si n[c+d*x]”" (-1), X]* (a+b*si n[c+d*x]” (-1))"n, x]] /;
FreeQ[{a, b, c,d, A B, C}, x] & Rational Q[n] && n>-1

Int [sin[c_. +d_. #x_]"(-1)*(A_. +C_. #sin[c_. +d_. »x_]1" (-2) ) » (a_+b_. #sin[c_. +d_. »x_1" (-1) )"n_., x_Synbol ]
-CxCot [c+d*Xx]* (a+b*Csc[c+d*x])" (n+1) / (b*d*x (n+2)) +
Di st [1/ (b*(n+2)),
Int [sin[c+d*x]" (-1) %
Si m[bxAx (nN+2) +b*Cx (N+1) —a*Cxsi n[c+d*x]" (-1), X]* (a+bxsi n[c+d*x]" (-1))”n, x]] /;
FreeQ[{a, b,c,d, A C}, x] & Rational Q[n] & n>-1



Integration Rules for (sin”*))”*m (A+B sin”~k+C sin”™~(2k)) (a+b sin”~k)"™n

Rules11-12:
J(Sin[c+dx]j)m(A+BSi nic+dx]*+CSinfc+dx]?*) (a+bSin[c+dx]*) dx

= Note: Therulesin thissection would only generate slightly simpler antiderivativesand requireas many stepsasusing rules3 and 4 directly.
m Derivation: Rule4 withn = 1 and ???

m Rulell:If j2=k?2=1 A j km< -1,then

J(Sin[c+dx]i)m(A+BSin[c+dx]k+CSin[c+dx]2") (a+bSin[c+dx]*)ax —

aACos[c+dx] (Sinfc+dxy)™ ¥ 1 o
( — ) + — j(Sin[c+dx]l)m’k.
d (j kK m+ ; ) j km+ ;
. k+1
((J k m+ )(bA+aB)+

1 .
)bCSln[c+dx]2k dx

_ kK+3 . k+1 _ ) k +
((ka+ > )aA+(ka+ )(bB+aC)]S|n[c+dx]k+(ka+

= Program code:

(» Int [(sin[c_. +d_. #x_1"j _. )"m.. = (A_. +B_. *sinfc_. +d_. »x_]"k_. +C_. #sin[c_. +d_. »x_]1"k2_) %
(a_+b_. »sin[c_. +d_. #x_]"k_. ), x_Symbol ] : =
axAxCos [C+dxX]* (Si n[C+d*x ] )N (M) xK) / (d* (] *k*mw (k+1) /2)) +
Di st [1/(j «k*ms (k+1) /2),
Int [(sin[c+dxXx]"] )™ (Mk] %K) *
Sim[(j *kxms (k+1) /2) » (bxA+axB) + ( (j *k*me (k+3) /2) xa*xA+ (j *kxmr (k+1) /2) » (bxB+axC) ) *si n[c+dxXx ] "k +
(j *kxm+ (k+1) /2) xb*Cxsi n[c+dxx]" (2%k), X1, Xx1]1 /;
FreeQ[{a, b, c,d, A B, C}, x] & & OneQI[j "2, k"2] && k2===2xk && Rational Q[m] && j xkxnk-1 x)

(» Int [(sin[c_. +d_. #x_17"j _. )"m.. *(A_. +C_. *sin[c_. +d_. #x_]"k2_)«
(a_+b_. »sin[c_. +d_. »x_]"k_. ), x_Symbol | : =
axAxCos [C+dxX]* (Si n[C+d*x]"j )N (M) xK) / (d* (j *k*mw (k+1) /2)) +
Di st [1/ (] *k+ms (k+1)/2),
Int [(sin[c+dxXx]"j )™ (Mk] xK) *
Sim[(j *kxm (k+1) /2) xbxA+ ((j *kxmr (k+3) /2) *a*A+ (] *k*m+ (k+1) /2) *a*C) xSi n[C+d*x ] k+
(j *kxm+ (k+1) /2) xb*Cxsi n[c+dxx]" (2%k), X1, x1]1 /;
FreeQ[{a, b, c,d, A C}, x] && OneQ[j "2, k"2] && k2===2xk && Rational Q[m] && j xkxnk-1 =*)



Integration Rules for (sin”*))”*m (A+B sin”~k+C sin”™~(2k)) (a+b sin”~k)"™n

m Derivation: Rule3withn = 1 and ???

m Rulel2:1f j2=k?2=1 A j kmz -1,then
J(Sin[c+dx]i)m(A+BSin[c+dx]k+CSin[c+dx]2") (a+bSin[c+dx]*)dax —

b CCos [c +d x] (Sin[c+dx]j)m'2jk 1 S dx1 )™
- + — j(|n[c+ x]) .

d (i kms 22) j kme <
. k+5 ) k+5
((ka+ > )aA+((1km+

) (bB+aC) Sin[c+dx]2k) dx

k+3
](bA+aB)+(jkm+ )bC)Sin[c+dx]k+

] k+5
(ka+

= Program code:

(» Int [(sin[c_. +d_. #x_1"j _. )"m.. % (A_. +B_. *sinfc_. +d_. »x_]"k_. +C_. #sin[c_. +d_. »x_]1"k2_) %
(a_+b_. »sin[c_. +d_. #x_]"k_. ), x_Symbol | : =
-bxCxCos [C+dxX]* (Si n[C+d*X]"] )N (Mr2x] xKk) / (d* (j *kxm+ (k+5) /2)) +
Di st [1/ (j «k*me (k+5) /2),
Int [(sin[c+d*x]"] ) "mx
Si m[ (j *kxmt (K+5) /2) xaxA+ ( (j *kxmr (k+5) /2) » (bxA+axB) + (j *kxmr (k+3) /2) *b*C) xSi n[c+d*x ] "k +
(j *kxm+ (k+5) /2) » (bxB+a*C) xsi n[c+d*x]" (2xk), X1, Xx]1]1 /;
FreeQ[{a, b, c,d, A B, C}, x] & & OneQI[j "2, k"2] && k2===2xk && Rational Q[m] && j xkxme-1 x)

(» Int [(sin[c_. +d_. #x_17"j _. )"m.. % (A_. +C_. *sin[c_. +d_. #x_]"k2_)«
(a_+b_. »sin[c_. +d_. »x_]"k_. ), x_Symbol | : =
-bxCxCos [C+dxX]* (Si n[C+d*X]"] )N (Mr2x] xk) / (d* (j *kxm+ (k+5) /2)) +
Di st [1/ (j *k+m+ (k+5)/2),
Int [(sin[c+d*Xx]"] ) "mx
Sim[ (j *kxmt (k+5) /2) xaxA+ ( (j *kxmr (K+5) /2) xb*A+ (j *k*m+ (k+3) /2) *b*C) xsi n[c+d*x ] k+
(j *kxm+ (k+5) /2) xa*Cxsi n[c+d*x]" (2xk), X1, X1] /;
FreeQ[{a, b, c,d, A C}, x] && OneQ[j "2, k"2] && k2===2xk && Rational Q[m] && j xkxne-1 =*)



Integration Rules for (sin”*))”*m (A+B sin”~k+C sin”™~(2k)) (a+b sin”~k)"™n

Rules1-6: J(Si nfc+dx) )"

(A+BSin[c+dx]*+CSin[c+dx]?¥) (a+bSin[c+dx1*)"dx

m Derivation: Rulelor 6witha2C-abB+b2A =0

m Derivation: Algebraic simplification

(bB-aC+b Cz) (a+bz)

m Bass If a2C-abB+b?2A=0,thenA+Bz +Cz2 = =

m Rulelf j2=k2=1 A a?2C-abB+b?2A=0 A n<-1,then

J(Sin[c+dx]j)m(A+BSi nic+dx]*+CSin[c+dx]?¥) (a+bSi n[c+dx]k)nd1x —

n+1

1 .
—ZJ-(Sin[c+dx]1)m(bB—aC+bCSin[c+dx]") (a+bsinfc+dx1¥)"" dax
b

= Program code:

I nt [(Si nic_. +d_. =x_1"j _. )"m_. *(A_. +B . xsin[c_. +d_. *x_]1"k_. +C . *sin[c_. +d_. *X_]"k2_)*
(a_+b_. #sin[c_. +d_. #x_]"k_. )"n_, x_Symbol | : =
Di st [1/b"2,Int [(sin[c+d*x]"] ) "m«Si M[bxB-axC+b*Cxsi n[c+d*x]"k, X]* (a+b*si n[c+dxx]"k)" (n+1), x]1] /;
FreeQ[{a, b,c,d, A, B,C m}, x] && OneQ[j "2, k"2] && k2===2xk && ZeroQ[a"2xC-axbxB+b"2xA] && Rational Q[n]

Int [(sinfc_. +d_. #x_17j _. )"m.. »(A_. +C_. »sin[c_. +d_. #x_]"k2_)(a_+b_. #sin[c_. +d_. »x_]1"k_. )*n_, x_Synbol
Di st [1/b”2,Int [(sin[c+d*x]"] ) "mSi M[-axC+b*CxsSi n[c+d*x ]k, X]* (a+b*si n[c+dxx]*k)” (n+1),x1] /;
FreeQ[{a, b,c,d, A, C, m}, x] & & OneQ[j 2, k"2] && k2===2xk && ZeroQ[a"2xC+b"2xA] && Rational Q[n] && n<-1



Integration Rules for (sin”*))”*m (A+B sin”~k+C sin”™~(2k)) (a+b sin”~k)"™n

m Derivation: Recurrencel

m RuleL:Ifj2=k?=1 A a?-b2#0 A a2C-abB+b2A#0 Aj km>0 A n<-1,then

J(Sin[c+dx]j)m(A+BSin[c+dx]"+CSin[c+dx]2k) (a+bSin[c+dx]")nd1x —

n+l

(a2C-abB+b?A) Cos[c+dx] (Sin[c+dx])" (a+bSin[c+dx]¥)
- +

bd (n+1) (a?-b?)

j(Sin[c+dx]j)m ‘.

1
b (n+1) (a2—b2)
k-1

((aZC—abB+b2A) [j k m+ ]+b (aA-bB+aC) (n+1) Sin[c+dx]"-

k+1
((bZA—abB+bZC) (n+l)+(aZC—abB+b2A) (] K m+ ; ]]

) n+l

Sin[c+dx]2k) (a+bSin[c+dx]* dx

= Program code:

Int [(sinfc_. +d_. #x_17j _. ) m_. »(A_. +B_. #sin[c_. +d_. #x_]"k_. +C_. #sin[c_. +d_. #x_]"k2_) «
(a_+b_. #sin[c_. +d_. #x_]"k_. )~n_, x_Symbol | : =
- (a"2xC-axb*B+b"2xA) xCos [C+d*X] % (Si n[C+d*X]"] )*mk (a+bxSi n[c+d*x] k)" (n+1) / (bxdx (n+1) * (a*2-b"2)) +
Di st [1/ (bx (n+1) % (a”2-b"2)),
Int [(sin[c+dxXx]"] )™ (M-] %K) =
Si m[ (a"2xC-axbxB+b"2xA) % (j xk*xm+ (k-1) /2) +b* (axA-b*B+a%C) x (n+1) xsi n[C+d*x ] k-
((b"2xA-axbxB+b"2xC) x (n+1) + (a"2xC-axb*B+b"2xA) » (j *k*mk (k+1) /2) ) xSi n[c+d*x]" (2xKk), X]*
(a+bxsi n[c+d*x] k)" (n+1), x]1] /;
FreeQ[{a, b, c,d, A B, C}, x] & OneQI[j 2, k"2] && k2===2xk && NonzeroQ[a"2-b"2] &&
Nonzer oQ[a"2xC-axbxB+b"2xA] && Rational Q[m n] && j xk*xm>0 && n<-1

Int [(sinfc_. +d_. #x_17j _. )"m.. »(A_. +C_. #sin[c_. +d_. #x_]"k2_)(a_+b_. #sin[c_. +d_. »x_]1"k_. )*n_, x_Synbol
- (a"2xC+b"2xA) xCos [C+d*X]* (Sin[c+d*xXx]1"] ) mk (a+bxSi n[c+d*x] k)" (n+1) / (bxd* (n+1) » (a"2-b"2)) +
Di st [1/ (bx (n+1) x (a”2-b"2)),
Int [(sin[c+dxx]"] )™ (M-] %K) *
Si m[ (a"2%xC+b"2xA) % (] xkxm+ (k-1) /2) +bx (a*xA+a*C) x (n+1) xSi n[C+d*x ] k-
((b"2xA+b"2%xC) % (N+1) + (@"2xC+b"2xA) % (] *kxmr (k+1) /2) ) xSi n[C+d*x]" (2xk), X]*
(a+bxsi n[c+d*x]1"k)" (n+1), x]]1 /;
FreeQ[{a, b, c,d, A C}, x] && OneQ[j "2, k"2] && k2===2xk && NonzeroQ[a’2-b"2] &&
Nonzer oQ[a"2xC+b"2xA] && Rational QIm n] && j xkxm>0 && n<-1



Integration Rules for (sin”*))”*m (A+B sin”~k+C sin”™~(2k)) (a+b sin”~k)"™n

m Derivation: Recurrence?2

m Rule21fj2=k2=1Aa2-b2#0 Ajkm>0 A -1xn<0,then

J(Sin[c+dx]j)m(A+BSin[c+dx]"+CSin[c+dx]2k) (a+bSin[c+dx]")nd1x —

n+1

CCos[c+dx] (Sin[c+dx] )" (a+bSin[c+dx]K 1 o
) + ( + ) ( + + ) . j(Siﬂ[C+dX]J)ka-
bd (j kmens+<2) b (j kmsn+ 22)

k-1 k+1
(aC(jkm+ )+b(A+(A+C) (jkm+n+ ))Sin[c+dx]k+

) k+1 ) ) n
(bB(n+l)+(bB—aC) (] k m+ ))Sln[c+dx]2k) (a+bSin[c+dx]*)" dx

= Program code:

Int [(sinfc_. +d_. #x_]7j _. )"m_. »(A_. +B_. »sin[c_. +d_. #x_]"k_. +C_. xsin[c_. +d_. #x_]"k2_) «
(a_+b_. »sin[c_. +d_. #x_]"k_. )"n_, x_Synbol | : =
-CxCos [C+d*xX]* (Si n[C+dxX]"] ) mk (a+b*Si n[Cc+d*x ] k)" (n+1) / (bxd* (j *kxmen+ (k+3) /2)) +
Di st [1/ (bx (j *kxmen+ (k+3)/2)),
Int [(sin[c+dxXx]"j )N (M-] *xK) *
Si m[a*Cx (j *kxmw (k-1) /2) +bx (A+ (A+C) » (j *k*men+ (k+1) /2)) *si n[C+d*X] "k +
(b*Bx (N+1) + (b*B-a*C) * (j *kxm+ (k+1) /2)) *Si n[c+dxXx]" (2xk), X] *
(a+bxsi n[c+d*x]1"k)"n, x]]1 /;
FreeQ[{a, b, c,d, A B, C}, x] & OneQI[j "2, k"2] && k2===2xk &% NonzeroQ[a"2-b"2] &&
Rational QIm n] && j xk*m>0 && -1<n<0

Int [(sinfc_. +d_. #x_]7j _. )"m_. »(A_. +C_. »sin[c_. +d_. #x_]"k2_)(a_+b_. #sin[c_. +d_. »x_]1"k_. )*n_, x_Synbol
-CxCos [C+d*X]* (Sin[c+d*x]"j ) mk (a+b*Si n[c+d*x] k)™ (n+1) / (b*xd* (j *k*men+ (k+1) /2+1)) +
Di st [1/ (bx (j *k«men+ (k+1) /2+1)),
Int [(Sin[c+d*xXx]"j )" (M-] *Kk) =
Si m[a*Cs (j xk*mw (k-1) /2) +b* (A+ (A+C) * (j *k*men+ (k+1) /2)) *si n[c+d*x ] k-
axCx (] *kxmr (k+1) /2) *si n[c+d*x]" (2xk), X]*
(a+bxsi n[c+d*x1"k)”*n, x11 /;
FreeQ[{a, b, c,d, A C}, x] & OneQJj "2, k2] && k2===2xk && NonzeroQ[a’2-b"2] &&
Rational QIm n] && j *k*m>0 && -1x<n<0



Integration Rules for (sin”*))”*m (A+B sin”~k+C sin”™~(2k)) (a+b sin”~k)"™n

= Derivation: Recurrence3
m Note: Ruledisusedifj k m=k = -1.

" Rule3:1fj2=k2=1Aa2-b2#0 Ajkmz-1 A= (m=1AKks=-1) An>O0,then
J(Sin[c+dx]j)m(A+BSin[c+dx]"+CSin[c+dx]2k) (a+bSin[c+dx]")nd1x —

CCos [c +d X] (Sin[c+dx]i)rmjk(a+bSin[c+dx]k)n 1

- — + — j(Sin[c+dx]i)m-
d(jkm+;+n) j km+ == 4+n

k+1 k+1
(a(A(n+l)+(A+C) (jkm+ ]]+(bA+aB+(bA+aB+bC) (jkm+ +n))Sin[c+dx]k+

k+3
(aCmbB(j kme — +n]]Sin[c+dx]2k] (a+bsin[c+dx1¥)"" ax

= Program code:

Int [(sinfc_. +d_. #x_]7j _. )"m_. »(A_. +B_. »sin[c_. +d_. #x_]"k_. +C_. xsin[c_. +d_. #x_]"k2_) «
(a_+b_. »sin[c_. +d_. #x_1"k_. )"n_., x_Symbol | : =
-CxCos [C+d*xX]* (Si n[C+dxXx]"j )™ (M) xk) x (a+b*Si n[c+d*x]1 k) n/ (d* (j *xkxm+ (k+3) /2+n)) +
Di st [1/ (] *kxm+ (k+3) /2+n),
Int [(sin[c+d*Xx]"] ) "mx
Si m[ax (Ax (N+1) + (A+C) * (] *k*ms (k+1) /2) ) + (bxA+a*B+ (bxA+axB+bxC) » (j xk*me (k+1) /2+n) ) *Si n[Cc+d*x] "k +
(a*xCxn+bxBx (j *xkxm+ (k+3) /2+n) ) xSi n[c+d*x]" (2xKk), X]*
(a+bxsi n[c+d*x]1 k)" (n-1), x]]1 /;
FreeQ[{a, b, c,d, A B, C}, x] & OneQI[j "2, k"2] && k2===2xk &% NonzeroQ[a"2-b"2] &&
Rational QIm n] && j xkxmx-1 && Not [M'2==1 && k==-1] && n>0

Int [(sinfc_ +d_. #x_]7j _. )"m_. »(A_. +C_. »sin[c_. +d_. #x_]"k2_)«(a_+b_. xsin[c_. +d_. »x_]"k_. )*n_., x_Symbo
-CxCos [C+d*X]*(Sin[c+d*x]"j ) (m+] xk) * (a+b*Si n[c+d*x ] k)" n/ (d* (j xk*m+ (k+3) /2+n)) +
Di st [1/ (] *k*m+ (k+3) /2+n),
Int [(sin[Cc+d*X]"j ) mk
Si m[ax* (A% (N+1) + (A+C) % (] *k*mw (k+1) /2)) + (b*A+ (bxA+b*C) » (j *k*m (k+1) /2+n) ) *si n[Cc+d*x ] k+
axCxn*si n[C+d*x]" (2xk), X]*
(a+bxsi n[c+d*x]1"k)” (n-1), x]11 /;
FreeQ[{a, b,c,d, A C}, x] & OneQJj "2, k2] && k2===2xk && NonzeroQ[a’2-b"2] &&
Rational Q[m n] && j xk*m>-1 &% Not [M'2==1 && k==-1] && n>0



Integration Rules for (sin”*))”*m (A+B sin”~k+C sin”™~(2k)) (a+b sin”~k)"™n

m Derivation: Recurrence4

= Rule4:1fj2=k?=1 /\ a®2-b2#0 /\jkm+<2#0 A\ jkms-1 /\ n>o0,then
J(Sin[c+dx]j)m(A+BSin[c+dx]"+CSin[c+dx]2k) (a+bSin[c+dx]")nd1x —

ACos[c +dX] (Sin[c+dx]j)m”-k(a+bSin[c+dx]'<)n 1

+ j(Sin[c+dx]j)mjk-
d (i kms ) j kms 22

) k+1 ) k+1 )
(aB(jkm+ )—bAn+(aA+(aA+aC+bB) (ka+ JJSln[c+dx]k+

. k+1 . . n-1
b (A(n+1)+(A+C) (] k m+ ))Sln[c+dx]2k) (a+bSin[c+dx]*)" dx

= Program code:

Int [(sinfc_. +d_. #x_17j _. )"m.. »(A_. +B_. »sin[c_. +d_. #x_]"k_. +C_. xsin[c_. +d_. #x_]"k2_) «
(a_+b_. »sinfc_. +d_. #x_]"k_. )"n_., x_Synbol | : =
AxCos [C+d*xX]* (Si n[C+d*X]"] )™ (Mt] *xK) » (a+b*Si n[c+d*x]1 k) n/ (d* (j *kxmw (K+1) /2)) +
Di st [1/ (] xkxm+ (k+1)/2),
Int [(sin[c+d*X]"] )™ (MH] %K) *
Si m[a*Bx (j *k*m+ (K+1) /2) -bxAxn+ (axA+ (axA+a*C+bxB) » (j *k*m+ (k+1) /2) ) »Si n[Cc+d*x ] k+
bx (Ax (N+1) + (A+C) % (] *kxmt (K+1) /2)) *Si n[C+d*X]" (2%K), X] *
(a+bxsi n[c+d*x]1"k)" (n-1), x1]1 /;
FreeQ[{a, b, c,d, A B, C}, x] & & OneQ[j "2, k"2] && k2===2xk &% NonzeroQ[a"2-b"2] &&
Rational Q[m n] && j xkxmk (k+1) /2#0 && | *kxme-1 && n>0

Int [(sinfc_. +d_. #x_]7j _. )"m.. »(A_. +C_. »sin[c_. +d_. #x_]"k2_)«(a_+b_. »sin[c_. +d_. »x_]1"k_. )"n_

AxCoS [C+d*xX]* (Si n[C+d*xX]"] )™ (M) *xK) » (a+b*Si n[c+d*x]1 k) n/ (d* (j *kxmw (K+1) /2)) +
Di st [1/ (] xkxm+ (k+1)/2),
Int [(sin[c+dxX]"] )™ (MH] %K) *
Si m[-bxAxn+ax (A+ (A+C) * (j *k*mi (k+1) /2) ) *Si n[C+d*Xx ] k+
bx (Ax (N+1) + (A+C) % (j *kxmw (K+1) /2)) *Si n[C+d*X]" (2xK), X]*
(a+b*si n[c+d*x]"k)" (n-1), x11 /;
FreeQ[{a, b, c,d, A C}, x] & OneQ[j "2, k"2] && k2===2xk && NonzeroQ[a’2-b"2] &&

Rational QIm n] && j xk*ms (k+1) /2#0 && j xk*m<-1 && n>0

., X_Synmbo



Integration Rules for (sin”*))”*m (A+B sin”~k+C sin”™~(2k)) (a+b sin”~k)"™n

m Derivation: Recurrence5

= Rule5:1fj2=k?=1 A\ a?-b2#0 A\ jkme <220 A\ jkms-1 /\ -1sn<0, then

J(Sin[c+dx]j)m(A+BSin[c+dx]"+CSin[c+dx]2k) (a+bsinfc+dx1*)"ax —

ACDS[C dX] S|n[C dX]J m k a bS|n[C dx]k n+l 1 - '
+ ( + ) kl( + + ) + — J‘(Sin[c+dx]])m+lk.
ad (j km+==) a (j kme &)

) k+1 ) k+1 _
((aB-bA) (]km+ )-bA(n+1)+a(A+(A+C) (]km+ ))Sln[c+dx]k+

K+5
bA(j Kmen s+ — )Sin[c+dx]2kJ (a+bSin[c+dx1)" ax

= Program code:

Int [(sinfc_. +d_. #x_17j _. )"m.. »(A_. +B_. »sin[c_. +d_. #x_]"k_. +C_. xsin[c_. +d_. #x_]"k2_) «
(a_+b_. »sinfc_. +d_. #x_]"k_. )"n_, x_Symbol | : =
AxCos [C+d*xX]* (Si n[C+d*X]"] )™ (Mt] *xK) » (a+b*Si n[c+d*X ] K) ™ (N+1) / (a*d* (j *kxme (k+1) /2)) +
Di st [1/ (ax (] *k*m+ (k+1)/2)),
Int [(sin[c+d*X]"] )™ (MH] %K) *
Si m[ (a*B-bxA) % (j xkxm (k+1) /2) -b*Ax (N+1) +a* (A+ (A+C) » (] *K*m (k+1) /2) ) »Si n[C+d*X ] k+
bxAx (j *kxmen+ (k+5) /2) *si n[C+d*Xx]" (2xk), X] *
(a+bxsi n[c+d*x]17k)"n, x]1]1 /;
FreeQ[{a, b, c,d, A B, C}, x] & & OneQ[j "2, k"2] && k2===2xk &% NonzeroQ[a"2-b"2] &&
Rational Q[m n] && j xkxmk (k+1) /2#0 && | *kxme-1 && -1<n<0

Int [(sinfc_. +d_. #x_]7j _. )"m.. »(A_. +C_. »sin[c_. +d_. #x_]"k2_)(a_+b_. #sin[c_. +d_. xx_]1"k_. )*n_, x_Synbol
AxCoS [C+d*xX]* (Si n[C+d*xX]"] )N (M) xK) » (a+b*Si n[c+d*X ] K) ™ (N+1) / (a*d* (j *kxme (k+1) /2)) +
Di st [1/ (a% (j *k«ms (k+1) /2)),
Int [(sin[c+dxX]"] )™ (MH] %K) *
Si m[-b*Ax (j *k*m+ (K+1) /2) -bxAx (n+1) +a* (A+ (A+C) % (j *kxm (k+1) /2) ) *Si n[C+dxX] K+
bxAx (j xk«men+ (K+5) /2) *si n[c+d*x]" (2xKk), X] *
(a+b*si n[c+d*x]"k)”n, X111 /;
FreeQ[{a, b, c,d, A C}, x] & OneQ[j "2, k"2] && k2===2xk && NonzeroQ[a’2-b"2] &&
Rational Q[m n] && j xkxms (k+1) /220 && j xkxms-1 && -1<n<0



Integration Rules for (sin”*))”*m (A+B sin”~k+C sin”™~(2k)) (a+b sin”~k)"™n

= Derivation: Recurrence6
= Rule6 If j2=k2=1Aa2-b2#0 A a2C-abB+b2A#0 Aj km<O A n<-1,then
J(Sin[c+dx]j)m(A+BSin[c+dx]"+CSin[c+dx]2k) (a+bSin[c+dx]")nd1x —

n+1

(a?C-abB+b?A) Cos[c+dx] (Sin[c+dx]1')m+jk (a+bSinfc+dx]¥)

ad (n+1) (a?-b?)

1 o
J(Sin[c+dx]1) .
a (n+1) (a?-b?)

k+1
(A(az—bz) (n+1) - (a2C-abB+b?A) (j K ms — )—a(bA—aB+bC) (n+1) Sinfc+dx]*+

) n+1

k+5
(a?C-abB+hb*A) (j K men o+ — ]Sin[c+dx]2k) (a+bSin[c+dx]* dx

m  Program code:

Int [(sinfc_. +d_. «x_17j _. ) m_. »(A_. +B_. #sin[c_. +d_. #x_]"k_. +C_. #sin[c_. +d_. #x_]"k2_)«
(a_+b_. #sinfc_. +d_. #x_]"k_. )~n_, x_Symbol | : =
(a"2xC-axbxB+b"2xA) xCos [C+d*xX] % (Si n[C+d*X]"] )™ (Mk] k) x (a+b*Si n[c+d*xx]1 k)" (n+1) / (a*d* (n+1) x (a"2-b"2
Di st [1/ (a* (n+1l) % (a"2-b"2)),
Int [(sin[c+d*x]"] )" "mk
Si m[Ax (a”2-b"2) x (N+1) - (a*2xC-axbxB+b"2xA) % (j xkxm+ (k+1) /2) -a* (bxA-a*B+b*C) x (n+1) *si n[c+dxx] "k +
(a"2xC-axb*B+b"2xA) » (j *k*men+ (k+5) /2) xsi n[c+d*x]" (2xk), X]*
(a+bxsi n[c+d*x] k)" (n+1),x]1]1 /;
FreeQ[{a, b, c,d, A B, C}, x] & OneQI[j 2, k"2] && k2===2xk && NonzeroQ[a"2-b"2] &&
Nonzer oQ[a"2xC-axbxB+b"2xA] && Rational Q[m n] && j xk*mk0 && n<-1

Int [(sin[c_ +d_. »x_17"j _. )"m_. *(A_. +C_. #sin[c_. +d_. »x_]"k2_)*(a_+b_. xsin[c_. +d_. +x_]"k_. )*n_, x_Synbol
(a"2xC+b"2xA) xCos [C+d*X] % (Si n[C+d*xX]"] )™ (M+] xk) x (a+b*Si n[c+d*x]1 k)" (n+1) / (a*d* (n+1) x (a"2-b"2)) +
Di st [1/ (a* (n+1) % (a”2-b"2)),
Int [(sin[c+d*x]"] ) "mx
Si m[A* (a”2-b"2) x (N+1) - (a"2xC+b"2xA) % (j *kxm+ (k+1) /2) ~axb* (A+C) % (N+1) *si n[c+d*x] "k +
(a"2xC+b"2%A) » (j xk*men+ (k+5) /2) xsi n[c+d*x]" (2xk), X] *
(a+bxsi n[c+d*x]1 k)" (n+1), x]]1 /;
FreeQ[{a, b, c,d, A C}, x] && OneQ[j "2, k"2] && k2===2xk && NonzeroQ[a’2-b"2] &&
Nonzer oQ[a"2xC+b"2xA] && Rational Q[m n] && j xk*nmk0 && n<-1



