
à ArcTanh@a xDn âx

� Reference: CRC 585, A&S 4.6.45

� Derivation: Integration by parts

� Rule:

à ArcTanh@a xD âx � x ArcTanh@a xD +
LogA1 - a2 x2E

2 a

� Program code:

Int@ArcTanh@a_.*x_D,x_SymbolD :=

x*ArcTanh@a*xD + Log@1-a^2*x^2D�H2*aL �;
FreeQ@a,xD

� Derivation: Integration by parts

� Rule: If  n Î Z ì n > 1, then

à ArcTanh@a xDn âx � x ArcTanh@a xDn - a n à x ArcTanh@a xDn-1

1 - a2 x2
âx

� Program code:

Int@ArcTanh@a_.*x_D^n_,x_SymbolD :=

x*ArcTanh@a*xD^n -

Dist@a*n,Int@x*ArcTanh@a*xD^Hn-1L�H1-a^2*x^2L,xDD �;
FreeQ@a,xD && IntegerQ@nD && n>1
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à xm ArcTanh@a xDn âx

� Derivation: Iterated integration by parts

� Rule: If  n Î Z ì n > 0, then

à x ArcTanh@a xDn âx � -
ArcTanh@a xDn

2 a2
+
x2 ArcTanh@a xDn

2
+

n

2 a
à ArcTanh@a xDn-1 âx

� Program code:

Int@x_*ArcTanh@a_.*x_D^n_.,x_SymbolD :=

-ArcTanh@a*xD^n�H2*a^2L + x^2*ArcTanh@a*xD^n�2 +

Dist@n�H2*aL,Int@ArcTanh@a*xD^Hn-1L,xDD �;
FreeQ@a,xD && IntegerQ@nD && n>0

� Derivation: Iterated integration by parts

� Rule: If  n Î Z ì n > 0 ì m > 1, then

à xm ArcTanh@a xDn âx � -
xm-1 ArcTanh@a xDn

a2 Hm + 1L +
xm+1 ArcTanh@a xDn

m + 1
+

n

a Hm + 1L à xm-1 ArcTanh@a xDn-1 âx +
m - 1

a2 Hm + 1L à xm-2 ArcTanh@a xDn âx

� Program code:

Int@x_^m_*ArcTanh@a_.*x_D^n_.,x_SymbolD :=

-x^Hm-1L*ArcTanh@a*xD^n�Ha^2*Hm+1LL + x^Hm+1L*ArcTanh@a*xD^n�Hm+1L +

Dist@n�Ha*Hm+1LL,Int@x^Hm-1L*ArcTanh@a*xD^Hn-1L,xDD +

Dist@Hm-1L�Ha^2*Hm+1LL,Int@x^Hm-2L*ArcTanh@a*xD^n,xDD �;
FreeQ@a,xD && IntegerQ@nD && n>0 && RationalQ@mD && m>1
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� Derivation: Integration by parts

� Rule: If  n Î Z ì n > 1, then

à ArcTanh@a xDn

x
âx � 2 ArcTanh@a xDn ArcTanhB1 -

2

1 - a x
F - 2 a n á

ArcTanh@a xDn-1 ArcTanhA1 -
2

1-a x
E

1 - a2 x2
âx

� Program code:

IntAArcTanh@a_.*x_D^n_�x_,x_SymbolE :=

2*ArcTanh@a*xD^n*ArcTanh@1-2�H1-a*xLD -

Dist@2*a*n,Int@ArcTanh@a*xD^Hn-1L*ArcTanh@1-2�H1-a*xLD�H1-a^2*x^2L,xDD �;
FreeQ@a,xD && IntegerQ@nD && n>1

� Derivation: Integration by parts

� Rule: If  n Î Z ì n > 0, then

à ArcTanh@a xDn

x2
âx � -

ArcTanh@a xDn

x
+ a n à ArcTanh@a xDn-1

x I1 - a2 x2M âx

� Program code:

IntAArcTanh@a_.*x_D^n_.�x_^2,x_SymbolE :=

-ArcTanh@a*xD^n�x +

Dist@a*n,Int@ArcTanh@a*xD^Hn-1L�Hx*H1-a^2*x^2LL,xDD �;
FreeQ@a,xD && IntegerQ@nD && n>0

� Derivation: Inverted iterated integration by parts

� Rule: If  n Î Z ì n > 0, then

à ArcTanh@a xDn

x3
âx �

a2 ArcTanh@a xDn

2
-
ArcTanh@a xDn

2 x2
+
a n

2
à ArcTanh@a xDn-1

x2
âx

� Program code:

IntAArcTanh@a_.*x_D^n_.�x_^3,x_SymbolE :=

a^2*ArcTanh@a*xD^n�2 - ArcTanh@a*xD^n�H2*x^2L +

Dist@a*n�2,Int@ArcTanh@a*xD^Hn-1L�x^2,xDD �;
FreeQ@a,xD && IntegerQ@nD && n>0
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� Derivation: Inverted iterated integration by parts

� Rule: If  n Î Z ì n > 0 ì m < -3, then

à xm ArcTanh@a xDn âx �
xm+1 ArcTanh@a xDn

m + 1
-
a2 xm+3 ArcTanh@a xDn

m + 1
-

a n

m + 1
à xm+1 ArcTanh@a xDn-1 âx +

a2 Hm + 3L
m + 1

à xm+2 ArcTanh@a xDn âx

� Program code:

Int@x_^m_*ArcTanh@a_.*x_D^n_.,x_SymbolD :=

x^Hm+1L*ArcTanh@a*xD^n�Hm+1L - a^2*x^Hm+3L*ArcTanh@a*xD^n�Hm+1L -

Dist@a*n�Hm+1L,Int@x^Hm+1L*ArcTanh@a*xD^Hn-1L,xDD +

Dist@a^2*Hm+3L�Hm+1L,Int@x^Hm+2L*ArcTanh@a*xD^n,xDD �;
FreeQ@a,xD && IntegerQ@nD && n>0 && RationalQ@mD && m<-3
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à ArcTanh@a xDn

c + d x
âx

� Derivation: Integration by parts

� Rule: If  a2 c2 = d2 ì n Î Z ì n > 0, then

á ArcTanh@a xDn

c + d x
âx � -

ArcTanh@a xDn LogA 2 c

c+d x
E

d
+
a n

d
á

ArcTanh@a xDn-1 LogA 2 c

c+d x
E

1 - a2 x2
âx

� Program code:

IntAArcTanh@a_.*x_D^n_.�Ic_+d_.*x_M,x_SymbolE :=

-ArcTanh@a*xD^n*Log@2*c�Hc+d*xLD�d +

Dist@a*n�d,Int@ArcTanh@a*xD^Hn-1L*Log@2*c�Hc+d*xLD�H1-a^2*x^2L,xDD �;
FreeQ@8a,c,d<,xD && ZeroQ@a^2*c^2-d^2D && IntegerQ@nD && n>0
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à xm ArcTanh@a xDn

c + d x
âx

� Derivation: Integration by parts

� Rule: If  a2 c2 = d2 ì n Î Z ì n > 0, then

á ArcTanh@a xDn

x Hc + d xL âx �

ArcTanh@a xDn LogA2 -
2 c

c+d x
E

c
-
a n

c
á

ArcTanh@a xDn-1 LogA2 -
2 c

c+d x
E

1 - a2 x2
âx

� Program code:

IntAArcTanh@a_.*x_D^n_.�Ix_*Ic_+d_.*x_MM,x_SymbolE :=

ArcTanh@a*xD^n*Log@2-2*c�Hc+d*xLD�c -

Dist@a*n�c,Int@ArcTanh@a*xD^Hn-1L*Log@2-2*c�Hc+d*xLD�H1-a^2*x^2L,xDD �;
FreeQ@8a,c,d<,xD && ZeroQ@a^2*c^2-d^2D && IntegerQ@nD && n>0

� Derivation: Integration by parts

� Rule: If  a2 c2 = d2 ì n Î Z ì n > 0, then

á ArcTanh@a xDn

c x + d x2
âx �

ArcTanh@a xDn LogA2 -
2 c

c+d x
E

c
-
a n

c
á

ArcTanh@a xDn-1 LogA2 -
2 c

c+d x
E

1 - a2 x2
âx

� Program code:

IntAArcTanh@a_.*x_D^n_.�Ic_.*x_+d_.*x_^2M,x_SymbolE :=

ArcTanh@a*xD^n*Log@2-2*c�Hc+d*xLD�c -

Dist@a*n�c,Int@ArcTanh@a*xD^Hn-1L*Log@2-2*c�Hc+d*xLD�H1-a^2*x^2L,xDD �;
FreeQ@8a,c,d<,xD && ZeroQ@a^2*c^2-d^2D && IntegerQ@nD && n>0
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� Derivation: Algebraic simplification

� Basis: x

c+d x
�

1

d
-

c

d Hc+d xL
� Rule: If  a2 c2 = d2 ì m > 0 ì n Î Z ì n > 0, then

à xm ArcTanh@a xDn

c + d x
âx �

1

d
à xm-1 ArcTanh@a xDn âx -

c

d
à xm-1 ArcTanh@a xDn

c + d x
âx

� Program code:

IntAx_^m_.*ArcTanh@a_.*x_D^n_.�Ic_+d_.*x_M,x_SymbolE :=

Dist@1�d,Int@x^Hm-1L*ArcTanh@a*xD^n,xDD -

Dist@c�d,Int@x^Hm-1L*ArcTanh@a*xD^n�Hc+d*xL,xDD �;
FreeQ@8a,c,d<,xD && ZeroQ@a^2*c^2-d^2D && RationalQ@mD && m>0 && IntegerQ@nD && n>0

� Derivation: Algebraic simplification

� Basis: 1

c+d x
�

1

c
-

d x

c Hc+d xL
� Rule: If  a2 c2 = d2 ì m < -1 ì n Î Z ì n > 0, then

à xm ArcTanh@a xDn

c + d x
âx �

1

c
à xm ArcTanh@a xDn âx -

d

c
à xm+1 ArcTanh@a xDn

c + d x
âx

� Program code:

IntAx_^m_*ArcTanh@a_.*x_D^n_.�Ic_+d_.*x_M,x_SymbolE :=

Dist@1�c,Int@x^m*ArcTanh@a*xD^n,xDD -

Dist@d�c,Int@x^Hm+1L*ArcTanh@a*xD^n�Hc+d*xL,xDD �;
FreeQ@8a,c,d<,xD && ZeroQ@a^2*c^2-d^2D && RationalQ@mD && m<-1 && IntegerQ@nD && n>0
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à ArcTanh@a xDn

c + d x2
âx

� Derivation: Reciprocal rule for integration

� Rule: If  a2 c + d = 0, then

à 1

Ic + d x2M ArcTanh@a xD âx �
Log@ArcTanh@a xDD

a c

� Program code:

IntA1�IIc_+d_.*x_^2M*ArcTanh@a_.*x_DM,x_SymbolE :=

Log@ArcTanh@a*xDD�Ha*cL �;
FreeQ@8a,c,d<,xD && ZeroQ@a^2*c+dD

� Derivation: Power rule for integration

� Rule: If  a2 c + d = 0 ì n ¹ -1, then

à ArcTanh@a xDn

c + d x2
âx �

ArcTanh@a xDn+1

a c Hn + 1L

� Program code:

IntAArcTanh@a_.*x_D^n_.�Ic_+d_.*x_^2M,x_SymbolE :=

ArcTanh@a*xD^Hn+1L�Ha*c*Hn+1LL �;
FreeQ@8a,c,d,n<,xD && ZeroQ@a^2*c+dD && NonzeroQ@n+1D
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à xm ArcTanh@a xDn

c + d x2
âx

� Derivation: Algebraic expansion

� Basis: x

1-a2 x2
= -

1

a I1-a2 x2M +
1

a H1-a xL

� Rule: If  a2 c + d = 0 ì n > 0, then

à x ArcTanh@a xDn

c + d x2
âx �

ArcTanh@a xDn+1

d Hn + 1L +
1

a c
à ArcTanh@a xDn

1 - a x
âx

� Program code:

IntAx_*ArcTanh@a_.*x_D^n_.�Ic_+d_.*x_^2M,x_SymbolE :=

ArcTanh@a*xD^Hn+1L�Hd*Hn+1LL +

Dist@1�Ha*cL,Int@ArcTanh@a*xD^n�H1-a*xL,xDD �;
FreeQ@8a,c,d<,xD && ZeroQ@a^2*c+dD && RationalQ@nD && n>0

� Derivation: Algebraic expansion

� Basis: 1

x I1-a2 x2M =
a

1-a2 x2
+

1

x H1+a xL

� Rule: If  a2 c + d = 0 ì n > 0, then

à ArcTanh@a xDn

x Ic + d x2M âx �
ArcTanh@a xDn+1

c Hn + 1L +
1

c
à ArcTanh@a xDn

x H1 + a xL âx

� Program code:

IntAArcTanh@a_.*x_D^n_.�Ix_*Ic_+d_.*x_^2MM,x_SymbolE :=

ArcTanh@a*xD^Hn+1L�Hc*Hn+1LL +

Dist@1�c,Int@ArcTanh@a*xD^n�Hx*H1+a*xLL,xDD �;
FreeQ@8a,c,d<,xD && ZeroQ@a^2*c+dD && RationalQ@nD && n>0
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� Derivation: Algebraic expansion

� Basis: 1

x I1-a2 x2M =
a

1-a2 x2
+

1

x H1+a xL

� Rule: If  a2 c + d = 0 ì n > 0, then

à ArcTanh@a xDn

c x + d x3
âx �

ArcTanh@a xDn+1

c Hn + 1L +
1

c
à ArcTanh@a xDn

x H1 + a xL âx

� Program code:

IntAArcTanh@a_.*x_D^n_.�Ic_.*x_+d_.*x_^3M,x_SymbolE :=

ArcTanh@a*xD^Hn+1L�Hc*Hn+1LL +

Dist@1�c,Int@ArcTanh@a*xD^n�Hx*H1+a*xLL,xDD �;
FreeQ@8a,c,d<,xD && ZeroQ@a^2*c+dD && RationalQ@nD && n>0

� Derivation: Algebraic expansion

� Basis: x2

c+d x2
=

1

d
-

c

d Ic+d x2M

� Rule: If  a2 c + d = 0 ì m > 1 ì n > 0 , then

à xm ArcTanh@a xDn

c + d x2
âx �

1

d
à xm-2 ArcTanh@a xDn âx -

c

d
à xm-2 ArcTanh@a xDn

c + d x2
âx

� Program code:

IntAx_^m_*ArcTanh@a_.*x_D^n_.�Ic_+d_.*x_^2M,x_SymbolE :=

Dist@1�d,Int@x^Hm-2L*ArcTanh@a*xD^n,xDD -

Dist@c�d,Int@x^Hm-2L*ArcTanh@a*xD^n�Hc+d*x^2L,xDD �;
FreeQ@8a,c,d<,xD && ZeroQ@a^2*c+dD && RationalQ@8m,n<D && m>1 && n>0

� Derivation: Algebraic expansion

� Basis: 1

c+d x2
=

1

c
-

d x2

c Ic+d x2M

� Rule: If  a2 c + d = 0 ì m < -1 ì n > 0, then

à xm ArcTanh@a xDn

c + d x2
âx �

1

c
à xm ArcTanh@a xDn âx -

d

c
à xm+2 ArcTanh@a xDn

c + d x2
âx

� Program code:

IntAx_^m_*ArcTanh@a_.*x_D^n_.�Ic_+d_.*x_^2M,x_SymbolE :=

Dist@1�c,Int@x^m*ArcTanh@a*xD^n,xDD -

Dist@d�c,Int@x^Hm+2L*ArcTanh@a*xD^n�Hc+d*x^2L,xDD �;
FreeQ@8a,c,d<,xD && ZeroQ@a^2*c+dD && RationalQ@8m,n<D && m<-1 && n>0
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� Derivation: Integration by substitution

� Basis: If m Î Z or a > 0, x
m ArcTanh@a xDn

1-a2 x2
=

Tanh@ArcTanh@a xDDm ArcTanh@a xDn
am+1

¶x ArcTanh@a xD
� Rule: If  a2 c + d = 0 ì m, n Î Q ì Hn < 0 ê n Ï ZL ì Hm Î Z ê a > 0L, then

à xm ArcTanh@a xDn

c + d x2
âx �

1

am+1 c
SubstBà xn Tanh@xDm âx, x, ArcTanh@a xDF

� Program code:

IntAx_^m_.*ArcTanh@a_.*x_D^n_�Ic_+d_.*x_^2M,x_SymbolE :=

Dist@1�Ha^Hm+1L*cL,Subst@Int@x^n*Tanh@xD^m,xD,x,ArcTanh@a*xDDD �;
FreeQ@8a,c,d<,xD && ZeroQ@a^2*c+dD && RationalQ@8m,n<D && Hn<0 ÈÈ Not@IntegerQ@nDDL && HIntegerQ@mD ÈÈ L

� Derivation: Integration by substitution

� Basis: x
m ArcTanh@a xDn

1-a2 x2
=

1

a
J Tanh@ArcTanh@a xDD

a
Nm

ArcTanh@a xDn
¶x ArcTanh@a xD

� Rule: If  a2 c + d = 0 ì m, n Î Q ì Hn < 0 ê n Ï ZL ì Ø Hm Î Z ê a > 0L, then

à xm ArcTanh@a xDn

c + d x2
âx �

1

a c
SubstBà xn

Tanh@xD
a

m

âx, x, ArcTanh@a xDF

� Program code:

IntAx_^m_.*ArcTanh@a_.*x_D^n_�Ic_+d_.*x_^2M,x_SymbolE :=

Dist@1�Ha*cL,Subst@Int@x^n*HTanh@xD�aL^m,xD,x,ArcTanh@a*xDDD �;
FreeQ@8a,c,d<,xD && ZeroQ@a^2*c+dD && RationalQ@8m,n<D && Hn<0 ÈÈ Not@IntegerQ@nDDL && Not@IntegerQ@m D
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à ArcTanh@a xDn ArcTanh@uD
c + d x2

âx

� Derivation: Algebraic simplification

� Basis: ArcTanh@zD =
1

2
Log@1 + zD -

1

2
Log@1 - zD

� Rule: If  a2 c + d = 0 í n > 0 í Ju2 = J1 -
2

1+a x
N2 ë u2 = J1 -

2

1-a x
N2N, then

à ArcTanh@a xDn ArcTanh@uD
c + d x2

âx �
1

2
à ArcTanh@a xDn Log@1 + uD

c + d x2
âx -

1

2
à ArcTanh@a xDn Log@1 - uD

c + d x2
âx

� Program code:

IntAArcTanh@a_.*x_D^n_.*ArcTanh@u_D�Ic_+d_.*x_^2M,x_SymbolE :=

Dist@1�2,Int@ArcTanh@a*xD^n*Log@1+uD�Hc+d*x^2L,xDD -

Dist@1�2,Int@ArcTanh@a*xD^n*Log@1-uD�Hc+d*x^2L,xDD �;
FreeQ@8a,c,d<,xD && ZeroQ@a^2*c+dD && RationalQ@nD && n>0 && HZeroQ@u^2-H1-2�H1+a*xLL^2D ÈÈ ZeroQ@u^2 L
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à ArcTanh@a xDn Log@uD
c + d x2

âx

� Derivation: Integration by parts

� Rule: If  a2 c + d = 0 ì n > 0 ì H1 - uL2 = J1 -
2

1+a x
N2

, then

à ArcTanh@a xDn Log@uD
c + d x2

âx �
ArcTanh@a xDn PolyLog@2, 1 - uD

2 a c
-
n

2
à ArcTanh@a xDn-1 PolyLog@2, 1 - uD

c + d x2
âx

� Program code:

IntAArcTanh@a_.*x_D^n_.*Log@u_D�Ic_+d_.*x_^2M,x_SymbolE :=

ArcTanh@a*xD^n*PolyLog@2,1-uD�H2*a*cL -

Dist@n�2,Int@ArcTanh@a*xD^Hn-1L*PolyLog@2,1-uD�Hc+d*x^2L,xDD �;
FreeQ@8a,c,d<,xD && ZeroQ@a^2*c+dD && RationalQ@nD && n>0 && ZeroQ@H1-uL^2-H1-2�H1+a*xLL^2D

� Derivation: Integration by parts

� Rule: If  a2 c + d = 0 ì n > 0 ì H1 - uL2 = J1 -
2

1-a x
N2

, then

à ArcTanh@a xDn Log@uD
c + d x2

âx � -
ArcTanh@a xDn PolyLog@2, 1 - uD

2 a c
+
n

2
à ArcTanh@a xDn-1 PolyLog@2, 1 - uD

c + d x2
âx

� Program code:

IntAArcTanh@a_.*x_D^n_.*Log@u_D�Ic_+d_.*x_^2M,x_SymbolE :=

-ArcTanh@a*xD^n*PolyLog@2,1-uD�H2*a*cL +

Dist@n�2,Int@ArcTanh@a*xD^Hn-1L*PolyLog@2,1-uD�Hc+d*x^2L,xDD �;
FreeQ@8a,c,d<,xD && ZeroQ@a^2*c+dD && RationalQ@nD && n>0 && ZeroQ@H1-uL^2-H1-2�H1-a*xLL^2D
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à ArcTanh@a xDn PolyLog@p, uD
c + d x2

âx

� Derivation: Integration by parts

� Rule: If  a2 c + d = 0 ì n > 0 ì u2 = J1 -
2

1+a x
N2

, then

à ArcTanh@a xDn PolyLog@p, uD
c + d x2

âx �

-
ArcTanh@a xDn PolyLog@p + 1, uD

2 a c
+
n

2
à ArcTanh@a xDn-1 PolyLog@p + 1, uD

c + d x2
âx

� Program code:

IntAArcTanh@a_.*x_D^n_.*PolyLog@p_,u_D�Ic_+d_.*x_^2M,x_SymbolE :=

-ArcTanh@a*xD^n*PolyLog@p+1,uD�H2*a*cL +

Dist@n�2,Int@ArcTanh@a*xD^Hn-1L*PolyLog@p+1,uD�Hc+d*x^2L,xDD �;
FreeQ@8a,c,d,p<,xD && ZeroQ@a^2*c+dD && RationalQ@nD && n>0 && ZeroQ@u^2-H1-2�H1+a*xLL^2D

� Derivation: Integration by parts

� Rule: If  a2 c + d = 0 ì n > 0 ì u2 = J1 -
2

1-a x
N2

, then

à ArcTanh@a xDn PolyLog@p, uD
c + d x2

âx �

ArcTanh@a xDn PolyLog@p + 1, uD
2 a c

-
n

2
à ArcTanh@a xDn-1 PolyLog@p + 1, uD

c + d x2
âx

� Program code:

IntAArcTanh@a_.*x_D^n_.*PolyLog@p_,u_D�Ic_+d_.*x_^2M,x_SymbolE :=

ArcTanh@a*xD^n*PolyLog@p+1,uD�H2*a*cL -

Dist@n�2,Int@ArcTanh@a*xD^Hn-1L*PolyLog@p+1,uD�Hc+d*x^2L,xDD �;
FreeQ@8a,c,d,p<,xD && ZeroQ@a^2*c+dD && RationalQ@nD && n>0 && ZeroQ@u^2-H1-2�H1-a*xLL^2D
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à ArcCoth@a xDm ArcTanh@a xDn

c + d x2
âx

� Rule: If  a2 c + d = 0, then

à 1

Ic + d x2M ArcCoth@a xD ArcTanh@a xD âx �
-Log@ArcCoth@a xDD + Log@ArcTanh@a xDD

a c ArcCoth@a xD - a c ArcTanh@a xD

� Program code:

IntA1�IArcCoth@a_.*x_D*ArcTanh@a_.*x_D*Ic_+d_.*x_^2MM,x_SymbolE :=

H-Log@ArcCoth@a*xDD+Log@ArcTanh@a*xDDL�Ha*c*ArcCoth@a*xD-a*c*ArcTanh@a*xDL �;
FreeQ@8a,c,d<,xD && ZeroQ@a^2*c+dD

� Derivation: Integration by parts

� Rule: If  a2 c + d = 0 ì m, n Î Z ì 0 < n £ m, then

à ArcCoth@a xDm ArcTanh@a xDn

c + d x2
âx �

ArcCoth@a xDm+1 ArcTanh@a xDn

a c Hm + 1L -
n

m + 1
à ArcCoth@a xDm+1 ArcTanh@a xDn-1

c + d x2
âx

� Program code:

IntAArcCoth@a_.*x_D^m_.*ArcTanh@a_.*x_D^n_.�Ic_+d_.*x_^2M,x_SymbolE :=

ArcCoth@a*xD^Hm+1L*ArcTanh@a*xD^n�Ha*c*Hm+1LL -

Dist@n�Hm+1L,Int@ArcCoth@a*xD^Hm+1L*ArcTanh@a*xD^Hn-1L�Hc+d*x^2L,xDD �;
FreeQ@8a,c,d<,xD && ZeroQ@a^2*c+dD && IntegersQ@m,nD && 0<n£m
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à Ic + d x2Mm
ArcTanh@a xDn âx

� Rule: If  a2 c + d = 0 ì c > 0, then

á ArcTanh@a xD
c + d x2

âx � -

2 ArcTanh@a xD ArcTanB 1-a x

1+a x
F

a c
-

ä PolyLogB2, -
ä 1-a x

1+a x
F

a c
+

ä PolyLogB2, ä 1-a x

1+a x
F

a c

� Program code:

IntAArcTanh@a_.*x_D�Sqrt@c_+d_.*x_^2D,x_SymbolE :=

-2*ArcTanh@a*xD*ArcTan@Sqrt@1-a*xD�Sqrt@1+a*xDD�Ha*Sqrt@cDL -

I*PolyLog@2,-I*Sqrt@1-a*xD�Sqrt@1+a*xDD�Ha*Sqrt@cDL +

I*PolyLog@2,I*Sqrt@1-a*xD�Sqrt@1+a*xDD�Ha*Sqrt@cDL �;
FreeQ@8a,c,d<,xD && ZeroQ@a^2*c+dD && PositiveQ@cD

� Basis: ¶x
1-a2 x2

c -c a2 x2
= 0

� Rule: If  a2 c + d = 0 ì Ø Hc > 0L, then

á ArcTanh@a xD
c + d x2

âx �
1 - a2 x2

c + d x2
á ArcTanh@a xD

1 - a2 x2
âx

� Program code:

IntAArcTanh@a_.*x_D�Sqrt@c_+d_.*x_^2D,x_SymbolE :=

Sqrt@1-a^2*x^2D�Sqrt@c+d*x^2D*Int@ArcTanh@a*xD�Sqrt@1-a^2*x^2D,xD �;
FreeQ@8a,c,d<,xD && ZeroQ@a^2*c+dD && Not@PositiveQ@cDD

� Rule: If  a2 c + d = 0, then

á ArcTanh@a xD
Ic + d x2M3�2 âx � -

1

a c c + d x2
+
x ArcTanh@a xD
c c + d x2

� Program code:

IntAArcTanh@a_.*x_D�Ic_+d_.*x_^2M^H3�2L,x_SymbolE :=

-1�Ha*c*Sqrt@c+d*x^2DL +

x*ArcTanh@a*xD�Hc*Sqrt@c+d*x^2DL �;
FreeQ@8a,c,d<,xD && ZeroQ@a^2*c+dD
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� Rule: If  a2 c + d = 0 ì n > 1, then

á ArcTanh@a xDn

Ic + d x2M3�2 âx � -
n ArcTanh@a xDn-1

a c c + d x2
+
x ArcTanh@a xDn

c c + d x2
+ n Hn - 1L á ArcTanh@a xDn-2

Ic + d x2M3�2 âx

� Program code:

IntAArcTanh@a_.*x_D^n_�Ic_+d_.*x_^2M^H3�2L,x_SymbolE :=

-n*ArcTanh@a*xD^Hn-1L�Ha*c*Sqrt@c+d*x^2DL +

x*ArcTanh@a*xD^n�Hc*Sqrt@c+d*x^2DL +

Dist@n*Hn-1L,Int@ArcTanh@a*xD^Hn-2L�Hc+d*x^2L^H3�2L,xDD �;
FreeQ@8a,c,d<,xD && ZeroQ@a^2*c+dD && RationalQ@nD && n>1

� Rule: If  a2 c + d = 0 ì n < -1 ì n ¹ -2, then

á ArcTanh@a xDn

Ic + d x2M3�2 âx �

ArcTanh@a xDn+1

a c Hn + 1L c + d x2
-

x ArcTanh@a xDn+2

c Hn + 1L Hn + 2L c + d x2
+

1

Hn + 1L Hn + 2L á ArcTanh@a xDn+2

Ic + d x2M3�2 âx

� Program code:

IntAArcTanh@a_.*x_D^n_�Ic_+d_.*x_^2M^H3�2L,x_SymbolE :=

ArcTanh@a*xD^Hn+1L�Ha*c*Hn+1L*Sqrt@c+d*x^2DL -

x*ArcTanh@a*xD^Hn+2L�Hc*Hn+1L*Hn+2L*Sqrt@c+d*x^2DL +

Dist@1�HHn+1L*Hn+2LL,Int@ArcTanh@a*xD^Hn+2L�Hc+d*x^2L^H3�2L,xDD �;
FreeQ@8a,c,d<,xD && ZeroQ@a^2*c+dD && RationalQ@nD && n<-1 && n¹-2

� Rule: If  a2 c + d = 0 ì m > 0, then

à Ic + d x2Mm
ArcTanh@a xD âx �

Ic + d x2Mm

2 a m H2 m + 1L +
x Ic + d x2Mm

ArcTanh@a xD
H2 m + 1L +

2 c m

2 m + 1
à Ic + d x2Mm-1

ArcTanh@a xD âx

� Program code:

IntAIc_+d_.*x_^2M^m_.*ArcTanh@a_.*x_D,x_SymbolE :=

Hc+d*x^2L^m�H2*a*m*H2*m+1LL +

x*Hc+d*x^2L^m*ArcTanh@a*xD�H2*m+1L +

Dist@2*c*m�H2*m+1L,Int@Hc+d*x^2L^Hm-1L*ArcTanh@a*xD,xDD �;
FreeQ@8a,c,d<,xD && ZeroQ@a^2*c+dD && RationalQ@mD && m>0
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� Rule: If  a2 c + d = 0 í m < -1 í m ¹ -
3

2
, then

á Ic + d x2Mm
ArcTanh@a xD âx �

-
Ic + d x2Mm+1

4 a c Hm + 1L2
-
x Ic + d x2Mm+1

ArcTanh@a xD
2 c Hm + 1L +

2 m + 3

2 c Hm + 1L à Ic + d x2Mm+1
ArcTanh@a xD âx

� Program code:

IntAIc_+d_.*x_^2M^m_*ArcTanh@a_.*x_D,x_SymbolE :=

-Hc+d*x^2L^Hm+1L�H4*a*c*Hm+1L^2L -

x*Hc+d*x^2L^Hm+1L*ArcTanh@a*xD�H2*c*Hm+1LL +

Dist@H2*m+3L�H2*c*Hm+1LL,Int@Hc+d*x^2L^Hm+1L*ArcTanh@a*xD,xDD �;
FreeQ@8a,c,d<,xD && ZeroQ@a^2*c+dD && RationalQ@mD && m<-1 && m¹-3�2

� Rule: If  a2 c + d = 0 í m < -1 í m ¹ -
3

2
í n > 1, then

á Ic + d x2Mm
ArcTanh@a xDn âx �

-
n Ic + d x2Mm+1

ArcTanh@a xDn-1

4 a c Hm + 1L2
-
x Ic + d x2Mm+1

ArcTanh@a xDn

2 c Hm + 1L +

2 m + 3

2 c Hm + 1L à Ic + d x2Mm+1
ArcTanh@a xDn âx +

n Hn - 1L
4 Hm + 1L2

à Ic + d x2Mm
ArcTanh@a xDn-2 âx

� Program code:

IntAIc_+d_.*x_^2M^m_*ArcTanh@a_.*x_D^n_,x_SymbolE :=

-n*Hc+d*x^2L^Hm+1L*ArcTanh@a*xD^Hn-1L�H4*a*c*Hm+1L^2L -

x*Hc+d*x^2L^Hm+1L*ArcTanh@a*xD^n�H2*c*Hm+1LL +

Dist@H2*m+3L�H2*c*Hm+1LL,Int@Hc+d*x^2L^Hm+1L*ArcTanh@a*xD^n,xDD +

Dist@n*Hn-1L�H4*Hm+1L^2L,Int@Hc+d*x^2L^m*ArcTanh@a*xD^Hn-2L,xDD �;
FreeQ@8a,c,d<,xD && ZeroQ@a^2*c+dD && RationalQ@8m,n<D && m<-1 && m¹-3�2 && n>1
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� Derivation: Integration by parts

� Rule: If  a2 c + d = 0 ì m < -1 ì n < -1, then

á Ic + d x2Mm
ArcTanh@a xDn âx �

Ic + d x2Mm+1
ArcTanh@a xDn+1

a c Hn + 1L +
2 a Hm + 1L

n + 1
à x Ic + d x2Mm

ArcTanh@a xDn+1 âx

� Program code:

IntAIc_+d_.*x_^2M^m_*ArcTanh@a_.*x_D^n_,x_SymbolE :=

Hc+d*x^2L^Hm+1L*ArcTanh@a*xD^Hn+1L�Ha*c*Hn+1LL +

Dist@2*a*Hm+1L�Hn+1L,Int@x*Hc+d*x^2L^m*ArcTanh@a*xD^Hn+1L,xDD �;
FreeQ@8a,c,d<,xD && ZeroQ@a^2*c+dD && RationalQ@8m,n<D && m<-1 && n<-1

� Derivation: Integration by substitution

� Basis: H1 - a2 x2Lm ArcTanh@a xDn =
1

a
Sech@ArcTanh@a xDD2 Hm+1L ArcTanh@a xDn ¶x ArcTanh@a xD

� Rule: If  a2 c + d = 0 ì m, n Î Q ì m < -1 ì Hn < 0 ê n Ï ZL ì Hm Î Z ê c > 0L, then

à Ic + d x2Mm
ArcTanh@a xDn âx �

cm

a
SubstBà xn Sech@xD2 Hm+1L âx, x, ArcTanh@a xDF

� Program code:

IntAIc_+d_.*x_^2M^m_*ArcTanh@a_.*x_D^n_,x_SymbolE :=

Dist@c^m�a,Subst@Int@x^n*Sech@xD^H2*Hm+1LL,xD,x,ArcTanh@a*xDDD �;
FreeQ@8a,c,d<,xD && ZeroQ@a^2*c+dD && RationalQ@8m,n<D && m<-1 && Hn<0 ÈÈ Not@IntegerQ@nDDL && HIntegerQ L

� Basis: If a2 c + d = 0, DB c
m-

1

2 c+d x2

1-a2 x2
, xF = 0

� Rule: If  a2 c + d = 0 ì m, n Î Q í m < -1 í Hn < 0 ê n Ï ZL í m -
1

2
Î Z í Ø Hc > 0L, then

á Ic + d x2Mm
ArcTanh@a xDn âx �

cm-
1

2 c + d x2

1 - a2 x2
à I1 - a2 x2Mm

ArcTanh@a xDn âx

� Program code:

IntAIc_+d_.*x_^2M^m_*ArcTanh@a_.*x_D^n_,x_SymbolE :=

c^Hm-1�2L*Sqrt@c+d*x^2D�Sqrt@1-a^2*x^2D*Int@H1-a^2*x^2L^m*ArcTanh@a*xD^n,xD �;
FreeQ@8a,c,d<,xD && ZeroQ@a^2*c+dD && RationalQ@8m,n<D && m<-1 && Hn<0 ÈÈ Not@IntegerQ@nDDL && IntegerQ D
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à xm Ic + d x2Mp
ArcTanh@a xDn âx

� Derivation: Integration by parts

� Rule: If  a2 c + d = 0 ì p Î Q ì n > 0 ì p ¹ -1, then

á x Ic + d x2Mp
ArcTanh@a xDn âx �

Ic + d x2Mp+1
ArcTanh@a xDn

2 d Hp + 1L +
n

2 a Hp + 1L à Ic + d x2Mp
ArcTanh@a xDn-1 âx

� Program code:

IntAx_*Ic_+d_.*x_^2M^p_.*ArcTanh@a_.*x_D^n_.,x_SymbolE :=

Hc+d*x^2L^Hp+1L*ArcTanh@a*xD^n�H2*d*Hp+1LL +

Dist@n�H2*a*Hp+1LL,Int@Hc+d*x^2L^p*ArcTanh@a*xD^Hn-1L,xDD �;
FreeQ@8a,c,d<,xD && ZeroQ@a^2*c+dD && RationalQ@8n,p<D && n>0 && p¹-1

� Rule: If  a2 c + d = 0 ì p Î Q, then

á
x Ic + d x2Mp

ArcTanh@a xD2
âx � -

x Ic + d x2Mp+1

a c ArcTanh@a xD +
1

a
à I1 - H2 p + 3L a2 x2M Ic + d x2Mp

ArcTanh@a xD âx

� Program code:

IntAx_*Ic_+d_.*x_^2M^p_.�ArcTanh@a_.*x_D^2,x_SymbolE :=

-x*Hc+d*x^2L^Hp+1L�Ha*c*ArcTanh@a*xDL +

Dist@1�a,Int@H1-H2*p+3L*a^2*x^2L*Hc+d*x^2L^p�ArcTanh@a*xD,xDD �;
FreeQ@8a,c,d<,xD && ZeroQ@a^2*c+dD && RationalQ@pD

� Rule: If  a2 c + d = 0 ì n < -1 ì n ¹ -2, then

á x ArcTanh@a xDn

Ic + d x2M2
âx �

x ArcTanh@a xDn+1

a c Hn + 1L Ic + d x2M +
I1 + a2 x2M ArcTanh@a xDn+2

d Hn + 1L Hn + 2L Ic + d x2M +
4

Hn + 1L Hn + 2L á x ArcTanh@a xDn+2

Ic + d x2M2
âx

� Program code:

IntAx_*ArcTanh@a_.*x_D^n_�Ic_+d_.*x_^2M^2,x_SymbolE :=

x*ArcTanh@a*xD^Hn+1L�Ha*c*Hn+1L*Hc+d*x^2LL +

H1+a^2*x^2L*ArcTanh@a*xD^Hn+2L�Hd*Hn+1L*Hn+2L*Hc+d*x^2LL +

Dist@4�HHn+1L*Hn+2LL,Int@x*ArcTanh@a*xD^Hn+2L�Hc+d*x^2L^2,xDD �;
FreeQ@8a,c,d<,xD && ZeroQ@a^2*c+dD && RationalQ@nD && n<-1 && n¹-2
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� Derivation: Integration by parts

� Rule: If  a2 c + d = 0 ì m, n, 2 p Î Z ì m < -1 ì n > 0 ì m + 2 p + 3 = 0, then

á xm Ic + d x2Mp
ArcTanh@a xDn âx �

xm+1 Ic + d x2Mp+1
ArcTanh@a xDn

c Hm + 1L -
a n

m + 1
à xm+1 Ic + d x2Mp

ArcTanh@a xDn-1 âx

� Program code:

IntAx_^m_*Ic_+d_.*x_^2M^p_.*ArcTanh@a_.*x_D^n_.,x_SymbolE :=

x^Hm+1L*Hc+d*x^2L^Hp+1L*ArcTanh@a*xD^n�Hc*Hm+1LL -

Dist@a*n�Hm+1L,Int@x^Hm+1L*Hc+d*x^2L^p*ArcTanh@a*xD^Hn-1L,xDD �;
FreeQ@8a,c,d<,xD && ZeroQ@a^2*c+dD && IntegersQ@m,n,2*pD && m<-1 && n>0 && ZeroQ@m+2*p+3D

� Derivation: Integration by parts

� Rule: If  a2 c + d = 0 ì m, n, 2 p Î Z ì n < -1 ì m + 2 p + 2 = 0, then

á xm Ic + d x2Mp
ArcTanh@a xDn âx �

xm Ic + d x2Mp+1
ArcTanh@a xDn+1

a c Hn + 1L -
m

a Hn + 1L à xm-1 Ic + d x2Mp
ArcTanh@a xDn+1 âx

� Program code:

IntAx_^m_*Ic_+d_.*x_^2M^p_.*ArcTanh@a_.*x_D^n_.,x_SymbolE :=

x^m*Hc+d*x^2L^Hp+1L*ArcTanh@a*xD^Hn+1L�Ha*c*Hn+1LL -

Dist@m�Ha*Hn+1LL,Int@x^Hm-1L*Hc+d*x^2L^p*ArcTanh@a*xD^Hn+1L,xDD �;
FreeQ@8a,c,d<,xD && ZeroQ@a^2*c+dD && IntegersQ@m,n,2*pD && n<-1 && ZeroQ@m+2*p+2D
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� Derivation: Algebraic expansion

� Basis: x2

c+d x2
=

1

d
-

c

d Ic+d x2M

� Rule: If  a2 c + d = 0 ì m, n, 2 p Î Z ì m > 1 ì n ¹ -1 ì p < -1, then

à xm Ic + d x2Mp
ArcTanh@a xDn âx �

1

d
à xm-2 Ic + d x2Mp+1

ArcTanh@a xDn âx -

c

d
à xm-2 Ic + d x2Mp

ArcTanh@a xDn âx

� Program code:

IntAx_^m_*Ic_+d_.*x_^2M^p_*ArcTanh@a_.*x_D^n_.,x_SymbolE :=

Dist@1�d,Int@x^Hm-2L*Hc+d*x^2L^Hp+1L*ArcTanh@a*xD^n,xDD -

Dist@c�d,Int@x^Hm-2L*Hc+d*x^2L^p*ArcTanh@a*xD^n,xDD �;
FreeQ@8a,c,d<,xD && ZeroQ@a^2*c+dD && IntegersQ@m,n,2*pD && m>1 && n¹-1 && p<-1

� Derivation: Algebraic expansion

� Basis: 1

c+d x2
=

1

c
-

d x2

c Ic+d x2M

� Rule: If  a2 c + d = 0 ì m, n, 2 p Î Z ì m < 0 ì n ¹ -1 ì p < -1, then

à xm Ic + d x2Mp
ArcTanh@a xDn âx �

1

c
à xm Ic + d x2Mp+1

ArcTanh@a xDn âx -

d

c
à xm+2 Ic + d x2Mp

ArcTanh@a xDn âx

� Program code:

IntAx_^m_*Ic_+d_.*x_^2M^p_*ArcTanh@a_.*x_D^n_.,x_SymbolE :=

Dist@1�c,Int@x^m*Hc+d*x^2L^Hp+1L*ArcTanh@a*xD^n,xDD -

Dist@d�c,Int@x^Hm+2L*Hc+d*x^2L^p*ArcTanh@a*xD^n,xDD �;
FreeQ@8a,c,d<,xD && ZeroQ@a^2*c+dD && IntegersQ@m,n,2*pD && m<0 && n¹-1 && p<-1
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� Derivation: Integration by parts

� Rule: If  a2 c + d = 0 ì m, n, 2 p Î Z ì m < -1 ì n > 0 ì m + 2 p + 3 ¹ 0, then

á xm Ic + d x2Mp
ArcTanh@a xDn âx �

xm+1 Ic + d x2Mp+1
ArcTanh@a xDn

c Hm + 1L -

a n

m + 1
à xm+1 Ic + d x2Mp

ArcTanh@a xDn-1 âx +
a2 Hm + 2 p + 3L

m + 1
à xm+2 Ic + d x2Mp

ArcTanh@a xDn âx

� Program code:

IntAx_^m_*Ic_+d_.*x_^2M^p_.*ArcTanh@a_.*x_D^n_.,x_SymbolE :=

x^Hm+1L*Hc+d*x^2L^Hp+1L*ArcTanh@a*xD^n�Hc*Hm+1LL -

Dist@a*n�Hm+1L,Int@x^Hm+1L*Hc+d*x^2L^p*ArcTanh@a*xD^Hn-1L,xDD +

Dist@a^2*Hm+2*p+3L�Hm+1L,Int@x^Hm+2L*Hc+d*x^2L^p*ArcTanh@a*xD^n,xDD �;
FreeQ@8a,c,d<,xD && ZeroQ@a^2*c+dD && IntegersQ@m,n,2*pD && m<-1 && n>0 && NonzeroQ@m+2*p+3D

� Derivation: Integration by parts

� Rule: If  a2 c + d = 0 ì m, n, 2 p Î Z ì n < -1 ì m + 2 p + 2 ¹ 0, then

á xm Ic + d x2Mp
ArcTanh@a xDn âx �

xm Ic + d x2Mp+1
ArcTanh@a xDn+1

a c Hn + 1L -

m

a Hn + 1L à xm-1 Ic + d x2Mp
ArcTanh@a xDn+1 âx +

a Hm + 2 p + 2L
n + 1

à xm+1 Ic + d x2Mp
ArcTanh@a xDn+1 âx

� Program code:

IntAx_^m_.*Ic_+d_.*x_^2M^p_.*ArcTanh@a_.*x_D^n_.,x_SymbolE :=

x^m*Hc+d*x^2L^Hp+1L*ArcTanh@a*xD^Hn+1L�Ha*c*Hn+1LL -

Dist@m�Ha*Hn+1LL,Int@x^Hm-1L*Hc+d*x^2L^p*ArcTanh@a*xD^Hn+1L,xDD +

Dist@a*Hm+2*p+2L�Hn+1L,Int@x^Hm+1L*Hc+d*x^2L^p*ArcTanh@a*xD^Hn+1L,xDD �;
FreeQ@8a,c,d<,xD && ZeroQ@a^2*c+dD && IntegersQ@m,n,2*pD && n<-1 && NonzeroQ@m+2*p+2D && Not@m�1 && D
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� Derivation: Integration by substitution

� Basis: If m Î Z or a > 0, He + f xmL H1 - a2 x2Lp ArcTanh@a xDn =

1

am+1
He am + f Tanh@ArcTanh@a xDDmL Sech@ArcTanh@a xDD2 Hp+1L ArcTanh@a xDn ¶x ArcTanh@a xD

� Rule: If  a2 c + d = 0 ì m, n, p Î Q ì p < -1 ì Hn < 0 ê n Ï ZL ì Hp Î Z ê c > 0L ì Hm Î Z ê a > 0L, then

à He + f xmL Ic + d x2Mp
ArcTanh@a xDn âx �

cp

am+1

SubstBà xn He am + f Tanh@xDmL Sech@xD2 Hp+1L âx, x, ArcTanh@a xDF

� Program code:

IntAIe_.+f_.*x_^m_.M*Ic_+d_.*x_^2M^p_*ArcTanh@a_.*x_D^n_,x_SymbolE :=

Dist@c^p�a^Hm+1L,Subst@Int@Expand@x^n*TrigReduce@Regularize@He*a^m+f*Tanh@xD^mL*Sech@xD^H2*Hp+1LL,x
FreeQ@8a,c,d,e,f<,xD && ZeroQ@a^2*c+dD && RationalQ@8m,n,p<D && p<-1 && Hn<0 ÈÈ Not@IntegerQ@nDDL && L

� Derivation: Integration by substitution

� Basis: xm H1 - a2 x2Lp ArcTanh@a xDn =
1

a
J Tanh@ArcTanh@a xDD

a
Nm

Sech@ArcTanh@a xDD2 Hp+1L ArcTanh@a xDn ¶x ArcTanh@a xD
� Rule: If  a2 c + d = 0 ì m, n Î Q ì p < -1 ì Hn < 0 ê n Ï ZL ì Hp Î Z ê c > 0L ì Ø Hm Î Z ê a > 0L, then

à xm Ic + d x2Mp
ArcTanh@a xDn âx �

cp

a
SubstBà xn HTanh@xD � aLm Sech@xD2 Hp+1L âx, x, ArcTanh@a xDF

� Program code:

IntAx_^m_.*Ic_+d_.*x_^2M^p_*ArcTanh@a_.*x_D^n_,x_SymbolE :=

Dist@c^p�a,Subst@Int@x^n*HTanh@xD�aL^m*Sech@xD^H2*Hp+1LL,xD,x,ArcTanh@a*xDDD �;
FreeQ@8a,c,d<,xD && ZeroQ@a^2*c+dD && RationalQ@8m,n,p<D && p<-1 && Hn<0 ÈÈ Not@IntegerQ@nDDL && HIntegerQ D

� Basis: If a2 c + d = 0, DB c
p-

1

2 c+d x2

1-a2 x2
, xF = 0

� Rule: If  a2 c + d = 0 ì m, n Î Q í p < -1 í Hn < 0 ê n Ï ZL í p -
1

2
Î Z í Ø Hc > 0L, then

á xm Ic + d x2Mp
ArcTanh@a xDn âx �

cp-
1

2 c + d x2

1 - a2 x2
à xm I1 - a2 x2Mp

ArcTanh@a xDn âx

� Program code:

IntAx_^m_.*Ic_+d_.*x_^2M^p_*ArcTanh@a_.*x_D^n_,x_SymbolE :=

c^Hp-1�2L*Sqrt@c+d*x^2D�Sqrt@1-a^2*x^2D*Int@x^m*H1-a^2*x^2L^p*ArcTanh@a*xD^n,xD �;
FreeQ@8a,c,d<,xD && ZeroQ@a^2*c+dD && RationalQ@8m,n,p<D && p<-1 && Hn<0 ÈÈ Not@IntegerQ@nDDL && IntegerQ D
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à ArcTanh@a + b xnD âx

� Reference: CRC 585, A&S 4.6.45

� Derivation: Integration by parts

� Rule:

à ArcTanh@a + b xD âx �
Ha + b xL ArcTanh@a + b xD

b
+
LogA1 - Ha + b xL2E

2 b

� Program code:

Int@ArcTanh@a_+b_.*x_D,x_SymbolD :=

Ha+b*xL*ArcTanh@a+b*xD�b + Log@1-Ha+b*xL^2D�H2*bL �;
FreeQ@8a,b<,xD

� Reference: CRC 585, A&S 4.6.45

� Derivation: Integration by parts

� Rule: If  n Î Q, then

à ArcTanh@a + b xnD âx � x ArcTanh@a + b xnD - b n à xn

1 - a2 - 2 a b xn - b2 x2 n
âx

� Program code:

Int@ArcTanh@a_+b_.*x_^n_D,x_SymbolD :=

x*ArcTanh@a+b*x^nD -

Dist@b*n,Int@x^n�H1-a^2-2*a*b*x^n-b^2*x^H2*nLL,xDD �;
FreeQ@8a,b<,xD && RationalQ@nD
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à xm ArcTanh@a + b xnD âx

� Derivation: Algebraic expansion

� Basis: ArcTanh@zD =
1

2
Log@1 + zD -

1

2
Log@1 - zD

� Rule:

à ArcTanh@a + b xnD
x

âx �
1

2
à Log@1 + a + b xnD

x
âx -

1

2
à Log@1 - a - b xnD

x
âx

� Program code:

IntAArcTanh@a_.+b_.*x_^n_.D�x_,x_SymbolE :=

Dist@1�2,Int@Log@1+a+b*x^nD�x,xDD -

Dist@1�2,Int@Log@1-a-b*x^nD�x,xDD �;
FreeQ@8a,b,n<,xD

� Reference: CRC 588, A&S 4.6.54

� Derivation: Integration by parts

� Rule: If  m, n Î Q ì m + 1 ¹ 0 ì m + 1 ¹ n, then

à xm ArcTanh@a + b xnD âx �
xm+1 ArcTanh@a + b xnD

m + 1
-

b n

m + 1
à xm+n

1 - a2 - 2 a b xn - b2 x2 n
âx

� Program code:

Int@x_^m_.*ArcTanh@a_+b_.*x_^n_.D,x_SymbolD :=

x^Hm+1L*ArcTanh@a+b*x^nD�Hm+1L -

Dist@b*n�Hm+1L,Int@x^Hm+nL�H1-a^2-2*a*b*x^n-b^2*x^H2*nLL,xDD �;
FreeQ@8a,b<,xD && RationalQ@8m,n<D && m+1¹0 && m+1¹n
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à ArcTanh@a + b xDn âx

� Derivation: Integration by substitution

� Rule: If  n Î Z ì n > 1, then

à ArcTanh@a + b xDn âx �
1

b
SubstBà ArcTanh@xDn âx, x, a + b xF

� Program code:

Int@ArcTanh@a_+b_.*x_D^n_,x_SymbolD :=

Dist@1�b,Subst@Int@ArcTanh@xD^n,xD,x,a+b*xDD �;
FreeQ@8a,b<,xD && IntegerQ@nD && n>1
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à xm ArcTanh@a + b xDn âx

� Derivation: Integration by substitution

� Rule: If  m, n Î Z ì m > 0 ì n > 1, then

à xm ArcTanh@a + b xDn âx �
1

bm+1
SubstBà Hx - aLm ArcTanh@xDn âx, x, a + b xF

� Program code:

Int@x_^m_.*ArcTanh@a_+b_.*x_D^n_,x_SymbolD :=

Dist@1�b^Hm+1L,Subst@Int@Hx-aL^m*ArcTanh@xD^n,xD,x,a+b*xDD �;
FreeQ@8a,b<,xD && IntegersQ@m,nD && m>0 && n>1

Integration Rules for Inverse Hyperbolic Tangent Functions



à ArcTanh@a + b xD
c + d xn

âx

� Derivation: Algebraic simplification

� Basis: ArcTanh@zD =
1

2
Log@1 + zD -

1

2
Log@1 - zD

� Rule: If  n Î Z ì Ø Hn = 2 ì b2 c + d = 0L, then

à ArcTanh@b xD
c + d xn

âx �
1

2
à Log@1 + b xD

c + d xn
âx -

1

2
à Log@1 - b xD

c + d xn
âx

� Program code:

IntAArcTanh@b_.*x_D�Ic_+d_.*x_^n_.M,x_SymbolE :=

Dist@1�2,Int@Log@1+b*xD�Hc+d*x^nL,xDD -

Dist@1�2,Int@Log@1-b*xD�Hc+d*x^nL,xDD �;
FreeQ@8b,c,d<,xD && IntegerQ@nD && Not@n==2 && ZeroQ@b^2*c+dDD

� Derivation: Algebraic simplification

� Basis: ArcTanh@zD =
1

2
Log@1 + zD -

1

2
Log@1 - zD

� Rule: If  n Î Z ì Ø Hn = 1 ì a d - b c = 0L, then

à ArcTanh@a + b xD
c + d xn

âx �
1

2
à Log@1 + a + b xD

c + d xn
âx -

1

2
à Log@1 - a - b xD

c + d xn
âx

� Program code:

IntAArcTanh@a_+b_.*x_D�Ic_+d_.*x_^n_.M,x_SymbolE :=

Dist@1�2,Int@Log@1+a+b*xD�Hc+d*x^nL,xDD -

Dist@1�2,Int@Log@1-a-b*xD�Hc+d*x^nL,xDD �;
FreeQ@8a,b,c,d<,xD && IntegerQ@nD && Not@n==1 && ZeroQ@a*d-b*cDD
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à u ArcTanhB c

a + b xn
Fm

âx

� Derivation: Algebraic simplification

� Basis: ArcTanh@zD = ArcCothA 1

z
E

� Rule:

à u ArcTanhB c

a + b xn
Fm

âx � à u ArcCothBa
c

+
b xn

c
Fm

âx

� Program code:

IntAu_.*ArcTanhAc_.�Ia_.+b_.*x_^n_.ME^m_.,x_SymbolE :=

Int@u*ArcCoth@a�c+b*x^n�cD^m,xD �;
FreeQ@8a,b,c,n,m<,xD
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à f@x, ArcTanh@a + b xDD
1 - Ha + b xL2

âx

� Derivation: Integration by substitution

� Basis: f@zD
1-z2

= f@Tanh@ArcTanh@zDDD ArcTanh¢@zD
� Basis: r + s x + t x2 = -

s2-4 r t

4 t
J1 -

Hs+2 t xL2
s2-4 r t

N
� Basis: 1 - Tanh@zD2 = Sech@zD2

� Rule:

à f@x, ArcTanh@a + b xDD
1 - Ha + b xL2

âx �
1

b
SubstBà fB-

a

b
+
Tanh@xD

b
, xF âx, x, ArcTanh@a + b xDF

� Program code:

If@ShowSteps,
Int@u_*v_^n_.,x_SymbolD :=

Module@8tmp=InverseFunctionOfLinear @u,xD<,
ShowStep@"","Int@f@x,ArcTanh@a+b*xDD�H1-Ha+b*xL^2L,xD",

"Subst@Int@f@-a�b+Tanh@xD�b,xD,xD,x,ArcTanh@a+b*xDD�b",Hold@
Dist@H-Discriminant@v,xD�H4*Coefficient@v,x,2DLL^n�Coefficient@tmp@@1DD,x,1D,

Subst@Int@Regularize@SubstForInverseFunction @u,tmp,xD*Sech@xD^H2*Hn+1LL,xD,xD, x, tmpDDDD �;
NotFalseQ@tmpD && Head@tmpD===ArcTanh && ZeroQ@Discriminant@v,xD*tmp@@1DD^2-D@v,xD^2DD �;

SimplifyFlag && QuadraticQ@v,xD && IntegerQ@nD && n<0 && PosQ@Discriminant@v,xDD && MatchQ@u,r_.*f_^w_

Int@u_*v_^n_.,x_SymbolD :=

Module@8tmp=InverseFunctionOfLinear @u,xD<,
Dist@H-Discriminant@v,xD�H4*Coefficient@v,x,2DLL^n�Coefficient@tmp@@1DD,x,1D,

Subst@Int@Regularize@SubstForInverseFunction @u,tmp,xD*Sech@xD^H2*Hn+1LL,xD,xD, x, tmpDD �;
NotFalseQ@tmpD && Head@tmpD===ArcTanh && ZeroQ@Discriminant@v,xD*tmp@@1DD^2-D@v,xD^2DD �;

QuadraticQ@v,xD && IntegerQ@nD && n<0 && PosQ@Discriminant@v,xDD && MatchQ@u,r_.*f_^w_ �; FreeQ@f,xDDD
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à u ãn ArcTanh@vD âx

� Derivation: Algebraic simplification

� Basis: ãn ArcTanh@zD =
H1+zLn�2
H1-zLn�2

� Rule: If  n
2

Î Z, then

à u ãn ArcTanh@vD âx � à u H1 + vLn�2
H1 - vLn�2 âx

� Program code:

IntAu_.*E^In_.*ArcTanh@v_DM,x_SymbolE :=

Int@u*H1+vL^Hn�2L�H1-vL^Hn�2L,xD �;
EvenQ@nD

� Derivation: Algebraic simplification

� Basis: ãn ArcTanh@zD =
H1+zLn�2
H1-zLn�2

� Rule: If  n Î Q, then

à ãn ArcTanh@vD âx � à H1 + vLn�2
H1 - vLn�2 âx

� Program code:

IntAE^In_.*ArcTanh@v_DM,x_SymbolE :=

Int@H1+vL^Hn�2L�H1-vL^Hn�2L,xD �;
RationalQ@nD
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� Derivation: Algebraic simplification

� Basis: ãn ArcTanh@zD =
1+z

1-z2

n

� Rule: If  m Î Q í n-1

2
Î Z í v is a polynomial, then

á xm ãn ArcTanh@vD âx � á xm H1 + vLn

I1 - v2Mn�2 âx

� Program code:

IntAx_^m_.*E^In_.*ArcTanh@v_DM, x_SymbolE :=

Int@x^m*H1+vL^n�H1-v^2L^Hn�2L,xD �;
RationalQ@mD && OddQ@nD && PolynomialQ@v,xD

� Derivation: Algebraic simplification

� Basis: ãn ArcTanh@zD H1 - z2Lm
= H1 - zLm-

n

2 H1 + zLm+
n

2

� Rule: If  m, n Î Q í m -
n

2
Î Z í m +

n

2
Î Z, then

à u ãn ArcTanh@vD I1 - v2Mm
âx � à u H1 - vLm-

n

2 H1 + vLm+
n

2 âx

� Program code:

IntAu_.*E^In_.*ArcTanh@v_DM*I1-v_^2M^m_.,x_SymbolE :=

Int@u*H1-vL^Hm-n�2L*H1+vL^Hm+n�2L,xD �;
RationalQ@8m,n<D && IntegerQ@m-n�2D && IntegerQ@m+n�2D

� Derivation: Algebraic simplification

� Basis: ãn ArcTanh@zD H1 - z2Lm
= H1 - zLm-

n

2 H1 + zLm+
n

2

� Rule: If  m, n Î Q í m -
n

2
Î Z í m +

n

2
Î Z, then

à u ãn ArcTanh@vD Ia - a v2Mm
âx �

Ia - a v2Mm

I1 - v2Mm à u H1 - vLm-
n

2 H1 + vLm+
n

2 âx

� Program code:

IntAu_.*E^In_.*ArcTanh@v_DM*Ia_+b_.*v_^2M^m_.,x_SymbolE :=

Ha+b*v^2L^m�H1-v^2L^m*Int@u*H1-vL^Hm-n�2L*H1+vL^Hm+n�2L,xD �;
FreeQ@8a,b<,xD && ZeroQ@a+bD && RationalQ@8m,n<D && IntegerQ@m-n�2D && IntegerQ@m+n�2D
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� Derivation: Algebraic simplification

� Basis: ãn ArcTanh@zD =
H1+zLn

I1-z2Mn�2

� Rule: If  n Î Q ì m Î Z ì m > 0, then

à u ãn ArcTanh@vD Ia - a v2Mm
âx � am à u H1 + vLn I1 - v2Mm-

n

2 âx

� Program code:

IntAu_.*E^In_.*ArcTanh@v_DM*Ia_+b_.v_^2M^m_.,x_SymbolE :=

Dist@a^m,Int@u*H1+vL^n*H1-v^2L^Hm-n�2L,xDD �;
FreeQ@8a,b<,xD && ZeroQ@a+bD && RationalQ@nD && IntegerQ@mD && m>0

� Derivation: Algebraic simplification

� Basis: ãn ArcTanh@zD =
H1+zLn

I1-z2Mn�2

� Rule: If  m, n Î Q ì m + n Î Z, then

á u ãn ArcTanh@vD H1 + vLm âx � á u H1 + vLm+n

I1 - v2Mn�2 âx

� Program code:

IntAu_.*E^In_.*ArcTanh@v_DM*I1+v_M^m_.,x_SymbolE :=

Int@u*H1+vL^Hm+nL�H1-v^2L^Hn�2L,xD �;
RationalQ@8m,n<D && IntegerQ@m+nD

� Derivation: Algebraic simplification

� Basis: ãn ArcTanh@zD =
H1+zLn�2
H1-zLn�2

� Rule: If  m, n Î Q, then

á u ãn ArcTanh@vD H1 + vLm âx � á u H1 + vLm+
n

2

H1 - vLn�2 âx

� Program code:

IntAu_.*E^In_.*ArcTanh@v_DM*I1+v_M^m_.,x_SymbolE :=

Int@u*H1+vL^Hm+n�2L�H1-vL^Hn�2L,xD �;
RationalQ@8m,n<D
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� Derivation: Algebraic simplification

� Basis: ãn ArcTanh@zD =
H1+zLn�2
H1-zLn�2

� Rule: If  m, n Î Q, then

à u ãn ArcTanh@vD H1 - vLm âx � à u H1 + vLn�2 H1 - vLm-
n

2 âx

� Program code:

IntAu_.*E^In_.*ArcTanh@v_DM*I1-v_M^m_.,x_SymbolE :=

Int@u*H1+vL^Hn�2L*H1-vL^Hm-n�2L,xD �;
RationalQ@8m,n<D

� Derivation: Algebraic simplification

� Rule: If  m Î Z ì n Î Q ì a - 1 ¹ 0 ì a2 - b2 = 0, then

à u ãn ArcTanh@vD Ha + b vLm âx � am à u ãn ArcTanh@vD 1 +
b v

a

m

âx

� Program code:

IntAu_.*E^In_.*ArcTanh@v_DM*Ia_+b_.*v_M^m_.,x_SymbolE :=

Dist@a^m,Int@u*E^Hn*ArcTanh@vDL*H1+b�a*vL^m,xDD �;
FreeQ@8a,b<,xD && IntegerQ@mD && RationalQ@nD && NonzeroQ@a-1D && ZeroQ@a^2-b^2D

� Derivation: Algebraic simplification

� Basis: If m is an integer, ãArcTanh@zD Ia -
a

z2
Mm

=
H-aLm H1+zL I1-z2Mm-

1

2

z2 m

� Rule: If  m Î Z, then

á u ãArcTanh@vD a -
a

v2

m

âx � H-aLm á
u I1 - v2Mm-

1

2

v2 m
âx + H-aLm á

u I1 - v2Mm-
1

2

v2 m-1
âx

� Program code:

IntAu_.*E^ArcTanh@v_D*Ia_+b_.�v_^2M^m_.,x_SymbolE :=

b^m*Int@u*H1-v^2L^Hm-1�2L�v^H2*mL,xD +

b^m*Int@u*H1-v^2L^Hm-1�2L�v^H2*m-1L,xD �;
FreeQ@8a,b<,xD && ZeroQ@a+bD && IntegerQ@mD
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à ArcTanhAb fc+d xE âx

� Derivation: Algebraic simplification

� Basis: ArcTanh@zD =
1

2
Log@1 + zD -

1

2
Log@1 - zD

� Rule:

à ArcTanhAb fc+d xE âx �
1

2
à LogA1 + b fc+d xE âx -

1

2
à LogA1 - b fc+d xE âx

� Program code:

IntAArcTanhAb_.*f_^Ic_.+d_.*x_ME,x_SymbolE :=

Dist@1�2,Int@Log@1+b*f^Hc+d*xLD,xDD -

Dist@1�2,Int@Log@1-b*f^Hc+d*xLD,xDD �;
FreeQ@8b,c,d,f<,xD
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à xm ArcTanhAb fc+d xE âx

� Derivation: Algebraic simplification

� Basis: ArcTanh@zD =
1

2
Log@1 + zD -

1

2
Log@1 - zD

� Rule: If  m Î Z ì m > 0, then

à xm ArcTanhAb fc+d xE âx �
1

2
à xm LogA1 + b fc+d xE âx -

1

2
à xm LogA1 - b fc+d xE âx

� Program code:

IntAx_^m_.*ArcTanhAb_.*f_^Ic_.+d_.*x_ME,x_SymbolE :=

Dist@1�2,Int@x^m*Log@1+b*f^Hc+d*xLD,xDD -

Dist@1�2,Int@x^m*Log@1-b*f^Hc+d*xLD,xDD �;
FreeQ@8b,c,d,f<,xD && IntegerQ@mD && m>0
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à v ArcTanh@uD âx

� Derivation: Integration by parts

� Rule: If u is free of inverse functions, then

à ArcTanh@uD âx � x ArcTanh@uD - à x ¶xu

1 - u2
âx

� Program code:

Int@ArcTanh@u_D,x_SymbolD :=

x*ArcTanh@uD -

Int@Regularize@x*D@u,xD�H1-u^2L,xD,xD �;
InverseFunctionFreeQ@u,xD

� Derivation: Integration by parts

� Rule: If  m + 1 ¹ 0 ì u is free of inverse functions, then

à xm ArcTanh@uD âx �
xm+1 ArcTanh@uD

m + 1
-

1

m + 1
à xm+1 ¶xu

1 - u2
âx

� Program code:

Int@x_^m_.*ArcTanh@u_D,x_SymbolD :=

x^Hm+1L*ArcTanh@uD�Hm+1L -

Dist@1�Hm+1L,Int@Regularize@x^Hm+1L*D@u,xD�H1-u^2L,xD,xDD �;
FreeQ@m,xD && NonzeroQ@m+1D && InverseFunctionFreeQ@u,xD &&

Not@FunctionOfQ@x^Hm+1L,u,xDD &&

FalseQ@PowerVariableExpn@u,m+1,xDD
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� Derivation: Integration by parts

� Rule: If u is free of inverse functions, let  w = Ùv âx, if w is free of inverse functions, then

à v ArcTanh@uD âx � w ArcTanh@uD - à w ¶xu

1 - u2
âx

� Program code:

Int@v_*ArcTanh@u_D,x_SymbolD :=

Module@8w=Block@8ShowSteps=False,StepCounter=Null<, Int@v,xDD<,
w*ArcTanh@uD -

Int@Regularize@w*D@u,xD�H1-u^2L,xD,xD �;
InverseFunctionFreeQ@w,xDD �;

InverseFunctionFreeQ@u,xD &&

Not@MatchQ@v, x^m_. �; FreeQ@m,xDDD &&

FalseQ@FunctionOfLinear@v*ArcTanh@uD,xDD
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