Integration Rules for Inverse Hyperbolic Tangent Functions

ArcTanh[a x]" dx

m Reference: CRC 585, A& S4.6.45
m Derivation: Integration by parts

= Rule

Log[1 -a?x?]
J-ArcTanh[ax] dx — X ArcTanh[aX] + —8 —

2a
= Program code:
I nt [ArcTanh[a_. *x_], x_Synbol ] : =
X*ArcTanh [a*x] + Log[l-a”2xx"2]/(2%a) /;
FreeQ[a, x]
= Derivation: Integration by parts
m Rulelf nez A n>1,then
x ArcTanh[a x]"1
chTanh[ax]”dlx —>xArcTanh[ax]”—anj — dx
1-a“x

= Program code:

Int [ArcTanh[a_. *x_]”n_, x_Synbol ] : =

X*Ar cTanh [axx]”n -

Di st [axn, | nt [xxArcTanh [a*x]" (n-1) / (1-a"2xx"2),Xx]1] /;
FreeQ[a, x] && I ntegerQ[n] && n>1
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XMAr cTanh[a x]" dx

m Derivation: Iterated integration by parts
m Rulelf nez A n>0,then

ArcTanh[ax]" x2? ArcTanh[ax]"
+
2 a2 2

n
JxArcTanh[ax]”dlx - - +2—JNCTanh[ax]”‘1dx
a

= Program code:

Int [x_*ArcTanh[a_. *x_]”n_.,x_Synbol ] : =
-ArcTanh [a*x]2n/ (2%xa”2) + X"2xArcTanh[a*x]"n/2 +
Di st [n/ (2%a), I nt [ArcTanh [a*x]” (n-1),Xx1] /;
FreeQ[a, x] && I ntegerQ[n] && n>0

= Derivation: Iterated integration by parts
m Rulelfnez A n>0 A m>1,then

x™L ArcTanh[ax]" x™! ArcTanh[ax]"
J.xmArcTanh[ax]”dlx — - + +
a2 (m+1) m+ 1

n m-1

fx”*l ArcTanh[ax]"! dx + jxmchTanh[ax]”dx

a (m+1) aZ (m+1)

= Program code:

Int [x_“m xArcTanh[a_. *x_1"n_.,x_Synbol ] : =
=X (m-1) *Ar cTanh [a*x]”n/ (a"2% (M+1)) + X~ (mM+1l) *ArcTanh[axx]”n/ (m:l) +
Di st [n/ (ax (m+1)), | nt [x? (m-1) *Ar cTanh [axx]” (n-1), x]] +
Dist [(m-1)/(@"2%(m+1)), I nt [x* (Mm-2)*ArcTanh [a*x]*n, x]1] /;

FreeQ[a, x] && IntegerQ[n] && n>0 && Rational Q[m] && m>1
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= Derivation: Integration by parts

m Rulelf nez A n> 1, then

1-

2

ax

]

dx — 2 ArcTanh[ax]" ArcTanh[l -
X

ArcTanh[ax]" 2 ArcTanh[ax]"! ArcTanh[1 -
j— ] -2an
l-ax

1-a?x?
= Program code:

Int [ArcTanh [a_. #x_1"n_/x_, x_Synbol | : =

2%xAr cTanh [axx]”nxArcTanh[1-2/ (1-a%x)] -

Di st [2xaxn, | nt [ArcTanh [a*x]" (n-1) *ArcTanh [1-2/ (1-axx)]/ (1-a”*2*x"2),x]1] /;
FreeQ[a, x] && IntegerQ[n] && n>1

= Derivation: Integration by parts

m Rulelf nez A n > 0,then

ArcTanh[a x]" ArcTanh[a x]" ArcTanh[ax]"1
j—dx_,-—+anj dx
x2 X x (1-a?x?)
= Program code:
Int [ArcTanh [a_. #x_]1"n_. /x_"2,x_Synbol | : =
-ArcTanh [a*x]"n/X +
Di st [a*n, | nt [ArcTanh [a*x]" (n-1) / (X* (1-a"2%x"2)),Xx]1] /;
FreeQ[a, x] && I ntegerQ[n] && n>0
m Derivation: Inverted iterated integration by parts
m Rulelf nez A n>0,then
ArcTanh[ax]" a? ArcTanh[ax]" ArcTanh[ax]" an ArcTanh[fax]"!
J— dx — - +— dx
x3 2 2 x2 2 x2

= Program code:

a"2xArcTanh [axx]”*n/2 - ArcTanh[axx]"n/ (2xX"2) +
Di st [axn/2, | nt [ArcTanh [a*x]” (n-1) /x"2,x]] /;
FreeQ[a, x] && | ntegerQ[n] && n>0

Int [ArcTanh [a_. #x_]1"n_. /x_"3,x_Synbol | : =

dx
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= Derivation: Inverted iterated integration by parts
m Rulelfnez A n>0 A m< -3, then

J‘mA Tanh[ax]"d x™L ArcTanh[ax]" a2x™3 ArcTanh[ax]"
x™Ar cTanh[a x X — - -
m+ 1 m+ 1

an aZ (m+3)

Jx“lNcTanh[a x1" 1 dx + Jx“chTanh[a x1" dx

m+1 m+ 1

= Program code:

Int [x_"m xArcTanh[a_. #x_1"n_.,x_Synbol ] : =
XN (ml) *Ar cTanh [a*x]2n/ (M+1l) - a”2xx” (mk3) *Ar cTanh [axx]”n/ (m+1) -
Di st [axn/ (m+1), | nt [X" (m+1) *Ar cTanh [a*x]” (n-1), x]] +
Di st [a"2% (Mm+3) / (m1), | nt [Xx® (M+2) *Ar cTanh [axx]"n, X]1] /;

FreeQ[a, x] && IntegerQ[n] && n>0 && Rational Q[m] && nk-3
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ArcTanh[a x]"

d X
c +dX
= Derivation: Integration by parts
» Rulelf a2c?=d> Anez A n>0,then
2 - 2
ArcTanh[ax]" ArcTanh[ax]"Log[==] an (ArcTanh[ax]"!Log[——]
- o~ dXx — - + — dx
c+dx d 1-a?x?

= Program code:

Int [ArcTanh[a_. #x_]1"n_. /(c_+d_. »x_), x_Synbol | : =

-ArcTanh [a*x]*nxLog[2%xC/ (C+d*Xx)]/d +

Di st [axn/d, | nt [ArcTanh [axx]” (n-1) xLog[2xC/ (C+d*Xx)]/ (1-a"2xx"2),x]1] /;
FreeQ[{a, c,d}, x] && ZeroQ[a’2xc"2-d"2] && IntegerQ[n] && n>0
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XxMArcTanh[a x]"

d X
c +dX
= Derivation: Integration by parts
» Rulelf a2c?=d> Anez A n>0,then
ArcTanh[a x]" ArcTanh[ax]“Log[Z—%] an (CArcTanh[ax]"1! Log[Z—Cfdcx]
—_—  dXx —> - — dx
X (c +dXx) c c 1-a?x?
= Program code:
Int [ArcTanh [a_. #x_1"n_. /(x_#(c_+d_. #x_)), x_Synbol | : =
ArcTanh [axx]”nxLog[2-2%C/ (C+d*Xx)]/C -
Di st [axn/c, | nt [ArcTanh [axx]” (n-1) xLog[2-2xC/ (C+dxX) ]/ (1-a"2xx"2),x]] /;
FreeQ[{a, c,d}, x] && ZeroQ[a’2xc"2-d"2] && IntegerQ[n] && n>0
= Derivation: Integration by parts
m Rulelf a2c?2=d> Anez A n>0,then
2 - 2
ArcTanh[ax]" ArcTanh[ax]"Log[2- ==] 4, (CArcTanh[ax]"!Log[2- =]
—_—dX — - — dx

c X +dx? c c 1-a?x?

= Program code:

Int [ArcTanh [a_. #x_]"n_. /(c_. #x_+d_. #x_"2), x_Synmbol | : =

ArcTanh [a*x]”"nxLog[2-2%C/ (C+d*X)]/C -

Di st [a*n/c, | nt [ArcTanh [a*x]” (n-1) *xLog[2-2xC/ (C+d*X) ]/ (1-a"2%xx"2),X]] /;
FreeQ[{a, c,d}, x] && ZeroQ[a’2xc"2-d"2] && |ntegerQ[n] && n>0
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m Derivation: Algebraic simplification
» Bass —=— == - c

c+d x d " d (c+d x)

m Rulelf a2¢c?=d> Am>0 Anez A n>D0,then

J-xmArcTanh[a x]" c J-x”*lArcTanh[a x1n
dx

1
dx — 5 jx”” ArcTanh[ax]"dx - m

c+dx c+dx

= Program code:

Int [x_"m_. «ArcTanh [a_. «x_]1~n_. /(c_+d_. #x_), x_Synmbol ] : =
Di st [1/d, | nt [X" (m-1) *ArcTanh [a*x]"n, X]] -
Di st [c/d, | nt [X" (m-1) *Ar cTanh [a*X]”n/ (C+d*X), X]] /;
FreeQ[{a, c,d}, x] && ZeroQ[a’2xc"2-d"2] && Rational Q[m] & & m>0 && I ntegerQ[n] && n>0

= Derivation: Algebraic simplification

= Bass —— == -
c+d x [

dx
c (c+d x)

m Rulelf a2c?=d> A m<-1 Anez A n>D0,then

dx

xMAr cTanh[ax]" 1 d rx™! ArcTanh[ax]"
j dx — —jxmArcTanh[ax]“dlx——J
c

c+dX c c+dx

= Program code:

Int [x_"m_xArcTanh [a_. »x_]"n_. /(c_+d_. »x_), x_Synbol | : =
Di st [1/c, | nt [X*"mxAr cTanh [a*x]”n, X]] -
Di st [d/c, | nt [X" (m+1) *Ar cTanh [a*X]”n/ (C+d*X), X]] /;
FreeQ[{a, c, d}, x] && ZeroQ[a’2xc"2-d"2] && Rational Q[m] && nmk-1 && IntegerQ[n] && n>0
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ArcTanh[a x]"

d X
c +d x?2
= Derivation: Reciprocal rulefor integration
m RuleIf a2c +d = 0, then
1 Log[ArcTanh[a x]]
j dx —
(c +dx2) ArcTanh[ax] ac
= Program code:
Int [1/((c_+d_. #x_"2)«ArcTanh[a_. #x_]), x_Synbol | : =
Log [ArcTanh[axx]]/ (a*Cc) /;
FreeQ[{a, c,d}, x] && ZeroQ[a’2xCc+d]
= Derivation: Power rulefor integration
m Rulelf a2c+d=0 A n ¢ -1,then
ArcTanh[a x]" ArcTanh[a x]"!
f T ax o
c +dx? ac (n+1)

= Program code:

Int [ArcTanh [a_. »x_]"n_. /(c_+d_. xx_"2), x_Synbol | : =
ArcTanh [axx]” (n+1) / (a*Cx (N+1)) /;
FreeQ[{a, c,d, n}, x] & ZeroQ[a"2xc+d] && NonzeroQ[n+1]
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XxMArcTanh[a x]"

c +d x?2

= Derivation: Algebraic expansion

X 1 1

u is: = -
Bads: 1-a% x? a (1-a%x?) a (l-ax)

m Rulelf a2c+d=0 A n> 0,then

ArcTanh[a x]"+!

dx —

J-x ArcTanh[a x]"

c +d x? d(n+1l)

= Program code:

Int [x_«ArcTanh[a_. »x_]"n_. /(c_+d_. #x_"2), x_Synbol | : =

ArcTanh [a*x]” (n+1) / (d* (n+1)) +
Di st [1/ (a%*c), | nt [ArcTanh [a*x]"n/ (1-a*x), x]] /;

1

+ —_—
ac

FreeQ[{a,c,d}, x] & ZeroQ[a"2xc+d] && Rational Q[n] && n>0

= Derivation: Algebraic expansion

. 1 a 1
= Bass = +
X (l—a2 X2) 1-a2 x? X (l+ax)

» RulelIf a2¢c +d

0 A n>0,then

dx —

ArcTanh[ax]"!

J‘ArcTanh[ax]”

x(c+dx2) c (n+1)

= Program code:

1

c

Int [ArcTanh [a_. #x_1"n_. /(x_*(c_+d_. xx_"2)), x_Synbol ] : =

ArcTanh [a*x]” (n+1)/ (C*(n+1)) +
Di st [1/c, | nt [ArcTanh[a*x]"n/ (X% (l+a*x)), x]] /;

FreeQ[{a,c,d}, x] & ZeroQ[a"2xc+d] && Rational Q[n] && n>0

I

d X

ArcTanh[ax]"

l-ax

ArcTanh[a x]"
—— dX

X (L+ax)

dx
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= Derivation: Algebraic expansion

. 1 a 1
= Basis = +
x (1-a%x2) 1-a2x2  x (l+ax)

m Rulelf a2c+d =0 A n > 0,then

dXx — + — dx

cx+dx3 C(n+1) c

J*ArcTanh[ax]” ArcTanh[ax]™! 1 J-ArcTanh[ax]“

X (1+ax)

= Program code:

Int [ArcTanh [a_. #x_]"n_. /(c_. #x_+d_. #x_"3), x_Synbol | : =
ArcTanh[a*x]” (n+1) / (C* (n+1l)) +
Di st [1/c, I nt [ArcTanh [a*x]"n/ (X% (1+axX)), X1] /;

FreeQ[{a, c,d}, x] && ZeroQ[a’2xc+d] && Rational Q[n] && n>0

= Derivation: Algebraic expansion

; x? 1
n : = = -
Bass c+d x? d

c
d (c+d x?)

m Rulelf a2c+d=0 A m>1 A n>0,then

jxmArcTanh[ax]“ c J*X”*ZArcTanh[ax]“

1
dx — 5 jxmchTanh[ax]“dx— 5

c +dx?2 c +d x2

m  Program code:

Int [x_"m_«ArcTanh [a_. #x_]"n_. /(c_+d_. #x_"2), x_Synbol | : =
Di st [1/d, | nt [X" (m-2) *ArcTanh [a*x]”n, X]] -
Di st [c/d, | nt [X" (m-2) *Ar cTanh [a*X]”n/ (C+d*x"2),Xx]1] /;
FreeQ[{a, c,d}, x] && ZeroQ[a’2xc+d] && Rational Q{m n}] & & m1 && n>0

m Derivation: Algebraic expansion

: 1 1 d x2
= Basis =z X

c+dx2 e (c+d x2)

m Rulelf a2¢c+d=0 A m< -1 A n > 0,then

dx — — |xMArcTanh[ax]"dx - —

dx

J‘XmArcTanh[ax]“ 1J~ d J‘X”“ZArcTanh[ax]“dl
X

c c +d x?2

c+dx? c

= Program code:

Int [x_"m_#ArcTanh [a_. #x_]"n_. /(c_+d_. #x_"2), x_Synbol | : =
Di st [1/c, | nt [X*"mxAr cTanh [a*x]”n, X]] -
Di st [d/c, | nt [X" (m+2) *Ar cTanh [a*X]”n/ (C+d*x"2),Xx]1] /;
FreeQ[{a, c,d}, x] && ZeroQ[a’2xc+d] && Rational Q[{m n}] && nk-1 && n>0
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= Derivation: Integration by substitution

: M Ar cTanh n Tanh[ArcTanh ™Ar cTanh n
= Bass Ifme zora >0, =2 om2x - ERIRCEREL. FoloRlEY o ArcTanh [ax]

m Ruelfa?c+d=0Amne@ A (n<0VYne¢z) A (mezV a>0),then

dx —
c +d x2 a™lc

XMArcTanh[a x]"
j Subst [JX” Tanh[x]™Mdx, X, ArcTanh[a x]]

m  Program code:

Int [x_"m_. »ArcTanh [a_. #x_]"n_/(c_+d_. xx_"2), x_Synbol | : =
Di st [1/ (a” (m+1) xCc), Subst [I nt [x nxTanh[x]"m x], X, ArcTanh[a*x]]] /;
FreeQ[{a, c,d}, x] && ZeroQ[a’2xc+d] && Rational Q[{m n}] & & (n<0 || Not [I ntegerQ[n]]) && (I ntegerQ[m]

m Derivation: Integration by substitution

. m n
= Bass xMArcTanh[a x] - é (Tanh[ArcTanh[ax]]

1-a% x? a

)mArcTanh [ax]" 8y ArcTanh [a x]

m Ruelfa?c+d=0Amne@ A (n<0Vne¢z) A - (mezV a>0),then

XMArcTanh[a x]" 1 Tanh[x]\™M
J dx — —— Subst [Jx” (—) dx, x, ArcTanh[ax]]
c+dx? ac a

= Program code:

Int [x_"m_. «ArcTanh[a_. «x_]1~n_/(c_+d_. xx_"2), x_Synbol | : =
Di st [1/ (axc), Subst [I nt [X"nx(Tanh[x]/a)"m x1, X, ArcTanh [axx]]1] /;
FreeQ[{a, c,d}, x] & ZeroQ[a"2xc+d] &% Rational Q[{mn}] &% (n<0 || Not [IntegerQ[n]]) && Not [I nteger Q[
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ArcTanh[a x]" ArcTanh[u] dx

c +d x?2

= Derivation: Algebraic simplification
m Basis ArcTanh[z] = % Log[l+z] - % Log[l-2z]

s Rulelfazesd=0 An>o A (2= (1-2Z2) \/ w2= (1- Z)°) then

J~ArcTanh[ax]“ArcTanh[u] 1 J-ArcTanh[ax]“Log[1+u] 4 1 J-ArcTanh[ax]“Log[l-u] 4
X - — X
2

dXx — -—

c +dx? c +dx? c +dx?

= Program code:

Int [ArcTanh [a_. #x_1"n_. »ArcTanh [u_]/(c_+d_. #x_"2), x_Synbol | : =
Di st [1/2, I nt [ArcTanh[axx]*"nxLog[l+u]/ (C+d*x"2),Xx]] -
Di st [1/2, I nt [ArcTanh [axx]"nxLog[1-u]/ (c+dxx"2),x]1] /;
FreeQ[{a, c,d}, x] && ZeroQ[a’2xc+d] && Rational Q[n] && n>0 && (ZeroQ[ur2-(1-2/(1+axXx))”"2] || Zer oQ[uAX.
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Ar cTanh np
cTanh[ax]" Log[u] dx

c +d x?2

= Derivation: Integration by parts

m Rulelf a2c+d=0 An>0 A (1-u)2=(1- 2 )Z,then

l+ax

ArcTanh[ax]" Log[u] ArcTanh[ax]" Pol yLog[2, 1-u] n ArcTanh[ax]"!PolylLog[2, 1-u]
J\ dx — —EJ‘ dx

c +dx? 2ac c +dx?

m  Program code:

Int [ArcTanh [a_. »x_]"n_. xLog[u_]/(c_+d_. xx_"2), x_Symbol | : =
ArcTanh [a*x]”nxPol yLog [2, 1-u]/ (2*axC) -
Di st [n/2, | nt [ArcTanh [axx]" (n-1) %xPol yLog [2, 1-u]/ (C+d*Xx"2), X]] /;
FreeQ[{a, c,d}, x] & ZeroQ[a’2xc+d] && Rational Q[n] && n>0 && ZeroQ[ (1-u)"2-(1-2/ (l+axx))"2]

m Derivation: Integration by parts

l-ax

= Rulelfa2c+d=0An>0A (1-u?= (1- 2 )Z,then

J‘ArcTanh[ax]”Log[u] a ArcTanh[ax]" Pol yLog[2, 1-u] n J~ArcTanh[ax]“‘1 Pol yLog[2, 1-u]
X — - + —
c+dx? 2ac 2 c+dx?

= Program code:

I'nt [ArcTanh [a_. #x_]"n_. xLog [u_]/(c_+d_. *X_"2), x_Synbol | : =
-ArcTanh [axx]"n%Pol yLog [2, 1-u]/ (2%xa*C) +
Di st [n/2, | nt [ArcTanh [axx]” (n-1) %xPol yLog [2, 1-u]/ (C+d*Xx"2),X]] /;
FreeQ[{a, c,d}, x] && ZeroQ[a’2xc+d] && Rational Q[n] && n>0 && Zer oQ[ (1-u)"2-(1-2/ (1l-a%x))"2]
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ArcTanh[a x]" Pol yLog[p, u]

d X
c +d x?2
= Derivation: Integration by parts
2 2
m Rulelf a2c+d=0 ANn>0 A u2= (1'1+ax) , then
ArcTanh[a x]1" Pol yLog[p, ul
J- dx —
c+dx2

ArcTanh[ax]" Pol yLog[p+1, u] n J*ArcTanh[ax]”‘1 Pol yLog[p + 1, u] a
+ — X
2

2ac c+dx?

= Program code:

Int [ArcTanh [a_. #x_]"n_. xPol yLog [p_, u_1/(c_+d_. *x_"2), x_Synbol | : =
-ArcTanh [axx]”n%Pol yLog [p+1, u]l/ (2*axCc) +
Di st [n/2, | nt [ArcTanh [axx]" (n-1) %xPol yLog [p+1, u]/ (c+d*x"2),x]] /;
FreeQ[{a, c,d, p}, x] & ZeroQ[a"2xc+d] && Rational Q[n] && n>0 && ZeroQ[u"2-(1-2/ (1l+axx))"2]

m Derivation: Integration by parts

2
* Ruelfa’csd=0An>0 A= (1- )" then

l-ax

X —

J-Ar cTanh[a x]" Pol yLog[p, u] g

c +dx?2

ArcTanh[ax]" Pol yLog[p+1, ul] n J-ArcTanh[ax]”'l Pol yLog[p + 1, u] 4
- = X
2ac 2 c+dx?

= Program code:

Int [ArcTanh [a_. #x_]"n_. xPol yLog [p_, u_1/(c_+d_. «x_"2), x_Synbol | : =
ArcTanh [axx]”nxPol yLog [p+1, u]/ (2*axc) -
Di st [n/2, I nt [ArcTanh [a*x]”" (n-1) xPol yLog [p+1, u]/ (c+d*x"2), x1] /;
FreeQ[{a,c, d, p}, X] & & ZeroQ[a"2xc+d] && Rational Q[n] && n>0 && Zer oQ[u”2-(1-2/ (1-axX))"2]
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ArcCot h[ax]MArcTanh[ax]"

dx
c +dx?
m RuleIf a2c +d = 0, then
J- 1 4 -Log[ArcCoth[ax]] +Log[ArcTanh[a x]]
X —
(c +dx2) ArcCoth[ax] ArcTanh[ax] ac ArcCoth[ax] -ac ArcTanh[aXx]

= Program code:

Int [1/(ArcCoth[a_. xx_]+ArcTanh[a_. »x_](c_+d_. xx_"2)), x_Symbol ] : =
(-Log [ArcCot h[axx]]+Log[ArcTanh[axx]])/ (axCxArcCot h [axXx]-axCxAr cTanh [axXx]) /;
FreeQ[{a, c,d}, x] && ZeroQ[a’2xCc+d]

= Derivation: Integration by parts

m Rulelf a2c+d=0 A mnez A 0<n <mthen

dx —

J-ArcOot h[ax]MArcTanh[ax]"

c +d x?

ArcCot h[ax]™! ArcTanh[ax]" n J*ArcCot hrax]™! ArcTanh[a x]"?! 4
X

ac (m+1) m+ 1 c+dx?

= Program code:

Int [ArcCoth[a_. #x_]"m.. »ArcTanh [a_. #x_]"n_. /(c_+d_. *X_"2), x_Synbol | : =
ArcCot h[a*x]”" (m+1) *Ar cTanh [a*x]”n/ (a*C* (m«1)) -
Di st [n/ (m+1), I nt [ArcCot h [a*x]” (m+1) *Ar cTanh [a*x]” (n-1) / (c+d*x"2),Xx]1] /;
FreeQ[{a, c,d}, x] && ZeroQ[a’2xc+d] && IntegersQ[mn] &% O<nsm
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(c +d xz)mAr cTanh[a x]" dx

m Rulelf a2¢c+d=0 A ¢ > 0,then

Vi-ax X iVi-ax . Vl ax
JArcTanh[ax] " 2 ArcTanh[a x] ArcTan[ — ] i Pol yLog[Z, _W] i Pol yLog[Z, T ]
_—_— —_ - - +
4/c+dx2 avc avec avc

= Program code:

Int [ArcTanh [a_. «x_1/Sqrt [c_+d_. #x_"2]1, x_Synbol | : =
-2xArcTanh [axXx]*ArcTan [Sqrt [1-axx]/Sqrt [1+a*x]]/ (a*Sqrt [c]) -
| *Pol yLog [2, -| *Sqrt [1-axx]/Sqrt [1+axx]]/ (a*Sqrt [c]) +
| *Pol yLog [2, | *Sgrt [1-axx]/Sqrt [1+axx]1]1/ (a*xSqrt [c]) /;
FreeQ[{a,c,d}, x] && ZeroQ[a"2xc+d] && PositiveQ[c]

4/ 1-a2 x? =0

c-ca?x?

m Bass: 9,

m Rulelf a2c+d=0 A - (c > 0),then

ArcTanh[ax] V1-a2x? ArcTanh[a x] g
dx — X
4 ¢ +dx? v ¢ +dx2 V1-a?2x2

= Program code:

Int [ArcTanh [a_. »x_]/Sqrt [c_+d_. xx_"2], x_Synbol | : =
Sgrt [1-an2%x72]1/Sqrt [c+d*x~2] x|l nt [ArcTanh[a*x]/Sqrt [1-a”*2%x"2], X] /;
FreeQ[{a, c,d}, x] && ZeroQ[a”2xc+d] && Not [PositiveQ[c]]

m RuleIf a2c +d = 0, then

ArcTanh[a x] 1 X ArcTanh[a x]
(c+dx?) acc+dx? cyc+dx?

= Program code:

Int [ArcTanh [a_. #x_1/(c_+d_. #x_"2)"(3/2),x_Synbol | : =
-1/ (axc*Sqrt [c+d*Xx"2]) +
x*ArcTanh [axx]/ (c*Sqrt [c+d*x"2]) /;

FreeQ[{a, c,d}, x] && ZeroQ[a’2xCc+d]
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m Rulelf a?2c+d=0 A n>1,then

ArcTanh[a x]" n ArcTanh[ax]"! x ArcTanh[ax]" ArcTanh[a x]"-2
(c+dx?) acyc+dx? cc+dx? (c+dx?)

®  Program code:

Int [ArcTanh [a_. #x_]"n_/(c_+d_. #x_"2)"(3/2), x_Synbol | : =
-nxAr cTanh [axx]” (n-1) / (a*C*Sgrt [C+d*Xx"2]) +
x*ArcTanh [a*x]”n/ (c*Sqrt [C+d*Xx"2]) +
Di st [nx(n-1), I nt [ArcTanh [a*x]" (n-2) / (C+d*x"2)" (3/2),x]] /;
FreeQ[{a, c,d}, x] && ZeroQ[a’2xc+d] && Rational Q[n] && n>1

m Rulelf a2c+d=0 An<-1An#-2then

JArcTanh[ax]”
- _ dx —
(C +d X2)3/2

ArcTanh[a x]"?! x ArcTanh[a x]"*2 1 J\Ar cTanh[a x]"*?

. dx
(n+1) (n+2) (C+dX2)3/2

ac (n+1l)yc+dx? c(n+1) (n+2)\yc+dx?

= Program code:

Int [ArcTanh [a_. #x_1"n_/(c_+d_. #x_"2)"(3/2),x_Synbol | : =

ArcTanh [axx]” (n+1) / (a*xCx (N+1) *Sqrt [C+d*x"2]) -

X*ArcTanh [a*x]” (N+2) / (Cx (N+1) » (N+2) *Sqrt [C+d*x"2]) +

Dist [1/((n+1)*(n+2)), | nt [ArcTanh[a*x]” (n+2) / (c+d*x"2)" (3/2),x]] /;
FreeQ[{a,c,d}, x] & ZeroQ[a"2xc+d] && Rational Q[n] && n<-1 && n#-2

m Rulelf a2c+d=0 A m> 0,then

j(c +d xz)mArcTanh[ax] dx —

(c+dx2)m X (c+dx2)mArcTanh[ax] 2¢m
+

+ j(c+dx2)mlNcTanh[ax] dx
2am(2m+1) (2m+1) 2m+1

= Program code:

Int [(c_+d_. #x_"2)"m_. *ArcTanh[a_. »x_], x_Synbol | : =
(C+d*X"2) AV (2%axMmk (2%me1)) +
X% (C+d*X"2) meAr cTanh [a*X]/ (2*m+1) +
Di st [2xC*nm/ (2«mk1), I nt [ (C+d*x"2)" (m-1) xAr cTanh [a*x], X]] /;
FreeQ[{a, c,d}, x] && ZeroQ[a’2xc+d] && Rational Q[m] && m>0
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= Rule If a20+d=0/\m<—1/\m¢—%,theﬂ

J\(c +dx2)mArcTanh[ax] dx —

(c+dx2)rml x(c+dx2)m'lArcTanh[ax] 2m+3

+
4ac (m+1)2 2¢c (m+1) 2¢c (m+1)

j(c +d x2)rml ArcTanh[a x] dx

= Program code:
Int [(c_+d_. #x_"2)"m_»ArcTanh[a_. x_], x_Synbol | : =
- (C+d*x"2)N (mkl) / (d*axCx (Mkl)N2) -
X% (C+d*Xx"2)" (mrl) *ArcTanh [a*x]/ (2%xC* (M+1l)) +

Di st [ (2xm+3) / (2%Cx (M+1)), I nt [ (C+d*x"2)” (m+1) *Ar cTanh [axx], x]]1 /;
FreeQ[{a, c,d}, x] & ZeroQ[a’2xc+d] && Rational Q[m] && mk-1 && m¢-3/2

= Rule If a2c+d=0/\m<—1/\m¢-%/\n>1,then

J(C +d xz)mArcTanh[ax]n dx —

n (c+dx2)nm1 ArcTanh[ax]"! x (c+dx2)rm1Ar(:Tanh[ax]n

- - +
4ac (m+1)2 2c (m+1)
2m+3 nn-1
o j(c+dx2)mlNcTanh[ax]”dx+ ¥J~(C+dxz)mArcTanh[ax]”'2 dx
2c (m+1) 4 (m+1)2

= Program code:

Int [(c_+d_. #x_"2)"m_»ArcTanh[a_. #x_]"n_, x_Synbol | : =

-nNx (C+d*x"2)” (mk1l) *Ar cTanh [a*x]” (n-1) / (4*xa*C* (m+1)"2) -

X% (C+d*x"2)" (m+1) *ArcTanh [axXx]1"n/ (2%C* (M+1)) +

Di st [ (2xm+3) / (2%Cx (M+1)), I nt [ (C+d*x~2)” (mk1) *Ar cTanh [a*x]”n, x]] +

Di st [nx(n-1)/ (4% (M+1)"2), I nt [ (c+d*x"2)*mkAr cTanh [a*x]" (n-2),x]] /;
FreeQ[{a,c,d}, x] && ZeroQ[a"2xc+d] && Rational Q[{m n}] && nx-1 && m¢-3/2 && n>1
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= Derivation: Integration by parts

Rule:1f a2c+d=0 A m<-1 A n<-1,then

J(c +dx2)mArcTanh[ax]“d1x —

(c+d x2)rml ArcTanh[ax]™! 23 (m+1)
+

jx (c +dx2)mArcTanh[ax]n+l dx
ac (n+1) n+1

= Program code:

Int [(c_+d_. #x_"2)"m_»ArcTanh[a_. #x_]"n_, x_Synbol | : =

(C+d*x"2)" (mr1l) xAr cTanh [a*x]" (n+1) / (a*C* (N+1)) +

Di st [2%xa* (m+1) / (n+1), I nt [X* (C+d*Xx"2)*mkAr cTanh [a*x]" (n+1), X]] /;
FreeQ[{a, c,d}, x] && ZeroQ[a’2xc+d] && Rational Q{m n}] && nk-1 && n<-1

= Derivation: Integration by substitution
» Basis (1-a2x2)MArcTanh[ax]" = i Sech[ArcTanh[ax]]12 (™ ArcTanh[ax]" 8, ArcTanh[a x]

m Rulelfa?2c+d=0Amneg Am<-1A (n<0Vne¢z) A (mezV c >0),then

m

c
J(c+dx2)mNcTanh[ax]”dx — — Subst [Jx“ Sech[x]1? ‘™D dx, x, ArcTanh[ax]]
a

= Program code:

Int [ (c_+d_. #x_"2)~m_»ArcTanh [a_. #x_]"n_, x_Synbol | : =
Di st [c"m/a, Subst [I nt [x*n*Sech [x]" (2% (m+1)), X], X, ArcTanh[a*x]]] /;
FreeQ[{a, c,d}, x] && ZeroQ[a’2xc+d] && Rational Q[{m n}] && nk-1 & & (n<0 || Not [I ntegerQ[n]]) && (Il nt el

Basis Ifa2c +d =O,D[°mE Vordx® x] =0

4/ 1-a2 x2 ’

RuleIf a2c+d =0 A m neQ/\m<—l/\ (n<0V ng¢z) /\m—%ez/\-(c>0),then

1
c™z /¢ +dx?

1-a2x2

J(c +dx2)mArcTanh[ax]n dx — (1-a? xz)mArcTanh[ax]n dx

Program code:

Int [(c_+d_. #x_"2)"m_»ArcTanh[a_. #x_]"n_, x_Synbol | : =
cA(m-1/2)*Sqrt [c+d*x"2]/Sqrt [1-a"2xx"2] %l nt [ (1-a”"2xx"2)"mxAr cTanh [a*x]"n, X] /;
FreeQ[{a, c,d}, x] && ZeroQ[a’2xc+d] && Rational Q[I{m n}] && nk-1 & & (n<0 || Not [I ntegerQ[n]]) && | ntege
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xm(c-bdxz)pArcTanh[ax]”dx

m Derivation: Integration by parts
m Rulelf a2c+d=0 Ape An>0A p#-1,then

(c+dx2)p+lArcTanh[ax]n n

j(c +d x2)p ArcTanh[a x]"! dx

Jx (c+dx2)pArcTanh[ax]”d1x — Y T * T
(p+1) a(p+1)

= Program code:

Int [x_x(c_+d_. #x_"2)"p_. *ArcTanh[a_. xx_]"n_., x_Symbol | : =

(C+d*x"2)N (p+1) *ArcTanh [a*x]1°n/ (2xd* (p+1)) +

Di st [n/ (2%ax (p+1)), I nt [ (c+d*x"2)"pxArcTanh [a*x]” (n-1), x]1] /;
FreeQ[{a, c,d}, x] && ZeroQ[a’2xc+d] &% Rational Q[{n, p}] & n>0 && p#-1

m Rulelf a2c+d=0 A p € Q,then

J x (c+dx?)P x(c+dx2)p+l 1J-(1—(2p+3)a2x2) (c+dx?)P

dx — - + —
ArcTanh[a x]? ac ArcTanh[ax] a ArcTanh[a x]

dx

= Program code:

Int [x_#(c_+d_. »x_"2)"p_. /ArcTanh[a_. xx_]"2, x_Synbol | : =

-X* (C+d*x"2)" (p+1) / (a*CxArcTanh [a*Xx]) +

Di st [1/a,Int [(1-(2%p+3) *a”2%xx"2) x (C+d*x"2)" p/ArcTanh [a*x], x]] /;
FreeQ[{a, c,d}, x] && ZeroQ[a’2xc+d] && Rational Q[p]

m Rulelf a?2c+d=0 An<-1 A n#-2then

Jx ArcTanh[ax]"
dx —
(c+d x2)2

x ArcTanh[ax]™!  (1+a?x?) ArcTanh[ax]"*? 4 x Ar cTanh[a x]"*2
+ +
ac (n+1) (c+dx?) d(n+1) (n+2) (c+dx?) (n+1) (n+2)

(c+dx?)?
= Program code:

Int [x_»ArcTanh [a_. #x_]"n_/(c_+d_. xx_"2)"2, x_Synbol | : =

X*ArcTanh [a*x]” (n+1) / (a*C* (N+1) * (C+d*Xx"2)) +

(1+a”2xx"2) xAr cTanh [axX]” (N+2) / (d* (N+1) * (N+2) * (C+d*x"2)) +

Di st [4/ ((n+1)%(n+2)), | nt [x*xArcTanh [a*Xx]” (n+2) / (C+d*x"2)"2,x]1] /;
FreeQ[{a, c,d}, x] & ZeroQ[a’2xc+d] && Rational Q[n] && n<-1 && n#-2
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= Derivation: Integration by parts

m Rulelf a2c+d=0A mn, 2pez A m<-1 An>0A m+2p+3=0,then
Jxm (c+dx2)pArcTanh[ax]"dlx —

xm1 (c+dx2)p"lArcTanh[ax]n an o
- Jx”‘*l (c +dx?)" ArcTanh[a x]""" dx
c (m+1) m+ 1

= Program code:

Int [x_"m_(c_+d_. x_"2)"p_. *ArcTanh[a_. »x_]"n_., x_Symbol | : =
XN (Mel) % (C+d*x"2) N (p+1) *Ar cTanh [a*Xx]”n/ (C* (M+1)) -
Di st [a*n/ (m+1), | nt [X" (M+1) * (C+d*xx"2) pxArcTanh [a*x]" (n-1),X]] /;
FreeQ[{a, c,d}, x] && ZeroQ[a’2xc+d] && IntegersQ[mn, 2xp] && nk-1 && n>0 && Zer oQ[M+2xp+3]

m Derivation: Integration by parts

m Rulelf a2c+d=0Amn, 2pezZ An<-1 A m+2p+2=0,then
Jxm (c+dx2)pArcTanh[ax]“d1x —

xm (c+dx2)p"lArcTanh[ax]n+1 m

- Jx”"l (c+d x2)p ArcTanh[a x]™! dx
ac (n+1) a(n+1)

= Program code:

Int [x_"m_(c_+d_. #x_"2)"p_. »ArcTanh [a_. #x_]"n_., x_Synbol | : =
X Mk (C+d*x"2) " (p+1) *Ar cTanh [a*x]” (n+1) / (a*C* (n+1)) -
Di st [nV (a* (n+1)), I nt [X" (M-1) % (C+d*x"2)*p*Ar cTanh [a*Xx]” (n+1), Xx]] /;
FreeQ[{a, c,d}, x] && ZeroQ[a’2xc+d] && IntegersQ[m n, 2xp] && n<-1 && Zer oQ[M+2xp+2]
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= Derivation: Algebraic expansion

; x2 1
u . = = -
Basis: c+d x? d

c
d (c+d x?)

m Rulelf a?2c+d=0 A mn, 2pez Am>1 Angz-1Ap<-1,then

1 .
Jxm (c+dx2)pArcTanh[ax]”d1x — EJ-X”*Z (c+dx2)p ' ArcTanh[a x]" dx -

c
5 fx“z (c+d x2)p ArcTanh[a x]" dx

= Program code:

Int [x_"m_x(c_+d_. *x_"2)"p_=ArcTanh[a_. +x_]"n_., x_Synbol | : =
Di st [1/d, | nt [X" (M-2) * (C+d*Xx"2)” (p+1) *Ar cTanh [a*x]"n, X]] -
Di st [c/d, | nt [X" (M-2) % (C+d*Xx"2) p*Ar cTanh [a*x]”"n, x]] /;
FreeQ[{a, c,d}, x] && ZeroQ[a’2xc+d] && IntegersQ[mn, 2xp] && m>1l && n#-1 && p<-1

= Derivation: Algebraic expansion

: 1 1 d x2
= Bass: == X
c+d x? c c (c+d x?)

m Rulelf a2c+d=0 A mn, 2pez A m<O Ang-1Ap<-1,then

1 .
jxm (c+dx2)pArcTanh[ax]”d1x — —jxm (c+dx2)p Y ArcTanh[a x]" dx -
c

d
— Jxmz (c+d x2)p ArcTanh[a x]" dx
c

= Program code:

Int [x_"m_(c_+d_. #x_"2)"p_=ArcTanh[a_. »x_]"n_., x_Synbol | : =
Di st [1/c, I nt [X"mk (C+d*x*2)" (p+1) *ArcTanh [a*x]/n, X]] -
Di st [d/c, I nt [X" (M+2) % (C+d*Xx"2) pxAr cTanh [a*x]”n, x]] /;
FreeQ[{a, c,d}, x] & ZeroQ[a’2xc+d] && |ntegersQ[mn, 2xp] && nk0 && n#-1 && p<-1
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= Derivation: Integration by parts

m Rulelf a2c+d=0A mn, 2pez Am<-1 An>0A m+2p+3¢0,then

5 x™1 (¢ +dx2)p+1ArcTanh[ax]n
x™(c+dx?)" ArcTanh[ax]"dx — -

c (m+1)

an aZ (m+2p+3)

fxm*l (c+d x2)p ArcTanh[ax]" ! dx + jx”‘*z (c+d x2)p ArcTanh[a x]" dx

m+1 m+1

= Program code:

Int [x_"m_ (c_+d_. x_"2)"p_. *ArcTanh [a_. xx_]"n_., x_Symbol | : =
XN (mel) x (C+d*x"2) " (p+1) *ArcTanh [a*x]1"n/ (C* (M+1)) -
Di st [a*n/ (m+1), | nt [X" (Mel) * (C+d*xx"2) "pxAr cTanh [axx]” (n-1), x]] +
Di st [a"2% (M2%p+3) / (ML), | nt [X® (Mk2) % (C+d*xx"2)*pxAr cTanh [axx]1"n, x]] /;
FreeQ[{a, c,d}, x] & ZeroQ[a"2xc+d] && IntegersQ[mn, 2xp] && nk-1 && n>0 && Nonzer oQ[M+2xp+3]

= Derivation: Integration by parts

m Rulelfa?c+d=0Amn, 2peZ An<-1 A m+2p+2 #0,then

) x™ (c +d x"')p+1 ArcTanh[ax]"+!
x™ (c +dx?)" ArcTanh[ax]"dx — N -
ac (n+1)

m a(m+2p+2)

jx”*l (c+d x2)p ArcTanh[a x]™! dx + jx”‘*l (c+d xz)p ArcTanh[a x]1"?! dx

a(n+1) n+1

= Program code:

Int [x_"m_. *(c_+d_. «x_"2)"p_. »ArcTanh [a_. xx_]"n_., x_Synbol | : =
XAme (C+d*x"2) " (p+1) *Ar cTanh [axx]” (n+1) / (a*C* (n+1)) -
Di st [mV (ax (n+1)), I nt [X* (M-1) % (C+d*x"2) p*xArcTanh [a*x]”" (n+1), X]] +
Di st [ax (Mk2xp+2) / (n+1), I nt [X™ (M+1) * (C+d*xx"2) p*xArcTanh [a*x]” (n+1), X]1] /;
FreeQ[{a, c,d}, x] & ZeroQ[a’2xc+d] && |IntegersQ[mn, 2xp] && n<-1 && Nonzer oQ[Mm+2xp+2] && Not [m=1 &&
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= Derivation: Integration by substitution

= Basis Ifmezora>0, (e+fxM (1-a2x2)P ArcTanh[ax]" =
alm (eam+f Tanh[ArcTanh[ax]1™ Sech[ArcTanh[ax]]1% ®*1) ArcTanh[ax]" 84 ArcTanh[a x]

m Ruelf a?c+d=0Amn, peg Ap<-1A(N<0VYne¢gz) A (pezV c>0) A (mezV a>DO0),then

cP

j(e+f x™) (c+dx2)pArcTanh[ax]”d1x —
ar’ml

Subst [Jx“ (ea™+f Tanh[x]™) Sech[x]?®*1) dx, x, ArcTanh[a x]]

= Program code:

Int [(e_. +f_. »x_"m.. ) (c_+d_. +x_"2)"p_«ArcTanh[a_. xx_]"n_, x_Symbol | : =
Di st [cAp/a” (m+1), Subst [I nt [Expand [Xx"nxTri gReduce [Regul ari ze [ (exam«f *xTanh [X]*m) *Sech [x]" (2% (p+1)),:
FreeQ[{a,c,d, e, f}, X] & ZeroQ[a"2xc+d] &% Rational Q[{m n, p}] && p<-1 && (n<0 || Not [I ntegerQ[n]]) &&

m Derivation: Integration by substitution

Tanh[ArcTanh[ax]]

. Basis:x'“(1-a2x2)pArcTanh[ax]”=%( L

)mSech [ArcTanh[ax]]% ®*D ArcTanh[ax]" 8xArcTanh[a x]

m Ruelfa?c+d=0Amneg Ap<-1A (n<0Vne¢z) A (pezVc>0) A-(mezV a>0),then

cP
fxm (c +d xz)p ArcTanh[ax]"dx — — Subst [jx” (Tanh[x] 7a)™Sech[x]? ?®*1) d@x, x, ArcTanh[a x]]
a

= Program code:

Int [x_"m_. *(c_+d_. xx_"2)"p_#ArcTanh[a_. »x_]"n_, x_Synbol | : =
Di st [c"p/a, Subst [I nt [X"nx (Tanh[x]/a)"m«Sech [x]" (2% (p+1)), X1, X, ArcTanh [a*x]]] /;
FreeQ[{a, c,d}, x] && ZeroQ[a’2xc+d] && Rational Q[{mn, p}] && p<-1 & (n<0 || Not [I ntegerQ[n]]) && (Int

1

. Basislfazc+d=0,D[°p_E— Vordx? x] =0
W 1-a? x?

m Rulelf a2c+d=0 A m neQ/\p<—1/\ (n<0Vn¢z) /\p-%ez/\-(c>0),then

1
cp'E\/c+dx2
'\/1—a2x2

Jxm (c+dx2)pArcTanh[ax]”d1x — x™ (1-a? xz)pArcTanh[ax]“dlx

= Program code:

Int [x_"m_. #(c_+d_. #x_"2)"p_«ArcTanh[a_. xx_]"n_, x_Synbol | : =
cN(p-1/2)*Sqrt [c+d*x"2]/Sqrt [1-a”2xx"2] %l nt [X mk (1-a*2xx"2)pxArcTanh [a*x]”n, xX] /;
FreeQ[{a, c,d}, x] && ZeroQ[a’2xc+d] && Rational Q[{mn, p}] && p<-1 & & (n<0 || Not [I ntegerQ[n]]) && Int
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ArcTanh[a + b x"] dx

m Reference: CRC 585, A& S4.6.45
m Derivation: Integration by parts

= Rule

(a+bx) ArcTanh[a+bx] Log[l- (a+bx)?]
+
b 2b

jArcTanh[a+bx] dx —

= Program code:

Int [ArcTanh[a_+b_. *x_1,x_Synbol ] : =
(a+bxx) *ArcTanh [a+bxx]/b + Log[l-(a+bxx)"2]/(2xb) /;
FreeQ[{a, b}, x]

m Reference: CRC 585, A& S4.6.45
= Derivation: Integration by parts
= Rule If n € @, then
Xn

JArcTanh[a+bx”] dx — Xx ArcTanh[a +b x"] —bnj dx
1-a?2-2abx"-b2x2"

= Program code:

Int [ArcTanh[a_+b_. *x_~n_1,x_Synbol ] : =

X*Ar cTanh [a+b*x"n] -

Di st [b*n, I nt [X"n/ (1-a”2-2xaxb*x"n-b"2xXx" (2xn)), x]1] /;
FreeQ[{a, b}, x] & Rational Q[n]
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XMArcTanh[a + b x"] dx

= Derivation: Algebraic expansion
m Basis ArcTanh[z] = % Log[l+2z] - % Log[l-2z]

= Rule

dx

ArcTanh[a + b x"] 1 rLog[l+a+bx"] 1 rlLog[l-a-bx"]
j dx — _J dlx—Ej

X X X

= Program code:

Int [ArcTanh [a_. +b_. #x_"n_. 1/x_, x_Synbol | : =
Dist [1/2,Int [Log[l+a+bxx"*n] /X, X]] -
Di st [1/2,Int [Log[l-a-bxx*n]/x, X]1] /;
FreeQ[{a, b, n}, x]

= Reference: CRC 588, A& S 4.6.54
= Derivation: Integration by parts

m Rulelf mneg A m+1#0 A m+1#n,then

dx

J-mAr Tanh[asbx" 4 x™L ArcTanh[a+bx"] bn J- X TN
X cTanh[a +b x X — -
m+ 1 m+1l J 1-a2-2abx"-b2x2n

= Program code:

Int [x_"m_. xArcTanh[a_+b_. *x_"n_. ], x_Synbol ] : =

XN (Mm+1) *Ar cTanh [a+b*xx*n]/ (Mm+1) -

Di st [bxn/ (m+1), I nt [X» (Mkn) / (1-a”2-2xaxb*xx*nN-b"2xx" (2%Nn)), x1] /;
FreeQ[{a, b}, x] & Rational Q[{m n}] && mr1#0 && mk1#n



Integration Rules for Inverse Hyperbolic Tangent Functions

ArcTanh[a + b x]" dx

= Derivation: Integration by substitution

m Rulelf nez A n> 1, then

1
JNcTanh[a+bx]”dx — ESubst [jArcTanh[x]”dlx, X, a+bx]

= Program code:

I nt [ArcTanh[a_+b_. *x_]~n_, x_Synbol ] : =
Di st [1/b, Subst [I nt [ArcTanh [X]"n, X], X, a+b*xx]] /;
FreeQ[{a, b}, x] && IntegerQ[n] && n>1



Integration Rules for Inverse Hyperbolic Tangent Functions

XMArcTanh[a + b x]" dx

= Derivation: Integration by substitution

m Ruelfmnez A m>0 A n> 1, then

1
JmecTanh[a+bx]”dx — —18ubst U-(x—a)mArcTanh[x]“dlx, X, a+bx]
bml-

= Program code:

Int [x_"m_. xArcTanh[a_+b_. *x_]1”n_, x_Synbol ] : =
Di st [1/b” (m+1), Subst [I nt [ (x-a)*mxArcTanh [x]”n, x], X, a+b*x]] /;
FreeQ[{a, b}, X] & & IntegersQ[mn] & & m>0 && n>1



Integration Rules for Inverse Hyperbolic Tangent Functions

ArcTanh[a + b x]
dXx

c +dx"

= Derivation: Algebraic simplification
m Basis ArcTanh[z] = % Log[l+2z] - % Log[l-2]

m Ruelfnez A -~ (n=2Ab%c+d=0),then

ArcTanh[b x] 1 rLog[l+bx] 1 rLog[l-bx]
J—dlx — —j—dlx J— dx

c+dx" 2 c+dxn 2

= Program code:

Int [ArcTanh [b_. +x_]/(c_+d_. #x_"n_. ), x_Symbol | : =
Di st [1/2, I nt [Log[1+b*x]/ (c+d*x"*n), x]] -
Di st [1/2, I nt [Log[1-b*x]/ (c+d*x”n), Xx]1] /;
FreeQ[{b, c,d}, x] & IntegerQ[n] &% Not [n==2 && Zer oQ[b"2xCc+d]]

m Derivation: Algebraic simplification
m Basis ArcTanh[z] = % Log[l+2z] - % Log[l -z]

m Ruelfnez A - (n=1Aad-bc =0),then

c+dxn

Log[l-a-bx]
d

ArcTanh[a + b x] 1 rlLog[l+a+bx] 1
f dx — _j d]x-_j
c+dx" 2 c+dx" 2

= Program code:

Int [ArcTanh [a_+b_. »x_1/(c_+d_. #x_"n_. ), x_Symbol ] : =
Di st [1/2,Int [Log[l+a+bxXx]/ (C+d*x"n), x]] -
Di st [1/2,Int [Log[l-a-bxXx]/ (c+d*x"n), x]1] /;
FreeQ[{a, b,c,d}, x] & IntegerQ[n] && Not [n==1 && ZeroQ[axd-bxc]]

c+dx"

X



Integration Rules for Inverse Hyperbolic Tangent Functions

m

C
uArcTanh[m] d X

= Derivation: Algebraic simplification
m Basis ArcTanh[z] = ArcCot h[;]

= Rule

m

dx

a bxnh,m
dx — juAl’CCOth[—+

c
juArcTanh[—]
a+bx" c c

= Program code:

Int [u_. »ArcTanh[c_. /(a_. +b_. »x_"n_.)]*m.., x_Synbol | : =
I nt [uxArcCot h[a/c+bxx*n/c]1"m X] /;
FreeQ[{a, b, c, n, m}, X]



Integration Rules for Inverse Hyperbolic Tangent Functions

f [Xx, ArcTanh[a + b Xx]] dx
1-(a+bx)?

= Derivation: Integration by substitution

» Basis -2l - f [Tanh[ArcTanh[z]]] ArcTanh’[z]

1-z2

m Basisr+sx+t x2= -S40t ( - (S"z”)z)

4t s2-4rt
m Basis 1-Tanh[z]? = Sech[z]?

= Rule

f [Xx, ArcTanh[a +bXx]] 1 a Tanh[x]
J dx — — Subst [Jf [——+—, x] dx, X, ArcTanh[a+bx]]
1-(a+bx)? b b b

= Program code:

| f [ShowsSt eps,

Int [u_*v_"~n_.,x_Synbol ] : =

Modul e [ {t np=I nver seFuncti onCf Li near [u, X1},

ShowStep ["", "I nt [f [X, ArcTanh [a+b*x]]/ (1- (a+b*xx)"2), x]1",

"Subst [I nt [f [-a/b+Tanh[x]/b, x], x], X, ArcTanh [a+b*Xx]]/b", Hol d [
Di st [ (-Di scri m nant [v, x]/ (4xCoefficient [v, Xx,2]))"n/Coefficient [tnp[[1]],X, 1],
Subst [l nt [Regul ari ze [Subst For | nver seFuncti on [u, t mp, x]*Sech [x]”" (2% (n+1)), x1, x], X, tnpl11] /;
Not Fal seQ[t mp] && Head [t nmp]===ArcTanh && ZeroQ[Di scri m nant [v, x]*tnp[[1]1]172-D[v, x1*21]1 /;

SinplifyFlag & QuadraticQ[v, x] & |IntegerQ[n] && n<0 && PosQ[Di scri m nant [v, x]] &% MatchQ[u, r_. »f _™

Int [u_*v_"n_.,x_Synbol ] : =
Modul e [ {t np=I nver seFuncti onCf Li near [u, X1},
Di st [ (-Di scri m nant [v, x]/ (4xCoefficient [v, Xx,2]))”n/Coefficient [tnp[[1]],X, 1],
Subst [I nt [Regul ari ze [Subst For | nver seFuncti on [u, t mp, x]*Sech [x]”" (2% (n+1)), x1, X], X, tnpll /;
Not Fal seQ[t mp] && Head [t np]===ArcTanh && ZeroQ[Di scri m nant [v, x]*tnp[[1]1]172-D[v, x1*21]1 /;
Quadrati cQ[v, x] & IntegerQ[n] && n<0 && PosQ[Di scri m nant [v, x]] & & MatchQlu, r_. xf _~w_ /; FreeQIf, x]



Integration Rules for Inverse Hyperbolic Tangent Functions

ue" ArcTanh[v] dx

m Derivation: Algebraic simplification

m Bass e"ArcTanh(z] _ (1+z)"2
(1_Z)n/2

= Rule If % € Z, then

n/2
Ju enArcTanh[v] dx —s ju (1 +V) dx
(1_V)n/2

= Program code:

Int [u_. «E*(n_. »ArcTanh[v_]), x_Synbol | : =
Int [ux(1+v)®(n/2)/(1-v)*(n/2),x] /;
EvenQ[n]

= Derivation: Algebraic simplification

m Basis e"ArcTanh(z] _ (1+z)"2
(1—Z)"/2

= Rule If n € Q,then

n/2
jenArcTanh[v] dx —s j(1+v) dx
(1 _V)I’l/2

= Program code:

Int [E* (n_. »ArcTanh [v_]), x_Symbol | : =
Int [(1+v)~(n/2)/(1-v)~(n/2),x] /;
Rat i onal Q[n]



Integration Rules for Inverse Hyperbolic Tangent Functions

m Derivation: Algebraic simplification

n
» Basis e"AcTanh(z] =( 1+z ]
1-22

m Rule If me @ /\ ”2;1 €Z /\visapolynomial,then

= Program code:

Int [x_"m_. «E* (n_. *ArcTanh[v_]), x_Symbol | : =
Int [x*mk (1+v)~n/ (1-v~2)~(n/2), xX] /;
Rati onal Q[m] && OddQ[n] && Pol ynom al Q[v, X]

m Derivation: Algebraic simplification
m Basis; e"ArcTanhiz] (1 _z2y™ - (1-2)”*5 (1+z)”‘*§

= Rule If m neQ/\m—%eZ/\m+%eZ,then

ju e" ArcTanh(v] (1—v2)md1x — ju (1-v)™z (1+v)™z dx

= Program code:

Int [u_. «E"(n_. #ArcTanh[v_])«(1-v_"2)*m.., x_Synbol | : =
Int [ux (1-v)* (Mm-n/2) % (1+v)" (Mmen/2), X1 /;
Rational Q[{m n}] && Integer Q[m-n/2] && | nteger Q[m+n/2]

= Derivation: Algebraic simplification

= Basis eNAcTanhizl (1 _z2)M= (1 -z)”“g (1 +z)m*§
. n n

= Rule If m neQ/\ m—;ez/\m+gez,then

(a-av?)"

ju eh ArcTanh[v] (a_aVZ)mle N
()"

Ju (1-v)“5 (1 +v)’“*§ dx

= Program code:

Int [u_. «E*(n_. »ArcTanh [v_])*(a_+b_. »v_"2)"m_., x_Synbol | : =
(a+bxvA2) v (1-vA2)Amwl nt [ux (1-v)" (M-n/2) % (1L+v)" (men/2), X1 /;
FreeQ[{a, b}, x] && ZeroQ[a+b] && Rational Q[{m n}] && IntegerQ[m-n/2] && Integer Q[mkn/2]



Integration Rules for Inverse Hyperbolic Tangent Functions

m Derivation: Algebraic simplification

m Bass ehArcTanh(z] _ (1+z)"
- (1_Zg)n/2

m Rulelf nep A mez A m>0,then

J-u e ArcTanh[v] (a_aVZ)mle N amJ-u (1+V)n (1-V2)m'5 dx

= Program code:
Int [u_. «E* (n_. xArcTanh[v_])=*(a_+b_.v_"2)"m_., x_Synbol | :

Di st [a"m | nt [ux(1+V)*n%(1-v*2)" (M-n/2), x]] /,
FreeQ[{a, b}, x] && ZeroQ[a+b] && Rational Q[n] && | nteger Q[m] && m>0

= Derivation: Algebraic simplification

m Basgs ehArcTanh(z] _ (1+z)"
- (1_Zg)n/2

m Rulelf m ne@ A m+n e zthen

men
e ArcTanh[v] (1+V)"dx — JU (L+v) dx

1- V2 n/2

= Program code:

Int [u_. «E* (n_. »ArcTanh [v_])*(1+v_)"m.., x_Synbol | : =
Int [ux (1+v)” (M+n) / (1-v~2)~(n/2), x] /;
Rational Q[{m n}] && | nteger Q[m+n]

= Derivation: Algebraic simplification

m Basis e"AcTanhiz] _ (1+z)"2
(1—Z)"/2

= RuleIf m n e Q,then

= Program code:

Int [u_. «E*(n_. xArcTanh[v_])*(1+v_)"m.., x_Synbol |
Int [ux(1+v)” (men/2) / (1-v)~(n/2),Xx] /;
Rati onal Q[{m n}]



Integration Rules for Inverse Hyperbolic Tangent Functions

m Derivation: Algebraic simplification

m Bass " ArcTanh[z] _ (1+2)"72
(1-2)"/2

s RuleIf m n e Q,then

fu e ACTa IVl (1 _v)Mdx —s fu (L+v)™2 (1-v)™7 ax

= Program code:

Int [u_. «E*(n_. »ArcTanh[v_])*(1-v_)"m.., x_Synbol | : =
I nt [ux (1+Vv)A (N/2) % (1-v)~ (m-n/2),X] /;
Rati onal Q[{m n}]

= Derivation: Algebraic simplification

m Ruelfmez Aneg Aa-1#0 A a?-b2=0,then

bvym
ju e" ArcTanh[v] (a+ bV)deX N amJ-u enArcTanh[v] (1 + _] dx
a

= Program code:

Int [u_. «E* (n_. »ArcTanh[v_])*(a_+b_. »v_)"m_., x_Symbol | : =
Di st [a"m | nt [uxE® (nxArcTanh[v]) % (l+b/a%*v)"m x]] /;
FreeQ[{a, b}, x] & IntegerQ[m] && Rational Q[n] &% NonzeroQ[a-1] && ZeroQ[a"2-b"2]

m Derivation: Algebraic simplification

1

. . . aym  (-a)" (l+z) (1-22)"7
» Basis If misan integer, e T 2] (a - =) " = —
= Rule: If me z, then
a\m u(1-v2)T: u(1-v2)"e
u e/ eranhivi (a-—] dx — (-a)™ | ———— 1 dx+ (-a)™ | ———— dx
v2 y2m y2ml

= Program code:

Int [u_. «ENArcTanh[v_]+(a_+b_. /v_"2)*m.., x_Synbol | : =
bAml nt [ux (1-v~A2)A (M-1/2) /vA (2xm), X] +
bAmwl nt [ux (1-v~A2)A (m-1/2) /v~ (2xm-1), X1 /;

FreeQ[{a, b}, x] &% ZeroQ[a+b] && I nteger Q[m]



Integration Rules for Inverse Hyperbolic Tangent Functions

ArcTanh[be"dX] dx

m Derivation: Algebraic simplification
m Basis ArcTanh[z] = % Log[l+2z] - % Log[l-2z]

= Rule

1 1
J-ArcTanh[bf“dx] dx —s EJ-Log[1+bfc"d"] dx - 5 jLog[l-bf“dX] dx

= Program code:

Int [ArcTanh [b_. «f _~(c_. +d_. #x_) ], x_Symbol | : =
Dist [1/2,Int [Log[l+b*f" (c+dxx)], Xx]] -
Di st [1/2,Int [Log[1l-b*f~" (c+d*x)], x]] /;
FreeQ[{b, c, d, f}, x]



Integration Rules for Inverse Hyperbolic Tangent Functions

x™ArcTanh[b f C+dx] dx

Derivation: Algebraic simplification

m Basis ArcTanh[z] = %Log[1+z] -%Log[l-z]

Rule If me z A m> 0, then

1 1
J-xmArcTanh[be*dx] dx — 5 jxmLog[l +bferdx] ax - 5 J-xmLog[l - b ferdx] ax

Program code:

Int [x_"m_. «ArcTanh [b_. «f _"(c_. +d_. »x_)], x_Synbol | : =
Di st [1/2, I nt [X*mkLog [1+b*f " (c+dxx) ], x]] -
Di st [1/2, I nt [Xx*mxLog [1-b*f" (c+dxXx)]1,Xx]1] /;
FreeQ[{b,c,d,f}, x] & IntegerQ[m] && m0



Integration Rules for Inverse Hyperbolic Tangent Functions

v ArcTanh[u] dX

m Derivation: Integration by parts
m Rule If uisfreeof inversefunctions, then

AU
dx

X
JArcTanh[u] dx — X ArcTanh[u] -J >
1-u

= Program code:

Int [ArcTanh[u_1], Xx_Synbol ] : =

X*Ar cTanh [u] -

I nt [Regul ari ze [x*D[u, x]/ (1-u”2), x1, X1 /;
I nver seFuncti onFreeQ[u, x]

= Derivation: Integration by parts

m Rule If m+1 # 0 A uisfreeof inversefunctions, then

J-mA Tanh g x™1 ArcTanh [u] 1 x™1 5, u
xM™ArcTanh[u] dx — - f
m+ 1 m+ 1 1-u?

= Program code:

Int [x_“m. *ArcTanh[u_], x_Synbol ] : =
XN (m+1) *ArcTanh [u]/ (m1) -
Di st [1/ (m+1), I nt [Regul ari ze [X" (m+1) *D[u, x]/ (1-u”2), x1, X1] /;
FreeQ[m x] && NonzeroQ[m+1] && | nverseFunctionFreeQ[u, X] &&
Not [Functi onOf Q[x” (mk1l), u, x]] &&
Fal seQ[Power Vari abl eExpn [u, m1, X]1



Integration Rules for Inverse Hyperbolic Tangent Functions

= Derivation: Integration by parts
m Rule If uisfreeof inversefunctions, let w = jv dx, if wisfreeof inversefunctions, then

Wy U

1-u?

dx

jv ArcTanh[u] dx — wArcTanh[u] —f

= Program code:

I nt [v_=*ArcTanh[u_1], x_Synbol ] : =
Modul e [ {w=Bl ock [ {ShowSt eps =Fal se, St epCounter =Nul | }, Int [v,Xx]1},
wxAr cTanh [u] -
I nt [Regul ari ze [wxD[u, x]/ (1-u”*2), x1, X1 /;
I nver seFuncti onFreeQ[w, x11 /;
I nver seFuncti onFreeQ[u, x] &&
Not [Mat chQ[v, x"m_. /; FreeQ[m x]1]] &&

Fal seQ[Functi onCOf Li near [vxArcTanh[u], x]1



