General Integration Rules

General Integration Rules
Piecewise Constant Extraction Rules

= Derivation: Piecewise constant extraction

@ftzime _

m Bags: 9, T2

= Note: Itisbetter tousetrig substitution for integrands of theform (f [C+ d]2)p wheref isasecant or cosecant and p isa positive half integer.

m Rulelf mpez Ap=r+gq Ar €2zthen

m r (avm)q m
u@vMPdx — a —m uvm™P dx
v

m  Program code:

Int [u_. «(a_ »v_"m. )"p_, x_Synbol ] :=
Modul e [ {g=Fracti onal Part [p]},
ar (p-q) * (axv m*q/v” (Mmeq) *l Nt [uxv”™ (Mmxp), X1] /;

FreeQ[{a, m p}, Xx] && Integer Q[mkp] &&
Not [Mat chQ[u= (axvAm)~p, (Sec[c_. +d_. x]"2)"p /; FreeQ[{c,d}, x] & p>0]] &&
Not [Mat chQ[u= (a»xv~Am)~p, (Csc[c_. +d_. #x]"2)"p /; FreeQ[{c, d}, x] & p>0]] &&
Not [Mat chQ[ux (axv Am)~p, (Sech[c_. +d_. xx]°2)"p /; FreeQ[{c,d},x] && p>0]] &&
Not [Mat chQ[ux (axv m)~p, (-Csch[c_. +d_. #x]"2)"p /; FreeQ[{c,d}, x] && p>0]]

= Derivation: Power rulefor integration

@f x1"gIx1™P _

m Basis. oy LT

m Rulelf mpez Anpez  Ap=r+q ATr €Zthen

(avmw)d

Ju (av™w)Pdx — a'
yMa pnd

ju vTP wW'P dx

= Program code:

Int [u_. =(a_ »v_"m.*w *n_. )"p_, x_Synbol | :=

Modul e [ {g=Fracti onal Part [p]},

at (p-q) * (axv A mewrn) A q/ (VA (Med) *W* (N*Q) ) I Nt [uxv” (Mep) *W (Nxp), X1]1 /;
FreeQ[{a, mn, p}, X] && Integer Q[mep] && I nteger Q[np]



General Integration Rules

Derivative Divides Rules

e Derivation: Integration by substitution
e Basis: Int[f[g[x]]*d'[x], X] == Subst[Int[f[x], X], X, g[X]]

Int [u_*x_"m.,x_Synbol ] : =
Di st [1/ (m+1), Subst [I nt [Regul ari ze [Subst For [x” (m+1), u, x], X1, X1, X, X (m+1)1]1 /;
FreeQ[m x] && NonzeroQ[m+1] && Functi onOf Q[x” (mk1), u, X]

e Derivation: Integration by substitution

Int [u xLog[v_1,x_Synbol ] :=
Modul e [ {w=Deri vati veDi vi des [v, ux (1-v), X1},
wxPol yLog [2, 1-v] /;
Not [Fal seQ[w]]]

e Derivation: Integration by substitution

Int [u_=*Pol yLog[n_,Vv_1,x_Synbol ] : =
Modul e [ {w=Deri vati veDi vi des [v, u*v, x]},
wxPol yLog [n+1,Vv] /;
Not [Fal seQ[w]]1] /;
FreeQ[n, x]

e Derivation: Integration by substitution
e Basis: Int[f[g[x]]*g[x], X] == Subst[Int[f[x], X], X, g[X]]

| f [ShowsSt eps,

Int[u «f [al ,g [bl__ ,h_[cl__,v_,c2__ ]1,b2__ _1,a2__ ]1,x_Synbol ] :=
Modul e [ {z=Deri vati veDi vi des [v, u, x]},
ShowStep ["", "I nt [f [g[Xx]1]1*Q" [Xx],x]1","Subst [Int [f[x],X],X,g9[x]]", Hold[
Di st [z, Subst [I nt [f [al, g[bl, h[cl, x, c2], b2], a2], x],Xx,Vv]11]1] /;
Not [Fal seQ[z]]] /;
SinplifyFlag && FreeQ[{al, a2, b1, b2,c1,c2,f, g}, x1,

Int fu_*f_f[al__ ,g_[bl__ ,h_g[cl__ ,v_,c2___]1,b2__ ],a2__ ],x_Synmbol ] :=
Modul e [ {z=Deri vati veDi vi des [v, u, x]},
Di st [z, Subst [I nt [f [al, g[bl, h[cl, x, c2], b2], a2]1, x],X,Vv]] /;
Not [Fal seQ[z]11] /;
SinplifyFlag && FreeQ[{al, a2, bl, b2,c1,c2,f, g}, x11]

e Derivation: Integration by substitution
e Basis: Int[f[g[x]]*g[x], X] == Subst[Int[f[x], X], X, g[X]]



General Integration Rules

| f [ShowsSt eps,

Int[u *«f _[al ,g [bl__ ,v_,b2 1,a2__ 1,x _Synbol ] :=
Modul e [ {z=Deri vati veDi vi des [v, u, x]},
ShowStep ["", "I nt [f [g[Xx]]*Q" [Xx],x]1","Subst [Int [f[x],Xx],X,g9[x]]", Hold[
Di st [z, Subst [I nt [f [al, g[bl, x, b2], a2], x1,Xx,Vv]11] /;
Not [Fal seQ[z]]]1 /;
SinplifyFlag && FreeQ[{al, a2, b1, b2, f, g}, x1,

Int[u «f [al ,g [bl ,v ,b2 1,a2_ 1,x _Synbol ] :=
Modul e [{z=Deri vati veDi vi des [V, u, X]},
Di st [z, Subst [I nt [f [al, g[bl, x, b2], a2], x1,x,Vv]] /;
Not [Fal seQ[z]1]] /;
SinplifyFlag && FreeQ[{al, a2, b1, b2, f, g}, x11]

e Derivation: Integration by substitution
e Basis: Int[f[g[x]]*g[x], X] == Subst[Int[f[x], X], X, g[X]]

| f [ShowsSt eps,

Int[u «f [al ,v_,a2 ],x_Synbol] :=
Modul e [{z=Deri vati veDi vi des [V, u, Xx]},
ShowStep ["", "I nt [f [g[x]]*Q" [Xx],x]", "Subst [Int [f [x],X],X,9g[x]]", Hold[
Di st [z, Subst [I nt [f [al, x, a2], Xx],X,Vv]]1] /;
Not [Fal seQ[z]1]] /;
SinplifyFlag && FreeQ[{al, a2, f}, x],

Int fu_*f_[al___ ,v_,a2__ ]1,x_Synbol ] :=
Modul e [ {z=Deri vati veDi vi des [v, u, x]},
Di st [z, Subst [I nt [f [al, x, a2], x], X, V]] /;
Not [Fal seQ[z]]1] /;

SinplifyFlag && FreeQ[{al, a2, f}, x]]

e Derivation: Integration by substitution
e Basis: Int[g[x]*g'[x], x] == Subst[Int[x, X], X, g[X]]

| f [ShowsSt eps,

Int [u_*v_,x_Synbol ] : =
Modul e [ {z=Deri vati veDi vi des [v, u, x]},
ShowStep ["", "I nt [g[Xx]*g" [Xx], x]", "Subst [Int [X,x],X,g[x]]",Hold[
Di st [z, Subst [I nt [x, x],X,Vv]]1] /;
Not [Fal seQ[z]]]1 /;
Si nplifyFl ag,

Int [u *v_,x _Synbol ] : =
Modul e [{z=Deri vati veDi vi des [V, u, X]},
Di st [z, Subst [I nt [X, X], X, V1] /;

Not [Fal seQ[z]1]1]1]

e Derivation: Integration by substitution
e Basis: If n!=-1, Int[f[x]*n*g[x]*n*D[f[x]*g[X], x], X] == f[x]*(n+1)*g[x]*(n+1)/(n+1)

e Note: Need to generalize for any number of u' sraised to multiples of n!



General Integration Rules

| f [ShowsSt eps,

Int [ul_“~n_=*u2_"n_=v_, x_Synbol ] : =
Modul e [ {w=Deri vati veDi vi des [ulxu2, v, x]},
ShowStep ["I f nonzero[n+1]1,","Int [f [Xx]*nxg [x]*n*xD[f [x]*g[X], x], x1",
"f[X1M(n+1)*g[x]1” (n+1) /(n+1)", Hol d [
WxU1™ (n+1) *u2” (n+1) / (n+1)1] /;
Not [Fal seQ[w]]] /;
SinplifyFlag &% FreeQ[n, x] && NonzeroQ[n+1] && (SumQ[v] || NonsunmQ[ulxu2] || NonzeroQ[n-1]),

Int [ul *n_xu2_~n_=xv_,Xx_Synbol ] : =
Modul e [ {w=Deri vati veDi vi des [ul%u2, v, X]},
WU (n+1) *u2” (N+1) / (n+1) /;
Not [Fal seQ[w]]] /;
FreeQ[n, x] && NonzeroQ[n+1] && (SunQ[v] || NonsunQ[ulxu2] || NonzeroQ[n-1])]

e Derivation: Integration by substitution
e Basis: If n!=-1, Int[f[x]*n*g[x]*n*D[f[x]*g[X], x], X] == f[x]*(n+1)* g[x]*(n+1)/(n+1)

| f [ShowsSt eps,

Int [Xx_“m.*u_"n_.xv_,x_Synbol ] :=
Modul e [ {w=Deri vati veDi vi des [XxU, X" (m-n) *V, X1},
ShowStep ["If nonzero[n+1],","Int [f [X]*n*g [X]*n*D[f [x]*g[X], X], x1",
"f X1 (n+1)*g[x]" (n+1) /(n+1)", Hol d [
WxX™ (n+1) *u” (n+1) / (n+1)11 /;
Not [Fal seQ[w]]] /;
SinplifyFlag && FreeQ[n, x] && NonzeroQ[n+1] && (SunQ[v] || NonsunQ[u] || NonzeroQ[n-1]),

Int [x_"m_. *u_"n_. «v_, x_Synbol ] : =
Modul e [ {w=Deri vati veDi vi des [x*u, X (m-n) %V, X1},
WxX” (N+1) *u™ (n+1) / (n+1) /;
Not [Fal seQ[w]]] /;
FreeQ[n, x] && NonzeroQ[n+1] && (SumQ[v] || NonsunQ[u] || NonzeroQ[n-1])]

e Derivation: Integration by parts & power rule for integration

e Basis If nl=-1, Intx*m*f[x]An*F[x], ] == x*m*f[X]An+1)/(n+1) - m/(n+1)* IntxA(m-1)* fx]A(n+1)

| f [ShowsSt eps,

Int [x_"m_. *u_"n_. «v_, Xx_Synbol ] : =
Modul e [ {w=Der i vati veDi vi des [u, v, x]},
ShowStep ["If nonzero[n+1]1,","Int [xX*mkf [X]*nxf"' [Xx], x]",
"XAmef [X]A (n+1) / (n+1l) - v (n+1) =l nt [x (m-1) *f [x]~ (n+1), x]", Hol d [
WxX meu” (n+1) / (n+1) -
Di st [mV (n+1) *w, | nt [x (m-1) *u” (n+1),x]1]111 /;
Not [Fal seQ[w]]] /;
SinplifyFlag && FreeQ[n, x] && NonzeroQ[n+1] && | ntegerQ[m] && m>0 &&
(SumQ[v] || NonsunQ[u] || NonzeroQ[n-1]),

Int [Xx_“m.*u_"n_.xv_,x_Synbol ] :=
Modul e [ {w=Deri vati veDi vi des [u, Vv, X]},
WaXAmeu” (n+1) / (n+1) -
Di st [mV (n+1) *w, | nt [X* (M-1) *u”™ (n+1), x1] /;
Not [Fal seQ[w]]] /;
FreeQ[n, x] && NonzeroQ[n+1] && |IntegerQ[m] && m>0 && (SumQ[v] || NonsumQ[u] || NonzeroQ[n-17)]

e Derivation: Integration by substitution
e Basis: Int[f[Int[g[x], X]]*g[x], x] == Subst[Int[f[x], X], X, Int[g[X]]]
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Int [u_*v_,x_Synmbol ] : =
Modul e [ {w=Bl ock [ {ShowSt eps =Fal se, St epCounter =Nul | }, Int [v,x]1},
Subst [l nt [Regul ari ze [Subst For [w, u, X1, X1, X1, X, W] /;
Functi onCOf Q[w, u, x]1 /;
SunQ[v] && Pol ynomi al Q[v, X]

e Derivation: Integration by substitution
e Basis: Int[f[g[x]]*g[x], X] == Subst[Int[f[x], X], X, g[X]]

Int [u_x(a_. +b_. »x_)"m_., x_Symbol | : =
Di st [1/ (b* (m+1)), Subst [I nt [Regul ari ze [Subst For [ (a+b*x)” (m+1), u, X1, X1, X1, X, (a+b*x)~ (Mm1)]1]1 /;
FreeQ[{a, b, m}, x] && NonzeroQ[m+1l] && FunctionO Q[ (a+bxx)" (M+1), u, X] (* &% NonsunQ[u] =)

e Derivation: Integration by substitution
e Basis: f[(c*x)"n]/x == f[(c*x)"n]/(n* (c*x)"n)* D[(c*Xx)"n,X]

e Basis: Int[f[(c*x)™n]/x, X] == Subst[Int[f[x]/x, X], X, (c*x)"n]/n
| f [Showst eps,

Int [u_/x_, x_Synbol | : =
Modul e [ {l st =Power Vari abl eExpn [u, 0, X1},
ShowStep ["", "I nt [f [ (c*x)”*n]/x, x]1", " Subst [I nt [f [Xx]/X, X], X, (C*xX)"*n]/n", Hol d [
Di st [1/1 st [[2]], Subst [I nt [Regul ari ze[lst [[1]1]/X,X],X],X, (Ist[[311*x)~lst[[2]1111]1] /;
Not [Fal seQ[l st 1] &% NonzeroQ[lst [[2]1]]1 /;
SinplifyFlag & & NonsumQ[u] && Not [Rati onal Functi onQ[u, x11,

Int [u_/x_, x_Synbol | : =
Modul e [ {l st =Power Vari abl eExpn [u, 0, X1},
Di st [1/] st [[2]], Subst [I nt [Regul ari ze[lst [[1]1]/X,X],X]1,X, (Ist[[311*x)"Ist[[2]111] /;
Not [Fal seQ[l st 1] &% NonzeroQ[lst [[2]1]]1 /;
NonsunQ[u] && Not [Rati onal FunctionQ[u, x]1]

e Derivation: Integration by substitution
e Basis: x\(n-1)*f[(c*x)™n] == f[(c*x)"n]/(c*n)* D[(c*x)"n,x]

e Basis If g= GCD[m+1, n] > 1, Int[x"m*f[x"n], X] == Subst[Int[x"((m+1)/g-1)*f[x(n/g)], X], X, X"g]/g
| f [ShowsSt eps,

Int [u_*x_"m.,x_Synbol ] : =
Modul e [ {I st =Power Vari abl eExpn [u, m+1, x]},
ShowStep ["If g=GCD[M+1, n]1>1,", "I nt [x*mef [x*n], x]",
"Subst [l nt [x" ((m+1) /g-1) *f [x (n/g) 1, X1, X, x*gl/g", Hol d [
Di st [1/1 st [[2]], Subst [I nt [Regul ari ze[lst [[1]1]/x,X],X],X, (Ist[[31]1*x)"Ist[[2]1111]1] /;:
Not Fal seQ[l st ] && NonzeroQ[l st [[2]]1-m-1]1] /;
SinplifyFlag && I ntegerQ[m] & & mi=-1 && NonsumQ[u] && (m>0 || Not [Al gebrai cFuncti onQ[u, x]11),

Int [u_*x_"m.,x_Synbol ] : =
Modul e [ {l st =Power Vari abl eExpn [u, m«1, x]},
Di st [1/] st [[2]], Subst [I nt [Regul ari ze[lst [[1]1]/X,X],X]1,X, (Ist[[311*x)"lst[[2]11] /;
Not Fal seQ[l st ] &% NonzeroQ[l st [[2]]1-m-1]] /;
I ntegerQ[m] && mi=-1 && NonsunQ[u] && (m>0 || Not [Al gebrai cFunctionQJ[u, x11)]1



General Integration Rules

Trig Product Expansion Rules

e Derivation: Algebraic expansion

Int [u_,x_Synbol ] : =
I nt [Nor mal For m[Expand [Tri gReduce [u], X1, X1, X] /;
Product Q[u] && Catch[Scan[Function[lf [Not [Li near Si nCosQ[#, x]1, Throw[Fal se]]],ul; True]

Li near Si nCosQ[u_"n_., x_Synbol ] : =
I ntegerQ[n] &% n>0 && (SinQ[u] || CosQ[u]l) && LinearQ[u[[1]], Xx]



General Integration Rules

Hyperbolic Product Expansion Rules

e Derivation: Algebraic expansion

Int [u_,x_Synbol ] : =
I nt [Nor mal For m[Expand [Tri gReduce [u], X1, X1, X] /;
Product Q[u] && Catch[Scan[Function[lf [Not [Li near Si nhCoshQ[#, x]], Throw[Fal se]1], ul; True]

Li near Si nhCoshQ[u_”n_.,x_Synbol ] : =
I ntegerQ[n] && n>0 && (SinhQ[u] || CoshQ[u]) && LinearQ[u[[1l]], X]



General Integration Rules

Impure Trig Substitution Rules

e Derivation: Integration by substitution
e Basis: f[Cod[z]]*Sin[z] == -f[CogZ]] * Cos[Zz]

Int [u_«Sin[c_. »(a_. +b_. »x_)], x_Synbol | :=
-Di st [1/ (bxc), Subst [I nt [Regul ari ze [Subst For [Cos [C* (a+b*X) ], u, X], X], X], X, Cos [Cx (a+b*x)]1] /;
FreeQ[{a, b, c}, x] && Functi onOf Q[Cos [C* (a+bxX) ], U, X]

e Derivation: Integration by substitution
e Basis: f[Sin[z]]*Cog[z] == f[Sin[z]] * Sin[z]

Int [u_«Cos [c_. »(a_. +b_. »x_)], x_Synbol | : =
Di st [1/ (bxc), Subst [I nt [Regul ari ze [Subst For [Si n[c* (a+b*Xx) ], u, X1, X], X], X, Sin[cx (a+b*x)]111 /;
FreeQ[{a, b, c}, x] & & Functi onOf Q[Si n[c* (a+bx*X)], u, x]

e Derivation: Integration by substitution
e Basis: f[Cog[Z]]* Tan[z] == -f[Cog[Z]]/Codz] * Cos[z]

Int [u_sTan[c_. »(a_. +b_. »x_)], x_Synbol | : =
-Di st [1/ (bxc), Subst [I nt [Regul ari ze [Subst For [Cos [C* (a+b*X) ], u, X]/X, X1, X], X, Cos [C* (a+bxXx)]1]1] /;
FreeQ[{a, b, c}, x] && Functi onOf Q[Cos [C* (a+bxX) ], u, Xx]

e Derivation: Integration by substitution
e Basis: f[Sin[z]]* Cot[z] == f[Sin[z]]/Sin[Z] * Sin'[z]

Int [u_xCot [c_. »(a_. +b_. »x_) ], x_Synbol | : =
Di st [1/ (bxc), Subst [I nt [Regul ari ze [Subst For [Si n[c* (a+b*X) ], u, X]1/X, X1, X1, X, Sin[c* (a+b*x)1]1]1 /;
FreeQ[{a, b, c}, x] && Functi onOf Q[Si n[c* (a+bxX) ], u, x]

e Derivation: Integration by substitution
e Basis: If niseven, f[Tan[z]]* Sec[z]"n == f[Tan[z]]* (1+Tan[z]*2)*((n-2)/2) * Tan[z]

Int [u_xSec[c_. »(a_. +b_. »x_)]*n_, x_Synbol | : =
Di st [1/ (bxcC),
Subst [I nt [Regul ari ze [ (1+x"2)" ((n-2) /2) *Subst For [Tan[c* (a+bxX) ], u, X], X1, X1, X, Tan[c* (a+b*x)1]1]1 /;
FreeQ[{a, b, c}, x] && EvenQ[n] && FunctionO Q[Tan[cx (a+bxx)], u, X] &% NonsunQ[u]

e Derivation: Integration by substitution
e Basis: If niseven, f[Cot[Z]]* Csc[z]*n == -f[Cot[Z]]* (1+Cot[2]*2)"((n-2)/2) * Cot'[Z]

Int [u_xCsc[c_. »(a_. +b_. »x_)]*n_, x_Synbol | : =
-Di st [1/ (bxc),
Subst [l nt [Regul ari ze [ (1+x"2)” ((n-2) /2) *Subst For [Cot [c* (a+b*X)], u, X], X], X1, X, Cot [C* (a+b*Xx)]11]1 /;
FreeQ[{a, b, c}, x] & & EvenQ[n] && Functi onOf Q[Cot [Cx (a+b*Xx)], u, x] && NonsumQ[u]

e Derivation: Integration by substitution
e Basis: f[Sin[Z]]*Cog[z] == f[Sin[z]] * Sin[z]
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| f [ShowsSt eps,

Int [u_, x_Synbol ] : =
Modul e [ {v=Functi onCf Tri g [u, X1},
ShowStep [*", "I nt [f [Si n[a+b%x]]*Cos [a+bxXx], x]", " Subst [I nt [f [X], X], X, Si n[a+bxx]]/b", Hol d[
Di st [1/Coefficient [v, x, 1], Subst [I nt [Regul ari ze [Subst For [Sin[v], u/Cos[V], X1, X],X],X,Sin[v]]11] /;
Not Fal seQ[v] && Functi onOf Q[Sin[v],u/Cos[Vv], Xx]1] /;
Si nplifyFl ag,

Int [u_,x Synbol ] : =
Modul e [ {v=Functi onCOf Tri g [u, X1},
Di st [1/Coef ficient [v, X, 1], Subst [I nt [Regul ari ze [Subst For [Sin[v],u/Cos[V], X1, X],X],X,Sin[v]]] /;
Not Fal seQ[v] && FunctionOf Q[Sin[v],u/Cos[V], Xx]11]

e Derivation: Integration by substitution
e Basis: f[Cog[Z]]*Sin[z] == -f[Cog[Z]] * Cos[Z]

| f [ShowsSt eps,

Int [u_,x Synbol ] : =
Modul e [ {v=Functi onCOf Tri g [u, X1},
ShowStep [*", "I nt [f [Cos [a+b*x]]*Si n[a+b*x], x]1", " -Subst [I nt [f [Xx], X], X, Cos [a+b*x]]/b", Hol d [
-Di st [1/Coef ficient [v, X, 1], Subst [I nt [Regul ari ze [Subst For [Cos [v], u/Sin[Vv], X], X1, X],X, Cos[v]]11] /;
Not Fal seQ[v] && FunctionOf Q[Cos[v],u/Sin[v],Xx]1] /;
SimplifyFl ag,

Int [u_, x_Synbol ] : =
Modul e [ {v=Functi onCf Tri g [u, X1},
-Di st [1/Coef ficient [v, X, 1], Subst [I nt [Regul ari ze [Subst For [Cos [v],u/Sin[Vv], X1, X1, X], X, Cos[v]]] /;
Not Fal seQ[v] && Functi onOf Q[Cos[v],u/Sin[v], Xx]1]]

e Derivation: Integration by substitution
e Basis: f[Log[Tan[z]]]* Sec[z]* Csc[z] == f[Log[Tan[z]]] * D[Log[Tan[z]], Z]

Int [u_*Sec[a_. +b_. *x_]*Csc[a_. +b_. *x_], x_Symbol ] : =
Di st [1/b, Subst [I nt [Regul ari ze [Subst For [Log [Tan[a+b*Xx]], u, X1, X1, X], X, Log[Tan[a+bxx]111] /;
FreeQ[{a, b}, x] && Functi onOf Q[Log[Tan[a+b*x]], u, x]

e Derivation: Integration by substitution
e Basis: f[Log[Cot[Z]]]* Sec[z]* Csc[z] == -f[Log[Cot[Z]]] * D[Log[Cot[Z]], ]

Int [u *Sec[a_.+b_. xx_]*Csc[a_. +b_. *x_],x_Synbol ] : =
-Di st [1/b, Subst [I nt [Regul ari ze [Subst For [Log [Cot [a+b*Xx]], u, X1, X1, X], X, Log[Cot [a+b*x]1]1]1] /;
FreeQ[{a, b}, x] && Functi onOf Q[Log[Cot [a+b*x]], u, x]

e Derivation: Integration by substitution
e Basis: f[Cogz/2]*Sin[z/2]]* Cogz] == 2*f[Cog[z/2]*Sin[z/2]] * D[Cog[z/2]*Sin[z/2], Z]

Int [u *Cos[a_.+b . *x_],x_Synbol ] : =
Di st [2/b, Subst [I nt [Regul ari ze [Subst For [Cos [a/2+b/2xx]*Si n[a/2+b/2xXx], u, X1, X1, X1, X,
Cos[a/2+b/2xx]*Sin[a/2+b/2%x1]1]1 /;
NonsunQ[u] && FreeQ[{a, b}, x] & Functi onO Q[Cos [a/2+b/2xx]*Si n[a/2+b/2xx], u, X]



General Integration Rules

Impure Hyperbolic Substitution Rules

e Derivation: Integration by substitution
e Basis: f[Cosh[z]]*Sinh[z] == f[Cosh[Zz]] * Cosh'[Z]

Int [u_«Sinh[c_. »(a_. +b_. »x_)], x_Synbol | : =
Di st [1/ (bxc), Subst [I nt [Regul ari ze [Subst For [Cosh[cx (a+b*x) ], u, Xx], X1, X1, X, Cosh[c* (a+b*x)1]]1 /;
FreeQ[{a, b, c}, x] && Functi onOf Q[Cosh[c* (a+b*Xx)], u, X]

e Derivation: Integration by substitution
e Basis: f[Sinh[z]]* Cosh[z] == f[Sinh[Zz]] * Sinh'[Z]

Int [u_xCosh[c_. »(a_. +b_. »x_)], x_Synbol | : =
Di st [1/ (bxc), Subst [I nt [Regul ari ze [Subst For [Si nh[cx (a+b*x) ], u, X1, X1, X1, X, Sinh[c* (a+b*xx)1]] /;
FreeQ[{a, b, c}, x] & Functi onO Q[Si nh[c* (a+b*x)], u, X]

e Derivation: Integration by substitution
e Basis: f[Cosh[Z]]* Tanh[z] == f[Cosh[Z]]/Cosh[Z] * Cosh'[Z]

Int [u_sTanh[c_. »(a_. +b_. »x_) ], x_Symbol | : =
Di st [1/ (bxc), Subst [I nt [Regul ari ze [Subst For [Cosh [c* (a+bxXx) ], u, x]/X, X], X], X, Cosh[c* (a+bxx)11] /;
FreeQ[{a, b, c}, x] && Functi onO Q[Cosh[c* (a+b*Xx)], u, X]

e Derivation: Integration by substitution
e Basis: f[Sinh[z]]* Coth[z] == f[Sinh[Zz]]/Sinh[z] * Sinh[z]

Int [u_xCoth[c_. »(a_. +b_. »x_)], x_Symbol | : =
Di st [1/ (bxc), Subst [I nt [Regul ari ze [Subst For [Si nh[c* (a+bxx) ], u, x]1/X, X1, X1, X, Sinh[c* (a+bxx)11] /;
FreeQ[{a, b, c}, x] && Functi onOf Q[Si nh[c* (a+b*Xx)], u, X]

e Derivation: Integration by substitution
e Basis: If niseven, f[Tanh[z]]* Sech[z]*n == f[Tanh[Z]]* (1-Tanh[Z]*2)"((n-2)/2) * Tanh'[Z]

Int [u_xSech[c_. »(a_. +b_. »x_)]~n_, x_Synbol | : =
Di st [1/ (bxcC),
Subst [I nt [Regul ari ze [ (1-x"2)”" ((n-2) /2) *Subst For [Tanh[c* (a+b*X) ], u, X1, X1, X], X, Tanh[c* (a+bxXx)11] /;
FreeQ[{a, b, c}, x] & & EvenQ[n] && FunctionO Q[Tanh[c* (a+b*X) ], u, x] && NonsumQ[u]

e Derivation: Integration by substitution
e Basis: If niseven, f{[Coth[Z]]* Csch[z]*n == -f[Coth[Z]]* (-1+Coth[Z]*2)"((n-2)/2) * Coth'[Z]

Int [u_xCsch[c_. »(a_. +b_. »x_)]~n_, x_Synbol | : =
-Di st [1/ (bxc),
Subst [l nt [Regul ari ze [ (-1+x~2)”" ((n-2) /2) *Subst For [Cot h[c* (a+b*Xx) 1, u, X], X1, X], X, Coth[c* (a+b*x)]11] .
FreeQ[{a, b, c}, x] & EvenQ[n] && Functi onO Q[Cot h[cx* (a+bxX)]1, u, x] & & NonsumQ[u]

e Derivation: Integration by substitution
e Basis: Int[f[Sinh[a+b*x]]* Cosh[at+b*x], x] == Subst[Int[f[x], X], X, Sinh[a+b*x]]/b



General Integration Rules

| f [ShowsSt eps,

Int [u_, x_Synbol ] : =
Modul e [ {v=Functi onCf Hyperbol i c [u, x]},
ShowStep ["", "I nt [f [Si nh[a+bxx]]*xCosh[a+bxx], x]", "Subst [I nt [f [x], x], X, Si nh[a+bxx]]1/b", Hol d [
Di st [1/Coeffi cient [v, x, 1], Subst [I nt [Regul ari ze [Subst For [Sinh[v], u/Cosh[v], x], X], x], %, Sinh[v]]11] /;
Not Fal seQ[v] && Functi onOf Q[Si nh[v], u/Cosh[v], x]] /;
Si nplifyFl ag,

Int [u_,x Synbol ] : =
Modul e [ {v=Functi onCf Hyperbol i c [u, x]},
Di st [1/Coef ficient [v, X, 1], Subst [I nt [Regul ari ze [Subst For [Sinh[v], u/Cosh[v], x], x], X1, X, Sinh[v]]] /;
Not Fal seQ[v] && FunctionOf Q[Si nh[v], u/Cosh[v], x]1]1]

e Derivation: Integration by substitution
e Basis: Int[f[Cosh[at+b*x]]* Sinh[at+b*x], x] == Subst[Int[f[x], X], X, Cosh[a+b*x]]/b

| f [ShowsSt eps,

Int [u_,x Synbol ] : =
Modul e [ {v=Functi onCf Hyperbol i c [u, x]},
ShowStep ["", "I nt [f [Cosh[a+bxx]]*Si nh[a+bxx], x]", "Subst [I nt [f [x], x], X, Cosh[a+bxx]]/b", Hol d [
Di st [1/Coef ficient [v, X, 1], Subst [I nt [Regul ari ze [Subst For [Cosh[v], u/Sinh[v], x], X], X1, x, Cosh[v]]11] /;
Not Fal seQ[v] && FunctionO Q[Cosh[v], u/Sinh[v], x] (* && Not [Functi onOf Q[Tanh[v], u, X]] *)] /;
SimplifyFl ag,

Int [u_, x_Synbol ] : =
Modul e [ {v=Functi onCf Hyperbol i c [u, x]},
Di st [1/Coefficient [v, x, 1], Subst [I nt [Regul ari ze [Subst For [Cosh[v], u/Sinh[v], Xx], x], X1, X, Cosh[v]]] /;
Not Fal seQ[v] && Functi onOf Q[Cosh[v], u/Sinh[v], Xx] (* &% Not [Functi onO Q[Tanh[v], u, x]] *)1]

e Derivation: Integration by substitution
e Basis: f[Log[Tanh[Z]]]* Sech[z]* Csch[z] == f[Log[Tanh[z]]] * D[Log[Tanh[Z]], 2]

Int [u_*Sech[a_. +b_. *x_]*Csch[a_. +b_. *x_1, x_Synbol ] : =
Di st [1/b, Subst [I nt [Regul ari ze [Subst For [Log [Tanh [a+b*x]], u, X1, X1, X1, X, Log [Tanh [a+b*x]]1] /;
FreeQ[{a, b}, x] && Functi onO Q[Log[Tanh[a+bxXx]1], u, X]

e Derivation: Integration by substitution
e Basis: f[Log[Coth[Z]]]* Sech[z]* Csch[z] == -f[Log[Coth[Z]]] * D[Log[Coth[z]], z]

Int [u *Sech[a_. +b_. *x_]1xCsch[a . +b_. *x_1,x_Synbol ] : =
-Di st [1/b, Subst [I nt [Regul ari ze [Subst For [Log [Cot h[a+b*x]], u, X], X1, X1, X, Log[Cot h[a+b*x]1]1] /;
FreeQ[{a, b}, x] && Functi onO Q[Log[Cot h[a+b*Xx]1], u, X]

e Derivation: Integration by substitution
e Basis: f[Cosh[z/2]* Sinh[z/2]]* Cosh[z] == 2*f[Cosh[z/2]* Sinh[z/2]] * D[Cosh[z/2]* Sinh[z/2], Z]

Int [u xCoshl[a_. +b_. *x_1,x_Synbol ] : =
Di st [2/b, Subst [I nt [Regul ari ze [Subst For [Cosh[a/2+b/2xx]*Si nh[a/2+b/2%x], u, X1, X1, X1, X,
Cosh[a/2+b/2xx]1%Si nh[a/2+b/2xx11] /;
NonsunQ[u] && FreeQ[{a, b}, x] && Functi onOf Q[Cosh[a/2+b/2xx]*Si nh[a/2+b/2xX], U, X]



General Integration Rules

Derivative Divides Rules

e Derivation: Integration by substitution

e Basis: Int[x"m*f[x]"(-1+a*x m)*f'[x], x] == f[x]\(@ x"m)/a - m* Int[x(m-1)*f[x]*(a*x m)* Log[f[x]], X]
I f [Showst eps,

Int [x_"m_. «u_"(-1+a_. #x_"m_. )»v_, x_Synbol | :=

Modul e [ {w=Deri vati veDi vi des [u, v, x]},

ShowStep ["If m>0,", "I nt [Xx mkf [X]" (-1+axx"m) «f' [x], x]",

"f [X1M (axx”m) /a - mxl nt [x" (m-1) *f [x]” (axx*m) xLog [f [x]], x]", Hol d [
WxU" (axX"m) /a -
Di st [mxkw, | nt [X* (M-1) xu”™ (a*x"m) xLog [u], x111]1 /;
Not [Fal seQ[w]1] /;

SinplifyFlag && FreeQ[a, x] && Rational Q[m] && m>0,

Int [x_"m. «u_"(-1+a_. #x_"m_. )»v_, x_Synbol | : =
Modul e [ {w=Deri vati veDi vi des [u, v, x]},
WxU" (axXm) /a -
Di st [mxw, | nt [X* (M-1) *u”™ (axx™m) xLog [u], Xx1] /;
Not [Fal seQ[w]]]1 /;
FreeQ[a, x] & Rational Q[m] && m0]



General Integration Rules

Trig Substitution Rules

e Derivation: Integration by substitution
e Basis: f[Cot[z]] == -f[Cot[Z]]/(1+Cot[Z]*2) * Cot'[Z]

(x | f [ShowSt eps,

Int [u_,x_Synbol ] :=
Modul e [ {v=Functi onCf Tri g [u, X1},
ShowStep ["", "I nt [f [Cot [a+b*x]], x]", " -Subst [I nt [f [x]/(1+x"2), x], X, Cot [a+bxx]]/b", Hol d [

-Di st [1/Coef ficient [v, x, 1], Subst [I nt [Regul ari ze [Subst For [Cot [V], u, X1/ (1+x~2), X1, X1, X, Cot [V]111]1 /;
Not Fal seQ[v] && Functi onOf Q[Cot [V], u, X]] /;
Si nplifyFl ag,

Int [u_,x_Synbol ] : =

Modul e [ {v=Functi onCf Tri g [u, X1},
-Di st [1/Coef ficient [v, X, 1], Subst [I nt [Regul ari ze [Subst For [Cot [V], u, X]/ (1+x"2), x], X1, X, Cot [V]1] /;

Not Fal seQ[v] && Functi onOf Q[Cot [V], u, X]1]] *)

e Derivation: Integration by substitution
e Basis: f[Tan[z]] == f[Tan[Z]]/(1+Tan[Z]"2) * Tan'[Z]

(*» | f [ShowSt eps,

Int [u_,x_Synbol ] : =
Modul e [ {v=Functi onCf Tri g [u, X1},
ShowStep ["", "I nt [f [Tan[a+b%x]], x]", "Subst [Int [f [x]/ (1+x"2), X], X, Tan[a+bxx]]/b", Hol d [

Di st [1/Coefficient [v, x, 1], Subst [I nt [Regul ari ze [Subst For [Tan[v], u, X1/ (1+x"2), x1, X1, X, Tan[v]111]1 /;
Not Fal seQ[v] && Functi onOf Q[Tan[v], u, x]1] /;
Si nplifyFl ag,

Int [u_,x_Synbol ] :=
Modul e [ {v=Functi onCf Tri g [u, X1},
Di st [1/Coeffi cient [v, x, 1], Subst [I nt [Regul ari ze [Subst For [Tan[v], u, X1/ (1+x"2), x], X1, X, Tan[v]1] /;

Not Fal seQ[v] && FunctionOf Q[Tan[v], u,X]1] =*)

e Derivation: Integration by substitution
e Basis: f[Tan[z]] == f[Tan[Z]]/(1+Tan[z]"2) * Tan'[Z]

Int [u_,x_Synbol ] : =
Subst [I nt [Regul ari ze [Subst For [Tan[x], u, x]/ (1+x"2), x1, X1, X, Tan[x]] /;
Functi onOf Q[Tan[x], u, x] && Functi onCf TanWei ght [u, X, X]1>=0 && TryTanSubst [u, X]

e Derivation: Integration by substitution
e Basis: f[Cot[Z]] == -f[Cot[Z]]/(1+Cot[Z]"2) * Cot[Z]

Int [u_,x_Synbol ] : =
-Subst [I nt [Regul ari ze [Subst For [Cot [x], u, x]/ (1+x"2), x], X1, X, Cot [x]1] /;
Functi onOf Q[Cot [X], u, Xx] && Functi onCf TanWei ght [u, X, X]1<0 && TryTanSubst [u, x]



General Integration Rules

Hyperbolic Substitution Rules

e Derivation: Integration by substitution
e Basis: f[Tanh[z]] == f[Tanh[Z]] / (1-Tanh[Z]"2) * Tanh'[Z]

Int [u_,x_Synbol ] : =
Subst [I nt [Regul ari ze [Subst For [Tanh [x], u, X1/ (1-x*2), x1, X1, X, Tanh[x1] /;
Functi onOf Q[Tanh [x], u, X] && Functi onOf TanhWei ght [u, X, x]>=0 && TryTanhSubst [u, X]

e Derivation: Integration by substitution
e Basis: f[Coth[z]] == f[Coth[Z]] / (1-Coth[z]"2) * Coth'[Z]

Int [u_, x_Synbol ] : =
Subst [I nt [Regul ari ze [Subst For [Cot h[x], u, X1/ (1-x"2), x]1, X1, X, Coth[x]1] /;
Functi onOf Q[Cot h[x], u, x] && Functi onOf TanhWei ght [u, X, Xx]<0 && TryTanhSubst [u, x]



General Integration Rules

Exponential Substitution Rules

e Derivation: Integration by substitution
e Basis: Int[f[EMNat+b*x)], X] == Subst[Int[f[x]/X, X], X, ENa+b*x)]/b
e Basis: Int[g[f*(at+b*x)], X] == Subst[Int[g[X]/x, X], X, f*(at+b*x)]/(b* Log[f])

| f [ShoWSt eps,
Int [u_,x_Synbol ] : =

Modul e [ {l st =Functi onOf Exponenti al Of Li near [u, X]},
I f[lst[[4]]===E,

ShowStep ["", "I nt [f [E* (a+bxx) ], x]", "Subst [I nt [f [x]/X, X], X, E* (a+b*x)]/b", Hol d [
Di st [1/1 st [[3]], Subst [Int [Regul arize[lst [[1]1]/X,X],X],X,EN(st[[2]]1+st[[3]1]1*x)1111,
ShowStep ["", "I nt [g[f” (a+bxx) ], x]", "Subst [Int [g[x]/X, X], X, f" (a+b*x)]/ (bxLog[f])", Hold[

Dist [1/ (st [[3]]1xLog[lst [[4]1]),

Subst [I nt [Regul arize[lst [[1]1/X,X],Xx],X,Ist[[4]1]1"(st[[2]]+lst[[3]11*x)1111]1 /;
Not [Fal seQ[lst]]1]1 /;

SinplifyFlag &&
Not [Mat chQ[u,v_~n_. /; SunQ[v] && IntegerQ[n] && n>0]] &&
Not [Mat chQ[u, v_~n_. »f _~(a_. +b_. #x) /; FreeQ[{a, b,f}, x] & SumQ[v] && IntegerQ[n] & n>0]] &&
Not [Mat chQ[u, 1/ (a_. +b_. »f _~ (d_. +e_. #x)+c_. »f _~ (g_. +h_. #x)) /;
FreeQ[{a,b,c,d, e, f,g,h}, x] & ZeroQ[g-2«d] &% ZeroQ[h-2xe]]] &&
Fal seQ[Functi onCOf Hyperbol i c [u, X]] (* & u===ExpnExpand [u, X] =*),

Int [u_,x_Synbol ] : =
Modul e [ {l st =Functi onOf Exponenti al Of Li near [u, X]},
Dist [1/(Ist [[3]]xLog[lst [[4]1]),

Subst [I nt [Regul ari ze [l st [[1]]/X, X],X], X, st [[4]1]1~ (st [[2]]1+|sSt [[3]1]1*x)]1] /;
Not [Fal seQ[lst]1]1 /;

Not [Mat chQ[u, v_"n_. /; SunQ[v] && I ntegerQ[n] && n>0]] &&
Not [Mat chQ[u, v_~n_. «f _~(a_. +b_. #x) /; FreeQ[{a, b,f}, x] & SumQ[v] &% IntegerQ[n] && n>0]] &&
Not [Mat chQ[u, 1/ (a_. +b_. »f _(d_. +e_. #x)+c_. +f _~ (g_. +h_. »x)) /;
FreeQ[{a, b,c,d, e, f, g, h}, x] & ZeroQ[g-2+d] && ZeroQrh-2xe]]] &&
Fal seQ[Functi onCf Hyperbolic [u,x]] (* &% u===ExpnExpand [u, X] =*) ]



General Integration Rules

Improper Binomial Subexpression Substitution Rules

e Derivation: Integration by substitution

Int [x_"m. «f_"(a_. +b_. #x_"n_. ), x_Synbol | : =
-Subst [I nt [f~ (a+b*x? (-n)) /X" (M2), X1, X, 1/x] /;
FreeQ[{a, b, f}, x] & IntegersQ[mn] && n<0 && nk-1 && GCD[mM+1, n]==1

e Derivation: Integration by substitution

Int [x_“m.*f_[a_.+b_.*x_~n_]1"p_.,x_Synbol ] : =
-Subst [I nt [f [a+b*X”" (-n) ] p/XN (M+2), X1, X, L/X] /;
FreeQ[{a, b,f, p}, x] & IntegersQ[m n] && n<0 && nk-1 & & GCD[mM+1, n]==1

e Derivation: Algebraic simplification and distribution of fractional powers

e Basis: D[(at+b*x n)"m/(x"(m*n)* (b+a/x"n)"m), x] == 0

Int [u_x(a_+b_. #x_"n_)"m_, x_Symbol ] : =
(a+bxx”n) v (x™ (Mmkn) * (b+a/x”n)~m) x| nt [uxx”® (mxn) * (b+a/x*n)*m x]1 /;
FreeQ[{a, b}, X] && FractionQ[m] && |ntegerQ[n] && n<-1 &% u===ExpnExpand [u, X]



General Integration Rules

Fractional Power Subexpression Substitution Rules

e Derivation: Integration by substitution
e Basis: Int[f[(a+b*x)(1/n), X], X] == n/b* Subst[Int[x(n-1)*f[x, -a/b+x"n/b], X], X, (a+b*x)N(1/n)]

| f [ShowsSt eps,

Int [u_,x_Synbol ] :=
Modul e [ {l st =Subst For Fract i onal Power Of Li near [u, x]},
ShowStep ["", "I nt [f [ (a+b*x)” (1/n), x1, x1",
"n/bxSubst [I nt [x" (n-1) *f [X, —a/b+x*n/b], X1, X, (a+b*x)” (1/n)1", Hol d [
Dist [l st [[2]]%] st [[4]],Subst [Int [Ist[[1]1],x],x,Ist[[31]1"(1/1st[[2]11)]111]1 /;
Not Fal seQ[l st ] && Subst For Fracti onal Power Q[u, | st [[3]1,X1] /;
Si nplifyFl ag,

Int [u_,x_Synbol ] : =
Modul e [ {I st =Subst For Fr act i onal Power O Li near [u, x]},
Di st [Ist [[2]]#] st [[4]],Subst [Int [Ist[[1]1],X],%,|st[[311*(1/Ist[[2]11)1]1 /;
Not Fal seQJl st ] && Subst For Fracti onal Power Q[u, | st [[3]1]1, x]1]

e Derivation: Integration by substitution

e Basis: Int[f[((at+b*X)/(c+d*x))N(1/n), X], X] ==
n* (b* c-a* d)* Subst[Int[x*(n-1)*f[X, (-a+c*x"n)/(b-d*x n)]/(b-d*x"n)"2, X], X, ((a+b*x)/(c+d*x))N1/n)]

| f [ShowsSt eps,

Int [u_,x_Synbol ] :=
Modul e [ {l st =Subst For Fract i onal Power Of Quot i ent Of Li nears [u, x]},
ShowStep ["", "I nt [f [ ((a+bxX)/ (c+d*x))” (1/n), x], x1",
"nx (bxc-axd) *Subst [I nt [x” (n-1) »f [X, (-a+Cc*x”"n)/ (b-dxx"n) ]/ (b-d*x"n)”"2, X1, X, ((@a+bxx)/(c+d*x))* (1/n)1",
Dist [l st [[2]]%]st[[4]],Subst [Int [Ist[[1]1],x],%,Ist[[31]1"(1/1st[[2]11)111]1 /;
Not Fal seQ[l st 1] /;
Si nplifyFl ag,

Int [u_,x Synbol ] : =
Modul e [ {I st =Subst For Fr act i onal Power O Quot i ent Of Li nears [u, X1},
Dist[lst[[2]]%]st[[4]],Subst [Int [Ist[[1]],X],X,Ist[[3]1"(1/Ist[[2]1]1)1] /;
Not Fal seQ[l st 111



General Integration Rules

Linear Subexpression Substitution Rules

e Derivation: Integration by substitution
e Basis: Int[f[a+b*X], X] == Subst[Int[f[x], X], X, a+b*x]/b

Int [u_»(a_+b_. #x_)"m_., x_Synbol | :=
Di st [1/b, Subst [I nt [x*mxRegul ari ze [Subst For [a+bxX, u, Xx], X1, X1, X, a+bxx]1 /;
FreeQ[{a, b, m}, x] && Functi onOf Q[a+b=xX, u, X]

e Derivation: Integration by substitution
e Basis: Int[f[atb*X, x], X] == Subst[Int[f[x, -a/b+x/b], X], X, atb*x]/b

Int [x_"m.. /(a_+b_. #(c_+d_. +x_)~n_), x_Symbol ] :=
Di st [1/d, Subst [Int [ (-c/d+x/d)~nV (a+b*x"n), X1, X, c+d*x]] /;
FreeQ[{a, b,c,d}, x] & IntegersQ[mn] && n>2

e Derivation: Integration by substitution

Int [(e_+f_. #x_)"m_. »(a_+b_. »(c_+d_. *x_)"n_)"p_, x_Synbol | :=
Di st [ (f /7d)”*nvd, Subst [l nt [X"mk (a+b*x"n)"p, X1, X, c+d*x]] /;
FreeQ[{a, b,c,d, e, f},x] & IntegersQ[mn, p] && ZeroQ[dxe-cxf ]

e Derivation: Integration by substitution
e Basis: Int[f[atb*X, x], x] == Subst[Int[f[X, -a/lb+x/b], X], X, at+b*x]/b

Int [(a_. +b_. »x_)"m_. *f _[c_. +d_. »x_]"p_., x_Synbol | : =
Di st [1/b, Subst [I nt [X"mkf [c-axd/b+dxXx/b]"p, X1, X, a+bxx]1] /;
FreeQ[{a, b, c,d, m}, x] & Rational Q[p] && Not [a===0 && b===1] &&
Menber Q[ {Si n, Cos, Sec, Csc, Si nh, Cosh, Sech, Csch}, f ]

e Derivation: Integration by substitution
e Basis: Int[f[at+b*x, x], x] == Subst[Int[f[X, -a/lb+x/b], X], X, atb*x]/b

Int [(a_. +b_. #»x_)"m = (c_. +d_. #x_+e_. »x_"2)"n_, x_Synbol | : =
Di st [1/b, Subst [I nt [X"mk (C-axd/b+a”2xe/b"2+ (d/b-2xaxe/b"2) xx+exx*2/b"2)"n, x], X, a+b*x1] /;
FreeQ[{a, b,c,d, e, mn}, x] & Fracti onQ[n] && Not [a===0 && b===1]



General Integration Rules

Extended Integration by Parts Rules

e Derivation: Integration by parts
e Basis: Int[(g[x]+h[x])*n*g'[x].x] == (g[x]+h[x])*(n+1)/(n+1) - Int[(g[X]+h[x])"n*h'[X], X]

Int [ (u_+x_"p_. )"n_*v_, x_Synbol | : =
Modul e [{z=Deri vati veDi vi des [u, v, Xx]},
Z% (U+Xp)"N (n+1) / (n+l) -
Di st [z*p, I nt [X" (p-1) * (U+x*p)"n, x]] /;
Not [Fal seQ[z]11] /;
I nt eger Q[p] && Rational Q[n] && NonzeroQ[n+1] && Not [Al gebrai cFuncti onQ[v, x]1

e Derivation: Integration by parts
e Basis: Int[f[x]* (a[X]+h[X))"n*g[x].x] == f[x]* (D] +h[X]) (n+1)/(n+1) - Int[f[x]* (QIX]+h[X])** h[X], X] - Int[f'[X]* (9[X] +h[x])(n+1), x]/(n+1)

Int [x_"m_. *(u_+x_"p_. )"n_=v_, x_Synbol | :=
Modul e [{z=Deri vati veDi vi des [u, v, X1},
Z#X Mk (U+XAP) N (N+1) / (n+1l) -
Di st [zxp, I nt [X" (M+p-1) * (U+X"p)~n, X]] -
Di st [z*m/ (n+1), | nt [X* (M-1) = (U+X*p)~ (N+1), x1] /;
Not [Fal seQ[z]11] /;
I ntegersQ[m p] && Rational Q[n] && NonzeroQ[n+1]



General Integration Rules

Logarithm Rules

o Reference: A&S4.1.53
e Derivation: Integration by parts

Int [Log[u_],x_Synbol ] : =

xxLog [u] -

I nt [Regul ari ze [x*D[u, x]/u, x1, X1 /;
I nver seFuncti onFreeQ[u, x]

e Reference: G&R 2.727.2
e Derivation: Integration by parts

Int [Log[u_]1/x_,x_Synbol | : =
Modul e [ {v=D[u, x]/u},
Log[u]*xLog[x] -
I nt [Regul ari ze [Log[x]*V, X], X] /;
Rat i onal Functi onQ[v, x1] /;
Not [Bi nom al Test [u, x] && Bi nom al Test [u, x][[3]]1"2===1]

e Reference: G&R 2.727.2
e Derivation: Integration by parts

Int [Log[u_1/(a_+b_. +x_), x_Symbol | : =
Modul e [ {v=D[u, x]/u},
Log[u]lxLog[a+bxx]/b -
Di st [1/b, I nt [Regul ari ze [Log[a+b*x]*Vv, X1, X1] /;
Rat i onal Functi onQ[v, x1] /;
FreeQ[{a, b}, x]

o Reference: G&R 2.725.1, A&S4.1.54
e Derivation: Integration by parts

Int [(a_. +b_. »x_)"m_. xLog[u_], x_Synbol | : =
Modul e [ {v=D[u, x]/u},
(a+bxx)” (m+1) xLog [u]/ (b (m+1)) -
Di st [1/ (bx (m:l)), | nt [Regul ari ze [ (a+b*x)” (m:l) xv, X1, x11] /;
FreeQ[{a, b, m}, x] &% NonzeroQ[m+1l] && | nverseFuncti onFreeQJ[u, x] &&
Not [Functi onOF Q[x” (m+1), u, x]] &&
Fal seQ[Power Vari abl eExpn [u, m+1, X]1

e Derivation: Integration by parts

Int [v_xLog[u_1,x_Synbol ] :=
Modul e [ {w=Bl ock [ {ShowSt eps =Fal se, St epCounter =Nul | }, Int [v, x]1},
wxlLog [u] -
I nt [Regul ari ze [wxD[u, x]/u, x1, X] /;
I nver seFuncti onFreeQ[w, x]]1 /;
I nver seFuncti onFreeQJ[u, x] &&
Not [Mat chQ[v, xX"m_. /; FreeQ[m x]]] &&

Fal seQ[Functi onCf Li near [vxLog[u], x1]



General Integration Rules

Reciprocals of Quadratic Trinomials Expansion Rules

e Derivation: Algebraic expansion
e Basis: If g=Sqrt[-alb], z/(atb*z2) == ¢/(2* (a+b*g* 2)) - 9/(2* (a-b*g* 2))

Int [u_. »x_/(a_+b_. #x_"2), x_Synbol | : =
Modul e [{g=Rt [-a/b, 2]},
Di st [q/2, I nt [u/(a+b*g*X), X]] -
Di st [q/2, I nt [u/(a-b*xgxX), X111 /;
FreeQ[{a, b}, x] && Not [MatchQ[u,r_=*s . /; SumQ[r]1]] && Not [Rati onal Functi onQ[u, x]]

e Derivation: Algebraic expansion

e Basis: If g=Sgrt[b"2-4*a*c], z/(at+b* z+c* 2"2) == (1+b/q)/(b+q+2* c*2) + (1-b/q)/(b-g+2*c*2))

Int [u_. »v_"m_. /(a_+b_. #v_+c_. #w_), x_Synbol | : =
Modul e [{g=Rt [b"2-4xaxc, 2]},
Di st [(1+b/qg), | nt [usv® (Mm-1)/ (b+g+2xC*Vv),x]] + Dist [(1-b/q),|Int [uxv* (m-1)/(b-g+2xC*V), X]1] /;
NonzeroQI[ql]l /;
FreeQ[{a, b,c}, x] & & Rational Q[m] && m==1 && Zer oQ[w-Vv/ 2] &&
Not [Mat chQ[u, r_*s_. /; SunQ[r]]l] && (Not [Rational Functi onQ[u, x]] || Not [Rati onal Functi onQ[v, x]1)

e Derivation: Algebraic expansion

e Basis: If g=Sqrt[b"2-4*a*c], (d+e*z)/(atb*z+c* 22) == (e-2* c*d/q+b* €/q)/(b+q+2* c* 2)) + (et+2* c*d/g-b* e/q)/(b-q+2*c*2)

Int [(d_. +e_. »v_)/(a_+b_. »v_+c_. »w_), x_Synbol | : =
Modul e [{g=Rt [b"2-4xaxc, 2]},
Di st [e+ (bxe-2xcxd) /g, Int [1/ (b+q+2xCc*xVv), x]] + Dist [e-(bxe-2xcxd)/q,Int [1/(b-q+2xC*Vv),Xx]] /;

NonzeroQ[ql]l /;
FreeQ[{a, b, c,d, e}, x] & & ZeroQ[w-v*2] && NonzeroQ[2xcxd-bxe] && Not [Rati onal Functi onQ[v, x]]

o Reference: G&R 2.161.1 a
e Derivation: Algebraic expansion

e Basis If g=Sqri[br2-4*a*c], U(arb*z+c*272) == 2*c/(q* (b-q+2* c*2)) - 2* /(g (b+q+2* ¢+ 2))

I nt [u_. /(a_+b_. *V_+C_. *W_), x_Synbol ] L=
Modul e [ {g=Rt [b"2-4xaxc, 2]},
Di st [2xc/q, | nt [u/ (b-g+2xCcxVv), Xx]] - Dist [2xc/q, | nt [u/(b+q+2%xCxV), x]] /;
NonzeroQ[q]l]l /;
FreeQ[{a, b, c}, x] && ZeroQ[w-v"2] && Not [Mat chQ[u, v*m_/; Rational Q[m]]] &&
Not [Mat chQ[u, r_*s_. /; SunQ[r]]] && (Not [Rational Functi onQ[u, x]] || Not [Rati onal Functi onQ[v, x]1)



General Integration Rules

General Algebraic Simplification Rules

e Derivation: Algebraic simplification

Int [u_,x_Synbol ] : =
Modul e [{v=Si npl i f yExpr essi on [u, X1},
I nt [v, x] /;

v=I!=U ]



General Integration Rules

Piecewise Constant Extraction Rules

e Derivation: Piecewise constant extraction

Int [u_. «(v_"m_. sw_"n_. «t_"q_. )"p_, x_Synbol | : =
I nt [uxv”® (Mep) *W* (Nxp) *t * (p*q), X1 /;
FreeQ[p, x] && Not [Power Q[v]] && Not [Power Q[w]] && Not [Power Q[t]] &&
Zer oQ[Si npl i fy [ (vAmewrnxt Aq) p-v~ (Mkp) *W* (Nxp) *xt ~ (p*q) ] ]

e Derivation: Piecewise constant extraction

Int [u_. »(v_"m. «w_"n_. «t_"q_. )"p_, x_Synbol | : =
Modul e [{r =Si npl i fy [ (v mew'nxt Ag)~p/ (VN (Mmkp) *W* (nxp) xt * (p*q)) ], | st },
( | st=SplitFreeFactors [V" (mkp) *W* (N*xp) *t * (p*q), X1;
r«l st [[1]]x]lnt [Regul arize [uxl st [[2]], X1,X] ) /;
NonzeroQ[r-11] /;
FreeQ[p, x] && Not [Power Q[v] || PowerQ[w] || PowerQ[t] || FreeQ[v, x] || FreeQ[w, x]

|| FreeQ[t, x]1]



General Integration Rules

General Algebraic Expansion Rules

Author: Martin 13 July 2010

e Derivation: Algebraic expansion

Basis: If n>0 is an integer, atb* z*n == b*Product[z - (-a/b)*(L/n)* (-1)(2*k/n), {k, 1, n}]
Basis: If n>0 isan integer, at+b*z*n == a* Product[1 - Z/((-a/b)(1/n)* (-1)(2*k/n)), {k, 1, 4}]

Basis: If m and n are integers and 0<=m<n let g=(-a/b)(1/n), then
z"m/(at+b*zn) == g*(M+1)* Sum[(-1)"(2* k* (m+1)/n)/(g* (-1)*(2*k/n) - 2), {k, 1, n}]/(a*n)

Int [u_sx_"m. /(a_+b_. «x_"n_), x_Synbol | : =

Modul e [ {r =Nuner at or [Rt [-a/b, n]], s=Denom nator [Rt [-a/b, n]]},

Di st [r® (mel) / (axn*s”m), Sum[l nt [ux (-1)" (2%k* (m+1) /n) / (r *(-1)" (2xk/n) -s*x), x], {k,1,n}11]1 /;
FreeQ[{a, b}, x] && IntegersQ[m n] && O<nkn && Not [Al gebrai cFunctionQI[u, x11]

e Derivation: Algebraic expansion

e Basis: If n>0 isan integer let g=(-a/b)*(/n), then 1/(a+b* z*n) == g* Sum[(- D) (2*k/n)/(g* (-D)N2*Kk/n) - 2), {k, 1, n}]/(a*n)

Int [u_/(a_+b_. #x_"n_), x_Synbol ] : =

Modul e [ {r =Nuner at or [Rt [-a/b, n]], s=Denom nator [Rt [-a/b, n]]},

Di st [r/(a*n), Sumflnt [ux(-1)" (2xk/n)/ (r*(-1)" (2xk/n)-s*x), x1, {k,1,n}111 /;
FreeQ[{a, b}, x] & & OddQ[n] && n>1 && Not [Al gebrai cFuncti onQI[u, x1]

e Derivation: Algebraic expansion
e Basis: If n>0 is an integer, atb*z*n == b*Product[z - (-a/b)*(L/n)* (-1)(2*k/n), {k, 1, n}]
e Basis: If n>0 isaninteger, z\(n-1)/(at+b*z"*n) == Sum[1/(z - (-a/b)(L/n)* (-1)N(2*k/n)), {k, 1, n}]/(b*n)

Int [u_. »v_"m_/(a_+b_. »v_"n_),x_Synbol | : =

Di st [1/ (b*n), Sum[l nt [Toget her [u/ (v-Rt [-a/b, n]1%(-1)" (2xk/n))1, x1, {k, 1,n}1]1 /;
FreeQ[{a, b}, x] & OddQ[n] && n>1 && ZeroQ[m-n+1] &&

Not [Al gebrai cFuncti onQ[u, x] && Al gebrai cFuncti onQ[v, x]1

e Derivation: Algebraic expansion
e Basis: If n>0isan integer, a+b*z"n == a*Product[1 - Z/((-a/lb)(L/n)* (-1)N(2*k/n)), {k, 1, 4}]
e Basis: If >0 isan integer, 1/(atb*z"n) == Sum[1/(1 - Z/((-ab)(L/n)* (-1)"(2*k/n))), {k, 1, n}]/(a*n)

Int [u_. /(a_+b_. »v_"n_), x_Synbol ] : =
Di st [1/ (a*n), Sum[l nt [Toget her [u/ (1-v/ (Rt [-a/b, n]* (-1)" (2xk/n))) 1, x1, {k, 1,n}]1]1 /;
FreeQ[{a, b}, x] & & OddQ[n] && n>1 && Not [Al gebrai cFuncti onQ[u, x] && Al gebrai cFuncti onQ[v, x]]

e Derivation: Algebraic expansion

Int [u_,x Synbol ] : =
Modul e [ {v=ExpnExpand [u, X]},
Int [v, x] /;

v=!=U ]



General Integration Rules

Function of Linear Binomial Substitution Rules

e Derivation: Integration by substitution
e Basis: Int[f[1/(at+b*X)], X] == -Subst[Int[f[x]/x"2, X], X, 1/(a+b*x)]/b
e Basis: Int[f[(at+b*x)/(c+d*X)], x] == -Subst[Int[f[b/d+(a* d-b* c)/d*x]/x"2, X], X, 1/(c+d*x)]/d

| f [ShowsSt eps,

Int [u_,x Synbol ] : =
Modul e [ {I st =Subst For | nver seLi near [u, X1},
ShowStep ["", "I nt [f [1/ (a+bxXx) ], x]", " -Subst [I nt [f [x]/x"2, x], X, 1/ (a+b*x)]1/b", Hol d [
-Di st [1/1 st [[3]]1, Subst [Int [Ist [[1]]1/X"2,x],X,1/1st[[211111]1 /;
Not Fal seQ[l st]1]1 /;
SinplifyFl ag,

Int [u_,x_Synbol ] :=
Modul e [ {l st =Subst For | nver seLi near [u, x]},
-Di st [1/] st [[3]], Subst [Int [Ist[[1]]/Xx"2,x],X,1/1st[[2]]11] /;
Not Fal seQ[l st 111

e Derivation: Integration by substitution
e Basis: Int[f[a+b*X], X] == Subst[Int[f[x], X], X, a+b*x]/b

| f [ShowsSt eps,

Int [u_,x_Synbol ] :=
Modul e [ {l st =Functi onOf Li near [u, X1},
ShowStep ["", "I nt [f [a+b*x], x]1", " Subst [I nt [f [Xx], X], X, a+bxx]/b", Hol d [
Di st [1/1 st [[3]], Subst [Int [I st [[1]1],X],X,lst[[2]]+]st[[3]1*x]111] /;
Not [Fal seQ[lst11] /;
Si nplifyFl ag,

Int [u_,x Synbol ] : =
Modul e [ {I st =Functi onCf Li near [u, X]},
Di st [1/]1 st [[3]], Subst [Int [I st [[1]],X],X,|st [[2]]+]st[[3]]*x]1] /;
Not [Fal seQ[l st 1111



General Integration Rules

Negative Powers of Binomials Expansion Rules

e Derivation: Algebraic expansion
e Basis: If n>0 is even, 1/(atb*z\n) == 2/(a* n)* Sum[1/(1-z*2/((-alb)(2/n)* (-1)N4*k/n))), {k, 1, n/2}]

Int [u_. /(a_+b_. v_~n_), x_Synbol | : =
Di st [2/ (a*xn), Sum[l nt [Toget her [u/ (1-v*2/ (Rt [-a/b, n/2]%(-1)" (4xk/n))) 1, x1, {k,1,n/2}]11 /;
FreeQ[{a, b}, x] & EvenQ[n] && n>2

e Derivation: Algebraic expansion
e Basis: If n>0 is even, atb*z"n == a* Product[ 1-(-1)N(4* k/n)* (-b/a)*(2/n)* 22, {k, 1, n/2}]

Int [u_. »(a_+b_. #v_~n_)"m_, x_Synbol | : =
Di st [a"m I nt [uxProduct [ (1-(-1)" (4xk/n)*Rt [-b/a, n/2]*v"2)"m {k, 1,n/2}1,x]1]1 /;
FreeQ[{a, b}, Xx] && IntegerQ[m] && nx-1 && EvenQ[n] && n>2 (» && NegQ[b/a] =)

e Derivation: Algebraic expansion

e Basis: If n>0 is an integer, a+b*z*n == b* Product[-(-a/b)(1/n)* (-1)\(2*k/n) + z,{k, 1, n}]
e Basis: If n>0 is an integer, atb* z*n == a* Product[1-(-1)(2* k/n)* (-b/a)*(Un)* z, {k, 1, n}]
e Basis: If n>0isodd, at+b*z"n == a* Product[ 1+(-1)*(2*k/n)* (b/a) (1/n)*z, {k, 1, n}]

Int [u_. «(a_+b_. »v_"n_)"m_, x_Synbol | : =
Di st [a®m I nt [uxProduct [ (1+(-1)" (2xk/n) xRt [b/a, n]*v)"m {k, 1,n}], x1]1 /;
FreeQ[{a, b}, x] & IntegerQ[m] && nx-1 && OddQ[n] && n>1



General Integration Rules

Negative Powers of Trinomials Expansion Rules

e Derivation: Algebraic expansion
e Basis: atb*z+c* 22 == (b-Sgrt[b"2-4* a* ] +2* c* 2)* (b+Sqrt[b"2-4* a* c] +2* c* z)/(4* C)

Int [u_. »(a_+b_. #v_+c_. +w_)"m_, x_Synbol | : =
Di st [1/ (4xc)"m | nt [ux (b-Sqgrt [bA2-4xaxCc]+2xC*V) mk (b+Sqrt [bA2-4xaxC]+2xC*v)"m x]1] /;
FreeQ[{a, b,c}, x] && IntegerQ[m && nk0 && Zer oQ[w-v~"2]



General Integration Rules

Integrand Normalization Rules

e Derivation: Algebraic simplification

e Note: Replace this rule with specific rules for each normalization.

Int [u_,x_Synbol ] : =
Modul e [ {v=Nor mal For m[u, x]},
Int [v, x] /;
Not [v===u]]



General Integration Rules

Piecewise Constant Extraction Rules

e Derivation: Piecewise constant extraction

e Basis: D[(a*f[x]"m) p/f[x]*(m*p), X] == 0

Int [u_. (a_ *»v_"m.)"p_, x_Synbol | :=
Modul e [ {g=Fracti onal Part [p]},
g=a” (p-q) * (a*v m"q/v" (Mkq) ;
I f [FreeQ[Sinplify[q]l, X1,
Sinplify[q]=lnt [usv® (mkp), X1,
gl nt [uxv”® (mxkp), x111 /;
FreeQ[{a, m}, x] & Fracti onQ[p] && Not [ZeroQ[a-1] && ZeroQ[m-1]]

e Derivation: Piecewise constant extraction

e Basis: D[(f[X]*"m)*p/f[x]Nm*p), X] ==

Int [u_. (v_"m_)"p_, x_Symbol | : =
Sinplify[ (v *m)*p/v” (mkp) ]+l nt [Regul ari ze [uxv” (mkp), X], X] /;
FreeQ[p, x] && Not [Power Q[V]]

e Derivation: Piecewise constant extraction

e Basis: D[(a*f[x]*m*g[X]"n)"p/(FX](m* p)* g[X] N (n*p)), X] ==

Int [u_. «(a_ »v_"m.*w "n_. )"p_, x_Synbol | :=
Modul e [ {g=Fracti onal Part [p]},
g=a” (p-q) * (a*xv mewrn) g/ (VA (Meq) *W* (N*q) ) ;
| f [FreeQ[Sinplify[q], X1,
Sinplify[qg]=lnt [uxv® (Mmkp) *W* (Nxp), X],
g*l nt [uxv” (Mkp) *W* (N*xp), X111 /;
FreeQ[a, x] && Rational Q[{m n, p}]

e Derivation: Piecewise constant extraction

e Basis: D[(f[X]"m*g[x]*n)p/(f[x]*(m*p)*g[X]"(n*p)), X] == 0

Int [u_. (v_"m.. *w_"n_.)"p_, x_Symbol | : =
Modul e [{r =Si npl i fy [ (v mew*n)~p/ (VA (mkp) *W* (Nxp)) 1, | st },
I f [ZeroQI[r -11,
I nt [uxv”® (Mep) *W* (N*p), X1,
| st =Spl it FreeFact ors [V" (mkp) *W" (N*xp), X1;
rxl st [[1]1]=]nt [Requl ari ze [uxl st [[2]]1,Xx],X]11]1 /;
FreeQ[p, x] &% Not [Power Q[v]] && Not [Power Q[w] ]



General Integration Rules

Products of Fractional Powers Collection Rules

e Derivation: Collection of fractional powers
e Basis: D[f[x]"m/g[x]"m/(f[x]/g[x])"m, x] == 0

e Basis: Int[v*"m/w m, x] == v *m/w”m/(v/w)*m* Int[(v/w)"m, X]

Int [u_.*v_"m xw "n_, x_Synbol ] : =
Modul e [{g=Cancel [v/w]},
(VAmewtn) /g mel nt [uxg™m X1 /;
Pol ynom al Q[q, x]1 /;
FractionQ[{m n}] && m¥n==0 && Pol ynom al Q[v, x] && Pol ynom al Q[w, X]



General Integration Rules

Fractional Power of Linear Subexpression Substitution Rules

e Derivation: Integration by substitution
e Basis: Int[f[(at+b*x)(1/n), X], X] == n/b* Subst[Int[x"(n-1)*f[x, -a/b+x"n/b], X], X, (a+b*x)N(1/n)]

| f [ShowsSt eps,

Int [u_,x_Synbol ] :=
Modul e [ {l st =Subst For Fr act i onal Power O Li near [u, X]},

ShowStep ["", "I nt [f [ (a+b*x)” (1/n), X1, x1",
"n/bxSubst [I nt [x" (n-1) *f [X, —a/b+x*n/b], X1, X, (a+b*x)” (1/n)1", Hol d [

Di st [l st [[2]] st [[4]],Subst [Int [lIst[[1]],%],x,Ist[[311"(1/1st[[2]1]1)111] /;
Not Fal seQ[l st ] (* && Al gebrai cFunctionQ[l st [[1]],X] *) 1 /;
SinmplifyFl ag,

Int [u_, x_Synbol ] : =
Modul e [ {I st =Subst For Fr act i onal Power O Li near [u, x]},
Di st [I st [[2]]#] st [[4]],Subst [Int [Ist[[1]1],X],%,|st[[311*(1/Ist[[2]11)1] /;
Not Fal seQ[l st] (* && Al gebrai cFunctionQ[l st [[1]],X] *) 11



General Integration Rules

Quadratic Binomial Expansion Rules

e Derivation: Algebraic expansion
e Basis U(at+b*z"2) == 1/(2* (a+b* Sgrt[-a/b]* 2)) + 1/(2* (a-b* Sart[-a/b]* 2))

e Note: This rule necessary because ExpnExpand cannot expand Sqrt[x + 1]/((1 - 1*x)* (1 + 1*Xx)).

Int [u_. /(a_+b_. »v_"2), x_Synmbol | : =
Dist [1/2,]nt [u/(a+bxRt [-a/b, 2]1%v),Xx]] + Dist [1/2,Int [u/(a-bxRt [-a/b, 2]*V), Xx]1] /;
FreeQ[{a, b}, x] (* & Not [PositiveQ[-a/b]] =*)

e Derivation: Algebraic expansion

e Basis atb*z/2 == a* (1+Sqrt[-b/a]* 2)* (1-Sqrt[-b/a]* 2)

Int [u_. «(a_+b_. »v_"2)"m_, x_Synbol | : =
Di st [a"m I nt [ux (1+Rt [-b/a, 2] V)" mk (1-Rt [-b/a, 2]1*v)"m x1] /;
FreeQ[{a, b}, x] & IntegerQ[m] && (mk-1 || m==-1 && PositiveQ[-b/a])



General Integration Rules

Exponential Function Expansion Rules

e Derivation: Algebraic expansion

e Basis: fA(z+w) == fAz*fAw

Int [u_. »f _~(a_+v_)*g_"(b_+w_), x_Synbol | : =
Di st [f*axg”b, | nt [uxf Avxg”w, x1] /;
FreeQ[{a, b, f, g}, x] & Not [MatchQ[v, c_+t_ /; FreeQ[c,x]]] && Not [MatchQ[w,c_+t_ /; FreeQ[c, x]111]

e Derivation: Algebraic expansion

e Basis fA(z+w) == fAz*f'w

Int [u_. «f_~(a_+v_),x_Synbol | : =
Di st [f7a, I nt [uxf/v, x]]1 /;
FreeQ[{a,f}, x] & Not [MatchQ[v, b _+w_/; FreeQ[b, x]11



General Integration Rules

Trig Function Piecewise Constant Extraction Rules

m Derivation: Piecewise constant extraction and algebraic expansion

Va+b Sin[z]

» Bass If a2-b? = 0,thend, —75——— =
Cos[;]+ES|n[E]

: 2 2 _ _ 1
m Rulelf a?-b _0/\n 2ez,then

Va+bSin[c+dx]

Ju (a+bSin[c+dx])"dx — - -
(o3 X a o (o3 X
Cos[z+5]+gSin[z+F]

c,dx L a c dx .
(JU®5[5+7] (a+bSin[c+dx])"'5dx+BJuSin[5+7] (a+bSin[c+dx])"z dx

= Program code:

Int [u_«(a_+b_. *Sin[c_. +d_. #x_])"n_, x_Synbol | : =
Sgrt [a+b*Sin[c+d*x]]1/ (Cos[c/2+dxx/2]+a/bxSin[c/2+d*x/2]) *
(Int [uxCos[c/2+dxx/2]* (a+b*Si n[c+d*x])" (n-1/2), X] +
a/bxlnt [uxSin[c/2+d*x/2] % (a+b*Si n[c+d*x]1)" (n-1/2),X]) /;
FreeQ[{a, b,c,d}, x] & & ZeroQ[a"2-b"2] && | ntegerQ[n-1/2]

= Derivation: Piecewise constant extraction

v a+a Cos[z]

> =0
Cos[;]

= Basis 8,

= RuleIf n- % € Z, then

Va+aCos[c+dx]

c dx 1
Ju@s[5+—] (a+aCos[c+dx])"zdx

Ju (a+aCos[c+dx])"dx — 5

c d x
Cos[7 + 5]
= Program code:

Int [u_»(a_+b_. #Cos [c_. +d_. xx_1)"n_, x_Symbol | : =
Sgrt [a+bxCos [c+d*xx]]/Cos[c/2+dxXx/2] %l nt [uxCos [C/2+dxXx/2]* (a+b*xCos [c+d*x])" (n-1/2),X] /;
FreeQ[{a, b,c,d}, x] & ZeroQ[a-b] && I ntegerQ[n-1/2]



General Integration Rules

= Derivation: Piecewise constant extraction

Va-aCos[z]

= Basis 9, Sl
2

=0

= RuleIf n- % € Z, then

Va-aCos[c+dx] ¢ d
juSm[

X
u(a-aCos[c+dx])"dx — —+—] (a—aCos[c+dx])n'§d1x
sinfs+ 5] 2

2

= Program code:

Int [u_»(a_+b_. #Cos [c_. +d_. »x_1)"n_, x_Symbol | : =
Sqrt [a+b*xCos [c+dxx]]1/Sin[c/2+dxXx/2]*|l nt [uxSi n[c/2+d*x/2] % (a+bxCos [c+dxXx])" (n-1/2), x] /;
FreeQ[{a, b, c,d}, x] & & ZeroQ[a+b] && I ntegerQ[n-1/2]

= Derivation: Piecewise constant extraction and algebraic expansion

v a+b Cos[z]+C Sin[z] _

m Basis If a2 -b?2-c2 =0, then a, - 2 =
cCos[E]+(a—b)S|n[E]

. 2 2 2 _ _ 1
s Rule If a¢ -b%-c _O/\n 2ez,then

Ju (a+bCos[d+ex]+cSin[d+ex])"dx —

cva+bCos[d+ex]+cSin[d+ex]

d e X 1
jums[5+7] (a+bCos[d+ex]+cSin[d+ex])"zdx+

cOos[%+97x]+(a—b) Sin[%+’37X

(a-b) Va+bCos[d+ex]+cSin[d+ex]

d ex 1
JuSin[—+—] (a+bCos[d+ex]+cSin[d+ex])" 2 dx
cCos[%+%]+(a-b)Sin[%+% 2 2

= Program code:

Int [u_»(a_+b_. *Cos[d_. +e_. xx_]+C_. *Sin[d_. +e_. x_])"n_, x_Synbol | : =
Sgrt [a+bxCos [d+exXx]+C*Sin[d+exx]]1/ (c*Cos [d/2+exx/2]+(a-b)*Sin[d/2+exx/2])
Di st [c, I nt [uxCos [d/2+e*x /2] * (a+b*xCos [d+exx]+C*Si n[d+e*x])" (n-1/2),Xx]] +
Sgrt [a+bxCos [d+exx]+C*Si n[d+exx]]/ (CxCos [d/2+exX/2]+(a-b) *Sin[d/2+exx/2]) *
Di st [a-b, I nt [u*Sin[d/2+exXx/2]x (a+bxCos [d+exX]+C*Si n[d+exx])" (n-1/2),x1]1 /;
FreeQ[{a, b, c,d, e}, x] & & ZeroQ[a"2-b"2-c”2] && | ntegerQ[n-1/2]



General Integration Rules

Tangent 6/2 Trig Substitution Rules

o Reference: CRC 484
e Derivation: Integration by substitution

Basis: Sin[x] == 2*Tan[x/2]/(1+Tan[x/2]"2)
Basis: Cog[x] == (1-Tan[x/2]"2)/(1+Tan[x/2]"2)
Basis: 1+Tan[x/2]"2 == Tan'[x/2]

| f [ShowsSt eps,

Int [u_,x_Synbol ] :=
ShowStep ["", "I nt [f [Sin[x], Cos[x]],X]",
"2%Subst [I nt [f [2%x/ (1+X"2), (1-Xx"2)/ (1+x"2)]1/ (1+x"2), x], X, Tan[x/2]]1", Hol d [
Di st [2,
Subst [l nt [Regul ari ze [Subst For Tri g [u, 2xx/ (1+x"2), (1-x"2)/ (1+x"2), X, X1/ (1+x"2), x], X1, X, Tan[x/2]1111
SinmplifyFlag & FunctionOf TrigQ[u, X, X1,

Int [u_,x_Synbol ] : =
Di st [2,
Subst [I nt [Regul ari ze [Subst For Tri g [u, 2%x/ (1+Xx"2), (1-x"2) / (1+x"2), X, X1/ (L+x"2), X1, X1, X, Tan[x/2]11]1 /;
Functi onOf Tri gQI[u, X, X]1



General Integration Rules

Hyperbolic Tangent 6/2 Substitution Rules

e Derivation: Integration by substitution

Basis: Sinh[x] == 2* Tanh[x/2]/(1-Tanh[x/2]"2)
Basis: Cosh[x] == (1+Tanh[x/2]"2)/(1-Tanh[x/2]"2)
Basis: 1-Tanh[x/2]"2 == Tanh'[x/2]

| f [ShowsSt eps,

Int [u_,x_Synbol ] : =
ShowStep [*", "I nt [f [Sinh[x], Cosh[x]],x]",
"2xSubst [I nt [f [2%x/ (1-x"2), (1+x"2)/ (1-x"2)]1/(1-x"2),Xx], X, Tanh[x/2]]", Hold[
Di st [2,
Subst [I nt [Regul ari ze [Subst For Hyperbol i c [u, 2xx/ (1-x"2), (1+x"2)/ (1-x"2), X, X1/ (1-x"2), X1, X1, X, Tanh [X,
SinplifyFlag && Functi onOf Hyperbol i cQ[u, X, x],

Int [u_,x Synbol ] : =
Di st [2,
Subst [l nt [Regul ari ze [Subst For Hyper bol i ¢ [u, 2xx/ (1-x"2), (1+x"2)/ (1-x"2), X, X1/ (1-x"2), x], X1, X, Tanh [X,
Funct i onOf Hyper bol i cQ[u, x, x11]



General Integration Rules

Euler's Quadratic Subexpresion Substitution Rules
e Reference: G&R 2.251.1

e Derivation: Integration by Euler substitution for a>0

| f [ShowsSt eps,

Int [u_,x_Synbol ] :=

Modul e [ {l st =Functi onOf Squar eRoot Of Quadrati c [u, x]},
ShowStep ["", "I nt [f [Sgrt [a+bxx+Cc*x"2], x], X1",
"2%Subst [I nt [f [(c*Sqrt [a]-bxx+Sqrt [a]*Xx"2)/(C-Xx"2), (-b+2*Sqrt [a]*X)/(C-X"2)]*
(cxSgrt [a]-bxx+Sqrt [a]*x"2) / (C-x"2)"2, X], X, (-Sqrt [a]+Sqrt [a+bxx+C*x"2]) /x]",
Hol d [Di st [2, Subst [Int [I st [[1]]1,X]1,X,lst[[2]11111]1 /;
Not [Fal seQ[l st 1] && Ist [[3]1]===1] /;
Si nplifyFl ag,

Int [u_,x_Synbol ] : =

Modul e [ {l st =Functi onOf Squar eRoot Of Quadrati c [u, x]},
Di st [2, Subst [Int [Ist [[1]1],X],Xx,Ist[[2]1]11] /;
Not [Fal seQ[l st 1]11]

e Reference: G&R 2.251.2

e Derivation: Integration by Euler substitution for c>0

| f [ShowsSt eps,

Int [u_,x_Synbol ] : =
Modul e [ {l st =Functi onOf Squar eRoot Of Quadrati c [u, x]},
ShowStep ["", "I nt [f [Sgrt [a+bxx+C*x"2], X1, X1",
"2%xSubst [I nt [f [(a*Sqrt [c]+bxx+Sqrt [c]*Xx"2)/ (b+2xSqrt [C]*X), (-a+Xx"2)/ (b+2%Sqrt [C]*X) ]=*

(a*xSgrt [c]+bxx+Sqrt [C]1*x"2)/ (b+2%xSqrt [c]1*x)"2, X], X, Sqrt [C]*x+Sqrt [a+bxXx+C*x"2]1",
Hol d [Di st [2, Subst [Int [I st [[1]],x]1,X,Ist [[2]11111] /;
Not [Fal seQ[lst]] && Ist [[3]]1===2] /;

Si nplifyFl ag,

Int [u_,x_Synbol ] :=
Modul e [ {l st =Functi onOf Squar eRoot Of Quadrati c [u, x]},
Di st [2, Subst [Int [I st [[1]],X],x,Ist[[2]11] /;
Not [Fal seQ[l st 1111]
e Reference: G&R 2.251.3

e Derivation: Integration by Euler substitution



General Integration Rules

| f [ShowsSt eps,

Int [u_,x_Synbol ] : =
Modul e [ {l st =Functi onOf Squar eRoot Of Quadrati c [u, x]},
ShowStep ["", "I nt [f [Sgrt [a+bxx+Cc*x"2], x], X1",
"-2xSqrt [b”r2-4xaxc]*Subst [I nt [f [-Sgrt [bA2-4xaxC]*X/ (C-X"2),
(bxc+c*Sqrt [b~r2-4xaxc]+ (-b+Sqrt [br2-4xaxC]) *x"2) / (-2%Cx (C-X"2))]*X/ (C-Xx"2)"2, X],
X, 2xC*Sqrt [a+bxx+C*x"2]/ (b-Sqrt [br2-4xaxC]+2%xCxX)]",
Hol d [Di st [2, Subst [Int [Ist [[1]],X],X,Ist[[2]11111]1 /;
Not [Fal seQ[l st]] && Ist [[3]1]===3] /;
Si nplifyFl ag,

Int [u_,x Synbol ] : =
Modul e [ {l st =Funct i onOf Squar eRoot OF Quadr ati ¢ [u, X1},
Di st [2, Subst [Int [I st [[1]],X],Xx,Ist[[2]11] /;
Not [Fal seQ[l st 1111



General Integration Rules

Inverse Function Substitution Rules

e Derivation: Integration by substitution
e Basis: f[z])/Sqrt[1-z2] == f[Sin[ArcSin[Z]]]*ArcSin'[Z]

Int [u_x(1-(a_. +b_. #x_)"2)"n_., x_Synbol | : =
Modul e [ {t np=I nver seFuncti onCf Li near [u, X1},
Di st [1/b, Subst [I nt [Regul ari ze [Subst For | nver seFuncti on [u, t np, Xx]*Cos [X]” (2xn+1), X1, X1, X, tnpl1 /;
Not Fal seQ[t mp] && tnp===ArcSi n[a+bxx]] /;
FreeQ[{a, b}, x] && I ntegerQ[2xn]

e Derivation: Integration by substitution
e Basis: f[z]/Sqrt[1-z2] == -f[Cog ArcCos[z]]]* ArcCos|[z]

Int [u_x(1-(a_. +b_. #x_)"2)"n_., x_Synbol | : =
Modul e [ {t np=I nver seFuncti onCf Li near [u, X1},
-Di st [1/b, Subst [I nt [Regul ari ze [Subst For | nver seFuncti on [u, t np, X]*Si n[Xx]” (2xn+1), X1, X1, X, tnpl] /;
Not Fal seQ[t np] && tnp===ArcCos [a+bxx]] /;
FreeQ[{a, b}, x] && I ntegerQ[2xn]

e Derivation: Integration by substitution
e Basis: f[z])/Sqrt[1+22] == f[Sinh[ArcSinh[z]]]* ArcSinh'[z]

Int [u_x(1+(a_. +b_. #x_)"2)"n_., x_Synbol | : =
Modul e [ {t np=I nver seFuncti onCf Li near [u, X1},
Di st [1/b, Subst [I nt [Regul ari ze [Subst For | nver seFuncti on [u, t np, Xx]*Cosh [X]1" (2xn+1), X1, X1, X, tnpl] /;
Not Fal seQ[t mp] && tnp===ArcSi nh[a+bxx]] /;
FreeQ[{a, b}, x] && I ntegerQ[2xn]

e Derivation: Integration by substitution
e Basis: If h[g[x]] == X, Int[f[X, g[atb*x]], X] == Subst[Int[f[-a/b+h[x]/b, x]*h'[x], X], X, g[at+b*x]]/b

| f [ShowsSt eps,

Int [u_,x_Synbol ] : =
Modul e [ {I st =Subst For | nver seFuncti onOf Li near [u, x]},
ShowStep ["If h[g[x]]==x","Int [f [X, g[a+b*x]], x]",
"Subst [I nt [f [-a/b+h[x]/b, X]*h"' [X], X], X, g[a+bxx]1]/b", Hol d [
Di st [1/1st [[3]],Subst [Int [Ist[[1]],X],%,!Ist[[2]11111] /;
Not Fal seQ[l st]]1 /;
SinplifyFlag && Not [Not | ntegrabl eQ[u, x]17,

Int [u_,x_Synbol ] :=
Modul e [ {l st =Subst For | nver seFuncti onCf Li near [u, x]},
Dist [1/] st [[3]], Subst [Int [Ist[[1]1],Xx],X,lst[[2]11]] /;
Not Fal seQ[l st 1] /;
Not [Not I nt egr abl eQ[u, x]111]

e Derivation: Integration by substitution

e Basis: If h[g[x]] == X,
Intf[x, g[(a+b*x)/(c+d*x)]], X] == (b* c-a* d)* Subst[Int[f[(-a+c*h[x])/(b-c* h[x]), X]*hx]/(b-d*h[x])"2, X], X, gl(a+b*x)/(c+d*X)]]



General Integration Rules

| f [ShowsSt eps,

Int [u_,x_Synbol ] : =
Modul e [ {I st =Subst For | nver seFunct i onOf Quot i ent Of Li nears [u, X]},
ShowStep ["If h[g[x]]==x","Int [f [X, g[(a+b*x)/(c+d*xx)1], x1",
" (bxc-axd) xSubst [I nt [f [ (-a+cxh[X])/ (b-dxh[x]), x]*h' [x]/(b-dxh[x])"2, X1, X, g[ (a+bxXx)/(c+d%x)]1", Hold[
Di st [l st [[3]],Subst [Int [Ist[[1]1],%X],X,Ist[[211111]1 /;
Not Fal seQ[l st]1]1 /;
SinplifyFlag && Not [Not | ntegrabl eQ[u, x]17,

Int [u_,x Synbol ] : =
Modul e [ {l st =Subst For | nver seFunct i onOf Quot i ent Of Li nears [u, X1},
Di st [l st [[3]],Subst [Int [Ist[[1]],Xx],X,Ist[[2]11]1 /;
Not Fal seQ[l st 1] /;
Not [Not I nt egr abl eQ[u, X111



