Integration Rules for Algebraic Functions of Linears

f(c (a+bx)MMdx

m Derivation: Reciprocal rulefor integration

@ftxan" g

m Basis: 9y T

s RuleIf mn+1 =0,then

(a+bx) (c (a+bx)")MLog[a +bx]

j(c (a+bx)yMmMdx — .

= Program code:

Int [(c_. *(a_. +b_. #x_)"n_. )"m_, x_Synbol | : =
(a+bxXx) x (Cx (a+b*x)"n) mkLog [a+bxXx]/b /;
FreeQ[{a, b,c, mn}, x] && ZeroQ[mkn+1]

= Derivation: Power rulefor integration

= Basis dy @fixIn® _ g
f[x]mn
s Rule:If mn+1 #0,then

(a+bx) (c (a+bx)ymm

b (mn+1)

j(c (a+bx)yMMdx —

= Program code:

Int [(c_. *(a_. +b_. *x_)"n_)"m_, x_Synbol | : =
(a+b*Xx) % (C*x (a+b*x) n)~AnV (b* (mxn+1)) /;
FreeQ[{a, b,c, mn}, Xx] &% NonzeroQ[mkn+1]



Integration Rules for Algebraic Functions of Linears

J.(a XM+ b x")P dx

m Derivation: Algebraic simplification
m BassazM™+bz"=zM(a+bz"M
= Note: Since mp +1 = n - m, rulefor J'x”-l (a+bx")P dx applies.

m Rulelf pez A mp+1=n-mthen

f(axm+bx“)PdX — Jxmp (a+bx"MPdx

= Program code:

Int [(a_. #x_"m_. +b_. #x_"n_. )"p_, x_Synbol | : =
I nt [X" (Mep) * (a+b*x™ (n-m) )*p, x] /;
FreeQ[{a, b, mn}, x] & IntegerQ[p] && Zer oQ[mkp+1-n+m] && Not [I nt eger sQ[m n]]

= Derivation: Algebraic simplification

m BassazM™+bz"=zM(a+bz"M

n-1
3

p
= Note: Since mp +1 = n - m, rulefor J(x (a+b x”)) dx applies.

m Rulelf peF A mp+1=n-mthen

J(axm+bx“)pdx — J~(xrn (a+bx"™)Pdx

= Program code:

Int [(a_. #x_"m_. +b_. #x_"n_. )" p_, x_Synbol | : =
I nt [ (X*mk (a+b*xx™ (n-m)))"p, xX] /;
FreeQ[{a, b, mn}, x] && FractionQ[p] && Zer oQ[mkp+1-n+m]
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J.(axm+bx”+qu)pd1x

m Derivation: Algebraic simplification
m BassazM™+bz"+cz9=zM"(@a+bz"M+cz4"M

m Rulelf mn, qez ApeF A n=<mxsq,then

j(axm+bx” +cxHPdx — f(xm (a+bx"Mec x9-™ )P ax

= Program code:

Int [(a_. #x_"m_. +b_. #x_"n_. +C_. #x_"q_. ) p_, x_Synbol | : =
I nt [ (X*mk (a+b*xXx™ (N-m) +C*Xx™ (q-m) ) )" p, X1 /;
FreeQ[{a, b,c}, x] && IntegersQ[mn, q] && Fracti onQ[p] && nmk=n<=q
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uxm
dx

ax"+bxP

= Derivation: Algebraic simplification

B . xm X mn
L] aslS, —— = ——
ax"+b xP a+b xP-n

m Rulelf mn, peF A 0<n =< p,then
uxm uxm™n
j—dlx — J—dlx
ax"+bxP a+b xpP"

= Program code:

Int [u_. »x_"m.. /(a_. »x_"n_. +b_. »x_"p_), x_Synbol | : =
I nt [uxx” (m-n) / (a+b*x” (p-n)), x1 /;
FreeQ[{a, b}, x] & FractionQ[{mn, p}] &% 0<n<=p

= Derivation: Algebraic simplification

B . xm xm-n
u aslS, —— = ———
ax"+b xP a+b xP-"

m Rulelf mn, peF AO<ns<p A Visnot apolynom al inx,then
ux™n v uxmn \Y
J—dlx _>j—d1x+J—d1x
ax"+bxP a+bxp-"n ax"+bxP

= Program code:

Int [(u_. »x_"m_. +v_)/(a_. »x_"n_. +b_. xx_"p_), x_Synbol | : =
I nt [uxx” (Mm-n) / (a+b*x" (p-n)), X] + Int [V/(asx*n+b*xx"p), X] /;
FreeQ[{a, b}, x] && FractionQ[{m n, p}] && O<n<=p && Not [Pol ynom al Q[v, x]1]
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X (U +V +...) dX

m Derivation: Algebraic simplification
B Basis XM (U+V +-:) =XTU+XTV + o0

= Rule

Jxm (U+V +.2) dX — f(xmu + XMV +.0) dX

= Program code:

| f [ShowsSt eps,

Int [x_"m.*u_,x_Synbol ] : =
ShowStep ["", "I nt [X Mk (U+V+--2), X]1", "I nt [X MeU+X*Mkv+.--, Xx]", Hol d [
I nt [Map [Functi on [x"mx], ul, X111 /;

SinplifyFlag & FreeQ[m x] && SunQ[u],

Int [x_“m.*u_,x _Synbol ] : =
I nt [Map [Functi on [Xx"mk#], ul, X] /;
FreeQ[m x] && SumQ[u]]
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(a +bx")P
dXx
X
= Reference: CRC 276b
= Rule If a > 0, then
1 2 Va+bx"
j— dx — - ArCTanh[—]
xvVa+bxn n+va Va
= Program code:
Int [1/(x_»Sqrt [a_+b_. »x_"n_. 1), x_Synbol | : =
-2xArcTanh [Sqrt [a+b*x"*n] /Rt [a, 2]1/ (nxRt [a, 2]) /;
FreeQ[{a, b, n}, x] && PosQ[a]
m Reference: CRC 277
s Rule If = (a > 0),then
1 2 Va+bx"
j— dX — — ArcTan[—]
Xxva+bxn" ny-a V-a

= Program code:
Int [1/(x_»Sqrt [a_+b_. »x_"n_. 1), x_Synbol | : =

2xArcTan[Sqrt [a+b*xx*n]/Rt [-a, 211/ (nxRt [-a, 2]) /;
FreeQ[{a, b, n}, x] && NegQ[a]

m Reference: G&R 2.110.1, CRC 88b

Rule If pe F A p > 0,then

dx

—
X np

(a+bxMP (a+bxmP (a+bxn)Pp-t
j—dlx +aj
X

= Program code:

Int [(a_+b_. #x_"n_. )*p_/x_, x_Synbol | : =
(a+b*x"n)~p/ (nxp) +
Di st [a, | nt [ (a+b*x*n)” (p-1) /X, x11 /;
FreeQ[{a, b, n}, x] && Fracti onQ[p] && p>0
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m Reference: G&R 2.110.2, CRC 88d

m Rulelf peF A p<-1,then

dx — - —— =+ —
X an(p+1) a

(a+bxMP (a+bxmP1 1 ~(@+bxn)pr
f— f— dx

X
= Program code:

Int [(a_+b_. #x_"n_. )"p_/x_, x_Symbol | : =

- (a+bxx”n)" (p+1l) / (a*xn* (p+1)) +

Di st [1/a, I nt [ (a+b*x"n)”" (p+1) /X, x1] /;
FreeQ[{a, b, n}, x] && Fracti onQ[p] && p<-1
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1

d
(a+bx)Vc+dx

m Reference: G&R 2.246.1', CRC 147a’, A& S 3.3.30'

X

bc-ad

= Rule If - > 0, then
1 2 Ve +dx
dx — ——ArcTanh[—]
(a+bx)vc+dx b bc-ad bc-ad
b b

Program code:

Int [1/((a_. +b_. »x_)*Sqrt [c_. +d_. *x_]), x_Synbol | : =
-2xArcTanh [Sqrt [c+dxx] /Rt [ (bxc-axd) /b, 2]]1/ (bxRt [ (bxc-axd) /b, 2]) /;
FreeQ[{a, b, c,d}, x] && PosQ[ (bxc-axd) /b]

m Reference: G& R 2.246.2, CRC 148, A& S3.3.29

bc-ad

= Rule If - ( -

>O),then

— —— ArcTan| ——

J 1 2
dx
(a+bx) vVc+dx b adobc
\/ b \/

AVc+dx ]
ad-bc
b

= Program code:

Int [1/((a_. +b_. #x_)*Sqrt [c_. +d_. »x_]1), x_Synbol | : =
2xArcTan[Sqrt [c+d*x]/Rt [ (axd-b%c) /b, 2]]1/ (bxRt [ (axd-bxc) /b, 2]) /;
FreeQ[{a, b, c,d}, x] && NegQI (bxc-axd) /b]
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1
dXx
Va+bx Ve +dx
m Rulelfa+c =0 A a>0,then
1 1 b x
j dx — —ArcCosh[—]
Va+bx Vc+bx b a

= Program code:

Int [1/(Sart [a_+b_. #x_]1+Sqrt [c_+b_. +x_]), x_Symbol | :
ArcCosh [bxx/al/b /;

FreeQ[{a, b, c}, x] && ZeroQ[a+c] && PositiveQ[a]

m Rulelf b+d=0 A a+c >0,then

1 1 ~ra-c+2bx
j dx — —ArcS|n[—]
Va+bx vc+dx b a+c

= Program code:

Int [1/(Sart [a_+b_. «x_1#Sqrt [c_+d_. #x_1), x_Synbol ] : =
ArcSin[(a-c+2xbxx)/(a+c)]1/b /;
FreeQ[{a, b,c,d}, x] && ZeroQ[b+d] && PositiveQ[a+C]

m Rulelfad-bc>0 Ad>0 A b>O0,then

1 2 , Vb c+dx
j dx — —ArcSmh[—]
va+bx Vc+dx Ab Vd vad-bec

= Program code:

Int [1/(Sart [a_. +b_. »x_]*Sqrt [c_. +d_. »x_]), x_Synbol | : =
2/ (Rt [b,2]1%Sgrt [d]) *ArcSi nh[Rt [b, 2]*Sqrt [c+dxx]/Sqrt [axd-bxc]] /;
FreeQ[{a, b,c,d}, x] & & NonzeroQ[a*d-bxc] && PositiveQ[d/(a*xd-bxc)] && Not [NegativeQ[axd-bxc]] && PosQ
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m Rulelfad-bc>0 Ad>0 A - (b>0),then

1 2 ) VY-b vVc+dx
f dx — —ArCS|n[ ]
Va+bx Vc+dx A -b Vd vad-bc

= Program code:

Int [1/(Sart [a_. +b_. »x_]*Sqrt [c_. +d_. »x_]), x_Synbol | : =
2/ (Rt [-b,21%Sgrt [d])*ArcSin[Rt [-b, 2]1*Sqgrt [c+d*x]/Sqrt [axd-bxCc]] /;
FreeQ[{a, b, c,d}, x] & & NonzeroQ[axd-bxc] && PositiveQ[d/ (axd-bxc)] && Not [NegativeQ[axd-bxc]] && NegC

m Rulelf ad-bc#0 A bd > 0,then

1 2 Abd Va+bx
j dx — ArcTanh[ ]
Va+bx vc+dx A/bd b+c+dx

= Program code:

Int [1/(Sqrt [a_. +b_. #x_1*Sqrt [c_. +d_. »x_]1), x_Synbol | : =
2/Rt [bxd, 2] *ArcTanh [Rt [bxd, 2]1%Sqrt [a+bxx]/ (bxSqrt [c+d*x])] /;
FreeQ[{a, b,c,d}, x] & NonzeroQ[a*d-bxc] && PosQ[bxd]

m Rulelfad-bc#0 A - (bd > 0),then

1 2 v -bd Va+bx
f dx — ArcTan[ ]
Vva+bx Vec+dx -bd b+c+dx

= Program code:

Int [1/(Sart [a_. +b_. »x_]*Sqrt [c_. +d_. »x_]), x_Synbol | : =
2/Rt [-bxd, 2] *ArcTan [Rt [-bxd, 2]*Sqrt [a+b*x]/ (b*Sqrt [c+d*x]1)] /;
FreeQ[{a, b,c,d}, x] & & NonzeroQ[a*d-bxc] && NegQ[b=d]



Integration Rules for Algebraic Functions of Linears

J(a+bx)m(0+dx)”d1x

m Derivation: Algebraic simplification

m Basis If a+c 20,then(a+z)M(c-2z)"= (ac- (a-c)z-z2)"

m RuelfmerF Ab+d=0 A a+c > 0,then

j(a+bx)m(c+dx)mdx — f(ac+ (ad+bc) x+bdx2)md1x

= Program code:

Int [(a_. +b_. »x_)"m_«(c_+d_. »x_)"m_, x_Synbol | : =
I nt [ (a*xC+ (axd+bxC) xx+b*d*x"2)"m x] /;
FreeQ[{a, b,c,d}, x] & Fracti onQ[m] && ZeroQ[b+d] && PositiveQ[a+cC]

m Derivation: Algebraic simplification
m Basis If bc-ad=0andnisaninteger,then (a+bx)™(c+dx)" = (%)n (a+bx)m™n

m Rulelf bc-ad=0 A m¢z A n e zthen

d n
j(a+bx)m(c+dx)”d1x — (E] j(a+bx)”*“dlx

= Program code:

Int [(a_ +b_. »x_)*m_. #(c_. +d_. #x_)"n_., x_Synbol | : =
Di st [(d/b)”~n, I nt [ (a+bxx)” (m+n), xX]] /;
FreeQ[{a, b,c,d, m}, x] & ZeroQ[bxc-axd] && Not [I ntegerQ[m]] && | ntegerQ[n]

m Rulelf bc-ad=0AmM¢zZAne¢zZ A me+n+1=0,then

(a+bx)™! (c+dx)"Log[a+bx]
b

j(a+bx)m(c+dx)”d1x —

= Program code:

Int [(a_. +b_. x_)"m_«(c_. +d_. #x_)"n_, x_Synbol | : =

(a+bxx)” (Mm+1) * (c+dxx) nxLog [a+bxx]/b /;
FreeQ[{a, b,c,d, mn}, x] && ZeroQ[bxc-axd] && Not [I ntegerQ[m]] && Not [I nteger Q[n]] && ZeroQ[m+n+1] &&
(Leaf Count [a+bxx]<Leaf Count [c+dxx] || Leaf Count [a+bxx]==Leaf Count [c+dxx] && PosQ[a])
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m Rulelf bc-ad=0AmMe¢zZ Anez A m+n+1%0,then

(a+bx)™! (c+dx)"

j(a+bx)m(c+dx)“dx —
b (m+n+1)

= Program code:

Int [(a_. +b_. »x_)"m_«(c_. +d_. »x_)"n_, x_Synbol | : =

(a+b*x) N (M+l) » (C+d*xx)~n/ (b* (Mmen+1)) /;
FreeQ[{a, b,c,d, mn}, x] && ZeroQ[bxc-axd] && Not [I ntegerQ[m]] && Not [I ntegerQ[n]] &&
Nonzer oQ[M+n+1]

m Reference: G&R 2.155, CRC 59a
m Rulelf bc-ad#20 Am+n+2=0 A n+1#O0,then

(a+bx)™! (c+dx)n+t

J-(a+bx)m(c+dx)“d1x —_ -
(n+1) (bc-ad)

= Program code:
Int [(a_ +b_. »x_)"m_. #(c_. +d_. #x_. )*n_, x_Synbol ] : =

- (a+b*x)™ (M+1l) % (C+dxXx)” (n+1) / ((n+1) x (bxc-axd)) /;
FreeQ[{a, b,c,d, mn}, x] & & NonzeroQ[bxc-axd] && ZeroQ[m+n+2] && NonzeroQ[n+1]

m Reference: G&R 2.151, CRC 59b

m Rulelf bc-ad#0 AneF A n>D0,then

dx

(c+dx)" (c+dx)" bc-ad p(c+dx)n?
j—dlx + J

_)
a+bx bn b a+bx

= Program code:

Int [(c_. +d_. »x_)~n_. /(a_. +b_. #x_),x_Synbol | : =
(c+dxx)~n/ (bxn) +
Di st [ (bxc-axd) /b, I nt [ (c+d*x)”" (n-1)/ (a+b*x), x1] /;
FreeQ[{a, b,c,d}, x] & NonzeroQ[bxc-axd] && Fracti onQ[n] && n>0
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= Reference: G&R 2.151, CRC 59b
= Note: Experimental!

m Rulelf bc-ad#0 A m ¢z then

(a+bx)™l (c+dx) bc-ad

b (m+2) " b (m+2)

J(a+bx)m(c+dx)dx — j(a+bx)md1x

= Program code:

I nt [(a_. +b_. *x_)"m_* (C_. +d_. *X_), x_Synbol ] L=
(a+b*x )N (Mrl) » (C+d*Xx) / (b* (M+2)) +
Di st [ (bxc-axd) / (bx (m2)), I nt [ (a+b*x)"m x]1]1 /;
FreeQ[{a, b, c,d, m}, x] & NonzeroQ[bxc-axd] && Not [| nt eger Q[m] ]

m Reference: G&R 2.155, CRC 59a
m Rulelf bc-ad#0 Am+n+120 AN>0A mMe¢z A\ (nezV (meF A (hzmV -1<m<0))),then

(a+bx)™l (c+dx)" n (bc-ad)
+

j(a+bx)m(c+dx)“dx — j(a+bx)m(c+dx)“‘1cﬂx

b (m+n+1) b (m+n+1)

= Program code:

Int [(a_ +b_. #x_)"m_ (c_. +d_. »x_)~n_, x_Synbol | : =

(a+b*x)”™ (Mm+l) x (C+dxx)”n/ (b* (Men+1)) +

Di st [nx (bxc-axd) / (bx (mn+1)), I nt [ (@a+bxX)mk (C+dxXx)”" (n-1), x]]1 /;
FreeQ[{a, b, c,d, m}, x] & NonzeroQ[bxc-axd] && NonzeroQ[m+n+1] && Rational Q[n] && n>0 &&
Not [I ntegerQ[m]] && (IntegerQ[n] || FractionQ[m] && (n<=m || -1<=nk0))

m Reference: G&R 2.155, CRC 59a
m Rulelf bc-ad#0 An<-1A-(mMezZAnez) A (mé¢oV n=mVyY -1<m<D0),then

(a+bx)™! (c+dx)nt b (m+n+2)

(n+1) (bc-ad) +(n+1) (bc-ad)

j(a+bx)m(c+dx)”d1x — - j(a+bx)m(c+dx)”+ldlx

= Program code:

Int [(a_ +b_. »x_)"m_. #(c_. +d_. #x_)"n_, x_Synbol | : =

- (a+b*x) " (M+1l) % (C+d*X)” (N+1) / ((n+1) % (bxCc-axd)) +

Di st [b* (m:n+2) / ((n+1) % (bxc-axd)), I nt [ (a+b*x) mk (C+d*Xx)”" (n+1), x1] /;
FreeQ[{a, b,c,d, m}, x] & & NonzeroQ[bxc-axd] && Rational Q[n] && n<-1 && Not [|I ntegersQ[m n]] &&
(Not [Rational Q[m]] || n>=m || -1<=nkO0)
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m Reference: G& R 2.155, CRC 59a
m Rulelf bc-ad#0 An+1+20 An¢o A m+n< -1,then

(a+bx)™! (c+dx)n+t b (m+n+2)

(n+1) (bc-ad) +(n+1) (bc-ad)

f(a+bx)m(c+dx)”dx — - J(a+bx)m(c+dx)”+1dx

= Program code:

Int [(a_. +b_. »x_)"m.. *(c_. +d_. »x_)"n_, x_Synbol | : =

- (a+b*x)N (M+l) * (C+d*x)” (N+1) / ((n+1) * (bxc-axd)) +

Di st [b* (Mm+n+2) / ((N+1) * (bxc-axd)), I nt [ (a+b*x) me (C+d*x)”" (n+1), x]]1 /;
FreeQ[{a, b,c,d, mn}, x] & NonzeroQ[bxc-axd] && NonzeroQ[n+1] && Not [Rational Q[n]] &&
Rational Q[m+n] && Sinplify[mn]<-1

m Reference: G& R 2.153.3, CRC 59¢

= Rule If n ¢ z, then

(a+bx) (c+dx)nt

d(n+1) d(n+1)

f““bx) (c+dx)"dx — J(C+dX)”*1dX

= Program code:

Int [(a_ +b_. #x_)=*(c_. +d_. #x_)"n_, x_Synbol | : =
(a+b*x) % (c+d*xx)" (n+1l) / (d* (n+1)) -
Di st [b/ (d* (n+1)), I nt [(c+d*xx)" (n+1),x]] /;
FreeQ[{a, b, c,d, n}, x] & Not [I nt eger Q[n]]

m Reference: G&R 2.153.3, CRC 59c
m Rulelf - (mez Anez) A m>0 A n<-1,then

(a+bx)™(c+dx)"t

d(n+1) d(n+1)

J-(a+bx)m(c+dx)”dlx — f(a+bx)”*l (c +dx)"™ dx

= Program code:

Int [(a_ +b_. »x_)"m_(c_. +d_. »x_)~n_, x_Synbol | : =
(a+b*X) mk (C+d*x)" (n+1) / (d* (n+1)) -
Di st [b*nv (d% (n+1)), I nt [ (a+b*x)" (M-1) x (C+d*x)" (n+1), X]] /;
FreeQ[{a, b,c,d}, x] & Rational Q[{m n}] &% Not [I ntegersQ[m n]] && m0 && n<-1
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= Derivation: Integration by substitution

(asb x)"7p ((asb x)1/p)meP-t
cedx T " bc-adsd ((ashx)1/P)P

m Basis Ifn, p € z, then 3, (a+bx)P

m RuleIf -1 < m< 0, then

(a+bx)n/p xN+p-1
j— dx — p Subst [f— dx, X, (a+bx)1/p]
c+dx bc-ad+dxP

= Program code:

Int [(a_ +b_. »x_)~m_/(c_+d_. »x_), x_Synbol | : =

Modul e [ {p=Denomi nat or [m] },

Di st [p, Subst [I nt [x" (mkp+p-1) / (bxC-axd+dxx"p), X1, X, (a+b*x)* (1/p)111 /:
FreeQ[{a, b,c,d}, x] & Rational Q[m] && -1<nmk0

= Derivation: Integration by substitution

(asbx)1/p yMP-1
. b n/p ( . 1/ ]
m Basis Ifn, pezthen &2 " _p ledo® By
c+d X b _d [(a~bx)1’p]p

(c+d x)1/P

(a+b x) 7P
(c+d x) /P

m Rulelf -1<m<0 A m+n=-1,then

xm+p-1 (a+bx)t/P
j(a+bx)Wp (c+dx)"dx — p Subst [jmdx, X, —1/]
-ax (c+dx)*P

= Program code:

Int [(a_ +b_. »x_)"m_(c_. +d_. »x_)~n_, x_Synbol | : =

Modul e [ {p=Denoni nat or [m] },

Di st [p, Subst [I nt [X" (mkp+p-1) / (b-d*x"p), X1, X, (a+b*xx)" (1/p)/ (c+d*x)” (1/p)11] /;
FreeQ[{a, b,c,d}, x] & Rational Q[{m n}] & & -1<nk0 && mM¥n==-1
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(a+bx)" (c+dx)"

dx
X
s Rule If ac > 0,then
1 2 vac Va+bx
j dx — - ArcTanh[ ]
xVa+bx Ac+dx Vac avc+dx

= Program code:

Int [1/(x_»Sqrt [a_+b_. »x_]+Sqrt [c_+d_. »x_]1), x_Synbol | : =
-2xArcTanh [Rt [axC, 2] *Sqrt [a+bxXx]/ (a*Sqrt [c+d*x])]1/Rt [axc, 2] /;
FreeQ[{a, b, c,d}, x] && PosQ[ax*C]

= RuleIf - (ac > 0),then

1 2 v-ac Va+bx
j dx — - ArcTan[ ]
xVa+bx vc+dx A -ac avc+dx

m  Program code:
Int [1/(x_»Sqrt [a_+b_. xx_]+Sqrt [c_+d_. #x_1), x_Synbol | : =

-2xArcTan [Rt [-a*C, 2] *Sqrt [a+bxx]/ (a*Sqrt [c+dxX])]/Rt [-axc, 2] /;
FreeQ[{a, b,c,d}, x] & & NegQ[axc]

m Reference: G& R 2.265b

m Ruelfner An>0 A ad+bc =0,then

dx

j(a+bx)n (c+dx)”dlx . (a+bx)" (c+dx)“+acj(a+bx)”-l (c +dx)n-1
X 2n X

= Program code:

Int [ (a_+b_. #x_)"n_x(c_+d_. »x_)"n_/x_, x_Synbol | : =
(a+b*x) nx (c+d*x)"n/ (2xn) +
Di st [a*C, | nt [ (a+b*X)” (n-1) % (C+d*Xx)" (n-1) /X, x11 /;
FreeQ[{a, b,c,d}, x] & FractionQ[n] && n>0 && ZeroQ[axd+bxC]
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m RulelfneF An>0 A ad+bc #0,then

+

(a+bx)" (c+dx)" (a+bx)" (c+dx)"
J dx —

X 2n

ad+bc a+bx)"! (c+dx)n?
(;—)J-(a+bx)”'1 (c+dx)”'1d1x+acJ.( +0 (€+99 dix
X

= Program code:

Int [(a_+b_. #x_)"n_x(c_+d_. +x_)~n_/x_, x_Synbol | : =
(a+b*x) n% (C+d*x)"n/ (2%n) +
Di st [ (axd+bxc) /2, I nt [ (a+b*x)” (n-1) % (C+d*x)”" (n-1), x]] +
Di st [axcC, | nt [ (a+b*x)” (n-1) % (C+d*x)”" (n-1) /X, X1] /;

FreeQ[{a, b,c,d}, x] & FractionQ[n] &% n>0 && NonzeroQ[axd+bxcC]

m Reference: G& R 2.268b, CRC 122

m RulelfneF An<-1 A ad+bc =0,then

X — - + — dXx
X 2ac (n+1) ac X

J-(a+bx)”(c+dx)”dl (a+bx)™l (c+dx)™t 1 (a+bx)™l (c+dx)?

= Program code:

Int [ (a_+b_. #x_)"n_x(c_+d_. #x_)~n_/x_, x_Synbol | : =

- (a+b*x)™ (n+1) * (C+d*Xx)" (N+1) / (2%a*C* (N+1)) +

Di st [1/ (axc), I nt [ (a+b*x)”" (n+1) % (C+d*Xx)” (n+1) /X, X1] /;
FreeQ[{a, b,c,d}, x] & FractionQ[n] && n<-1 && ZeroQ[a*d+bxcC]

m RulelfneF An<-1 A ad+bc #0,then

J(a+bx)“(c+dx)"d1 (a+bx)™ (c+dx)"?!
X —

X 2ac (n+1)

ad+bc 1 (a+bx)™l (c+dx)"?!
—J(a+bx)“(c+dx)“d1x+— dx
2ac ac X

= Program code:

Int [(a_+b_. #x_)"n_x(c_+d_. »x_)"n_/x_, x_Synbol | : =

- (a+b*Xx)” (n+1) * (C+d*xX)" (n+1) / (2%xa*xC* (n+1)) -

Di st [ (a*d+bxC) / (2%xa%c), I nt [ (a+b*Xx)"n* (c+d*x)"n, x]] +

Di st [1/ (a*xC), I nt [ (a+b*x)” (n+1) * (c+d*x)”" (n+1) /X, X]] /;
FreeQ[{a, b,c,d}, x] & FractionQ[n] && n<-1 && NonzeroQ[axd+b=xcC]
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(a+bx)" (c+dx)P

X

d X

= Derivation: Algebraic expansion

+ n + n-1
BB (gt 200

= Basis
m Rulelfn, peF An>0 A n-p e zthen

(a+bx)"™1 (c+dx)P

J-(a+bx)“ (c+dx)P

dx — bj(aubx)”'1 (c+dx)pd1x+aj
X

X

= Program code:

Int [ (a_+b_. #x_)"n_x(c_+d_. »x_)"p_/x_, x_Synbol | : =
Di st [b, I nt [ (a+b*x)" (n-1) % (C+d*Xx)"p, X]] +
Di st [a, | nt [ (a+bxXx)” (n-1) % (C+d*xX)"p/X, X1] /;
FreeQ[{a, b,c,d}, x] & FractionQ[{n, p}] && n>0 && | nteger Q[n-p]

= Derivation: Algebraic expansion

. n nel n
s Bass (a+b x) - (a+b x) _ b (a+b x)
X ax a

m Rulelfn, peFAn<-1 A n-pezthen

—_ -
X a

(a+bx)" (c+dx)P 1 r(a+bx)™l (c+dx)P b
j dx j dx——j(a+bx)”(c+dx)pcﬂx
X a

= Program code:

Int [ (a_+b_. #x_)"n_«(c_+d_. »x_)"p_/x_, x_Synbol | : =
Di st [1/a, I nt [ (a+b*x)” (n+1) %= (C+d*xX)"p/X, X]] -
Di st [b/a, I nt [ (a+bxx)”n* (C+dxX)"p, x1] /;
FreeQ[{a, b,c,d}, x] & FractionQ[{n, p}] & n<-1 && | nteger Q[n-p]
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xM@+bx)" (c +dx)"dx

m Reference: G&R 2.174.2
m RuelfneF A m+2n+1=0 A m>1 A ad+bc =0,then

x™ a+bx)™ (c+dx)™t 1
jxm(a+bx)”(c+dx)”d1x—> Y . t ey x™2 (a+bx)™ (c+dx)™ dx
(n+1)

= Program code:

Int [x_"m_x(a_. +b_. »x_)"n_=«(c_. +d_. #x_)"n_, x_Symbol | : =
XN (M-1) * (a+b*x)” (n+1) * (C+d*X)" (n+1) / (2xb*d* (n+1)) +
Di st [1/ (bxd), | nt [X® (M-2) % (a+b*x)” (N+1) * (C+d*x)" (n+1), x]] /;
FreeQ[{a, b,c,d}, x] & Fracti onQ[n] && Rational Q[m] &% M2xn+1==0 && M>1 && Zer oQ[axd+b=xcC]

m RuelfneF A m+2n+1=0 A m>1 A ad+bc #0,then

x™L (a+bx)™l (c+dx)"!
J.xm(a+bx)”(c+dx)”dlx—> -
2bd (n+1)

ad+bc

1
J-x”*l (@a+bx)" (c+dx)"dx + —J-x”*z (a+bx)™! (c +dx)™! dx
2bd bd

= Program code:

Int [x_"m_ «(a_. +b_. »x_)"n_«(c_. +d_. #x_)"n_, x_Symbol | : =
XN (M-1) % (a+b*x)” (n+1) * (C+d*Xx)" (n+1) / (2xb*xd* (n+1)) -
Di st [ (axd+bxc) / (2%xbxd), | nt [X* (M-1) * (a+b*X) nx (c+d*x)"n, X]] +
Di st [1/ (bxd), | nt [X® (M-2) % (a+b*x)” (N+1) * (C+d*x)" (n+1), x]] /;
FreeQ[{a, b,c,d}, x] & Fracti onQ[n] && Rational Q[m] &% M+2xn+1==0 & & Mm>1 && Nonzer oQ[axd+b=xcC]

m Reference: G&R 2.174.1, CRC 119

m Rulelf n+1#0 A ad+bc =0,then

(a+bx)™l (c+dx)?
2bd (n+1)

jx (@a+bx)" (c+dx)"dx —

= Program code:

I nt [X_* (a_. +b_. *x_)"n_* (C_. +d_. *x_)"n_, X_Synbol ] =
(a+b*x)”™ (n+1) x (C+dxx)” (N+1) / (2xbxdx (n+1)) /;
FreeQ[{a, b, c,d, n}, x] & NonzeroQ[n+1] && ZeroQ[axd+bxc]
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m Rule If n € F, then

(a+bx)™l (c+dx)™t ad+bc
jx (@a+bx)" (c+dx)"dx — - j(a+bx)”(c+dx)“d1x
2bd (n+1) 2bd

= Program code:

I nt [X_* (a_. +b_. *x_)"n_* (C_. +d_. *x_)"n_, x_Synbol ] L=
(a+b*x)" (N+1) » (C+d*x)” (n+1) / (2xb*d* (n+1)) -
Di st [ (axd+bxc) / (2xbxd), | nt [ (a+b*x)”n* (C+d*Xx)"n, x1] /;
FreeQ[{a, b,c,d}, x] & Fracti onQ[n]

m RuelfneFAmM+2n+1#0 Am>1A (men=0YV ad+bc =0),then

x™L (a+bx)™l (c+dx)n? ac (m-1)

bd (m+2n+1) _bd(m+2n+1)

jxm(a+bx)“(c+dx)”dx—> jxm (a+bx)" (c+dx)"dx

= Program code:

Int [x_"m_(a_. +b_. *x_)"n_=(c_. +d_. #x_)"n_, x_Synbol | : =

XN (M-1) % (a+b*x) ™ (N+1) x (C+dxXx) ™ (N+1) / (b*d* (Mk2xn+1)) -

Di st [axCx (M-1) / (b*d* (Mm:2xn+1)), | nt [X" (M-2) x (a+b*x) nx (C+d*x)”n, X111 /;
FreeQ[{a, b,c,d}, x] & FractionQ[n] && Rational Q[m] && Nonzer oQ[m+2xn+1] && m>1 &&
(ZeroQ[m+n] || ZeroQ[axd+b=xc])

m RuelfneF AmM+2n+1#0 Am>1 Am+n#0 A ad+bc #0,then

x™ (@a+bx)™ (c+dx)nt
jxm(a+bx)“(c+dx)”dlx—> -
bd (m+2n+1)

(m+n) (ad+bc)
bd (m+2n+1)

ac (m-1)
bd (m+2n+1)

fx”” (a+bx)" (c +dx)"dx - jx”"‘ (a+bx)" (c+dx)"dx

= Program code:

Int [x_"m_ x(a_. +b_. #x_)"n_«(c_. +d_. #x_)"n_, x_Symbol ] : =

XN (M-1) % (a+b*Xx) N (N+1) » (C+d*x)” (N+1) / (bxd* (Mmr2xn+1)) -

Di st [ (m+n) x (axd+b=xc) / (bxd* (M2xn+1)), | nt [X* (M-1) x (a+b*x) nx (C+d*x)”"n, x]] -

Di st [axCx (M-1) / (bxd* (Mr2xn+1)), | nt [X" (M-2) x (a+b*x)nx (C+d*x)”n, X111 /;
FreeQ[{a, b,c,d}, x] & FractionQ[n] && Rational Q[m] && Nonzer oQ[m+2*n+1] && m>1 &&
Nonzer oQ[m+n] && NonzeroQ[axd+b=xcC]
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m Reference G&R 2.176, CRC 123

m Rulelf mil#2#0 Am+2n+3=0 A ad+bc =0,then

x™ (a+bx)™ (c+dx)n?

fxm(a+bx)” (c+dx)"dx —
ac (m+1)

= Program code:

Int [x_"m_ (a_+b_. #x_)"n_x(c_+d_. #x_)"n_, x_Symbol ] : =
XN (Mel) % (a+b*x) N (N+1) » (C+d*x)” (n+1) / (a*C* (Mm+1)) /;
FreeQ[{a, b,c,d, n}, x] & NonzeroQ[m+1l] && ZeroQ[m+2xn+3] && ZeroQ[axd+b=xc]

m RulelfneF A m<-1 A m+2n+3=0,then

J‘xm(a+bx)n (c+dx)"dx —

x™L (a+bx)™ (c+dx)™l (m+n+2) (ad+bc)

Jx”“l (a+bx)" (c+dx)"dx
ac (m+1) ac (m+1)

= Program code:

Int [x_"m_ (a_+b_. #x_)"n_x(c_+d_. #x_)"n_, x_Symbol | : =

XN (Mel) * (a+b*x) ™ (N+1) * (C+d*X)" (N+1) / (a*Cx (M+1l)) -

Di st [ (Mkn+2) x (axd+b*C) / (a*xCx (M+1)), | nt [X" (mkl) % (a+b*X)nx (c+d*x)"n, x1] /;
FreeQ[{a, b,c,d}, x] & FractionQ[n] && Rational Q[m] && nk-1 && Zer oQ[Mm+2xn+3]

m RulelfneF A m<-1 A (min+2=0YV ad+bc =0),then

x™L (a+bx)™ (c+dx)™ bd (m+2n+3)

J-xm(a+bx)”(c+dx)"d1x—> J'erz (a+bx)" (c+dx)"dx

ac (m+1) ac (m+1)
= Program code:

Int [x_"m_ (a_+b_. #x_)"n_x(c_+d_. #x_)"n_, x_Symbol ] : =
XN (Mel) % (a+b*x )" (N+1) » (C+d*x)” (n+1) / (a*C* (Mk1)) -
Di st [bxd* (M+2xn+3) / (axC* (M+1)), | nt [X" (Mk2) % (a+b*x) nx (C+dxx)”™n, X111 /;
FreeQ[{a, b,c,d}, x] & FractionQ[n] && Rational Q[m] && mk-1 && (ZeroQ[m+n+2] || ZeroQ[axd+b=xcC])
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m RuelfneFAmM<-1 Am+n+2#0 Am+2n+3#0 A ad+bc #0,then

. N . x™ (a+bx)™ (c+dx)n?
jx (a+bx)" (c+dx)"dx — -
ac (m+1)

(m+n+2) (ad+bc) bd (m+2n+3)

ac (m+1)

Jx”“l (a+bx)" (c+dx)"dx - jx”‘*z (a+bx)" (c+dx)"dx

ac (m+1)

= Program code:

Int [x_"m_(a_+b_. #x_)"n_x(c_+d_. #x_)"n_, x_Symbol | : =

XN (Mel) » (a+b*x) A (N+1) * (C+d*X) " (N+1) / (a*Cx (M+l)) -

Di st [ (M+n+2) x (axd+b=*C) / (a*xCc* (m+1)), | nt [XA (M+1) = (a+bxX) nx (C+d*x)"n, Xx]] -

Di st [b*d* (m+2xn+3) / (a*Cx (Mm+1)), I nt [X" (Mr2) % (a+b*Xx)*n% (C+d*X)"n, x1]1 /;
FreeQ[{a, b,c,d}, x] & FractionQ[n] && Rational Q[m] && nmk-1 && NonzeroQ[m+n+2] &&
Nonzer oQ[m+2xn+3] && Nonzer oQ[axd+b=xC]
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xM(@+bx)" (c +dx)Pdx

s RuleIf mez A m> 0,then

Jmea+bx xMmya+bx Vc+dx

dx — -
Ve +dx d (m+1)
acm xm1 ad-bc (2m+1) xm
j dx + J dx
d (m+1) va+bx Vc+dx 2d (m+1) Va+bx Vc+dx
= Program code:
Int [x_"m_. «Sqrt [a_+b_. #x_1/Sqrt [c_. +d_. #x_]1, x_Synbol ] : =
X meSqrt [a+bxx]*Sqrt [c+d*x]/ (d% (m+1l)) -
Di st [axcxnV (d* (m+1)), I nt [x* (m-1)/(Sqrt [a+bxx]*Sgrt [c+d*x]), X]] +
Di st [ (axd-bxC* (2xme1)) / (2xd» (m+1)), I nt [X v (Sqrt [a+bxx]+Sqrt [c+dxXx]), X]1] /;
FreeQ[{a, b,c,d}, x] & Integer Q[m] && m>0
= Rule
Va+bx va+bx vc+dx bc-ad 1
J-— dx — - + J- dx
x24/c+dx cX 2¢c xVa+bx vc+dx

= Program code:

Int [Sqrt [a_+b_. #x_1/(x_"2+Sqrt [c_. +d_. #x_1), x_Synbol ] : =

-Sgrt [a+bxx]*Sqrt [C+d*X]/ (C*X) +

Di st [ (bxc-axd) / (2xc), I nt [1/ (x*Sqrt [a+bxx]*Sqrt [c+dxx]), X]] /;
FreeQ[{a, b, c, d}, x]
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m Rulelf mez A m< -2,then

J-mea+bx x™lafa+bx Vc+dx

dx — -
Nerrrs ¢ (m+1)
bc+ad (2m+3) x M1 bd (m+2) X ™2
-J. dx - j dx
2c (m+1) Va+bx Vc+dx c(Mm+1) J+arbx vc+dx

= Program code:

Int [x_"m_. #Sqrt [a_+b_. #x_1/Sqrt [c_. +d_. #x_], x_Synbol ] : =
XN (mel) *Sqrt [a+b*x]*Sqrt [c+d*Xx]/ (Cx (M+l)) -
Di st [ (bxC+axd* (2xm+3)) / (2%C* (m+1)), I nt [X» (m+1) / (Sqrt [a+bxx]*Sqrt [c+d*x]), X]] -
Di st [b*d* (m+2) / (Cx (Mm+1)), I nt [X* (M+2) / (Sqrt [a+b*x]*Sqrt [c+d*x]), x]] /;

FreeQ[{a, b,c,d}, x] & IntegerQ[m] && nk-2

m Derivation: Algebraic expansion

x™1L (a+b x) "+t ax™! (a+b x)"

m BassxM(a+bx)" = . .

(-a)™k Bi nomi al [m m-k]
bm

= Rule If m p—nez/\m>0/\p—n<0/\ (m>3\/n¢—%),then

om al [m m-Kk]
bm

= Basis If m> Oisaninteger,then x™= 3, (a+bx)k

m _ m-kB'
J-xm(a+bx)”(c+dx)pd1x—>z( 2) 'n

j(a+bx)“+k (c +dx)P dx
k=0

= Program code:

Int [x_"m_. (a_+b_. #x_)"n_=(c_. +d_. #x_)"p_., x_Synbol | : =

Sum[Di st [ (-a)” (m-k) /bAmkBi nom al [m m-k], | nt [ (a+bxx)” (n+k) * (c+d*x)"p, x]1, {k, 0, m}] /;
FreeQ[{a, b,c,d, n,p}, x] & IntegersQ[m p-n] & m>0 && Not [I ntegerQ[n]] && p-n<0 &&
(m3 || n=t=-1/2)
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= Derivation: Algebraic expansion

x™1 (a+b x)n+t ax™l (a+b x)"

m Basisx™(a+bx)" = . -

m Basis If mand p -nareintegersand 0 < p - n < m then

aymk . s
(a+bx) nek kagm (-5)  Binomial [m-k-1, p-n-1]

-n-1 (-a)™* Bi nomi al [m m-k]

XM (a+hbx)" =Yk - xX (a+bx)P

()P

m Rulelfm p-nez A 0<p-n<mthen

P-1 (_a)™k Bi nomi al [m m-k
J-xm(a+bx)n(C+dX)pd1X—> Z (-a) [ ]j(a+bx)n+k (c+dx)Pdx +
k=0 b™
m-pe+n (_%)m'k Binom al [m-k-1, p-n-1]
k
Z jx (a+bx)P (c+dx)Pdx
“ (-a)P"

= Program code:

Int [x_"m_. (a_+b_. *x_)"n_=(c_. +d_. #x_)"p_, x_Synbol | : =

Sum[Di st [ (-a)” (m-k) /b”"m«Bi nom al [m m-k], | nt [ (a+b*x)”" (n+k) % (C+d*x)"p, x]11, {k, O, p-n-1}] +

Sum[Di st [ (-a/b)” (m-k) / (-a)” (p-n) *Bi nom al [m-k-1, p-n-17, | nt [X"k=* (a+b*x)"p* (c+d*x)”"p, x]11, {k, 0, m-p+n}
FreeQ[{a, b,c,d, n,p}, x] & IntegersQ[m p-n] &% 0<p-n<=m && Not [I nt eger Q[n]]

m Derivation: Algebraic expansion

XM (a+b x) M1 bx™! (a+b x)"
a a

m Basisx™(a+bx)" =

m Basis If mand p - nareintegers,m< 0and p - n > 0, then

byk .
—n-1 a™k Bi i al [kem-1, -m-1 _ -—) Binom al [p-n+k-1, p-n-1]
XM (a+bx)" = g T2 <a+bx>"*k+z<251(a) X™ (a+bx)P

ap-"

Rulelf m p-nez A m<O0 A p-n>0,then

Pn-1 gmk B nom al [k -m-1, -m-1]

(-b)™

jxm(a+bx)”(c+dx)pdlx — j(a+bx)“*k (c+dx)Pdx +

n-
k=0

-m1 (—g)kBi nomal [p-n+k-1, p-n-1]

— Jxm*k (a+bx)P (c+dx)Pdx
k=0 aP

= Program code:

Int [x_"m_. *(a_+b_. »x_)"n_x(c_. +d_. #x_)"p_, x_Symbol | : =
Sum[Di st [a® (m-K) / (-b)*mkBi nom al [k-m-1, -m-1], I nt [ (a+b*x)” (n+k) * (c+dxXx)"p, x11, {k, 0, p-n-1}] +
Sum[Di st [ (-b/a)”*k/a” (p-n) *Bi nom al [p-n+k-1, p-n-17, I nt [X* (mtk) % (a+b*x) " p* (C+dxx)"p, x11, {k, 0, -m-1}]
FreeQ[{a, b,c,d, n, p}, x] & IntegersQ[m p-n] && nk0 && p-n>0 && Not [I nt eger Q[n]]



