Integration Rules for (sin”j)”*m (A+B sin”k) (a+a sin”™k)n

Integration Rules for
f(sinj(z))m (A+Bsin“2))(a+b sink(z))n dz when j> =1 /\ k?=1 /\ a® = b?

Domain Map

jkm
4

Rule2 !
2

Legend:

» Therule number in acolored region indicates the rule to use for integralsin that region.

The rule number next to a colored line indicates the rule to use for integrals on that line.

A whiteregion or line indicates thereis no rule for integralsin that region or on that line.

A solid black line indicates integrals on that line are handled by rulesin another section.

A dashed black line on the border of aregion indicates integrals on that border are handled by the rule for that region.
The arrow(s) following a rule number indicates the direction the rule drivesintegrands in the nxm exponent plane.

A ¢ following arule number indicates the rule transforms the integrand into aform handled by another section.

A red (stop) disk indicates the terminal rule to use for the point at the center of the disk.

A cyan disk indicates the non-terminal rule to use for the point at the center of the disk.



Integration Rules for (sin”*))”"m (A+B sin”k) (a+a sin”~k)"*n

Integration Rules for
[(A+Bsin*2)(a+b sink(z))n dz when k? =1 /\ a’ = b?

) A+BCGCsc[c +dXx]
Rulea: f dx
a+bCsc[c+dx]

= Derivation: Algebraic expansion

= Bass A+Bz - é (b A-aB)z
a+bz a a (a+b z)

= Note: Therulefor integrands of the sameform when a2 - b2 # 0 could subsumethisrule, but the resulting antiderivativewill look lesslikethe
integrand involving sinesinstead of cosecants.

m Rulea:lf a2-b2=0 A bA-aB#0,then

J-A+BCsc[c+dx] A X bA—aBJ- Csc[c +dx] 4
X

dx — — -
a+bCsc[c+dx] a a a+bCsc[c+dx]

= Program code:

Int [(A_. +B_. #sin[c_. +d_. #x_1"(-1))/(a_+b_. #sin[c_. +d_. »x_]"(-1)), x_Synbol ] : =
Axx/a - Dist [ (bxA-axB)/a, Int [sin[c+d*x]" (-1)/ (a+b*si n[c+d*x]"(-1)),x]1] /;
FreeQ[{a, b, c, d, A B}, x] & ZeroQ[a’2-b"2] && Nonzer oQ[bxA-axB]



Integration Rules for (sin”*))”"m (A+B sin”k) (a+a sin”~k)"*n

Rules13-14: J(A+BCsc[c+dx]) (a+bCsc[c+dx])"dx

m Derivation: Rule6withm=0andk = -1
m Rulel3: If a2-b2=0 A bA-aB#0 A n<-1,then

(bA-aB) Cot [c+dx] (a+bCsc[c+dx])"
J(A+BCsc[c+dx])(a+szc[c+dx])“d1x—>— +

bd (2n+1)

1

2—j(aA(2n+1)—(bA—aB) (n+1) Csc[c+dx]) (a+bCscfc+dx])"™! dx
b (2n+1)

= Program code:

Int [ (A +B_. #sin[c_. +d_. #x_]"(-1))*(a_+b_. »sin[c_. +d_. #x_]"~(-1))"n_, x_Synbol | : =
- (bxA-axB) *Cot [c+d*xXx]* (a+b*xCsc[c+dxx])"n/ (bxd* (2xn+1)) +
Di st [1/ (b"2% (2%xn+1)),
I nt [Si m[axAx (2xn+1) - ((bxA-axB) * (n+1))*si n[c+d*x]" (-1), Xx]* (a+b*si n[c+d*x]" (-1))" (n+1),x1] /;
FreeQ[{a, b, c, d, A B}, x] & ZeroQ[a"2-b"2] && NonzeroQ[bxA-axB] && Rational Q[n] && n<-1

s Derivation: Rule3withm=0andk = -1

m Rulel4: If a2-b2=0 A bA-aB#0 A n>0,then

bBCot [c+dXx] (a+bCsc[c+dx])"?
J-(A+BCSC[C+dX]) (a+bCsc[c+dx])"dx — - +

dn

1
—j(aAn+ (aB(@2n-1) +bAn) Csc[c+dx]) (a+bCsc[c+dx])"?!dx
n

= Program code:

Int [ (A_+B_. #sin[c_. +d_. »x_]1"(-1)) = (a_+b_. #sin[c_. +d_. »x_1" (1) )"n_, x_Synbol | : =
-b*BxCot [C+d*X]* (a+b*Csc [c+d*x])" (n-1)/(d*n) +
Di st [1/n,
I nt [Si m[axAxn+ (axBx (2xn-1) +bxAxn) *Si n[C+d*X]" (-1), X]* (a+bxsi n[c+d*Xx]" (-1))" (n-1),X]] /;
FreeQ[{a, b, c,d, A B}, x] & ZeroQ[a"2-b"2] && NonzeroQ[bxA-axB] && Rational Q[n] && n>0



Integration Rules for (sin”*))”"m (A+B sin”k) (a+a sin”~k)"*n

Integration Rules for
f(sinj(z))m (A+Bsin*(@2)(a+ bsink(z))n dz when j2 =1 /\ k?=1 /\ a’ = b?

A+BSin[c +dxik
Rulec: * [C +dX] dx

k+1

Sin[c+dx]T\/a+bSin[c+dx]k

= Derivation: Algebraic expansion

k-1
A+Bz¥ A+ a+b z¥ (bA-aB)z 2

= Basis T =

ke [
z2 1\ a+bz¥ az 2 a+\ a+b zX

» RulecIf k2 =1 A a2-b>=0 A bA-aB#0,then

dxX — — dx -
a

k+1

Sin[c+dx]T\/a+bSin[c+dx]k

bA—aBJ Sin[c+dx]%
dx
a

\/a+bSin[c+dx]k

j A+BSin[c+dx] A \/a+bSin[c+dx]k

) k+1
Sin[c+dx]Z

= Program code:

Int [(A_+B_. #sin[c_. +d_. »x_1)/(sin[c_. +d_. #x_1+Sqrt [a_+b_. »sin[c_. +d_. xx_11), x_Synbol | : =
Di st [A/a, I nt [Sqrt [a+bxsi n[c+dxXx]]/Si n[c+d*x], X]] -
Di st [ (axA-bxB) /b, Int [1/Sqrt [a+bxsi n[c+dxXx]]1, X]1] /;

FreeQ[{a, b, c,d, A B}, x] & ZeroQ[a"2-b"2] && Nonzer oQ[bxA-axB]

Int [(A_+B_. #sin[c_. +d_. »x_]"(-1))/Sart [a_+b_. xsin[c_. +d_. #x_1"(-1)1, x_Synbol | : =
A/axlnt [Sgrt [a+b*sin[c+d*x]" (-1)], X] -
(bxA-axB) /axl nt [sin[c+d*x]” (-1)/Sqrt [a+b*si n[c+d*x]" (-1)], X] /;

FreeQ[{a, b, c,d, A B}, x] & ZeroQ[a"2-b”2] && Nonzer oQ[bxA-axB]



Integration Rules for (sin”*))”"m (A+B sin”k) (a+a sin”~k)"*n

Ruled: J‘ A+BSin[c +dx] dx

VSin[c+dx] Ya+bSin[c+dx]

= Derivation: Algebraic expansion

m Ruled:If a2-b%2=0 A bA-aB#0,then

A+BSin[c+dx]
j dXx —
A/Sin[c+dx] Ya+bSin[c+dx]
B rvVa+bSin[c+dx] bA-aB 1
—f dx + J dx
b A/Sin[c +dx] b A/Sin[c+dx] VYa+bSin[c+dx]

= Program code:

Int [(A_+B_. #sin[c_. +d_. »x_1)/(Sqrt [sin[c_. +d_. +x_11+Sqrt [a_+b_. #sin[c_. +d_. »x_]1), x_Symbol ] : =
Di st [B/b, Int [Sgrt [a+bxsi n[c+d*x]]/Sqrt [sin[c+d*x]], X]] +
Di st [ (bxA-axB) /b, Int [1/(Sqrt [sin[c+dxx]]*Sqrt [a+bxsi n[c+d*x]]),X]1] /;

FreeQ[{a, b, c, d, A B}, x] & ZeroQ[a’2-b"2] && Nonzer oQ[bxA-axB]



Integration Rules for (sin”*))”"m (A+B sin”k) (a+a sin”~k)"*n

J‘(Sin[c+dx]j)m/2 (A+BCsc[c+dx]) (a+bCsc[c+dx])"?dx

= Derivation: Rule4withj m= %,k =-1landn = %

= Rulelf j2=1 A a?2-b>=0 A j m= 3,then

J\(Sin[c+dx]i)m(A+BCsc[c+dx]) Va+bCsc[c+dx] dX —

2aACos[c+dx] Va+bCsclc+dx]
3
+

d(Sinfc+dx])"Va+bCsclc+dx] (Sinfc+dx1)™

= Program code:

Int [(sin[c_. +d_. #x_]7j _. )"m_#(A_+B_. »sin[c_. +d_. #x_]"(-1))*Sqrt [a_+b_. xsin[c_. +d_. xx_]" (-1)1, x_Synbo

-2xaxAxCos [C+dxx]/ (d* (Sin[c+d*x]"j ) "mxkSqrt [a+bxCsc [C+d*X]]) +
Di st [B, I nt [Sqrt [a+b*si n[c+d*x]1" (-1)1/(Sin[c+d*x]"] ) "m x1]1 /;
FreeQ[{a, b, c, d, A B}, x] & OneQ[j 2] && ZeroQ[a"2-b”2] && Rational Q[m] && j xm=1/2

= Derivation: Algebraic expansion

A+Bz _ BvVa+bz + b A-aB
Va+bz b b+Vas+bz

= Bass

= Rulelf j2=1 Aa?-b2=0 Ajm=-2 /\ bA-aB#0,then

(Sinfc+dx1)" (A+BCsclc+dx])

f dx —
Va+bCsclc+dx]

B : ym bA-aB (Sin[c+dx]i)m

—J(SII’][C+dX]J) Va+bCsc[c+dx] dx+ J. dx

b b Va+bCsclc+dx]

= Program code:

Int [(sin[c_. +d_. »x_17j _. )"m_ » (A_. +B_. #sin[c_. +d_. #x_]"(-1))/Sqrt [a_+b_. #sin[c_. +d_. »x_]" (-1) ], x_Synb

Di st [B/b, Int [ (sin[c+d*x]"] ) "mkSqrt [a+bxsi n[c+d*x]" (-1)],Xx]1] +
Di st [ (bxA-axB) /b, Int [ (sin[c+dxx]"] ) nvVSqrt [a+bxsi n[c+d*x]" (-1)1,Xx1]1 /;
FreeQ[{a, b, c,d, A B}, x] & OneQ[j "2] && ZeroQ[a"2-b"2] && Rational Q[m] && j *m=-1/2 &&

Nonzer oQ[bxA-axB]



Integration Rules for (sin”*))”"m (A+B sin”k) (a+a sin”~k)"*n

= Derivation: Rule5withj m= %,k =-landn = _%

= Rulelf j2=1 Aa?-b2=0 Aj m=3 /\ bA-aB#0, then

dx —

J‘(Sin[c+dx]j)m(A+BCsc[c+dx])
Ava+bCsclc+dx]

dx

2 ACos[C +d X] bA—aBJ 1
d(Sin[c+dx]1)m\/a+szc[c+dx] a (Sin[c+dx]1)mVa+szc[c+dx]
®  Program code:

Int [(sin[c_ +d_. »x_17"j _. )*m_ » (A_+B_. »sinf[c_. +d_. »x_]1" (-1) )/Sqrt [a_+b_. *sin[c_. +d_. xx_]" (-1) 1, x_Synbo
-2xAxCos [C+d*Xx]/ (d* (Si n[Cc+d*X]"] ) "mekSqrt [a+b*Csc [c+d*x]]) -
Di st [ (bxA-axB)/a, I nt [1/ ((sin[c+d*x]"j ) "meSqrt [a+b*si n[c+d*x]1" (-1)1),X]1] /;

FreeQ[{a, b, c, d, A B}, X] & OneQ[j 2] && ZeroQ[a”"2-b"2] && Rational Q[m] && j *m=1/2 &&
Nonzer oQ[bxA-axB]



Integration Rules for (sin”*))”"m (A+B sin”k) (a+a sin”~k)"*n

Rules9 -10: J(Sin[c+dx]j)m(A+BSin[c+dx]") \/a+bSin[c+dx]k dx

= Derivation: Rule4 with n = %anda B(j km+ kzi) +bA(j kms+ k;z) =0
» Derivation: Rule3with n = %andaB (i km+ kgl) +bA(j km+ k;Z) =0

k+2

» RuleQalf j2=k?=1Aa%-b?=0 A\ bA-aB#0 A\ jkme<2 40 A aB(j kme ) +bA (j kms <2) =0, then

m+j k

aACos[c+dx] (Sin[c+dx]!)

J(Sin[c+dx]j)m(A+BSin[c+dx]k) \/a+bSin[c+dx]k dx —

d (i kme &) y/asbSinc+dxik

= Program code:

Int [(sin[c_ +d_. »x_17j _. )"m_ » (A_. +B_. »sin[c_. +d_. #x_]"k_. ) »Sqrt [a_+b_. #sin[c_. +d_. »x_]"k_. ], x_Synbol
axAxCos [C+d*X]* (Si n[C+d*x ] )N (M) %K) / (d* (j *k*mw (k+1) /2) *Sqrt [a+bxSi n[c+d*x]1"k]) /;

FreeQ[{a, b,c,d, A B, m}, x] & & OneQ[j "2, k"2] && ZeroQ[ar2-b"2] && NonzeroQ[bxA-axB] &&
Nonzer oQ[j xkxm+ (k+1) /2] && Zer oQ[a*Bx (j xk*m (k+1) /2) +b*xAx (j *kxm+ (k+2) /2) ]

= Derivation: Rule4 with n = %

= Rule9b: If

j?=k?=1Aa2-b2=0 A\ bA-aB#0 Ajkme: <20 Ajkms-1 A aB(jkmeZ2)+bA(j kme 2

) # 0,then

2

m+j k

_ o _ ) . - aACos[c+dx] (Sin[c+dx]!)
(Sinfc+dx]')" (A+BSin[c+dx] )\/a+bS|n[c+dx] dx — +
d (j kme¥2) y/asbSingc+dxik

k+2

aB(j kme ) +bA (j kms

) J(Sin[c+dx]j)wJ k\/a+bSin[c+dx]k dx
a (J k m+ kz;l)

= Program code:

Int [(sin[c_ +d_. »x_1"j _. )"m_. #(A_. +B_. #sin[c_. +d_. »x_]"k_. )#Sqrt [a_+b_. »sin[c_. +d_. #x_]1"k_. 1, x_Symbo
axAxCos [C+d*X]* (Si n[C+d*x ] )" (M) %K) / (d* (j *kxm+ (k+1) /2) *Sqrt [a+bxSi n[c+d*x]"k]) +
Di st [ (a*Bx (j *k*me (k+1) /2) +b*Ax (j *k*m+ (k+2) /2)) / (a* (j *kxmw (k+1) /2)),
Int [(sin[c+dxx]"j )™ (m+] xk) *Sgrt [a+b=xsi n[c+d*x]1 k], Xx]]1 /;
FreeQ[{a, b, c, d, A B}, x] && OneQ[j "2, k"2] && ZeroQ[a”2-b"2] && NonzeroQ[bxA-axB] &&
Rati onal Q[m] && Nonzer oQ[j xkxm+ (k+1) /2] && | *kxms-1 &&
Nonzer oQ[a*Bx (j xk*xm (k+1) /2) +b*xAx (j *kxmw (k+2) /2) ]



Integration Rules for (sin”*))”"m (A+B sin”k) (a+a sin”~k)"*n

m Derivation: Rule3withn = %

= Rulel0: If

j?=k?=1Aa?-b2=0 A\ bA-aBz0 Ajkm:=Z220 Ajkmz-1 A aB(j kmsZ2)+bA(j kms Z2) £0,then

m+j k

. - i . : - bBCos[c+dx] (Sin[c+dx]l)
(Sin[c+dx]') (A+BS|n[c+dx])\/a+bS|n[c+dx] dx — - +

d (i kme %2) \asbSinc+dxik

aB (j kms k;1)+bA(j k m+ kj

) J(Sin[c+dx]j)m\/a+bSin[c+dx]" dx

b (i km+ <2)
= Program code:

Int [(sin[c_. +d_. #x_]7j _. ) m #(A_. +B_. #sin[c_. +d_. »x_]"k_. ) »Sqrt [a_+b_. »sin[c_. +d_. #x_]"k_. 1, x_Synbol
-bxBxCos [C+d*X]* (Si n[C+d*x]"] )™ (mk] xK) / (d* (j *k*m+ (k+2) /2) *Sqrt [a+b*Si n[c+d*x]"k]) +
Di st [ (a*Bx (j xk*me (k+1) /2) +b*Ax (j *k*m+ (k+2) /2)) / (b* (j *k*ms (k+2) /2)),
Int [(sin[c+d*x]"] )*"mxkSqrt [a+bxsi n[c+d*x] k], x]1] /;
FreeQ[{a, b, c, d, A, B}, X] && OneQ[j "2, k"2] && ZeroQ[a”2-b"2] && NonzeroQ[bxA-axB] &&
Rati onal Q[m] && Nonzer oQ[j xkxm+ (k+2) /2] && | *kxne-1 &&
Nonzer oQ[a*Bx (j xk*m+ (k+1) /2) +b*xAx (j *kxmw (k+2) /2) ]



Integration Rules for (sin”*))”"m (A+B sin”k) (a+a sin”~k)"*n

Rules 11 - 12- (Sinfc+dx] )" (A+BSin[c+dx]¥) i

(a+bSi n[C+dX]k)j ke 53>

2

= Derivation: Rule5withj k m+n + k%S =0andaB(n+1) +bAn=0

";3 =0 ANn+1#0 AaB(n+1)+bAn =0,then

= RulellaIf j2=k?=1 A a’-b2=0 A\ bA-aB#0 /\jkmins+
J(Sin[c+dx]j)m(A+BSin[c+dx]k) (a+bSin[c+dx]k)nd1x —

ACos[C +d X] (Sin[c+dx]J')rmj K (a+bSinfc+dx1¥)"

d(n+1)

= Program code:

Int [(sinfc_. +d_. #x_]7j _. )"m_#(A_. +B_. #sin[c_. +d_. »x_1"k_. ) » (a_+b_. #sin[c_. +d_. »x_]1"k_. )"n_, x_Synbol ]
-AxCos [C+d*X]* (Sin[C+d*X]"] )" (M+] *K) * (a+b*Si n[c+d*x] k) n/ (d* (n+1)) /;

FreeQ[{a, b,c,d, A, B, mn}, x] & OneQ[j *2, k"2] && ZeroQ[a"2-b"2] &% NonzeroQ[bxA-axB] &&
Zer oQ[j *kxmen+ (k+3) /2] && NonzeroQ[n+1] && ZeroQ[axBx (n+1) +bxAxn]

m Derivation: Rule5withj k m+n + k;3

=0

= Rulellb:If j2=k?=1 Aa?2-b?=0 \ bA-aB#0 A jkmen+<2=0An>-1AaB(n+1)+bAn#0,then

J(Sin[c+dx]j)m(A+BSi n[c +dx]1¥) (a+bSin[c+dx]k)nd1x —

ACos[c +dX] (Sin[c+dx]i)rmj k (a+bSinfc+dx1k)"
- +

d (n+1)

aB(n+1) +bAn
a(n+1)

j(Sin[c+dx]j)mj k (a+bSin[c+dx]k)nd1x

= Program code:

Int [(sinfc_. +d_. #x_]7j _. )"m_#(A_. +B_. #sin[c_. +d_. »x_1"k_. ) » (a_+b_. #sin[c_. +d_. »x_]1"k_. )"n_, x_Synbol ]
-AxCos [C+d*X]* (Sin[C+d*X]"j )" (m+] *k) * (a+bxSi n[c+d*x] k) n/ (d* (n+1)) +
Di st [ (a*B* (n+1) +bxAxn) / (a* (n+1)), I nt [(Sin[c+d*x]"j )" (m+] xk) » (a+b*si n[c+dxx] k)" n, X]] /;

FreeQ[{a, b, c, d, A B}, x] & OneQJj "2, k"2] && ZeroQ[a’2-b"2] && NonzeroQ[bxA-axB] &&
Rational Q[m n] && Zer oQ[j xk*m+n+ (k+3) /2] && n>-1 && Nonzer oQ[a#Bx (n+1) +bxAxn]



Integration Rules for (sin”*))”"m (A+B sin”k) (a+a sin”~k)"*n

k+3

m Derivation: Rule6withj k m+n + >

=0andbB (n+1) +aAn=0

k+3

= Rulel2a|f j2=k?=1 Aa*-b2=0 A\ bA-aB#0 A\ jkmin+“2=0A2n+120 AbB(n+1)+aAn =0,then

J(Sin[c+dx]j)m(A+BSi nic+dx1¥) (a+bSin[c+dx]k)nd1x —

(b A-aB) Cos[c +dx] (Sin[c+dx]1)rn+j K (a+bSin[c+dx]k)n
bd (2n+1)

m  Program code:

Int [(sin[c_ +d_. »x_17j _. )"m_« (A_. +B_. »sin[c_. +d_. #x_]"k_. )= (a_+b_. #sin[c_. +d_. »x_]"k_. )"n_, x_Symbol ]
- (bxA-axB) xCos [C+d*xXx]* (Si n[c+d*X]"] )™ (Mk] xk) = (a+b*Si n[c+dxx]1"k) n/ (bxd* (2xn+1)) /;

FreeQ[{a, b,c,d, A,B,mn}, x] & OneQ[j "2, k2] && ZeroQ[a"2-b"2] && NonzeroQ[bxA-axB] &&
Zer oQ[j *k*men+ (k+3) /2] && NonzeroQ[2xn+1] && Zer oQ[b*Bx (n+1)+axAxn]

k+3

= Derivation: Rule6withj k m+n + =0

= Rule12b:1fj2=k?=1 Aa2-b>=0 \ bA-aB#0 A\ jkmsns=

;3 =0 AN<-1ADbB(n+1)+aAn #0,then
J(Sin[c+dx]j)m(A+BSin[c+dx]") (a+bSin[c+dx]k)nd1x —

(b A-aB) Cos[c+dX] (Sin[c+dx]i)mj k (a+bSinfc+dxk)"
- +

bd (2n+1)

bB(n+1) +aAn
aZz (2n+1)

n+1

J(Sin[c+dx]i)m(a+b8in[c+dx]k) dx

= Program code:

Int [(sinfc_. +d_. +x_]7j _. ) m #(A_. +B_. #sin[c_. +d_. »x_1"k_. ) » (a_+b_. #sin[c_. +d_. »x_1"k_. )*n_, x_Synbol ]
- (bxA-axB) xCos [C+d*xXx] % (Si n[C+d*X]"] )™ (Mk] *xK) x (a+b*Si n[c+d*xx]1"k) n/ (bxd* (2xn+1)) +
Di st [ (b*Bx (n+1) +axAxn) / (a”2% (2xn+1)), I nt [(sin[c+d*x]"] ) mk (a+b*si n[c+dxx]"k)” (n+1), x1] /;

FreeQ[{a, b, c, d, A, B}, x] && OneQ[j "2, k"2] && ZeroQ[a"2-b"2] && NonzeroQ[bxA-axB] &&
Rational Q[m n] && Zer oQ[j *k*mn+ (k+3) /2] && n<-1 && Nonzer oQ[bxBx (n+1) +axAxn]



Integration Rules for (sin”*))”"m (A+B sin”k) (a+a sin”~k)"*n
k-1
Rules7-8: |Sin[c+dx]Z (A+BSin[c+dx]*) (a+bSin[c+dx]*)"dx

= Derivation: Rule2withj m= I‘?1andaBn+bA (n+1) =0

" Rulelf k2=1 A a2-b2=0 A aBn+bA(n+1) =0, then
k-1
JSin[c+dx]T(A+BSin[c+dx]k) (a+bSin[c+dx1¥)"dax —

B Cos [C +d X] Sin[c+dx]kz;1 (a+bsSinfc+dx]k)"

d(n+1)

= Program code:

Int [ (A +B_. »sin[c_. +d_. #x_]) = (a_+b_. #sin[c_. +d_. »x_1)"n_., x_Symbol | : =
-BxCos [c+d*X] % (a+bxSi n[c+d*x])"n/ (d* (n+1)) /;
FreeQ[{a, b,c,d, A B, n}, x] & ZeroQ[a”2-b"2] && ZeroQ[axBxn+bxAx (n+1)]

Int [sin[c_. +d_. #x_]"(-1)*(A_+B_. *sin[c_. +d_. #x_]1" (-1) ) (a_+b_. »sin[c_. +d_. #x_]"(-1))"n_., x_Synbol ] :
-BxCot [c+dxX]* (a+bxCsc [c+d*x])"n/ (d*(n+1)) /;
FreeQ[{a, b, c,d, A B, n}, x] & ZeroQ[a’2-b"2] && ZeroQ[a*Bxn+bxAx (n+1)]

k-1

m Derivation: Rulelwithj m= -

m Rule7:1f k2 =1 A a?2-b2=0 AbA-aB#0 Ans-1AaBn+bA(n+1) #0,then
k-1
JSin[C+dx]T(A+BSin[c+dx]k) (a+bSin[c+dx1¥)"ax —

(b A-aB) Cos[c+dx] Sin[<:+dx]kz;1 (a+bSinfc+dx1k)"

+

ad (2n+1)
aBn+bA (n+1)

ab(2n+1)

dx

J‘Sin[c+dx]kz;1 (a+bSin[C+dX]k)n+l

= Program code:

Int [ (A_. +B_. *sin[c_. +d_. #x_])*(a_+b_. »sin[c_. +d_. »x_1)"n_, x_Synbol | : =
(bxA-axB) xCos [C+d*X]* (a+bxSi n[c+d*Xx])"n/ (a*xd* (2xn+1)) +
Di st [ (a*Bxn+b*xAx (n+1)) / (axb* (2xn+1)), I nt [ (a+bxsi n[c+dxx]1)" (n+1),Xx]1] /;

FreeQ[{a, b, c,d, A B}, x] & ZeroQ[a"2-b"2] && NonzeroQ[bxA-axB] && Rational Q[n] && n=z-1 &&
Nonzer oQ[a*Bxn+b*xAx (n+1) ]

Int [sin[c_. +d_. #x_]"(-1)*(A_+B_. #sin[c_. +d_. #x_]1"(-1))*(a_+b_. »sin[c_. +d_. #x_]"(-1))"n_, x_Synbol | : =
(bxA-axB) xCot [c+d*X]* (a+bxCsc[c+d*x])"n/ (a*d* (2xn+1)) +
Di st [ (a*Bxn+bxAx (n+1))/ (axb* (2%xn+1)), I nt [Sin[c+d*x]" (-1) * (a+bxsi n[c+d*x]" (-1))” (n+1),x]] /;
FreeQ[{a, b, c,d, A B}, x] & ZeroQ[a"2-b"2] && NonzeroQ[bxA-axB] && Rational Q[n] && n=z-1 &&
Nonzer oQ[a*Bxn+bxAx (n+1) ]



Integration Rules for (sin”*))”"m (A+B sin”k) (a+a sin”~k)"*n

= Derivation: Rule2withj m= =

m Rule8: Ifk2=1 A a?-b>=0 AbA-aB#0OANn>-1Anzl AaBn+bA(n+1) #0,then
k-1
JSin[c+dx]T (A+Bsin[c+dx1¥) (a+bSin[c+dx]¥)"ax —

BCos[c +d x] Sin[c+dx]%1 (a+bSinfc+dx])"
- +

d (n+1)

aBn+bA (n+1)
b (n+1)

J‘Sin[c+dx]k;_l (a+bSin[c+dx]k)nd1x

= Program code:

Int [ (A_. +B_. »sin[c_. +d_. x_])*(a_+b_. #sin[c_. +d_. »x_1)"n_, x_Synbol | : =
-BxCos [C+d*Xx]* (a+b*Sin[c+dxx]1)~n/ (d*(n+1)) +
Di st [ (a*Bxn+b*xAx (n+1))/ (b*(n+1)), I nt [ (a+bxsi n[c+d*x])"n, x]] /;

FreeQ[{a, b, c, d, A, B}, x] & ZeroQ[a"2-b"2] && NonzeroQ[bxA-axB] && Rational Q[n] &&
n>-1 &% n#l && NonzeroQ[axBxn+bxAx (n+1) ]

Int [sin[c_. +d_. #x_]"(-1)*(A_+B_. *sin[c_. +d_. #x_]1"(-1))*(a_+b_. »sin[c_. +d_. #x_]"(-1))"n_, x_Synbol | : =
-BxCot [c+d*X]* (a+b*Csc [c+d*x])"n/ (d*(n+1)) +
Di st [ (a*Bxn+bxAx (n+1))/ (b*(n+1)), I nt [sin[c+d*x]" (-1) % (a+bxsi n[c+d*x]1" (-1))"n, x]1] /;

FreeQ[{a, b, c, d, A B}, x] & ZeroQ[a’2-b"2] && NonzeroQ[bxA-axB] && Rational Q[n] &&
n>-1 &% n#l && NonzeroQ[a*Bxn+bxAx (n+1) ]



Integration Rules for (sin”*))”"m (A+B sin”k) (a+a sin”~k)"*n

Rules1-6: J(Sin[c+dx]j)m(A+BSin[c+dx]k) (a+bSin[c+dx]*)" dx

= Derivation: Recurrence?
m RulelIf j2=k?=1 A a?-b2=0 AbA-aB#0 Ajkm>0 A n<-1,then
J(Sin[c+dx]i)m(A+BSin[c+dx]k) (a+bSin[c+dx]")nd1x —

(bA-aB) Cos[c+dx] (Sinfc+dx] )" (a+bSin[c+dx]¥)"

+

ad (2n+1)
j(Sin[c+dx]i)mj k.

)+(an+aA(n+1)+(aA—bB) (J k m+

1
aZz (2n+1)

(—(bA—aB) (jkm+ ))Sin[c+dx]k

) n+1 dx

(a+bSin[c+dx]*

= Program code:

Int [(sinfc_. +d_. #x_17j _. ) m.. % (A_. +B_. sin[c_. +d_. #x_]"k_. ) (a_+b_. »sin[c_. +d_. #x_]"k_. )"n_, x_Synbol
(bxA-axB) *Cos [C+d*Xx]* (Si n[C+dxX]"] ) "mk (a+bxSi n[c+d*x]1 k) n/ (a*d* (2xn+1)) +
Di st [1/ (a"2* (2xn+1)),
Int [(sin[c+dxx]"] )™ (M-] xK) *
Si m[- (bxA-a*B) * (j *xkxm+ (k-1) /2) + (bxBxn+axAx (n+1) + (a*xA-b*B) * (j *xkxm+ (k-1) /2) ) *si n[c+dxX] Kk, X] %
(a+bxsi n[c+d*x]1"k)" (n+1), x]]1 /;
FreeQ[{a, b, c, d, A B}, x] && OneQ[j "2, k"2] && ZeroQ[a"2-b"2] && NonzeroQ[bxA-axB] &&
Rational QIm n] && j xk*m>0 && n<-1 && Not [j xk*me=1 && n==-1]



Integration Rules for (sin”*))”"m (A+B sin”k) (a+a sin”~k)"*n

= Derivation: Recurrence8
= Rule21fj2=k?=1Aa?-b2=0 A\ bA-aB#0 A\ jkmin+sZ220 Ajkm>0 A -1<n<o0, then
J(Sin[c+dx]j)m(A+BSin[c+dx]") (a+bSin[c+dx]k)nd1x —

BCos[c+dx] (Sinfc+dx] )" (a+bSin[c+dx]¥)"
- +

d (j km+n+k+l)

— j(Si nic +dx]l
5 )

1 )m-jk.

a(] km+n+

k-1

) ] k+1 ) ) n
(aB(ka+ )+(an+aA(ka+n+ ))S|n[c+dx]k) (a+bsSin[c+dx]*)" dax

= Program code:

Int [(sin[c_ +d_. »x_1"j _. )"m_. (A . +B_. #sin[c_. +d_. »x_]1"k_. )*(a_+b_. »sin[c_. +d_. #x_1"k_. )*n_, x_Synbol
-BxCos [C+d*X]* (Si n[C+dxX]"] ) "mk (a+bxSi n[c+d*x]1 k) n/ (d* (j *k*men+ (k+1)/2)) +
Di st [1/ (ax (j] *k«men+ (k+1) /2)),
Int [(sin[c+dxXx]"j )™ (M-] %K) =
Si m[axBx (j *kxms (k-1) /2) + (b*Bxn+axAx (j *xkxmen+ (k+1) /2) ) *Si n[c+d*x ]k, X] *
(a+bxsi n[c+d*x]1°k)"n, x]]1 /;
FreeQ[{a, b, c, d, A B}, x] && OneQ[j "2, k"2] && ZeroQ[a”2-b"2] && NonzeroQ[bxA-axB] &&
Rational Q[m n] && Nonzer oQ[j xk*mn+ (k+1) /2] && j *k*m>0 && -1<n<0 && Not [j *m=1 && k=1]



Integration Rules for (sin”*))”"m (A+B sin”k) (a+a sin”~k)"*n

m Derivation: Recurrence9

= Note Inthecasen

%, thisrulesimplifiesto rule 10.

m Rule3:If j2=k2

1/\a2—b2=0/\bA—aB¢0/\j km+n+k2;1¢0/\j kmz—l/\n>0/\n¢%,then
J(Sin[c+dx]j)m(A+BSin[c+dx]k) (a+bSinc+dx]¥)"ax —

b BCos [c +dX] (Sin[c+dx]i)m+j k (a+bSin[c+dx]")"'1

- +
d (i kmens S2)
1 . Sam
j(S|n[c+dx]J) .
i kmenas+ 2

k+1 k-1

aAn+ (aA+bB) (jkm+ )+(bA+aBn+(bA+aB) (jkm+n+ ))Sin[c+dx]k

(a+bsi n[c+dx]k)n'1d1x

= Program code:

Int [(sinfc_. +d_. #x_17j _. )"m.. »(A_. +B_. »sin[c_. +d_. #x_]"k_. ) (a_+b_. »sin[c_. +d_. #x_]"k_. )"n_., x_Synbo
-bxBxCos [C+d*X]* (Si n[C+d*x]"] ) (k] xK) * (a+b*Si n[Cc+d*x ] k)™ (N-1) / (d* (j *kxmen+ (k+1)/2)) +
Di st [1/ (] *kxmen+ (k+1) /2),
Int [(sin[c+d*X]"] ) mk
Si m[axAxn+ (axA+b*B) * (j *kxm+ (K+1) /2) + (bxA+axBxn+ (bxA+axB) » (j *k*men+ (k-1) /2) ) *si n[C+dxx] Kk, X] *
(a+b*si n[c+d*x]"k)" (n-1), x]1]1 /;
FreeQ[{a, b, c, d, A B}, x] & OneQ[j "2, k"2] && ZeroQ[a”2-b"2] && NonzeroQ[bxA-axB] &&
Rational Q[m n] && Nonzer oQ[j *k*mn+ (k+1) /2] && j *kxm2-1 && n>0 && n#1/2 && Not [] *m=1 && k=1]



Integration Rules for (sin”*))”"m (A+B sin”k) (a+a sin”~k)"*n

m Derivation: Recurrence 10

= Note: Inthecasen = %,thisrulesimplifi&storule9b.

= Rule4:1f j2=k?=1 Aa?-b2=0 A\ bA-aB#0 A\ jkm<-1 A n>0 A n#zZ then
J(Sin[c+dx]j)m(A+BSin[c+dx]k) (a+bSinc+dx]¥)"ax —

aACos[c+dx] (Sin[c+dx]1')m+j K (a+bSin[c+dx]k)n'l

+

d(j kms kj)

1

—— | (sin[c+dx]!
j kms &2 f

)rmjk_

) k+1 ) k+1 )
((bA+aB) (]km+ )—bA(n-1)+(aAn+(aA+bB) (ka+ JJSln[c+dx]k

(a+bsi n[c+dx]k)n'1d1x

= Program code:

Int [(sinfc_. +d_. #x_17j _. )"m.. »(A_. +B_. »sin[c_. +d_. #x_]"k_. )= (a_+b_. »sin[c_. +d_. #x_]"k_. )"n_, x_Synbol
axAxCos [C+dxX]* (Si n[C+d*x]1"] )" (M) k) % (a+b*Si n[C+d*x ] k)~ (n=-1) / (d* (j *k*xme (k+1) /2)) +
Di st [1/ (] xkxm+ (k+1)/2),
Int [(sin[c+d*xX]"] )™ (MH] %K) *
Si m[ (bxA+a*B) % (j xkxm (k+1) /2) -b*Ax (N-1) + (a*Axn+ (axA+b*B) » (j *k*m+ (k+1) /2)) *Si n[Cc+d*X]"k, X]*
(a+b*si n[c+d*x]"k)" (n-1), x]1]1 /;
FreeQ[{a, b, c, d, A B}, x] & OneQ[j "2, k"2] && ZeroQ[a”2-b"2] && NonzeroQ[bxA-axB] &&
Rational QIm n] && j xkxnk-1 && n>0 && n#l/2



Integration Rules for (sin”*))”"m (A+B sin”k) (a+a sin”~k)"*n

m Derivation: Recurrencell

- Rule5:|fj2=k2=1/\az—b2=0/\bA'aB¢0/\j km+k%1¢0/\j kms—l/\—1<n<0,then
J(Sin[c+dx]j)m(A+BSi”[C+dX]k) (a+bSin[c+dx]k)nd1x —

ACos[c +dX] (Sin[c+dx]i)""j k (a+bSinfc+dx1k)"

+

d(j kme+ ";1)
1

—IM)J-(Sin[c+dx]J)m'jk-
2

a(j km+

) k+1 ) k+3 ) ) n
(aB(ka+ ]-bAn+aA(1km+n+ )Sln[c+dx]k (a+bSin[c+dx]*)" dx

= Program code:

Int [(sinfc_. +d_. #x_]7j _. )"m_. »(A_. +B_. »sin[c_. +d_. #x_]"k_. )= (a_+b_. »sin[c_. +d_. #x_]"k_. )"n_., x_Synbo
AxCos [C+d*X]* (Si n[C+d*x]17] )N (m+] xK) % (a+b*Si n[c+d*x]1 k) n/ (d* (j *kxm+ (k+1)/2)) +
Di st [1/ (a* (j *k*m+ (k+1)/2)),
Int [(Sin[c+d*Xx]"j )" (M+] *xK) *
Si m[a*Bx (j xk*ms (k+1) /2) -bxAxn+a*Ax (j xk*men+ (k+3) /2) xSi n[c+d*x 1"k, X] *
(a+bxsi n[c+d*x1°k)"n, x11 /;
FreeQ[{a, b, c, d, A B}, x] & OneQ[j "2, k"2] && ZeroQ[a’2-b"2] && NonzeroQ[bxA-axB] &&
Rational Q[m n] &% Nonzer oQ[j xkxm« (k+1) /2] && j xk*m<-1 && -1<n<0



Integration Rules for (sin”*))”"m (A+B sin”k) (a+a sin”~k)"*n

m Derivation: Recurrence12

= Rule6 If j2=k2=1 A a2-b2#0 AbA-aB#0 Aj km<O A n s -1,then
J(Sin[c+dx]j)m(A+BSin[c+dx]k) (a+bSin[c+dx]k)nd1x —

(b A-aB) Cos[c+dX] (Sin[c+dx]l')rmi k (a+bSinfc+dxk)"

- +
bd (2n+1)
1 . Sym
—j(Sln[c+dx]') .
b2 (2n+1)
. k+1 i k+3)
aA2n+1)+ (aA-bB) (ka+ ]-(bA-aB) (ka+n+ Sinfc+dx]
(a+bSin[c+dx]")n+1d1x

= Program code:

Int [(sinfc_. +d_. #x_]7j _. )"m.. »(A_. +B_. »sin[c_. +d_. #x_]"k_. )= (a_+b_. »sin[c_. +d_. #x_]"k_. )*n_, x_Synbol
- (bxA-axB) *Cos [C+d*x]* (Sin[C+d*X]"] )N (mk] xK) * (a+b*Si n[c+d*x]1"k) n/ (bxd* (2xn+1)) +
Di st [1/ (b"2% (2%n+1)),
Int [(sin[Cc+d*X]"j ) m&
Si m[axAx (2%n+1) + (a*A-bxB) * (j xk*m+ (k+1) /2) - (bxA-a*B) » (j *k«*men+ (k+3) /2) *si n[c+d*x ]k, X] *
(a+bxsi n[c+d*x]1"k)” (n+1), x]1]1 /;
FreeQ[{a, b, c, d, A B}, Xx] & & OneQJj "2, k2] && ZeroQ[a’2-b"2] && NonzeroQ[bxA-axB] &&
Rational Q[m n] && j *k*mk0 && n=<-1



