
Hyperbolic Function Integration Problem 1

à xm Tanh@a + b xD âx

� Rubi returns m+2 term sums for positive integer m:

Int@x Tanh@a + b xD, xD

-
x2

2
+
x LogA1 + ã2 a+2 b xE

b
+
PolyLogA2, -ã2 a+2 b xE

2 b2

IntAx2 Tanh@a + b xD, xE

-
x3

3
+
x2 LogA1 + ã2 a+2 b xE

b
+
x PolyLogA2, -ã2 a+2 b xE

b2
-
PolyLogA3, -ã2 a+2 b xE

2 b3

IntAx3 Tanh@a + b xD, xE

-
x4

4
+
x3 LogA1 + ã2 a+2 b xE

b
+
3 x2 PolyLogA2, -ã2 a+2 b xE

2 b2
-
3 x PolyLogA3, -ã2 a+2 b xE

2 b3
+
3 PolyLogA4, -ã2 a+2 b xE

4 b4

� Mathematica returns a 10 term sum involving the imaginary unit when m is 1:

à x Tanh@a + b xD âx

ä Π x

2 b
+
x ArcTanh@Coth@aDD

b
-

ä Π LogA1 + ã2 b xE
2 b2

+

x LogA1 - ã-2 Hb x+ArcTanh@Coth@aDDLE
b

+
ArcTanh@Coth@aDD LogA1 - ã-2 Hb x+ArcTanh@Coth@aDDLE

b2
+

ä Π Log@Cosh@b xDD
2 b2

-
ArcTanh@Coth@aDD Log@ä Sinh@b x + ArcTanh@Coth@aDDDD

b2
-

PolyLogA2, ã-2 Hb x+ArcTanh@Coth@aDDLE
2 b2

+
1

2
x2 Tanh@aD -

1

2
ã-ArcTanh@Coth@aDD x2 -Csch@aD2 Tanh@aD

à x2 Tanh@a + b xD âx

-
x3

3
+
x2 LogA1 + ã2 Ha+b xLE

b
+
x PolyLogA2, -ã2 Ha+b xLE

b2
-
PolyLogA3, -ã2 Ha+b xLE

2 b3

à x3 Tanh@a + b xD âx

-
x4

4
+
x3 LogA1 + ã2 Ha+b xLE

b
+
3 x2 PolyLogA2, -ã2 Ha+b xLE

2 b2
-
3 x PolyLogA3, -ã2 Ha+b xLE

2 b3
+
3 PolyLogA4, -ã2 Ha+b xLE

4 b4

� Maple returns m+5 term sums, 3 of which are superfluous since their derivative is zero:

int Hx * tanh Ha + b * xL, xL;



-
a2

b2
-
2 a x

b
-
x2

2
+
2 a LogAãa+b xE

b2
+
x LogA1 + ã2 a+2 b xE

b
+
PolyLogA2, -ã2 a+2 b xE

2 b2

int Hx^2 * tanh Ha + b * xL, xL;
4 a3

3 b3
+
2 a2 x

b2
-
x3

3
-
2 a2 LogAãa+b xE

b3
+
x2 LogA1 + ã2 a+2 b xE

b
+
x PolyLogA2, -ã2 a+2 b xE

b2
-
PolyLogA3, -ã2 a+2 b xE

2 b3

int Hx^3 * tanh Ha + b * xL, xL;
3 a4

2 b4
-
2 a3 x

b3
-
x4

4
+
2 a3 LogAãa+b xE

b4
+
x3 LogA1 + ã2 a+2 b xE

b
+

3 x2 PolyLogA2, -ã2 a+2 b xE
2 b2

-
3 x PolyLogA3, -ã2 a+2 b xE

2 b3
+
3 PolyLogA4, -ã2 a+2 b xE

4 b4

Note that these systems give similar results to the above for the hyperbolic cotangent function.



Hyperbolic Function Integration Problem 2

à xm

a + b Sinh@xD âx

� Rubi returns 2m+2 term sums for positive integer m:

IntB x

a + b Sinh@xD , xF

x LogB1 +
b ãx

a- a2+b2
F

a2 + b2
-

x LogB1 +
b ãx

a+ a2+b2
F

a2 + b2
+

PolyLogB2, -
b ãx

a- a2+b2
F

a2 + b2
-

PolyLogB2, -
b ãx

a+ a2+b2
F

a2 + b2

IntB x2

a + b Sinh@xD , xF

x2 LogB1 +
b ãx

a- a2+b2
F

a2 + b2
-

x2 LogB1 +
b ãx

a+ a2+b2
F

a2 + b2
+

2 x PolyLogB2, -
b ãx

a- a2+b2
F

a2 + b2
-

2 x PolyLogB2, -
b ãx

a+ a2+b2
F

a2 + b2
-

2 PolyLogB3, -
b ãx

a- a2+b2
F

a2 + b2
+

2 PolyLogB3, -
b ãx

a+ a2+b2
F

a2 + b2

IntB x3

a + b Sinh@xD , xF

x3 LogB1 +
b ãx

a- a2+b2
F

a2 + b2
-

x3 LogB1 +
b ãx

a+ a2+b2
F

a2 + b2
+

3 x2 PolyLogB2, -
b ãx

a- a2+b2
F

a2 + b2
-

3 x2 PolyLogB2, -
b ãx

a+ a2+b2
F

a2 + b2
-

6 x PolyLogB3, -
b ãx

a- a2+b2
F

a2 + b2
+

6 x PolyLogB3, -
b ãx

a+ a2+b2
F

a2 + b2
+

6 PolyLogB4, -
b ãx

a- a2+b2
F

a2 + b2
-

6 PolyLogB4, -
b ãx

a+ a2+b2
F

a2 + b2

� Mathematica returns a huge result involving the imaginary unit when m is 1:

à x

a + b Sinh@xD âx



-

ä Π ArcTanhB -b+a TanhA x

2
E

a2+b2
F

a2 + b2
-

1

-a2 - b2
2 ArcCosB-

ä a

b
F ArcTanhB Ha + ä bL CotA 1

4
HΠ + 2 ä xLE

-a2 - b2
F +

HΠ - 2 ä xL ArcTanhB Ha - ä bL TanA 1

4
HΠ + 2 ä xLE

-a2 - b2
F - ArcCosB-

ä a

b
F + 2 ä ArcTanhB Ha + ä bL CotA 1

4
HΠ + 2 ä xLE

-a2 - b2
F

LogB
Hä a + bL a + ä b + -a2 - b2 I-ä + CotA 1

4
HΠ + 2 ä xLEM

b ä a + b + ä -a2 - b2 CotA 1

4
HΠ + 2 ä xLE

F -

ArcCosB-
ä a

b
F - 2 ä ArcTanhB Ha + ä bL CotA 1

4
HΠ + 2 ä xLE

-a2 - b2
F

LogB
Hä a + bL ä a - b + -a2 - b2 Iä + CotA 1

4
HΠ + 2 ä xLEM

b a - ä b + -a2 - b2 CotA 1

4
HΠ + 2 ä xLE

F +

ArcCosB-
ä a

b
F - 2 ä ArcTanhB Ha + ä bL CotA 1

4
HΠ + 2 ä xLE

-a2 - b2
F - 2 ä ArcTanhB Ha - ä bL TanA 1

4
HΠ + 2 ä xLE

-a2 - b2
F

LogB I 1

2
-

ä

2
M -a2 - b2 ã-x�2

-ä b a + b Sinh@xD F +

ArcCosB-
ä a

b
F + 2 ä ArcTanhB Ha + ä bL CotA 1

4
HΠ + 2 ä xLE

-a2 - b2
F + ArcTanhB Ha - ä bL TanA 1

4
HΠ + 2 ä xLE

-a2 - b2
F

LogB I 1

2
+

ä

2
M -a2 - b2 ãx�2

-ä b a + b Sinh@xD F + ä PolyLogB2,
ä a + -a2 - b2 ä a + b - ä -a2 - b2 CotA 1

4
HΠ + 2 ä xLE

b ä a + b + ä -a2 - b2 CotA 1

4
HΠ + 2 ä xLE

F -

PolyLogB2,
a + ä -a2 - b2 -a + ä b + -a2 - b2 CotA 1

4
HΠ + 2 ä xLE

b ä a + b + ä -a2 - b2 CotA 1

4
HΠ + 2 ä xLE

F

à x2

a + b Sinh@xD âx

x2 LogB1 +
b ãx

a- a2+b2
F

a2 + b2
-

x2 LogB1 +
b ãx

a+ a2+b2
F

a2 + b2
+

2 x PolyLogB2, b ãx

-a+ a2+b2
F

a2 + b2
-

2 x PolyLogB2, -
b ãx

a+ a2+b2
F

a2 + b2
-

2 PolyLogB3, b ãx

-a+ a2+b2
F

a2 + b2
+

2 PolyLogB3, -
b ãx

a+ a2+b2
F

a2 + b2

à x3

a + b Sinh@xD âx



x3 LogB1 +
b ãx

a- a2+b2
F

a2 + b2
-

x3 LogB1 +
b ãx

a+ a2+b2
F

a2 + b2
+

3 x2 PolyLogB2, b ãx

-a+ a2+b2
F

a2 + b2
-

3 x2 PolyLogB2, -
b ãx

a+ a2+b2
F

a2 + b2
-

6 x PolyLogB3, b ãx

-a+ a2+b2
F

a2 + b2
+

6 x PolyLogB3, -
b ãx

a+ a2+b2
F

a2 + b2
+

6 PolyLogB4, b ãx

-a+ a2+b2
F

a2 + b2
-

6 PolyLogB4, -
b ãx

a+ a2+b2
F

a2 + b2

� Maple is only able to integrate xm

a+b Sinh@xD  when m is 1:

int Hx � Ha + b * sinh HxLL, xL;

x LogB1 +
b ãx

a- a2+b2
F

a2 + b2
-

x LogB1 +
b ãx

a+ a2+b2
F

a2 + b2
+

PolyLogB2, -
b ãx

a- a2+b2
F

a2 + b2
-

PolyLogB2, -
b ãx

a+ a2+b2
F

a2 + b2

int Hx^2 � Ha + b * sinh HxLL, xL;

à x2

a + b sinh HxL âx

int Hx^3 � Ha + b * sinh HxLL, xL;

à x3

a + b sinh HxL âx

Note that these systems give similar results to the above for the hyperbolic cosine function.



Hyperbolic Function Integration Problem 3

à Sech@a + b xD4 Tanh@a + b xDn âx

� Rubi maintains the symmetry between the trig and hyperbolic functions:

IntASec@a + b xD4 Tan@a + b xDn, xE
Tan@a + b xD1+n

b H1 + nL +
Tan@a + b xD3+n

b H3 + nL
IntASech@a + b xD4 Tanh@a + b xDn, xE
Tanh@a + b xD1+n

b H1 + nL -
Tanh@a + b xD3+n

b H3 + nL
� Mathematica is able to integrate the trig expression but not the corresponding hyperbolic one:

à Sec@a + b xD4 Tan@a + b xDn
âx

H2 + n + Cos@2 Ha + b xLDL Sec@a + b xD2 Tan@a + b xD1+n

b H1 + nL H3 + nL

à Sech@a + b xD4 Tanh@a + b xDn
âx

à Sech@a + b xD4 Tanh@a + b xDn
âx

� Maple is unable to integrate the trig expression and returns a huge result for the hyperbolic one:

int Hsec Ha + b * xL^4 * tan Ha + b * xL^n, xL;

à Sec@a + b xD4 Tan@a + b xDn
âx

int Hsech Ha + b * xL^4 * tanh Ha + b * xL^n, xL;
2 *

H-3 * exp H2 * a + 2 * b * xL + exp H6 * a + 6 * b * xL + 3 * exp H4 * a + 4 * b * xL - 1 + 2 * exp H4 * a + 4 * b * xL * n - 2 * n *

exp H2 * a + 2 * b * xLL � H1 + nL � b � H3 + nL � Hexp H2 * a + 2 * b * xL + 1L^3 * exp

H-1 � 2 * n * H-2 * ln Hexp Ha + b * xL - 1L - 2 * ln H1 + exp Ha + b * xLL + 2 * ln Hexp H2 * a + 2 * b * xL + 1L +

I * Pi * csgn HI * H1 + exp Ha + b * xLL � Hexp H2 * a + 2 * b * xL + 1LL^3 -

I * Pi * csgn HI * H1 + exp Ha + b * xLL � Hexp H2 * a + 2 * b * xL + 1LL^2 * csgn HI � Hexp H2 * a + 2 * b * xL + 1LL -

I * Pi * csgn HI * H1 + exp Ha + b * xLL � Hexp H2 * a + 2 * b * xL + 1LL^2 * csgn HI * H1 + exp Ha + b * xLLL +

I * Pi * csgn HI * H1 + exp Ha + b * xLL � Hexp H2 * a + 2 * b * xL + 1LL *

csgn HI * H1 + exp Ha + b * xLLL * csgn HI � Hexp H2 * a + 2 * b * xL + 1LL +

I * Pi * csgn HI * Hexp Ha + b * xL - 1L � Hexp H2 * a + 2 * b * xL + 1L * H1 + exp Ha + b * xLLL^3 -

I * Pi * csgn HI * Hexp Ha + b * xL - 1L � Hexp H2 * a + 2 * b * xL + 1L * H1 + exp Ha + b * xLLL^2 *

csgn HI * H1 + exp Ha + b * xLL � Hexp H2 * a + 2 * b * xL + 1LL -

I * Pi * csgn HI * Hexp Ha + b * xL - 1L � Hexp H2 * a + 2 * b * xL + 1L * H1 + exp Ha + b * xLLL^2 *

csgn HI * Hexp Ha + b * xL - 1LL +

I * Pi * csgn HI * Hexp Ha + b * xL - 1L � Hexp H2 * a + 2 * b * xL + 1L * H1 + exp Ha + b * xLLL * csgn

HI * Hexp Ha + b * xL - 1LL * csgn HI * H1 + exp Ha + b * xLL � Hexp H2 * a + 2 * b * xL + 1LLLL





Hyperbolic Function Integration Problem 4

à Sinh@xD Sech@n xD âx

� The Rubi results are simple, expressed in hyperbolic form and grow modestly with n:

Int@Sinh@xD Sech@xD, xD
Log@Cosh@xDD

Int@Sinh@xD Sech@2 xD, xD

-

ArcTanhB 2 Cosh@xDF
2

Int@Sinh@xD Sech@3 xD, xD
1

3
ArcTanhB1 -

8 Cosh@xD2

3
F

Int@Sinh@xD Sech@4 xD, xD
1

4
2 + 2 ArcTanhB 2 Cosh@xD

2 - 2

F -
1

4
2 - 2 ArcTanhB 2 Cosh@xD

2 + 2

F

� The Mathematica results grow unpredictably and is not in closed-form when n is 4:

à Sinh@xD Sech@xDâx

Log@Cosh@xDD

à Sinh@xD Sech@2 xDâx

1

4 2

-2 ä ArcTanB CoshA x

2
E + SinhA x

2
E

J1 + 2 N CoshA x

2
E - J-1 + 2 N SinhA x

2
E F + 2 ä ArcTanB CoshA x

2
E + SinhA x

2
E

J-1 + 2 N CoshA x

2
E - J1 + 2 N SinhA x

2
E F -

4 ArcTanhB 2 - ä TanhB x
2

FF - LogB2 J 2 + 2 Cosh@xDNF + LogB-2 2 + 4 Cosh@xDF

à Sinh@xD Sech@3 xDâx

-
1

3
Log@Cosh@xDD +

1

6
Log@-1 + 2 Cosh@2 xDD



à Sinh@xD Sech@4 xDâx

1

16
RootSumB1 + ð18 &,

1

ð15
-x - 2 LogB-CoshB x

2
F - SinhB x

2
F + CoshB x

2
F ð1 - SinhB x

2
F ð1F +

x ð12 + 2 LogB-CoshB x
2

F - SinhB x
2

F + CoshB x
2

F ð1 - SinhB x
2

F ð1F ð12 &F

� The Maple results are simple, but expressed in exponential form and not in closed-form when n is 4:

intHsinhHxL*sechHxL, xL;
Log@Cosh@xDD

intHsinhHxL*sechH2*xL, xL;

LogB1 - 2 ãx + ã2 xF
2 2

-

LogB1 + 2 ãx + ã2 xF
2 2

intHsinhHxL*sechH3*xL, xL;

-
1

3
LogA1 + ã2 xE +

1

6
LogA1 - ã2 x + ã4 xE

intHsinhHxL*sechH4*xL, xL;
2 * sum H_R * ln Hexp H2 * xL + H4096 * _R^3 - 48 * _RL * exp HxL + 1L, _R = RootOf H32 768 * _Z^4 - 512 * _Z^2 + 1LL

Note that these systems give similar results to the above for the hyperbolic cosine function.



Hyperbolic Function Integration Problem 5

à a + b Tanh@xD âx & à a + b Coth@xD âx

� The Rubi results are simple and symmetric:

:IntB 1 + Tanh@xD , xF, IntB 1 + Coth@xD , xF>

: 2 ArcTanhB 1 + Tanh@xD
2

F, 2 ArcCothB 1 + Coth@xD
2

F>

:IntB a + b Tanh@xD , xF, IntB a + b Coth@xD , xF>

:- a - b ArcTanhB a + b Tanh@xD
a - b

F + a + b ArcTanhB a + b Tanh@xD
a + b

F,

- a - b ArcTanhB a + b Coth@xD
a - b

F + a + b ArcTanhB a + b Coth@xD
a + b

F>

� The Mathematica results are more complicated involving the imaginary unit and not symmetric:

:à 1 + Tanh@xD âx, à 1 + Coth@xD âx>

: 2 ArcTanhB 1 + Tanh@xD
2

F, H1 + äL ArcTanBI 1

2
+

ä

2
M ä H1 + Coth@xDL F H1 + Coth@xDL3�2

Hä H1 + Coth@xDLL3�2 >

:à a + b Tanh@xD âx, à a + b Coth@xD âx>

:- a - b ArcTanhB a + b Tanh@xD
a - b

F + a + b ArcTanhB a + b Tanh@xD
a + b

F,

K- ä Ha - bL ArcTanhB ä Ha+b Coth@xDL
ä Ha-bL F + ä Ha + bL ArcTanhB ä Ha+b Coth@xDL

ä Ha+bL FO a + b Coth@xD
ä Ha + b Coth@xDL >

� The Maple results are simple and symmetric:

@int Hsqrt H1 + tanh HxLL, xL, int Hsqrt H1 + coth HxLL, xLD;

: 2 ArcTanhB 1 + Tanh@xD
2

F, 2 ArcCothB 1 + Coth@xD
2

F>

@int Hsqrt Ha + b * tanh HxLL, xL, int Hsqrt Ha + b * coth HxLL, xLD;



:- a - b ArcTanhB a + b Tanh@xD
a - b

F + a + b ArcTanhB a + b Tanh@xD
a + b

F,

- a - b ArcTanhB a + b Coth@xD
a - b

F + a + b ArcTanhB a + b Coth@xD
a + b

F>



Hyperbolic Function Integration Problem 6

á Sech@xD2

a - b Tanh@xD2

âx

� The Rubi results are simple for both symbolic and numeric a and b:

IntB Sech@xD2

a - b Tanh@xD2

, xF

-

ArcTanB Coth@xD a-b Tanh@xD2
b

F
b

IntB Sech@xD2

1 - b Tanh@xD2

, xF

ArcSinB b Tanh@xDF
b

IntB Sech@xD2

1 - 4 Tanh@xD2

, xF

1

2
ArcSin@2 Tanh@xDD

� Mathematica apparently uses the hyperbolic tangent theta/2 substitution for the numeric case:

á Sech@xD2

a - b Tanh@xD2

âx

ArcTanB 2 b Sinh@xD
a+b+Ha-bL Cosh@2 xD F a + b + Ha - bL Cosh@2 xD Sech@xD

2 b a - b Tanh@xD2

á Sech@xD2

1 - b Tanh@xD2

âx

ArcSinB b Tanh@xDF
b

á Sech@xD2

1 - 4 Tanh@xD2

âx



-
1

1 - 4 Tanh@xD2

2 CoshB x
2

F2

EllipticFBArcSinB TanhA x

2
E

7 - 4 3

F, 97 - 56 3 F +

2 EllipticPiB-7 + 4 3 , -ArcSinB TanhA x

2
E

7 - 4 3

F, 97 - 56 3 F

Sech@xD 7 - 4 3 - TanhB x
2

F2

1 + J-7 + 4 3 N TanhB x
2

F2

� Maple is unable to integrate 
Sech@xD2

a-b Tanh@xD2
 for symbolic and numeric variables a and b:

int Hsech HxL^2 � sqrt Ha - b * tanh HxL^2L, xL;

á Sech@xD2

a - b Tanh@xD2

âx

int Hsech HxL^2 � sqrt H1 - b * tanh HxL^2L, xL;

á Sech@xD2

1 - b Tanh@xD2

âx

int Hsech HxL^2 � sqrt H1 - 4 * tanh HxL^2L, xL;

á Sech@xD2

1 - 4 Tanh@xD2

âx



Hyperbolic Function Integration Problem 7

á Tanh@xD
a + b Tanh@xD4

âx

� Rubi is able to integrate the expression:

IntB Tanh@xD
a + b Tanh@xD4

, xF

ArcTanhB a+b a+b Tanh@xD4
a+b Tanh@xD2 F

2 a + b

� Mathematica is unable to integrate the expression:

á Tanh@xD
a + b Tanh@xD4

âx

á Tanh@xD
a + b Tanh@xD4

âx

� Maple is able to integrate the expression:

int Htanh HxL � sqrt Ha + b * tanh HxL^4L, xL;

ArcTanhB a+b Tanh@xD2
a+b a+b Tanh@xD4

F
2 a + b



Hyperbolic Function Integration Problem 8

à Sinh@a + b xD
Cosh@a + b xD âx

� The Rubi results are symmetric and involve only elementary functions:

IntB Sinh@a + b xD
Cosh@a + b xD , xF

-

ArcTanB Tanh@a + b xD F
b

+

ArcTanhB Tanh@a + b xD F
b

IntB Sinh@a + b xD
Cosh@a + b xD

, xF

-

ArcTanB Sinh@a+b xD
Cosh@a+b xD F
b

+

ArcTanhB Sinh@a+b xD
Cosh@a+b xD F
b

� The Mathematica results are not symmetric and involve a hypergeometric function:

á Sinh@a + b xD
Cosh@a + b xD âx

-

ArcTanB Tanh@a + b xD F
b

-

LogB-1 + Tanh@a + b xD F
2 b

+

LogB1 + Tanh@a + b xD F
2 b

á Sinh@a + b xD
Cosh@a + b xD

âx

-

2 Cosh@a + b xD Hypergeometric2F1A 1

4
,

1

4
,

5

4
, Cosh@a + b xD2E Sinh@a + b xD3�2

b I-Sinh@a + b xD2M3�4

� Maple is able to integrate Tanh@a + b xD  but not Sinh@a + b xD �Cosh@a + b xD :

int Hsqrt Htanh Ha + b * xLL, xL;

-

ArcTanB Tanh@a + b xD F
b

-

LogB-1 + Tanh@a + b xD F
2 b

+

LogB1 + Tanh@a + b xD F
2 b

int Hsqrt Hsinh Ha + b * xL � cosh Ha + b * xLL, xL;

á Sinh@a + b xD
Cosh@a + b xD âx

� The Maple result involves complex exponentials and an elliptic integral function:



�

The Maple result involves complex exponentials and an elliptic integral function:

int Hsqrt Hsinh Ha + b * xLL � sqrt Hcosh Ha + b * xLL, xL;
2 � 3 � b * exp Ha + b * xL * Hexp Ha + b * xL^2 + 1L � HHexp Ha + b * xL^2 + 1L * exp Ha + b * xLL^H1 � 2L -

4 � 3 * I � b * H-I * HI + exp Ha + b * xLLL^H1 � 2L * 2^H1 � 2L * HI * H-I + exp Ha + b * xLLL^H1 � 2L *

HI * exp Ha + b * xLL^H1 � 2L � Hexp Ha + b * xL + exp Ha + b * xL^3L^H1 � 2L *

EllipticF HH-I * HI + exp Ha + b * xLLL^H1 � 2L, 1 � 2 * 2^H1 � 2LL


