
à Tanh@a + b xDn âx

� Reference: G&R 2.243.17, CRC 556, A&S 4.5.79

� Derivation: Reciprocal rule

� Basis: Tanh@zD =
Sinh@zD
Cosh@zD

� Rule:

à Tanh@a + b xD âx �
Log@Cosh@a + b xDD

b

� Program code:

Int@Tanh@a_.+b_.*x_D,x_SymbolD :=

Log@Cosh@a+b*xDD�b �;
FreeQ@8a,b<,xD

� Reference: G&R 2.423.33, CRC 557, A&S 4.5.82

Int@Coth@a_.+b_.*x_D,x_SymbolD :=

Log@Sinh@a+b*xDD�b �;
FreeQ@8a,b<,xD

� Reference: G&R 2.423.22, CRC 569

� Derivation: Algebraic expansion

� Basis: Tanh@zD2 = 1 - Sech@zD2

� Rule:

à Tanh@a + b xD2 âx � x -
Tanh@a + b xD

b

� Program code:

Int@Tanh@a_.+b_.*x_D^2,x_SymbolD :=

x - Tanh@a+b*xD�b �;
FreeQ@8a,b<,xD

� Reference: G&R 2.423.38, CRC 573

Int@Coth@a_.+b_.*x_D^2,x_SymbolD :=

x - Coth@a+b*xD�b �;
FreeQ@8a,b<,xD
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� Reference: G&R 2.411.3, CRC 570, A&S 4.5.87

� Derivation: Integration by parts with a double-back flip

� Basis: Tanh@zDn =
Tanh@zDn-1 Sinh@zD

Cosh@zD
� Rule: If  n > 1, then

à Hc Tanh@a + b xDLn âx � -
c Hc Tanh@a + b xDLn-1

b Hn - 1L + c2 à Hc Tanh@a + b xDLn-2 âx

� Program code:

IntAIc_.*Tanh@a_.+b_.*x_DM^n_,x_SymbolE :=

-c*Hc*Tanh@a+b*xDL^Hn-1L�Hb*Hn-1LL +

Dist@c^2,Int@Hc*Tanh@a+b*xDL^Hn-2L,xDD �;
FreeQ@8a,b,c<,xD && RationalQ@nD && n>1

� Reference: G&R 2.411.4, CRC 574, A&S 4.5.88

IntAIc_.*Coth@a_.+b_.*x_DM^n_,x_SymbolE :=

-c*Hc*Coth@a+b*xDL^Hn-1L�Hb*Hn-1LL +

Dist@c^2,Int@Hc*Coth@a+b*xDL^Hn-2L,xDD �;
FreeQ@8a,b,c<,xD && RationalQ@nD && n>1

� Reference: G&R 2.411.4, CRC 574'

� Derivation: Inverted integration by parts with a double-back flip

� Rule: If  n < -1, then

à Hc Tanh@a + b xDLn âx �
Hc Tanh@a + b xDLn+1

b c Hn + 1L +
1

c2
à Hc Tanh@a + b xDLn+2 âx

� Program code:

IntAIc_.*Tanh@a_.+b_.*x_DM^n_,x_SymbolE :=

Hc*Tanh@a+b*xDL^Hn+1L�Hb*c*Hn+1LL +

Dist@1�c^2,Int@Hc*Tanh@a+b*xDL^Hn+2L,xDD �;
FreeQ@8a,b,c<,xD && RationalQ@nD && n<-1

� Reference: G&R 2.411.3, CRC 570'

IntAIc_.*Coth@a_.+b_.*x_DM^n_,x_SymbolE :=

Hc*Coth@a+b*xDL^Hn+1L�Hb*c*Hn+1LL +

Dist@1�c^2,Int@Hc*Coth@a+b*xDL^Hn+2L,xDD �;
FreeQ@8a,b,c<,xD && RationalQ@nD && n<-1
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à Ha + b Tanh@c + d xDLn âx when a2 - b2 = 0

� Rule: If  a2 - b2 = 0, then

à 1

a + b Tanh@c + d xD âx �
x

2 a
-

a

2 b d Ha + b Tanh@c + d xDL

� Program code:

IntA1�Ia_+b_.*Tanh@c_.+d_.*x_DM,x_SymbolE :=

x�H2*aL - a�H2*b*d*Ha+b*Tanh@c+d*xDLL �;
FreeQ@8a,b,c,d<,xD && ZeroQ@a^2-b^2D

IntA1�Ia_+b_.*Coth@c_.+d_.*x_DM,x_SymbolE :=

x�H2*aL - a�H2*b*d*Ha+b*Coth@c+d*xDLL �;
FreeQ@8a,b,c,d<,xD && ZeroQ@a^2-b^2D

� Rule: If  a2 - b2 = 0 ì a > 0, then

à a + b Tanh@c + d xD âx �
2 b

d a
ArcTanhB a + b Tanh@c + d xD

2 a
F

� Program code:

Int@Sqrt@a_+b_.*Tanh@c_.+d_.*x_DD,x_SymbolD :=

Sqrt@2D*b�Hd*Rt@a,2DL*ArcTanh@Sqrt@a+b*Tanh@c+d*xDD�HSqrt@2D*Rt@a,2DLD �;
FreeQ@8a,b,c,d<,xD && ZeroQ@a^2-b^2D && PosQ@aD

Int@Sqrt@a_+b_.*Coth@c_.+d_.*x_DD,x_SymbolD :=

HSqrt@2D*b�Hd*Rt@a,2DL*ArcCoth@Sqrt@a+b*Coth@c+d*xDD�HSqrt@2D*Rt@a,2DLDL �;
FreeQ@8a,b,c,d<,xD && ZeroQ@a^2-b^2D && PosQ@aD

� Rule: If  a2 - b2 = 0 ì Ø Ha > 0L, then

à a + b Tanh@c + d xD âx � -
2 b

d -a
ArcTanB a + b Tanh@c + d xD

2 -a
F

� Program code:

Int@Sqrt@a_+b_.*Tanh@c_.+d_.*x_DD,x_SymbolD :=

-Sqrt@2D*b�Hd*Rt@-a,2DL*ArcTan@Sqrt@a+b*Tanh@c+d*xDD�HSqrt@2D*Rt@-a,2DLD �;
FreeQ@8a,b,c,d<,xD && ZeroQ@a^2-b^2D && NegQ@aD
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Int@Sqrt@a_+b_.*Coth@c_.+d_.*x_DD,x_SymbolD :=

Sqrt@2D*b�Hd*Rt@-a,2DL*ArcCot@Sqrt@a+b*Coth@c+d*xDD�HSqrt@2D*Rt@-a,2DLD �;
FreeQ@8a,b,c,d<,xD && ZeroQ@a^2-b^2D && NegQ@aD

� Rule: If  a2 - b2 = 0 ì n Î F ì n > 1, then

à Ha + b Tanh@c + d xDLn âx � -
a2 Ha + b Tanh@c + d xDLn-1

b d Hn - 1L + 2 a à Ha + b Tanh@c + d xDLn-1 âx

� Program code:

IntAIa_+b_.*Tanh@c_.+d_.*x_DM^n_,x_SymbolE :=

-a^2*Ha+b*Tanh@c+d*xDL^Hn-1L�Hb*d*Hn-1LL +

Dist@2*a,Int@Ha+b*Tanh@c+d*xDL^Hn-1L,xDD �;
FreeQ@8a,b,c,d<,xD && ZeroQ@a^2-b^2D && FractionQ@nD && n>1

IntAIa_+b_.*Coth@c_.+d_.*x_DM^n_,x_SymbolE :=

-a^2*Ha+b*Coth@c+d*xDL^Hn-1L�Hb*d*Hn-1LL +

Dist@2*a,Int@Ha+b*Coth@c+d*xDL^Hn-1L,xDD �;
FreeQ@8a,b,c,d<,xD && ZeroQ@a^2-b^2D && FractionQ@nD && n>1

� Rule: If  a2 - b2 = 0 ì n < 0, then

à Ha + b Tanh@c + d xDLn âx �
a Ha + b Tanh@c + d xDLn

2 b d n
+

1

2 a
à Ha + b Tanh@c + d xDLn+1 âx

� Program code:

IntAIa_+b_.*Tanh@c_.+d_.*x_DM^n_,x_SymbolE :=

a*Ha+b*Tanh@c+d*xDL^n�H2*b*d*nL +

Dist@1�H2*aL,Int@Ha+b*Tanh@c+d*xDL^Hn+1L,xDD �;
FreeQ@8a,b,c,d<,xD && ZeroQ@a^2-b^2D && RationalQ@nD && n<0

IntAIa_+b_.*Coth@c_.+d_.*x_DM^n_,x_SymbolE :=

a*Ha+b*Coth@c+d*xDL^n�H2*b*d*nL +

Dist@1�H2*aL,Int@Ha+b*Coth@c+d*xDL^Hn+1L,xDD �;
FreeQ@8a,b,c,d<,xD && ZeroQ@a^2-b^2D && RationalQ@nD && n<0
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à Ha + b Tanh@c + d xDLn âx when a2 + b2 ¹ 0

� Derivation: Algebraic expansion and integration by substitution

� Basis: 1

a+b Tanh@zD =
a

a2-b2
-

b

Ia2-b2M Ha Cosh@zD+b Sinh@zDL ¶zHa Cosh@zD + b Sinh@zDL
� Rule: If  a2 - b2 ¹ 0, then

à 1

a + b Tanh@c + d xD âx �
a x

a2 - b2
-
b Log@a Cosh@c + d xD + b Sinh@c + d xDD

d Ia2 - b2M

� Program code:

IntA1�Ia_+b_.*Tanh@c_.+d_.*x_DM,x_SymbolE :=

a*x�Ha^2-b^2L - b*Log@a*Cosh@c+d*xD+b*Sinh@c+d*xDD�Hd*Ha^2-b^2LL �;
FreeQ@8a,b,c,d<,xD && NonzeroQ@a^2-b^2D

IntA1�Ia_+b_.*Coth@c_.+d_.*x_DM,x_SymbolE :=

a*x�Ha^2-b^2L - b*Log@b*Cosh@c+d*xD+a*Sinh@c+d*xDD�Hd*Ha^2-b^2LL �;
FreeQ@8a,b,c,d<,xD && NonzeroQ@a^2-b^2D
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à HA + B Tanh@c + d xDL Ha + b Tanh@c + d xDLn âx

� Derivation: Algebraic expansion

� Basis: A+B z

a+b z
=

B

b
+

b A-a B

b

1

a+b z

� Rule: If  b A - a B ¹ 0, then

à A + B Tanh@c + d xD
a + b Tanh@c + d xD âx �

B x

b
+
b A - a B

b
à 1

a + b Tanh@c + d xD âx

� Program code:

IntAIA_.+B_.*Tanh@c_.+d_.*x_DM�Ia_.+b_.*Tanh@c_.+d_.*x_DM,x_SymbolE :=

B*x�b + Dist@Hb*A-a*BL�b,Int@1�Ha+b*Tanh@c+d*xDL,xDD �;
FreeQ@8a,b,c,d,A,B<,xD && NonzeroQ@b*A-a*BD

IntAIA_.+B_.*Coth@c_.+d_.*x_DM�Ia_.+b_.*Coth@c_.+d_.*x_DM,x_SymbolE :=

B*x�b + Dist@Hb*A-a*BL�b,Int@1�Ha+b*Coth@c+d*xDL,xDD �;
FreeQ@8a,b,c,d,A,B<,xD && NonzeroQ@b*A-a*BD

� Note: This rule does not appear in published integral tables.

� Rule: If  A2 - B2 = 0 ì b A + a B ¹ 0, then

á A + B Tanh@c + d xD
a + b Tanh@c + d xD âx �

2 B

d b A+a B

B

ArcTanhB a + b Tanh@c + d xD
b A+a B

B

F

� Program code:

IntAIA_+B_.*Tanh@c_.+d_.*x_DM�Sqrt@a_.+b_.*Tanh@c_.+d_.*x_DD,x_SymbolE :=

2*B�Hd*Sqrt@Hb*A+a*BL�BDL*ArcTanh@Sqrt@a+b*Tanh@c+d*xDD�Sqrt@Hb*A+a*BL�BDD �;
FreeQ@8a,b,c,d,A,B<,xD && ZeroQ@A^2-B^2D && NonzeroQ@b*A+a*BD

IntAIA_+B_.*Coth@c_.+d_.*x_DM�Sqrt@a_.+b_.*Coth@c_.+d_.*x_DD,x_SymbolE :=

2*B�Hd*Sqrt@Hb*A+a*BL�BDL*ArcTanh@Sqrt@a+b*Coth@c+d*xDD�Sqrt@Hb*A+a*BL�BDD �;
FreeQ@8a,b,c,d,A,B<,xD && ZeroQ@A^2-B^2D && NonzeroQ@b*A+a*BD

Integration Rules for Hyperbolic Tangent Functions



� Derivation: Algebraic expansion

� Basis: A + B z =
A+B

2
H1 + zL +

A-B

2
H1 - zL

� Rule: If  A2 - B2 ¹ 0 ì a2 - b2 ¹ 0, then

à A + B Tanh@c + d xD
a + b Tanh@c + d xD âx �

A + B

2
à 1 + Tanh@c + d xD

a + b Tanh@c + d xD âx +
A - B

2
à 1 - Tanh@c + d xD

a + b Tanh@c + d xD âx

� Program code:

IntAIA_.+B_.*Tanh@c_.+d_.*x_DM�Sqrt@a_.+b_.*Tanh@c_.+d_.*x_DD,x_SymbolE :=

Dist@HA+BL�2,Int@H1+Tanh@c+d*xDL�Sqrt@a+b*Tanh@c+d*xDD,xDD +

Dist@HA-BL�2,Int@H1-Tanh@c+d*xDL�Sqrt@a+b*Tanh@c+d*xDD,xDD �;
FreeQ@8a,b,c,d,A,B<,xD && NonzeroQ@A^2-B^2D && NonzeroQ@a^2-b^2D

IntAIA_.+B_.*Coth@c_.+d_.*x_DM�Sqrt@a_.+b_.*Coth@c_.+d_.*x_DD,x_SymbolE :=

Dist@HA+BL�2,Int@H1+Coth@c+d*xDL�Sqrt@a+b*Coth@c+d*xDD,xDD +

Dist@HA-BL�2,Int@H1-Coth@c+d*xDL�Sqrt@a+b*Coth@c+d*xDD,xDD �;
FreeQ@8a,b,c,d,A,B<,xD && NonzeroQ@A^2-B^2D && NonzeroQ@a^2-b^2D

� Note: This rule does not appear in published integral tables.

� Rule: If  n > 0, then

à HA + B Tanh@c + d xDL Ha + b Tanh@c + d xDLn âx �

-
B Ha + b Tanh@c + d xDLn

d n
+ à Ha A + b B + Hb A + a BL Tanh@c + d xDL Ha + b Tanh@c + d xDLn-1 âx

� Program code:

IntAIA_.+B_.*Tanh@c_.+d_.*x_DM*Ia_+b_.*Tanh@c_.+d_.*x_DM^n_.,x_SymbolE :=

-B*Ha+b*Tanh@c+d*xDL^n�Hd*nL +

Int@Ha*A+b*B+Hb*A+a*BL*Tanh@c+d*xDL*Ha+b*Tanh@c+d*xDL^Hn-1L,xD �;
FreeQ@8a,b,c,d,A,B<,xD && RationalQ@nD && n>0

IntAIA_.+B_.*Coth@c_.+d_.*x_DM*Ia_+b_.*Coth@c_.+d_.*x_DM^n_.,x_SymbolE :=

-B*Ha+b*Coth@c+d*xDL^n�Hd*nL +

Int@Ha*A+b*B+Hb*A+a*BL*Coth@c+d*xDL*Ha+b*Coth@c+d*xDL^Hn-1L,xD �;
FreeQ@8a,b,c,d,A,B<,xD && RationalQ@nD && n>0
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� Note: This rule does not appear in published integral tables.

� Rule: If  a2 - b2 ¹ 0 ì n < -1, then

à HA + B Tanh@c + d xDL Ha + b Tanh@c + d xDLn âx �

-
Hb A - a BL Ha + b Tanh@c + d xDLn+1

d Ia2 - b2M Hn + 1L +

1

a2 - b2
à Ha A - b B - Hb A - a BL Tanh@c + d xDL Ha + b Tanh@c + d xDLn+1 âx

� Program code:

IntAIA_.+B_.*Tanh@c_.+d_.*x_DM*Ia_+b_.*Tanh@c_.+d_.*x_DM^n_,x_SymbolE :=

-Hb*A-a*BL*Ha+b*Tanh@c+d*xDL^Hn+1L�Hd*Ha^2-b^2L*Hn+1LL +

Dist@1�Ha^2-b^2L,Int@Ha*A-b*B-Hb*A-a*BL*Tanh@c+d*xDL*Ha+b*Tanh@c+d*xDL^Hn+1L,xDD �;
FreeQ@8a,b,c,d,A,B<,xD && NonzeroQ@a^2-b^2D && RationalQ@nD && n<-1

IntAIA_.+B_.*Coth@c_.+d_.*x_DM*Ia_+b_.*Coth@c_.+d_.*x_DM^n_,x_SymbolE :=

-Hb*A-a*BL*Ha+b*Coth@c+d*xDL^Hn+1L�Hd*Ha^2-b^2L*Hn+1LL +

Dist@1�Ha^2-b^2L,Int@Ha*A-b*B-Hb*A-a*BL*Coth@c+d*xDL*Ha+b*Coth@c+d*xDL^Hn+1L,xDD �;
FreeQ@8a,b,c,d,A,B<,xD && NonzeroQ@a^2-b^2D && RationalQ@nD && n<-1
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à Ia + b Tan@c + d xD2Mn
âx

� Derivation: Algebraic simplification

� Basis: If  a - b = 0, then  a + b Tan@zD2 = b Sec@zD2

� Rule: If  a - b = 0 ì m Î Z, then

à u Ia + b Tan@vD2Mm
âx � bm à u Sec@vD2 m âx

� Program code:

IntAu_.*Ia_+b_.*Tan@v_D^2M^m_,x_SymbolE :=

Dist@b^m,Int@u*Sec@vD^H2*mL,xDD �;
FreeQ@8a,b,m<,xD && ZeroQ@a-bD && IntegerQ@mD

� Derivation: Algebraic simplification

� Basis: If  a - b = 0, then  a + b Tan@zD2 = b Sec@zD2

� Rule: If  a - b = 0 ì m Ï Z, then

à u Ia + b Tan@vD2Mm
âx � à u Ib Sec@vD2Mm

âx

� Program code:

IntAu_.*Ia_+b_.*Tan@v_D^2M^m_,x_SymbolE :=

Int@u*Hb*Sec@vD^2L^m,xD �;
FreeQ@8a,b,m<,xD && ZeroQ@a-bD && Not@IntegerQ@mDD

� Rule: If  a + b ¹ 0, then

à 1

a + b Tanh@c + d xD2
âx �

x

a + b
+

b

a d Ha + bL ArcTanB b Tanh@c + d xD
a

F

� Program code:

IntA1�Ia_+b_.*Tanh@c_.+d_.*x_D^2M,x_SymbolE :=

x�Ha+bL + Sqrt@bD*ArcTan@Sqrt@bD*Tanh@c+d*xD�Sqrt@aDD�HSqrt@aD*d*Ha+bLL �;
FreeQ@8a,b,c,d<,xD && NonzeroQ@a+bD

IntA1�Ia_+b_.*Coth@c_.+d_.*x_D^2M,x_SymbolE :=

x�Ha+bL + Sqrt@bD*ArcTan@Sqrt@bD*Coth@c+d*xD�Sqrt@aDD�HSqrt@aD*d*Ha+bLL �;
FreeQ@8a,b,c,d<,xD && NonzeroQ@a+bD
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à xm Tanh@a + b xnDp âx

� Derivation: Algebraic expansion

� Basis: Tanh@zD = 1 -
2

1+ã2 z

� Rule: If  m Î Z ì m > 0 ì m - n + 1 ¹ 0, then

à xm Tanh@a + b xnD âx �
xm+1

m + 1
- 2 à xm

1 + ã2 a+2 b xn
âx

� Program code:

Int@x_^m_.*Tanh@a_.+b_.*x_^n_.D,x_SymbolD :=

x^Hm+1L�Hm+1L -

Dist@2,Int@x^m�H1+E^H2*a+2*b*x^nLL,xDD �;
FreeQ@8a,b,n<,xD && IntegerQ@mD && m>0 && NonzeroQ@m-n+1D

Int@x_^m_.*Coth@a_.+b_.*x_^n_.D,x_SymbolD :=

x^Hm+1L�Hm+1L -

Dist@2,Int@x^m�H1-E^H2*a+2*b*x^nLL,xDD �;
FreeQ@8a,b,n<,xD && IntegerQ@mD && m>0 && NonzeroQ@m-n+1D

� Note: This rule does not appear in published integral tables.

� Rule: If  p > 1 ì m - n + 1 ¹ 0 ì 0 < n £ m, then

à xm Tanh@a + b xnDp
âx � -

xm-n+1 Tanh@a + b xnDp-1

b n Hp - 1L +

m - n + 1

b n Hp - 1L à xm-n Tanh@a + b xnDp-1
âx + à xm Tanh@a + b xnDp-2

âx

� Program code:

Int@x_^m_.*Tanh@a_.+b_.*x_^n_.D^p_,x_SymbolD :=

-x^Hm-n+1L*Tanh@a+b*x^nD^Hp-1L�Hb*n*Hp-1LL +

Dist@Hm-n+1L�Hb*n*Hp-1LL,Int@x^Hm-nL*Tanh@a+b*x^nD^Hp-1L,xDD +

Int@x^m*Tanh@a+b*x^nD^Hp-2L,xD �;
FreeQ@8a,b<,xD && RationalQ@8m,n,p<D && p>1 && NonzeroQ@m-n+1D && 0<n<=m

Int@x_^m_.*Coth@a_.+b_.*x_^n_.D^p_,x_SymbolD :=

-x^Hm-n+1L*Coth@a+b*x^nD^Hp-1L�Hb*n*Hp-1LL +

Dist@Hm-n+1L�Hb*n*Hp-1LL,Int@x^Hm-nL*Coth@a+b*x^nD^Hp-1L,xDD +

Int@x^m*Coth@a+b*x^nD^Hp-2L,xD �;
FreeQ@8a,b<,xD && RationalQ@8m,n,p<D && p>1 && NonzeroQ@m-n+1D && 0<n<=m
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à xm TanhAa + b x + c x2E âx

� Rule:

à x TanhAa + b x + c x2E âx �
LogACoshAa + b x + c x2EE

2 c
-

b

2 c
à TanhAa + b x + c x2E âx

� Program code:

Int@x_*Tanh@a_.+b_.*x_+c_.*x_^2D,x_SymbolD :=

Log@Cosh@a+b*x+c*x^2DD�H2*cL -

Dist@b�H2*cL,Int@Tanh@a+b*x+c*x^2D,xDD �;
FreeQ@8a,b,c<,xD

Int@x_*Coth@a_.+b_.*x_+c_.*x_^2D,x_SymbolD :=

Log@Sinh@a+b*x+c*x^2DD�H2*cL -

Dist@b�H2*cL,Int@Coth@a+b*x+c*x^2D,xDD �;
FreeQ@8a,b,c<,xD

� Note: This rule is valid, but to be useful need a rule for reducing integrands of the form xm Log@Cosh@a + b x + c x2DD.

� Rule: If  m > 1, then

à xm TanhAa + b x + c x2E âx �
xm-1 LogACoshAa + b x + c x2EE

2 c
-

b

2 c
à xm-1 TanhAa + b x + c x2E âx -

m - 1

2 c
à xm-2 LogACoshAa + b x + c x2EE âx

� Program code:

H* Int@x_^m_*Tanh@a_.+b_.*x_+c_.*x_^2D,x_SymbolD :=

x^Hm-1L*Log@Cosh@a+b*x+c*x^2DD�H2*cL -

Dist@b�H2*cL,Int@x^Hm-1L*Tanh@a+b*x+c*x^2D,xDD -

Dist@Hm-1L�H2*cL,Int@x^Hm-2L*Log@Cosh@a+b*x+c*x^2DD,xDD �;
FreeQ@8a,b,c<,xD && RationalQ@mD && m>1 *L

H* Int@x_^m_*Coth@a_.+b_.*x_+c_.*x_^2D,x_SymbolD :=

x^Hm-1L*Log@Sinh@a+b*x+c*x^2DD�H2*cL -

Dist@b�H2*cL,Int@x^Hm-1L*Coth@a+b*x+c*x^2D,xDD -

Dist@Hm-1L�H2*cL,Int@x^Hm-2L*Log@Sinh@a+b*x+c*x^2DD,xDD �;
FreeQ@8a,b,c<,xD && RationalQ@mD && m>1 *L

Integration Rules for Hyperbolic Tangent Functions


