Integration Rules for Products of Exponential and Trig Functions

(fa***)Psin[c +d x]" dx

m Reference: CRC 533, A& S4.3.136
= Rule If d2+b2p2Log[f]? #0,then
bpLogrf] (f2***)?sin[c+dx] d (f2°X)P Cos[c +dx]

fabx\P sinrc +dx] dx — -
j( ) d2 + b2 p2? Log[f ]2 d2 + b2 p2?Log[f ]2

= Program code:

Int [(f_~(a_. +b_. #x_))"p_. *Sin[c_. +d_. #x_], x_Synbol | : =
bxpxLog [f ]+ (f~ (a+bxX) ) p*Si n[c+d*x]/ (d*2+b"2xp"2xLog[f ]"2) -
dx (f N (a+bxx) )*p*Cos [c+dxX ]/ (d*2+b"2xp~2xLog [f 172) /;
FreeQ[{a, b,c,d, f, p}, x] & & NonzeroQ[d"2+b"2xp"2xLog[f ]172]

m Reference: CRC 538, A& S 4.3.137

Int [(f_"(a_. +b_. #x_))"p_. *Cos [c_. +d_. #x_], x_Symbol | : =
bxpxLog [f ]+ (f~ (a+bxXx) ) pxCos [c+d*x]/ (d 2+b"2xp"2xLog [f ]"2) +
dx (f N (a+b*x) ) p*Si n[c+d*Xx]/ (d*2+b"2xp~2xLog [f 172) /;
FreeQ[{a, b,c,d, f, p}, x] && NonzeroQ[d"2+b"2xp"2xLog[f ]172]

m Reference: CRC 542, A& S4.3.138
= RuleIf d2n2+b2p2Log[f12#0 A n>1,then

) bpLogrf] (f2***)?sin[c+dx]"
j(fa"bx) Sin[c+dx]"dx — -
d2 n? + b2 p2 Log [f ]2

dn(fa"bx)pCos[c+dx]Sin[(:+dx]“‘l n (n-1) d?

+ j(fa*bx)pSin[c+dx]”‘2dlx
d?n? + b% p? Log[f 12 d?n? + b? p? Log [f ]2

= Program code:

Int [(f_7(a_. +b_. #x_) ) p_. #Sin[c_. +d_. »x_1~n_, x_Synbol | : =

bxpxLog [f 1% (f~ (a+b*x) ) p*Si n[c+d*x]1*n/ (d*2xn*2+b"2xp"2xLog [f ]"2) -

dxnx (f " (a+bxx) ) p*Cos [C+dxx]*Si n[c+d*x]" (n-1) / (d*2xn"*2+b"2xp”~2xLog[f ]"2) +

Di st [ (n* (n-1) *d"2) / (d"2%xn"2+b"2xp”2xLog [f 172), I nt [ (f* (a+b*Xx) ) p*Si n[c+d*x]" (n-2),X]] /;
FreeQ[{a, b,c,d,f,p}, x] & NonzeroQ[d"2xn"2+b"2xp"2xLog[f ]*2] && Rational Q[n] && n>1
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= Reference: CRC 543, A& S4.3.139

Int [(f_"(a_. +b_. »x_))"p_. *Cos [c_. +d_. »x_]"m_, x_Synbol | : =

bxpxLog [f ]+ (f~ (a+bxXx) ) pxCos [C+d*x ]V (d*2xm*2+b"2xp~2xLog [f ]72) +

dxme (f~ (a+b*X) ) p*Si n[C+d*x ] *CoS [C+d*X]" (M-1) / (d*2xm2+b"2xp~2xLog [f 172) +

Di st [ (mx (M-1) *d"2) / (d*2xm*2+b"2xp~2xLog [f 172), I nt [ (f~ (a+bxX) ) pxCos [c+d*x]" (M-2),X]] /;
FreeQ[{a, b,c,d, f, p}, x] & & NonzeroQ[d*2+m2+b"2xp~2xLog[f ]172] && Rational Q[m] && m>1

= Reference: CRC 551 whend? (n +2)2 + b2 p2 Log[f]? =0
m RuleIf d2 (n+2)2+b2p2Log[f]?=0 ANn+1#0 A n+2#0,then
bpLlogif] (f2***)?sinfc+dx]1™2? (fa0x)P Cos[c+dx] Sin[c+dx]"?

J(fa+bx)p8in[c+dx]”dlx — - +
dZ2 (n+1) (n+2) d(n+1)

= Program code:

Int [(f_~(a_. +b_. #x_))"p_. *Sin[c_. +d_. #x_]1"n_, x_Synbol | : =
-bxpxLog [f ]* (f " (a+bxX) ) p*Si n[C+d*x]" (N+2) / (d*2% (N+1) * (N+2)) +
(f A (a+bxx))*p*xCos [cC+dxX]*Si n[c+d*x]" (n+1) / (d* (n+1)) /;
FreeQ[{a, b,c,d,f,n, p}, x] && ZeroQ[d"2x (n+2)"2+b"2xp"2xLog[f 1*2] && NonzeroQ[n+1l] && NonzeroQ[n+2]

= Reference: CRC 552 when d? (n +2)2 + b2 p2 Log[f]%2=0

Int [(f_"(a_. +b_. #x_))"p_. *Cos [c_. +d_. »x_]"n_, x_Synbol | : =
-bxpxLog [f ]* (f " (a+b*Xx) ) pxCos [C+d*x]" (N+2) / (d*2% (N+1) * (N+2)) -
(fA (a+bxx) ) p*Si n[c+dxx]*Cos [c+d*x]" (n+1) / (d* (n+1)) /;
FreeQ[{a, b,c,d, f,n, p}, x] && ZeroQ[d"2x (n+2)"2+b"2xp"2xLog[f 1*2] && NonzeroQ[n+1l] && NonzeroQ[n+2]

m Reference: CRC 551, CRC 542 inverted
» RuleIf d2 (n+2)2+b2p2Log[f]1?#0 An<-1 A n¢-2 then

) bpLogrf] (f2***)?sin[c+dx]"?
j(fa*bx) Sin[c+dx]"dx — - +
d2 (n+1) (n+2)

(f2+®x)P Cos[c +d x] Sin[c+dx]I™  d2 (n+2)2 +b? p? Log[f ]2
+

f(fa+bx)p8in[c+dx]”+2dx
d(n+1) dZ2 (n+1) (n+2)

= Program code:

Int [(f_~(a_. +b_. #x_))"p_. *Sin[c_. +d_. »x_]"n_, x_Synbol | : =

-bxpxLog [f ]* (f " (a+bxXx) ) p*Si n[C+d*x]" (N+2) / (d*2% (N+1) * (N+2)) +

(f A (a+bxx))"p*Cos [c+dxXx]*Si n[c+d*x]" (n+1) / (d* (n+1)) +

Di st [ (d*2% (n+2)"2+b"2xp~2xLog[f 172)/ (d*2% (n+1) % (N+2)), I nt [ (f~ (a+b*xx) ) p*Si n[c+d*x]" (nN+2),Xx1] /;
FreeQ[{a, b,c,d, f, p}, x] & & NonzeroQ[d"2% (n+2)"2+b"2xp~2xLog[f ]*2] && Rational Q[n] && n<-1 && n#-2
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m Reference: CRC 552, CRC 543 inverted

Int [(f_~(a_. +b_. #x_))"p_. *Cos [c_. +d_. »x_]"n_, x_Synbol | : =

-bxpxLog [f 1% (f~ (a+b*Xx))"p*xCos [C+d*x]" (N+2) / (d*2* (N+1) % (N+2)) -

(f A (a+bxx) ) p*Si n[c+d*x]*Cos [C+d*x]" (n+1) / (d* (n+1)) +

Di st [ (d"2% (N+2)"2+b"2xp"2xLog [f ]*2) / (d*2% (N+1) % (n+2)), I nt [ (f~ (a+b*x) ) p*Cos [c+d*x]" (n+2),X]] /;
FreeQ[{a, b,c,d,f,p}, x] & NonzeroQ[d 2% (n+2)"2+b"2xp"2xLog[f 1*2] && Rational Q[n] && n<-1 && n#-2



Integration Rules for Products of Exponential and Trig Functions

(fa***)P sec[c +d x]" dx

= Reference: CRC 552 with b2 p2 Log[f 1% +d? (n-2)2 =0
» Rule If b2p2Log[f12+d2 (n-2)2=0 ANn-1#0 A n-2#0,then
bpLoglf] (f2***)? Secfc+dx]1"2 (f2*0x)P Sec[c+dx]"! Sin[c +dx]

J(fa+bx)pSeC[C+dX]”le — - +
d2 (n-1) (n-2) d((n-1)

= Program code:

Int [(f_"(a_. +b_. #x_))"p_. *Sec [c_. +d_. »x_]"n_, x_Synbol | : =
-bxpxLog [f ]* (f " (a+bxX) ) pxSec [C+d*x]" (N-2) / (d*2x (N-1) % (N-2)) +
(f A (a+bxx) ) p*Sec [c+d*Xx]" (N-1) *Si n[c+d*X]/ (d* (n-1)) /;
FreeQ[{a, b,c,d,f, p,n}, x] && ZeroQ[b"2xp~2xLog[f ]"2+d"2% (n-2)"2] && NonzeroQ[n-1] && NonzeroQ[n-2]

= Reference: CRC 551 with b2 p2 Log[f]2+d2 (n-2)2=0

Int [(f_"(a_. +b_. #x_))"p_. *Csc[c_. +d_. #x_]"n_, x_Synbol | : =
-bxpxLog [f ]+ (f " (a+b*xXx) ) pxCsc [C+dxx]" (N-2) / (d*2% (N-1) % (N-2)) +
(fA (a+bxx) ) p*Csc [c+dxXx]" (n-1) *Cos [c+d*X]/ (d* (n-1)) /;
FreeQ[{a, b,c,d, f, p,n}, x] && ZeroQ[b"2xp~2xLog[f ]"2+d"2% (n-2)"2] && NonzeroQ[n-1] && NonzeroQ[n-2]

m Reference: CRC 552
= RuleIf b2p2Log[f12+d2(n-2)2#0 An>1 A n#2, then

) bpLogrf] (f2***)° Sec[c +dx]"-2
j(fa*bx) Sec[c+dx]"dx — - +
d2 (n-1) (n-2)

(fa+®x)P sec[c +dx]"* Sin[c+dx] b2p2Log[f]2+d? (n-2)2
+

f(fa+bx)p8ec[c+dx]”‘2dx
d(n-1) d2 (n-1) (n-2)

= Program code:

Int [(f_~(a_. +b_. #x_))"p_. *Sec [c_. +d_. »x_]"n_, x_Synbol | : =

-bxpxLog [f ]* (f " (a+bxXx) ) pxSec [C+d*x]" (N-2) / (d*2x (N-1) * (N-2)) +

(f A (a+bxx) ) p*Sec [c+dxXx]" (N-1) *Si n[c+dxX]/ (d* (n-1)) +

Di st [ (b"2xp"2xLog[f ]*2+d"2% (N-2)"2) / (d"2x (n-1) % (n-2)), I nt [ (f~ (a+bxx))*p*xSec [c+d*x]" (n-2),Xx]1] /;
FreeQ[{a, b,c,d,f, p}, x] & & NonzeroQ[b"2xp"2xLog[f ]*"2+d"2x (N-2)"2] && Rational Q[n] && n>1 && n#2
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m Reference: CRC 551

Int [(f_"(a_. +b_. »x_))"p_. *Csc[c_. +d_. »x_]"n_, x_Synbol | : =

-bxpxLog [f 1% (f~ (a+b*Xx) )" p*Csc [c+d*x]" (n-2) / (d*2% (n-1) * (n-2)) -

(f A (a+bxx) ) pxCsc [C+d*Xx]" (n-1) *Cos [c+d*x]/ (d* (n-1)) +

Di st [ (b"2xp"2xLog[f ]72+d"2% (N-2)"2) / (d*2% (n-1) % (n-2)), I nt [ (f" (a+b*x) )" p*Csc [c+d*x]" (n-2),X]] /;
FreeQ[{a, b,c,d, f,p}, x] & NonzeroQ[b"2xp”2xLog [f ]*2+d"2% (n-2)"2] && Rational Q[n] && n>1 && n#2
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xM (fa2x)P Sin[c +dx]" dx

m Derivation: Integration by parts

= Note: Each term of thesum x™* u will besimilar in form to the original integrand, but the degr ee of the monomial will be smaller by one.

» Rulelf m>0 Anez An>O0,letu=[(faP)Psin[c+dx] dx, then

Jxm (fa*bx)pSi nic+dx]"dx — Xmu—mJ\x”*l u dx

= Program code:

Int [x_"m_. «(f_"(a_. +b_. *x_))"p_. #Sin[c_. +d_. »x_1"n_., x_Symbol | : =
Modul e [ {u=Bl ock [ {ShowSt eps =Fal se, St epCounter =Nul | }, Int [(f” (a+bxx))”p*Sin[c+d*x]”"n, x]1},
x mku - Dist [mInt [x*(mM-1)=*u,x]]] /;

FreeQ[{a, b,c,d,f,p}, x] & Rational Q[m] & m>0 && I ntegerQ[n] && n>0

Int [x_"m. «(f_"(a_. +b_. #x_))"p_. *Cos[c_. +d_. »x_1"n_., x_Symbol | : =
Modul e [ {u=Bl ock [ {ShowSt eps =Fal se, St epCounter =Nul | }, Int [ (f”~ (a+bxXx))”*p*xCos [c+d*x]"n, X]1},
X mku - Dist [mInt [X*(m-1)=*u,x]]1] /;

FreeQ[{a, b,c,d, f, p}, x] & Rational Q[m && m>0 && I ntegerQ[n] && n>0
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fVYSin[w]" dx

= Derivation: Algebraic expansion

i iet?

2 et? 2

m Basis Sin[z] =

» Rule If v and war e quadr ati c pol ynoni al si n x, then

i i~ fY i ,
J‘fVS|n[w]d1x—> —j dlx-—J-fVe‘“"’dlx
2 J eiWw 2

= Program code:

Int [f_~v_*Sin[w_],x_Synbol ] : =
Dist[l/2,Int [fAV/EN (I W), X]] -
Dist [l /2,1 nt [fAV*EN (I *W), X1] /;
FreeQ[f, x] && Pol ynoni al Q[v, x] && Exponent [v, Xx]<2 && Pol ynoni al Q[w, X] && Exponent [w, X]<2

m Basis Cos[z] = GT+

2 etz

Int [f_~v_xCos[w_],x_Synbol ] : =
Dist [1/2,1nt [fAV*EN (I W), X]] +
Dist [1/2,Int [fAV/EN (1 W), X1] /;
FreeQ[f, x] && Pol ynoni al Q[v, X] && Exponent [v, Xx]<2 && Pol ynoni al Q[w, X] && Exponent [w, X]<2

= Derivation: Algebraic expansion

m Bads Sin[z] = % ( = —e“)

etz

m Rulelf nez A n>0 A vandwarequadratic pol ynoni al sinx,then

ay\" 1 . \"
Jf"Sin[w]”dlx — [5] jf"[ . —e“’"] dx
eJI.W

= Program code:

Int [f_~v_=*Sin[w_]*n_, x_Synbol ] : =
Dist [(I /2)2n,Int [fAvx (1/7EM (1 *wW) =B (I *w) )An, x]1 /;

FreeQ[f, x] && IntegerQ[n] && n>0 && Pol ynom al Q[v, x] && Exponent [v, Xx]<2 &&
Pol ynom al Q[w, x] && Exponent [w, x]<2

m Basis: Cos[z] = % (e“ + eiz)
Int [f_~v_=%Cos[w_]"n_, x_Synbol ] : =
Di st [1/2”n, I nt [fAv* (EN (I *W) +1/E” (I W) )™n, x]1 /;
FreeQ[f, x] && IntegerQ[n] && n>0 && Pol ynom al Q[v, x] && Exponent [v, x]<2 &&
Pol ynom al Q[w, x] && Exponent [w, x]<2



