Integration Rules for Algebraic Functions of Binomials

1
a+bxn

= Derivation: Algebraic expansion

. 1 1
| | . = - -
Bass a+b z" a

b
a (b+az ")

m Rulelf neF A n<0,then
1 X b 1
j_dx_,___j_dlx
a+hbxn a adJdb+ax™m

= Program code:

Int [1/(a_+b_. *x_"n_), x_Synbol | : =
x/a - Dist [b/a,Int [1/(b+axx” (-n)),X]1] /;
FreeQ[{a, b}, x] & Fracti onQ[n] && n<0
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d X

Vva+bx

m Reference: CRC 278

m Derivation: Primitiverule

1

A 1422

m Rulelf a>0 A b > 0,then

m Basis ArcSinh’[z] =

1 _ Vb x
J—dlx—» ArcS|nh[ ]
\/a+bx2 '\/;

m  Program code:

Int [1/Sqrt [a_+b_. »x_"2], x_Synmbol | : =
ArcSinh[Rt [b, 2]*x/Sqgrt [a]]/Rt [b, 2] /;
FreeQ[{a, b}, x] & PositiveQ[a] && PosQ[b]

m Reference: G&R 2.271.4b, CRC 279, A& S3.3.44

= Derivation: Primitiverule

m Basis ArcSin’[z] =

1-22

m Rulelfa>0 A - (b>0),then

1 1 . rV-b x
J—dlx — —ArcSm[—]
\/a+bx2 V-b Va

= Program code:

Int [1/Sart [a_+b_. #x_"2], x_Synbol | : =
ArcSin[Rt [-b, 2]*x/Sqrt [a]]/Rt [-b, 2] /;
FreeQ[{a, b}, x] & PositiveQ[a] && NegQ[b]
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m Reference: CRC 278

m Rulelf - (a>0) A b>0,then

1 Vb x
dXx —» —— ArcTanh| ——

1
J\\/a+bx2 Vb \/a+bx2]

= Program code:

Int [1/Sqrt [a_+b_. #x_"2], x_Synbol | : =
ArcTanh [Rt [b, 2]*x/Sgrt [a+bxx"2]]/Rt [b, 2] /;
FreeQ[{a, b}, x] && Not [PositiveQ[a]] && PosQ[b]

m Reference: CRC 279

s Rulelf - (a>0) A - (b>0),then

1 vV -b x
dx — —— ArcTan —]

1
J\\/a+bxz V-b 4 a+bx?

= Program code:

Int [1/Sart [a_+b_. #x_"2], x_Synbol | : =
ArcTan[Rt [-b, 2]1*x/Sqrt [a+b*x*2]11/Rt [-b, 2] /;
FreeQ[{a, b}, x] && Not [PositiveQ[a]] && NegQI[b]

= Rule If a > 0, then

b

1 1/4
— —mEllipticF[ArcSin[(—g) x], -1]

J‘ 1

— dXx

Va+bx? Va (- 2)
= Program code:

Int [1/Sqrt [a_+b_. #x_"4], x_Synbol | : =
EllipticF[ArcSin[Rt [-b/a, 4]%x], -11/(Sart [a]*Rt [-b/a, 4]) /;
FreeQ[{a, b}, x] && PositiveQ[a]
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Nry asb x4

a

m Bags: 9,

n
o

a+b x4

= Rule If - (a > 0),then

a+b x4
\[‘ 1 a b

1/4
dx — EIIipticF[ArcSin[(—g) x], —1]

a+bx* _byt a+bx?
V (-2) W

= Program code:

Int [1/Sart [a_+b_. #x_"4],x_Synbol | : =

Sqart [ (a+bxx"4)/a]l/ (Rt [-b/a, 4]1%Sqrt [a+b*x"4])xEl lipti cF[ArcSi n[Rt [-b/a, 4]*x], -1]1 /;
FreeQ[{a, b}, x] && Not [PositiveQ[a]]
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Xm
dXx
Vva+bxh
= Rule If a > 0, then
X2 1 b 1/4
— dXx — —MEIIipticE[ArcSin[(——) x], —1]—
Va+bxt Va (-2) 2
by1/4
—MEIIipticF[ArcSin[(——) x], —1]
b a
Va (-37)
= Program code:
Int [x_"2/Sqrt [a_+b_. «x_"4], x_Synbol | : =
1/(Sqrt [a]*Rt [-b/a, 4]173)*El | i pti cE[ArcSin[Rt [-b/a, 4] xx], -1] -
1/(Sqrt [a]*Rt [-b/a, 4]173)«El | i pti cF[ArcSin[Rt [-b/a, 4]xx], -1]1 /;
FreeQ[{a, b}, x] && PositiveQ[a]
_\/? a+b x4
m Bass 9y ——= =0
a+b x4
m Rule If - (a > 0),then
a+b x*
X2 a b 1/4
— dX — EIIipticE[ArcSin[(——) x], —1]—
Va+bx* (-9)3/4\/a+bx4 a
a+b x4
a b 1/4
EIIipticF[ArcSin[(——) x], —1]
a

(-2)*" Vas+bxt

= Program code:

Int [x_"2/Sqrt [a_+b_. xx_"4], x_Synbol | : =
Sqrt [ (a+bxx"4)/al/ (Rt [-b/a, 4]173%Sart [a+bxx"4])xEl | i pti cE[ArcSin[Rt [-b/a, 4] %x], -1] -
Sgrt [ (a+b*x"4)/a]/ (Rt [-b/a, 4173xSqrt [a+bxx"4]1)*El | ipti cF[ArcSin[Rt [-b/a, 4]*x], -11 /;
FreeQ[{a, b}, x] && Not [PositiveQ[a]]
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J(a+ b x")P dx

= Derivation: Integration by substitution

b \/a*b(;)z 1
= Bass: a+—2 =——262_
z (Zi) z

= Rule

= Program code:

Int [Sqrt [a_. +b_. /x_"2],x_Synbol | : =
-Subst [Int [Sgrt [a+bxx"2]/x"2, x1, X, 1/x] /;
FreeQ[{a, b}, x]

» Reference G&R 2.110.2', CRC 88d'
m Rulelf n(p+1) +1 =0,then

X (a+bxm)P+t
j(a+bx”)pdx N —
a

= Program code:

Int [(a_+b_. #x_"n_)"p_, x_Symbol | : =
X* (a+bxx”n)” (p+1) /a /;
FreeQ[{a, b, n, p}, x] && ZeroQ[nx* (p+1) +1]

m Reference: G& R 2.110.1, CRC 88b
m Rulelf peF Ap>0 Anp+1#0,then

X (a+bxmP anp 1
j(a+bx”)pdx — + J(a+bx”)p‘ dx
np+1 np+1

= Program code:

Int [(a_+b_. #x_"n_)"p_, x_Symbol | : =
X* (a+bxXx"n)~p/ (nxp+1) +
Di st [axnxp/ (nxp+1), I nt [ (@a+bxx*n)”" (p-1), x1]1 /;
FreeQ[{a, b, n}, x] && FractionQ[p] && p>0 && Nonzer oQ[nxp+1]
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m Reference: G&R 2.110.2, CRC 88d

Rulelf peF A p < -1,then

X (a+bxMP n(p+l) +1
+

f(a+bx”)pdx — - f(a+bx”)p*1dx

an (p+1) an(p+1)
= Program code:
Int [(a_+b_. #x_"n_)"p_, x_Symbol | : =
-X* (a+b*x*n)” (p+1) / (n* (p+1) *a) +

Di st [(n*x (p+1)+1)/ (a*xnx(p+1)), I nt [ (a+bxx*n)” (p+1), x1]1 /;
FreeQ[{a, b, n}, x] && Fracti onQ[p] && p<-1

m Reference: G&R 2.110.6, CRC 88c

Rule: If p ¢ z, then

Program code:

Int [ (a_+b_. /x_)"p_, x_Symbol ] : =

X* (a+b/x)" (p+l)/a +

Di st [bxp/a, I nt [ (a+b/Xx)"p/X, x1]1 /;
FreeQ[{a, b, p}, x] && Not [I nt eger Q[p]]

= Derivation: Integration by substitution

= Note: Transformsp into an integer.

m Rulelf -1<p<0 /\ p+%ez,|etq=Denom’ nat or [p], then

qap+% X:—-l xNn/q
(a+bx"Pdx — Subst[ —dx, X, —]
n (1-bxayPrs+t (a+bx")t/a

= Program code:

Int [(a_+b_. #x_"n_)"p_, x_Symbol | : =
Modul e [ {g=Denom nat or [p]},
Di st [q*a™ (p+1/n) /n,
Subst [I nt [x* (gq/n-1)/ (1-bxx"q)”" (p+1/n+1), X1, X, X" (n/q) / (a+b*xx*n)* (1/9)111 /;
FreeQ[{a, b}, x] & Rational Q[{p,n}] && -1<p<0 && I ntegerQ[p+1l/n]
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J.(a +b (c x")™P dx

= Derivation: Integration by substitution

» Bass f [(C Xn)l/n] - (cxi)lln f [(C Xn)l/n] dy (C Xn)l/n

. X
L] BaSS‘GXTEYGUF =

= Rule If mn € z,then

j(a+b € xMm™Pdx — Subst [Ji(aubx”"‘)p dx, x, (c x”)l/”]

(C Xn) 1/n

= Program code:

Int [(a_+b_. #(c_. »x_"n_)"m_)"p_., x_Synbol | : =
Di st [X/ (C*x*n)” (1/n), Subst [I nt [ (a+b*x™ (mkn) )" p, X1, X, (C*x*n)A(1/n)1]1 /;
FreeQ[{a, b,c, mn, p}, x] && | nteger Q[mxn]

= Derivation: Integration by substitution

X

= Basisf[(cx")'"] = —r

f [(C Xn)lln] aX (C Xn)l/n

. X
L] BaSS.axW=

= Note: Thispreviously unknown rulenot yet implemented.

= Rule

jf [(cxM"]dax — Subst [jf [X] dX, X, (C x”)l’”]

(C Xn)l/n
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XM (a + b x")P dx

= Derivation: Integration by substitution
m Basis Ifm+1#0and -~ ez then x™ (a+bx")P = = (a+b (x"“l)% P o, xm1
mel ’ T omel X

= Rule If m+1¢0/\%ez/\%>l,then

1

m+1

jxm(a+bxn)pdx — Subst [J‘(a+bx%)pdlx, X, xm*l]

= Program code:

Int [x_"m_. *(a_. +b_. »x_"n_)"p_., x_Synbol | : =
Di st [1/ (m+1), Subst [I nt [ (a+b*x™ (n/ (Mm+1)))"p, X1, X, X (mx1) 1] /;
FreeQ[{a, b, mn, p}, X] & & NonzeroQ[m+1l] && IntegerQ[n/(m+l)] && n/(mrl)>1 && Not [I nt egersQ[m n, p]]

m Derivation: Algebraic simplification
 Basis Ifp € z then x™ (a+bx")P = x™"P (h+ )P

X"

m Rulelf pez Ap<O AneF A n<Q0,then

a\p
Jxm (a+bxMPdx — Jx”‘*"p (b+—) dx

X n
= Program code:

Int [x_"m_. «(a_+b_. »x_"n_)"p_, x_Synbol | : =
I nt [X" (M+nxp) = (b+a/x*n)"p, x] /;
FreeQ[{a, b, m}, x] && I ntegerQ[p] && p<0 && FractionQ[n] && n<0

» Reference: G&R 2.110.3
= Derivation: Integration by parts
m Ruelfmnez ApeFAP>0A ((n>0 A m<-1) V 0<-n=<m+1),then

x™l (a+bx™P bnp

fxm (a+bx")Pdx — fx"““ (a+bx")P-1dax

m+1 m+1

= Program code:

Int [x_"m_. *(a_+b_. »x_"n_)"p_, x_Synbol | : =
XN (Mel) % (a+bxx*n)~p/ (Mmrl) -
Di st [b*nxp/ (Mm+1), | nt [X™ (MeN) % (@+b*x”n) " (p-1), X]] /;
FreeQ[{a, b}, Xx] & IntegersQ[mn] && Fracti onQ[p] && p>0 && (nN>0 && nx-1 || O0<-n<=mk1)
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= Reference: G&R 2.110.4

= Derivation: Integration by parts

m Basis x™ (a+bx")P = x™™1 ((a+bx")Pxn-1)

m Ruelf mnez ApeFAp<-1 A (O<nz<mVyY msn<0) A m-n+14#0,then

XM+l (g 4 p xn) Pt m-n+1

jxm(a+bx")pdx — J-x"”‘ (a+bx")P @x

bn (p+1) _bn(p+1)

= Program code:

Int [x_"m_. «(a_+b_. »x_"n_)"p_, x_Synbol | : =
XN (Mm-n+1) * (a+b*x*n) ™ (p+1) / (bxnx (p+1)) -
Di st [ (m-n+1) / (bxn* (p+1)), | nt [X* (M-n) x (@a+bxx*n)”" (p+1), x1]1 /;
FreeQ[{a, b}, x] && IntegersQ[m n] && FractionQ[p] && p<-1 && (0<n<=m || nmk=n<0) && Nonzer oQ[m-n+1]

m Reference: G&R 2.110.1, CRC 88b

RuIe:pre]F/\p>O/\m+np+1;eO/\-("“Tlez/\""Tl>0),then

x™L1 (a +bx")P npa L
Jxm(a+bx“)pdx — + Jxm (a+bxMP*dx
m+np+1 m+np+1

= Program code:

Int [x_"m_. «(a_+b_. »x_"n_)"p_, x_Synbol | : =

XN (mel) x (a+bxx™n) p/ (Menxp+1l) +

Di st [nxpxa/ (Menxp+1), | nt [X*me (a+b*x*n)” (p-1), x]1 /;
FreeQ[{a, b, mn, p}, Xx] & & FractionQ[p] && p>0 &% NonzeroQ[m«nxp+1l] &&
Not [l nt eger Q[ (m+1) /n] && (mkl)/n>0]

m Reference: G&R 2.110.2, CRC 88d

Rulelf peF Ap<-L Am+n(p+1)+1#0 A m-n+1#%0,then

x™L (a+bx")P*1 men (p+l) +1
+

Jxm(a+bx“)pdlx — - fxm(a+bx“)p*1dx

an (p+1) an(p+1)

Program code:

Int [x_"m_. «(a_+b_. *x_"n_)"p_, x_Synbol | : =
-XN (M+l) * (a+bxx”n) ™ (p+1) / (a*nx (p+1)) +
Di st [ (menx (p+1) +1) / (axn* (p+1)), | nt [Xx mk (a+b*x"n)”" (p+1),x]]1 /;
FreeQ[{a, b, mn}, x] & Fracti onQ[p] && p<-1 && Nonzer oQ[m+n= (p+1)+1] && Nonzer oQ[m-n+1]
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= Reference: G&R 2.110.5, CRC 88a

Rulelf méinp+1 20 Am-n+1#0 A m+1#0,then

x™+1l (g 4+ bx™MP a (m-n+1)

jxm (a+bxMPdx — jx””‘ (a+bx™Pdx

b (mMm+rnp+1) _b(m+np+l)

= Program code:

Int [x_"m_. «(a_+b_. »x_"n_. )*p_, x_Symbol | : =
XN (M-n+1) * (a+b*x*n) ™ (p+1) / (b* (Mrnxp+1)) -
Di st [a*x (m-n+1) / (b* (Menxp+1) ), I nt [X* (M-n) % (@a+bxX"n)"*p, X11 /;
FreeQ[{a, b, mn, p}, Xx] & & NonzeroQ[m+nxp+1] && NonzeroQ[m-n+1] && NonzeroQ[m+1l] &&
Not [I ntegersQ[mn, p]] &&
(I ntegersQ[mn] && (0<n<=m || nmk=n<0) && (Not [Rational Q[p]l] || -1<p<0) ||
I nteger Q[ (m+1) /n] && O<(m+1)/n && Not [FractionQ[n]] ||
Not [Rati onal Q[m]] && Rational Q[m-n] ||
Rati onal Q[n] && MatchQ[m u_+q_ /; Rational Q[q] && (0<n<=q || n<0 && g<0)1 ||
Mat chQ[m u_+q_. n /; Rational Q[q] && gq>=1])

m Reference: G&R 2.110.6, CRC 88c
m Rulelf mi1#0 A men (p+1) +1 #0,then

x™L (a+bx™PT b (m+n (p+1) +1)

Jxm(a+bx”)pdlx — J.xm*” (a+bxMPdx

a (m+1) a (m+1)

= Program code:

Int [x_"m_. «(a_+b_. »x_"n_. )*p_, x_Symbol | : =
XN (mel)  (a+bxx2n)" (p+1) / (ax (Ml)) -
Di st [b*x (menx (p+1) +1) / (a*% (m+1) ), | nt [XA (men) % (a+b*x"n)"p, x]11 /;
FreeQ[{a, b, mn, p}, x] & NonzeroQ[m+1] && NonzeroQ[msn=* (p+1)+1] && Not [I ntegersQ[mn, p]] &&
(IntegersQ[mn] & (n>0 & nk-1 || O<-n<=ml) ||
Not [Rati onal Q[m]] && Rational Q[m+n] ||
Rati onal Q[n] &% MatchQ[m u_+q_ /; Rational Q[q] && (n>0 && g<0 || 0<-n<=q)] ||
Mat chQ[m u_+q_=+n /; Rational Q[q] & q<0])



Integration Rules for Algebraic Functions of Binomials

= Derivation: Integration by substitution

= Note: Transformsp into an integer.

m Rulelf -1<p<0 /\ p+"”Tlez/\gcd[m+1, n] =1,letq = Denomi nat or [p], then

mel q (mel)
m nyp qaf xTn ! x"/a
x"(a+bxMPdx — —Subst[ — dX, X, —]
n (1-b xdyPr i+t (a+bxn)t/d

= Program code:

Int [x_"m_. «(a_+b_. »x_"n_)"p_, x_Synbol | : =
Modul e [ {g=Denom nat or [p]},
g*a™ (p+ (Ml) /n) /nx
Subst [l nt [X" (g% (m+1) /n-1) / (1-bxx~q)” (p+ (M+1) /n+1), X1, X, X*(n/q) / (a+b*x*n)* (1/q9)1]1 /;
FreeQ[{a, b}, x] & Rational Q[{m n, p}] && -1<p<0 && | nteger Q[p+(M+l)/n] && GCD[M+1, n]==1
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J.(xm (a +bx"))Pdx

m Rulelf mp-n+1=0 A p+1#0,then

(XM (a +b xny)p

J}xm(a+bxﬂ)pdx-a
bn (p+1)xm®+

= Program code:

Int [ (x_"m.. *(a_+b_. »x_"n_. ))"p_, x_Synbol | : =
(X"Ame (a+b*x"n) )" (p+1) / (b*xnx (p+1) *x (mxk (p+1))) /;
FreeQ[{a, b, mn, p}, x] & ZeroQ[mkp-n+1] && NonzeroQ[p+1]

m Rulelf mp+n (p+1) +1=0 A p+1#0,then

(XM (a +b xny)p+t

J-(xm (a+bxM)Pdx — -
an (p+1)xm™1

= Program code:

Int [ (x_*m_. *(a_+b_. »x_~n_. ))*p_., x_Synbol | : =
- (X mk (a+b*xx*n) )" (p+1l) / (axn* (p+1) *x (Mm-1)) /;
FreeQ[{a, b, mn, p}, x] && ZeroQ[mkp+n=x (p+1)+1] &% NonzeroQ[p+1]
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X3 (x™(a+bx"))Pdx

m Rulelf g+mp-n+1=0 A p+1#0,then

(XM (a +b xny)prt

jxq (XM (@a+bxM)Pdx —
bn (p+1)xm®+h

= Program code:

Int [x_"g_. (x_"m_. »(a_+b_. xx_"n_. ))"~p_, x_Symbol | : =
(X"Ame (a+b*x"n) )" (p+1) / (b*xnx (p+1) *x (mxk (p+1))) /;
FreeQ[{a, b, mn, p}, x] && ZeroQ[q+mkp-n+1] && Nonzer oQ[p+1]

m Rulelf g+mp+n (p+1)+1=0 A p+1#0,then

(XM (a +b xny)ypr+

jxq xM(@a+bx")Pdx — -
an (p+1)xm™ia

= Program code:

Int [x_"q_. *(x_"m_. »(a_+b_. »x_"n_. ))*p_., x_Synbol | : =
- (X mk (a+b*x*n) )" (p+1l) / (axn* (p+1) *x* (m-1-q)) /;
FreeQ[{a, b, mn, p, q}, x] && ZeroQ[g+mxp+n* (p+1)+1] && Nonzer oQ[p+1]
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(a+bX2)m(C+dX2)nd]X

m Derivation: Algebraic simplification
m BasisIf bc-ad=0and me z then (a+bx2)™= (g)m(c +dx)"

m Rulelf bc-ad=0 A me z then
[(asoxt)™ (e raxt) ax — (g)mj(c+dx2)n+mdlx

= Program code:

Int [(a_+b_. #x_"2)"m_.  (c_+d_. »x_"2)"n_, x_Synbol | : =
Dist [(b/d)"m I nt [ (c+d*x"2)” (n+m), X]1] /;
FreeQ[{a, b, c,d, n}, x] & ZeroQ[bxc-axd] && | nteger Q[m]

m Reference: CRC 232, A& S3.3.50

= Rule If %

> 0, then

1 1 a
J dx — —ArcTanh[—
(a+bx2) \/c+dx2 a [ ad-be \/c+dx2

= Program code:

Int [1/((a_+b_. »x_"2)*Sqrt [c_+d_. xx_"2]1), x_Synbol | : =
ArcTanh [x*Rt [ (axd-b=xc) /a, 2]1/Sqrt [c+d*x"2]]/ (axRt [ (axd-b=xc) /a, 2]) /;
FreeQ[{a, b, c,d}, x] && PosQ[ (axd-b=xc) /a]
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= Reference: CRC 233, A& S3.3.49

= Rule If - (ad;bc >0),then
X bc-ad
1 1 a
J dx — —ArcTan[—]
(a+bx2) A/ ¢ +d x2 a [ be-ad \/c+dx2

= Program code:
Int [1/((a_+b_. #x_"2)*Sqrt [c_+d_. xx_"2]), x_Synbol | : =

ArcTan [x*Rt [ (bxc-a=xd) /a, 21/Sqrt [c+d*x"2]]/ (a*xRt [ (bxc-axd) /a, 2]) /;
FreeQ[{a, b,c,d}, x] & NegQ[ (axd-b=xc) /a]

s Rulelf a>0 A c > 0,then

1 1 o , d bc
J dx — ElllptlcF[ArcSm[ S x],—

\/a+bx2 \/c+dx2 Na Vo ’_ ad

ola

= Program code:

Int [1/(Sart [a_+b_. «x_"2]+Sqrt [c_+d_. »x_"2]1), x_Synbol | : =
1/(Sqrt [a]l*Sqrt [c]+Rt [-d/c, 2])*EllipticF[ArcSin[Rt [-d/c, 2]1xXx], bxc/(axd)] /;
FreeQ[{a, b,c,d}, x] & PositiveQ[a] && PositiveQ[c] &&
(PosQ[-cxd] && (NegQ[-axb] || Not [Rational Q[Rt [-axb, 2]1]]1) || NegQ[-cxd] && NegQ[-axb] &&
Not [Rati onal Q[Rt [axb, 2]11])
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= Derivation: Piecewise constant extraction

a+b x2

a

=0

m Bags: 9,
a+b x?

= Rulelf - (a>0 A c > 0),then

a+h x?2 c+d x?2
1 a ¢ 1

dx —
\/a+bx2 \/c+dx2 \/a+bx2 \/c+dx2 \/1+§x2\/

dx

l+9X2
C

= Program code:

Int [1/(Sart [a_+b_. #x_"2]+Sqrt [c_+d_. #x_"2]), x_Synbol | : =
Sqart [ (a+b*x"2) /a]*Sqrt [ (c+d*x"2)/c]1/(Sqrt [a+b*xx"2]*Sqrt [c+d*x"2]) %I nt [1/(Sqrt [1+b/a*x"2]xSqrt [1+d/
FreeQ[{a, b,c,d}, x] & Not [PositiveQ[a] & PositiveQ[c]] &&
(PosQ[-cxd] && (NegQ[-axb] || Not [Rati onal Q[Rt [-axb, 211]) || NegQ[-cxd] && NegQ[-axb] &&
Not [Rati onal Q[Rt [axb, 211])

s Rulelf a>0 A c > 0,then

a+bx2 Vva o _ d bc
J—dlx — —Ell|pt|cE[ArcS|n[ -— x], ;]

c+dx? NrS ’_ ¢

ola

= Program code:

Int [Sqrt [a_+b_. #x_"21/Sqrt [c_+d_. #x_"2], x_Synbol ] : =
Sqrt [a]/(Sart [c]*Rt [-d/c, 2])=El lipti cE[ArcSin[Rt [-d/c, 2]*Xx], b=xc/(axd)] /;
FreeQ[{a, b,c,d}, x] & PositiveQ[a] & PositiveQ[c]



Integration Rules for Algebraic Functions of Binomials

= Derivation: Piecewise constant extraction

A a+b x? =0

a+b x2

m Bags: 9,

a

= Rulelf - (a>0 A c > 0),then

2 c+d x? b 2

,a+bx2 '\/a+bx "'T 1’1+5X
J—dlx — J

\’C+dX2 2 a+b x? d 2

‘\/C+dX "’T “’1+EX

dx

= Program code:

Int [Sqrt [a_+b_. «x_"2]1/Sqrt [c_+d_. #x_"2],x_Synbol | : =
Sqrt [a+b*x"2]xSqrt [ (c+d*x"2)/c]1/(Sqrt [c+d*x"2]*Sqrt [ (a+bxx"2)/a])*Int [Sqrt [1+b/a*x"2]/Sqrt [1+d/C*x
FreeQ[{a, b,c,d}, x] & Not [PositiveQ[a] && PositiveQ[c]]

= Rule

J\/a+bx2 ’\/C+dX2 dx —

X cb+ad A/ ¢ +d x2 c (cb-ad) 1
5\/a+bx2 \/c+dx2+ T4 dx - 34 dx
Va+bx2 \/a+bx2 \/c+dx2

= Program code:

Int [Sgrt [a_+b_. »x_"2]1%Sqrt [c_+d_. *x_"2], x_Synbol ] : =

X/3*Sqrt [a+b*x"2]xSqrt [C+d*x"2] +

Di st [ (cxb+axd) / (3xd), I nt [Sqrt [c+d*x"2]/Sqrt [a+b*x"2],Xx]] -

Di st [cx (Cxb-axd)/ (3xd), Int [1/(Sqrt [a+bxx"2]*Sqrt [c+d*x"2]), X]] /;
FreeQ[{a, b,c,d}, x] & NonzeroQ[cxb+axd] && NonzeroQ[cxb-axd]



Integration Rules for Algebraic Functions of Binomials

(a+bx2)m(C+dx2)n (e +f xz)pdlx

m Derivation: Algebraic simplification
m BasisIf bc-ad=0and me z then (a+bx2)™= (g)m(c +dx)"

m Rulelf bc-ad=0 A me zthen
b m
[(asbxt)(cvax)" (e 1) ax — (E) [erdx®)™ (e+1x2)" ax

= Program code:

Int [(a_+b_. #x_"2)"m_. « (c_+d_. »x_"2)"n_= (e_+f _. xx_"2)"p_, x_Symbol | : =
Di st [(b/d)"m | nt [ (C+d*x"2)" (mkn) % (e+f xx*2)"p, X]1 /;
FreeQ[{a, b,c,d, e, f,n, p}, x] & & ZeroQ[bxc-axd] && | nteger Q[m]

m Rulelf ¢ >0 A e > 0,then

1 1 . __tbec ] d
J dx — E||IptICPI[—d, ArcS|n[ -— x],
(a+bx2)\/c+dx2 \/e+fx2 a Ve Ve ’_% a ¢

= Program code:

Int [1/((a_+b_. #x_"2)*Sqrt [c_+d_. xx_"2]+Sqrt [e_+f _. xx_"2]), x_Synbol | : =

1/ (a*Sqrt [c]=Sqrt [e]*Rt [-d/c, 2])=El | i pticPi [bxc/(axd), ArcSin[Rt [-d/c, 2]*x], c=f/(exd)]
FreeQ[{a, b,c,d, e, f},x] & PositiveQ[c] &% PositiveQ[e] &&
(PosQ[-exf] & (NegQ[-cxd] || Not [Rational Q[Rt [-c*d, 2]1]1) || NegQ[-exf] &% NegQ[-cxd] &&
Not [Rati onal Q[Rt [c*d, 211])

cf

ed

~



Integration Rules for Algebraic Functions of Binomials

= Derivation: Piecewise constant extraction

c+d x2

=0

m Bags: 9,
c+d x?

Rule: If = (c >0 A e > 0),then

c+d x2 e+f x2
J’ 1 c J 1
dx — dx
(a+bx2)\/c+dx2 \/e+fx2 ’\/C+dX2 \/e+fx2 (a+bx2)\/1+%x2 \/1+fgxz

Program code:

Int [1/((a_+b_. #x_"2)*Sqrt [c_+d_. xx_"2]*Sqrt [e_+f _. xx_"2]), x_Synbol | : =
Sqrt [ (c+d*x"2) /c]*Sqrt [ (e+f xx~2)/e1/(Sqart [c+d*xx"2]*Sqrt [e+f *x"2])
Int [1/ ((a+b*x"2) *xSqrt [1+d/c*x"2]*Sqrt [1+f /exx"2]), x] /;
FreeQ[{a, b,c,d, e, f}, x] & Not [PositiveQ[c] & PositiveQ[e]] &&
(PosQ[-exf] & (NegQ[-cxd] || Not [Rational Q[Rt [-c*d, 2]11) || NegQ[-exf] &% NegQ[-cxd] &&
Not [Rati onal Q[Rt [c*d, 211])

= Derivation: Algebraic expansion

Ves+f z _ f + be-af

= Basis =
(a+b z) bVesf z b (a+bz) Ve+f z

Rule If be-af #0,then

J Ve +f x2 fj 1 be—afJ 1
le — — dx + dx
(a+bx?) C+dX2 b \/c+dx2 \/e+fx2 b (a+bx2)\/c+dx2 \/e+fx2

= Program code:

Int [Sart [e_+f_. #x_"2]/((a_+b_. »x_"2)*Sqrt [c_+d_. xx_"2]1), x_Synbol | : =

Di st [f /b, Int [1/(Sqrt [c+d*x"2]*Sqrt [e+f *x*2]), X]] +

Di st [ (bxe-axf) /b, Int [1/ ((a+b*x"2)*Sqrt [c+d*x"2]*Sqrt [e+f *x"2]), x1] /;
FreeQ[{a, b,c,d, e, f}, x] & NonzeroQ[bxe-axf ]



Integration Rules for Algebraic Functions of Binomials

= Derivation: Algebraic expansion

- \/c+d x2 \/e+f x? d\/ed x? (bc-ad) \ e+ x?
= +

2
asbx b/ c+d x2 b (a+bx?)  c+d x2

m Rulelf bc-ad # 0,then

\e+dx? \/e+fx2 J\/e+fx2 bc—adJ Ves+f x?
—_ -
b (a+bx?) A/c+dx?

dx

a+bx?
C+dX2

= Program code:

Int [Sart [c_+d_. #x_"2]+Sqrt [e_+f _. »x_"2]/(a_+b_. »x_"2), x_Synbol ] : =

Di st [d/b, I nt [Sqrt [e+f *xx*2]/Sqrt [c+d*x"2], Xx]] +

Di st [ (bxc-axd) /b, I nt [Sqrt [e+f *x"2]/ ((a+b*x"2) *Sqrt [c+d*x"2]), X1] /;
FreeQ[{a, b,c,d, e, f}, x] & NonzeroQ[bxc-axd]

= Derivation: Algebraic expansion

= Bass e+f z =f\/a+bz + be-af
Va+bz b b+Va+bz

m Rulelf be-af #0,then

J‘ e+f x2 J\/a+bx2 be—afJ 1
dx — 5 dx
\/a+bx2 \/c+dx2 c+dx2 \/a+bx2 \/c+dx2

= Program code:

Int [(e_. +f_. #x_"2)/(Sart [a_+b_. +x_"2]1#Sqrt [c_+d_. xx_"2]), x_Synbol | : =
Di st [f /b, Int [Sgrt [a+bxx~2]/Sqrt [C+d*x"2], x]] +
Di st [ (bxe-axf) /b, I nt [1/(Sqrt [a+b*x"2]*Sqrt [c+d*x"2]),Xx]1] /;
FreeQ[{a, b,c,d, e, f}, x] & NonzeroQ[bxe-axf] &&
(PosQ[-cxd] && (NegQ[-axb] || Not [Rational Q[Rt [-axb, 2]1]1]1) || NegQ[-cxd] && NegQ[-axb] &&
Not [Rati onal Q[Rt [axb, 2]11])



Integration Rules for Algebraic Functions of Binomials

= Rule

x2 y a +b x2 xx/a+bx2 \/c+dx2 1 ac+ (2bc-ad) x?

dx — - — dx

Vc+dx? 3d 3d \/a+bx2 \/c+dx2

= Program code:

Int [x_"2%Sqrt [a_+b_. »x_"21/Sqrt [c_+d_. #x_"2], x_Synbol | : =

X*Sqrt [a+bxx"2]*Sqrt [c+d*xx"2]/ (3*d) -

Di st [1/(3%d), I nt [ (a*xC+ (2xbxCc-axd) *x"2) /(Sqrt [a+b*x"2]*Sqrt [c+d*x"2]), X]1] /;
FreeQ[{a, b, c,d}, x]



Integration Rules for Algebraic Functions of Binomials

J(a+bx”)p (c +dx")%9dx

m Derivation: Algebraic simplification

m BassIfad-bc =0,then 222 - B
c+d z d

m Rulelfad-bc =0 Ap>0 A q<-1,then

b
J(a+bx“)p (c+dxM%dx — E_J-(a+bx”)p'l (c +dx") 9t ax

= Program code:

Int [(a_. +b_. »x_"n_)"p_=(c_. +d_. »x_"n_)"q_., x_Synbol | : =
Di st [b/d, I nt [ (a+bxx”n)” (p-1) = (C+d*xx*n)”" (q+1), x1]1 /;
FreeQ[{a, b, c,d, n}, x] & ZeroQ[axd-bxc] && Rational Q[{p,q}] && p>0 && g<=-1

= Derivation: Algebraic expansion

ad-bc
d (c+d z)

a+bz

: b
u asls, —— = —
Bass c+dz d +

m Rulelf ad-bc # 0O Ap>0Agq<-1 Anez A n>O0,then

ad-bc b
f(a+bx“)p (c+dxM)9dx — TJ\(a+bx”)p‘1 (c +dxM)d dlx+EJ\(a+bx”)p'l (c +dx")9*t @x

= Program code:

Int [(a_. +b_. »x_"n_)"p_=(c_. +d_. »x_"n_)"q_., x_Synbol | : =

Di st [ (a*d-bxc) /d, I nt [ (a+b*x”n)”" (p-1) * (C+d*x*n)"q, X]] +

Di st [b/d, I nt [ (a+b*x”n)” (p-1) » (C+d*x*n)” (q+1), x11 /;
FreeQ[{a, b,c,d, n}, x] &% NonzeroQ[axd-bxc] &% Rational Q[{p,q}] && p>0 && gq<=-1 &&
I nt eger Q[n] && n>0



Integration Rules for Algebraic Functions of Binomials

= Derivation: Algebraic expansion

o 1 _ b ~ d
= Bass (a+bz) (c+dz) ~ (bc-ad) (a+bz) (bc-ad) (c+dz)

m Rulelf ad-bc 0 Ap<-1 Aq<-1 Anez A n>D0,then

J(a+bx”)p (c+dxM%dx —
b

bc-ad

d
—J~(a+bx”)‘°"1 (c +dx")%dx

(@+bx"P (c+dx")9t dx -
j bc-ad

= Program code:

Int [(a_. +b_. »x_"n_)"p_. #(c_. +d_. *x_"n_)"q_., x_Symbol | : =

Di st [b/ (bxc-axd), I nt [ (a+b*x*n)"p* (C+d*x*n)”* (q+1), x]] -

Di st [d/ (bxc-axd), | nt [ (a+b*x*n)”" (p+1) * (C+d*x"*n)"q, x1] /;
FreeQ[{a, b, c,d, n}, x] & NonzeroQ[bxc-axd] && Rational Q[{p,q}] && p<-1 && q<=-1 &&
I nteger Q[n] && n>0



Integration Rules for Algebraic Functions of Binomials

xM (a + b x")

d X

c +dxP
= Derivation: Algebraic expansion
.. a+bx" _a x"-1 (b c-ad xP-")
= Bass Xrdxt) _ox T ¢ (c+d xP)
m Rulelfn, peF A 0<nxp,then
a+bxn alog[x] 1 rx"!(bc-adxP")
j 2P ax - 222 C J dx
X (Cc +d xP) c c c+dxP
= Program code:
Int [(a_ +b_. »x_"n_. )/ (x_«(c_+d_. #x_"p_.)),x_Synbol | : =
axLog[x]/c +
Di st [1/c, I nt [X" (n-1) % (bxc-axd+*x” (p-n)) / (C+d*x"p), x11 /;
FreeQ[{a, b,c,d}, x] & FractionQ[{n, p}] && O<n<=p
m Derivation: Algebraic expansion
;. a+bx" _a xP-1 (~ad+bc x"P)
= Bass Xrdxty —ox T c (c+d xP)
m Rulelfn, peF A 0<p<n,then
a+bx" alog[x] 1 rxP! (-ad+bcx"P)
j— ax — . c j dx
X (c +d xP) c c c+dxP

= Program code:

Int [(a_ +b_. »x_"n_. )/ (x_x(c_+d_. »x_"p
axLog[x]/c +
Di st [1/c, I nt [X" (p-1) % (—axd+bxC*x" (n-p)) / (C+d*xx"p), x]1]1 /;
FreeQ[{a, b,c,d}, x] & FractionQ[{n, p}] &% O<p<n

)), x_Synbol | : =



Integration Rules for Algebraic Functions of Binomials

= Derivation: Algebraic expansion

x™ (a+bx") _ ax" x™n (bc-adxP")

[ iS: =
Bas's: c+d xP c c (c+d xP)

m Rulelf mn, peF A m<-1 A 0<n <p,then

x™ (a +bx") axml 1 ~x™" (bc-adxP")
j— dX —» ——mM + — j dx
c+dxP c(m+l) <c c+dxP
m  Program code:
Int [x_"m_#(a_. +b_. #x_"n_. ) /(c_+d_. #x_"p_. ), x_Synbol ] : =
a*xx" (Mml)/ (c*x(Mmtl)) +
Di st [1/c, | nt [X® (m+n) * (bxC-axd*x" (p-n)) / (C+d*x"p), X]] /;
FreeQ[{a, b,c,d}, x] & FractionQ[{m n, p}] && nk-1 && O<n<=p
m Derivation: Algebraic expansion
i XM (atbx") _ axm x™P (-ad+bc x"-P)
= Bass crdxr - ¢ ¢ c (c+d xP)
m Rulelf mn, peF A m<-1 A 0<p<n,then
XM (a +b xM) a xml 1 x™P (—ad+bcx"P)
j— ax - — . Z f dx
c+dxP c(m+l) c c +dxP

= Program code:

Int [x_"m_(a_. +b_. #x_"n_. ) /(c_+d_. #x_"p_. ), x_Synbol | : =
a*xx™ (m+l) / (c* (Mmel)) +
Di st [1/c, | nt [X" (M+p) * (maxd+bxCxx” (n-p)) / (C+dxx"p), x]] /;
FreeQ[{a, b,c,d}, x] & FractionQ[{mn, p}] && nk-1 && O<p<n



Integration Rules for Algebraic Functions of Binomials

1

d X
\/ c X2 (a + b x")
= Derivation: Algebraic simplification
= Note: If b% < 0, antiderivative can be expressed moresimply asthearcsineor hyperbolic arcsineof alinear term
= Rule If £° <0, then

J 1 J«/ l
dXx — dx
cx? (as? bcx+ac x?
(a+3)

= Program code:

Int [1/Sart [c_. #x_"2x(a_. +b_. /x_)],x_Synbol | : =
Int [1/Sqrt [bxCcxx+axC*Xx"2], X1 /;
FreeQ[{a, b, c}, x] & Negati veQ[b”2xc/a]

= Rule If ac > 0,then

1 2 ‘Vac x
J dx — -—ArcTanh[ ]
\/cx2 (a+bxM nvac \/cx2 (a+bxM

= Program code:

Int [1/Sqrt [c_. #x_"2x(a_. +b_. »x_"n_. )], x_Synbol | : =
-2/ (nxRt [axCc, 2]) *ArcTanh [Rt [axC, 2] *x/Sqrt [C*X"2* (a+bxXx"n)]]1 /;
FreeQ[{a, b, c, n}, x] && PosQ[axC]

= Rulelf - (ac > 0),then

1 v -ac x
J dx — -—ArcTan[ ]
\/cx2 (a+bxM nv-ac \/cx2 (a+bxM

= Program code:

Int [1/Sart [c_. #x_"2x(a_. +b_. »x_~n_. )], x_Synbol | : =
-2/ (nxRt [-a%c, 2]) *ArcTan [Rt [-axC, 2] *x/Sqrt [C*x"2% (a+b*xx"n)1] /;
FreeQ[{a, b, c,n}, x] && NegQ[axc]



Integration Rules for Algebraic Functions of Binomials

m Derivation: Algebraic simplification

1 1
J dx — J dx
A c xM(a+bxn) \/cx2 (b+ax™2)

Rule: If m+n = 2, then

Program code:

Int [1/Sqrt [c_. «x_"m_. «(a_. +b_. »x_"n_. )], x_Synbol | : =
Int [1/Sqrt [C*x"2% (b+a*x" (M-2))1, X] /;
FreeQ[{a, b,c, mn}, x] && Zer oQ[m+n-2]

m Derivation: Algebraic simplification

= Rule

dx — dx
\/c (axp+bx2) \/cx2 (b+axp'2)

Program code:

Int [1/Sart [c_. «(a_. #x_"p_+b_. xx_~2)], x_Symbol | : =
Int [1/Sqrt [C*x"2x (b+a*xx" (p-2))1, X1 /;
FreeQ[{a, b, c, p}, x]

= Derivation: Algebraic simplification
m Basis x™ (axP + b x2™ = x2 (b +a x™pP-2)

= Rule If m+n = 2,then

1 1
dx — dx
Ve x™(axP+bx") \/C)(z (b +ax™2)

= Program code:

Int [1/Sqrt [c_. #x_"m_. *(a_. #x_"p_. +b_. #x_"n_. )], x_Symbol | : =
Int [1/Sqrt [C*x"2x (b+axx" (m+p-2))1, X] /;
FreeQ[{a,b,c, mn, p}, x] & ZeroQ[m«n-2]



Integration Rules for Algebraic Functions of Binomials

a+bxyn
c+dx

m  Program code:

( Int [(e_. »(a_. +b_. #x_)/(c_. +d_. »x_))~n_, x_Synbol | : =
Di st [ex (bxc-axd), Subst [I nt [x"n/ (bxe-d*Xx)"2, X], X, ex (a+bxXx) / (C+d*x)]1] /;
FreeQ[{a, b,c,d, e}, x] & FractionQ[n] && NonzeroQ[bxc-axd] =)

m  Program code:

(* Int [x_"m_. (e_. »(a_. +b_. #x_)/(c_. +d_. »x_))"n_, x_Symbol | : =
Di st [ex (bxc-axd), Subst [I nt [X*n* (-axe+CxXx) nV (bxe-dxx)" (M+2), X1, X, €x (a+bxXx) / (C+d*x)]]1 /;
FreeQ[{a, b,c,d, e}, x] & IntegerQ[m] && Fracti onQ[n] && NonzeroQ[bxc-axd] =)

= Program code:

(» Int [(f_+g_. #x_)"m_ «(e_. = (a_. +b_. #x_)/(c_. +d_. »x_))~n_, x_Symbol | : =
Di st [1/g, Subst [I nt [X"m«k (ex (a-bxf /g+b/gxXx) / (c-d*f /g+d/gxXx))"n, x], X, f +g*x1] /;
FreeQ[{a, b,c,d, e, f, g}, x] & IntegerQ[m] && nmk0 && FractionQ[n] && NonzeroQ[bxCc-axd] =x)



Integration Rules for Algebraic Functions of Binomials

ax+\/b+a2x2 dXx

= Rule

2
J\/ax+\/b+a2x2 dx — . (2ax—\/b+cx2)\/ax+\/b+cx2
a

= Program code:
Int [Sgrt [a_. *x_+Sqgrt [b_+Cc_. *x_"2]], x_Synbol ] : =

2% (2xaxx-Sgrt [b+cxx"2])*Sqrt [a*xx+Sqrt [b+c*x"2]1]/ (3*a) /;
FreeQ[{a, b, c}, x] && ZeroQ[c-a"2]

= Rule

2
J\/ax—\/b+a2x2 dx — T2 (2ax+\/b+cx2)\/ax—\/b+cx2

= Program code:

Int [Sqrt [a_. *x_-Sqrt [b_+c_. *x_"2]], x_Synbol ] : =
2% (2xaxx+Sqrt [b+cxx"2]1)*Sqrt [a*xx-Sqrt [b+c*x"2]1]/ (3*a) /;
FreeQ[{a, b, c}, x] && ZeroQ[c-a"2]



Integration Rules for Algebraic Functions of Binomials

J\/a+\/a2+bx2 dx

= Rule

3bx

2
j\/a+\/az+bx2 dx — —az+bx2+a\/a2+bx2]\/a+\/a2+bx2

= Program code:
Int [Sgrt [a_+Sqgrt [c_+b_. *x_"2]], x_Synbol ] : =

2% (-a"2+bxx"2+axSqrt [a”2+bxx"2]) *Sqrt [a+Sqrt [a*2+bxx"2]1]/ (3xbxXx) /;
FreeQ[{a, b, c}, x] && ZeroQ[c-a"2]

= Rule

3bx

2
J\/a—\/a2+bx2 dx — —a2+bx2—a\/a2+bx2J\/a—\/a2+bx2

= Program code:

Int [Sqrt [a_-Sart [c_+b_. *x_"2]], x_Synbol ] :=
2% (-a"2+bxx"2-axSqrt [a"2+bxx"2]) *Sqrt [a-Sqrt [a*2+bxx"2]1]/ (3xbxXx) /;
FreeQ[{a, b, c}, x] && ZeroQ[c-a"2]



Integration Rules for Algebraic Functions of Binomials

u

—d
v+ Vw

X

= Derivation: Algebraic simplification

. 1 z-w
| Y =
Bas's: Z+w z2-w?

= Rule

dx

u u (axm—b\/cx”)
— dx —
axM+bcx" a?x2m_p2c x"
= Program code:

Int [u_. /(a_. »x_"m_. +b_. #Sqrt [c_. #x_"n_]), x_Synbol ] : =
Int [ux (axx"m-b*Sqrt [C*x"n]) / (a"2xx" (2xm) -b"2xCxXx"n), X] /;
FreeQ[{a, b, c, m n}, x]

= Derivation: Algebraic simplification

. 1 Va+bz -f Ved
= Bass If be? = df2, then e
eVa+bz +f Vc+dz ae’-cf

m Rulelf mez A m<0 A be? =df?2, then

Ju (e a+bx" +f \/c+dx”)md1x — (aez—cfz)mj n — dx
(e«/a+bxn -fVc+dx”)

= Program code:

Int [u_. »(e_. »Sqrt [a_. +b_. »x_~n_. 1+f _. «Sqrt [c_. +d_. »x_"n_. 1)*m_, x_Synbol | : =
Di st [ (axe"2-cxf22)"m | nt [ux (exSqgrt [a+bxx"n]-f *Sqrt [c+d*x"n])" (-m), x]] /;
FreeQ[{a, b,c,d, e, f,n}, x] & IntegerQ[m && nmk0 && Zer oQ[bxe"2-dxf"2]



Integration Rules for Algebraic Functions of Binomials

m Derivation: Algebraic simplification

» Basis If ae? =c f2,then = - eVarbz f Verdz
eVa+bz +f Vc+dz (be?-df?) z

m Rulelf mez A m<0 A ae? =cf? then

mn
Ju (e\/a+bx” +f Vc+dx”)md1x — (bez—dfz)mj ux — dx
(e\/a+bxn —fVc+dx“)

= Program code:

Int [u_. «(e_ «Sqrt [a_. +b_. «x_~n_. 1+f _. «Sqrt [c_. +d_. #x_"n_. 1)"m_, x_Synbol | : =
Di st [ (bxe”2-dxf*2) m | nt [uxx” (mkn) * (e*Sqrt [a+b*x"n]-f *Sqrt [c+d*x*n])" (-m), x1] /;
FreeQ[{a, b,c,d, e, f,n}, x] & IntegerQ[m] && nk0 && Zer oQ[axe"2-cxf~ 2]

= Derivation: Algebraic simplification

1 a Vc+dz

= Bags If a? = b2 c, then = -+
a+bVc+dz b*dz bdz

m Rule If a2 = b2 c, then

dX — - — [ —dx+ — | ————— dax

J- u a ju 1 uvc+dxn
a+bac+dx" b2d J x" bd X"

= Program code:

Int [u_. /(a_+b_. #Sqrt [c_+d_. #x_"n_1), x_Synbol | : =
Di st [-a/ (b"2xd), I nt [u/x"n, x]] +
Di st [1/ (bxd), | nt [uxSgrt [c+d*x~n]/Xx"n, x]1] /;
FreeQ[{a, b,c,d, n}, x] & ZeroQ[a”2-b"2xC]



Integration Rules for Algebraic Functions of Binomials

m Derivation: Algebraic simplification

1 —az+b 4/ c+d 22

m Bass If a2 = b2 d, then =

2
az+b \ c+d z? b*c

b2 d, then

u a 1 [
dx —» _—juxmdx+—fu c+dx2™ dx
b2 c bc
axm+b\/c+dx2m

m Rule If a2

= Program code:

Int [u_. /(a_. »x_"m_. +b_. «Sqrt [c_+d_. »x_"n_]1), x_Synbol | : =
Di st [-a/ (b"2x%C), | nt [u*x"m X]] +
Di st [1/ (bxc), Int [uxSqrt [c+d*x"n], X]] /;

FreeQ[{a, b,c,d, mn}, x] && ZeroQ[n-2xm] && ZeroQ[a"2-b"2xd]

m Derivation: Algebraic simplification

m Basis If a2 =c2d A b? =c?e,then 1 - 1 cydeez?

1

=y — Y7

2a 2bz 2abz
a+b z+c \ d+e z?

m Rulelf a2 =c?2d A b2 =c?e,then

J u 1 1 u c J'U\/d+ex2m
a+bxM+c

dx

dX — — |udX+ — — dx -
Xm

/—d+ex2m 2a 2b J xm 2ab

= Program code:

I nt [u_. /(a_+b_. *X_"m_. +C_. xSqrt [d_+e_. *X_"n_]), Xx_Synbol ] i=
Di st [1/(2%a), I nt [u, x]] +
Di st [1/(2xb), I nt [u/x"m x]] -
Di st [c/ (2xaxb), I nt [uxSqrt [d+exx*n]/x"m x]]1 /;
FreeQ[{a, b,c,d, mn}, x] && ZeroQ[n-2xm] && ZeroQ[a"2-c"2xd] && Zer oQ[b"2-c/ 2xe]



Integration Rules for Algebraic Functions of Binomials

m Derivation: Algebraic simplification

T 2 _ 2 _ 02 1 _ 1 a _ch+ez
m Bass If ac=c“d A 2ab =c“e,then Tttt o
m Rulelf a2=c2d A 2ab =c?e,then
u 1 u a u c uvd+exn
j dX — — | —dx+— dX - — [ ———dx
a+bx"+cvVd+exn b Jx" b2 J x2n b2 x2n

= Program code:

Int [u_. /(a_+b_. »x_"n_. +c_. #Sqrt [d_+e_. «x_"n_. 1), x_Synbol | : =
Di st [1/b, Int [u/x"n, x]] +
Di st [a/b"2, | nt [u/X" (2xn), X]] -
Di st [c/b"2, I nt [uxSqrt [d+exXx"n] /X" (2xn), X]]1 /;

FreeQ[{a, b,c,d, n}, x] & ZeroQ[anr2-c"2xd] && Zer oQ[2xaxb-c"2xe]

(» Int[u_. /(e_. #Sqrt [a_. +b_. #x_1+f _. «Sqrt [c_. +d_. #x_1), x_Synbol | : =
Int [ux(exSqrt [a+bxx]-f *Sqrt [c+d*x]) / (axe"2-cxf 2+ (bxe"2-dxf "2) xx), X] /;
FreeQ[{a, b,c,d, e, f}, x] *)

= Derivation: Algebraic simplification

1 ax b/ c+d x2

= Basis =

axebN oz Pror(@bid) " TbZcr(a?ob2d) X2

= Rule

dXx

u Xu u/c+dx?
dlx—»aj 2 2 2 de_b 2 2 2 2
ax+b/c+dx? -bZc+ (a?-b?d) x -b?c + (a?-b%d) x

= Program code:

Int [u_. /(a_. »x_+b_. «Sqrt [c_. +d_. »x_"2]), x_Synbol ] : =

Di st [a, | nt [xxu/ (-b"2xC+ (a"2-b"2xd) *x"2), x]] -

Di st [b, I nt [uxSgrt [c+d*Xx"2]/ (-b"2%C+ (a”2-b"2xd) *x"2),Xx]1] /;
FreeQ[{a, b, c,d}, x]



Integration Rules for Algebraic Functions of Binomials

m Derivation: Algebraic simplification

e 1 Z-w
= Bass z+w  z2-wW?

u u(e\/(a+bx”)p —fV(a+bx”)q)
dx — dx
eV(a+bxMP +f A/ (a+bxM)d e (a+bx")P-f2 (a+bx"A

Program code:

= Rule

Int [u_. /(e_. »Sart [(a_. +b_. »x_~n_. )" p_. |+f_. «Sqrt [(a_. +b_. #x_"n_. )"*q_. ]), x_Synbol ] : =
Int [ux(exSqrt [ (a+bxx*n)"p]1-f *Sqrt [ (a+bxx*n)"q])/ (e"2x (a+bxx"n) p-f 2% (a+bxx*n)"q), X1 /;
FreeQ[{a, b,e, f}, x] & IntegersQ[n, p,q]

(* Int [u_. /(v_+a_. #Sqrt [w_]), x_Synbol | : =
Int [uxv/ (vr2-a”2xw), X] -
Di st [a, | nt [uxSqgrt [w]/ (VA2-a”*2xw), X]] /;
FreeQ[a, x] && Pol ynom al Q[v, X] *)

(» Int [u_. /(a_. »x_+b_. «Sqrt [c_+d_. #x_]), x_Symbol | : =
I nt [ (axx*xu-bxu*Sqrt [c+d*X]) / (-b*2xC-b"2xdxx+a”2xx"2), X] /;
FreeQ[{a, b, c,d}, x] =)



Integration Rules for Algebraic Functions of Binomials

= Derivation: Algebraic simplification

A 22-w? _ z _ w
zew A z22-w? A z22-w?

s Rule:If mn+1 =0,then

= Basis

= Program code:

Int [u_. «Sqrt [c_+d_. #x_"2]/(a_+b_. #x_), x_Synmbol | : =
axlnt [u/Sgrt [c+d*x"2], X] -
bxl nt [xxu/Sqgrt [c+d*Xx"2], X] /;

FreeQ[{a, b, c,d}, x] && ZeroQ[c-a"2] && ZeroQ[d+b"2]



Integration Rules for Algebraic Functions of Binomials

d X

J*\/bX2+‘\/a+b2X4

\/a+b2 x4

= Rule If b > 0,then

J'\/bx2 \/a+b2x4 1 5D x ]

dx — ArcTanh[
\/bx2+\/a+b2x4

a+b2x4 V2b

= Program code:

Int [Sart [b_. »x_"2+Sqrt [a_+C_. xx_"411/Sqrt [a_+c_. #x_"4], x_Synbol | : =
ArcTanh [Rt [2xb, 2]*x/Sqrt [b*x"2+Sqrt [a+C*x"4]]1]1/Rt [2xb, 2] /;
FreeQ[{a, b, c}, x] && ZeroQ[c-b"2] && PosQ[b]

m Rule If - (b > 0),then

J\\/bxz \/a+b2x4 1

dx —

a+b2x4 V-2b

V-2b x ]
Y.

Ar cTan[

= Program code:

Int [Sqrt [b_. »x_"2+Sqrt [a_+C_. xx_"4]11/Sqrt [a_+c_. #x_"4]1, x_Synbol | : =
ArcTan [Rt [-2xb, 2]*x/Sqrt [b*x"2+Sqrt [a+C*x"4]]1]1/Rt [-2xb, 2] /;
FreeQ[{a, b, c}, x] && ZeroQ[c-b"2] && NegQ[b]



Integration Rules for Algebraic Functions of Binomials

u V+‘\/a+v2
‘\/a+v2

d X

= Author: Martin

= Derivation: Algebraic expansion

m Bass If a > 0,thenVa +z2 =\/\/a +1z \/Va -1z

\z+Vaez? 1-3 1+

= +
‘\/ a+z? 2’\/\/?-1‘12 2'\/\/?+:|'12

= Basis If a > 0, then

= Rule If a > 0,then

1+4

2
J '\’ a+v 1_]-1\J\ u 4
2 2
a+v2 VVa -iv

= Program code:

Int [u_. «Sqrt [v_+Sqrt [a_+w_]]1/Sqrt [a_+w_], x_Synbol | : =
Dist [(1-1)/2, Int[u/Sgrt [Sqrt [a]-l *v], X]] +
Dist [(1+]l)/2, Int [u/Sgrt [Sqrt [a]+] *v], Xx]1] /;
FreeQ[a, x] && ZeroQ[w-v"2] && PositiveQ[a] && Not [Li near Q[v, X]1]

J

Vva +1iv

dx



Integration Rules for Algebraic Functions of Binomials

1
ac+bcu

d X

= Note: Constant factorsin denominator are aggressively factored out to prevent them occurring unnecessarily in logarithm of antiderivative!

= Rule

1 1 1
j—dlx — —j dx
ac+bcu cJa+bu

= Program code:

I f [Showst eps,

Int [1/(a_+b_. »u_), x_Symbol | : =
Modul e [ {l st =Const ant Fact or [a+b=*u, X]},
ShowStep ["", "I nt [1/ (axc+bxcxu), x]","Int [1/ (a+b*u), x]/c", Hold[
Dist[l/1st[[1]],Int[1/1st[[2]],x]111] /;
I'st[[11]=!=1] /;
SinplifyFlag & FreeQ[{a, b}, x] & (
Mat chQ[u, f _~(c_. +d_. #x) /; FreeQ[{c,d,f} xI] Il
Mat chQ[u, f _[c_. +d_. »x] /; FreeQ[{c,d}, x] && MenberQ[{Tan, Cot, Tanh, Coth}, f]]),

Int [1/(a_+b_. xu_), x_Symbol ] : =
Modul e [ {I st =Const ant Fact or [a+bxu, X1},
Dist[1/1st[[1]],Int [1/1st[[2]],%X]] /;
Ist[[1]1]1='=1] /;
FreeQ[{a, b}, x] && (
Mat chQ[u, f _~(c_. +d_. #x) /; FreeQ[{c,d,f} xI] [l
Mat chQ[u, f _[c_. +d_. #x] /; FreeQ[{c,d}, x] & MenberQ[{Tan, Cot, Tanh, Coth}, f]])]



