Integration Rules for Inverse Cosine Functions

ArcCos[a + b x]" dx

m Reference: G&R 2.814.1, CRC 442, A& S4.4.59
m Derivation: Integration by parts
= Rule

(a+bx) ArcCos[a+bx] \/1- (a+bx)?

b b

JArcOos[a+bx] dx —

= Program code:

Int [ArcCos[a_. +b_. *x_],x_Synbol ] : =
(a+bxx) xArcCos [a+bxx]/b - Sgrt [1-(a+bxx)*2]/b /;
FreeQ[{a, b}, x]

m Reference: CRC 466
= Derivation: Iterated integration by parts

s Rule If n > 1,then

(a+bx) ArcCos[a+bx]"
jArcOos[a+bx]“d1x — . -

ny1l-(a+bx)2 ArcCos[a+bx]"!

b

-n(n-1) J-ArcOos[a+bx]”'2 dx

= Program code:

Int [ArcCos[a_. +b_. *x_]1"n_, x_Synbol ] : =
(a+b*x) *ArcCos [a+b*x]*n/b -
nxSqrt [1- (a+b*xx)"2]*xArcCos [a+bxx]” (n-1) /b -
Di st [nx (n-1), I nt [ArcCos [a+b*x]" (n-2),Xx]1] /;
FreeQ[{a, b}, x] && Rational Q[n] && n>1



Integration Rules for Inverse Cosine Functions

= Derivation: Integration by substitution

1

. _ Sin[ArcCos[z]] ’
= Bass ArcCos[z]  ArcCos[z] ArcCos’[z]
= Rule
1 Sinlntegral [ArcCos[a+bx]]
J- dx — -
ArcCos[a+bx] b

= Program code:

Int [1/ArcCos [a_. +b_. »x_],x_Synbol | : =
-Si nl ntegral [ArcCos [a+bxx]]/b /;
FreeQ[{a, b}, x]

= Derivation: Integration by substitution

1 __Sin[ArcOos[z]] ArcOos’[z]

m Bass =
ArcCos[z]? ArcCos [z]?

= Rule

dx —

ArcCos [a+b x]? b ArcCos[a+bx] b

J 1 V1-(a+hx)? Cosl ntegral [ArcCos[a+bx]]

= Program code:

Int [1/ArcCos [a_. +b_. »x_]"2, x_Synbol | : =
Sgrt [1- (a+bxx)~2]1/ (bxArcCos [a+bxx]) - Cosl ntegral [ArcCos [a+bxx]]1/b /;
FreeQ[{a, b}, x]

m Derivation: Integration by substitution

s Bass 1 =_S|n[ArcCos[z]] AI’CCOS'[Z]
vV ArcCos[z] vV ArcCos[z]

= Rule

1 1 2
J dX — -—+2n FresneIS[ — “ArcCos[a+bx] ]
VArcCos[a+bx] b ”

= Program code:

Int [1/Sqrt [ArcCos [a_. +b_. #x_]], x_Synbol | : =
-Sqrt [2+Pi ]xFresnel S[Sqrt [2/Pi 1*Sqrt [ArcCos [a+b*x]]11/b /;
FreeQ[{a, b}, x]



Integration Rules for Inverse Cosine Functions

= Derivation: Integration by parts

= Rule

a+bx ArcCos[a+bx 1 , 2
J«/ArcCos[a+bx] dx — @+ )V - [a+ ] _E g Fr esnel C[ — “ArcCos[a+bx] ]
T

= Program code:

Int [Sgrt [ArcCos[a_. +b_. xx_11,x_Synbol ] : =
(a+b#x) *Sqrt [ArcCos [a+bxx]]/b - Sqrt [Pi /2]1*Fresnel C[Sqrt [2/Pi 1*Sqrt [ArcCos [a+b*x]]1]/b /;
FreeQ[{a, b}, x]

Derivation: Inverted iterated integration by parts

Rulelf n< -1 A n# -2,then

(a+bx) ArcCos[a+bx]n?
J-ArcCos[a+bx]”d1x — -
b(n+1) (n+2)

\/1—(a+bx)2 ArcCos[a+bx]? 1

b (n+1) _(n+1) (n+2)

jArcOos[a+bx]”*2 dx

m  Program code:

Int [ArcCos[a_. +b_. *x_]”n_, x_Synbol ] : =
(a+b*x) *Ar cCos [a+b*xx]1" (n+2) / (bx (N+1) * (N+2)) -
Sqrt [1- (a+bxx)"2]xAr cCos [a+b*x]” (n+1) / (b*x (n+1)) -
Di st [1/((n+1)*(n+2)), | nt [ArcCos [a+bxx]" (n+2), x]] /;
FreeQ[{a, b}, X] && Rational Q[n] && n<-1 && n!=-2

" Rulelfn¢o V -1<n<1 then

ArcCos[a+bx]" (r[n+1, 1 ArcCos[a+bx]] T[n+1, -iArcCos[a+bx]]
+
2b (L ArcCos[a+bx])" (-2 ArcCos[a+bx])"

fArcCos[a+bx]”d1x —

= Program code:

I nt [ArcCos [a_. +b_. *x_]1"n_, x_Synbol ] : =
ArcCos [a+b*x1°n/ (2xb) *
(Gamma [n+1, | *xArcCos [a+bxXx]]1/ (I *ArcCos [a+b*x])"n +
Gamma [n+1, -l *ArcCos [a+b*x]]/ (| *ArcCos [a+b*x])"n) /;
FreeQ[{a, b, n}, x] & & (Not [Rational Q[n]] || -1<n<1)



Integration Rules for Inverse Cosine Functions

XMArcCos[a+ b x] dx

m Reference: G&R 2.832, CRC 454, A& S 4.4.67
m Derivation: Integration by parts
s Rule If m+1 # 0, then

x™1 ArcCos[a +b x] b x M+l
jxmArcms[a+bx] dx — n + 1 dx
m m
¥ ¥ \/1—a2—2abx—b2x2

= Program code:

Int [x_"m. xArcCos[a_. +b_. *x_1, x_Synbol ] : =

XN (me1l) *Ar cCos [a+b*x]/ (Mm+l) +

Di st [b/ (mel), I nt [X™ (me1l) /Sqart [1-a”2-2xaxbxx-b"2xx"2]1, Xx1] /;
FreeQ[{a, b, m}, x] && Nonzer oQ[m+1]



Integration Rules for Inverse Cosine Functions

XMArcCos[ax]"dx

= Rule
X A 2V ArcCos[ax]
j dXx — - —— Fresnel S ]
V/ArcCos[ax] 2 a? V'

= Program code:

Int [x_/Sqrt [ArcCos [a_. #x_11, x_Synbol | : =
-Sgrt [Pi ]/ (2*a"2) xFresnel S[2xSqrt [ArcCos [a*x]]1/Sqrt [Pi 1] /;

FreeQJa, x]
= Rule
X 2x41-a2x? 24 2 v/ ArcCos[ax]
dx — - Fresnel C[ ]
Ar cCos [a x]3/2 a+VArcCos[ax] a? e

= Program code:
Int [x_/ArcCos [a_. #x_]1"(3/2), x_Synbol | : =

2xXxSqrt [1-a”2xx"2]/ (a*xSqrt [ArcCos [a*x]]) - 2%Sqrt [Pi ]/a”2xFresnel C[2xSqrt [ArcCos [a*x]]1/Sqrt [Pi 1]
FreeQJ[a, x]

m RuleIf n>1,then

nx v 1-a2x? ArcCos[ax]"!
X ArcCos[ax]"dx — -

4 a

ArcCos[ax]"™ x2ArcCos[ax]" n (n-1)
+ - Jx ArcCos [ax]"? dx
4 a2 2 4

= Program code:

Int [x_*xArcCos[a_. *x_]"n_, x_Synbol ] : =
-NxX*Sqrt [1-a"2+#x"2] *Ar cCos [a*Xx]" (n-1) / (4%a) -
ArcCos [ax*X]"n/ (4xa"2) + x"2xArcCos [a*Xx]"n/2 -
Di st [nx(n-1) /4, | nt [x*xArcCos [a*x]”" (n-2),x]] /;
FreeQ[a, x] && Rational Q[n] && n>0



Integration Rules for Inverse Cosine Functions

m Rulelf n<-1 A n#-2,then

x \/1-a2x2 ArcCos[ax]"?
X ArcCos[ax]"dx — -

a(n+1)

ArcCos[ax]™2  2x2 ArcCos[ax]"?2 4
+ -
az (n+1) (n+2) (n+1) (n+2) (n+1) (n+2)

Jx Ar cCos [a x]"*? dx

= Program code:

Int [x_*xArcCos[a_. *xx_]"n_,x_Synbol ] : =
-X*Sqrt [1-a"2xx"2] xArcCos [a*X]”" (n+1) / (a*x (n+1)) -
ArcCos [a*X]" (N+2) / (a"2% (N+1) * (N+2)) +
2xx"2xArcCos [a*X]" (n+2) / ((N+1) *(N+2)) -
Di st [4/ ((n+1) % (n+2)), | nt [x*ArcCos [a*Xx]" (n+2), x1] /;
FreeQ[a, x] && Rational Q[n] && n<-1 && n#-2

s Rule If n > 1,then

dx — - dx

x3 2 X 2 x2 2

JArcCos[ax]“ anx/l—azx2 ArcCos[ax]"™! ArcCos[ax]" a?n (n-1) J-ArcOos[ax]”‘2
_— +

X

= Program code:

Int [ArcCos [a_. #x_]"n_/x_"3,x_Synbol | : =
axn*xSqart [1-a”2+xx"2] *Ar cCos [a*X]" (n-1) / (2%X) -
ArcCos [a*X]"n/ (2xx"2) +
Di st [a"2xn*(n-1) /2, I nt [ArcCos [a*Xx]" (n-2) /X, X]1] /;
FreeQ[a, x] && Rational Q[n] && n>1



Integration Rules for Inverse Cosine Functions

m Rulelf mez A m<-3 A n> 1, then

anx™2+/1-a2x2 ArcCos[ax]"-
XMArcCos[ax]"dx — +

(m+1) (Mm+2)

x™1 ArcCos[ax]” a2 (m+3) x™3 ArcCos[ax]"

(m+1) (m+1) (Mm+2)
aZ (m+3)?2

+

aZn (n-1)

- fx”“z ArcCos[ax]"dX + ————~ jx”“z ArcCos[ax]"? dx
(m+1) (m+2) (m+1) (m+2)

= Program code:

axN*xx" (M+2) *Sgrt [1-ar2xx"2]«ArcCos [a*x]" (n-=-1) / ((m+1l) * (M+2)) +

X" (mel) *Ar cCos [a#X]7n/ (mel) -

anr2x (M3) *X™ (M+3) *Ar cCos [a*xx] n/ ((Mel) * (M+2)) +

Di st [a”"2% (M+3) "2/ ((mel) % (Me2)), I nt [X™ (Mm+2) *Ar cCos [a*x]1”n, X]] +

Di st [a*2xn* (N-1) / ((M+1) % (Mk2)), | nt [X” (m+2) *Ar cCos [a*X]" (n-2), X]] /;
FreeQ[a, x] && I ntegerQ[m] && Rational Q[n] && nk-3 && n>1

Int [x_"m xArcCos[a_. *Xx_]"n_, x_Synbol ] : =

m Rulelf mez A m>1 An<-1An#-2then

xMAl1-a2x2 ArcCos[ax]"!
XxMArcCos[ax]"dx — -

a(n+1)

mx™1 ArcCos[ax]™2 (m+1) x™! ArcCos[a x]"*2
+

a2 (n+1) (n+2) (n+1) (n+2)
(m+1)?2

m(m-1)
(n+1) (n+2)

Jmecms[ax]“+2 dx + Jx”chms[ax]”+2 dx

aZ (n+1) (n+2)

= Program code:

Int [x_"m xArcCos [a_. *X_]"n_, x_Synbol ] : =
=X "meSqrt [1-a"2%x"2] *Ar cCos [a*x]” (n+1) / (a*(n+l)) -
meX” (M-1) *Ar cCos [a*X]" (N+2) / (a"2% (N+1) * (N+2)) +
(mel) *X™ (me1l) *Ar cCos [a*x]” (N+2) / ((N+1) * (N+2)) -
Dist [(m1)22/ ((n+1) % (n+2)), | nt [Xx*mxAr cCos [a*x]" (nN+2), X]] +
Di st [mx (m-1) / (a”2% (n+1) % (n+2)), | nt [Xx* (Mm-2) *Ar cCos [a*x]" (n+2),X]1] /;
FreeQ[a, x] && IntegerQ[m] && Rational Q[n] &% m>1 && n<-1 && n#-2



Integration Rules for Inverse Cosine Functions

= Derivation: Integration by substitution

ArcCos[axP]" _
. =

= Basis —%ArcOos [axP]" Tan[ArcCos[a xP]] 8x Ar cCos [a xP]
m Rulelf nez A n>0,then

ArcCos [axP]" 1
J— dx — - — Subst [jx” Tan[x] dx, X, ArcOos[ax”]]
X p

= Program code:

Int [ArcCos [a_. #x_"p_. 1*n_. /x_, x_Synbol | : =
-Di st [1/p, Subst [I nt [x*nxTan[x], X1, X, ArcCos [a*x"p]11] /;
FreeQ[{a, p}, x] & IntegerQ[n] && n>0

= Derivation: Integration by partsand substitution

Xt AreCosiaxi™ _ _ L ArcCosax]"! Cos [ArcCos[ax]]™! o, ArcCos [ax]

amz
4/ 1-a? x2

m Rulelf mez A m# -1,then

= Basis If me z,

x™L ArcCos[ax]" n
JxmArcCos[ax]”dlx — - Subst [J\x”'l Cos [x]™! dx, x, ArcCos[ax]]
m+ 1 a™l (m+1)

= Program code:

Int [x_"m. xArcCos[a_. *Xx_]"n_,x_Synbol ] : =

XN (mel) »Ar cCos [a*X]”n/ (mkl) -

Di st [n/ (a” (m+1) % (m+1) ), Subst [l nt [X" (n-1) *Cos [x]" (m+1), X], X, ArcCos [a*x]]1] /;
FreeQ[{a, n}, x] && |IntegerQ[m] && m¢-1



Integration Rules for Inverse Cosine Functions

j(a+bArc@s[C+dx])”dx

= Derivation: Integration by substitution
m Bass (a+bArcCos[c+dx])" = -% (a+bArcCos[c+dx])"Sin[ArcCos[c +dXx]] dxArcCos[c +dX]

= Rule If n ¢ z, then

1
j(a+bArcOos[c+dx])“d1x — —aSubst [j(a+bx)”Sin[x]d1x, X, ArcCos[c+dx]]

= Program code:

Int [ (a_+b_. *ArcCos [c_. +d_. #x_1)"n_, x_Synbol | : =
-Di st [1/d, Subst [I nt [ (a+b*x)”n*Si n[x], X1, X, ArcCos [c+d*xx]1]] /;
FreeQ[{a, b, c,d}, x] & Not [I nt eger Q[n]]



Integration Rules for Inverse Cosine Functions

XM (a+bArcCos[c +dx])"dx

= Derivation: Integration by substitution

m Bass Ifmez xM™(a+bArcCos[c+dx])" =
L (a+bArcCos[c+dx])" (Cos[ArcCos[c+dx]]-c)™Sin[ArcCos[c+dx]] dxArcCos[c +dX]

- dml

m Rulelf mez An¢z A m>O0,then

1
Jx”%a+bArcCos[c+dx])“d1x — ——lSubst [J(a+bx)“ (Cos[X] -¢)™Sin[x] dx, X, ArcOos[c+dx]]

drTN—

= Program code:

Int [x_"m_. «(a_+b_. »ArcCos [c_. +d_. xx_])"n_, x_Synbol | : =
-Di st [1/d” (m+1), Subst [I nt [ (a+b*x)”n* (Cos [x]-C)*mkSi n[x], X], X, ArcCos [c+d*x]]] /;
FreeQ[{a, b,c,d}, x] & & IntegerQ[m] && Not [I ntegerQ[n]] && m>0



Integration Rules for Inverse Cosine Functions

X ArcCos[a+bx]"

\/1- (a+bx)?

d X

= Derivation: Integration by parts

s Rule If n > 1,then

Jx ArcCos[a+bx]"
dx —

V1-(a+bx)?2
VY1-(a+bx)? ArcCos[a+bx]" n a [ ArcCos[a+bx]"
- ——JNC@S[a+bx]”‘1dx—— dx
b2 b b .
1-(a+bx)

= Program code:

Int [x_#ArcCos [a_. +b_. #x_]"n_/Sqrt [u_], x_Synbol | : =
-Sgrt [u] *ArcCos [a+b*x]1"n/b"2 -
Di st [n/b, I nt [ArcCos [a+b*x]” (n-1), x]] -
Di st [a/b, I nt [ArcCos [a+b*x]*n/Sqgrt [u], x1] /;
FreeQ[{a, b}, x] && ZeroQ[u-1+(a+bxx)"2] && Rational Q[n] && n>1



Integration Rules for Inverse Cosine Functions

C m
u Ar cCos [—] dx
a+bx"
= Derivation: Algebraic smplification
m Basis: ArcCos[z] =ArcSec[§]
= Rule
c m a bxh,m
juArcOos[—] dx — uArcSec[—+ dx
a+bxn c c

= Program code:

Int [u_. »ArcCos [c_. /(a_. +b_. #x_~n_. )]*m_., x_Synbol | : =
I nt [uxArcSec [a/Cc+bxx*n/c1"m x] /;
FreeQ[{a, b, c, n, m}, X]



Integration Rules for Inverse Cosine Functions
fc ArcCos [a+b X] dx

= Rule If 1+c2Log[f]? #0,then

1, 2
JfCNC@S[a+bX] dx — a+bx-c 1—(a+bx) LOg[f] chrcCos[a+bx]

b (1+c?Log[f1?)

= Program code:

Int [f_~(c_. ArcCos [a_. +b_. xx_]), x_Synbol | : =
f~ (cxArcCos [a+bxXx]) * (a+bxx-cxSqrt [1- (a+b*x)”*2]1xLog[f]1)/ (b*x(1+c*2xLog[f ]172)) /;
FreeQ[{a, b,c,f}, x] & NonzeroQ[l+c"2xLog][f ]*2]



Integration Rules for Inverse Cosine Functions

v ArcCos [u] dxX

m Derivation: Integration by parts

m Rule If uisfreeof inversefunctions, then

X Oy U
jArcCos[u] dx — X ArcCos[u] +J— dx
1-u?

= Program code:

Int [ArcCos [u_1],Xx_Synbol ] : =
X*ArcCos [u] +
I nt [Regul ari ze [xx*D[u, x]1/Sqgrt [1-u”2], X1, X] /;
I nver seFuncti onFreeQI[u, x] && Not [Functi onOf Exponenti al Of Li near [u, X]]

= Derivation: Integration by parts

s Rule If m+1 # 0 A uisfreeof inversefunctions, then

" x™1 ArcCos [u] 1 x™1 a5 u
XMArcCos [u] dX — + dx
m+ 1 m+ 1 /1_u2

= Program code:

Int [x_“m. *ArcCos[u_],x_Synbol ] : =
X" (mel) *ArcCos [u] / (mkl) +
Di st [1/ (m+1), I nt [Regul ari ze [x" (m+1) *D[u, x]/Sqrt [1-u”2], x], X111 /;
FreeQ[m x] && NonzeroQ[m+1] && | nverseFuncti onFreeQ[u, X] &&
Not [Functi onOf Q[x” (mk1l), u, x]] &&
Not [Functi onCf Exponenti al Of Li near [u, X]]



