Integration Rules for Inverse Hyperbolic Sine Functions

ArcSinh[a+b x]"dx

m Reference: CRC 579, A& S4.6.43
m Derivation: Integration by parts
= Rule

(a+bx) ArcSinh[a+bx] \/1+ (a+bx)?

b b

fArcSi nh[a+bx]dx —

= Program code:

Int [ArcSinh[a_. +b_. *x_], x_Synbol ] : =
(a+bxx) xAr cSi nh [a+bxx]/b - Sgrt [1+ (a+bxx)"2]/b /;
FreeQ[{a, b}, x]

= Derivation: Iterated integration by parts

s Rule If n > 1,then

) (a+bx) ArcSinh[a+bx]"
jArc& nh[a+bx]"dx — . -

nyl+(a+bx)2 ArcSinhfa+bx]"!

b

+n (n-1) jArcSi nh[a +b x]"? dx

= Program code:

Int [ArcSinh[a_. +b_. *x_]1"n_, x_Synbol ] : =
(a+bxx) *ArcSi nh [a+b*x]1"n/b -
nxSqrt [1+ (a+b*xx)"2]1%xArcSi nh [a+bxx]” (n-1) /b +
Di st [n*x (n-1), I nt [ArcSi nh[a+b*x]" (n-2), x]] /;
FreeQ[{a, b}, x] && Rational Q[n] && n>1



Integration Rules for Inverse Hyperbolic Sine Functions

= Derivation: Integration by substitution

1

. _ Cosh[ArcSinh[z]] : ’
= Bass ArcSinh[z] ~ ArcSinh[z] ArcSinh’[z]
= Rule
1 Coshl ntegral [ArcSinh[a+bXx]]
J - dx —
ArcSi nh[a+bx] b

= Program code:

Int [1/ArcSinh[a_. +b_. #x_1, x_Synbol | : =
Coshl nt egral [ArcSinh[a+bxx]]/b /;
FreeQ[{a, b}, x]

= Derivation: Integration by substitution

1 _ Cosh[ArcSinh[z]] ArcSi nh’[z]

= Basis - = -
ArcSinh[z]? ArcSinh[z]?

= Rule

dx — - -
ArcSinh[a+bx]? b ArcSinh[a+bx] b

J 1 Y1+ (a+hx)? Sinhintegral [ArcSinh[a+bx]]
+

= Program code:

Int [1/ArcSinh[a_. +b_. #x_172,x_Synbol | : =
-Sgrt [1+(a+bxx)”~2]1/ (b*ArcSi nh[a+bxx]) + Sinhlntegral [ArcSinh[a+bxx]]1/b /;
FreeQ[{a, b}, x]

m Derivation: Integration by substitution

s Bass 1 - Cosh[ArcSinh[z]] Ar cSi nh’[z]
V' ArcSinh[z] vV ArcSinh[z]

= Rule

dx — +

J 1 V;Erf[\/ArcSinh[a+bx]] \/;Erfi[\/ArcSinh[a+bx]]

A ArcSinh[a+bx] 2b 2b

= Program code:

Int [1/Sart [ArcSinh[a_. +b_. *x_11, x_Synbol | : =
Sqrt [Pi 1xErf [Sgrt [ArcSi nh[a+bxx]]11/ (2xb) +
Sqrt [Pi 1xErfi [Sqrt [ArcSi nh[a+bxx]]11/ (2xb) /;

FreeQ[{a, b}, x]



Integration Rules for Inverse Hyperbolic Sine Functions

= Derivation: Integration by parts

= Rule
a+b ArcSinh[a+b
jVArcSinh[a+bx] dx — (a+bx) v bl [a+bxi +
Ar Erf [VArcSi nhla+bx] ] A Erfi [\/ArcSi nhla+bx] ]

4b 4b

= Program code:

Int [Sgrt [ArcSinh[a_. +b_. %x_11,x_Synbol ] : =
(a+b*x) *Sqrt [ArcSi nh[a+bxx]]1/b +
Sqrt [Pi 1xErf [Sgrt [ArcSi nh[a+b*xx]]11/ (4xb) -
Sgrt [Pi 1xErfi [Sgrt [ArcSi nh[a+bxx111/ (4xb) /;
FreeQ[{a, b}, x]

m Derivation: Inverted iterated integration by parts
m Rulelf n<-1 A n#-2then

) (a+bx) ArcSinh[a+bx]"2
chSmh[a+bx]“dlx — - +
b(n+1) (n+2)

Y1+ (a+bx)2 ArcSinhfa+bx]m! 1

b (n+1) +(n+1) (n+2)

jArcSi nh[a+b x]"? dx

m  Program code:

Int [ArcSinh[a_. +b_. *x_]”n_, x_Synbol ] : =
- (a+bxx) *ArcSi nh [a+b*x]” (n+2) / (bx (n+1) x (N+2)) +
Sqrt [1+ (a+bxx)"2]%Ar cSi nh [a+bxx]” (n+1) / (b* (n+1)) +
Dist [1/((n+1)*(n+2)), | nt [ArcSi nh[a+b*x]”* (n+2),Xx1] /;
FreeQ[{a, b}, X] && Rational Q[n] && n<-1 && n!=-2
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m Rulelf n¢o V -1<n <1, then

JNcSi nh[a+bx]"dx —

ArcSinh[a+bx]"Gama[n+1, -ArcSinh[a+bXx]] Ganmma[n+1, ArcSinh[a+bX]]

2b (-ArcSinh[a+bx])" 2b

= Program code:

Int [ArcSinh[a_. +b_. *x_]”n_, x_Synbol ] : =
ArcSi nh[a+b*x]1*nxGamma [n+1, -ArcSi nh [a+bxXx]]/ (2xbx (-ArcSi nh[a+b*x])”n) -
Gamma [n+1, ArcSi nh[a+bxx]1]/ (2xb) /;

FreeQ[{a, b, n}, x] && (Not [Rational Q[n]] || -1<n<1)



Integration Rules for Inverse Hyperbolic Sine Functions

XMArcSi nh[a + b x] dx

m Reference: CRC 581, A& S4.6.50
m Derivation: Integration by parts
s Rule If m+1 # 0, then

x™L ArcSinh[a+bx] b xm1
jxmArcSi nhfa+bx] dx — - dx
m+1 m+ 1 \/1+a2+2a

b x + b2 x2

= Program code:

Int [x_"m.*ArcSinh[a_. +b_. *x_],x_Synbol ] : =

XN (me1l) *Ar cSi nh [a+b*x]/ (m+1) -

Di st [b/ (mel), I nt [X» (Mme1l) /Sqart [1+a”2+2xaxbxx+b"2xx"2]1, X111 /;
FreeQ[{a, b, m}, x] && Nonzer oQ[m+1]
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J.xmAr cSinh[ax]"dx

= Rule
1 1
J X dx — - —— z Erf[\/z_\/ArcSi nh[ax] ]+ 1, f Erfi [V?VArcSi nh[a x] ]
v ArcSi nh[ax] 4a% \ 2 4az \ 2

= Program code:

Int [x_/Sart [ArcSinh[a_. «x_]], x_Synbol | : =
-Sqgrt [Pi /2]xErf [Sqrt [2]*Sqrt [ArcSi nh[axx]]]/ (4*xa"2) +
Sqrt [Pi /21=Erfi [Sqrt [2]1%Sqrt [ArcSi nh[a*x]11]1/ (4%a”2) /;
FreeQ[a, x]

= Rule

X
dx —
ArcSi nh[ax]3/2

2 1 2 2 1 1
- 2xy1ra2x L1 /gErf[«/?«/m]+—z,/gErfi[ﬁ\/m]
a

avAcSinh[ax] @

= Program code:

Int [x_/ArcSinh[a_. «x_]"(3/2),x_Synbol | : =
-2xx*Sqrt [1+a”2%x"2]1/ (a*Sqrt [ArcSi nh[a*x]]) +
Sgrt [Pi /21%Erf [Sgrt [2]*Sqrt [ArcSi nh[axx]]]/a"2 +
Sqrt [Pi /21%Erfi [Sqrt [2]1%Sqrt [ArcSi nh[axx]]1]/a"2 /;
FreeQIa, x]
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m RuleIf n>1,then

nx 4y 1+a2x? ArcSinh[ax]"!
JxArcSinh[ax]“dlx — - +

4 a

ArcSinh[ax]" x2ArcSinh[ax]" n(n-1) )
+ + Jx ArcSinh[ax]"? dx
4 a2 2 4

= Program code:

Int [x_*ArcSinh[a_. *x_]"n_, x_Synbol ] : =
-nxx*Sqrt [1+a”"2xx"2]1%xArcSi nh [a*x]” (n-1) / (4%a) +
ArcSi nh[axx]”n/ (4*xa”2) + X"2xArcSi nh[a*x]"n/2 +
Di st [nx(n-1) /4, I nt [x*ArcSi nh[a*x]" (n-2),Xx1] /;
FreeQ[a, x] && Rational Q[n] && n>0

m Rulelf n<-1 A n# -2,then

x\1+a2x2 ArcSinh[ax]?
Jx ArcSinh[ax]"dx —

a(n+1)

ArcSinhfax]™? 2x2 ArcSinh[ax]"? 4
- +
a2 (n+1) (n+2) (n+1) (n+2) (n+1) (n+2)

Jx ArcSi nh[ax]"? dx

= Program code:

I nt [x_*ArcSinh[a_. *x_]”n_, x_Synbol ] : =
Xx*Sqrt [1+a”2xx"2]xArcSi nh [a*x]" (n+1) / (ax (n+1)) -
ArcSi nh[axx]” (n+2) / (a"2% (N+1) * (N+2)) -
2xx"2%xArcSi nh[a*x]1" (nN+2) / ((n+1) * (nN+2)) +
Di st [4/ ((n+1)*(n+2)), I nt [x*ArcSi nh[a*x]” (n+2), Xx]1] /;
FreeQ[a, x] && Rational Q[n] && n<-1 && n#-2



Integration Rules for Inverse Hyperbolic Sine Functions

m RuleIf n>1,then

JArcSi nh[ax]"
—_— dX —
X3

any1l+a?x? ArcSinh[ax]™! ArcSinh[ax]" a2n (n-1) J‘ArcSi nh[ax]"-2
- +
2 X 2 x2 2

dx
X

= Program code:

Int [ArcSinh[a_. »x_]"n_/x_"3, x_Synbol | : =
-axn*Sqrt [1+a”2%x"2]xArcSi nh [a*x]” (n-1) / (2%X) -
ArcSi nh[a*x]"n/ (2%x"2) +
Di st [a"2xnx (n-1) /2, I nt [ArcSi nh[a*x]” (n-2) /X, X]] /;
FreeQ[a, x] && Rational Q[n] &&% n>1

s Rulelf mez A m<-3 A n> 1, then

JmecSi ah[ax]" dx — _anx"‘*2 V1+a2x2 ArcSinh[ax]"?!

(m+1) (Mm+2)

+

x™L ArcSinh[ax]" a2 (m+3) x™3 ArcSinh[ax]"
+ -

(m+1) (m+1) (m+2)
a% (m+3)?

a?n (n-1)

R - Jx”‘*z ArcSinh[ax]"dX + ——— Jx”“z ArcSinh[ax]"? dx
(m+1) (m+2) (m+1) (m+2)

= Program code:

Int [x_“m xArcSinh[a_. *x_1"n_, x_Synbol ] : =

—axnN*x" (M+2) *Sqart [1+a”2xx"2] xAr cSi nh [a*x]" (n-1) / ((M+1) * (M+2)) +

XN (m+l) *Ar cSi nh [a*x]1*n/ (Mm+1l) +

an2% (Mk3) xX (M+-3) *Ar cSi nh [a*x]1 n/ ((Ml) % (M2)) -

Di st [a"2% (M+3)"2/ ((Mel) % (M+2) ), | nt [XA (m+2) *Ar cSi nh [axx]"n, Xx]] +

Di st [a”"2%n* (n-1) / ((m+1) * (M+2) ), | nt [X" (m+2) *Ar cSi nh [a*x]" (n-2),X]] /;
FreeQ[a, x] && IntegerQ[m] && Rational Q[n] && nmk-3 && n>1
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m Rulelf mez A m>1 An<-1An#-2then

4/ 242 ; +1
JxmArcSi ah[ax]" dx — xM4/1+a“xs ArcSinh[ax]"

a(n+1)

mx™1 ArcSinh[ax]™2 (m+1) x™! ArcSi nh[a x]"?2
- +

az (n+1) (n+2) (n+1) (n+2)

(m+1)?2 m(m-1)

jmecSi nh[ax]™? dx +

(n+1) (n+2) a2 (n+1) (n+2)

= Program code:

Int [x_“m xArcSinh[a_. *x_1"n_, x_Synbol ] : =

X meSqrt [1+a”2xx"2]*ArcSi nh [a*x]” (n+1) / (a* (n+1)) -

meX” (M-1) *Ar cSi nh [a*x]” (n+2) / (a2 (n+1) * (N+2)) -

(Mi1) *Xx™ (mk1) *Ar cSi nh [a*x]” (n+2) / ((n+1) * (N+2)) +

Dist [(mel)"2/ ((N+1) % (n+2)), | nt [X*mxAr cSi nh [a*x]" (n+2), X]] +

Di st [mx (Mm-1) / (a"2% (N+1) * (n+2)), | nt [X" (m-2) *Ar cSi nh [a*x]" (n+2), x]] /;
FreeQ[a, x] && I ntegerQ[m] && Rational Q[n] & & m>1 && n<-1 && n#-2

Derivation: I ntegration by substitution

ArcSinh[axP]"
X

m Bass = %ArcSi nh[axP]1" Cot h[ArcSi nh[a xP]] 8xArcSi nh[a xP]

Rule lf nez A n > 0,then

J~ArcSi nh[a xP]"
X p

Program code:

Int [ArcSinh[a_. «x_"p_. 1*n_. /x_,x_Synbol | : =
Di st [1/p, Subst [I nt [x*nxCot h[x], X1, X, ArcSi nh [a*x"p]]1] /;
FreeQ[{a, p}, X] && IntegerQ[n] && n>0

J-x”F2 ArcSi nh[ax]"? dx

1
dx — — Subst [Ix“ Cot h[x] dx, x, ArcSi nh[axp]]



Integration Rules for Inverse Hyperbolic Sine Functions

= Derivation: Integration by partsand substitution

Xx™L ArcSinh[ax]"?t

\ 1+a2 x2

m Rulelf mez A m# -1,then

= Bass If me z, = alm ArcSinh[ax]" ! Sinh[ArcSinh[ax]]™! 8, ArcSi nh[ax]

) x™L ArcSinh[ax]" n _ )
J.xmAr cSinh[fax]"dx — - Subst U-x”'1 Sinh[x]™!dx, x, ArcSinh[a x]]
m+ 1 a™l (m+1)

= Program code:

Int [x_“m. *ArcSinh[a_. *x_1"n_, x_Synbol ] : =

XN (mel) *ArcSi nh [a*x]1°n/ (Mm+1l) -

Di st [n/ (@ (m+1) » (Mm+1) ), Subst [I nt [X* (n-1) *Si nh [x]” (m+1), X1, X, ArcSi nh[axx]]1] /;
FreeQ[{a, n}, x] && |IntegerQ[m] && mg-1



Integration Rules for Inverse Hyperbolic Sine Functions

j(a+bArcSi nh[c +dx])"dx

= Derivation: Integration by substitution
m Basis (a+bArcSinh[c+dx])" = % (a+b ArcSinh[c +dx])" Cosh[ArcSinh[c +dXx]] 8xArcSinh[c +dx]

= Rule If n ¢ z, then

1
j(a+bArcSi nh[c+dx])"dx — ESubst [j(a+bx)“Cosh[x]d1x, X, ArcSi nh[c+dx]]

= Program code:

Int [(a_+b_. *ArcSinh[c_. +d_. «x_1)"n_, x_Synbol | : =
Di st [1/d, Subst [I nt [ (a+b*Xx)”nxCosh[x], X], X, ArcSinh[c+d*x]]] /;
FreeQ[{a, b, c,d}, x] & Not [I nt eger Q[n]]



Integration Rules for Inverse Hyperbolic Sine Functions

XM (@a+bArcSi nh[c+dx])"dx

= Derivation: Integration by substitution

m Bass Ifmez x™(a+bArcSinh[c+dx])" =
L a+bArcSinh[c+dx])" (Sinh[ArcSinh[c+dx]]-c)™Cosh[ArcSinh[c +dx]] 0xArcSinh[c +d x]

dml

m Rulelf mez An¢z A m>O0,then

1
Jxm (a+b ArcSinh[c+dx])"dx — —18ubst [J(a+bx)“ (Sinh[x] -c)M™Cosh[x] dx, X, ArcSi nh[c+dx]]
dITN—

= Program code:

Int [x_"m_. «(a_+b_. »ArcSinh[c_. +d_. »x_1)"n_, x_Synbol | : =
Di st [1/d” (m+1), Subst [I nt [ (a+b*x)"n* (Si nh[x]-c)"mxCosh[x], X1, X, ArcSi nh[c+d*x]]] /;
FreeQ[{a, b,c,d}, x] & & IntegerQ[m] && Not [I ntegerQ[n]] && m>0
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X ArcSinh[a+bx]"

\/1+(a+bx)2

d X

= Derivation: Integration by parts

s Rule If n > 1,then

X ArcSinh[a+bx]" 4
Y1+ (@a+bx)?
V1+(@+bx)2 ArcSinh[a+bx]" n _ a [ ArcSinh[a+bx]"
. —BJ-ArcS|nh[a+bx]”'1dlx—B dx
b \/1+(a+bx)2

X —

= Program code:

Int [x_#ArcSinh[a_. +b_. «x_]1"n_/Sqrt [u_], x_Symbol ] : =
Sqrt [u]*ArcSi nh [a+bxx]*n/b"2 -
Di st [n/b, I nt [ArcSi nh[a+bxx]” (n-1), x]] -
Di st [a/b, I nt [ArcSi nh[a+bxx]*n/Sqrt [u], x]] /;
FreeQ[{a, b}, x] && ZeroQ[u-1-(a+bxx)"2] && Rational Q[n] && n>1
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C m

u ArcSi nh[ ] d X

a+bxn

= Derivation: Algebraic smplification
m Basis ArcSinh[z] = ArcCsch[%]
= Rule

) c m a bxh,m
u ArcSi nh[—] dx — uArcCsch[—+
a+bx" c c

dx

= Program code:

Int [u_. »ArcSinh[c_. /(a_. +b_. #»x_*n_.)]*m..,x_Synbol | : =
I nt [uxArcCsch[a/c+bxx*n/c]1"m x] /;
FreeQ[{a, b, c, n, m}, X]
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fc ArcSi nh[a+b Xx] dx

= Rule If 1-c2Log[f]? #0,then

1, 2
J\chrcSinh[a+bx] dx — a+bx-c 1+(a+bx) LOg[f] chrcSinh[a+bx]

b (1-c?Loglf1?)

= Program code:

Int [f_~(c_. «ArcSinh[a_. +b_. «x_]),x_Symbol | : =
fA(cxArcSi nh[a+bxx]) * (a+bxXx-cxSqrt [1+ (a+bxx)~2]xLog[f])/ (bx(1-c*2xLog[f]172)) /;
FreeQ[{a, b,c,f}, x] & NonzeroQ[l-c"2xLog][f ]*2]
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ArcSi nh[u] dx

m Derivation: Integration by parts

m Rule If uisfreeof inversefunctions, then

. . X Ox U
jArcS| nh[u] dx — X ArcSinh[u] —J— dx

‘\/ 1 +u?

= Program code:

Int [ArcSinh[u_],x_Synbol ] :=
X*ArcSi nh[u] -
I nt [Regul ari ze [xx*D[u, x]1/Sqgrt [1+u”2], X1, X] /;
I nver seFuncti onFreeQI[u, x] && Not [Functi onOf Exponenti al Of Li near [u, X]]
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xM N ArcSinh[u] dx

Derivation: Algebraic simplification
" n
Basis: enArcSlnh[z] = (Z+"/l+22 )

Rulelf nez A uisapolynom al inkx,then

n
je”NCS‘”h[”] dx —s J(u+'\/1+u2) dx

Program code:
Int [E* (n_. *ArcSinh[u_]), x_Synbol | :=

Int [(u+«Sqrt [1+u”2]1)”n, X] /;
I nt eger Q[n] && Pol ynom al Q[u, X]

Derivation: Algebraic simplification
" n
Basis enArcSmh[z] = (Z+"/1+22 )

Rule:lf nez A uisapolynom al inx,then

n
fxme"NCS‘“h[”] dx — J.xm [u+\/l+u2) dx

Program code:

Int [x_"m_. «E* (n_. *ArcSinh[u_]), x_Symbol | : =
Int [x*me (u+Sqrt [1+u”2])”n, x] /;
Rati onal Q[m] && I ntegerQ[n] && Pol ynom al Q[u, X]



