Integration Rules for Trig Integral Functions

Sinlntegral [a+bx]"dx

m Derivation: Integration by parts

= Rule

(a+bx) Sinlntegral [a+bx] Cos[a+bx]
+
b b

jSi nintegral [a+bx]dx —

= Program code:

Int [Sinlntegral [a_.+b . *x_],x _Synbol ] : =
(a+bxx) *Si nl nt egral [a+bxx]/b + Cos[a+bxx]/b/;
FreeQ[{a, b}, x]

Int [Coslntegral [a_. +b_. *x_], x_Synbol ] : =
(a+bxx) *Cosl ntegral [a+bxx]/b - Sin[a+bxx]1/b /;
FreeQ[{a, b}, x]

= Derivation: Integration by parts
= Rule

(a+bx) Sinlntegral [a+bx]?
b

fSi nintegral [a+bx]2dx — -ZJSi nfa+bx] Sinlntegral [a+bXx] dx

= Program code:

Int [Sinlntegral [a_.+b . *x_]72,x_Synbol ] : =
(a+bxx) *Si nl ntegral [a+bxx]"2/b -
Di st [2, I nt [Sin[a+bxXx]*Si nl ntegral [a+bxx], x]] /;
FreeQ[{a, b}, x]

Int [Coslntegral [a_.+b . *x_]72,x_Synbol ] : =
(a+bxx) *xCosl nt egral [a+bxx]"2/b -
Di st [2, | nt [Cos [a+bxXx]*Cosl ntegral [a+bxx], x]1] /;
FreeQ[{a, b}, x]
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XxMSi nlntegral [a+bx]"dx

m Derivation: Integration by parts

s Rule If m+1 # 0, then

. x™1 Sinlntegral [a+bX] b x™LlSin[a+bx]
jxm& nlntegral [a+bx] dXx — - j dx

m+ 1 m+1 a+bx

= Program code:

Int [x_“m.*Sinlntegral [a_. +b_. *x_1,x_Synbol ] : =

x™ (mel) xSi nl nt egral [a+bxx]/ (M+1l) -

Di st [b/ (m+1), I nt [X" (m+1) *Si n[a+bxx]/ (a+b*x), x]]1 /;
FreeQ[{a, b, m}, x] && Nonzer oQ[m+1]

Int [x_“m. xCoslntegral [a_. +b_. *x_1,Xx_Synbol ] : =

x™ (mrl) xCosl nt egral [a+bxx]/ (M+l) -

Di st [b/ (mel), I nt [x” (m+1) *xCos [a+bxXx]/ (a+b*x), x1] /;
FreeQ[{a, b, m}, x] && Nonzer oQ[m+1]

= Derivation: Integration by parts
m RuleIf mez A m> 0,then

. x™1 Si nl ntegral [bx]? 2 _ _
jme| nintegral [bx]2dx — - jme|n[bx]S| nl nt egral [bx] dx
m+ 1 m+ 1

= Program code:

Int [x_“m. *Sinlntegral [b_. *x_]72,x_Synbol ] : =

x™ (mel) *Si nl ntegral [bxx]122/ (Mm+1) -

Di st [2/ (mel), I nt [X*mxSi n[bxx]1*Si nl ntegral [b*xx],x1] /;
FreeQ[b, x] && | ntegerQ[m] && m>0

Int [x_"m. xCoslntegral [b_. *x_]172,x_Synbol ] : =

x"N (m+1) xCosl nt egral [bxx]"2/ (m+l) -

Di st [2/ (m1), I nt [x*mxCos [bxx]*Cosl ntegral [b*xx],x1] /;
FreeQ[b, x] && I ntegerQ[m] && m>0
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= Derivation: Iterated integration by parts
m RuleIf mez A m> 0,then

) x™lSinintegral [a+bx]2 ax™Sinlintegral [a+bx]?
jxm8| nintegral [a+bx]2dx — + -
m+ 1 b (m+1)

am

b (m+1)

Jmei nfa+bx] Sinlntegral [a+bx] dx - Jx"*l Sinlntegral [a+bx]?dx

m+1

= Program code:

Int [x_“m. *Sinlntegral [a_+b_. *x_ 172, x_Synbol ] : =
XN (m+1) *Si nl nt egral [a+b*x]17"2/ (Mm+1) +
axx"mxSi nl nt egral [a+bxx]"2/ (b%x(m+1)) -
Di st [2/ (m+1), I nt [X mxSi n[a+b*x]+Si nl ntegral [a+bxx], x]] -
Di st [a*xnV (bx (m+1)), I nt [x* (M-1) %xSi nl nt egral [a+b*x]"2, x]] /;
FreeQ[{a, b}, x] & IntegerQ[m] && m>0

Int [x_"m. xCoslntegral [a_+b_. *x_]72,x_Synbol ] : =
x™ (mrl) xCosl nt egral [a+bxx]"2/ (mkl) +
axx"mxCosl nt egral [a+b*x]1"2/ (b* (M+1)) -
Di st [2/ (me1), I nt [x*mxCos [a+bxXx]*Cosl ntegral [a+b*xx], x]] -
Di st [a*xm/ (bx (m+1)), I nt [x" (m-1) *Cosl nt egral [a+b*x]"2, x]] /;
FreeQ[{a, b}, x] && IntegerQ[m] && m>0

m Derivation: Inverted integration by parts
m RuleIf mez A m< -2,then

bx™2Sinlntegral [a+bx]?2 x™!Sinlintegral [a+bx]?

jmei nintegral [a+bx]2dx — + _
a (m+1) m+1

2b

a (m+1)

b (m+2)

J.xm*l Sinfa+bx]Sinintegral [a+bx]dx- Jxm*l Sinlntegral [a+bx]2dx

a (m+1)

= Program code:

(* Int [x_“m.=*Sinlntegral [a_+b_.*x_]72,x_Synbol ] : =
bxx” (m+2) *Si nl nt egral [a+bxx]1"2/ (a* (M+1)) +
XN (mel) #Si nl nt egral [a+bxx]"2/ (m+l) -
Di st [2xb/ (ax (m+1)), I nt [X" (Mm+1) *Si n[a+bxXx]*Si nl nt egral [a+bxx], x]] -
Di st [b*x (m+2) / (ax (m+1)), I nt [x" (m+1) *Si nl nt egral [a+b*x]"2, x]] /;
FreeQ[{a, b}, x] & IntegerQ[m] && nx-2 =)

(* Int [x_“m. *xCoslntegral [a_+b_.*x_]172,x_Synbol ] : =
bxx” (m+2) xCosl nt egral [a+bxx]1"2/ (ax (M+1)) +
xN (mrl) xCosl nt egral [a+bxx]"2/ (mkl) -
Di st [2xb/ (ax (m+1)), I nt [Xx" (m+1) *Cos [a+bxXx]xCosl nt egral [a+bxx], x]] -
Di st [b*x (m+2) / (ax (m+1)), I nt [x" (m+1) *Cosl nt egral [a+b*xx]1"2, x]] /;
FreeQ[{a, b}, x] & IntegerQ[m] && nMx-2 =)
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Sin[a+bx] Sinlntegral [c +dXx] dX

m Reference G&R5.32.2
m Derivation: Integration by parts

= Rule

fSin[a+bx] Sinlntegral [c +dXx] dXx —

Cos[a+bx] Sinlntegral [c +dX]

b

= Program code:

Int [Sin[a_. +b_. *x_]=*Sinlntegral [c_. +d_. *x_], x_Synbol ] :
-Cos [a+bxx]*Si nl ntegral [c+d*x]/b +
Di st [d/b, I nt [Cos [a+b*x]*Si n[c+d*Xx]/ (C+d*Xx), Xx]1] /;
FreeQ[{a, b, c, d}, x]

m Reference G&R5.31.1

Int [Cos[a_.+b_. xx_]1*Coslntegral [c_. +d_. *x_1], x_Synbol ] :
Si n[a+bxx]*Cosl ntegral [c+dxx]/b -
Di st [d/b, I nt [Si n[a+bxx]*Cos [c+dxX]/ (C+d*Xx), x]] /;
FreeQ[{a, b, c, d}, x]

)
+ —
b

Cos[a+bx] Sin[c+dXx] 4

c+dx

X
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xMSin[a+bx] Sinlntegral [c +dX] dX

m Derivation: Integration by parts

s RuleIf mez A m> 0,then

) ) xMCos[a+bx] Sinlntegral [c+dX]
jxm8|n[a+bx]8|nlntegral [c+dXx]dX — - . +

b

d rxMCos[a+bx]Sin[c+dx] m )
J 5 d1x+EJ-x"*1005[a+bx]Smlntegral [c +dXx] dx
cC+0X

= Program code:

Int [x_“m.*Sin[a_. +b_ . *x_]*Sinlntegral [c_.+d_.*x_]1,x_Synbol ] : =
-x"mxCos [a+bxx]*Si nl ntegral [c+d*x]/b +
Di st [d/b, I nt [x*mxCos [a+bxX]*Si n[c+d*x]/ (C+dxX), x]] +
Di st [nvb, I nt [x" (m-1) *Cos [a+bxx]*Si nl ntegral [c+d*x],x]] /;
FreeQ[{a, b,c,d}, x] & Integer Q[m] && m>0

Int [x_"m.*Cos[a_. +b_. *x_]xCoslntegral [c_.+d_. *x_]1,x_Synbol ] : =
X mxSi n[a+bxx]*Cosl ntegral [c+dxx]/b -
Di st [d/b, I nt [X*m«Si n[a+b*x]*Cos [C+d*X]/ (C+d*X), X]] -
Di st [nvb, | nt [X" (m-1) *Si n[a+bxx]*Cosl ntegral [c+d*x],X]] /;
FreeQ[{a, b,c,d}, x] & IntegerQ[m] && m>0

m Derivation: Inverted integration by parts
m Rulelf mez A m< -1,then

. ) x™L Sin[a+bx] Sinintegral [c+dX]
jme|n[a+bx]S|nlntegral [c+dXx]dX — 1 -
m+

d x™lSinfa+bx]Sin[c+dx] b .
j dx - Jx“lms[a+bx] Sinlntegral [c +dXx] dX

m+1 c+dx m+ 1

= Program code:

Int [x_“m *Sin[a_. +b_. *x_1*Sinlntegral [c_. +d_. xx_],x_Synbol ] : =
X" (mkl) *Si n[a+b*x]%Si nl ntegral [c+d*x]/ (m:1l) -
Di st [d/ (m¢l), I nt [X” (M+1) *Si n[a+bxX]*Si n[c+d*x]/ (C+dxX), X]] -
Di st [b/ (mel), I nt [X” (m+1) xCos [a+bxx]*Si nl ntegral [c+dxx], x]] /;
FreeQ[{a, b,c,d}, x] & IntegerQ[m] && nk-1

Int [x_"m.*Cos[a_. +b_. xx_]xCoslntegral [c_.+d_. *x_1,x_Synbol ] : =
X" (m+1) xCos [a+bxx]*Cosl ntegral [c+d*Xx]/ (m+1l) -
Di st [d/ (m+1), I nt [x" (m+1) xCos [a+b*xx]*Cos [C+dxX]/ (C+d*X), X]] +
Di st [b/ (m:1), I nt [x* (m+1) *Si n[a+b*x]*Cosl nt egral [c+d*x], x]] /;
FreeQ[{a, b,c,d}, x] & IntegerQ[m] && nk-1



Integration Rules for Trig Integral Functions

f(bs[a+bx] Sinlntegral [c +dXx] dx

» Reference G&R5.32.1
m Derivation: Integration by parts

= Rule

Jbos[a+bx] Sinlntegral [c +dXx] dXx —

X

Sinfa+bx] Sinintegral [c+dx] d J-Sin[a+bx] Sin[c+dx] 4
b

b c+dx

= Program code:

Int [Cos[a_. +b_. *x_]=*Sinlntegral [c_. +d_. *x_], x_Synbol ] :
Sin[a+bxx]*Si nl ntegral [c+dxx]/b -
Di st [d/b, I nt [Sin[a+b*x]*Si n[c+d*Xx]/ (C+d*Xx),Xx]1] /;
FreeQ[{a, b, c,d}, x]

s Reference: G&R 5.31.2

Int [Sin[a_.+b_.xx_]1*Coslntegral [c_. +d_. *x_1], x_Synbol ] :
-Cos [a+b*x]*Cosl ntegral [c+dxx]/b +
Di st [d/b, I nt [Cos [a+bxx]*Cos [c+dxX]/ (C+d*X), x]] /;
FreeQ[{a, b, c, d}, x]
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xMCos[a+bx] Sinlntegral [c +dX] dXx

m Derivation: Integration by parts

s RuleIf mez A m> 0,then

) xMSinfa+bx] Sinlntegral [c+dX]
J-meos[a+bx] Sinlntegral [c+dX] dX — . -

d J‘XmSin[a+bx] Sin[c +dx]
b

m
dx——Jxmlsin[a+bx] Si nlntegral [c+dXx] dx
c+dx b

= Program code:

Int [x_“m.*xCos[a_.+b . *x_]xSinlntegral [c_.+d_.*x_]1,x_Synbol ] :=
X mkSi n[a+bxx]%Si nl ntegral [c+dxx]/b -
Di st [d/b, I nt [Xx*mxSi n[a+bxXx]*Si n[c+d*x]/ (C+d*Xx), x]] -
Di st [mvb, I nt [Xx" (Mm-1) *Si n[a+bxx]*Si nl ntegral [c+d*x], x]] /;
FreeQ[{a, b,c,d}, x] & Integer Q[m] && m>0

Int [x_“m.*Sin[a_. +b_. *x_]*Cosl ntegral [c_. +d_. *x_1,x_Synbol ] : =
-Xx"meCos [a+bxXx]*Cosl nt egral [c+dxx]/b +
Di st [d/b, I nt [x*mxCos [a+bxXx]*Cos [C+d*Xx]/ (C+dxX), X]] +
Di st [nvb, | nt [X" (m-1) *Cos [a+bxx]*Cosl ntegral [c+d*x],X]] /;
FreeQ[{a, b,c,d}, x] & IntegerQ[m] && m>0

m Derivation: Inverted integration by parts
m Rulelf mez A m< -1,then

x™1 Cos[a+bx] Sinlntegral [c+dX]

jx"@os[a+bx]8i nlntegral [c +dXx] dX — -
m+1

X +

d x™1l Cos[a+bx] Sin[c+dx] b ) .
j d Jx“lsln[a+bx]8|nlntegral [c +dXx] dx
c+dx m+ 1

m+1

= Program code:

Int [x_"m.*Cos[a_.+b . xx_]xSinlntegral [c_.+d_.*x_]1,x_Synbol ] :=
X" (mr1l) *Cos [a+b*x]*Si nl ntegral [c+d*x]/ (m1l) -
Di st [d/ (m¢l), I nt [X” (m+1) *Cos [a+bxX]*Si n[c+d*x]/ (C+dxX), X]] +
Di st [b/ (mel), I nt [X” (M+1) *Si n[a+bxx]*Si nl ntegral [c+dxx], x]] /;
FreeQ[{a, b,c,d}, x] & IntegerQ[m] && nk-1

Int [x_“m *Sin[a_. +b_. *xx_]xCosl ntegral [c_. +d_. *x_1, x_Synbol ] :
XN (m+1) *Si n[a+bxx]*Cosl ntegral [c+d*x]/ (m+1) -
Di st [d/ (m+1), I nt [Xx" (M+1) *Si n[a+b*x]*Cos [C+dxX]/ (C+d*X), X]]
Di st [b/ (m+1), I nt [x* (m+1) xCos [a+bxx]*Cosl ntegral [c+d*X], X]]
FreeQ[{a, b,c,d}, x] & IntegerQ[m] && nk-1

~



