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Legend:
•  The rule number in a colored region indicates the rule to use for integrals in that region.
•  The rule number next to a colored line indicates the rule to use for integrals on that line.
•  A white region or line indicates there is no rule for integrals in that region or on that line.
•  A solid black line indicates integrals on that line are handled by rules in another section.
•  A dashed black line on the border of a region indicates integrals on that border are handled by the rule for that region.
•  The arrow(s) following a rule number indicates the direction the rule drives integrands in the n�m exponent plane.
•  A � following a rule number indicates the rule transforms the integrand into a form handled by another section.
•  A red (stop) disk indicates the terminal rule to use for the point at the center of the disk.
•  A cyan disk indicates the non-terminal rule to use for the point at the center of the disk.

Integration Rules for (sin^j)^m (A+B sin^k+C sin^(2k)) (a+a sin^k)^n



Rule a : à A + B Csc@c + d xD + C Csc@c + d xD2

a + b Csc@c + d xD âx

� Derivation: Algebraic expansion

� Basis: A+B z+C z2

a+b z
=

A

a
-

z Hb A-a B-a C zL
a Ha+b zL

� Note: The rule for integrands of the same form when a2 - b2 ¹ 0 could subsume this rule, but the resulting antiderivative will look less like the 
integrand involving sines instead of cosecants.

� Rule a: If a2 - b2 = 0, then

à A + B Csc@c + d xD + C Csc@c + d xD2

a + b Csc@c + d xD âx �
A x

a
+
C

b
à Csc@c + d xD âx -

Hb A - a B + b CL
a

à Csc@c + d xD
a + b Csc@c + d xD âx

� Program code:

IntAIA_.+B_.*sin@c_.+d_.*x_D^H-1L+C_.*sin@c_.+d_.*x_D^H-2LM�Ia_+b_.*sin@c_.+d_.*x_D^H-1LM,x_SymbolE
A*x�a +

C�b*Int@sin@c+d*xD^H-1L,xD -

Hb*A-a*B+b*CL�a*Int@sin@c+d*xD^H-1L�Ha+b*sin@c+d*xD^H-1LL,xD �;
FreeQ@8a,b,c,d,A,B,C<,xD && ZeroQ@a^2-b^2D

IntAIA_.+C_.*sin@c_.+d_.*x_D^H-2LM�Ia_+b_.*sin@c_.+d_.*x_D^H-1LM,x_SymbolE :=

A*x�a + C�b*Int@sin@c+d*xD^H-1L,xD -

Hb*A+b*CL�a*Int@sin@c+d*xD^H-1L�Ha+b*sin@c+d*xD^H-1LL,xD �;
FreeQ@8a,b,c,d,A,C<,xD && ZeroQ@a^2-b^2D
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Rule b : à A + B Csc@c + d xD + C Csc@c + d xD2

a + b Csc@c + d xD âx

� Derivation: Rule 3 with m = 0, k = -1 and n = -
1

2

� Rule b: If  a2 - b2 = 0, then

à A + B Csc@c + d xD + C Csc@c + d xD2

a + b Csc@c + d xD âx � -
2 C Cot@c + d xD

d a + b Csc@c + d xD +
1

a
à a A + Ha B - b CL Csc@c + d xD

a + b Csc@c + d xD âx

� Program code:

IntAIA_.+B_.*sin@c_.+d_.*x_D^H-1L+C_.*sin@c_.+d_.*x_D^H-2LM�Sqrt@a_.+b_.*sin@c_.+d_.*x_D^H-1LD,x_Symbol
-2*C*Cot@c+d*xD�Hd*Sqrt@a+b*Csc@c + d*xDDL +

Dist@1�a,Int@Sim@a*A+Ha*B-b*CL*sin@c+d*xD^H-1L,xD�Sqrt@a+b*sin@c+d*xD^H-1LD,xDD �;
FreeQ@8a,b,c,d,A,B,C<,xD && ZeroQ@a^2-b^2D

IntAIA_+C_.*sin@c_.+d_.*x_D^H-2LM�Sqrt@a_.+b_.*sin@c_.+d_.*x_D^H-1LD,x_SymbolE :=

-2*C*Cot@c+d*xD�Hd*Sqrt@a+b*Csc@c + d*xDDL +

Dist@1�a,Int@Sim@a*A-b*C*sin@c+d*xD^H-1L,xD�Sqrt@a+b*sin@c+d*xD^H-1LD,xDD �;
FreeQ@8a,b,c,d,A,C<,xD && ZeroQ@a^2-b^2D
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Rule c : à ISin@c + d xDjMm�2 IA + B Csc@c + d xD + C Csc@c + d xD2M
a + b Csc@c + d xD âx

� Derivation: Rule 2 with j m =
1

2
, k = -1 and n = -

1

2

� Rule c: If  j2 = 1 ì a2 - b2 = 0 ì j m =
1

2
, then

á
ISin@c + d xDjMm�2 IA + B Csc@c + d xD + C Csc@c + d xD2M

a + b Csc@c + d xD âx �

-
2 A Cos@c + d xD

d ISin@c + d xDjMm�2
a + b Csc@c + d xD -

1

a
á b A - a B - a C Csc@c + d xD

ISin@c + d xDjMm�2
a + b Csc@c + d xD âx

� Program code:

IntAIsin@c_.+d_.*x_D^j_.M^m_*IA_+B_.*sin@c_.+d_.*x_D^H-1L+C_.*sin@c_.+d_.*x_D^H-2LM�
Sqrt@a_.+b_.*sin@c_.+d_.*x_D^H-1LD,x_SymbolE :=

-2*A*Cos@c+d*xD�Hd*HSin@c+d*xD^jL^m*Sqrt@a+b*Csc@c+d*xDDL -

Dist@1�a,
Int@Sim@b*A-a*B-a*C*sin@c+d*xD^H-1L,xD�HHsin@c+d*xD^jL^m*Sqrt@a+b*sin@c+d*xD^H-1LDL,xDD �;

FreeQ@8a,b,c,d,A,B,C<,xD && OneQ@j^2D && ZeroQ@a^2-b^2D && RationalQ@mD && j*m�1�2

IntAIsin@c_.+d_.*x_D^j_.M^m_*IA_+C_.*sin@c_.+d_.*x_D^H-2LM�Sqrt@a_.+b_.*sin@c_.+d_.*x_D^H-1LD,x_Symbol
-2*A*Cos@c+d*xD�Hd*HSin@c+d*xD^jL^m*Sqrt@a+b*Csc@c+d*xDDL -

Dist@1�a,
Int@Sim@b*A-a*C*sin@c+d*xD^H-1L,xD�HHsin@c+d*xD^jL^m*Sqrt@a+b*sin@c+d*xD^H-1LDL,xDD �;

FreeQ@8a,b,c,d,A,C<,xD && OneQ@j^2D && ZeroQ@a^2-b^2D && RationalQ@mD && j*m�1�2
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Rule 4 : à IA + B Sin@c + d xDk + C Sin@c + d xDkM Ia + b Sin@c + d xDkMn
âx

� Derivation: Recurrence 7 with j m = 0 and k = 1 plus recurrence 7 with A = 0, B = C and j m = k

� Rule 4a: If  a2 - b2 = 0 ì n < -1, then

à IA + B Sin@c + d xD + C Sin@c + d xD2M Ha + b Sin@c + d xDLn âx �

Hb HA + CL - a BL Cos@c + d xD Ha + b Sin@c + d xDLn

a d H2 n + 1L +

1

a2 H2 n + 1L à Ha A Hn + 1L + n Hb B - a CL + b C H2 n + 1L Sin@c + d xDL Ha + b Sin@c + d xDLn+1 âx

� Program code:

IntAIA_.+B_.*sin@c_.+d_.*x_D+C_.*sin@c_.+d_.*x_D^2M*Ia_+b_.*sin@c_.+d_.*x_DM^n_,x_SymbolE :=

Hb*HA+CL-a*BL*Cos@c+d*xD*Ha+b*Sin@c+d*xDL^n�Ha*d*H2*n+1LL +

Dist@1�Ha^2*H2*n+1LL,
Int@Sim@a*A*Hn+1L+n*Hb*B-a*CL+b*C*H2*n+1L*sin@c+d*xD,xD*Ha+b*sin@c+d*xDL^Hn+1L,xDD �;

FreeQ@8a,b,c,d,A,B,C<,xD && ZeroQ@a^2-b^2D && RationalQ@nD && n<-1

IntAIA_.+C_.*sin@c_.+d_.*x_D^2M*Ia_+b_.*sin@c_.+d_.*x_DM^n_,x_SymbolE :=

b*HA+CL*Cos@c+d*xD*Ha+b*Sin@c+d*xDL^n�Ha*d*H2*n+1LL +

Dist@1�Ha^2*H2*n+1LL,
Int@Sim@a*A*Hn+1L-a*C*n+b*C*H2*n+1L*sin@c+d*xD,xD*Ha+b*sin@c+d*xDL^Hn+1L,xDD �;

FreeQ@8a,b,c,d,A,C<,xD && ZeroQ@a^2-b^2D && RationalQ@nD && n<-1

� Derivation: Rule 1 with m = 0 and k = -1

� Rule 4b: If  a2 - b2 = 0 ì n < -1, then

à IA + B Csc@c + d xD + C Csc@c + d xD2M Ha + b Csc@c + d xDLn âx �

Ha B - b HA + CLL Cot@c + d xD Ha + b Csc@c + d xDLn

b d H2 n + 1L +

1

a2 H2 n + 1L à Ha A H2 n + 1L + Hb C n - Hb A - a BL Hn + 1LL Csc@c + d xDL Ha + b Csc@c + d xDLn+1 âx

� Program code:

IntAIA_.+B_.*sin@c_.+d_.*x_D^H-1L+C_.*sin@c_.+d_.*x_D^H-2LM*Ia_+b_.*sin@c_.+d_.*x_D^H-1LM^n_,x_Symbol
Ha*B-b*HA+CLL*Cot@c+d*xD*Ha+b*Csc@c+d*xDL^n�Hb*d*H2*n+1LL +

Dist@1�Ha^2*H2*n+1LL,
Int@Sim@a*A*H2*n+1L+Hb*C*n-Hb*A-a*BL*Hn+1LL*sin@c+d*xD^H-1L,xD*Ha+b*sin@c+d*xD^H-1LL^Hn+1L,xDD �;

FreeQ@8a,b,c,d,A,B,C<,xD && ZeroQ@a^2-b^2D && RationalQ@nD && n<-1
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IntAIA_.+C_.*sin@c_.+d_.*x_D^H-2LM*Ia_+b_.*sin@c_.+d_.*x_D^H-1LM^n_,x_SymbolE :=

-HA+CL*Cot@c+d*xD*Ha+b*Csc@c+d*xDL^n�Hd*H2*n+1LL +

Dist@1�Ha^2*H2*n+1LL,
Int@Sim@a*A*H2*n+1L+Hb*C*n-b*A*Hn+1LL*sin@c+d*xD^H-1L,xD*Ha+b*sin@c+d*xD^H-1LL^Hn+1L,xDD �;

FreeQ@8a,b,c,d,A,C<,xD && ZeroQ@a^2-b^2D && RationalQ@nD && n<-1
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Rules 1 - 3 : à ISin@c + d xDjMm

IA + B Sin@c + d xDk + C Sin@c + d xD2 kM Ia + b Sin@c + d xDkMn
âx

� Derivation: Algebraic simplification

� Rule: If  j2 = k2 = 1 ì a2 - b2 = 0, then

à ISin@c + d xDjMm IB Sin@c + d xDk + C Sin@c + d xD2 kM Ia + b Sin@c + d xDkMn
âx �

à ISin@c + d xDjMm+j k IB + C Sin@c + d xDkM Ia + b Sin@c + d xDkMn
âx

� Program code:

IntAIsin@c_.+d_.*x_D^j_.M^m_.*IB_.*sin@c_.+d_.*x_D^k_.+C_.*sin@c_.+d_.*x_D^k2_M*

Ia_+b_.*sin@c_.+d_.*x_D^k_.M^n_.,x_SymbolE :=

Int@Hsin@c+d*xD^jL^Hm+j*kL*HB+C*sin@c+d*xD^kL*Ha+b*sin@c+d*xD^kL^n,xD �;
FreeQ@8a,b,c,d,B,C,m,n<,xD && OneQ@j^2,k^2D && k2===2*k && ZeroQ@a^2-b^2D

� Derivation: Recurrence 12 plus recurrence 7 with A = 0, B = C and m = m + j k

� Rule 1: If  j2 = k2 = 1 ì a2 - b2 = 0 ì n £ -1, then

á ISin@c + d xDjMm IA + B Sin@c + d xDk + C Sin@c + d xD2 kM Ia + b Sin@c + d xDkMn
âx �

Ha B - b A - b CL Cos@c + d xD ISin@c + d xDjMm+j k Ia + b Sin@c + d xDkMn

b d H2 n + 1L +

1

a2 H2 n + 1L à ISin@c + d xDjMm
×

a A H2 n + 1L - Hb B - a A - a CL j k m +
k + 1

2
+

b C n - Hb A - a BL Hn + 1L + Ha B - b A - b CL j k m +
k + 1

2
Sin@c + d xDk Ia + b Sin@c + d xDkMn+1

âx

� Program code:

IntAIsin@c_.+d_.*x_D^j_.M^m_.*IA_+B_.*sin@c_.+d_.*x_D^k_.+C_.*sin@c_.+d_.*x_D^k2_M*

Ia_+b_.*sin@c_.+d_.*x_D^k_.M^n_,x_SymbolE :=

Ha*B-b*A-b*CL*Cos@c+d*xD*HSin@c+d*xD^jL^Hm+j*kL*Ha+b*Sin@c+d*xD^kL^n�Hb*d*H2*n+1LL +

Dist@1�Ha^2*H2*n+1LL,
Int@Hsin@c+d*xD^jL^m*

Sim@a*A*H2*n+1L-Hb*B-a*A-a*CL*Hj*k*m+Hk+1L�2L+

Hb*C*n-Hb*A-a*BL*Hn+1L+Ha*B-b*A-b*CL*Hj*k*m+Hk+1L�2LL*sin@c+d*xD^k,xD*

Ha+b*sin@c+d*xD^kL^Hn+1L,xDD �;
FreeQ@8a,b,c,d,A,B,C<,xD && OneQ@j^2,k^2D && k2===2*k && ZeroQ@a^2-b^2D &&

RationalQ@m,nD && n£-1
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IntAIsin@c_.+d_.*x_D^j_.M^m_.*IA_.+C_.*sin@c_.+d_.*x_D^k2_M*Ia_+b_.*sin@c_.+d_.*x_D^k_.M^n_,x_Symbol
-HA+CL*Cos@c+d*xD*HSin@c+d*xD^jL^Hm+j*kL*Ha+b*Sin@c+d*xD^kL^n�Hd*H2*n+1LL +

Dist@1�Ha^2*H2*n+1LL,
Int@Hsin@c+d*xD^jL^m*

Sim@a*A*H2*n+1L+a*HA+CL*Hj*k*m+Hk+1L�2L+

Hb*C*n-b*A*Hn+1L-b*HA+CL*Hj*k*m+Hk+1L�2LL*sin@c+d*xD^k,xD*

Ha+b*sin@c+d*xD^kL^Hn+1L,xDD �;
FreeQ@8a,b,c,d,A,C<,xD && OneQ@j^2,k^2D && k2===2*k && ZeroQ@a^2-b^2D &&

RationalQ@m,nD && n£-1

� Derivation: Recurrence 11 with B = 0

� Rule 2: If  j2 = k2 = 1 ì a2 - b2 = 0 ì j k m < -1 ì n > -1, then

á ISin@c + d xDjMm IA + B Sin@c + d xDk + C Sin@c + d xD2 kM Ia + b Sin@c + d xDkMn
âx �

A Cos@c + d xD ISin@c + d xDjMm+j k Ia + b Sin@c + d xDkMn

d Ij k m +
k+1

2
M +

1

a Ij k m +
k+1

2
M à ISin@c + d xDjMm+j k

×

a B j k m +
k + 1

2
- b A n + a A Hn + 1L + HA + CL j k m +

k + 1

2
Sin@c + d xDk Ia + b Sin@c + d xDkMn

âx

� Program code:

IntAIsin@c_.+d_.*x_D^j_.M^m_*IA_+B_.*sin@c_.+d_.*x_D^k_.+C_.*sin@c_.+d_.*x_D^k2_M*

Ia_+b_.*sin@c_.+d_.*x_D^k_.M^n_.,x_SymbolE :=

A*Cos@c+d*xD*HSin@c+d*xD^jL^Hm+j*kL*Ha+b*Sin@c+d*xD^kL^n�Hd*Hj*k*m+Hk+1L�2LL +

Dist@1�Ha*Hj*k*m+Hk+1L�2LL,
Int@Hsin@c+d*xD^jL^Hm+j*kL*

Sim@a*B*Hj*k*m+Hk+1L�2L-b*A*n+a*HA*Hn+1L+HA+CL*Hj*k*m+Hk+1L�2LL*sin@c+d*xD^k,xD*

Ha+b*sin@c+d*xD^kL^n,xDD �;
FreeQ@8a,b,c,d,A,B,C<,xD && OneQ@j^2,k^2D && k2===2*k && ZeroQ@a^2-b^2D &&

RationalQ@m,nD && j*k*m<-1 && n>-1

IntAIsin@c_.+d_.*x_D^j_.M^m_*IA_.+C_.*sin@c_.+d_.*x_D^k2_M*Ia_+b_.*sin@c_.+d_.*x_D^k_.M^n_.,x_Symbol
A*Cos@c+d*xD*HSin@c+d*xD^jL^Hm+j*kL*Ha+b*Sin@c+d*xD^kL^n�Hd*Hj*k*m+Hk+1L�2LL +

Dist@1�Ha*Hj*k*m+Hk+1L�2LL,
Int@Hsin@c+d*xD^jL^Hm+j*kL*

Sim@-b*A*n+a*HA*Hn+1L+HA+CL*Hj*k*m+Hk+1L�2LL*sin@c+d*xD^k,xD*

Ha+b*sin@c+d*xD^kL^n,xDD �;
FreeQ@8a,b,c,d,A,C<,xD && OneQ@j^2,k^2D && k2===2*k && ZeroQ@a^2-b^2D &&

RationalQ@m,nD && j*k*m<-1 && n>-1
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� Derivation: Recurrence 8 with A = 0, B = C and m = m + j k

� Rule 3: If  j2 = k2 = 1 ì a2 - b2 = 0 í j k m + n +
k+3

2
¹ 0 í j k m ³ -1 í n > -1, then

á ISin@c + d xDjMm IA + B Sin@c + d xDk + C Sin@c + d xD2 kM Ia + b Sin@c + d xDkMn
âx �

-
C Cos@c + d xD ISin@c + d xDjMm+j k Ia + b Sin@c + d xDkMn

d Ij k m + n +
k+3

2
M +

1

a Ij k m + n +
k+3

2
M à ISin@c + d xDjMm

×

a A Hn + 1L + a HA + CL j k m +
k + 1

2
+ b C n + a B j k m + n +

k + 3

2
Sin@c + d xDk

Ia + b Sin@c + d xDkMn
âx

� Program code:

IntAIsin@c_.+d_.*x_D^j_.M^m_.*IA_+B_.*sin@c_.+d_.*x_D^k_.+C_.*sin@c_.+d_.*x_D^k2_M*

Ia_+b_.*sin@c_.+d_.*x_D^k_.M^n_.,x_SymbolE :=

-C*Cos@c+d*xD*HSin@c+d*xD^jL^Hm+j*kL*Ha+b*Sin@c+d*xD^kL^n�Hd*Hj*k*m+n+Hk+3L�2LL +

Dist@1�Ha*Hj*k*m+n+Hk+3L�2LL,
Int@Hsin@c+d*xD^jL^m*

Sim@a*A*Hn+1L+a*HA+CL*Hj*k*m+Hk+1L�2L+Hb*C*n+a*B*Hj*k*m+n+Hk+3L�2LL*sin@c+d*xD^k,xD*

Ha+b*sin@c+d*xD^kL^n,xDD �;
FreeQ@8a,b,c,d,A,B,C<,xD && OneQ@j^2,k^2D && k2===2*k && ZeroQ@a^2-b^2D &&

RationalQ@m,nD && NonzeroQ@j*k*m+n+Hk+3L�2D && j*k*m³-1 && n>-1

IntAIsin@c_.+d_.*x_D^j_.M^m_.*IA_.+C_.*sin@c_.+d_.*x_D^k2_M*Ia_+b_.*sin@c_.+d_.*x_D^k_.M^n_.,x_Symbol
-C*Cos@c+d*xD*HSin@c+d*xD^jL^Hm+j*kL*Ha+b*Sin@c+d*xD^kL^n�Hd*Hj*k*m+n+Hk+3L�2LL +

Dist@1�Ha*Hj*k*m+n+Hk+3L�2LL,
Int@Hsin@c+d*xD^jL^m*

Sim@a*A*Hn+1L+a*HA+CL*Hj*k*m+Hk+1L�2L+b*C*n*sin@c+d*xD^k,xD*

Ha+b*sin@c+d*xD^kL^n,xDD �;
FreeQ@8a,b,c,d,A,C<,xD && OneQ@j^2,k^2D && k2===2*k && ZeroQ@a^2-b^2D &&

RationalQ@m,nD && NonzeroQ@j*k*m+n+Hk+3L�2D && j*k*m³-1 && n>-1

Integration Rules for (sin^j)^m (A+B sin^k+C sin^(2k)) (a+a sin^k)^n


