Integration Rules for Two Trig Functions

X (A+BSin[c+dx]) dx
(a+bSin[c+dx])?

= Derivation: Integration by parts

m Rulelf aA-bB=0,then

dx

J-x (A+BSin[c+dx])dl Bx Cos[c +dXx] B J- Cos[c +d x]

X — - +
(a+bSin[c+dx])? ad (a+bSin[fc+dx]) adJa+bSin[c+dx]

= Program code:

Int [x_#(A_+B_. *Sin[c_. +d_. #x_1)/(a_+b_. #Sin[c_. +d_. xx_1)"2, x_Symbol ] :
-Bxx*Cos [C+dxX]/ (a*d* (a+b*Si n[c+d*Xx])) +
Di st [B/ (a*d), I nt [Cos [c+dxX]/ (a+b*Sin[c+d*x]), X]1] /;

FreeQ[{a, b, c, d, A, B}, x] & ZeroQ[a*A-bxB]

I nt [X_* (A_+B_. *Cos [C_. +d_. *x_] )/(a_+b_. *Cos [C_. +d_. *x_] )"2, x_Synbol ] :
Bxx*Si n[c+dxX]/ (a*d* (a+bxCos [c+d*xx])) -
Di st [B/ (axd), I nt [Sin[c+dxx]/ (a+b*xCos [c+d*x]), X]] /;

FreeQ[{a, b, c, d, A B}, x] & & ZeroQ[axA-bxB]



Integration Rules for Two Trig Functions

Sin[a+bx]MTan[a + b x]" dx

m Reference: G&R 2.526.18', CRC 327"

= Derivation: Algebraic expansion

m BasisSin[z] Tan[z] = -Cos[z] + Sec[z]
= Rule

Sin[a+bx]

jSin[a+bx]Tan[a+bx]d1x—>— -

+jSec[a+bx] dx

= Program code:

Int [Sin[a_.+b_.*x_]*Tan[a_. +b_. *x_], x_Synbol ] :
-Sin[a+b*x]/b + Int [Sec[a+bxx], x] /;
FreeQ[{a, b}, x]

m Reference G&R 2.526.34'

Int [Cos[a_.+b_. xx_]1%Cot [a_. +b_. *x_], x_Synbol ] :
Cos [a+bxx]/b + Int [Csc[a+bxx], x] /;
FreeQ[{a, b}, x]

m RuleIf m+n-1=0,then

Sinfa+bx]MTan[a+bx]"?!

fSin[a+bx]mTan[a+bx]“dlx — -
bm

= Program code:

Int [Sin[a_.+b_.*x_]1"m *Tan[a_. +b_. *x_]”n_, x_Synbol ] :
-Si n[a+bxx] "mkTan [a+bxx]”" (n-1) / (bxm) /;
FreeQ[{a, b, mn}, x] && ZeroQ[m+n-1]

Int [Cos[a_.+b_. *x_]1"m *Cot [a_. +b_. *x_]”n_, x_Synbol ] :
Cos [a+bxx]"mxCot [a+bxx]" (n-1)/ (bxm) /;
FreeQ[{a, b, mn}, x] && ZeroQ[m+n-1]



Integration Rules for Two Trig Functions

= Derivation: Integration by substitution

men-1
(1-Cos[z12) "2
Cos[z]"

m BassIf m n, 221 ¢z thenSin[z]™Tan[z]" = - 8,Cos [Z]

= Note: Thisruleisused if m+ n isodd sinceit requiresfewer stepsand resultsin a simpler antiderivativethan the other rulesin thissection.

mn-1

= Rulelf m n, € Z,then

men-1

1 (1-x2) 2
Sin[a+bx]MTan[a+bx]"dx — —BSubst[ —ndlx, X, Oos[a+bx]]
X

= Program code:

Int [Sin[a_.+b_.*x_1"m. *Tan[a_. +b_. *x_]”n_.,x_Synbol ] : =
Di st [-1/b, Subst [I nt [Regul ari ze [ (1-x"2)" ((m+n-1) /2) /Xx"n, X1, X1, X, Cos [a+b*x]11] /;
FreeQ[{a, b}, x] && IntegersQ[m n, (mn-1)/2]

men-1
(1-sin[z12) 2
Sin[z]"

mn-1

s Bass If m n, € z,then Cos[z]MCot [z]" = 8,Sin[z]

Int [Cos[a_.+b_.*x_]1”"m. %Cot [a_. +b_. *x_]”n_.,x_Synbol ] : =
Di st [1/b, Subst [I nt [Regul ari ze [ (1-x"2)" ((m+n-1)/2) /X"n, X1, X], X, Si n[a+b*x]1] /;
FreeQ[{a, b}, x] && IntegersQ[m n, (mn-1)/2]

m Reference: G&R 2.510.5, CRC 323a
m Rulelf m>1 A n< -1,then

) Sinf[a+bx]™Tan[a+bx]™! n+1 .
JSln[a+bx]mTan[a+bx]“dx — . - JS|n[a+bx]”*2Tan[a+bx]”+2d1x
m m

= Program code:

Int [Sin[a_.+b_.*x_]1"m *Tan[a_. +b_. *x_]”"n_, x_Synbol ] : =

Si n[a+bxx]"mxTan [a+bxx]" (n+1) / (bxm) -

Dist [(n+1)/m Int [Si n[a+b*x]" (M-2) *xTan[a+bxx]" (n+2), x1] /;
FreeQ[{a, b}, x] & Rational Q[{m n}] & & m1 && n<-1

m Reference: G&R 2.510.2, CRC 323b

Int [Cos[a_. +b_. *x_]1"m *Cot [a_. +b_. *x_]”n_, x_Synbol ] : =
-Cos [a+b*x ] mxCot [a+b*x]1” (n+1) / (b*xm) -
Di st [(n+1)/m I nt [Cos [a+b*x]" (Mm-2) *Cot [a+b*x]" (N+2), X]] /;
FreeQ[{a, b}, X] && Rational Q[{m n}] && m1 && n<-1



Integration Rules for Two Trig Functions

m Reference: G&R 2.510.6, CRC 334b
m Rulelf m< -1 A n> 1, then

) Sinf[a+bx]™2Tan[a+bx]™1 m+2 _
jS|n[a+bx]mTan[a+bx]“dx — . N - 1J‘S|n[a+bx]m*2Tan[a+bx]”‘2dlx
(n-1) n-

= Program code:

Int [Sin[a_.+b_. *x_]1"m *Tan[a_. +b_. *x_]”n_, x_Synbol ] : =
Sin[a+b*x]” (m+2) *xTan [a+bxx]" (n-1) / (b* (n-1)) -
Di st [ (m+2)/(n-1), I nt [Sin[a+b*x]" (m2) *xTan [a+bxx]" (n-2), X]] /;
FreeQ[{a, b}, x] & Rational QI{m n}] && nk-1 && n>1

m Reference: G& R 2.510.3, CRC 334a

Int [Cos[a . +b_. *x_]1"m *Cot [a_. +b_. *x_]”n_, x_Synbol ] : =

-Cos [a+b*x]” (m+2) xCot [a+bxx]” (n-1)/ (b*x (n-1)) -

Di st [ (m+2)/ (n-1), I nt [Cos [a+bxx]” (Mm+2) xCot [a+bxXx]" (N-2), x]1] /;
FreeQ[{a, b}, x] & Rational Q[{mn}] && nk-1 && n>1

m Reference: G&R 2.510.2, CRC 323b

= Rule If m> 1,then

. Sinf[a+bx]™Tan[a+bx]™1 m+n-1 )
JS|n[a+bx]mTan[a+bx]”d1x — - . + fSln[a+bx]“2Tan[a+bx]“dx
m m

= Program code:

Int [Sin[a_.+b_.*x_1"m xTan[a_. +b_. *x_1"n_., x_Synbol ]: =
-Si n[a+b*x] "m«Tan [a+b*x ] (n-1) / (b*xm) +
Di st [ (men-1)/m I nt [Si n[a+b*x]" (M-2) xTan[a+b*x]"n, x]1 /;
FreeQ[{a, b, n}, x] & Rational Q[m] && m>1

m Reference: G& R 2.510.5, CRC 323a

Int [Cos[a_. +b_. *x_1"m xCot [a_. +b_. *x_]1”"n_. ,x_Synbol ] : =
Cos [a+b*x ] mxCot [a+b*x]” (n-1)/ (b*xm) +
Di st [ (mwn-1) /m | nt [Cos [a+b*x]" (M-2) *Cot [a+b*x]"n, x]] /;
FreeQ[{a, b, n}, x] && Rational Q[m] && m>1



Integration Rules for Two Trig Functions

m Reference G&R 2.510.1

m RuleIf n>1,then

) Sinf[a+bx]™Tan[a+bx]™1 m+n-1 )
JSln[a+bx]mTan[a+bx]”dx — . 1 - 1 jSln[a+bx]mTan[a+bx]”‘2d1x
(n-1) n-

= Program code:

Int [Sin[a_.+b_. *x_1"m. *Tan[a_. +b_. *x_]”n_, x_Synbol ] : =
Sin[a+b*x] mxkTan [a+b*x]” (n-1) / (b* (n-1)) -
Di st [ (m+n-1)/(n-1), I nt [Sin[a+bxx] "mxTan[a+bxx]" (n-2), Xx]] /;
FreeQ[{a, b, m}, x] && Rational Q[n] && n>1

m Reference G&R 2.510.4

Int [Cos[a_.+b_.*x_]1”"m. %Cot [a_. +b_. *x_]”n_, x_Synbol ] : =

-Cos [a+b*x ] mxCot [a+bxx]”" (n-1)/ (b*x (n-1)) -

Di st [ (m+n-1) / (n-1), I nt [Cos [a+b*x]"mxCot [a+b*x]1" (n-2), X]] /;
FreeQ[{a, b, m}, x] && Rational Q[n] && n>1

m Reference: G&R 2.510.3, CRC 334a

s Rulelf me<-1 A m+n+1#0,then

) Sinfa+bx]™2 Tan[a+bx]"?! m+ 2 )
JSln[a+bx]mTan[a+bx]”dx — + jS|n[a+bx]“2Tan[a+bx]”dx
b (m+n+1) m+n+1

= Program code:

Int [Sin[a_. +b_. *x_]"m *Tan[a_. +b_. *x_]1"n_., x_Synbol ]: =

Si n[a+bxx]” (M+2) *Tan [a+bxXx]1" (n-1) / (b* (M+n+1)) +

Di st [ (m+2)/ (men+1), I nt [Sin[a+b*x]1” (m+2) xTan [a+b*x]1/n, X]]1 /;
FreeQ[{a, b, n}, x] & & Rational Q[m] && nk-1 && Nonzer oQ[m+n+1]

= Reference: G&R 2.510.6, CRC 334b

Int [Cos[a_.+b_. *x_]1"m xCot [a_. +b_. *x_]1”n_.,x_Synbol ] : =

-Cos [a+b*x]1" (m+2) *Cot [a+bxx]" (n-1) / (bx (Mkn+1)) +

Di st [ (m+2) / (men+1), I nt [Cos [a+bxx]" (m+2) *Cot [a+b*x]1”n, X]] /;
FreeQ[{a, b, n}, x] & Rational Q[m] && nkx-1 && Nonzer oQ[M+n+1]



Integration Rules for Two Trig Functions

m Reference G&R 2.510.4

m Rulelf n<-1 A m+n+1#0,then

) Sin[a+bx]™Tan[a +b x]"+! n+1 )
JSln[a+bx]mTan[a+bx]”dx — - fSln[a+bx]mTan[a+bx]”+2d1x
b (m+rn+1) m+n+1

= Program code:

Int [Sin[a_. +b_. *x_]"m_. xTan[a_. +b_. *x_1”n_, x_Synbol ]: =

Sin[a+b*xx] mxkTan [a+b*x]” (n+1) / (b* (m#n+1)) -

Dist [(n+1)/ (men+1), I nt [Sin[a+bxx] mxTan[a+bxx]" (n+2), X]] /;
FreeQ[{a, b, m}, x] && Rational Q[n] && n<-1 && Nonzer oQ[M+n+1]

m Reference G&R 2.510.1

Int [Cos[a_.+b_.*x_]1”"m. %Cot [a_. +b_. *x_]”n_, x_Synbol ] : =

-Cos [a+b*x]1"mkCot [a+b*x]1” (n+1) / (b* (Mm:n+l)) -

Di st [(n+1) / (men+1), I nt [Cos [a+bxx ] mkCot [a+bxx]" (n+2), X]] /;
FreeQ[{a, b, m}, x] && Rational Q[n] &% n<-1 && Nonzer oQ[M+n+1]



Integration Rules for Two Trig Functions

fSin[a+bx] Sin[2 (a+bx)]"dx

= Rule

Sin[a+bx]
j dx —
AVSin[2 (a+bx)]

ArcSin[Cosfasbx]-Sinfasbx]] Log[Cos[a+bx]+Sinfa+bx]+VSin(2 (@+bx]1 |

2b 2b

= Program code:

Int [Sinfa_. +b_. »x_1/Sqrt [Sin[c_. +d_. »x_]1, x_Synbol | : =
-ArcSi n[Cos [a+bxx]-Si n[a+bxx]]/ (2xb) - Log[Cos[a+bxx]+Si n[a+bxx]+Sqrt [Sin[c+dxx]]1]1/ (2xb) /;
FreeQ[{a, b,c,d}, x] & ZeroQ[c-2xa] && ZeroQ[d-2xb]

Int [Cos[a_. +b_. xx_1/Sqrt [Sin[c_. +d_. »x_11, x_Synbol | : =
-ArcSi n[Cos [a+bxx]-Si n[a+b*x]]/ (2xb) + Log[Cos [a+bxx]+Si n[a+bxx]+Sqrt [Sin[c+dxXx]]1]1/ (2xb) /;
FreeQ[{a, b,c,d}, x] && ZeroQ[c-2xa] && ZeroQ[d-2xb]

= Rule

dx —

Sin[2 (a+bx)]%/? bA/Sin[2 (a+bx)]

J~ Sin[a+bx] Sin[a+bx]

= Program code:

Int [Sinfa_. +b_. +x_1/Sin[c_. +d_. *x_1"(3/2), x_Synbol | :
Sin[a+bxx]/ (bxSqrt [Sin[c+dxXx]]) /;
FreeQ[{a, b,c,d}, x] && ZeroQ[c-2xa] && ZeroQ[d-2xb]

Int [Cos[a_. +b_. »x_]/Sin[c_. +d_. #x_1"(3/2), x_Synbol ] :
-Cos [a+b*x]1/ (b*Sqrt [Sin[c+d*x]1]) /;
FreeQ[{a, b, c,d}, x] && ZeroQ[c-2xa] && ZeroQ[d-2xb]



Integration Rules for Two Trig Functions

= Rule If n > 0,then

J-Sin[a+bx] Sin[2 (a+bx)]"dx —

Cos[a+bx]Sin[2 (a+bx)]" 2n
- +
b(@2n+1) 2n+1

J-Cos[a»fbx] Sin[2 (a+bx)]1"dx

= Program code:

Int [Sin[a_.+b_.*x_1*Sin[c_. +d_. *x_1”n_.,x_Synbol ] : =
-Cos [a+b*x]*Si n[c+d*x]"n/ (b*x (2%n+1)) +
Di st [2xn/ (2%n+1), I nt [Cos [a+b*x]*Si n[c+d*x]" (n-1), x]] /;
FreeQ[{a, b,c,d}, x] && ZeroQ[c-2xa] && ZeroQ[d-2xb] && Fracti onQ[n] && n>0

Int [Cos[a_.+b_. *x_1*Sin[c_. +d_. *x_]1”n_.,x_Synbol ] : =
Sin[a+bxx]*Sin[c+d*x]1"n/ (b* (2xn+1)) +
Di st [2xn/ (2%n+1), I nt [Sin[a+b*x]*Si n[c+d*x]" (n-1), x]] /;

FreeQ[{a, b,c,d}, x] & & ZeroQ[c-2xa] && ZeroQ[d-2xb] && Fracti onQ[n] && n>0

s Rulelfn<-1 /\ n#—g,then

fSin[a+bx] Sin[2 (a+bx)]"dx —

Sinf[a+bx]Sin[2 (a+bx)]"? 2n+3
- +
2b (n+1) 2 (n+1)

JCos[a»fbx] Sin[2 (a+bx)]™ dx

= Program code:

Int [Sin[a_.+b_.*x_1*Sin[c_. +d_. *x_]”n_, x_Synbol ] : =
-Sin[a+b*x]*Si n[c+d*x]” (n+1) / (2xb*x (n+1)) +
Di st [(2xn+3) /(2% (n+1)), I nt [Cos [a+b*x]*Si n[c+d*x]”" (n+1),x]1] /;
FreeQ[{a, b, c,d}, x] && ZeroQ[c-2xa] && ZeroQ[d-2xb] && Fracti onQ[n] && n<-1 && n#-3/2

Int [Cos[a_.+b_.*x_1*Sin[c_.+d_. *Xx_]”n_, x_Synbol ] : =
Cos [a+bxx]*Si n[c+d*x]" (n+1) / (2xb* (n+1)) +
Dist [(2%xn+3) /(2% (n+1)), I nt [Sin[a+b*x]*Si n[c+d*x]" (n+1),Xx]1] /;
FreeQ[{a, b, c,d}, x] & & ZeroQ[c-2xa] && ZeroQ[d-2xb] && Fracti onQ[n] && n<-1 && n#-3/2



Integration Rules for Two Trig Functions

uSin[v] Trig[w] dx

= Derivation: Algebraic expansion
» Basis Sin[v] Cos[w] = %Si NV +wj +%Si nev - wi

m Rulelf v, wePx AVv+wz0 A Vv-wgzO0,then

1 1
J.uSin[v] Cos [w] dX — EjuSin[v+w] dx+5ju8in[v—w] dx

= Program code:

Int [u_. *Sin[v_]*Cos[w_],x_Synbol ] : =
Di st [1/2, I nt [uxRegul ari ze [Sin[v+W], X], X]] +
Di st [1/2, I nt [uxRegul ari ze [Sin[v-wW], X1, X]1] /;
(Pol ynom al Q[v, x] && Pol ynom al Q[w, x] || | ndependent Q[Cancel [v/w], X]) && NonzeroQ[v+w] && NonzeroQ[v:

= Derivation: Algebraic expansion
» Basis Sin[v]Sin[w] = %Oos[v-w] —%Q)S[V+W]

m Rulelf v, wePx AVv+w#0 A Vv-wgzO0,then

1 1
J.uSin[v] Sin[w] dx — EJUOOS[V—W] dlx—Equos[v+w] dx

= Program code:

Int [u_.*Sin[v_]*Sin[w_],Xx_Synbol ] : =
Di st [1/2, I nt [uxRegul ari ze [CoS [V-W], X], X]] -
Di st [1/2, I nt [uxRegul ari ze [Cos [V+W], X1, X]1] /;
(Pol ynomi al Q[v, x] && Pol ynomi al Q[w, x] || | ndependent Q[Cancel [v/w], Xx]) && NonzeroQ[v+w] && Nonzer oQ[V-

m Basis Cos[v] Cos[w] = %Cos[v-w] +%Oos[v +W]

Int [u_. *Cos [v_]*Cos[w_], x_Synbol ] : =
Di st [1/2, I nt [uxRegul ari ze [CoS [V-W], X], X]] +
Di st [1/2, I nt [uxRegul ari ze [Cos [V+W], X1, X]1] /;
(Pol ynom al Q[v, x] && Pol ynom al Q[w, x] || | ndependent Q[Cancel [v/w], X]) && NonzeroQ[v+w] && NonzeroQ[v:
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= Derivation: Algebraic expansion
m Basis Sin[v] Tan[w] = -Cos[Vv] + Cos [V - w] Sec [w]

m Ruleelf n>0 A x ¢v-wgO0,then

ju Sin[v] Tan[w]" dx — —Ju Cos [v] Tan[w]"! dx + Cos [V - W] ju Sec [w] Tan[w]"! dx

= Program code:

Int [u_.*Sin[v_]l*Tan[w_]"n_.,Xx_Synbol ] : =
-Int [uxCos [v]*Tan[w]” (n-1), x] + Cos[v-w]=xl nt [uxSec [w]xTan[w]" (n-1), X] /;
Rati onal Q[n] && n>0 && FreeQ[v-w, X] && Nonzer oQ[V-w]

m Basis: Cos[v] Cot [w] = -Sin[v] + Cos[v -w] Csc [w]

I nt [u_. *Cos [v_]=*Cot [w_]”"n_.,x_Synbol ] : =
-Int [uxSi n[v]*Cot [w]” (n-1), x] + Cos[v-w]=xlnt [uxCsc [w]=*Cot [w]” (n-1), X] /;
Rati onal Q[n] && n>0 && FreeQ[v-w, X] && Nonzer oQ[V-w]

= Derivation: Algebraic expansion
m Basis Sin[v] Cot [w] = Cos[v] +Sin[v -w] Csc[w]

m Rulelf n>0 A x ¢v-wgO0,then

ju Sin[v] Cot [w]"dx — Ju Cos[v] Cot [w]"!dx +Sin[v-w] ju Csc [w] Cot [w]"! dx

= Program code:

Int [u_.*Sin[v_]1+Cot [w_]"n_.,Xx_Synbol ] : =
I nt [uxCos [v]*Cot [W]” (n-1),X] + Sin[v-w]=*lnt [uxCsc [w]xCot [W]”~ (n-1), x] /;
Rati onal Q[n] && n>0 && FreeQ[v-w, X] && Nonzer oQ[V-w]

m Basis Cos[v] Tan[w] = Sin[v] -Sin[v -w] Sec [w]

Int [u_. *xCos [v_]xTan[w_]”"n_.,x_Synbol ] : =
Int [uxSi n[v]*Tan[w]” (n-1), x] - Sin[v-w]=*lnt [uxSec [w] *Tan[w]” (n-1), X] /;
Rati onal Q[n] && n>0 && FreeQ[v-w, Xx] && Nonzer oQ[V-w]
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= Derivation: Algebraic expansion
m Basis Sin[v] Sec[w] = Cos[v -w] Tan[w] + Si n[v - w]

m Ruleelf n>0 A x ¢v-wgO0,then

J-u Sin[v] Sec[w]"dx — Cos[v -Ww] ju Tan[w] Sec [w]" 1 dx +Sin[v - w] J-u Sec [w]"! dx

= Program code:

Int [u_.*Sin[v_]1*Sec[w_]"n_.,x_Synbol ] :=
Cos [v-w] %I nt [uxTan[w] *Sec [w]” (n-1), X] + Sin[v-w]=*lnt [uxSec [w]” (n-1), X] /;
Rati onal Q[n] && n>0 && FreeQ[v-w, X] && Nonzer oQ[V-w]

m Basis. Cos[v] * Csc[w] = Cos[v -w] = Cot [w] -Sin[v -w]

Int [u_. *xCos [v_]*Csc[w_]”"n_.,x_Synbol ] : =
Cos [v-w] xl nt [uxCot [w]*Csc [w]” (n-1), X] - Sin[v-w]=*lnt [uxCsc[w]” (n-1), X] /;
Rati onal Q[n] && n>0 && FreeQ[v-w, X] && Nonzer oQ[V-w]

= Derivation: Algebraic expansion
m Basis Sin[v] Csc[w] = Sin[v -w] Cot [w] + CoS [V - W]

m Rulelf n>0 A x ¢v-wgO0,then

J-u Sin[v] Csc[w]"dx — Sin[v-w] ju Cot [w] Csc [w]"! dx + Cos [v - W] J-u Csc [w]"! dx

= Program code:

Int [u_.*Sin[v_1*Csc[w_]"n_.,x_Synbol ] :=
Sin[v-w] %l nt [uxCot [w] *Csc [w]” (n-1), Xx] + Cos[v-w]=lnt [uxCsc [w]” (n-1), Xx] /;
Rati onal Q[n] && n>0 && FreeQ[v-w, X] && Nonzer oQ[V-w]

m Basis. Cos[v] Sec[w] = -Sin[v -w] Tan[w] + Cos [V - W]

Int [u_. *xCos [v_]*Sec[w_]”"n_.,x_Synbol ] : =
-Si n[v-w] I nt [uxTan [w] *Sec [w]” (n-1), X] + Cos[v-w]=*lnt [uxSec [w]” (n-1), x] /;
Rati onal Q[n] && n>0 && FreeQ[v-w, Xx] && Nonzer oQ[V-w]
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XMSin[a+bx"]?P Cos[a+bx"] dx

m Reference: G&R 2.645.6
m Rulelf mn, pez Ap#-1A 0<n=<nmthen

x™n+l Sin[a + b x"]P+! m-n+1

jmei nfa+bx"1PCos[a+bx"]dx — jx””‘ Sin[a+bx"1P*t dx

bn (p+1) _bn(p+l)

= Program code:

Int [x_"m_. *Sin[a_. +b_. »x_"n_. ]”p_. *Cos[a_. +b_. *x_"n_. ], x_Synbol ] :
XN (Mm-n+1) *Si n[a+b*x*n]1” (p+1) / (bxnx (p+1)) -
Di st [ (m-n+1) / (bxnx (p+1)), I nt [Xx* (M-n) *Si n[a+b*x"n]1” (p+1), X1] /;
FreeQ[{a, b}, x] & IntegersQ[mn, p] & p#-1 && 0<nzm

m Reference: G&R 2.645.3

Int [x_"m.*xCos[a_.+b_.*x_~n_. 1"p_. *xSin[a_. +b_. *x_"n_. ], x_Synbol ] :
-X" (m-n+1) *Cos [a+b*x"n]”" (p+1) / (b*n* (p+1)) +
Di st [ (m-n+1) / (bxnx (p+1)), I nt [x* (Mm-n) xCos [a+b*x"n]1” (p+1), X]] /;
FreeQ[{a, b}, x] & IntegersQ[mn, p] && p#-1 && 0<nszm



Integration Rules for Two Trig Functions

Sin[a+bx]MCos[a+bx]"dx

m Rulelf men+2 =0 A m+1 #0,then

Sin[a+bx]™! Cos[a+bx]"?

b (m+1)

JSin[a+bx]mCos[a+bx]”d1x —

= Program code:

Int [Sin[a_.+b_.*x_1"m. xCos[a_. +b_. *x_]”n_, x_Synbol ] : =
Si n[a+bxx]” (m+1) *Cos [a+bxXx]” (n+1) / (bx (Mm+1)) /;
FreeQ[{a, b, mn}, x] && ZeroQ[m+n+2] && Nonzer oQ[m+1]

= Derivation: Integration by substitution

n-1
m Bass If "2;1 € z,thenSin[z]MCos[z]" = Sin[z]™ (1 -Si n[z]z)T Sin'[z]
= Note: Thisruleisused for odd n sinceit requiresfewer stepsand resultsin a smpler antiderivativethan the other rulesin this section.

L] Rule:lf"ziez/\—-(mTlez/\0<m<n),thm

1 nt
jSin[a+bx]mOos[a+bx]”dlx — ESubst [J-x”“(l—xz) z dx, X, Sin[a+bx]]

= Program code:

Int [Sin[a_.+b_. *x_]1"m *Cos[a_. +b_. *x_]”n_, x_Synbol ] : =
Di st [1/b, Subst [I nt [Regul ari ze [X*mk (1-x"2)" ((n-1)/2), X1, X1, X, Sin[a+b*x11] /;
FreeQ[{a, b, m}, x] && OddQ[n] && Not [CddQ[m] && 0<mkn]

m Bass If mTl €z thenSin[z]™Cos[z]" = -Cos [z]" (1—Cos[z]2)T Cos’[z]

Int [Sin[a_.+b_. *x_]1"m *Cos[a_. +b_. *x_]”n_, x_Synbol ] : =
Di st [-1/b, Subst [I nt [Regul ari ze [x"n* (1-x"2)" ((m-1) /2), X], X], X, Cos [a+bxx]]1] /;
FreeQ[{a, b, n}, x] & OJdQ[m] && Not [CddQ[n] && O<n<=m]



Integration Rules for Two Trig Functions

m Reference G&R 2.510.1

s Rulelf m>1 A n< -1,then

) Sinf[a+bx]™! Cos[a+bx]™ m-1 _
fSln[a+bx]m®s[a+bx]“dx — - + JS|n[a+bx]”*2Cos[a+bx]”+2d1x
b (n+1) n+1

= Program code:

Int [Sin[a_.+b_. *x_]1"m xCos[a_. +b_. *x_]”n_, x_Synbol ] : =

-Si n[a+b*x]1” (Mm-1) *Cos [a+b*Xx]1" (n+1) / (b* (n+1)) +

Dist [(m-1)/(n+1),Int [Sin[a+b*x]" (M-2) *xCos [a+bxx]" (n+2), X]] /;
FreeQ[{a, b}, x] & Rational Q[{m n}] && m>1 && n<-1

m Reference G&R 2.510.4

Int [Sin[a_.+b_.*x_]1"m *Cos[a_. +b_. *x_]”n_, x_Synbol ] : =
Sin[a+bxx]” (M+1) *Cos [a+bxXx]” (n-1) / (b* (M+1)) +
Dist [(n-1)/(m1l), Int [Sin[a+bxx]” (M+2)*xCos [a+bxXx]" (N-2), x]1] /;
FreeQ[{a, b}, x] & Rational Q[{mn}] && nk-1 && n>1

m Reference: G&R 2.510.2, CRC 323b, A& S4.3.127b
= Rulelf m>1 ”FTlez/\m+n¢0/\-(%ez/\n>l),then

) Sinf[a+bx]™! Cos[a+bx]™ m-1 _
J-Sln[a+bx]m003[a+bx]“dlx — - + JSln[a+bx]m2®s[a+bx]”dx
b (m+n) m+n

= Program code:

Int [Sin[a_.+b_.*x_]1"m *Cos[a_. +b_. *x_]”n_, x_Synbol ] : =
-Sin[a+b*x]” (Mm-1) *Cos [a+b*x]" (n+1) / (b*x (M+Nn)) +
Dist [(m-1)/(men), I nt [Sin[a+b*x]” (M-2) *xCos [a+b*x]1"n, X]] /;
FreeQ[{a, b, n}, x] & Rational Q[m] && m>1 && Nonzer oQ[m¥n]

m Reference: G&R 2.510.5, CRC 323a, A& S4.3.127a

Int [Sin[a_.+b_. *x_]1"m *Cos[a_. +b_. *x_]”n_, x_Synbol ] : =
Sin[a+b*x]” (m+1) *xCos [a+b*x]" (n-1) / (b* (m+n)) +
Di st [(n-1)/ (men), I nt [Si n[a+b*xx] mxCos [a+b*xx]" (n-2), X]] /;
FreeQ[{a, b, m}, x] && Rational Q[n] &% n>1 && Nonzer oQ[m¥n]



Integration Rules for Two Trig Functions

m Reference: G& R 2.510.3, CRC 334a, A& S4.3.128b
m Rulelf m<-1 A m+n+2 #0,then

) Sinf[a+bx]™!l Cos[a+bx]™l m+n+2 )
JSln[a+bx]m®s[a+bx]”dx — + jSln[a+bx]“2®s[a+bx]”dx
b (m+1) m+ 1

= Program code:

Int [Sin[a_. +b_. *x_]"m %xCos[a_. +b_. *x_]1”n_, x_Synbol ] : =

Sin[a+b*x]” (m+1) *xCos [a+b*x]1" (n+1) / (b* (Mm+1)) +

Di st [ (men+2) / (m+l), I nt [Si n[a+bxx]” (Mm+2) *xCos [a+b*x]1"n, X]] /;
FreeQ[{a, b, n}, x] && Rational Q[m && nkx-1 && Nonzer oQ[M+n+2]

m Reference: G& R 2.510.6, CRC 334b, A& S4.3.128a

Int [Sin[a_.+b_.*x_]1"m *Cos[a_. +b_. *x_]”n_, x_Synbol ] : =
-Sin[a+b*x]1” (mr1) *Cos [a+bxXx ] (n+1) / (bx (n+1)) +
Di st [ (m+n+2) / (n+1), I nt [Si n[a+bxx] mkCos [a+bxx]" (n+2), X]] /;
FreeQ[{a, b, m}, x] && Rational Q[n] &% n<-1 && Nonzer oQ[M+n+2]

= Derivation: Integration by substitution

(Sin[z]m)l/m

el Sin[z]™ _ Cos[21™ Sinfz]"
m Bass If o € Z,then Cos(z1™ ml1 (Sin[z]"‘)Z/m Z Cos[z]™
( \Goszm )

m Note: Thisruleshould bereplaced with a more general one.
TR 1
= Rulelf ez /\ = >1,then

Sin[fa+bx]™ 1 x1/m Sin[fa+bx]™
j—dlx [f— X, X, —]
Cos[a+bx]™M bm 1 +x2/m Cos[a+bx]™M

= Program code:

Int [Sin[a_. +b_. *x_]"m %xCos[a_. +b_. *x_]1”n_, x_Synbol ] : =
Di st [1/ (b*xm), Subst [I nt [Xx" (1/m) / (1+x™(2/m)), X1, X, Si n[a+bxx]*nm/Cos [a+bxx]" m]] /;
FreeQ[{a, b}, x] && ZeroQ[m+n] && IntegerQ[l/m] && 1/m>1

(Q,S[Z]n)lm
: 1 Cos[z]" S Cos [2]"
» Basis If = € z then =221 - _ s , 12
n Sin[z]" Cos[z]" | 2/N Sin[z]"

n (14-( ) )

Sin[z1"

Int [Sin[a_. +b_. *x_]"m xCos[a_. +b_. *x_]”n_, x_Synbol ] : =
Di st [-1/ (bxn), Subst [I nt [X" (1/n)/ (1+X"(2/n)), X], X, Cos [a+b*x]”n/Si n[a+bx*x]*n]] /;
FreeQ[{a, b}, x] && ZeroQ[m+n] && IntegerQ[l/n] && 1/n>1



Integration Rules for Two Trig Functions

xm(a+bCos[d+ex]2+cSin[d+ex]2)ndlx

m Derivation: Algebraic simplification
m Bassa+bCos[z]2+cSin[z]?= % (2a+b+c+ (b-c) Cos[22])

m Rulelf mez A m>0Aa+b#0 A a+c #0,then

xm xm
J~ dx — Z-f dx
a+bCos[d+ex]2+cSin[d+ex]? 2a+b+c+ (b-c)Cos[2d+2ex]

= Program code:

Int [x_"m. /(a_. +b_. »Cos[d_. +e_. #x_1"2+c_. #Sin[d_. +e_. »x_]"2), x_Synbol ] : =
Di st [2, | nt [X*"nV (2xa+b+Cc+ (b-c) *xCos [2*d+2xe%xXx]), X]] /;
FreeQ[{a, b,c,d, e}, x] & IntegerQ[m] && m>0 && NonzeroQ[a+b] && NonzeroQ[a+C]



Integration Rules for Two Trig Functions

xXM(@a+bSin[c+dx] Cos[c+dx])"dx

m Derivation: Algebraic simplification
m Basis Sin[z] Cos[z] = %Si n[2zj

m RuleIf mez A m> 0,then

xm xm
- dx — dx
a+bSin[c+dx] Cos[c+dX] a+%bSin[20+2dx]

= Program code:

Int [x_"m.. /(a_+b_. #Sin[c_. +d_. xx_]*Cos [c_. +d_. #x_]), x_Synmbol | : =
I nt [X*nV (a+b*Si n[2xCc+2%xd*x]/2), X] /;
FreeQ[{a, b,c,d}, x] & IntegerQ[m] && m>0

= Derivation: Algebraic simplification
m Basis Sin[z] Cos[z] = %Si n[2zj

s Rule If n- % € Z, then

n

1
f(a+b8in[c+dx] Cos[c+dx])"dx — j(a+zb8in[20+2dx] dx

= Program code:

Int [(a_+b_. #Sin[c_. +d_. »x_]1=Cos[c_. +d_. »x_])"n_, x_Synbol | : =
Int [ (a+b*Si n[2xc+2xd*Xx]/2)"n, X] /;
FreeQ[{a, b,c,d}, x] & Hal flntegerQ[n]



Integration Rules for Two Trig Functions

Sin[a+bx"]P Cos[a+bx"]Pdx

m Derivation: Algebraic simplification
m Basis Sin[z] Cos[z] = %Si n[2zj

m RuleIf n, p €z, then

1
jSin[a+bx“]p®s[a+bx”]pdx — EJSin[Za+2bx“]pdlx

= Program code:

Int [Sin[a_. +b_. *x_"n_]1"p_. *Cos[a_. +b_. *x_"~n_]"p_.,x_Synbol ] : =
Di st [1/2,Int [Sin[2xa+2xb*x*n]1"p, x]] /;
FreeQ[{a, b}, x] && | ntegersQ[n, p]



Integration Rules for Two Trig Functions

j(aCsc[c+dx] +bSin[c+dx])"dx

= Derivation: Algebraic simplification
m Basis:Csc[z] -Sin[z] =Cos[z] Cot [z]

m RuleIf a+b =0,then

j(aCsc[c+dx] +bSin[c+dx])"dx — J(aCos[c+dx] Cot [c +d x])"dx

= Program code:

Int [(a_. *Csc[c_. +d_. »x_]1+b_. *Sin[c_. +d_. xx_])"n_, x_Synbol | :
Int [ (axCos [c+d*x]*xCot [c+dxx])"n, X] /;
FreeQ[{a, b, c,d, n}, x] & & ZeroQ[a+b]

Int [(a_. *Sec[c_. +d_. »x_]1+b_. *Cos [c_. +d_. »x_])"n_, x_Symbol | :
Int [(a*Sin[c+dxx]*Tan[c+d*x])"n, X] /;
FreeQ[{a, b,c,d, n}, x] & ZeroQ[a+b]



Integration Rules for Two Trig Functions

Sec[v]™(a+bTan[v])" dx

m Derivation: Algebraic simplification

a+b Tan[z]

iz =aCos[z] +bSin[z]

= Bass
= Rule If m nezAm+n=O/\mTleZ,then

jSec[v]m (a+bTan[v])"dx — j(aCos [v] +bSin[v])" dx

= Program code:

Int [Sec[v_]"m. «(a_+b_. «Tan[v_]1)"n_., x_Synbol | : =
Int [ (axCos[v]+bxSin[v])"n, x] /;
FreeQ[{a, b}, x] & IntegersQ[mn] &% m+n==0 && CddQ[m]

Int [Csc[v_]"m.. »(a_+b_. xCot [v_])"*n_., x_Synbol | :=
Int [ (bxCos [v]+a*Sin[v])”~n, x] /;
FreeQ[{a, b}, x] & IntegersQ[mn] &% m+n==0 && OddQ[m]



Integration Rules for Two Trig Functions

XMCsc[a+bx]"Sec[a+bx]Pdx

m Derivation: Algebraic simplification
m Basis:Csc[z] Sec[z] =2Csc[22z]

m Rule If n € Z, then

fx”@sc[a+bx]”8ec[a+bx]“d1x — 2”jmesc[2a+2bx]”dx

= Program code:
Int [x_"m. xCsc[a_.+b_. xx_1"n_. *Sec[a_. +b_. *x_]”n_., x_Synbol ] : =

Di st [2”n, | nt [X*m«Csc [2xa+2xb*xx]"n, x]] /;
FreeQ[{a, b}, x] & Rational Q[m] && | ntegerQ[n]

= Derivation: Integration by parts

m Rulelfn, pez Am>0 A n#p,then
jmesc[a+bx]”Sec[a+bx]pdlx —

X””J-Csc[a+bx]”Sec[a+bx]pd1x—mJ-x”*1 (ICsc[anbx]“Sec[a+bx]p dlx) dx

= Program code:

Int [x_"m_. xCsc[a_. +b_. »x_]1”n_. *Sec[a_. +b_. *x_]1"p_., Xx_Synbol ] : =
Modul e [ {u=Bl ock [ {ShowSt eps =Fal se, St epCount er =Nul | }, Int [Csc[a+b*x]"nxSec [a+b*x]1"p, X]1},
X mku - Di st [mInt [X*(m-1)=*u,x]11] /;

FreeQ[{a, b}, x] & Rational Q[m] && | ntegersQ[n, p] && m0 && n#p



Integration Rules for Two Trig Functions

u(aTan[v]™+b Sec[v]™"dx

Derivation: Algebraic simplification

Basis: If a2 - b2 = 0,thena Tan[z] +b Sec [z] =aTan[§+Z—:]

- 2 2 _ n
Rule: If a-b _O/\ Eez,then

\Y st aqn
(aTan[v] +bSec[v])"dx — ar"rTan[E+Z E] dx

= Program code:

Int [(a_. *Tan[v_]+b_. *Sec [v_])"n_, x_Synbol | : =
Di st [a"n, Int [Tan[v/2+Pi /4xa/b]”n, x]1] /;
FreeQ[{a, b}, x] && ZeroQ[ar2-b"2] && EvenQ[n]

Int [(a_. #Cot [v_]1+b_. *Csc[v_])"n_, x_Synbol | : =
Di st [a"n, I nt [Cot [v/2+ (a/b-1)*Pi /4]1”n, x]1] /;
FreeQ[{a, b}, x] && ZeroQ[a"2-b"2] && EvenQ[n]

Derivation: Algebraic simplification

a+b Sin[z]
Cos[z]

Basis.a Sec[z] +b Tan[z] =

Rule: If m nez/\ (m';'lez\/mn<0) /\-a(m=2/\a+b=0),then

u@+bSinvimn
Ju (aTan[v]™+bSec[vI™"dx — j dx
Cos [v]™"

= Program code:

Int [u_. =(a_. «Sec[v_]"m. +b_. *Tan[v_]"m.. )"n_., x_Synbol | : =
Int [ux(a+b*Sin[v]*m~n/Cos [V]" (mkn), X] /;
FreeQ[{a, b}, x] & IntegersQ[mn] & (OddQ[mxkn] || mxn<0) && Not [Mm==2 && ZeroQ[a+b]]

Int [u_. «(a_. «Csc[v_]"m. +b_. «Cot [v_]"m_. )"n_., x_Synbol | : =
I nt [ux (a+b*Cos [v]"m)~n/Sin[v]" (men), X] /;
FreeQ[{a, b}, x] && IntegersQ[m n] && (OddQ[mxn] || nMkn<0) && Not [m==2 && ZeroQ[a+b]]



