
à xm Ha + b Sinh@c + d xDLn âx

� Derivation: Algebraic simplification

� Basis: If  a2 + b2 = 0, then a + b Sinh@zD = 2 a CoshB-
Π a

4 b
+

z

2
F2

� Rule: If  a2 + b2 = 0 ì m Î Q ì n Î Z ì n < 0, then

à xm Ha + b Sinh@c + d xDLn âx � H2 aLn à xm CoshB-
Π a

4 b
+
c

2
+
d x

2
F2 n

âx

� Program code:

IntAx_^m_.*Ia_+b_.*Sinh@c_.+d_.*x_DM^n_,x_SymbolE :=

Dist@H2*aL^n,Int@x^m*Cosh@-Pi*a�H4*bL+c�2+d*x�2D^H2*nL,xDD �;
FreeQ@8a,b,c,d<,xD && ZeroQ@a^2+b^2D && RationalQ@mD && IntegerQ@nD && n<0

� Derivation: Algebraic simplification and piecewise constant extraction

� Basis: If  a2 + b2 = 0, then a + b Sinh@zD = 2 a CoshB-
Π a

4 b
+

z

2
F2

� Basis: If  a2 + b2 = 0, then ¶z
a+b Sinh@zD

CoshB-
Π a

4 b
+
z

2
F = 0

� Rule: If  a2 + b2 = 0 í m Î Q í n -
1

2
Î Z, then

á xm Ha + b Sinh@c + d xDLn âx �
H2 aLn-

1

2 a + b Sinh@c + d xD
CoshA-

Π a

4 b
+

c

2
+

d x

2
E à xm CoshB-

Π a

4 b
+
c

2
+
d x

2
F2 n

âx

� Program code:

IntAx_^m_.*Ia_+b_.*Sinh@c_.+d_.*x_DM^n_,x_SymbolE :=

Dist@H2*aL^Hn-1�2L*Sqrt@a+b*Sinh@c+d*xDD�Cosh@-Pi*a�H4*bL+c�2+d*x�2D,
Int@x^m*Cosh@-Pi*a�H4*bL+c�2+d*x�2D^H2*nL,xDD �;

FreeQ@8a,b,c,d<,xD && ZeroQ@a^2+b^2D && RationalQ@mD && IntegerQ@n-1�2D
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� Derivation: Algebraic expansion

� Basis: 1

Ha+b zL2 =
a

Ia2+b2M Ha+b zL +
b Hb-a zL

Ia2+b2M Ha+b zL2

� Rule: If  a2 + b2 ¹ 0, then

à x

Ha + b Sinh@c + d xDL2
âx �

a

a2 + b2
à x

a + b Sinh@c + d xD âx +
b

a2 + b2
à x Hb - a Sinh@c + d xDL

Ha + b Sinh@c + d xDL2
âx

� Program code:

IntAx_�Ia_+b_.*Sinh@c_.+d_.*x_DM^2,x_SymbolE :=

Dist@a�Ha^2+b^2L,Int@x�Ha+b*Sinh@c+d*xDL,xDD +

Dist@b�Ha^2+b^2L,Int@x*Hb-a*Sinh@c+d*xDL�Ha+b*Sinh@c+d*xDL^2,xDD �;
FreeQ@8a,b,c,d<,xD && NonzeroQ@a^2+b^2D

� Derivation: Algebraic expansion

� Basis: a + b Sinh@zD =
-b+2 a ãz+b ã2 z

2 ãz

� Rule: If  a2 + b2 ¹ 0 ì m > 0 ì n Î Z ì n < 0, then

à xm Ha + b Sinh@c + d xDLn âx �
1

2n
à xm I-b + 2 a ãc+d x + b ã2 Hc+d xLMn

ãn Hc+d xL âx

� Program code:

IntAx_^m_.*Ia_+b_.*Sinh@c_.+d_.*x_DM^n_,x_SymbolE :=

Dist@1�2^n,Int@x^m*H-b+2*a*E^Hc+d*xL+b*E^H2*Hc+d*xLLL^n�E^Hn*Hc+d*xLL,xDD �;
FreeQ@8a,b,c,d<,xD && NonzeroQ@a^2+b^2D && RationalQ@mD && m>0 && IntegerQ@nD && n<0
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à xm Ha + b Cosh@c + d xDLn âx

� Derivation: Algebraic simplification

� Basis: 1 + Cosh@zD = 2 CoshA z

2
E2

� Rule: If  a - b = 0 ì m Î Q ì n Î Z ì n < 0, then

à xm Ha + b Cosh@c + d xDLn âx � H2 aLn à xm CoshBc
2

+
d x

2
F2 n

âx

� Program code:

IntAx_^m_.*Ia_+b_.*Cosh@c_.+d_.*x_DM^n_,x_SymbolE :=

Dist@H2*aL^n,Int@x^m*Cosh@c�2+d*x�2D^H2*nL,xDD �;
FreeQ@8a,b,c,d<,xD && ZeroQ@a-bD && RationalQ@mD && IntegerQ@nD && n<0

� Derivation: Algebraic simplification

� Basis: 1 - Cosh@zD = -2 SinhA z

2
E2

� Rule: If  a + b = 0 ì m Î Q ì n Î Z ì n < 0, then

à xm Ha + b Cosh@c + d xDLn âx � H-2 aLn à xm SinhBc
2

+
d x

2
F2 n

âx

� Program code:

IntAx_^m_.*Ia_+b_.*Cosh@c_.+d_.*x_DM^n_,x_SymbolE :=

Dist@H-2*aL^n,Int@x^m*Sinh@c�2+d*x�2D^H2*nL,xDD �;
FreeQ@8a,b,c,d<,xD && ZeroQ@a+bD && RationalQ@mD && IntegerQ@nD && n<0
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� Derivation: Algebraic simplification

� Basis: 1 + Cosh@zD = 2 CoshA z

2
E2

� Basis: ¶z
a+a Cosh@zD
CoshA z

2
E = 0

� Rule: If  a - b = 0 í m Î Q í n -
1

2
Î Z, then

á xm Ha + b Cosh@c + d xDLn âx �
H2 aLn-

1

2 a + b Cosh@c + d xD
CoshA c

2
+

d x

2
E à xm CoshBc

2
+
d x

2
F2 n

âx

� Program code:

IntAx_^m_.*Ia_+b_.*Cosh@c_.+d_.*x_DM^n_,x_SymbolE :=

Dist@H2*aL^Hn-1�2L*Sqrt@a+b*Cosh@c+d*xDD�Cosh@c�2+d*x�2D,Int@x^m*Cosh@c�2+d*x�2D^H2*nL,xDD �;
FreeQ@8a,b,c,d<,xD && ZeroQ@a-bD && RationalQ@mD && IntegerQ@n-1�2D

� Derivation: Algebraic simplification

� Basis: 1 - Cosh@zD = -2 SinhA z

2
E2

� Basis: ¶z
a-a Cosh@zD
SinhA z

2
E = 0

� Rule: If  a + b = 0 í m Î Q í n -
1

2
Î Z, then

á xm Ha + b Cosh@c + d xDLn âx �
H-2 aLn-

1

2 a + b Cosh@c + d xD
SinhA c

2
+

d x

2
E à xm SinhBc

2
+
d x

2
F2 n

âx

� Program code:

IntAx_^m_.*Ia_+b_.*Cosh@c_.+d_.*x_DM^n_,x_SymbolE :=

Dist@H-2*aL^Hn-1�2L*Sqrt@a+b*Cosh@c+d*xDD�Sinh@c�2+d*x�2D,Int@x^m*Sinh@c�2+d*x�2D^H2*nL,xDD �;
FreeQ@8a,b,c,d<,xD && ZeroQ@a+bD && RationalQ@mD && IntegerQ@n-1�2D
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� Derivation: Algebraic expansion

� Basis: 1

Ha+b zL2 =
a

Ia2-b2M Ha+b zL -
b Hb+a zL

Ia2-b2M Ha+b zL2

� Rule: If  a2 - b2 ¹ 0, then

à x

Ha + b Cosh@c + d xDL2
âx �

a

a2 - b2
à x

a + b Cosh@c + d xD âx -
b

a2 - b2
à x Hb + a Cosh@c + d xDL

Ha + b Cosh@c + d xDL2
âx

� Program code:

IntAx_�Ia_+b_.*Cosh@c_.+d_.*x_DM^2,x_SymbolE :=

Dist@a�Ha^2-b^2L,Int@x�Ha+b*Cosh@c+d*xDL,xDD -

Dist@b�Ha^2-b^2L,Int@x*Hb+a*Cosh@c+d*xDL�Ha+b*Cosh@c+d*xDL^2,xDD �;
FreeQ@8a,b,c,d<,xD && NonzeroQ@a^2-b^2D

� Derivation: Algebraic expansion

� Basis: a + b Cosh@zD =
b+2 a ãz+b ã2 z

2 ãz

� Rule: If  a2 - b2 ¹ 0 ì m > 0 ì n Î Z ì n < 0, then

à xm Ha + b Cosh@c + d xDLn âx �
1

2n
à xm Ib + 2 a ãc+d x + b ã2 Hc+d xLMn

ãn Hc+d xL âx

� Program code:

IntAx_^m_.*Ia_+b_.*Cosh@c_.+d_.*x_DM^n_,x_SymbolE :=

Dist@1�2^n,Int@x^m*Hb+2*a*E^Hc+d*xL+b*E^H2*Hc+d*xLLL^n�E^Hn*Hc+d*xLL,xDD �;
FreeQ@8a,b,c,d<,xD && NonzeroQ@a^2-b^2D && RationalQ@mD && m>0 && IntegerQ@nD && n<0
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à u Ia + b Sinh@c + d xD2Mn
âx

� Derivation: Algebraic simplification

� Basis: Sinh@zD2 =
1

2
H-1 + Cosh@2 zDL

� Note: This rule should be replaced with rules that directly reduce the integrand rather than transforming it using hyperbolic power expansion!

� Rule: If  a - b ¹ 0 ì n ¹ -1, then

à Ia + b Sinh@c + d xD2Mn
âx �

1

2n
à H2 a - b + b Cosh@2 c + 2 d xDLn âx

� Program code:

IntAIa_+b_.*Sinh@c_.+d_.*x_D^2M^n_,x_SymbolE :=

Dist@1�2^n,Int@H2*a-b+b*Cosh@2*c+2*d*xDL^n,xDD �;
FreeQ@8a,b,c,d<,xD && NonzeroQ@a-bD && RationalQ@nD && n¹-1

� Basis: Cosh@zD2 =
1

2
H1 + Cosh@2 zDL

IntAIa_+b_.*Cosh@c_.+d_.*x_D^2M^n_,x_SymbolE :=

Dist@1�2^n,Int@H2*a+b+b*Cosh@2*c+2*d*xDL^n,xDD �;
FreeQ@8a,b,c,d<,xD && NonzeroQ@a+bD && RationalQ@nD && n¹-1

� Derivation: Algebraic simplification

� Basis: Sinh@zD2 =
1

2
H-1 + Cosh@2 zDL

� Note: This rule should be replaced with rules that directly reduce the integrand rather than transforming it using hyperbolic power expansion!

� Rule: If  a - b ¹ 0 ì m, n Î Z ì m > 0, then

à xm Ia + b Sinh@c + d xD2Mn
âx �

1

2n
à xm H2 a - b + b Cosh@2 c + 2 d xDLn âx

� Program code:

IntAx_^m_.*Ia_+b_.*Sinh@c_.+d_.*x_D^2M^n_,x_SymbolE :=

Dist@1�2^n,Int@x^m*H2*a-b+b*Cosh@2*c+2*d*xDL^n,xDD �;
FreeQ@8a,b,c,d<,xD && NonzeroQ@a-bD && IntegersQ@m,nD && Hm>0 && n�-1 ÈÈ m�1 && n�-2L

� Basis: Cosh@zD2 =
1

2
H1 + Cosh@2 zDL

IntAx_^m_.*Ia_+b_.*Cosh@c_.+d_.*x_D^2M^n_,x_SymbolE :=

Dist@1�2^n,Int@x^m*H2*a+b+b*Cosh@2*c+2*d*xDL^n,xDD �;
FreeQ@8a,b,c,d<,xD && NonzeroQ@a+bD && IntegersQ@m,nD && Hm>0 && n�-1 ÈÈ m�1 && n�-2L
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à Sinh@a + b xnD âx

� Derivation: Primitive rule

� Basis: FresnelS¢@zD = -ä SinhB ä Π z2

2
F

� Note: This rule is commented out since it introduces the imaginary unit ä; whereas, converting the hyperbolic sine to exponential form does not.

� Rule:

á SinhAb x2E âx � -

ä
Π

2

ä b
FresnelSB ä b x

Π

2

F

� Program code:

H* Int@Sinh@b_.*x_^2D,x_SymbolD :=

-I*Sqrt@Pi�2D*FresnelS@Rt@I*b,2D*x�Sqrt@Pi�2DD�Rt@I*b,2D �;
FreeQ@b,xD *L

� Basis: FresnelC¢@zD = CoshB I Π z2

2
F

H* Int@Cosh@b_.*x_^2D,x_SymbolD :=

Sqrt@Pi�2D*FresnelC@Rt@I*b,2D*x�Sqrt@Pi�2DD�Rt@I*b,2D �;
FreeQ@b,xD *L

� Derivation: Algebraic expansion

� Basis: Sinh@zD =
ãz

2
-

ã-z

2

� Rule: If  Ø Hn Î F ê n < 0L, then

à Sinh@a + b xnD âx �
1

2
à ãa+b xn âx -

1

2
à ã-a-b xn âx

� Program code:

Int@Sinh@a_.+b_.*x_^n_D,x_SymbolD :=

Dist@1�2,Int@E^Ha+b*x^nL,xDD -

Dist@1�2,Int@E^H-a-b*x^nL,xDD �;
FreeQ@8a,b,n<,xD && Not@FractionOrNegativeQ@nDD

Int@Cosh@a_.+b_.*x_^n_D,x_SymbolD :=

Dist@1�2,Int@E^H-a-b*x^nL,xDD +

Dist@1�2,Int@E^Ha+b*x^nL,xDD �;
FreeQ@8a,b,n<,xD && Not@FractionOrNegativeQ@nDD
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� Derivation: Integration by parts

� Note: Although resulting integrand looks more complicated than the original, rules for improper binomials rectify it.

� Rule: If  n Î Z ê n < 0, then

à Sinh@a + b xnD âx � x Sinh@a + b xnD - b n à xn Cosh@a + b xnD âx

� Program code:

Int@Sinh@a_.+b_.*x_^n_D,x_SymbolD :=

x*Sinh@a+b*x^nD -

Dist@b*n,Int@x^n*Cosh@a+b*x^nD,xDD �;
FreeQ@8a,b<,xD && IntegerQ@nD && n<0

Int@Cosh@a_.+b_.*x_^n_D,x_SymbolD :=

x*Cosh@a+b*x^nD -

Dist@b*n,Int@x^n*Sinh@a+b*x^nD,xDD �;
FreeQ@8a,b<,xD && IntegerQ@nD && n<0
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à xm Sinh@a + b xnD âx

� Derivation: Primitive rule

� Basis: SinhIntegral¢@zD =
Sinh@zD

z

� Rule:

à Sinh@b xnD
x

âx �
SinhIntegral@b xnD

n

� Program code:

IntASinh@b_.*x_^n_.D�x_,x_SymbolE :=

SinhIntegral@b*x^nD�n �;
FreeQ@8b,n<,xD

� Basis: CoshIntegral¢@zD =
Cosh@zD

z

IntACosh@b_.*x_^n_.D�x_,x_SymbolE :=

CoshIntegral@b*x^nD�n �;
FreeQ@8b,n<,xD

� Derivation: Algebraic expansion

� Basis: Sinh@w + zD = Sinh@wD Cosh@zD + Cosh@wD Sinh@zD
� Rule:

à Sinh@a + b xnD
x

âx � Sinh@aD à Cosh@b xnD
x

âx + Cosh@aD à Sinh@b xnD
x

âx

� Program code:

IntASinh@a_+b_.*x_^n_.D�x_,x_SymbolE :=

Dist@Sinh@aD,Int@Cosh@b*x^nD�x,xDD +

Dist@Cosh@aD,Int@Sinh@b*x^nD�x,xDD �;
FreeQ@8a,b,n<,xD

IntACosh@a_+b_.*x_^n_.D�x_,x_SymbolE :=

Dist@Cosh@aD,Int@Cosh@b*x^nD�x,xDD +

Dist@Sinh@aD,Int@Sinh@b*x^nD�x,xDD �;
FreeQ@8a,b,n<,xD
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� Reference: CRC 392h, A&S 4.5.83

� Derivation: Integration by parts

� Basis: xm Sinh@a + b xnD =
xm-n+1 ¶xCosh@a+b xnD

b n

� Rule: If  n Î Z ì 0 < n £ m, then

à xm Sinh@a + b xnD âx �
xm-n+1 Cosh@a + b xnD

b n
-
m - n + 1

b n
à xm-n Cosh@a + b xnD âx

� Program code:

Int@x_^m_.*Sinh@a_.+b_.*x_^n_.D,x_SymbolD :=

x^Hm-n+1L*Cosh@a+b*x^nD�Hb*nL -

Dist@Hm-n+1L�Hb*nL,Int@x^Hm-nL*Cosh@a+b*x^nD,xDD �;
FreeQ@8a,b<,xD && IntegerQ@nD && RationalQ@mD && 0<n<=m

� Reference: CRC 396h, A&S 4.5.84

Int@x_^m_.*Cosh@a_.+b_.*x_^n_.D,x_SymbolD :=

x^Hm-n+1L*Sinh@a+b*x^nD�Hb*nL -

Dist@Hm-n+1L�Hb*nL,Int@x^Hm-nL*Sinh@a+b*x^nD,xDD �;
FreeQ@8a,b<,xD && IntegerQ@nD && RationalQ@mD && 0<n<=m

� Reference: CRC 405h

� Derivation: Integration by parts

� Rule: If  m + n + 1 = 0 ê Hn Î Z ì HHn > 0 ì m < -1L ê 0 < -n < m + 1L, then

à xm Sinh@a + b xnD âx �
xm+1 Sinh@a + b xnD

m + 1
-

b n

m + 1
à xm+n Cosh@a + b xnD âx

� Program code:

Int@x_^m_.*Sinh@a_.+b_.*x_^n_.D,x_SymbolD :=

x^Hm+1L*Sinh@a+b*x^nD�Hm+1L -

Dist@b*n�Hm+1L,Int@x^Hm+nL*Cosh@a+b*x^nD,xDD �;
FreeQ@8a,b,m,n<,xD && HZeroQ@m+n+1D ÈÈ IntegerQ@nD && RationalQ@mD && Hn>0 && m<-1 ÈÈ 0<-n<m+1LL

� Reference: CRC 406h

Int@x_^m_.*Cosh@a_.+b_.*x_^n_.D,x_SymbolD :=

x^Hm+1L*Cosh@a+b*x^nD�Hm+1L -

Dist@b*n�Hm+1L,Int@x^Hm+nL*Sinh@a+b*x^nD,xDD �;
FreeQ@8a,b,m,n<,xD && HZeroQ@m+n+1D ÈÈ IntegerQ@nD && RationalQ@mD && Hn>0 && m<-1 ÈÈ 0<-n<m+1LL
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� Derivation: Algebraic expansion

� Basis: Sinh@zD =
ãz

2
-

ã-z

2

� Rule: If  m + 1 ¹ 0 ì m - n + 1 ¹ 0 ì Ø Hm Î F ê n Î F ê n < 0L, then

à xm Sinh@a + b xnD âx �
1

2
à xm ãa+b xn âx -

1

2
à xm ã-a-b xn âx

� Program code:

Int@x_^m_.*Sinh@a_.+b_.*x_^n_.D,x_SymbolD :=

Dist@1�2,Int@x^m*E^Ha+b*x^nL,xDD -

Dist@1�2,Int@x^m*E^H-a-b*x^nL,xDD �;
FreeQ@8a,b,m,n<,xD && NonzeroQ@m+1D && NonzeroQ@m-n+1D &&

Not@FractionQ@mD ÈÈ FractionOrNegativeQ@nDD

Int@x_^m_.*Cosh@a_.+b_.*x_^n_.D,x_SymbolD :=

Dist@1�2,Int@x^m*E^H-a-b*x^nL,xDD +

Dist@1�2,Int@x^m*E^Ha+b*x^nL,xDD �;
FreeQ@8a,b,m,n<,xD && NonzeroQ@m+1D && NonzeroQ@m-n+1D &&

Not@FractionQ@mD ÈÈ FractionOrNegativeQ@nDD

Integration Rules for Hyperbolic Sine Functions



à xm Sinh@a + b xnDp âx

� Derivation: Integration by parts

� Rule: If  n, p Î Z ì p > 1 ì n - 1 ¹ 0, then

à Sinh@a + b xnDp

xn
âx � -

Sinh@a + b xnDp

Hn - 1L xn-1
+
b n p

n - 1
à Sinh@a + b xnDp-1 Cosh@a + b xnD âx

� Program code:

Int@x_^m_.*Sinh@a_.+b_.*x_^n_.D^p_,x_SymbolD :=

-Sinh@a+b*x^nD^p�HHn-1L*x^Hn-1LL +

Dist@b*n*p�Hn-1L,Int@Sinh@a+b*x^nD^Hp-1L*Cosh@a+b*x^nD,xDD �;
FreeQ@8a,b<,xD && IntegersQ@n,pD && ZeroQ@m+nD && p>1 && NonzeroQ@n-1D

Int@x_^m_.*Cosh@a_.+b_.*x_^n_.D^p_,x_SymbolD :=

-Cosh@a+b*x^nD^p�HHn-1L*x^Hn-1LL +

Dist@b*n*p�Hn-1L,Int@Cosh@a+b*x^nD^Hp-1L*Sinh@a+b*x^nD,xDD �;
FreeQ@8a,b<,xD && IntegersQ@n,pD && ZeroQ@m+nD && p>1 && NonzeroQ@n-1D

� Reference: G&R 2.471.1b' special case when m - 2 n + 1 = 0

� Rule: If  p > 1 ì m - 2 n + 1 = 0, then

à xm Sinh@a + b xnDp
âx � -

n Sinh@a + b xnDp

b2 n2 p2
+

xn Cosh@a + b xnD Sinh@a + b xnDp-1

b n p
-
p - 1

p
à xm Sinh@a + b xnDp-2

âx

� Program code:

Int@x_^m_.*Sinh@a_.+b_.*x_^n_.D^p_,x_SymbolD :=

-n*Sinh@a+b*x^nD^p�Hb^2*n^2*p^2L +

x^n*Cosh@a+b*x^nD*Sinh@a+b*x^nD^Hp-1L�Hb*n*pL -

Dist@Hp-1L�p,Int@x^m*Sinh@a+b*x^nD^Hp-2L,xDD �;
FreeQ@8a,b,m,n<,xD && RationalQ@pD && p>1 && ZeroQ@m-2*n+1D

� Reference: G&R 2.471.1a' special case with m - 2 n + 1 = 0

Int@x_^m_.*Cosh@a_.+b_.*x_^n_.D^p_,x_SymbolD :=

-n*Cosh@a+b*x^nD^p�Hb^2*n^2*p^2L +

x^n*Sinh@a+b*x^nD*Cosh@a+b*x^nD^Hp-1L�Hb*n*pL +

Dist@Hp-1L�p,Int@x^m*Cosh@a+b*x^nD^Hp-2L,xDD �;
FreeQ@8a,b,m,n<,xD && RationalQ@pD && p>1 && ZeroQ@m-2*n+1D
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� Reference: G&R 2.471.1b'

� Rule: If  m, n Î Z ì p > 1 ì 0 < 2 n < m + 1, then

à xm Sinh@a + b xnDp
âx � -

Hm - n + 1L xm-2 n+1 Sinh@a + b xnDp

b2 n2 p2
+
xm-n+1 Cosh@a + b xnD Sinh@a + b xnDp-1

b n p
-

p - 1

p
à xm Sinh@a + b xnDp-2

âx +
Hm - n + 1L Hm - 2 n + 1L

b2 n2 p2
à xm-2 n Sinh@a + b xnDp

âx

� Program code:

Int@x_^m_.*Sinh@a_.+b_.*x_^n_.D^p_,x_SymbolD :=

-Hm-n+1L*x^Hm-2*n+1L*Sinh@a+b*x^nD^p�Hb^2*n^2*p^2L +

x^Hm-n+1L*Cosh@a+b*x^nD*Sinh@a+b*x^nD^Hp-1L�Hb*n*pL -

Dist@Hp-1L�p,Int@x^m*Sinh@a+b*x^nD^Hp-2L,xDD +

Dist@Hm-n+1L*Hm-2*n+1L�Hb^2*n^2*p^2L,Int@x^Hm-2*nL*Sinh@a+b*x^nD^p,xDD �;
FreeQ@8a,b<,xD && IntegersQ@m,nD && RationalQ@pD && p>1 && 0<2*n<m+1

� Reference: G&R 2.631.3'

Int@x_^m_.*Cosh@a_.+b_.*x_^n_.D^p_,x_SymbolD :=

-Hm-n+1L*x^Hm-2*n+1L*Cosh@a+b*x^nD^p�Hb^2*n^2*p^2L +

x^Hm-n+1L*Sinh@a+b*x^nD*Cosh@a+b*x^nD^Hp-1L�Hb*n*pL +

Dist@Hp-1L�p,Int@x^m*Cosh@a+b*x^nD^Hp-2L,xDD +

Dist@Hm-n+1L*Hm-2*n+1L�Hb^2*n^2*p^2L,Int@x^Hm-2*nL*Cosh@a+b*x^nD^p,xDD �;
FreeQ@8a,b<,xD && IntegersQ@m,nD && RationalQ@pD && p>1 && 0<2*n<m+1

� Reference: G&R 2.477.1 special case when m - 2 n + 1 = 0

� Rule: If  p < -1 ì p ¹ -2 ì m - 2 n + 1 = 0, then

à xm Sinh@a + b xnDp
âx �

xn Cosh@a + b xnD Sinh@a + b xnDp+1

b n Hp + 1L -
n Sinh@a + b xnDp+2

b2 n2 Hp + 1L Hp + 2L -
p + 2

p + 1
à xm Sinh@a + b xnDp+2

âx

� Program code:

Int@x_^m_.*Sinh@a_.+b_.*x_^n_.D^p_,x_SymbolD :=

x^n*Cosh@a+b*x^nD*Sinh@a+b*x^nD^Hp+1L�Hb*n*Hp+1LL -

n*Sinh@a+b*x^nD^Hp+2L�Hb^2*n^2*Hp+1L*Hp+2LL -

Dist@Hp+2L�Hp+1L,Int@x^m*Sinh@a+b*x^nD^Hp+2L,xDD �;
FreeQ@8a,b,m,n<,xD && RationalQ@pD && p<-1 && p¹-2 && ZeroQ@m-2*n+1D
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� Reference: G&R 2.477.2' special case with m - 2 n + 1 = 0

Int@x_^m_.*Cosh@a_.+b_.*x_^n_.D^p_,x_SymbolD :=

-x^n*Sinh@a+b*x^nD*Cosh@a+b*x^nD^Hp+1L�Hb*n*Hp+1LL +

n*Cosh@a+b*x^nD^Hp+2L�Hb^2*n^2*Hp+1L*Hp+2LL +

Dist@Hp+2L�Hp+1L,Int@x^m*Cosh@a+b*x^nD^Hp+2L,xDD �;
FreeQ@8a,b,m,n<,xD && RationalQ@pD && p<-1 && p¹-2 && ZeroQ@m-2*n+1D

� Reference: G&R 2.477.1

� Rule: If  m, n Î Z ì p < -1 ì p ¹ -2 ì 0 < 2 n < m + 1, then

à xm Sinh@a + b xnDp
âx �

xm-n+1 Cosh@a + b xnD Sinh@a + b xnDp+1

b n Hp + 1L -
Hm - n + 1L xm-2 n+1 Sinh@a + b xnDp+2

b2 n2 Hp + 1L Hp + 2L -

p + 2

p + 1
à xm Sinh@a + b xnDp+2

âx +
Hm - n + 1L Hm - 2 n + 1L
b2 n2 Hp + 1L Hp + 2L à xm-2 n Sinh@a + b xnDp+2

âx

� Program code:

Int@x_^m_.*Sinh@a_.+b_.*x_^n_.D^p_,x_SymbolD :=

x^Hm-n+1L*Cosh@a+b*x^nD*Sinh@a+b*x^nD^Hp+1L�Hb*n*Hp+1LL -

Hm-n+1L*x^Hm-2*n+1L*Sinh@a+b*x^nD^Hp+2L�Hb^2*n^2*Hp+1L*Hp+2LL -

Dist@Hp+2L�Hp+1L,Int@x^m*Sinh@a+b*x^nD^Hp+2L,xDD +

Dist@Hm-n+1L*Hm-2*n+1L�Hb^2*n^2*Hp+1L*Hp+2LL,Int@x^Hm-2*nL*Sinh@a+b*x^nD^Hp+2L,xDD �;
FreeQ@8a,b<,xD && IntegersQ@m,nD && RationalQ@pD && p<-1 && p¹-2 && 0<2*n<m+1

� Reference: G&R 2.477.2

Int@x_^m_.*Cosh@a_.+b_.*x_^n_.D^p_,x_SymbolD :=

-x^Hm-n+1L*Sinh@a+b*x^nD*Cosh@a+b*x^nD^Hp+1L�Hb*n*Hp+1LL +

Hm-n+1L*x^Hm-2*n+1L*Cosh@a+b*x^nD^Hp+2L�Hb^2*n^2*Hp+1L*Hp+2LL +

Dist@Hp+2L�Hp+1L,Int@x^m*Cosh@a+b*x^nD^Hp+2L,xDD -

Dist@Hm-n+1L*Hm-2*n+1L�Hb^2*n^2*Hp+1L*Hp+2LL,Int@x^Hm-2*nL*Cosh@a+b*x^nD^Hp+2L,xDD �;
FreeQ@8a,b<,xD && IntegersQ@m,nD && RationalQ@pD && p<-1 && p¹-2 && 0<2*n<m+1
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� Reference: G&R 2.475.1'

� Rule: If  m, n Î Z ì p > 1 ì 0 < 2 n < 1 - m ì m + n + 1 ¹ 0, then

à xm Sinh@a + b xnDp
âx �

xm+1 Sinh@a + b xnDp

m + 1
-
b n p xm+n+1 Cosh@a + b xnD Sinh@a + b xnDp-1

Hm + 1L Hm + n + 1L +

b2 n2 p2

Hm + 1L Hm + n + 1L à xm+2 n Sinh@a + b xnDp
âx +

b2 n2 p Hp - 1L
Hm + 1L Hm + n + 1L à xm+2 n Sinh@a + b xnDp-2

âx

� Program code:

Int@x_^m_.*Sinh@a_.+b_.*x_^n_.D^p_,x_SymbolD :=

x^Hm+1L*Sinh@a+b*x^nD^p�Hm+1L -

b*n*p*x^Hm+n+1L*Cosh@a+b*x^nD*Sinh@a+b*x^nD^Hp-1L�HHm+1L*Hm+n+1LL +

Dist@b^2*n^2*p^2�HHm+1L*Hm+n+1LL,Int@x^Hm+2*nL*Sinh@a+b*x^nD^p,xDD +

Dist@b^2*n^2*p*Hp-1L�HHm+1L*Hm+n+1LL,Int@x^Hm+2*nL*Sinh@a+b*x^nD^Hp-2L,xDD �;
FreeQ@8a,b<,xD && IntegersQ@m,nD && RationalQ@pD && p>1 && 0<2*n<-m+1 && NonzeroQ@m+n+1D

� Reference: G&R 2.475.2'

Int@x_^m_.*Cosh@a_.+b_.*x_^n_.D^p_,x_SymbolD :=

x^Hm+1L*Cosh@a+b*x^nD^p�Hm+1L -

b*n*p*x^Hm+n+1L*Sinh@a+b*x^nD*Cosh@a+b*x^nD^Hp-1L�HHm+1L*Hm+n+1LL +

Dist@b^2*n^2*p^2�HHm+1L*Hm+n+1LL,Int@x^Hm+2*nL*Cosh@a+b*x^nD^p,xDD -

Dist@b^2*n^2*p*Hp-1L�HHm+1L*Hm+n+1LL,Int@x^Hm+2*nL*Cosh@a+b*x^nD^Hp-2L,xDD �;
FreeQ@8a,b<,xD && IntegersQ@m,nD && RationalQ@pD && p>1 && 0<2*n<-m+1 && NonzeroQ@m+n+1D
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à xm Sinh@a + b Hc + d xLnDp âx

� Derivation: Integration by linear substitution

� Rule: If  m Î Z ì m > 0 ì p Î Q, then

à xm Sinh@a + b Hc + d xLnDp
âx �

1

d
SubstBà -

c

d
+
x

d

m

Sinh@a + b xnDp
âx, x, c + d xF

� Program code:

IntAx_^m_.*SinhAa_.+b_.*Ic_+d_.*x_M^n_E^p_.,x_SymbolE :=

Dist@1�d,Subst@Int@H-c�d+x�dL^m*Sinh@a+b*x^nD^p,xD,x,c+d*xDD �;
FreeQ@8a,b,c,d,n<,xD && IntegerQ@mD && m>0 && RationalQ@pD

IntAx_^m_.*CoshAa_.+b_.*Ic_+d_.*x_M^n_E^p_.,x_SymbolE :=

Dist@1�d,Subst@Int@H-c�d+x�dL^m*Cosh@a+b*x^nD^p,xD,x,c+d*xDD �;
FreeQ@8a,b,c,d,n<,xD && IntegerQ@mD && m>0 && RationalQ@pD
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à SinhAa + b x + c x2E âx

� Derivation: Algebraic simplification

� Basis: If  b2 - 4 a c = 0, then a + b x + c x2 =
Hb+2 c xL2

4 c

� Rule: If  b2 - 4 a c = 0, then

à SinhAa + b x + c x2E âx � à SinhB Hb + 2 c xL2

4 c
F âx

� Program code:

Int@Sinh@a_.+b_.*x_+c_.*x_^2D,x_SymbolD :=

Int@Sinh@Hb+2*c*xL^2�H4*cLD,xD �;
FreeQ@8a,b,c<,xD && ZeroQ@b^2-4*a*cD

Int@Cosh@a_.+b_.*x_+c_.*x_^2D,x_SymbolD :=

Int@Cosh@Hb+2*c*xL^2�H4*cLD,xD �;
FreeQ@8a,b,c<,xD && ZeroQ@b^2-4*a*cD

� Derivation: Algebraic expansion

� Basis: Sinh@zD =
ãz

2
-

ã-z

2

� Rule: If  b2 - 4 a c ¹ 0, then

à SinhAa + b x + c x2E âx �
1

2
à ãa+b x+c x2 âx -

1

2
à ã-a-b x-c x2 âx

� Program code:

Int@Sinh@a_.+b_.*x_+c_.*x_^2D,x_SymbolD :=

Dist@1�2,Int@E^Ha+b*x+c*x^2L,xDD -

Dist@1�2,Int@E^H-a-b*x-c*x^2L,xDD �;
FreeQ@8a,b,c<,xD && NonzeroQ@b^2-4*a*cD

Int@Cosh@a_.+b_.*x_+c_.*x_^2D,x_SymbolD :=

Dist@1�2,Int@E^Ha+b*x+c*x^2L,xDD +

Dist@1�2,Int@E^H-a-b*x-c*x^2L,xDD �;
FreeQ@8a,b,c<,xD && NonzeroQ@b^2-4*a*cD
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à Hd + e xLm SinhAa + b x + c x2E âx

� Rule: If  b e - 2 c d = 0, then

à Hd + e xL SinhAa + b x + c x2E âx �
e CoshAa + b x + c x2E

2 c

� Program code:

IntAId_.+e_.*x_M*Sinh@a_.+b_.*x_+c_.*x_^2D,x_SymbolE :=

e*Cosh@a+b*x+c*x^2D�H2*cL �;
FreeQ@8a,b,c,d,e<,xD && ZeroQ@b*e-2*c*dD

IntAId_.+e_.*x_M*Cosh@a_.+b_.*x_+c_.*x_^2D,x_SymbolE :=

e*Sinh@a+b*x+c*x^2D�H2*cL �;
FreeQ@8a,b,c,d,e<,xD && ZeroQ@b*e-2*c*dD

� Rule: If  b e - 2 c d ¹ 0, then

à Hd + e xL SinhAa + b x + c x2E âx �
e CoshAa + b x + c x2E

2 c
-
b e - 2 c d

2 c
à SinhAa + b x + c x2E âx

� Program code:

IntAId_.+e_.*x_M*Sinh@a_.+b_.*x_+c_.*x_^2D,x_SymbolE :=

e*Cosh@a+b*x+c*x^2D�H2*cL -

Dist@Hb*e-2*c*dL�H2*cL,Int@Sinh@a+b*x+c*x^2D,xDD �;
FreeQ@8a,b,c,d,e<,xD && NonzeroQ@b*e-2*c*dD

IntAId_.+e_.*x_M*Cosh@a_.+b_.*x_+c_.*x_^2D,x_SymbolE :=

e*Sinh@a+b*x+c*x^2D�H2*cL -

Dist@Hb*e-2*c*dL�H2*cL,Int@Cosh@a+b*x+c*x^2D,xDD �;
FreeQ@8a,b,c,d,e<,xD && NonzeroQ@b*e-2*c*dD
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� Rule: If  m > 1 ì b e - 2 c d = 0, then

à Hd + e xLm SinhAa + b x + c x2E âx �

e Hd + e xLm-1 CoshAa + b x + c x2E
2 c

+
e2 Hm - 1L

2 c
à Hd + e xLm-2 CoshAa + b x + c x2E âx

� Program code:

IntAId_.+e_.*x_M^m_*Sinh@a_.+b_.*x_+c_.*x_^2D,x_SymbolE :=

e*Hd+e*xL^Hm-1L*Cosh@a+b*x+c*x^2D�H2*cL -

Dist@e^2*Hm-1L�H2*cL,Int@Hd+e*xL^Hm-2L*Cosh@a+b*x+c*x^2D,xDD �;
FreeQ@8a,b,c,d,e<,xD && RationalQ@mD && m>1 && ZeroQ@b*e-2*c*dD

IntAId_.+e_.*x_M^m_*Cosh@a_.+b_.*x_+c_.*x_^2D,x_SymbolE :=

e*Hd+e*xL^Hm-1L*Sinh@a+b*x+c*x^2D�H2*cL -

Dist@e^2*Hm-1L�H2*cL,Int@Hd+e*xL^Hm-2L*Sinh@a+b*x+c*x^2D,xDD �;
FreeQ@8a,b,c,d,e<,xD && RationalQ@mD && m>1 && ZeroQ@b*e-2*c*dD

� Rule: If  m > 1 ì b e - 2 c d ¹ 0, then

à Hd + e xLm SinhAa + b x + c x2E âx �
e Hd + e xLm-1 CoshAa + b x + c x2E

2 c
-

b e - 2 c d

2 c
à Hd + e xLm-1 SinhAa + b x + c x2E âx -

e2 Hm - 1L
2 c

à Hd + e xLm-2 CoshAa + b x + c x2E âx

� Program code:

IntAId_.+e_.*x_M^m_*Sinh@a_.+b_.*x_+c_.*x_^2D,x_SymbolE :=

e*Hd+e*xL^Hm-1L*Cosh@a+b*x+c*x^2D�H2*cL -

Dist@Hb*e-2*c*dL�H2*cL,Int@Hd+e*xL^Hm-1L*Sinh@a+b*x+c*x^2D,xDD -

Dist@e^2*Hm-1L�H2*cL,Int@Hd+e*xL^Hm-2L*Cosh@a+b*x+c*x^2D,xDD �;
FreeQ@8a,b,c,d,e<,xD && RationalQ@mD && m>1 && NonzeroQ@b*e-2*c*dD

IntAId_.+e_.*x_M^m_*Cosh@a_.+b_.*x_+c_.*x_^2D,x_SymbolE :=

e*Hd+e*xL^Hm-1L*Sinh@a+b*x+c*x^2D�H2*cL -

Dist@Hb*e-2*c*dL�H2*cL,Int@Hd+e*xL^Hm-1L*Cosh@a+b*x+c*x^2D,xDD -

Dist@e^2*Hm-1L�H2*cL,Int@Hd+e*xL^Hm-2L*Sinh@a+b*x+c*x^2D,xDD �;
FreeQ@8a,b,c,d,e<,xD && RationalQ@mD && m>1 && NonzeroQ@b*e-2*c*dD
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� Rule: If  m < -1 ì b e - 2 c d = 0, then

à Hd + e xLm SinhAa + b x + c x2E âx �

Hd + e xLm+1 SinhAa + b x + c x2E
e Hm + 1L -

2 c

e2 Hm + 1L à Hd + e xLm+2 CoshAa + b x + c x2E âx

� Program code:

IntAId_.+e_.*x_M^m_*Sinh@a_.+b_.*x_+c_.*x_^2D,x_SymbolE :=

Hd+e*xL^Hm+1L*Sinh@a+b*x+c*x^2D�He*Hm+1LL -

Dist@2*c�He^2*Hm+1LL,Int@Hd+e*xL^Hm+2L*Cosh@a+b*x+c*x^2D,xDD �;
FreeQ@8a,b,c,d,e<,xD && RationalQ@mD && m<-1 && ZeroQ@b*e-2*c*dD

IntAId_.+e_.*x_M^m_*Cosh@a_.+b_.*x_+c_.*x_^2D,x_SymbolE :=

Hd+e*xL^Hm+1L*Cosh@a+b*x+c*x^2D�He*Hm+1LL -

Dist@2*c�He^2*Hm+1LL,Int@Hd+e*xL^Hm+2L*Sinh@a+b*x+c*x^2D,xDD �;
FreeQ@8a,b,c,d,e<,xD && RationalQ@mD && m<-1 && ZeroQ@b*e-2*c*dD

� Rule: If  m < -1 ì b e - 2 c d ¹ 0, then

à Hd + e xLm SinhAa + b x + c x2E âx �
Hd + e xLm+1 SinhAa + b x + c x2E

e Hm + 1L -

b e - 2 c d

e2 Hm + 1L à Hd + e xLm+1 CoshAa + b x + c x2E âx -
2 c

e2 Hm + 1L à Hd + e xLm+2 CoshAa + b x + c x2E âx

� Program code:

IntAId_.+e_.*x_M^m_*Sinh@a_.+b_.*x_+c_.*x_^2D,x_SymbolE :=

Hd+e*xL^Hm+1L*Sinh@a+b*x+c*x^2D�He*Hm+1LL -

Dist@Hb*e-2*c*dL�He^2*Hm+1LL,Int@Hd+e*xL^Hm+1L*Cosh@a+b*x+c*x^2D,xDD -

Dist@2*c�He^2*Hm+1LL,Int@Hd+e*xL^Hm+2L*Cosh@a+b*x+c*x^2D,xDD �;
FreeQ@8a,b,c,d,e<,xD && RationalQ@mD && m<-1 && NonzeroQ@b*e-2*c*dD

IntAId_.+e_.*x_M^m_*Cosh@a_.+b_.*x_+c_.*x_^2D,x_SymbolE :=

Hd+e*xL^Hm+1L*Cosh@a+b*x+c*x^2D�He*Hm+1LL -

Dist@Hb*e-2*c*dL�He^2*Hm+1LL,Int@Hd+e*xL^Hm+1L*Sinh@a+b*x+c*x^2D,xDD -

Dist@2*c�He^2*Hm+1LL,Int@Hd+e*xL^Hm+2L*Sinh@a+b*x+c*x^2D,xDD �;
FreeQ@8a,b,c,d,e<,xD && RationalQ@mD && m<-1 && NonzeroQ@b*e-2*c*dD
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à Sinh@a + b Log@c xnDDp âx

� Derivation: Algebraic simplification

� Basis: Sinh@b Log@c xnDD =
1

2
Hc xnLb -

1

2 Hc xnLb

� Rule:

à Sinh@b Log@c xnDDp
âx � à Hc xnLb

2
-

1

2 Hc xnLb

p

âx

� Program code:

Int@Sinh@b_.*Log@c_.*x_^n_.DD^p_.,x_SymbolD :=

Int@HHc*x^nL^b�2 - 1�H2*Hc*x^nL^bLL^p,xD �;
FreeQ@c,xD && RationalQ@8b,n,p<D

� Basis: Cosh@b Log@c xnDD =
1

2
Hc xnLb +

1

2 Hc xnLb

Int@Cosh@b_.*Log@c_.*x_^n_.DD^p_.,x_SymbolD :=

Int@HHc*x^nL^b�2 + 1�H2*Hc*x^nL^bLL^p,xD �;
FreeQ@c,xD && RationalQ@8b,n,p<D

� Rule: If  1 - b2 n2 ¹ 0, then

à Sinh@a + b Log@c xnDD âx �
x Sinh@a + b Log@c xnDD

1 - b2 n2
-
b n x Cosh@a + b Log@c xnDD

1 - b2 n2

� Program code:

Int@Sinh@a_.+b_.*Log@c_.*x_^n_.DD,x_SymbolD :=

x*Sinh@a+b*Log@c*x^nDD�H1-b^2*n^2L -

b*n*x*Cosh@a+b*Log@c*x^nDD�H1-b^2*n^2L �;
FreeQ@8a,b,c,n<,xD && NonzeroQ@1-b^2*n^2D

Int@Cosh@a_.+b_.*Log@c_.*x_^n_.DD,x_SymbolD :=

x*Cosh@a+b*Log@c*x^nDD�H1-b^2*n^2L -

b*n*x*Sinh@a+b*Log@c*x^nDD�H1-b^2*n^2L �;
FreeQ@8a,b,c,n<,xD && NonzeroQ@1-b^2*n^2D

Integration Rules for Hyperbolic Sine Functions



� Derivation: Piecewise constant extraction

� Rule: If  b n - 2 = 0, then

á Sinh@a + b Log@c xnDD âx �
x Sinh@a + b Log@c xnDD

-1 + ã2 a Hc xnL4�n á -1 + ã2 a Hc xnL4�n
x

âx

� Program code:

Int@Sqrt@Sinh@a_.+b_.*Log@c_.*x_^n_.DDD,x_SymbolD :=

x*Sqrt@Sinh@a+b*Log@c*x^nDDD�Sqrt@-1+E^H2*aL*Hc*x^nL^H4�nLD*

Int@Sqrt@-1+E^H2*aL*Hc*x^nL^H4�nLD�x,xD �;
FreeQ@8a,b,c,n<,xD && ZeroQ@b*n-2D

Int@Sqrt@Cosh@a_.+b_.*Log@c_.*x_^n_.DDD,x_SymbolD :=

x*Sqrt@Cosh@a+b*Log@c*x^nDDD�Sqrt@1+E^H2*aL*Hc*x^nL^H4�nLD*

Int@Sqrt@1+E^H2*aL*Hc*x^nL^H4�nLD�x,xD �;
FreeQ@8a,b,c,n<,xD && ZeroQ@b*n-2D

� Rule: If  p > 1 ì 1 - b2 n2 p2 ¹ 0, then

à Sinh@a + b Log@c xnDDp
âx �

x Sinh@a + b Log@c xnDDp

1 - b2 n2 p2
-

b n p x Cosh@a + b Log@c xnDD Sinh@a + b Log@c xnDDp-1

1 - b2 n2 p2
+
b2 n2 p Hp - 1L
1 - b2 n2 p2

à Sinh@a + b Log@c xnDDp-2
âx

� Program code:

Int@Sinh@a_.+b_.*Log@c_.*x_^n_.DD^p_,x_SymbolD :=

x*Sinh@a+b*Log@c*x^nDD^p�H1-b^2*n^2*p^2L -

b*n*p*x*Cosh@a+b*Log@c*x^nDD*Sinh@a+b*Log@c*x^nDD^Hp-1L�H1-b^2*n^2*p^2L +

Dist@b^2*n^2*p*Hp-1L�H1-b^2*n^2*p^2L,Int@Sinh@a+b*Log@c*x^nDD^Hp-2L,xDD �;
FreeQ@8a,b,c,n<,xD && RationalQ@pD && p>1 && NonzeroQ@1-b^2*n^2*p^2D

Int@Cosh@a_.+b_.*Log@c_.*x_^n_.DD^p_,x_SymbolD :=

x*Cosh@a+b*Log@c*x^nDD^p�H1-b^2*n^2*p^2L -

b*n*p*x*Sinh@a+b*Log@c*x^nDD*Cosh@a+b*Log@c*x^nDD^Hp-1L�H1-b^2*n^2*p^2L -

Dist@b^2*n^2*p*Hp-1L�H1-b^2*n^2*p^2L,Int@Cosh@a+b*Log@c*x^nDD^Hp-2L,xDD �;
FreeQ@8a,b,c,n<,xD && RationalQ@pD && p>1 && NonzeroQ@1-b^2*n^2*p^2D
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� Rule: If  p ¹ -1 ì p ¹ -2 ì 1 - b2 n2 Hp + 2L2 = 0, then

à Sinh@a + b Log@c xnDDp
âx �

x Coth@a + b Log@c xnDD Sinh@a + b Log@c xnDDp+2

b n Hp + 1L -
x Sinh@a + b Log@c xnDDp+2

b2 n2 Hp + 1L Hp + 2L

� Program code:

Int@Sinh@a_.+b_.*Log@c_.*x_^n_.DD^p_,x_SymbolD :=

x*Coth@a+b*Log@c*x^nDD*Sinh@a+b*Log@c*x^nDD^Hp+2L�Hb*n*Hp+1LL -

x*Sinh@a+b*Log@c*x^nDD^Hp+2L�Hb^2*n^2*Hp+1L*Hp+2LL �;
FreeQ@8a,b,c,n,p<,xD && NonzeroQ@p+1D && NonzeroQ@p+2D && ZeroQ@1-b^2*n^2*Hp+2L^2D

Int@Cosh@a_.+b_.*Log@c_.*x_^n_.DD^p_,x_SymbolD :=

-x*Tanh@a+b*Log@c*x^nDD*Cosh@a+b*Log@c*x^nDD^Hp+2L�Hb*n*Hp+1LL +

x*Cosh@a+b*Log@c*x^nDD^Hp+2L�Hb^2*n^2*Hp+1L*Hp+2LL �;
FreeQ@8a,b,c,n,p<,xD && NonzeroQ@p+1D && NonzeroQ@p+2D && ZeroQ@1-b^2*n^2*Hp+2L^2D

� Rule: If  p < -1 ì p ¹ -2 ì 1 - b2 n2 Hp + 2L2 ¹ 0, then

à Sinh@a + b Log@c xnDDp
âx �

x Coth@a + b Log@c xnDD Sinh@a + b Log@c xnDDp+2

b n Hp + 1L -

x Sinh@a + b Log@c xnDDp+2

b2 n2 Hp + 1L Hp + 2L +
1 - b2 n2 Hp + 2L2

b2 n2 Hp + 1L Hp + 2L à Sinh@a + b Log@c xnDDp+2
âx

� Program code:

Int@Sinh@a_.+b_.*Log@c_.*x_^n_.DD^p_,x_SymbolD :=

x*Coth@a+b*Log@c*x^nDD*Sinh@a+b*Log@c*x^nDD^Hp+2L�Hb*n*Hp+1LL -

x*Sinh@a+b*Log@c*x^nDD^Hp+2L�Hb^2*n^2*Hp+1L*Hp+2LL +

Dist@H1-b^2*n^2*Hp+2L^2L�Hb^2*n^2*Hp+1L*Hp+2LL,Int@Sinh@a+b*Log@c*x^nDD^Hp+2L,xDD �;
FreeQ@8a,b,c,n<,xD && RationalQ@pD && p<-1 && p!=-2 && NonzeroQ@1-b^2*n^2*Hp+2L^2D

Int@Cosh@a_.+b_.*Log@c_.*x_^n_.DD^p_,x_SymbolD :=

-x*Tanh@a+b*Log@c*x^nDD*Cosh@a+b*Log@c*x^nDD^Hp+2L�Hb*n*Hp+1LL +

x*Cosh@a+b*Log@c*x^nDD^Hp+2L�Hb^2*n^2*Hp+1L*Hp+2LL -

Dist@H1-b^2*n^2*Hp+2L^2L�Hb^2*n^2*Hp+1L*Hp+2LL,Int@Cosh@a+b*Log@c*x^nDD^Hp+2L,xDD �;
FreeQ@8a,b,c,n<,xD && RationalQ@pD && p<-1 && p¹-2 && NonzeroQ@1-b^2*n^2*Hp+2L^2D
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à xm Sinh@a + b Log@c xnDDp âx

� Rule: If  Hm + 1L2 - b2 n2 ¹ 0 ì m + 1 ¹ 0, then

à xm Sinh@a + b Log@c xnDD âx �
Hm + 1L xm+1 Sinh@a + b Log@c xnDD

Hm + 1L2 - b2 n2
-
b n xm+1 Cosh@a + b Log@c xnDD

Hm + 1L2 - b2 n2

� Program code:

Int@x_^m_.*Sinh@a_.+b_.*Log@c_.*x_^n_.DD,x_SymbolD :=

Hm+1L*x^Hm+1L*Sinh@a+b*Log@c*x^nDD�HHm+1L^2-b^2*n^2L -

b*n*x^Hm+1L*Cosh@a+b*Log@c*x^nDD�HHm+1L^2-b^2*n^2L �;
FreeQ@8a,b,c,m,n<,xD && NonzeroQ@Hm+1L^2-b^2*n^2D && NonzeroQ@m+1D

Int@x_^m_.*Cosh@a_.+b_.*Log@c_.*x_^n_.DD,x_SymbolD :=

Hm+1L*x^Hm+1L*Cosh@a+b*Log@c*x^nDD�HHm+1L^2-b^2*n^2L -

b*n*x^Hm+1L*Sinh@a+b*Log@c*x^nDD�HHm+1L^2-b^2*n^2L �;
FreeQ@8a,b,c,m,n<,xD && NonzeroQ@Hm+1L^2-b^2*n^2D && NonzeroQ@m+1D

� Rule: If  Hm + 1L2 - b2 n2 p2 ¹ 0 ì p > 1 ì m + 1 ¹ 0, then

à xm Sinh@a + b Log@c xnDDp
âx �

Hm + 1L xm+1 Sinh@a + b Log@c xnDDp

Hm + 1L2 - b2 n2 p2
-

b n p xm+1 Cosh@a + b Log@c xnDD Sinh@a + b Log@c xnDDp-1

Hm + 1L2 - b2 n2 p2
+

b2 n2 p Hp - 1L
Hm + 1L2 - b2 n2 p2

à xm Sinh@a + b Log@c xnDDp-2
âx

� Program code:

Int@x_^m_.*Sinh@a_.+b_.*Log@c_.*x_^n_.DD^p_,x_SymbolD :=

Hm+1L*x^Hm+1L*Sinh@a+b*Log@c*x^nDD^p�HHm+1L^2-b^2*n^2*p^2L -

b*n*p*x^Hm+1L*Cosh@a+b*Log@c*x^nDD*Sinh@a+b*Log@c*x^nDD^Hp-1L�HHm+1L^2-b^2*n^2*p^2L +

Dist@b^2*n^2*p*Hp-1L�HHm+1L^2-b^2*n^2*p^2L,Int@x^m*Sinh@a+b*Log@c*x^nDD^Hp-2L,xDD �;
FreeQ@8a,b,c,m,n<,xD && NonzeroQ@Hm+1L^2-b^2*n^2*p^2D && RationalQ@pD && p>1 && NonzeroQ@m+1D

Int@x_^m_.*Cosh@a_.+b_.*Log@c_.*x_^n_.DD^p_,x_SymbolD :=

Hm+1L*x^Hm+1L*Cosh@a+b*Log@c*x^nDD^p�HHm+1L^2-b^2*n^2*p^2L -

b*n*p*x^Hm+1L*Cosh@a+b*Log@c*x^nDD^Hp-1L*Sinh@a+b*Log@c*x^nDD�HHm+1L^2-b^2*n^2*p^2L -

Dist@b^2*n^2*p*Hp-1L�HHm+1L^2-b^2*n^2*p^2L,Int@x^m*Cosh@a+b*Log@c*x^nDD^Hp-2L,xDD �;
FreeQ@8a,b,c,m,n<,xD && NonzeroQ@Hm+1L^2-b^2*n^2*p^2D && RationalQ@pD && p>1 && NonzeroQ@m+1D
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� Rule: If  Hm + 1L2 - b2 n2 Hp + 2L2 = 0 ì p ¹ -1 ì p ¹ -2, then

à xm Sinh@a + b Log@c xnDDp
âx �

xm+1 Coth@a + b Log@c xnDD Sinh@a + b Log@c xnDDp+2

b n Hp + 1L -

Hm + 1L xm+1 Sinh@a + b Log@c xnDDp+2

b2 n2 Hp + 1L Hp + 2L

� Program code:

Int@x_^m_.*Sinh@a_.+b_.*Log@c_.*x_^n_.DD^p_,x_SymbolD :=

x^Hm+1L*Coth@a+b*Log@c*x^nDD*Sinh@a+b*Log@c*x^nDD^Hp+2L�Hb*n*Hp+1LL -

Hm+1L*x^Hm+1L*Sinh@a+b*Log@c*x^nDD^Hp+2L�Hb^2*n^2*Hp+1L*Hp+2LL �;
FreeQ@8a,b,c,m,n,p<,xD && ZeroQ@Hm+1L^2-b^2*n^2*Hp+2L^2D && NonzeroQ@p+1D && NonzeroQ@p+2D

Int@x_^m_.*Cosh@a_.+b_.*Log@c_.*x_^n_.DD^p_,x_SymbolD :=

-x^Hm+1L*Tanh@a+b*Log@c*x^nDD*Cosh@a+b*Log@c*x^nDD^Hp+2L�Hb*n*Hp+1LL +

Hm+1L*x^Hm+1L*Cosh@a+b*Log@c*x^nDD^Hp+2L�Hb^2*n^2*Hp+1L*Hp+2LL �;
FreeQ@8a,b,c,m,n,p<,xD && ZeroQ@Hm+1L^2-b^2*n^2*Hp+2L^2D && NonzeroQ@p+1D && NonzeroQ@p+2D

� Rule: If  Hm + 1L2 - b2 n2 Hp + 2L2 ¹ 0 ì p < -1 ì p ¹ -2 ì m + 1 ¹ 0, then

à xm Sinh@a + b Log@c xnDDp
âx �

xm+1 Coth@a + b Log@c xnDD Sinh@a + b Log@c xnDDp+2

b n Hp + 1L -

Hm + 1L xm+1 Sinh@a + b Log@c xnDDp+2

b2 n2 Hp + 1L Hp + 2L +
Hm + 1L2 - b2 n2 Hp + 2L2

b2 n2 Hp + 1L Hp + 2L à xm Sinh@a + b Log@c xnDDp+2
âx

� Program code:

Int@x_^m_.*Sinh@a_.+b_.*Log@c_.*x_^n_.DD^p_,x_SymbolD :=

x^Hm+1L*Coth@a+b*Log@c*x^nDD*Sinh@a+b*Log@c*x^nDD^Hp+2L�Hb*n*Hp+1LL -

Hm+1L*x^Hm+1L*Sinh@a+b*Log@c*x^nDD^Hp+2L�Hb^2*n^2*Hp+1L*Hp+2LL +

Dist@HHm+1L^2-b^2*n^2*Hp+2L^2L�Hb^2*n^2*Hp+1L*Hp+2LL,Int@x^m*Sinh@a+b*Log@c*x^nDD^Hp+2L,xDD �;
FreeQ@8a,b,c,m,n<,xD && NonzeroQ@Hm+1L^2-b^2*n^2*Hp+2L^2D && RationalQ@pD && p<-1 && p!=-2 && NonzeroQ D

Int@x_^m_.*Cosh@a_.+b_.*Log@c_.*x_^n_.DD^p_,x_SymbolD :=

-x^Hm+1L*Tanh@a+b*Log@c*x^nDD*Cosh@a+b*Log@c*x^nDD^Hp+2L�Hb*n*Hp+1LL +

Hm+1L*x^Hm+1L*Cosh@a+b*Log@c*x^nDD^Hp+2L�Hb^2*n^2*Hp+1L*Hp+2LL -

Dist@HHm+1L^2-b^2*n^2*Hp+2L^2L�Hb^2*n^2*Hp+1L*Hp+2LL,Int@x^m*Cosh@a+b*Log@c*x^nDD^Hp+2L,xDD �;
FreeQ@8a,b,c,m,n<,xD && NonzeroQ@Hm+1L^2-b^2*n^2*Hp+2L^2D && RationalQ@pD && p<-1 && p¹-2 && NonzeroQ D
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à Sinh@a xn Log@b xDpD Log@b xDp âx

� Rule: If  p > 0, then

à Sinh@a x Log@b xDpD Log@b xDp âx �
Cosh@a x Log@b xDpD

a
- p à Sinh@a x Log@b xDpD Log@b xDp-1 âx

� Program code:

Int@Sinh@a_.*x_*Log@b_.*x_D^p_.D*Log@b_.*x_D^p_.,x_SymbolD :=

Cosh@a*x*Log@b*xD^pD�a -

Dist@p,Int@Sinh@a*x*Log@b*xD^pD*Log@b*xD^Hp-1L,xDD �;
FreeQ@8a,b<,xD && RationalQ@pD && p>0

Int@Cosh@a_.*x_*Log@b_.*x_D^p_.D*Log@b_.*x_D^p_.,x_SymbolD :=

Sinh@a*x*Log@b*xD^pD�a -

Dist@p,Int@Cosh@a*x*Log@b*xD^pD*Log@b*xD^Hp-1L,xDD �;
FreeQ@8a,b<,xD && RationalQ@pD && p>0

� Rule: If  p > 0, then

à Sinh@a xn Log@b xDpD Log@b xDp âx �
Cosh@a xn Log@b xDpD

a n xn-1
-

p

n
à Sinh@a xn Log@b xDpD Log@b xDp-1 âx +

n - 1

a n
à Cosh@a xn Log@b xDpD

xn
âx

� Program code:

Int@Sinh@a_.*x_^n_*Log@b_.*x_D^p_.D*Log@b_.*x_D^p_.,x_SymbolD :=

Cosh@a*x^n*Log@b*xD^pD�Ha*n*x^Hn-1LL -

Dist@p�n,Int@Sinh@a*x^n*Log@b*xD^pD*Log@b*xD^Hp-1L,xDD +

Dist@Hn-1L�Ha*nL,Int@Cosh@a*x^n*Log@b*xD^pD�x^n,xDD �;
FreeQ@8a,b<,xD && RationalQ@8n,p<D && p>0

Int@Cosh@a_.*x_^n_*Log@b_.*x_D^p_.D*Log@b_.*x_D^p_.,x_SymbolD :=

Sinh@a*x^n*Log@b*xD^pD�Ha*n*x^Hn-1LL -

Dist@p�n,Int@Cosh@a*x^n*Log@b*xD^pD*Log@b*xD^Hp-1L,xDD +

Dist@Hn-1L�Ha*nL,Int@Sinh@a*x^n*Log@b*xD^pD�x^n,xDD �;
FreeQ@8a,b<,xD && RationalQ@8n,p<D && p>0
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à xm Sinh@a xn Log@b xDpD Log@b xDp âx

� Rule: If  p > 0 ì m - n + 1 = 0, then

à xm Sinh@a xn Log@b xDpD Log@b xDp âx �
Cosh@a xn Log@b xDpD

a n
-
p

n
à xm Sinh@a xn Log@b xDpD Log@b xDp-1 âx

� Program code:

Int@x_^m_.*Sinh@a_.*x_^n_.*Log@b_.*x_D^p_.D*Log@b_.*x_D^p_.,x_SymbolD :=

Cosh@a*x^n*Log@b*xD^pD�Ha*nL -

Dist@p�n,Int@x^m*Sinh@a*x^n*Log@b*xD^pD*Log@b*xD^Hp-1L,xDD �;
FreeQ@8a,b<,xD && RationalQ@8m,n,p<D && p>0 && ZeroQ@m-n+1D

Int@x_^m_.*Cosh@a_.*x_^n_.*Log@b_.*x_D^p_.D*Log@b_.*x_D^p_.,x_SymbolD :=

Sinh@a*x^n*Log@b*xD^pD�Ha*nL -

Dist@p�n,Int@x^m*Cosh@a*x^n*Log@b*xD^pD*Log@b*xD^Hp-1L,xDD �;
FreeQ@8a,b<,xD && RationalQ@8m,n,p<D && p>0 && ZeroQ@m-n+1D

� Rule: If  p > 0 ì m - n + 1 ¹ 0, then

à xm Sinh@a xn Log@b xDpD Log@b xDp âx �
xm-n+1 Cosh@a xn Log@b xDpD

a n
-

p

n
à xm Sinh@a xn Log@b xDpD Log@b xDp-1 âx -

m - n + 1

a n
à xm-n Cosh@a xn Log@b xDpD âx

� Program code:

Int@x_^m_*Sinh@a_.*x_^n_.*Log@b_.*x_D^p_.D*Log@b_.*x_D^p_.,x_SymbolD :=

x^Hm-n+1L*Cosh@a*x^n*Log@b*xD^pD�Ha*nL -

Dist@p�n,Int@x^m*Sinh@a*x^n*Log@b*xD^pD*Log@b*xD^Hp-1L,xDD -

Dist@Hm-n+1L�Ha*nL,Int@x^Hm-nL*Cosh@a*x^n*Log@b*xD^pD,xDD �;
FreeQ@8a,b<,xD && RationalQ@8m,n,p<D && p>0 && NonzeroQ@m-n+1D

Int@x_^m_*Cosh@a_.*x_^n_.*Log@b_.*x_D^p_.D*Log@b_.*x_D^p_.,x_SymbolD :=

x^Hm-n+1L*Sinh@a*x^n*Log@b*xD^pD�Ha*nL -

Dist@p�n,Int@x^m*Cosh@a*x^n*Log@b*xD^pD*Log@b*xD^Hp-1L,xDD -

Dist@Hm-n+1L�Ha*nL,Int@x^Hm-nL*Sinh@a*x^n*Log@b*xD^pD,xDD �;
FreeQ@8a,b<,xD && RationalQ@8m,n,p<D && p>0 && NonzeroQ@m-n+1D
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à u Sinh@a + b xDn âx

� Derivation: Algebraic expansion

� Basis: Sinh@zD2 = -
1

2
+

1

2
Cosh@2 zD

� Rule: If  n-1

2
Ï Z, then

à SinhBa
2

+
b x

2
F2

Sinh@a + b xDn âx � -
1

2
à Sinh@a + b xDn âx +

1

2
à Cosh@a + b xD Sinh@a + b xDn âx

� Program code:

Int@Sinh@c_.+d_.*x_D^2*Sinh@a_.+b_.*x_D^n_.,x_SymbolD :=

-Dist@1�2,Int@Sinh@a+b*xD^n,xDD +

Dist@1�2,Int@Cosh@a+b*xD*Sinh@a+b*xD^n,xDD �;
FreeQ@8a,b,c,d<,xD && ZeroQ@c-a�2D && ZeroQ@d-b�2D && Not@OddQ@nDD

� Derivation: Algebraic expansion

� Basis: Cosh@zD2 =
1

2
+

1

2
Cosh@2 zD

� Rule: If  n-1

2
Ï Z, then

à CoshBa
2

+
b x

2
F2

Sinh@a + b xDn âx �
1

2
à Sinh@a + b xDn âx +

1

2
à Cosh@a + b xD Sinh@a + b xDn âx

� Program code:

Int@Cosh@c_.+d_.*x_D^2*Sinh@a_.+b_.*x_D^n_.,x_SymbolD :=

Dist@1�2,Int@Sinh@a+b*xD^n,xDD +

Dist@1�2,Int@Cosh@a+b*xD*Sinh@a+b*xD^n,xDD �;
FreeQ@8a,b,c,d<,xD && ZeroQ@c-a�2D && ZeroQ@d-b�2D && Not@OddQ@nDD
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� Derivation: Algebraic simplification

� Basis: Sinh@2 zD = 2 Sinh@zD Cosh@zD
� Rule: If  n Î Z and u is a function of trig functions of a

2
+

b x

2
, then

à u Sinh@a + b xDn âx � 2n à u CoshBa
2

+
b x

2
Fn

SinhBa
2

+
b x

2
Fn

âx

� Program code:

Int@u_*Sinh@a_.+b_.*x_D^n_.,x_SymbolD :=

Dist@2^n,Int@u*Cosh@a�2+b*x�2D^n*Sinh@a�2+b*x�2D^n,xDD �;
FreeQ@8a,b<,xD && IntegerQ@nD && ZeroQ@a�2+b*x�2-FunctionOfHyperbolic@u,xDD
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à u Sinh@vD2 âx

� Derivation: Algebraic expansion

� Basis: Sinh@zD2 = -
1

2
+

1

2
Cosh@2 zD

� Rule: If u is a function of hyperbolic functions of 2 v, then

à u Sinh@vD2 âx � -
1

2
à u âx +

1

2
à u Cosh@2 vD âx

� Program code:

Int@u_*Sinh@v_D^2,x_SymbolD :=

Dist@-1�2,Int@u,xDD +

Dist@1�2,Int@u*Cosh@2*vD,xDD �;
FunctionOfHyperbolicQ@u,2*v,xD

Int@u_*Cosh@v_D^2,x_SymbolD :=

Dist@1�2,Int@u,xDD +

Dist@1�2,Int@u*Cosh@2*vD,xDD �;
FunctionOfHyperbolicQ@u,2*v,xD
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