Integration Rules for Tangent Functions

Tan[a + b x]" dx

s Reference: G& R 2.526.17, CRC 292, A& S4.3.115

m Derivation: Reciprocal rule

Sin[z]

m Basis Tan[z] = szl

= Rule

Log[Cos[a+bXx]]

J‘Tan[a+bx]d1x—>- >

= Program code:

Int [Tan[a_. +b_. *x_1, x_Synbol ] : =
-Log [Cos [a+b*x]1/b /;
FreeQ[{a, b}, x]

m Reference: G& R 2.526.33, CRC 293, A& S4.3.118

Int [Cot [a_.+b_.*x_],x_Synbol ] :=
Log[Sin[a+b*x]]1/b /;
FreeQ[{a, b}, x]

m Reference: G&R 2.526.22, CRC 420
= Derivation: Algebraic expansion

» Basis Tan[z]? = -1 +Sec[z]?
= Rule

Tan[a +b x]
jTan[a+bx]2dx — -x+T

= Program code:

Int [Tan[a_. +b_. *x_]”2, x_Synbol ]
-X + Tan[a+bxx]1/b /;
FreeQ[{a, b}, x]

m Reference: G&R 2.526.38, CRC 424

Int [Cot [a_. +b_. *x_172, x_Synbol ]
-x - Cot [a+bxx]/b /;
FreeQ[{a, b}, x]
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m Reference: G&R 2.510.1, CRC 423, A& S4.3.129

m Derivation: Integration by partswith a double-back flip

Tan[z]"! Sin[z]

P oo n _
» Basis Tan[z]" = oS T]

s Rule If n > 1,then

c (c Tan[a+bx])"?

b (n-1)

f(cTan[a+bx])”d1x — —CZJ(CTan[a+bX])n'2dX

= Program code:

Int [(c_. *Tan[a_. +b_. »x_1)"n_, x_Synbol | :
cx(CxTan[a+b*x]1)” (n-1)/ (b*(n-1)) -
Di st [c"2,Int [(cxTan[a+b*x])" (n-2),X1] /;
FreeQ[{a, b,c}, x] & Rational Q[n] && n>1

m Reference: G&R 2.510.4, CRC 427, A& S4.3.130

Int [(c_. #Cot [a_. +b_. »x_1)"n_, x_Synbol | :
-Cx (cxCot [a+b*x]1)” (n-1)/ (bx(n-1)) -
Di st [c"2,Int [ (cxCot [a+b*Xx])" (N-2),X]1] /;
FreeQ[{a, b,c}, x] & Rational Q[n] && n>1

m Reference: G&R 2.510.4, CRC 427

m Derivation: Inverted integration by partswith a double-back flip

Tan[z]"!Sin[z]

. n _
m Basis Tan[z]" = oS ]

s Rule If n < -1,then

(c Tan[a +b x])"?

bc (n+1)

1
J(cTan[a+bx])”d1x — _TJ(cTan[a+bx])”*2dx
c

= Program code:

Int [(c_. «Tan[a_. +b_. »x_1)"n_, x_Synbol | : =
(cxTan[a+b*x]1)” (n+1) / (b*Ccx (n+1)) -
Di st [1/c”2,Int [(cxTan[a+bxx])" (n+2),x]] /;
FreeQ[{a, b, c}, x] & Rational Q[n] &&% n<-1

m Reference: G&R 2.510.1, CRC 423

Int [(c_. «Cot [a_. +b_. »x_1)"n_, x_Synbol | : =

- (cxCot [a+b*x]1)" (n+1)/ (b*Ccx (n+1l)) -

Di st [1/c”2, I nt [ (cxCot [a+bxXx])" (n+2),Xx]] /;
FreeQ[{a, b, c}, x] && Rational Q[n] &% n<-1
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J(a+bTan[C+dx])”dlx when a?2 +b%? =0

m Rule If a2 + b2 = 0, then

1 X a
j dx — —— -
a+bTan[c +dx] 2a 2bd(a+bTan[c +dx])

= Program code:

Int [1/(a_+b_. *Tan[c_. +d_. #x_]), x_Symbol ] :
X/ (2xa) - a/(2xbxdx (a+bxTan[c+d*x])) /;
FreeQ[{a, b, c,d}, x] && ZeroQ[a"2+b"2]

Int [1/(a_+b_. «Cot [c_. +d_. #x_]), x_Symbol ] :
X/ (2%xa) + a/(2xbxdx (a+bxCot [c+dxX])) /;
FreeQ[{a, b, c,d}, x] && ZeroQ[a"2+b"2]

m Rulelf a2+b2=0 A a > 0,then

b a+bTan[c +dx
ArcTanh[v : e+ ] ]

j«/a+bTan[c+dx] dXx — -
dva V2 Va

= Program code:

Int [Sgrt [a_+b_. *Tan[c_. +d_. *x_11, x_Synbol ] : =
-Sgrt [2]x*bxArcTanh [Sgrt [a+bxTan[c+d*xx]1]1/(Sqrt [2]1%Rt [a, 2]) 1/ (d*Rt [a, 2]) /;
FreeQ[{a, b,c,d}, x] & ZeroQ[a"2+b"2] && PosQ[a]

Int [Sgrt [a_+b_. xCot [c_. +d_. *x_11, x_Synbol ] : =
Sqrt [2]xbxArcCot h[Sgrt [a+bxCot [c+d*x]1]/(Sqrt [2]*Rt [a,2]) 1/ (dxRt [a, 2]) /;
FreeQ[{a, b,c,d}, x] & ZeroQ[a"2+b"2] && PosQ[a]

m Rulelf a2+b%2=0 A - (a>0),then

V2 b va+bTan[c+dx]
jVa+bTan[c+dx] dx — —ArcTan[ ]
d+v-a V2 +/-a

= Program code:

Int [Sgrt [a_+b_. *xTan[c_. +d_. *x_11, x_Synbol ] : =
Sqrt [2]xbxArcTan[Sgrt [a+bxTan[c+d*x]1]1/(Sqrt [2]*Rt [-a, 2]) 1/ (d*Rt [-a, 2]) /;
FreeQ[{a, b,c,d}, x] && ZeroQ[a"2+b"2] && NegQ[a]
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Int [Sgrt [a_+b_. *Cot [c_. +d_. *x_11, x_Synbol ] : =
Sqrt [2]+b*ArcCot [Sqrt [a+b+Cot [c+d*x1]/(Sqrt [2]1*Rt [-a,2]1)1/ (d*Rt [-a, 2]) /;
FreeQ[{a, b, c,d}, x] && ZeroQ[a"2+b"2] && NegQ[a]

m Rulelf a2+b2=0 AneF A n>1,then

aZ (a+bTan[c +dx])"1
bd(n-1)

j(a+bTan[c+dx])“d1x — - +2aj(a+bTan[c+dx])“‘ldx

= Program code:

Int [(a_+b_. «Tan[c_. +d_. »x_1)"n_, x_Synbol | : =
-a"2x (a+bxTan[c+d*x])" (n-1) / (b*xd*x (n-1)) +
Di st [2%a, | nt [ (a+b*Tan[c+d*x])”" (n-1),x]1] /;
FreeQ[{a, b,c,d}, x] & ZeroQ[a"2+b"2] && FractionQ[n] && n>1

Int [(a_+b_. «Cot [c_. +d_. »x_1)"n_, x_Synbol | : =
a"2x (a+bxCot [c+dxx])" (n-1)/ (bxd*(n-1)) +
Di st [2xa, I nt [ (a+b*Cot [c+dxXx])” (n-1),Xx]1] /;
FreeQ[{a, b,c,d}, x] && ZeroQ[a"2+b"2] && Fracti onQ[n] && n>1

m Rulelf a2+b2=0 A n<0,then

a(a+bTan[c+dx])"
2bdn

1
J(a+bTan[c+dx])”dlx — +2—j(a+bTan[C+dX])”*ldX
a

= Program code:

Int [(a_+b_. «Tan[c_. +d_. »x_1)"n_, x_Synbol | : =
ax (a+bxTan[c+dxx])"n/ (2xbxdxn) +
Di st [1/(2%a), I nt [ (a+bxTan[c+dxx]1)” (n+1), x1] /;
FreeQ[{a, b,c,d}, x] && ZeroQ[a"2+b"2] && Rational Q[n] && n<0

Int [(a_+b_. «Cot [c_. +d_. »x_1)"n_, x_Synbol | : =
-ax (a+b*Cot [c+d*x])"n/ (2xbxd*n) +
Di st [1/(2%a), I nt [ (a+b*xCot [c+d*x])”" (n+1), x]] /;
FreeQ[{a, b,c,d}, x] & ZeroQ[a"2+b"2] && Rational Q[n] && n<0
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f(a+bTan[C+dx])”dx when a2 +b? #0

m Derivation: Algebraic expansion and integration by substitution

1 a b

= Basis =
a+b Tan[z] aZ+b? + (a2+b?) (a Cos[z]+b Sin[z])

8; (aCos[z] +bSin[z])

m Rule If a2+ b2 # 0, then

dx — +

J~ 1 ax bLog[aCos[c+dx] +bSin[c+dx]]
a+bTan[c +dXx] a2 + b2 d(a2+b2)

= Program code:

Int [1/(a_+b_. *Tan[c_. +d_. #x_]), x_Symbol | : =
axx/ (a”2+b"2) + bxLog[a*Cos[Cc+dxx]+bxSin[c+d*x]1]/ (d*(a”2+b"2)) /;
FreeQ[{a, b,c,d}, x] & NonzeroQ[a"2+b"2]

Int [1/(a_+b_. *Cot [c_. +d_. #x_]), x_Symbol ] : =
axx/ (a”2+b”"2) - bxLog[bxCos[c+d*x]+axSin[c+d*xx]]/ (d*(a”2+b"2)) /;
FreeQ[{a, b, c,d}, x] & & NonzeroQ[a"2+b"2]

= Derivation: Algebraic expansion

m Bassa+bz= ""'Zﬂ (1+1i2z) + a"zﬂ (1-12)
= Note: Although theresulting integrands are more complicated than the original, they are of theform required for rulesin the next section.

m Rule If a2 + b2 # 0, then

dx

a-bi l+daTan[c +dx] a+bi 1-iaTan[c +dx]
JVa+bTan[c+dx] dx — j j

dx +
2 Va+bTan[c +dx] 2

Va+bTan[c +dx]

= Program code:

Int [Sgrt [a_+b_. *Tan[c_. +d_. *x_11, x_Synbol ] : =
Di st [(a-bxl)/2,Int [ (1+] xTan[c+dxXx])/Sqrt [a+bxTan[c+d*x]], Xx1]
Di st [ (a+bxl)/2,Int [ (1-] xTan[c+dxX])/Sqrt [a+bxTan[c+d*x]], X1]
FreeQ[{a, b,c,d}, x] & NonzeroQ[a"2+b"2]

+

~

Int [Sgrt [a_+b_. xCot [c_. +d_. *x_11, x_Synbol ] : =
Di st [(a-bxl)/2,Int [ (1+] *xCot [c+dxX])/Sqrt [a+bxCot [c+d*xXx]], X]]
Di st [ (a+bxl)/2,Int [ (1-]1 xCot [c+dxX])/Sqrt [a+bxCot [c+d*xXx]], X]]
FreeQ[{a, b,c,d}, x] & NonzeroQ[a"2+b"2]

+

~
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= Derivation: Algebraic expansion
» Basis1= % (1+iz) +% (1-12)
= Note: Although theresulting integrands are more complicated than the original, they are of theform required for rulesin the next section.

m Rule If a2 + b2 # 0, then

dXx — -— dx + — dx

va+bTan[c+dx] 2J A[asbTan[c +dx] 2

J 1 1J~ l+aTan[c +dx] 1J~ l1-4aTan[c +dx]
va+bTan[c+dx]

m  Program code:

Int [1/Sqrt [a_+b_. «Tan[c_. +d_. #x_]1, x_Synbol | : =
Dist [1/2,Int [ (1+] *Tan[c+dxXx])/Sgrt [a+bxTan[c+d*x]], x]] +
Dist [1/2,Int [(1-] *xTan[c+dxx])/Sqrt [a+bxTan[c+d*xx]1], x1] /;
FreeQ[{a, b, c,d}, x] & NonzeroQ[a"2+b"2]

Int [1/Sqrt [a_+b_. «Cot [c_. +d_. #x_]1, x_Symbol ] : =
Dist [1/2,Int [ (1+] *Cot [c+dxX])/Sqrt [a+bxCot [c+d*x]], x]] +
Dist [1/2,Int [ (1-]1 *Cot [c+dxXx])/Sqrt [a+bxCot [c+d*x]1],Xx]1] /;
FreeQ[{a, b, c,d}, x] & & NonzeroQ[a"2+b"2]

m Rulelf a2+b%2#0 A n>1,then

J(a+bTan[c+dx])“d1x —

b (a+bTan[c +dx])"1?
d(n-1)

+j(a2—b2+2abTan[c+dx]) (a+bTan[c +dx])"2dx

= Program code:

Int [(a_+b_. «Tan[c_. +d_. »x_1)"n_, x_Synbol | : =

bx (a+b*Tan[c+d*x])" (n-1) / (d* (n-1)) +

Int [ (a”2-b"2+2xaxbxTan[c+dxXx]) * (a+bxTan[c+d*x])" (nN-2), X] /;
FreeQ[{a, b, c,d}, x] & NonzeroQ[a"2+b"2] && FractionQ[n] && n>1

Int [(a_+b_. #Cot [c_. +d_. »x_1)"n_, x_Synbol | : =

-bx (a+b*xCot [c+dxXx])" (n-1)/ (d*(n-1)) +

Int [ (a"2-b"2+2xaxbxCot [C+dxX]) * (a+bxCot [C+d*xXx])" (N-2), X] /;
FreeQ[{a, b,c,d}, x] & NonzeroQ[a’2+b"2] && FractionQ[n] && n>1
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m Rulelf a2 +b%2 #0 A n< -1,then

j(a+bTan[c+dx])“d1x —

b (a+bTan[c +dx])"? 1
+ j(a—bTan[c+dx])(a+bTan[c+dx])”*1d1x

d(a2+b2) (n+1) aZ +b?

= Program code:

Int [(a_+b_. «Tan[c_. +d_. »x_])"n_, x_Symbol | : =

(bx (a+bxTan[c+d*xx])” (n+1)) / (d* (a”2+b"2) x (N+1)) +

Di st [1/ (a"2+b”2), I nt [ (a-bxTan[c+d*x])* (a+bxTan[c+d*x])" (n+1), x]] /;
FreeQ[{a, b,c,d}, x] & NonzeroQ[a’2+b"2] && Rational Q[n] && n<-1

Int [ (a_+b_. #Cot [c_. +d_. »x_1)"n_, x_Synbol | : =

- (bx (a+b*Cot [c+d*x])" (n+1))/ (d* (a”2+b"2) % (n+1)) +

Di st [1/ (a”2+b"2), I nt [ (a-b*Cot [c+d*Xx]) * (a+bxCot [c+d*xXx])" (n+1), x]1] /;
FreeQ[{a, b, c,d}, x] & NonzeroQ[a"2+b"2] && Rational Q[n] && n<-1
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J.(A+BTan[C+dx]) (a+bTan[c +dx])"dx

= Note: None of theserulesappear in published integral tables.

= Derivation: Algebraic expansion

A+Bz
a+b z

bA-aB 1

L] i S:
Basis b a+bz

T b

m Rulelf bA-aB#0,then

A+BTan[c +d x] Bx bA-aB 1
J dX — — + J dx
a+bTan[c +dx] b b a+bTan[c +dx]
= Program code:
Int [(A_. +B_. »Tan[c_. +d_. #x_1)/(a_. +b_. »Tan[c_. +d_. #x_1), x_Synbol | : =
Bxx/b + Dist [ (bxA-axB) /b, I nt [1/ (a+b*Tan[c+d*x]),X]1] /;
FreeQ[{a, b, c, d, A B}, x] & NonzeroQ[bxA-axB]
Int [(A_. +B_. »Cot [c_. +d_. #x_1)/(a_. +b_. »Cot [c_. +d_. #x_1), x_Synbol | : =
Bxx/b + Dist [ (bxA-axB) /b, I nt [1/ (a+b%Cot [c+d%x]), X]] /:
FreeQ[{a, b, c,d, A B}, x] & NonzeroQ[bxA-axB]
m RuleIf 2+B2=0 A bA+aB#0,then
A+BTan[c +dXx] 2B Va+bTan[c +dx]
dx — -—ArcTanh[ ]
Va+bTan[c+dx] b A b A
d a+ e a+ 5

= Program code:

Int [(A_+B_. #Tan[c_. +d_. »x_]1)/Sqrt [a_. +b_. «Tan[c_. +d_. »x_11, x_Synbol | : =
-2xBxArcTanh [Sgrt [a+bxTan[c+dxx]] /Rt [a+bxA/B, 211/ (dxRt [a+b*A/B, 2]1) /;
FreeQ[{a, b, c,d, A B}, x] & ZeroQ[A*2+B"2] && Nonzer oQ[bxA+axB]

Int [ (A_+B_. xCot [c_. +d_. »x_])/Sart [a_. +b_. xCot [c_. +d_. #x_]], x_Synbol | : =
2xBxArcCot h[Sqrt [a+bxCot [c+d*x]]/Rt [a+bxA/B, 2]]1/ (dxRt [a+bxA/B, 2]) /;
FreeQ[{a, b, c,d, A B}, x] & ZeroQ[A"2+B"2] && Nonzer oQ[bxA+axB]
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= Derivation: Algebraic expansion

= Bass A+Bz = A‘ZB"‘ (L+iz) + A*ZB"‘

(1-142)

m Rulelf 2+B2#0 A a2+b? #0,then

dx +

J~ A+BTan[c +d x] 4 A_Bij l+iaTan[c +dXx] A+B:‘1J~ 1-iaTan[c +dx]
X

Va+bTan[c +dx] 2

= Program code:

Int [(A_. +B_. »Tan[c_. +d_. #x_1)/Sqrt [a_. +b_. «Tan[c_. +d_. #x_11, x_Symbol ]| :

Ya+bTan[c +dx] 2

va+bTan[c+dx]

Di st [ (A-Bxl ) /2, Int [ (1+] xTan[c+d*x])/Sqrt [a+bxTan[c+d*x]], X]] +
Di st [ (A+Bxl ) /2, Int [ (1-1 *xTan[c+d*Xx])/Sqrt [a+bxTan[c+d*x]], x]] /;
FreeQ[{a, b, c, d, A B}, x] & NonzeroQ[A"2+B"2] && NonzeroQ[a"2+b"2]

Int [ (A_. +B_. »Cot [c_. +d_. #x_1)/Sqrt [a_. +b_. xCot [c_. +d_. #x_11, x_Symbol ]| :

Di st [ (A-Bxl ) /2,1 nt [ (1+] xCot [c+d*xx])/Sqrt [a+b*xCot [c+d*x]], X]] +
Di st [ (A+Bxl ) /2,1 nt [ (1-1 xCot [c+dxXx])/Sqrt [a+bxCot [c+d*x]], xX]] /;
FreeQ[{a, b, c,d, A B}, x] & NonzeroQ[A"2+B"2] && NonzeroQ[a"2+b"2]

m RulelfneF An>0 A bA+aB=0,then

j(A+BTan[c+dx]) (a+bTan[c+dx])"dx —

B(a+bTan[c +dx])"

dn

= Program code:

Int [ (A_. +B_. *Tan[c_. +d_. #x_]) = (a_+b_. xTan[c_. +d_. »x_1)"n_, x_Synbol | :

Bx (a+b*Tan[c+d*xx])"n/ (dxn) +
Di st [a*A-bxB, I nt [ (a+b*Tan[c+dxx])”" (n-1), x]]1 /;

+ (aA-bB) j(a+bTan[c+dx])”‘1dx

FreeQ[{a, b, c,d, A B}, x] & FractionQ[n] & & n>0 && ZeroQ[bxA+axB]

I nt [(A_. +B . xCot [c_. +d_. *x_])*(a_+b_. xCot [Cc_. +d_. %X _] )"n_, x_Symnbol ] :

-Bx (a+b*Cot [c+d*xx])"n/ (d%n) +
Di st [axA-bxB, I nt [ (a+b*Cot [c+d*x])”" (n-1), X]] /;

FreeQ[{a, b, c,d, A B}, x] & FractionQ[n] && n>0 && ZeroQ[bxA+axB]

dx
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m RulelfneF An>0 A bA+aB#0,then

j(A+BTan[c+dx]) (a+bTan[c+dx])"dx —

B(a+bTan[c+dx])"
dn

+J(aA—bB+ (bA+aB) Tan[c +d x]) (a+bTan[c +dx])"?! dx

= Program code:

Int [ (A_. +B_. xTan[c_. +d_. #x_]) = (a_+b_. xTan[c_. +d_. »x_1)"n_, x_Synbol | :
Bx (a+b*Tan[c+dxx])*n/ (d*n) +
Int [ (axA-bxB+ (bxA+axB) xTan[c+d*x]) * (a+bxTan[c+dxx])” (n-1), x] /;
FreeQ[{a, b, c, d, A B}, x] & FractionQ[n] && n>0 && Nonzer oQ[bxA+axB]

Int [ (A_. +B_. xCot [c_. +d_. #x_]) = (a_+b_. xCot [c_. +d_. »x_1)"n_, x_Synbol | :
-Bx (a+b*Cot [c+d*Xx])"n/ (dxn) +
Int [ (axA-bxB+ (bxA+axB) xCot [c+d*x]) * (a+b*xCot [c+dxx])" (n-1), x] /;
FreeQ[{a, b, c, d, A B}, x] & FractionQ[n] &% n>0 && Nonzer oQ[b*A+axB]

m Rulelf a2+b2#0 An<-1 A bA-aB#0,then

(bA-aB) (a+bTan[c +dx])"?!
j(A+BTan[c+dx])(a+bTan[c+dx])”d1x — +
d (a2+b2) (n+1)

1

a2 + b2

f(aA"bB' (b A-aB) Tan[c +dx]) (a+bTan[c +dx])"™! dx

= Program code:

Int [(A_. +B_. *Tan[c_. +d_. #x_])*(a_+b_. »Tan[c_. +d_. #x_1)"n_, x_Synbol | : =

(bxA-axB) x (a+bxTan[c+dxx])" (n+1) / (d* (a”2+b"2) x (n+1)) +

Di st [1/ (a"2+b”"2), I nt [ (axA+b*B- (bxA-axB) *xTan[c+dxX]) = (a+bxTan[c+d*xx])” (n+1), x1] /;
FreeQ[{a, b, c,d, A B}, x] & NonzeroQ[a"2+b”2] && Rational Q[n] &% n<-1 && Nonzer oQ[bxA-axB]

I'nt [ (A_. +B_. xCot [c_. +d_. #x_])* (a_+b_. »Cot [c_. +d_. »x_]1)"n_, x_Synbol | : =

- (bxA-axB) x (a+b*Cot [c+dxXx])”" (n+1) / (d* (a”"2+b"2) x (n+1)) +

Di st [1/ (a”"2+b”"2), I nt [ (axA+b*xB- (bxA-axB) *Cot [c+dxX]) * (a+bxCot [c+d*xx])” (n+1), Xx]1] /;
FreeQ[{a, b, c, d, A B}, Xx] & NonzeroQ[a”2+b"2] && Rational Q[n] && n<-1 &% Nonzer oQ[bxA-axB]
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(a+bTan[c +dx]2)" dx

m Derivation: Algebraic simplification
m Basis If a-b =0,then a+bTan[z]? = b Sec[z]?

m Rulelf a-b=0 A me z then

Ju (a+bTan[v]2)mdlx — bmju Sec[v]®™dx

= Program code:

Int [u_. «(a_+b_. «Tan[v_]"2)"m_, x_Synbol | : =
Di st [b"m | nt [uxSec [V]" (2«m), X]1] /;
FreeQ[{a, b, m}, x] && ZeroQ[a-b] && | nteger Q[m]

Int [u_. «(a_+b_. «Cot [v_]"2)"m_, x_Synbol | : =
Di st [bAm I nt [uxCsc [V]" (2«m), X]] /;
FreeQ[{a, b, m}, x] && ZeroQ[a-b] && | nteger Q[m]

= Derivation: Algebraic simplification
m BasisIf a-b=0,then a+bTan[z]? = b Sec[z]?

m Rulelf a-b=0 A me¢ z then

Ju (a+bTan[v]2)md1x — Ju (b Sec [v]z)mdlx

= Program code:

Int [u_. «(a_+b_. »Tan[v_]"*2)"m_, x_Synbol | : =
Int [ux(bxSec [v]*2)"m x] /;
FreeQ[{a, b, m}, x] && ZeroQ[a-b] && Not [I nt eger Q[m] ]

Int [u_. «(a_+b_. »Cot [v_]"2)"m_, x_Synbol | : =
Int [ux (bx*Csc[v]"2)"m x] /;
FreeQ[{a, b, m}, x] && ZeroQ[a-b] && Not [I nt eger Q[m] ]



Integration Rules for Tangent Functions

m RuleIf a-b # 0,then

\/FTan[c+dx]]
Vva

dx —

- ArcTan[
a+bTan[c +dx]?2 a-b  \/a d(a-b)

J- 1 X W/F

= Program code:

Int [1/(a_+b_. #Tan[c_. +d_. #x_]"2), x_Synbol | : =
X/ (a-b) - Sgrt [b]*ArcTan[Sqrt [b]*Tan[c+dxx]/Sqrt [a]]l/(Sqrt [a]*d*(a-b)) /;
FreeQ[{a, b,c,d}, x] & NonzeroQ[a-b]

Int [1/(a_+b_. «Cot [c_. +d_. #x_]"2), x_Synbol | : =
X/ (a-b) + Sgrt [b]*ArcTan[Sqrt [b]*Cot [c+d*x]1/Sqrt [a]]/(Sqrt [a]*dx(a-b)) /;
FreeQ[{a, b, c,d}, x] & NonzeroQ[a-b]



Integration Rules for Tangent Functions

xMTan[a + b x"]P dx

= Derivation: Algebraic expansion
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m Basis Tan[z] = -1 +

m RuleIf mez A m> 0,then

]-lxrml xm
jmean[a+bx]dx — - +21'1j—dlx
m+ 1 1+e2ia+2ibx

= Program code:

Int [x_"m.*Tan[a_. +b_. *x_"~n_. 1, x_Synbol ] : =
=l *x” (mel) / (mel) +
Di st [2x%], ] nt [X*nV (1+E" (2%| xa+2x| xbx*x"n)), x1]1 /;
FreeQ[{a, b, n}, x] & IntegerQ[m &% m>0 &% Nonzer oQ[m-n+1] && n===1

Int [x_"m. *Cot [a_. +b_. *x_"~n_. 1, x_Synbol ] : =
| %X (mel) / (Mel) -
Di st [2%], ] nt [X*nV (1-E" (2%| xa+2x%| xb*x"n)), x1]1 /;
FreeQ[{a, b,n}, x] && IntegerQ[m] && m-0 && NonzeroQ[m-n+1] && n===1

= Note: Thisruledoesnot appear in published integral tables.
m Rulelf p>1 Am-n+1#0 A 0<n=<mthen

x™+1 Tan[a +b x"]P-1
jmean[a+bx”]pd1x — -
bn(p-1)

m-n+1

S — fx””‘ Tan[a +b x"]P1 dx - jmean [a+bx"]P? dx
bn (p-1)

= Program code:

Int [x_"m.*Tan[a_. +b_. *x_~n_. 1"p_, x_Synbol ] : =
XN (m-n+1) *xTan [a+b*xx*n]” (p-1) / (b*nx (p-1)) -
Di st [ (m-n+1) / (bxn* (p-1)), I nt [X* (M-n) *xTan[a+bxx*n]" (p-1), Xx]1] -
I nt [x*mxTan [a+bxx*n]1" (p-2), X] /;
FreeQ[{a, b}, x] & Rational Q[{m n, p}] && p>1 && NonzeroQ[m-n+1] && O<nh<=m

Int [x_"m. *xCot [a_. +b_. *x_"~n_. 1"p_, x_Synbol ] : =
=X (m-n+1) *Cot [a+b*x*n]1” (p-1)/ (b*n* (p-1)) +
Di st [ (m-n+1) / (bxn* (p-1)), I nt [X" (Mm-n) *xCot [a+bxx*n]" (p-1),Xx]1] -
I nt [x*mxCot [a+bxx"n]1”" (p-2), X] /;
FreeQ[{a, b}, x] & Rational Q[I{m n, p}] && p>1 &% NonzeroQ[m-n+1] && O0<n<=m



Integration Rules for Tangent Functions

x™Tan[a + b x +cx2] dx

= Rule

Log[Cos[a+bx+cx?]] b
J~xTan[a+bx+cx2]d1x—>- > oo Tan[a+bx+cx2]d1x
c c

= Program code:

Int [x_*Tan[a_. +b_. *x_+C_. *x_"2], x_Synbol ] : =
-Log[Cos [a+bxXx+C*X"2]]/ (2%C) -
Di st [b/ (2%c), | nt [Tan[a+b*X+C*x"2], X]1] /;
FreeQ[{a, b, c}, x]

Int [x_=*Cot [a_. +b_. *x_+C_. *x_"2], x_Synbol ] : =
Log[Si n[a+bxX+C*Xx"2]]/ (2*C) -
Di st [b/ (2%c), | nt [Cot [a+b*Xx+C*x"2],X]] /;
FreeQ[{a, b, c}, x]

m Note: Thisruleisvalid, but to be useful need arulefor reducingintegrands of theform x™Log[Cos [a + b x + ¢ x2]].
= Rule If m> 1, then

x™! Log[Cos[a+bx +cx?]]
2c )

Jmean[a+bx+cxz]dx — -

m-1
2c¢C

b
Z—JxmlTan[a+bx+cx2]dx+ Jx“zLog[ms[a+bx+cx2]] dx
c

= Program code:

(* Int [x_“m xTan[a_. +b_. *x_+C_. *x_"2],x_Synbol ] : =

-X" (m-1) *xLog [Cos [a+bxX+C*x"2]]1/ (2%C) -

Di st [b/ (2xc), I nt [x» (m-1) *Tan [a+bxX+C*Xx"2], X]] +

Dist [(m-1)/(2%C), | nt [Xx* (m-2) xLog [Cos [a+b*x+C*x"2]1],Xx]1] /;
FreeQ[{a, b,c}, x] & Rational Q[m] && m>1 x)

(* Int [x_"m xCot [a_. +b_. *x_+C_. *x_"2],x_Synbol ] : =

XN (m-1) xLog [Si n[a+b*x+C*Xx"2]]/ (2%C) -

Di st [b/ (2xc), I nt [x" (m-1) *Cot [a+bxX+C*x"2], x]] -

Dist [(m-1)/(2%C), | nt [X* (Mm-2) xLog [Si n[a+b*x+C*x"2]1],x]1] /;
FreeQ[{a, b,c}, x] & Rational Q[m] && m>1=x)



