
à Log@c Ha + b Hd + e xLnLpD âx

� Reference: G&R 2.728.1, CRC 499, A&S 4.1.49

� Derivation: Integration by parts

� Rule:

à Log@c Hb Hd + e xLnLpD âx �
Hd + e xL Log@c Hb Hd + e xLnLpD

e
- n p x

� Program code:

IntALogAc_.*Ib_.*Id_.+e_.*x_M^n_.M^p_.E,x_SymbolE :=

Hd+e*xL*Log@c*Hb*Hd+e*xL^nL^pD�e - n*p*x �;
FreeQ@8b,c,d,e,n,p<,xD

� Reference: G&R 2.728.1

� Derivation: Integration by parts

� Rule: If  n < 0, then

à Log@c Ha + b Hd + e xLnLpD âx �
Hd + e xL Log@c Ha + b Hd + e xLnLpD

e
- b n p à 1

b + a Hd + e xL-n
âx

� Program code:

IntALogAc_.*Ia_+b_.*Id_.+e_.*x_M^n_M^p_.E,x_SymbolE :=

Hd+e*xL*Log@c*Ha+b*Hd+e*xL^nL^pD�e -

Dist@b*n*p,Int@1�Hb+a*Hd+e*xL^H-nLL,xDD �;
FreeQ@8a,b,c,d,e,p<,xD && RationalQ@nD && n<0

� Reference: G&R 2.728.1

� Derivation: Integration by parts

� Rule: If  Ø Hn < 0L, then

à Log@c Ha + b Hd + e xLnLpD âx �
Hd + e xL Log@c Ha + b Hd + e xLnLpD

e
- n p x + a n p à 1

a + b Hd + e xLn
âx

� Program code:

IntALogAc_.*Ia_+b_.*Id_.+e_.*x_M^n_.M^p_.E,x_SymbolE :=

Hd+e*xL*Log@c*Ha+b*Hd+e*xL^nL^pD�e - n*p*x +

Dist@a*n*p,Int@1�Ha+b*Hd+e*xL^nL,xDD �;
FreeQ@8a,b,c,d,e,n,p<,xD && Not@RationalQ@nD && n<0D

Integration Rules for Logarithm Functions



à Ha + b Log@c Hd + e xLnDLp âx

� Reference: CRC 492

� Derivation: Primitive rule

� Basis: ¶xLogIntegral@xD =
1

Log@xD

� Rule:

à 1

Log@c Hd + e xLD âx �
LogIntegral@c Hd + e xLD

c e

� Program code:

IntA1�LogAc_.*Id_.+e_.*x_ME,x_SymbolE :=

LogIntegral@c*Hd+e*xLD�Hc*eL �;
FreeQ@8c,d,e<,xD

� Derivation: Primitive rule

� Basis: ¶xExpIntegralEi@xD =
ãx

x

� Rule:

á 1

a + b Log@c Hd + e xLnD âx �

Hd + e xL ExpIntegralEiB a+b LogAc Hd+e xLnE
b n

F
b e n ã

a

b n Hc Hd + e xLnL1�n

� Program code:

IntA1�Ia_.+b_.*LogAc_.*Id_.+e_.*x_M^n_.EM,x_SymbolE :=

Hd+e*xL*ExpIntegralEi@Ha+b*Log@c*Hd+e*xL^nDL�Hb*nLD�Hb*e*n*E^Ha�Hb*nLL*Hc*Hd+e*xL^nL^H1�nLL �;
FreeQ@8a,b,c,d,e,n<,xD
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� Rule: If  b n > 0, then

á 1

a + b Log@c Hd + e xLnD âx �

Π b n Hd + e xL ErfiB a+b LogAc Hd+e xLnE
b n

F
b e n ã

a

b n Hc Hd + e xLnL1�n

� Program code:

IntA1�SqrtAa_.+b_.*LogAc_.*Id_.+e_.*x_M^n_.EE,x_SymbolE :=

Sqrt@PiD*Rt@b*n,2D*Hd+e*xL*Erfi@Sqrt@a+b*Log@c*Hd+e*xL^nDD�Rt@b*n,2DD�
Hb*e*n*E^Ha�Hb*nLL*Hc*Hd+e*xL^nL^H1�nLL �;

FreeQ@8a,b,c,d,e,n<,xD && PosQ@b*nD

� Rule: If  Ø Hb n > 0L, then

á 1

a + b Log@c Hd + e xLnD âx �

Π -b n Hd + e xL ErfB a+b LogAc Hd+e xLnE
-b n

F
b e n ã

a

b n Hc Hd + e xLnL1�n

� Program code:

IntA1�SqrtAa_.+b_.*LogAc_.*Id_.+e_.*x_M^n_.EE,x_SymbolE :=

Sqrt@PiD*Rt@-b*n,2D*Hd+e*xL*Erf@Sqrt@a+b*Log@c*Hd+e*xL^nDD�Rt@-b*n,2DD�
Hb*e*n*E^Ha�Hb*nLL*Hc*Hd+e*xL^nL^H1�nLL �;

FreeQ@8a,b,c,d,e,n<,xD && NegQ@b*nD

� Reference: G&R 2.711.1, CRC 490

� Derivation: Integration by parts

� Rule: If  p > 0, then

à Ha + b Log@c Hd + e xLnDLp
âx �

Hd + e xL Ha + b Log@c Hd + e xLnDLp

e
- b n p à Ha + b Log@c Hd + e xLnDLp-1

âx

� Program code:

IntAIa_.+b_.*LogAc_.*Id_.+e_.*x_M^n_.EM^p_,x_SymbolE :=

Hd+e*xL*Ha+b*Log@c*Hd+e*xL^nDL^p�e -

Dist@b*n*p,Int@Ha+b*Log@c*Hd+e*xL^nDL^Hp-1L,xDD �;
FreeQ@8a,b,c,d,e,n<,xD && RationalQ@pD && p>0
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� Derivation: Inverted integration by parts

� Rule: If  p < -1, then

à Ha + b Log@c Hd + e xLnDLp
âx �

Hd + e xL Ha + b Log@c Hd + e xLnDLp+1

b e n Hp + 1L -
1

b n Hp + 1L à Ha + b Log@c Hd + e xLnDLp+1
âx

� Program code:

IntAIa_.+b_.*LogAc_.*Id_.+e_.*x_M^n_.EM^p_,x_SymbolE :=

Hd+e*xL*Ha+b*Log@c*Hd+e*xL^nDL^Hp+1L�Hb*e*n*Hp+1LL -

Dist@1�Hb*n*Hp+1LL,Int@Ha+b*Log@c*Hd+e*xL^nDL^Hp+1L,xDD �;
FreeQ@8a,b,c,d,e,n<,xD && RationalQ@pD && p<-1

� Derivation: Inverted integration by parts

� Rule: If  2 p Ï Z, then

á Ha + b Log@c Hd + e xLnDLp
âx �

Hd + e xL GammaBp + 1, -
a+b LogAc Hd+e xLnE

b n
F Ha + b Log@c Hd + e xLnDLp

e K-
a+b LogAc Hd+e xLnE

b n
Op

ã
a

b n Hc Hd + e xLnL1�n

� Program code:

IntAIa_.+b_.*LogAc_.*Id_.+e_.*x_M^n_.EM^p_,x_SymbolE :=

Hd+e*xL*Gamma@p+1,-Ha+b*Log@c*Hd+e*xL^nDL�Hb*nLD*Ha+b*Log@c*Hd+e*xL^nDL^p�
He*H-Ha+b*Log@c*Hd+e*xL^nDL�Hb*nLL^p*E^Ha�Hb*nLL*Hc*Hd+e*xL^nL^H1�nLL �;

FreeQ@8a,b,c,d,e,n,p<,xD && Not@IntegerQ@2*pDD
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à xm Log@c Ha + b xnLpD âx

� Reference: G&R 2.728.2

� Derivation: Primitive rule

� Basis: ¶xPolyLog@2, -xD = -
Log@1+xD

x

� Rule:

à Log@1 + b xnD
x

âx � -
PolyLog@2, -b xnD

n

� Program code:

IntALog@1+b_.*x_^n_.D�x_,x_SymbolE :=

-PolyLog@2,-b*x^nD�n �;
FreeQ@8b,n<,xD

� Derivation: Derivation: Algebraic expansion

� Basis: If a > 0, Log@a zD = Log@aD + Log@zD
� Rule: If  a c > 0, then

à Log@c Ha + b xnLD
x

âx � Log@a cD Log@xD + á
LogB1 +

b xn

a
F

x
âx

� Program code:

IntALogAc_.*Ia_+b_.*x_^n_.ME�x_,x_SymbolE :=

Log@a*cD*Log@xD +

Int@Log@1+b*x^n�aD�x,xD �;
FreeQ@8a,b,c,n<,xD && PositiveQ@a*cD
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� Derivation: Integration by parts

� Rule:

á Log@c Ha + b xnLpD
x

âx �

Log@c Ha + b xnLpD LogB-
b xn

a
F

n
- b p á

xn-1 LogB-
b xn

a
F

a + b xn
âx

� Program code:

IntALogAc_.*Ia_+b_.*x_^n_.M^p_.E�x_,x_SymbolE :=

Log@c*Ha+b*x^nL^pD*Log@-b*x^n�aD�n -

Dist@b*p,Int@x^Hn-1L*Log@-b*x^n�aD�Ha+b*x^nL,xDD �;
FreeQ@8a,b,c,n,p<,xD

� Reference: G&R 2.728.1, CRC 501, A&S 4.1.50'

� Rule: If  m + 1 ¹ 0, then

à xm Log@c Hb xnLpD âx �
xm+1 Log@c Hb xnLpD

m + 1
-
n p xm+1

Hm + 1L2

� Program code:

IntAx_^m_.*LogAc_.*Ib_.*x_^n_.M^p_.E,x_SymbolE :=

x^Hm+1L*Log@c*Hb*x^nL^pD�Hm+1L - n*p*x^Hm+1L�Hm+1L^2 �;
FreeQ@8b,c,m,n,p<,xD && NonzeroQ@m+1D

� Reference: G&R 2.728.1, CRC 501, A&S 4.1.50'

� Rule: If  m + 1 ¹ 0 ì m - n + 1 ¹ 0, then

à xm Log@c Ha + b xnLpD âx �
xm+1 Log@c Ha + b xnLpD

m + 1
-
b n p

m + 1
à xm+n

a + b xn
âx

� Program code:

IntAx_^m_.*LogAc_.*Ia_+b_.*x_^n_.M^p_.E,x_SymbolE :=

x^Hm+1L*Log@c*Ha+b*x^nL^pD�Hm+1L -

Dist@b*n*p�Hm+1L,Int@x^Hm+nL�Ha+b*x^nL,xDD �;
FreeQ@8a,b,c,m,n,p<,xD && NonzeroQ@m+1D && NonzeroQ@m-n+1D
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à xm Ha + b Log@c xnDLp âx

� Rule: If  m + 1 ¹ 0, then

á xm

a + b Log@c xnD âx �

xm+1 ExpIntegralEiB Hm+1L Ha+b Log@c xnDL
b n

F
b n ã

a Hm+1L
b n Hc xnL m+1

n

� Program code:

IntAx_^m_.�Ia_.+b_.*Log@c_.*x_^n_.DM,x_SymbolE :=

x^Hm+1L*ExpIntegralEi@Hm+1L*Ha+b*Log@c*x^nDL�Hb*nLD�Hb*n*E^Ha*Hm+1L�Hb*nLL*Hc*x^nL^HHm+1L�nLL �;
FreeQ@8a,b,c,m,n<,xD && NonzeroQ@m+1D

� Rule: If  m + 1 ¹ 0 í m+1

b n
> 0, then

á xm

a + b Log@c xnD âx �

Π xm+1 ErfiB m+1

b n
a + b Log@c xnD F

b n m+1

b n
ã

a Hm+1L
b n Hc xnL m+1

n

� Program code:

IntAx_^m_.�Sqrt@a_.+b_.*Log@c_.*x_^n_.DD,x_SymbolE :=

Sqrt@PiD*x^Hm+1L*Erfi@Rt@Hm+1L�Hb*nL,2D*Sqrt@a+b*Log@c*x^nDDD�
Hb*n*Rt@Hm+1L�Hb*nL,2D*E^Ha*Hm+1L�Hb*nLL*Hc*x^nL^HHm+1L�nLL �;

FreeQ@8a,b,c,m,n<,xD && NonzeroQ@m+1D && PosQ@Hm+1L�Hb*nLD

� Rule: If  m + 1 ¹ 0 í Ø J m+1

b n
> 0N, then

á xm

a + b Log@c xnD âx �

Π xm+1 ErfB -
m+1

b n
a + b Log@c xnD F

b n -
m+1

b n
ã

a Hm+1L
b n Hc xnL m+1

n

� Program code:

IntAx_^m_.�Sqrt@a_.+b_.*Log@c_.*x_^n_.DD,x_SymbolE :=

Sqrt@PiD*x^Hm+1L*Erf@Rt@-Hm+1L�Hb*nL,2D*Sqrt@a+b*Log@c*x^nDDD�
Hb*n*Rt@-Hm+1L�Hb*nL,2D*E^Ha*Hm+1L�Hb*nLL*Hc*x^nL^HHm+1L�nLL �;

FreeQ@8a,b,c,m,n<,xD && NonzeroQ@m+1D && NegQ@Hm+1L�Hb*nLD

Integration Rules for Logarithm Functions



� Reference: G&R 2.721.1, CRC 496, A&S 4.1.51

� Derivation: Integration by parts

� Rule: If  m + 1 ¹ 0 ì p > 0, then

à xm Ha + b Log@c xnDLp
âx �

xm+1 Ha + b Log@c xnDLp

m + 1
-
b n p

m + 1
à xm Ha + b Log@c xnDLp-1

âx

� Program code:

IntAx_^m_.*Ia_.+b_.*Log@c_.*x_^n_.DM^p_,x_SymbolE :=

x^Hm+1L*Ha+b*Log@c*x^nDL^p�Hm+1L -

Dist@b*n*p�Hm+1L,Int@x^m*Ha+b*Log@c*x^nDL^Hp-1L,xDD �;
FreeQ@8a,b,c,m,n<,xD && NonzeroQ@m+1D && RationalQ@pD && p>0

� Reference: G&R 2.724.1, CRC 495

� Derivation: Inverted integration by parts

� Rule: If  m + 1 ¹ 0 ì p < -1, then

à xm Ha + b Log@c xnDLp
âx �

xm+1 Ha + b Log@c xnDLp

m + 1
-
b n p

m + 1
à xm Ha + b Log@c xnDLp-1

âx

� Program code:

IntAx_^m_.*Ia_.+b_.*Log@c_.*x_^n_.DM^p_,x_SymbolE :=

x^Hm+1L*Ha+b*Log@c*x^nDL^Hp+1L�Hb*n*Hp+1LL -

Dist@Hm+1L�Hb*n*Hp+1LL,Int@x^m*Ha+b*Log@c*x^nDL^Hp+1L,xDD �;
FreeQ@8a,b,c,m,n<,xD && NonzeroQ@m+1D && RationalQ@pD && p<-1

� Rule: If  m + 1 ¹ 0, then

á xm Ha + b Log@c xnDLp
âx �

xm+1 GammaBp + 1, -
Hm+1L Ha+b Log@c xnDL

b n
F Ha + b Log@c xnDLp

Hm + 1L ã
a Hm+1L

b n Hc xnL m+1

n J-
Hm+1L Ha+b Log@c xnDL

b n
Np

� Program code:

IntAx_^m_.*Ia_.+b_.*Log@c_.*x_^n_.DM^p_,x_SymbolE :=

x^Hm+1L*Gamma@p+1,-Hm+1L*Ha+b*Log@c*x^nDL�Hb*nLD*Ha+b*Log@c*x^nDL^p�
HHm+1L*E^Ha*Hm+1L�Hb*nLL*Hc*x^nL^HHm+1L�nL*H-Hm+1L*Ha+b*Log@c*x^nDL�Hb*nLL^pL �;

FreeQ@8a,b,c,m,n,p<,xD && NonzeroQ@m+1D
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� Note: Need a rule for arbitrarily deep nesting of powers!

� Rule:

à Log@a Hb xnLpDq
âx � SubstBà Log@xn pDq

âx, xn p, a Hb xnLpF

� Program code:

IntALogAa_.*Ib_.*x_^n_.M^p_E^q_.,x_SymbolE :=

Subst@Int@Log@x^Hn*pLD^q,xD,x^Hn*pL,a*Hb*x^nL^pD �;
FreeQ@8a,b,n,p,q<,xD

� Rule:

à Log@a Hb Hc xnLpLqDr
âx � SubstBà Log@xn p qDr

âx, xn p q, a Hb Hc xnLpLqF

� Program code:

IntALogAa_.*Ib_.*Ic_.*x_^n_.M^p_M^q_E^r_.,x_SymbolE :=

Subst@Int@Log@x^Hn*p*qLD^r,xD,x^Hn*p*qL,a*Hb*Hc*x^nL^pL^qD �;
FreeQ@8a,b,c,n,p,q,r<,xD

� Rule: If  m + 1 ¹ 0, then

à xm Log@a Hb xnLpDq
âx � SubstBà xm Log@xn pDq

âx, xn p, a Hb xnLpF

� Program code:

IntAx_^m_.*LogAa_.*Ib_.*x_^n_.M^p_E^q_.,x_SymbolE :=

Subst@Int@x^m*Log@x^Hn*pLD^q,xD,x^Hn*pL,a*Hb*x^nL^pD �;
FreeQ@8a,b,m,n,p,q<,xD && NonzeroQ@m+1D && Not@x^Hn*pL===a*Hb*x^nL^pD

� Rule: If  m + 1 ¹ 0, then

à xm Log@a Hb Hc xnLpLqDr
âx � SubstBà xm Log@xn p qDr

âx, xn p q, a Hb Hc xnLpLqF

� Program code:

IntAx_^m_.*LogAa_.*Ib_.*Ic_.*x_^n_.M^p_M^q_E^r_.,x_SymbolE :=

Subst@Int@x^m*Log@x^Hn*p*qLD^r,xD,x^Hn*p*qL,a*Hb*Hc*x^nL^pL^qD �;
FreeQ@8a,b,c,m,n,p,q,r<,xD && NonzeroQ@m+1D && Not@x^Hn*p*qL===a*Hb*Hc*x^nL^pL^qD
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à xm Log@c Ha + b xLnDp âx

� Rule: If  m > 0 ì p > 0, then

� Rule:

à xm Log@c Ha + b xLnDp
âx �

xm Ha + b xL Log@c Ha + b xLnDp

b Hm + 1L -

a m

b Hm + 1L à xm-1 Log@c Ha + b xLnDp
âx -

n p

m + 1
à xm Log@c Ha + b xLnDp-1

âx

� Program code:

IntAx_^m_.*LogAc_.*Ia_+b_.*x_M^n_.E^p_,x_SymbolE :=

x^m*Ha+b*xL*Log@c*Ha+b*xL^nD^p�Hb*Hm+1LL -

Dist@a*m�Hb*Hm+1LL,Int@x^Hm-1L*Log@c*Ha+b*xL^nD^p,xDD -

Dist@n*p�Hm+1L,Int@x^m*Log@c*Ha+b*xL^nD^Hp-1L,xDD �;
FreeQ@8a,b,c,n<,xD && RationalQ@8m,p<D && m>0 && p>0

� Rule: If  p > 0, then

à Log@c Ha + b xLnDp

x2
âx � -

Ha + b xL Log@c Ha + b xLnDp

a x
+
b n p

a
à Log@c Ha + b xLnDp-1

x
âx

� Program code:

IntALogAc_.*Ia_+b_.*x_M^n_.E^p_�x_^2,x_SymbolE :=

-Ha+b*xL*Log@c*Ha+b*xL^nD^p�Ha*xL +

Dist@b*n*p�a,Int@Log@c*Ha+b*xL^nD^Hp-1L�x,xDD �;
FreeQ@8a,b,c,n<,xD && RationalQ@pD && p>0

� Rule: If  m < -1 ì m ¹ -2 ì p > 0, then

à xm Log@c Ha + b xLnDp
âx �

xm+1 Ha + b xL Log@c Ha + b xLnDp

a Hm + 1L -

b Hm + 2L
a Hm + 1L à xm+1 Log@c Ha + b xLnDp

âx -
b n p

a Hm + 1L à xm+1 Log@c Ha + b xLnDp-1
âx

� Program code:

IntAx_^m_.*LogAc_.*Ia_+b_.*x_M^n_.E^p_,x_SymbolE :=

x^Hm+1L*Ha+b*xL*Log@c*Ha+b*xL^nD^p�Ha*Hm+1LL -

Dist@Hb*Hm+2LL�Ha*Hm+1LL,Int@x^Hm+1L*Log@c*Ha+b*xL^nD^p,xDD -

Dist@b*n*p�Ha*Hm+1LL,Int@x^Hm+1L*Log@c*Ha+b*xL^nD^Hp-1L,xDD �;
FreeQ@8a,b,c,n<,xD && RationalQ@8m,p<D && m<-1 && m!=-2 && p>0
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� Rule: If  m Î Z ì m > 0 ì Ø Hp Î Q ì p > 0L, then

à xm Log@c Ha + b xLnDp
âx �

1

b
SubstBà -

a

b
+
x

b

m

Log@c xnDp
âx, x, a + b xF

� Program code:

IntAx_^m_.*LogAc_.*Ia_+b_.*x_M^n_.E^p_,x_SymbolE :=

Dist@1�b,Subst@Int@H-a�b+x�bL^m*Log@c*x^nD^p,xD,x,a+b*xDD �;
FreeQ@8a,b,c,n,p<,xD && IntegerQ@mD && m>0 && Not@RationalQ@pD && p>0D
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à Log@c Ha + b xLnDp

Hd + e xLm
âx

� Reference: G&R 2.728.2

� Derivation: Primitive rule

� Basis: ¶xJ-
PolyLog@2,d+e xD

e
N =

Log@1-d-e xD
d+e x

� Rule: If a c e - b c d - e = 0, then

à Log@c Ha + b xLD
d + e x

âx � -
PolyLog@2, 1 - a c - b c xD

e

� Program code:

IntALogAc_.*Ia_.+b_.*x_ME�Id_+e_.*x_M,x_SymbolE :=

-PolyLog@2,1-a*c-b*c*xD�e �;
FreeQ@8a,b,c,d,e<,xD && ZeroQ@a*c*e-b*c*d-eD

� Derivation: Integration by parts

� Rule: If  b d - a e ¹ 0, then

à Log@c Ha + b xLnD
d + e x

âx �
1

e
Log@c Ha + b xLnD LogBb Hd + e xL

b d - a e
F +

n

e
PolyLogB2, -

e Ha + b xL
b d - a e

F

� Program code:

IntALogAc_.*Ia_.+b_.*x_M^n_.E�Id_+e_.*x_M,x_SymbolE :=

Log@c*Ha+b*xL^nD*Log@b*Hd+e*xL�Hb*d-a*eLD�e +

n*PolyLog@2,-e*Ha+b*xL�Hb*d-a*eLD�e �;
FreeQ@8a,b,c,d,e,n<,xD && NonzeroQ@b*d-a*eD
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� Derivation: Integration by parts

� Rule: If  p > 0 ì b d - a e ¹ 0, then

à Log@c Ha + b xLnDp

d + e x
âx �

1

e
Log@c Ha + b xLnDp LogB b Hd + e xL

b d - a e
F -

b n p

e
á

Log@c Ha + b xLnDp-1 LogA b Hd+e xL
b d-a e

E
a + b x

âx

� Program code:

IntALogAc_.*Ia_+b_.*x_M^n_.E^p_.�Id_.+e_.*x_M,x_SymbolE :=

Log@c*Ha+b*xL^nD^p*Log@b*Hd+e*xL�Hb*d-a*eLD�e -

Dist@b*n*p�e,Int@Log@c*Ha+b*xL^nD^Hp-1L*Log@b*Hd+e*xL�Hb*d-a*eLD�Ha+b*xL,xDD �;
FreeQ@8a,b,c,d,e,n<,xD && RationalQ@pD && p>0 && NonzeroQ@b*d-a*eD

� Note: Log@zD = -PolyLog@1, 1 - zD
� Rule: If  p > 0 ì b d - a e = 0 ì a g h - b Hf h - 1L = 0, then

à Log@c Ha + b xLnDp Log@h Hf + g xLD
d + e x

âx � -
Log@c Ha + b xLnDp PolyLog@2, 1 - h Hf + g xLD

e
+

b n p

e
à Log@c Ha + b xLnDp-1 PolyLog@2, 1 - h Hf + g xLD

a + b x
âx

� Program code:

IntALogAc_.*Ia_+b_.*x_M^n_.E^p_.*LogAh_.*If_.+g_.*x_ME�Id_+e_.*x_M,x_SymbolE :=

Module@8q=Simplify@1-h*Hf+g*xLD<,
-Log@c*Ha+b*xL^nD^p*PolyLog@2,qD�e +

Dist@b*n*p�e,Int@Log@c*Ha+b*xL^nD^Hp-1L*PolyLog@2,qD�Ha+b*xL,xDDD �;
FreeQ@8a,b,c,d,e,f,g,h,n<,xD && RationalQ@pD && p>0 && ZeroQ@b*d-a*eD && ZeroQ@a*g*h-b*Hf*h-1LD

� Rule: If  p > 0 ì b d - a e = 0 ì a g - b f = 0, then

à Log@c Ha + b xLnDp PolyLog@m, h Hf + g xLD
d + e x

âx �

Log@c Ha + b xLnDp PolyLog@m + 1, h Hf + g xLD
e

-
b n p

e
à Log@c Ha + b xLnDp-1 PolyLog@m + 1, h Hf + g xLD

a + b x
âx

� Program code:

IntALogAc_.*Ia_+b_.*x_M^n_.E^p_.*PolyLogAm_,h_.*If_.+g_.*x_ME�Id_+e_.*x_M,x_SymbolE :=

Log@c*Ha+b*xL^nD^p*PolyLog@m+1,h*Hf+g*xLD�e -

Dist@b*n*p�e,Int@Log@c*Ha+b*xL^nD^Hp-1L*PolyLog@m+1,h*Hf+g*xLD�Ha+b*xL,xDD �;
FreeQ@8a,b,c,d,e,f,g,h,m,n<,xD && RationalQ@pD && p>0 && ZeroQ@b*d-a*eD && ZeroQ@a*g-b*fD
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� Derivation: Integration by parts

� Rule: If  m, p Î Z ì m < -1 ì p > 0, then

� Rule:

à Hd + e xLm Log@c Ha + b xLnDp
âx �

Hd + e xLm+1 Log@c Ha + b xLnDp

e Hm + 1L -
b n p

e Hm + 1L à Hd + e xLm+1 Log@c Ha + b xLnDp-1

a + b x
âx

� Program code:

IntAId_.+e_.*x_M^m_.*LogAc_.*Ia_.+b_.*x_M^n_.E^p_,x_SymbolE :=

Hd+e*xL^Hm+1L*Log@c*Ha+b*xL^nD^p�He*Hm+1LL -

Dist@b*n*p�He*Hm+1LL,Int@Regularize@Hd+e*xL^Hm+1L*Log@c*Ha+b*xL^nD^Hp-1L�Ha+b*xL,xD,xDD �;
FreeQ@8a,b,c,d,e,n<,xD && IntegersQ@m,pD && m<-1 && p>0
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à Log@c Ha + b xmLnDp
âx

� Note: The b/x in the resulting integrand will be transformed to b x by the rule à f@xnD
x

âx �
SubstBÙ f@xD

x
âx,x,xnF

n

� Rule: If  p Î Z ì p > 0, then

á LogBc a +
b

x

nFp

âx �

Hb + a xL LogBc Ia +
b

x
MnFp

a
+
b n p

a
á

LogBc Ia +
b

x
MnFp-1

x
âx

� Program code:

IntALogAc_.*Ia_+b_.�x_M^n_.E^p_, x_SymbolE :=

Hb+a*xL*Log@c*Ha+b�xL^nD^p�a +

Dist@b�a*n*p,Int@Log@c*Ha+b�xL^nD^Hp-1L�x,xDD �;
FreeQ@8a,b,c,n<,xD && IntegerQ@pD && p>0
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� Rule:

à LogAc Ia + b x2MnE2
âx � x LogAc Ia + b x2MnE2

+ 8 n2 x - 4 n x LogAc Ia + b x2MnE +
1

-b
Jn a N

4 n LogB - a + -b x

a + -b x
F - 4 n ArcTanhB -b x

a
F LogB-

a

-b
+ xF + LogB a

-b
+ xF -

n LogB-
a

-b
+ xF

2

+ n LogB a

-b
+ xF

2

- 2 n LogB a

-b
+ xF LogB1

2
-

-b x

2 a
F +

2 n LogB-
a

-b
+ xF LogB1

2
1 +

-b x

a
F + 4 ArcTanhB -b x

a
F LogAc Ia + b x2MnE +

2 n PolyLogB2, 1

2
-

-b x

2 a
F - 2 n PolyLogB2, 1

2
1 +

-b x

a
F

� Program code:

IntALogAc_.*Ia_+b_.*x_^2M^n_.E^2, x_SymbolE :=

x*Log@c*Ha+b*x^2L^nD^2 +

8*n^2*x -

4*n*x*Log@c*Ha+b*x^2L^nD +

Hn*Sqrt@aD�Sqrt@-bDL*H
4*n*Log@H-Sqrt@aD+Sqrt@-bD*xL�HSqrt@aD+Sqrt@-bD*xLD -

4*n*ArcTanh@Sqrt@-bD*x�Sqrt@aDD*HLog@-Sqrt@aD�Sqrt@-bD+xD + Log@Sqrt@aD�Sqrt@-bD+xDL -

n*Log@-Sqrt@aD�Sqrt@-bD+xD^2 +

n*Log@Sqrt@aD�Sqrt@-bD+xD^2 -

2*n*Log@Sqrt@aD�Sqrt@-bD+xD*Log@1�2-Sqrt@-bD*x�H2*Sqrt@aDLD +

2*n*Log@-Sqrt@aD�Sqrt@-bD+xD*Log@H1+Sqrt@-bD*x�Sqrt@aDL�2D +

4*ArcTanh@Sqrt@-bD*x�Sqrt@aDD*Log@c*Ha+b*x^2L^nD +

2*n*PolyLog@2,1�2-Sqrt@-bD*x�H2*Sqrt@aDLD -

2*n*PolyLog@2,H1+Sqrt@-bD*x�Sqrt@aDL�2DL �;
FreeQ@8a,b,c,n<,xD
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à LogAd Ia + b x + c x2MnEp
âx

� Derivation: Integration by parts

� Rule:

à Log@d Ha + x Hb + c xLLnD2
âx � x LogAd Ia + b x + c x2MnE2

-

2 b n à x LogAd Ia + b x + c x2MnE
a + b x + c x2

âx - 4 c n à x2 LogAd Ia + b x + c x2MnE
a + b x + c x2

âx

� Program code:

IntALogAd_.*Ia_.+b_.*x_+c_.*x_^2M^n_.E^2,x_SymbolE :=

x*Log@d*Ha+b*x+c*x^2L^nD^2 -

Dist@2*b*n,Int@x*Log@d*Ha+b*x+c*x^2L^nD�Ha+b*x+c*x^2L,xDD -

Dist@4*c*n,Int@x^2*Log@d*Ha+b*x+c*x^2L^nD�Ha+b*x+c*x^2L,xDD �;
FreeQ@8a,b,c,d,n<,xD
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à xm Log@a Log@b xnDpD âx

� Derivation: Integration by parts

� Rule:

à Log@a Log@b xnDpD âx � x Log@a Log@b xnDpD - n p à 1

Log@b xnD âx

� Program code:

Int@Log@a_.*Log@b_.*x_^n_.D^p_.D,x_SymbolD :=

x*Log@a*Log@b*x^nD^pD -

Dist@n*p,Int@1�Log@b*x^nD,xDD �;
FreeQ@8a,b,n,p<,xD

� Derivation: Integration by parts

� Rule:

à Log@a Log@b xnDpD
x

âx �
Log@b xnD H-p + Log@a Log@b xnDpDL

n

� Program code:

IntALog@a_.*Log@b_.*x_^n_.D^p_.D�x_,x_SymbolE :=

Log@b*x^nD*H-p+Log@a*Log@b*x^nD^pDL�n �;
FreeQ@8a,b,n,p<,xD

� Derivation: Integration by parts

� Rule: If  m + 1 ¹ 0, then

à xm Log@a Log@b xnDpD âx �
xm+1 Log@a Log@b xnDpD

m + 1
-

n p

m + 1
à xm

Log@b xnD âx

� Program code:

Int@x_^m_.*Log@a_.*Log@b_.*x_^n_.D^p_.D,x_SymbolD :=

x^Hm+1L*Log@a*Log@b*x^nD^pD�Hm+1L -

Dist@n*p�Hm+1L,Int@x^m�Log@b*x^nD,xDD �;
FreeQ@8a,b,m,n,p<,xD && NonzeroQ@m+1D
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à LogA a+b x
c+d x

Em

x
âx

� Basis: 
fB a+b x

c+d x
F

x
=

fB a

c
+

Hb c-a dL x

c Hc+d xL F
Hb c-a dL x

c+d x

¶x
Hb c-a dL x

c+d x
-

fB b

d
-

b c-a d

Hc+d xL d
F

b c-a d

c+d x

¶xJ b c-a d

c+d x
N

� Note: This linearizing substitution is valid for any function of a+b x

c+d x
 over x.

� Rule: If  m Î Z ì m > 0 ì b c - a d ¹ 0, then

á
LogA a+b x

c+d x
Em

x
âx � SubstBá

LogA a

c
+

x

c
Em

x
âx, x,

Hb c - a dL x

c + d x
F - SubstBá

LogA b

d
-

x

d
Em

x
âx, x,

b c - a d

c + d x
F

� Program code:

IntALogAIa_.+b_.*x_M�Ic_+d_.*x_ME^m_.�x_,x_SymbolE :=

Subst@Int@Log@a�c+x�cD^m�x,xD,x,Hb*c-a*dL*x�Hc+d*xLD -

Subst@Int@Log@b�d-x�dD^m�x,xD,x,Hb*c-a*dL�Hc+d*xLD �;
FreeQ@8a,b,c,d<,xD && IntegerQ@mD && m>0 && NonzeroQ@b*c-a*dD
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à A + B Log@c + d xD
a + b Log@c + d xD âx

� Derivation: Algebraic expansion

� Basis: A+B z

a+b z
=

b A-a B

b a+b z
+

B a+b z

b

� Rule: If  b A - a B ¹ 0, then

à A + B Log@c + d xD
a + b Log@c + d xD âx �

b A - a B

b
à 1

a + b Log@c + d xD âx +
B

b
à a + b Log@c + d xD âx

� Program code:

IntAIA_.+B_.*Log@c_.+d_.*x_DM�Sqrt@a_+b_.*Log@c_.+d_.*x_DD,x_SymbolE :=

Dist@Hb*A-a*BL�b,Int@1�Sqrt@a+b*Log@c+d*xDD,xDD +

Dist@B�b,Int@Sqrt@a+b*Log@c+d*xDD,xDD �;
FreeQ@8a,b,c,d,A,B<,xD && NonzeroQ@b*A-a*BD
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à fa Log@uD âx

� Derivation: Algebraic simplification

� Basis: fa Log@gD = ga Log@fD

� Rule:

à fa Log@uD âx � à ua Log@fD âx

� Program code:

IntAf_^Ia_.*Log@u_DM,x_SymbolE :=

Int@u^Ha*Log@fDL,xD �;
FreeQ@8a,f<,xD
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à f@Log@a xnDD
x

âx

� Derivation: Integration by substitution

� Basis: 
f@Log@a xnDD

x
=

1

n
f@Log@a xnDD ¶xLog@a xnD

� Rule:

à f@Log@a xnDD
x

âx �
1

n
SubstBà f@xD âx, x, Log@a xnDF

� Program code:

IfAShowSteps,
IntAu_�x_,x_SymbolE :=

Module@8lst=FunctionOfLog@u,xD<,
ShowStep@"","Int@f@Log@a*x^nDD�x,xD","Subst@Int@f@xD,xD,x,Log@a*x^nDD�n",Hold@
Dist@1�lst@@3DD,Subst@Int@lst@@1DD,xD,x,Log@lst@@2DDDDDDD �;
Not@FalseQ@lstDDD �;

SimplifyFlag && NonsumQ@uD,
IntAu_�x_,x_SymbolE :=

Module@8lst=FunctionOfLog@u,xD<,
Dist@1�lst@@3DD,Subst@Int@lst@@1DD,xD,x,Log@lst@@2DDDDD �;
Not@FalseQ@lstDDD �;

NonsumQ@uDE

� Derivation: Algebraic simplification

� Basis: 1

a x+b x z
=

1

x Ha+b zL
� Rule:

à 1

a x + b x Log@c xnDm
âx � à 1

x Ha + b Log@c xnDmL âx

� Program code:

IntA1�Ia_.*x_+b_.*x_*Log@c_.*x_^n_.D^m_.M,x_SymbolE :=

Int@1�Hx*Ha+b*Log@c*x^nD^mLL,xD �;
FreeQ@8a,b,c,m,n<,xD
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à LogAc + d fa+b xE âx

� Derivation: Primitive rule

� Basis: ¶xPolyLog@2, -c ãxD = -Log@1 + c ãxD
� Rule:

à LogA1 + c fa+b xE âx � -
PolyLogA2, -c fa+b xE

b Log@fD

� Program code:

IntALogA1+c_.*f_^Ia_.+b_.*x_ME,x_SymbolE :=

-PolyLog@2,-c*f^Ha+b*xLD�Hb*Log@fDL �;
FreeQ@8a,b,c,f<,xD

� Derivation: Integration by parts

� Basis: ¶xLog@c + d g@xDD = ¶xLogB1 +
d g@xD

c
F

� Rule: If c ¹ 1, then

à LogAc + d fa+b xE âx � x LogAc + d fa+b xE - x LogB1 +
d fa+b x

c
F + à LogB1 +

d fa+b x

c
F âx

� Program code:

IntALogAc_+d_.*f_^Ia_.+b_.*x_ME,x_SymbolE :=

x*Log@c+d*f^Ha+b*xLD - x*Log@1+d�c*f^Ha+b*xLD +

Int@Log@1+d�c*f^Ha+b*xLD,xD �;
FreeQ@8a,b,c,d,f<,xD && NonzeroQ@c-1D
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à xm LogAc + d fa+b xE âx

� Derivation: Integration by parts

� Rule: If m > 0, then

à xm LogA1 + c fa+b xE âx � -
xm PolyLogA2, -c fa+b xE

b Log@fD +
m

b Log@fD à xm-1 PolyLogA2, -c fa+b xE âx

� Program code:

IntAx_^m_.*LogA1+c_.*f_^Ia_.+b_.*x_ME,x_SymbolE :=

-x^m*PolyLog@2,-c*f^Ha+b*xLD�Hb*Log@fDL +

Dist@m�Hb*Log@fDL,Int@x^Hm-1L*PolyLog@2,-c*f^Ha+b*xLD,xDD �;
FreeQ@8a,b,c,f<,xD && RationalQ@mD && m>0

� Derivation: Integration by parts

� Basis: ¶xLog@c + d g@xDD = ¶xLogB1 +
d g@xD

c
F

� Rule: If c ¹ 1 ì m > 0, then

à xm LogAc + d fa+b xE âx �
xm+1 LogAc + d fa+b xE

m + 1
-

xm+1 LogB1 +
d fa+b x

c
F

m + 1
+ à xm LogB1 +

d fa+b x

c
F âx

� Program code:

IntAx_^m_.*LogAc_+d_.*f_^Ia_.+b_.*x_ME,x_SymbolE :=

x^Hm+1L*Log@c+d*f^Ha+b*xLD�Hm+1L - x^Hm+1L*Log@1+d�c*f^Ha+b*xLD�Hm+1L +

Int@x^m*Log@1+d�c*f^Ha+b*xLD,xD �;
FreeQ@8a,b,c,d,f<,xD && NonzeroQ@c-1D && RationalQ@mD && m>0
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à Log@uD âx

� Reference: A&S 4.1.53

� Derivation: Integration by parts

� Rule: If u is an algebraic function of x, then

à Log@uD âx � x Log@uD - à x ¶xu

u
âx

� Program code:

Int@Log@u_D,x_SymbolD :=

x*Log@uD -

Int@Regularize@x*D@u,xD�u,xD,xD �;
AlgebraicFunctionQ@u,xD
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