Rational Function Integration Problem 1

x"1 (a+ b x")™dax

m Rubi knows and takes advantage of the general rule for arbitrary m and n:
Int [x"* (@+bx"™ x]

(a+bxnytm

b((l+mn

Int [x"* (a+bx")™, x]

(a+bxm?t?

17bn
I nt [x2 (a+bx3)16, x]

(a+ bx3)17
51b

m Mathematica knows the rule for arbitrary m and n, but needlessly expands the integrand when m is a
positive integer:

Jx”‘l (a+bx")"dx

(a+bxnytm

bn+bmn

Jx”‘l (a+bx")® ax

1

x" (17 a*® + 136 2’ b x" + 680 a'* b? x?" + 2380 a'® b3 x*" + 6188 a'? b* x*" + 12376 at* b® x°"
17n

19448 at®h®x5" 1+ 24310a° b” x"" +24310a8 b8 x8" + 19448 a” b x°" + 12376 a® b0 x10" 4
6188 a° b'! x*'" + 2380 a* b x*?" + 680 a® b x™*" + 136 a® b xM" + 17 a b'® x1°" 4 h1® x 18N

sz (a+b x3)16 dx
aléx3 8 40 140 64 28
b a15 b XG P a14 b2 X9 i alS b3 X12 N alZ b4 Xl5 i all b5 X18 N
3
1144 1430 1430 1144 7
210 b6 x21 29 b7 x4 + 28 b8 x27 + a’ b x30 4 25 b0 x33
3 3 3
364

40 8 1 b16 x51
ab bl x36 . atbl2x3%, _ 23pl3x42 . _ a2 pl4 45, T 4 pl5 48,
3 3

51



Maple knows the rule for arbitrary m and n, but needlessly expands the integrand when m is a positive
integer:

int x*"(n-1) *x (a+b*x”n)"m x);

(a+bx") (a+bxm™m

b (1+mn
int (x*(n-1) *x (a+b*x"n)"16, Xx);

1
—— (17a'®x" + 136 a'® b x?" + 680 a'* b? x>" + 2380 a'* b x*" + 6188 a'? b* x°" + 12376 a't b> x°" +

17 n
19448 al® b x"" +24310a° b’ x8" + 24310 a8 b8 x°" + 19448 a” b® x1%" + 12376 a® b0 x 11" 4

6188 a° b'' x*2" + 2380 a* b x'*" + 680 a® b xM" + 136 a® b X" + 17 a b'® x 18" 4 p10 x17N)

int (Xx"2% (a+b*x"3)716, X);

16 |3
a’x L - alspxb . ﬂ ald p2 x9 4 140 ald p3 x12 364 al2 p4 x15 . 28 all p5 x18 .
3
1144 1430 143 114 2
al0 pb x21 . a® b7 x24 + a® b8 x27 + a’ b x30 . ab h10 x33
3
364 b16 x5!

140 40 8 1
a5 il x36 4 atbl2x39, _ a3pl3x42 . _ a2plé x4, _ abpl5 x4,
3 3 3 3 3 51



Rational Function Integration Problem 2
xP (axn + b x™ n+n+p+1) m d X

m Rubi knows and takes advantage of the general rule for arbitrary m, n and p:

Int [xP (ax"+b xm”"”*p*l)m, x]

X~ (1+m n <Xn (a +b Xl+mn+p) )1*"‘

b ((1+m (1+mn+p)
| nt [xp (ax"+ bx12"+”+"+1)12, x]

(a + b x1+2 n+p> 13

13b (1 +12n+p)
| nt [x24 (ax+b x38)12, x]
(a+bx37)®
481 b
m Mathematica knows the rule for arbitrary m, n and p, but needlessly expands the integrand when m is a
positive integer:

pr (a x" + b an+n+p+1) mle

x - (1+m n (Xn (a +b X1+mn+p) ) 1+m

b ((1+m (1+mn+p)

12
J.Xp (a x" + b X12 n+n+p+1) dx

1

13 (1+12n +p)
X1+12 n+p (13 a12 +78 all b Xl+12 n+p L 286 a3 bg X9 (1+12 n+p) +78 a2 blO XlO (1+12 n+p) +13a bll Xll (1+12 n+p) + b12 X12 (1+12 n+p) "
286 alO b2 X2+24 n+2p + 715 a9 b3 X3+36 n+3p 11287 a8 b4 X4+48 n+4p i
1716 a7 b5 X5+60 n+5p + 1716 a6 b6 X6+72 n+6p 41287 a5 b7 X7+84 n+7p + 715 a4 b8 X8+96 n+8p>

Jx“ (ax+b x38)12 dx

12 37
arx . i allpx7 . E a0 p2 111 ﬁ 2% p3 x148 . % a8 b4 x185 . 132
37 37 7 7 7
12 481
132 ab bb x259 4 % a5 b7 x2% ., E a% p8 x333 , E a3 b2 x370 . i a2 pl0 x407 i a pll x444 b x
37 37 37 37 37 37 481

a7 b5 X222 "



m Maple does not know the rule for arbitrary m, n and p, and needlessly expands the integrand when m is a
positive integer:

int X*"px (@*xx*"N+bxx*(Mxn+n+p+1))"m X);
pr (aXn +men+n+p+1)md1X

int (X"p*x (@a*xx*n+b*xx”(12*n+n+p+1))~12, Xx);

1

13 (1+12n+p)

1287 a® b* x5+601+5p , 1716 a’ b5 xB+72N+6P ;. 1716 a b® x78417P , 1287 a5 b7 x8+96n+8p
715 a4 b8 X9+108 n+9p + 286 a3 b9 X10+120 n+10p +78 aZ blO Xll+l32 n+llp +13a bll X12+l44 n+12p n b12 Xl3+156 n+13 p)

(13 a12 Xl+12 np , 78 all b X2+24 n+2p + 286 alO b2 X3+36 n+3p + 715 a9 b3 X4+48 n+4p 4

int (x"24 % (a*Xx+b*x"38)"12, Xx);

at2x3% 6 22 55 99
s allpx™ ., T glop2 4111, TT 49 3 (148 | T 8 j4 4185 a’ b5 x222 ,
37 37
132 99 55 22 6 1 b12 x481
ab bt x259 , a5 p7 x296 . g4 pBx333, 239370 g2 pl0 4407 | T 4 pll 4444

37 37 37 37 37 37 481



Rational Function Integration Problem 3
(b +2cXx) (a+ bX+CX2)md1X

m Rubi knows and takes advantage of the general rule for arbitrary m:

Int [(b+2cx) (a+bx+cx2)m, x]

(a+bx+cx2)l*m

1+m
Int[(b+20x) (a+bx+cx2)12, x]

1
— (a+bx+cx?

13
13 )

= Mathematica knows the rule for arbitrary m, but needlessly expands the integrand when m is a positive
integer:

j(b+2cx) (a+bx+cx?)"ax

(a+x (b+cx))ytm

1+m
J(b+2cx) (a+bx+cx2)12d1x

al2x (b+cx)+6attx2 (b+cx)?2+22a%x3 (b+cx)®+55a%x* (b+cx)*+
99a®x® (b+cx)%+132a"x® (b+cx)®+132a%x” (b+cx)”+99a°x% (b+cx)®+

1
55a*x? (b+cx)?+22a%x™ (b+cx)®+6a2x (b+ecx)t+axt? (b+cx)12+—3x13 (b+cx)t
1

= Maple knows the rule for arbitrary m, but needlessly expands the integrand when m is a positive integer:

int (b+2xc*X)*(@+b*xX+C*X"2)"m X);

(a+bx+cx2)rml

m+ 1

int (b+2*c*X)*x (@a+bxx+cCc*x"2)"12, Xx);



a?bx+6al'b?x?+a®cx?+22a%b®x%+12al'bcecx®+55a°b*x*+66a%b?cx*+6attc?x?+99a8bdx®+
220a°b3cx®+66a%bc?x5+132a"b8x8%+495a8 b*cxf+330a°b%c?xb+22a0c3x6+132a% 07 x7 +
792a’ b%cx” +990 a8 b%c?x” +220a°bc3x” +99a%b®x® +924a%b%c x®+1980a’ b*c?x® +990a® b2 x8 +
55a%c*x®+55a*b?x%+792a%b” cx®+2772a%b%c?x® +2640a” b3 c3x®+495a8 bctx® +22a% b0 x10 .
495 a* b8 c x10+ 2772 a® b® c2 x10 + 4620 a® b* c® x1? + 1980 a’ b? c* x1° + 99 a® c® x1° + 6 a2 b1 x1! + 220 a® b% ¢ x* +
1980 a* b7 c2 x1 1 5544 a5 b%c3 x11 + 4620 a b3 c* x1 + 792 a’ b xM + ab?x12 1 66 a2 b0 ¢ x12 + 990 a® b8 c2 x12
b13 X13

4620 a* b% c® x'? + 6930 a® b* c* x1? + 2772 a® b2 ¢ x1? + 132 a” c® x1? + +12abcx'®+330a%b%c?x3+

2640 a® b’ c® x*® + 6930 a* b%c* x*® + 5544 a° b3 c®x®+924a%bcb x¥+bP2cx*+66ab®c?xt
990 a? b® ¢3 x + 4620 a® b® c* x'* + 6930 a* b* ¢S x'* + 2772 a5 b? cO x4 + 132 a% c" x1* + 6 b c? x5 4+
220 ab®c®x%® +1980 a? b’ ¢* x*® + 5544 a® b® c5 x5 + 4620 a* b3 c® x5 + 792 a% b c” x!° + 22 b0 3 x16 4+
495 ab®c* x® 2772 a2 b® c5x16 + 4620 a® b* c® x'® + 1980 a* b? c” x1® + 99 &% c® x1® + 55 b% c* x7 + 792 ab” ¢S5 x17 +
2772 a? b5 c® x' + 2640 a® b3 c” x7 + 495 a* b c® x17 + 99 b8 c® x18 + 924 a b® ¢ x'® + 1980 a® b* ¢ x® +
990 a3 b2 c8x1® 55a%c?x1® 1 132b7 cOx19+792ab%c” x® 1+ 990a2b3c®x19+220a% bc?x!® +132h%c? x20
495 ab*cBx? +330a2hb%2¢c?x%° +22a%¢c10x20 . 99b%c8x? +220abc? x?t +66a%bclOx?! 1 55b%c? x%? +
C13 X26

66ab’2cl®x??:6a%cltx??+22b%c%%x?® +12abctt x2®+6b%2ctx?* +act?x* +bct? x4
13



Rational Function Integration Problem 4
(a+bx)"™t (c+d (a+bx)M"dx

m Rubi knows and takes advantage of the general rule for arbitrary m and n:

Int[(@a+bx)"* (c+d (a+bx)™"™ x]

n,1l+m
)

(c+d (a+bx)

bd (1+mn

Int[(@a+bx)"" (c+d (a+bx)Me, x]

(c+d(a+bx)™?®

9bdn

I nt [(a+bx)2 (c+d (a+bx)?)°, x]

(C+d <a+bx)3)9

27bd
m Mathematica knows the rule for arbitrary m and n, but needlessly expands the integrand when m is a
positive integer:

J(a+bx)”'l (c+d (a+bx)™Max

(c+d (a+bx)mtm

bdn+bdmn

J‘(a+bx)“‘1 (c+d (a+bx)"?&ax

1

9bn
126 c*d* (a+bx)*"+84cd® (a+bx)°"+36c%d® (a+bx)®"+9¢cd” (a+bx)'"+d® (a+bx)®")

(@a+bx)" (9¢®+36c’d (a+bx)"+84cd? (a+bx)?"+126¢c>d® (a+bx)3"+

J-(a+bx)2 (c+d (a+bx)3)8d1x



a? <c+a3d)8x+ab (c+a3d)7 (c+13ad) x? +

%bz (c+a%d)® (c2+74a%cd+325a%d?) x*+2a2b%d (c+a®d)’ (10c®+146a3cd +325a°d?) x* +
2ab*d (c+add)* (4c®+180a%c?d+ 1104 a® c d? + 1495 a° d3) x° +

§b5d (c+ad)® (2¢*+386a%cd+5304a°c?d’+17963a° ¢ d® + 16 445 a'? d*) x° +

2a%p°%d? (c+a®d)? (56 ¢*+1736a%c®d+ 11487 a®c?d® + 24794 a% ¢ d® + 16445 a? d*) x +
ab’d? (28¢®+2310a%c>d +30030a°c*d?+ 136136 a° ¢ d® + 271320 a'? ¢c? d* + 245157 a'® c d° + 82225 a'® d°) x® +

1
— b® d?
9
(28 ¢c®+9240a°%c®d +210210 a® c* d* + 1361360 a° ¢® d® + 3527 160 a'? ¢ d* + 3922512 a'® ¢ d° + 1562 275 a*® d°)

x%+a?b?d® (308¢®+14014a%c*d+ 136136 a® ¢ d* + 470288 a’ ¢c* d* + 653 752 a'® ¢ d* + 312455 a'® d°) x'° +
ab'®d® (56c®+6370a%c?d+99008 a® c®d? + 470288 a® c? d* + 832048 a'? c d* + 482885 a'> d°) x** +

2
—b™d® (7c>+3185a%c*d +86632a°c®d?+587860a°c?d®+1352078 a*? c d* + 965770 a'® d°) x'? +
3

2a%b'?d* (245¢c*+ 13328 a%c®d + 135660 a® ¢ d” + 416 024 a°® ¢ d® + 371450 a*? d*) x*® +
2ab'®d* (35¢c*+4760a°c?d + 77520 a® ¢ d® + 326 876 a° c d* + 371450 a'? d*) x** +

2
— b d* (7c*+3808a%c’d+108528a°c”d*+653752a° c d® + 965770 a*? d*) x'° +
3

17a® b d® (28¢c® + 1596 a® c*d + 14421 a® ¢ d? + 28405 a° d®) x® +
ab'®d® (56c+7980a%c?d+ 115368 a® ¢ d* + 312455 a® d*) x'7 +

1
— b7 d®> (28 ¢®+15960a°c*d + 403788 a° c d* + 1562275 a° d®) x*® +
9

a?b'®d® (280 c¢?+14168a°cd+82225a°d?) x*? +2ab'®d® (14c?+1771a%c d + 16445 a° d?) x*° +

2
—b*d° (2c?+1012a%cd + 16445 a®d?) x** + 46 a® b?* d’ (2c +65ad) x*? +
3
1 1
2ab?d’ (4c+325a%d) x?®* + —b?®d’ (c+325a%d) x* + 13 a® b* d® x*° + a b? d® x?® + — b?® d® x*’
3 27

m Maple knows the rule for arbitrary m and n, but needlessly expands the integrand when m is a positive
integer:
int ((@+bxx)"(n-1) % (c+d*x (a+bxx)"n)"m X);

(c+d (a+bx)") (c+d (a+bx)m™

bnd (1+m)
int ((@a+b*x)?"(n-1) % (c+d=* (a+bxx)"n)"8, X);

c® (a+bx)" 4c’d(a+bx)2" 28c¢cd? (a+bx)3" 14c5d3 (a+bx)*"

+ + + +
bn bn 3bn bn
14c4d4 (a+bx)%" 28c3d5 (a+bx)®" 4c2d® (a+bx)’" cd’ (a+bx)®" d® (a+bx)°"
+ + + +
bn 3bn bn bn 9bn

int ((@+b*x)"2% (c+d* (a+bxx)"3)"8, x);



a’c®x+8ac’dx+28a8cbd?x+56atc®d®x +70al*c?d*x+56at”c3d®x+28a°c?d®x +8a®cd' x +
a*®d®x +abc®x?+20a*bc’dx?+112a’bcfd?x2+308al®bc®d®x?+490a®bc*d*x?+476a%bc3d®x?+

1 80 784
280a®bc?d®x?2+92a?bcd’ x?+13a®®bd®x?+ —b?c®x3+ —a®b?c’dx®+ — a®b?cfd?x3+
3 3 3

3080 63 76 532 20
—a’b?c®d¥x®+ —— a?p?ctd*x s ——a®b?ctd®x¥ s —— al®p?c?d®x3+ —— a?lb%cd X3+
3 3 3 3

325
—  a®*p?d®x®+20a%b3c’dx?+392a%°b%cld®x?+2310a%b3c®d®x*+6370att b ctd*x* +9520 al* b3 cidd x*+
7980 al” b3 c?d® x* +3542a° b3cd’ x* +650a2 b3 d® x* +8ab*c’dx®+392a*b*cbd?x®+3696a’ b*cdddx®+
14014 al®b* c* d* x° + 26656 a3 b? c3d® x°® + 27132 at® b? c2d® x® + 14168 a® b* ¢ d” x5 + 2990 a?2 b* d® x5 +

4 784 70070 173 264
—b%c’dx®+ — a3b®cfd?xf+4312ab5°cd3x®+ —  a®b%c*d*xf+ —al?p5c3doxb +
3 3 3

134596 32890
72352 at®p%c2dbxb+ — al%pScd’x®+ — a?lh5d®x®+112a%?bbcbd?x’ +3696a°hbccd3xT +
3
30030 a8 b8 c*d*x7 + 99008 al! b®c®d®x” + 155040 a'* b® c2d® x” + 115368 a'” b® c d” x” + 32890 a?® b® d® x7 +
28ab’c®d?x8+2310a* b’ c®>d®x® +30030a’ b” c*d*x® +136136a°b’ c3d°x®+271320a' b7 c?2d® x8 +

28 3080 70070
245157 a® b’ cd’ x®+82225a° b7 d®x®+ — b®cld?x?+ —  a®b®chd¥x?+ —  afbBctd*x®+
9 3 3

1361360 1175720 1307 504 1562275

— a%bBcld X%+ — al?p®c?dfx®+ — a®bpicd ' x®+ — al®b®d®x°+308a%b%cid3x0
3 9

14014 a®b® c* d* x10 + 136 136 a® b? ¢® d® x1° + 470288 a'* b°® c? d® x1° + 653752 a* b® c d” x10 + 312 455 a'” b® d® x1° -+

56 a b0 c®d3 x + 6370 a* b% c* d* x!! + 99008 a’ b1 ¢3 d° x!! + 470288 al® b'® c2 d® x!! + 832048 at* b0 c d” x!! +

6370 173 264 1175720
——a + ———a

482 885 alG blO d8 Xll n E bll C5 d3 X12 n a3 bll C4 d4 X12 " 6 bll C3 d5 X12 9 bll C2 dG X12 n
3

3 3 3

2704156 1931540
—  alZpMcd'x?2, a1 pllg8x12, 490 a2 bl?c* d* x1% 1+ 26656 a® b2 3 d5 x13
3 3
271320 a® b2 c? d® x1% + 832048 alt b2 ¢ d” x*3 + 742900 a'* b2 d® x!3 + 70 a b3 c* d* x4 + 9520 a* b3 c3 d® x4 +
14 7616
155040 a’ b*3 c? d® x* + 653752 a'° b3 c d” x** + 742900 a® b d® x™ + — b c*d*x®+ — — a® b c3d>xM0 +
3 3

1307 504 1931540
72352 a% b c?déx®+ —  a

245157 a® b® c d” x1® + 482885 a'! b'® d® x1® + 56 a b'® c3 d° x17 + 7980 a* b'® c2 d® x17 + 115368 a’ b® c d” x17 +
28 5320 134 596 1562275

31245520 p10 g8 x17 4 — pl7c3d5x18 s — @bl c?d x4y — afplcd ' x®+ — Q% pl7d® x84
9 3 3 9

280 a2 b8 c2d®x19 1 14168 a° b8 c d” x19 + 82225 a8 b8 d8 x1% . 28 a b9 c2d® x20 + 3542 a* b® c d” x2° -

4 24 32890
32890a’ b1%d®x?0+ —b20c?2déx?+ — —a®b?cd’ x?*+ — a%hb?°d® x?! + 92 a% b? ¢ d” x?? + 2990 a® b?! d® x?? +
3

1 325 1
8ab??cd’ x®+650a*b?2d®x?®+ —bP¥cd x*+ — a®b?®d®x?* +13a%b?*d®x?® +ab®>d®x? + — b d®x?
3 3 27

Sptcd x5+ — —— al2p* d® x5 + 476 a2 b ¢ d® x16 + 27132 a5 b1 c2 d°® x16



Rational Function Integration Problem 5

X18

dX
(a+bx)?0

= Rubi knows and takes advantage of the general rule for arbitrary n:

Xn—z

I nt [—(a+bx)”' x]

x 1 @a+bx)tn

a(-1+n)

18
' [ (@a+bx)2

x 19

19a (a+bx)*

m Mathematica knows the rule for arbitrary n, but needlessly expands the integrand when n is an integer:

Xn-2

—— dx
J‘(a+bx)n

x1n a+bx)tm
a(-1+n)
8

Xl
J—dlx
(a+bx)%°

1

19 b!% (a+bx)*®
(a®+19a'" bx +171 a' b®x? + 969 a'® b® x* + 3876 a'* b* x* + 11628 a'® b> x® + 27132 a'* h® x® + 50388 a'' b’ x +
75582 al® b® x® + 92378 a° b® x° + 92378 a8 b x1° + 75582 a” bl x! + 50388 a® b?? x1? + 27132 a5 b3 x13 4+
11628 a* b** x* + 3876 a° b'® x'° + 969 a? b'® x'° + 171 a b?” x'7 + 19 b'® x?8)

= Maple knows the rule for arbitrary n, but needlessly expands the integrand when n is an integer:

int (x~(n-2)/ (a+b*x)"n, X);

x 1 @+ bx)tn

a(-1+n)

int (x*18/ (a+bxx)"20, Xx);



als al’ 9 alt 51 alb 204 al4 612 ald

- + - + - +
19b (a+bx)¥® bY¥(a+bx)® b (@a+bx)” b (a+bx)¥® b arbx)® b (a+bx)

1428 a'? 2652 a'! 3978 all 4862 a® 4862 a® 3978 a’

+ - + - +
b (a+bx)¥® Db (a+bx)? b (a+bx)™ b a+bx)® b (a+bx)® b (a+bx)®

2652 a® 1428 a’ 612 a* 204 a® 51 a? 9a 1

+ - + - + -
b (a+bx)” b (a+bx)® b¥® (a+bx)® b¥(a+bx)* b a+bx)® b (a+bx)? b (a+bx)



Rational Function Integration Problem 6

Xl7

dX
(a+bx)?0

= Rubi knows and takes advantage of the general rule for arbitrary n:

Xn—3

I nt [—(a+bx)”' x]

X2 (a+bx)¥"  x2M (as+bx)2"
- +

a(l-n) a2 (1-n) (2-n)
x17
Int[ , x]
(a+bx)2°
X18 X18

+

19a (a+bx)¥® 342a2 (a+bx)*®

m Mathematica knows the rule for arbitrary n, but needlessly expands the integrand when n is an integer:

Xn—3

—— dx
J.(a+bx)n

X2 (a+bx)'™" (a (-1+n) +bx)

az (-2+n) (-1+n)

X17

—— dx
J~(a+bx)2°

1

- (a'”+19a'®bx +171 a¥® b?x? + 969 a’* b® x* + 3876 a'® b* x* + 11628 a'? b x° +
342 b8 (a+bx)?®

27132 att b® x8 + 50388 al® b’ x” + 75582 a® b® x® + 92378 a® b? x° + 92378 a’ b1 x10 ; 75582 ab b1! x1! .
50388 a® b'? x'2 + 27132 a* b*® x*3 + 11628 a® b x** + 3876 a? b*® x'° + 969 a b'® x'® + 171 b7 x7)

= Maple knows the rule for arbitrary n, but needlessly expands the integrand when n is an integer:

int (x~(n-2)/ (a+b*x)"n, X);

X2 @a+bx)" (a(-1+n) +bx)

aZz (-2+n) (-1+n)

int (x217/ (a+b *x)"20, Xx);



al’ 17 alé 8 al® 85 al4 476 ald 442 al?

_ . _ . _
19b% (a+bx)¥® 18b18 (a+bx)® b8 arbx) 2bB(a+bx)® 3b¥®(a+bx)® b8 arbx)¥

952 a1t 4862 all 2210 a° 2431 a8 19448 a’ 1547 ab

- + - + - +
b8 (a+bx)® 3b8 (a+bx)!? bB(a+bx)? bB(a+bx)® 9bB(a+bx)? b®(a+bx)8

884 a5 1190 a* 136 a® 34 a? 17 a 1

_ . _ . _
b8 (a+bx)’ 3bB(a+bx)® bB(a+bx)® bB(@a+bx)* 3b¥B(a+bx)® 2b!8 (a+bx)?



Rational Function Integration Problem 7

1
J-—dlx
a+bx?

m Rubi knows and always uses the symmetric rules:

1 1
{Int[a+bx2,x], Int[a_bxz,x]}
Vb x

ArcTan WX}

} ArcTanh {
Va Va

: a

{

vavb  Vavb

{in [4;2, x]. 1ot [4_1X2, <]}

{%ArcTan{g], %ArcTanh[%”

= Mathematica knows the symmetric rules but does not always use them:

1 1
{ja+bx2 . -[a—bx2 dlx}

ArcTan{WX} ArcTanh[ b X}
{ - )
Jab  vab
1 1
{J4+x2dlx' J4—x2dx}

{2ArcTan[g], %Log[—Z—x} —%Log[—2+x}}

= Maple knows the symmetric rules but does not always use them:

[int (1/(@+b*xx"2), x), int (1/(a-bx»x"2), x)1;

ArcTanM'%} ArcTanh[be
a a
{ Jab  ab }

[int (1/ (4+x"2), x), int (1/ (4-x"2), x)1;

{%ArcTan{g], —%Log[—2+x] +%Log[2+x}}



Rational Function Integration Problem 8

1
f dx
a+bx+cx?

m The Rubi results are symmetric:

1

nt [3+5x+4x2’ X]

2 ArcTan [

V23

5+8X}

a

1
ot [3+5x-4x2’ X]

2 ArcTanh [

TE

S—BX}
V73

m The Mathematica results are not symmetric:

1
J.—dlx
3+5X +4x2

5+8X}

2 ArcTan [

V23

a

1
J.—dlx
3+5x -4 x2

7Log[5+\/ﬁ78x] +Log[75+\/ﬁ+8x}
V73

m The Maple results are symmetric:

int (1/7(3+5%*Xx+4%x"2), X);

2 ArcTan [

V23

5+8x}
V23

int (1/(3+5%*x-4%x"2), X);

2 ArcTanh

V73

-5+8 x }
V73




Rational Function Integration Problem 9

XN
j X ax
1 - x5
m The Rubi results are relatively simple 3 term sums:

1
1—X6’ X]

Int[

V3
ArcTan [szx } ArcTanh [x]
+

23 3

+ éArcTanh[ }

1+x2

1 1
- —Log[1-x?] + — Log[1+x?+x*]
6 12

x3

Int[l_xe, x]

Ar cTan
*#*ELO _x2 i 2 4
9[1-x%] + — Log[1+x?+x*]

6 12

23

142 x2 }

Int[ X

1-X6’ X]

V3
ArcTan{ 1,X2X} ArcTanh[x] 1
+

+ — ArcTanh
23 3 6

o

1+x2

m The Mathematica results are more complicated 6 term sums:

1
j dx
1-x8

1 -1+2x 1+2x

— 2\/3_ArcTan[ +2\/3_ArcTan{ }—2Log[—l+x]+2Log[l+x]—Log[l—x+x2}+Log[1+x+x2}J
12 V3 V3

X
J dx
1-x5b

1 “1+2x 14+2x

— ZﬁNcTan[ }—2\/37ArcTan{ }—2Log[—l+x]—2Log[l+x]+Log[1—x+x2}+Log[1+x+x2}J
12 V3 V3

X3
J dx
1-x8



-1+2x 1+2x

— |-2+3 ArcTan{—}+2\/3 ArcTan{ }—2Log[—1+x]—2Log[1+x}+Log[1—x+x2]+Log[1+x+x2]
12 /3 V3

x4
J ax

1-x8
1 -1+2x 1+2x
— |-2+/3 ArcTan{i}fzx/S ArcTan }72Log[71+x]+2Log[1+x}7Log[1fx+x2]+Log[1+x+x2]
12 V3 V3

m The Maple results are more complicated 6 term sums:
int (1/(1-x"6), Xx);

ArcTan [ “ie2x ]

ArcTan { 12x }

1 1 1 1
+ S - —Log[-1+x]+ —Log[l+Xx]-—Log[l-x+x?]+—Log[1l+x+x?]
23 23 6 6 12 12
int (x/ (1-x"6), X);
-1+2x 1+2x
ArcTan[ ] ArcTan{ s } 1 1 1 1
- - —Log[-1+x]-—Log[l+X]+—Log[l-x+x?]+—Log[1l+x+x?]
23 23 6 6 12 12
int (x*3/ (1-x"6), Xx);
~1+2x 1+2 X
ArcTan{ i ] ArcTan[ B } 1 1 1 1
- + - —Log[-1+x]-—Log[l+x]+—Log[l-x+x*]+—Log[Ll+x+Xx?]
243 2V 6 6 12 12
int (x*4/(1-x"6), X);
~1+2x 1+2 X
ArcTan | =z | ArcTan| : | L L 1
- - - —Log[-1+x]+ —Log[l+Xx]-—Log[l-x+x?]+—Log[l+x+x?]

23 23 6 6 12 12




Rational Function Integration Problem 10

1
f dx
1+ x8

m The Rubi result is a 4 term sum:;

J

(—1+\5)ArcTan[ 2’@’(] (1+\/27)ArcTan{ 2*@’(}

1-x 1-x

Int[l+x8,

+

4 |2 (2-+2 + 4 l2(2+v2)
2+ﬁx]

1 +ﬁ) ArcTanh[ T

5

( 1+ﬁ)ArcTanh[ zixz X]
N

4. |2 (2-V2) 4 ]2 (2++2]

m The Mathematica result is an 8 term sum:

1
J dx
1+x8

%ArcTan {Sec {g}

x-sin[ ]| os| 1]+~ etan[sec| "] [x-sin[ ]| cos| ] -

~oos[ 7] Log [t +xt - 2xcos[T]]+ ~ cos| 7 og[1ex s 2xcos[ 1]+
“avcan|[x-cos| "] ose[ Z] s 2]~ avctan| [x s cos| L] ese[ 2] sin[ 1] -
* Lo 1+x2—2xSin[iHSin{ﬁ Lo 1+x2+2xsin[fH3in[q

8 g 8 8 8 g 8 8

m The Maple result is not in closed-form:

int (1/(1+x"8), X);

sum(_RxIn (x+8%_R), R=RootOf (16777216 » _Z"8+1))



Rational Function Integration Problem 11

1
f dx
1+x2+x4

m The Rubi result is free of the imaginary unit:

1
Int | — ——, X
[1+X2+X4 ]
ArcTan{’hzx} ArcTan{l*zx]
1 1 1 1
— i - —Log[l-x+x?]|+— 7ﬁ+7Log[1+x+x2}
2|z 2 2|z 2

m The Mathematica result is not free of the imaginary unit:

1
J—dlx
1+x2+x%

6-61i+V3 ArcTan{%(—j+\/?)x]—\/6+611\/3_ ArcTan[% (Ji+\/3_)X]

i

(20N

m The Maple result is free of the imaginary unit:

int (1/(1+x"2+x"4), Xx);

ArcTan {

V3

—l+2x}
1 1
i) —7L0g{1—X+X2] + —
2 2

1 ArcTan [ l&zf ] 1 ]
2

+ —Log[1+x+x?]
RE




Rational Function Integration Problem 12

1+ x?
f dx
1+bx%+x?

= The Rubi results are simple single terms:

1 +x2
't [l+bX2+X4’ X]

ArcTan [ 2:b x }

1-x2

V2+b

Int[ 1

|

:
1+x2+x%

ArcTan [ :sz }

V3

m The Mathematica results are more complicated 2 term sums and can include the imaginary unit:

1 +x2
J—dlx
1+bx?+x4

[24)”/ 442 JArcTan: : V2 x ] [—2+b+\/ 442 )ArcTan[ V2 x

A b -ab2 \ b 4.2
+

b-+/ -4+b? b+ -4+b?

V2 -4+ b2

1+ x2
J1+X2+X4 ax
(J‘H\E)ArcTanE(—fHﬁ)x} (—i+ﬁ)ArcTanE(j+\E)x]

6+6iV3 6-61i+3

= The Maple results are more complicated 2 term sums:

int ((1+x72)/ (l+bxx"2+x"4), X);

(2—b+x/—4+b2) ben/-4ib2 AcTan| 2 | Jb 4.2 (—2+b+x/—4+b2JArcTan{L}

2b-21/ -4+b? b/ -4+b2

V2 -4 b2 \/b\/4+b2 b+/-4 b2

int ((1+x72)/ (L+x"2+x"4), X);






Rational Function Integration Problem 13

| - ax
X (1 +x°+x10)

m The Rubi result is in elementary form and simple:

1
't [x (1+x5+x1°)‘ X]

ArcTan{ - 1
-———————+Log[x] - — Log[1+X
10

53

142 x5 }

5 10}

m The Mathematica result is not in closed-form:

1
J— dx
X (1 +X° + xlo)

ArcTan[

53

(-Log[x -#1] 51 + 2 Log [x - #1] #1% - Log [x - #1] #1% + 3 Log [x - #1] #1* - Log [x - #1] 11° -
3Llog(x -#1] #1%+4Log(x -=1] w17) / (-1 +3u1%-4u1%+5a1* - 701° + 8ul") &]

l+2><]

1 1
+Log[x] - — Log[1 +x +x?] - — Root Sum|[1 - a1 + 1% - 1% + 1% - 17 + 111% &,
10 5

m The Maple result is in elementary form but not as simple:

int (1/7 X% (1+x"5+x710)), X);

ArcTan { 1*2;5 }

1 1
- ————————+Llog[x] - — Log[1+x+x?] - — Log[1-x+x%-x*+x5%-x"+x8]
10 10

53



