Integration Rules for Rational Functions of Hyperbolic Sines and Cosines

J-(aCosh[C+dx] +bSinh[c +dx])"dx

m Rule If a2 - b2 = 0, then

a (aCosh[c+dx] +bSinh[c+dx])"

J(aOosh[c+dx] +bSinh[c+dx])"dx —

bdn
= Program code:
Int [(a_. «Cosh[c_. +d_. »x_]+b_. *Sinh[c_. +d_. #x_])"n_, x_Symbol ] : =
ax (axCosh [c+dxx]+b*xSi nh[c+dxx])"n/ (bxdxn) /;
FreeQ[{a, b, c,d, n}, x] & ZeroQ[a"2-b"2]
= Rule If a2 -b? # 0, then
1 Si nh[c +dx]
J dx — -
(aCosh[c+dx] +bSinh[c+dx])? ad (aCosh[c+dx] +bSinh[c+dx])

= Program code:

I nt [1/(3._. x*Cosh[c_. +d_. xx_]+b_. *Sinh[c_. +d_. *x_] )"2, x_Synbol ] =
Sinh[c+d*x]/ (axdx (axCosh [c+d*x]+bxSi nh[c+dxXx])) /;
FreeQ[{a, b, c,d}, x] & NonzeroQ[a’2-b"2]

m Reference: G&R 2.449'

= Derivation: Integration by substitution

n-1
2

m Basis: If "Ziez,then (aCosh[z] +bSinh[z])" = (az-b2+(bOosh[z]+aSi nh[z])z) 9, (b Cosh[z] +aSinh[z])

= Note: For odd n < -1, might aswell stay in the hyperbolic world using 2nd rule below. (??7?)

= Rule If a2-b2¢0/\ ”2;1ez/\n>0,then
J(aOosh[c+dx]+bSi nhic+dx])"dx —

1 -
aSubst [Int [(az—b2+x2)71, x], X, b Cosh[c +dx] +aSi nh[c+dx]]

= Program code:

Int [(a_. *Cosh[c_. +d_. xx_]1+b_. *Sinh[c_. +d_. #x_]1)"n_, x_Symbol | : =
Di st [1/d, Subst [I nt [Regul ari ze [ (a*2-b"2+x~2)" ((n-1) /2), X1, X1, X, bxCosh[c+dxx]+a*Si nh[c+d*x]1]1] /;
FreeQ[{a, b, c,d}, x] & NonzeroQ[a"2-b"2] && OJdQ[n] && n>0
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m Derivation: Integration by partswith a double-back flip

| 2 2 n-1
= Rulelf ac-b ¢O/\n>1/\7ez,then

j(aOosh[c+dx] +bSinh[c+dx])"dx —

(b Cosh[c+dx]+aSinh[c+dx]) (aCosh[c+dx] +bSinh[c+dx])"?!
dn

+

(n-1) (a?-

b2
) J-(aOosh[c+dx] +bSinh[c+dx])"2dx
n

= Program code:

Int [(a_. *Cosh[c_. +d_. xx_]1+b_. *Sinh[c_. +d_. #x_]1)"n_, x_Symbol | : =
(bxCosh[c+d*x]+a*Si nh[c+d*x]) * (a*xCosh[c+dxXx]+b*Si nh[c+d*x])" (n-1)/ (d%n) +
Di st [(n-1) % (a”2-b”2) /n, I nt [ (axCosh[c+dxx]+b*xSi nh[c+d*x])" (n-2),X]1] /;
FreeQ[{a, b, c,d}, x] & NonzeroQ[a"2-b"2] && Rational Q[n] && n>1 && Not [CddQ[Nn]]

= Derivation: Integration by partswith a double-back flip
m Rulelf a2-b2#0 A n<-1 A n#-2 then
j(aOosh[c+dx] +bSinh[c+dx])"dx —

(b Cosh[c+dx]+aSinh[c+dx]) (aCosh[c+dx] +bSinh[c+dx])"!
d (n+1) (az—bz)

+

n+2

(n+1) (a%-b?)

J(aOosh[c+dx] +b Sinh[c+dx])"?dx

= Program code:

Int [(a_. *Cosh[c_. +d_. xx_]+b_. *Sinh[c_. +d_. #x_])"n_, x_Synbol | : =
- (bxCosh[c+dxXx]+a*Si nh[c+d*Xx]) * (a*Cosh [c+d*Xx]+b*Si nh [c+d*x])” (n+1) / (d* (n+1) * (a"2-b"2)) +
Dist [(n+2)/((n+1) % (a”2-b"2)), Int [ (axCosh[c+dxx]+b*Si nh[c+d*Xx])" (n+2), Xx]]1 /;

FreeQ[{a, b,c,d}, x] & NonzeroQ[a’2-b"2] && Rational Q[n] && n<-1 && n#-2
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Cosh[c +dx]MSinh[c +d x]"
(aCosh[c +dx] +bSinh[c+dX])

d X

= Derivation: Algebraic expansion

s Bass Cosh[z]Slnlh[z] =_bc‘ush[z] a Sinh[z] + ab _
a Cosh[z]+b Sinh[z] a?-b? a%-b? (a?-b?) (aCosh[z]+b Sinh[z])

m Rulelf a2-b2#0 Amn, pez A m>0An>0A p<O0,then

jmsh[c+dx]m8i nhic +dx]" (aCosh[c+dx]+bSinh[c+dx])Pdx —

b
a2 - b2
a

a2 - b2
a

JCosh[c+dx]mSi nhic+dx]"! (aCosh[c+dx]+bSinh[c+dx])Pdx+

Jbosh[c+dx]””$i nhic +dx]" (aCosh[c+dx] +bSinh[c+dx])P* dx +

b
— J@sh[c+dx]m1$i nh[c +dx]"?! (aCosh[c+dx] +bSinh[c+dx])Pdx
ac-b

= Program code:

Int [Cosh[c_. +d_. #x_]"m_. #Sinh[c_. +d_. #x_]"n_. = (a_. xCosh[c_. +d_. «x_]+b_. «Sinh[c_. +d_. »x_])"p_, x_Synbo
-Di st [b/ (a”"2-b”"2), | nt [Cosh[c+d*x]"mkSi nh[c+d*x]" (n-1) * (axCosh [c+dxXx]+b*Si nh[c+d*x]1)” (p+1), X]1] +
Di st [a/ (a"2-b”2), I nt [Cosh[c+d*x]" (m-1) *Si nh [c+d*x ] nx (axCosh [c+dxx]+b*Si nh[c+d*x]1)" (p+1), X]] +
Di st [axb/ (a”2-b"2), I nt [Cosh[c+dxXx]" (Mm-1) *Si nh[c+d*x]" (n-1) x (axCosh [c+d*x]+b*Si nh[c+d*x])"p, X]]1 /;
FreeQ[{a, b,c,d}, x] &% NonzeroQ[a’2-b"2] && IntegersQ[mn, p] && m0 && n>0 && p<0

= Derivation: Algebraic expansion

Sinh[z]? _ _ bsinhiz] a Cosh[z] a?

= Basis - = -
a Cosh[z]+b Sinh[z] a2-h? a?-p? (a2-b?) (aCosh[z]+b Sinh[z])

m Rulelf a2-b2#0 Anez A n>1,then

uSinh[c+dx]" )
J _ dX — - JuS|nh[c+dx]“'1dx+
a Cosh[c+dx] +bSinh[c+dx] a2z -h?
a ] a2 uSinh[c +dx]n?
ju Sinh[c +d x]"? Cosh[c +d x] dx - j : dx
a2 -h? a2-b2 J aCosh[c+dx] +bSinh[c+dXx]

= Program code:

Int [u_. «Sinh[c_. +d_. »x_]1~n_/(a_. «Cosh[c_. +d_. #x_]1+b_. «Sinh[c_. +d_. »x_]1), x_Synbol | : =
Di st [-b/ (a”2-b"2), I nt [uxSi nh[c+d*x]" (n-1), x]] +
Di st [a/ (a”2-b"2), I nt [u*Si nh[c+d*Xx]” (n-2) *Cosh [c+d*x], X]] -
Di st [a"2/ (a”2-b"2), I nt [uxSi nh[c+d*x]" (nN-2) / (axCosh[c+d*x]+b*Si nh[c+d*x]), Xx]1] /;
FreeQ[{a, b,c,d}, x] & NonzeroQ[a’2-b"2] && IntegerQ[n] && n>0 &&
(n>1 || MatchQ[u,v_. xTanh[c+d*x]"m. /; IntegerQ[m] & m>0])
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= Derivation: Algebraic expansion

. 2 1 2
» Bass Oosh[z]. - a Cosh[z] _ b Sinh[z] _ b »
a Cosh[z]+b Sinh[z] a?-b? a?-b? (a%-b?) (aCosh[z]+b Sinh[z])

m Rulelf a2-b2#0 Anez A n>1,then

u Cosh[c +dx]"
J _ dx — ju Cosh[c +d x]"! dx -
aCosh[c+dx] +bSinh[c+dx] a2 -h?
b _ b2 u Cosh[c +dx]n-2
Ju Cosh[c +dx]" 2 Sinh[c +dx] dx - j : dx
az -h? a?2-b2 J aCosh[c+dx] +bSinh[c+dx]

= Program code:

I nt [u_. *Cosh[c_. +d_. *x_]"n_/(a_. x*Cosh[c_. +d_. »x_]+b_. *Sinh[c_. +d_. *X_]), x_Synbol ] L=
Di st [a/ (a"2-b”"2), I nt [uxCosh[c+d*x]" (n-1), x]] -
Di st [b/ (a"2-b”2), | nt [uxCosh[c+dxXx]” (N-2) *Si nh[c+d*Xx], X]] -
Di st [b~2/ (a”2-b"2), I nt [uxCosh [c+d*x]" (n-2) / (axCosh [c+dxx]+b*Si nh[c+d*x]), x]] /;
FreeQ[{a, b, c,d}, x] & NonzeroQ[a’2-b"2] && IntegerQ[n] && n>0 &&
(n>1 || MatchQ[u,v_. xCoth[c+d»x]"m_. /; IntegerQ[m] & m>0])
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1

dXx
a+bCosh[d+ex] +cSinh[d+ex]
m Reference: G&R 2.451.4c
= Rule If a-b =0,then
1 1 d+ex
j - dx — — Log a+cTanh[ H
a+bCosh[d+ex]+cSinh[d+eXx] ce 2
= Program code:
I nt [1/(a_+b_. *Cosh[d_. +e_. xx_]+C_. *Sinh[d_. +e_. *X_]), x_Synbol ] L=
Log[a+cxTanh[ (d+exx) /2]1]/ (cxe) /;
FreeQ[{a, b, c,d, e}, x] & ZeroQ[a-b]
m Reference: G&R 2.451.4c
m Rule If a+b =0,then
1 1 d+ex
j - dx—»——Log[a—cCoth[ ”
a+bCosh[d+ex] +c Sinh[d+eX] ce 2
= Program code:
Int [1/(a_+b_. «Cosh[d_. +e_. #x_]1+C_. #Sinh[d_. +e_. »x_]), x_Synbol | : =
-Log[a-cxCot h[ (d+exx)/2]1]/ (cxe) /;
FreeQ[{a, b, c,d, e}, x] & ZeroQ[a+b]
m Reference: G&R 2.451.4d
m Rule If a2 -b?+c? =0, then
1 c+aSinh[d+ex]
J- - dx — - -
a+bCosh[d+ex] +c Sinh[d+eX] ce (cCosh[d+ex] +bSinh[d+ex])

= Program code:

Int [1/(a_+b_. «Cosh[d_. +e_. xx_]+C_. #Sinh[d_. +e_. »x_]), x_Synbol | : =
-(c+axSinh[d+exx])/ (cxe* (cCxCosh[d+e*x]+b*Si nh[d+exx]1)) /;
FreeQ[{a, b, c,d, e}, x] & & ZeroQ[a”2-b"2+c"2]
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m Reference G&R 2.451.4b'

m Rulelf a2-b%2 #0 A a?2-Db%2+c?>0,then

1 2 c - (a-b) Tanh[&eX
J dx — - ArcTanh[ [ 2 ]]

a+bCosh[d+ex]+cSinh[d+eXx] o /7612 b2 4 c2 /7a2 b 4+ o2
- + - +

= Program code:

Int [1/(a_. +b_. xCosh[d_. +e_. xx_]+c_. *Si nh[d_. +e_. #x_1), x_Synbol ] : =
-2xArcTanh [ (c-(a-b) *Tanh[ (d+exx) /2]) /Rt [a"2-b"2+c"2,2]]1/ (exRt [a"2-b"2+C"2, 2]) /;
FreeQ[{a, b, c,d, e}, x] & NonzeroQ[a”"2-b"2] && PosQ[a"2-b”2+c”2]

m Reference: Reference: G& R 2.451.4a

m Rulelf a2-b2 0 A - (a2-b2+c? > 0),then

1 2 c - (a-b) Tanh [ L&X
J dx — ArcTan[ [ 2 ]]

a+bCosh[d+ex]+cSinh[d+eXx] o ,—az b2 _ o2 (—a2 b2 _ o2
- + - - + -

= Program code:

Int [1/(a_. +b_. Cosh[d_. +e_. #x_]+C_. *Sinh[d_. +e_. *x_]), x_Synbol | : =
2xArcTan[ (c-(a-b)*Tanh[ (d+exx)/2]) /Rt [-a*"2+b"2-c”"2,2]]/ (exRt [-a*2+b"2-c"2,2]) /;
FreeQ[{a, b, c, d, e}, x] & & NonzeroQ[a"2-b"2] && NegQ[a’2-b"2+c"2]
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J\/a+bCosh[d+ex] +cSinh[d+ex] dx

m Rule If a2 -b2+c¢2 =0, then

2 (c Cosh[d+ex] +bSinh[d+eXx])

jVa+bOosh[d+ex] +CcSinh[d+ex] dXx —
eva+bCosh[d+ex]+cSinh[d+eXx]

= Program code:

Int [Sgrt [a_+b_. *Cosh[d_. +e_. *x_]+C_. *Sinh[d_. +e_. *x_]1]1, X_Synbol ] : =
2% (CxCosh [d+exx]+b*Si nh[d+exx]) / (exSqrt [a+bxCosh [d+exx]+C*Si nh[d+exx]1]) /;
FreeQ[{a, b, c,d, e}, x] & & ZeroQ[ar2-b"2+c"2]

= Derivation: Algebraic simplification
m Basis a+bCosh[z] +cSinh[z] =a-i2Vb%2-c2 Sinh[z+daArcTan[ic, b]]

m Rulelf a2-b2+c2#0 /\a—\/bz—c2 > 0, then

JVa+bCosh[d+ex]+cSi nhid+ex] dx — J\/a-i\/bz-cz Sinh[d+ex+di ArcTan[ic, b]] dx

= Program code:

Int [Sgrt [a_. +b_. *Cosh[d_. +e_. #x_]+C_. *Sinh[d_. +e_. *x_11, Xx_Synbol ] : =
Int [Sgrt [a-] *Sqrt [b"2-c"2]Si nh[d+exx+| xArcTan [l xc, b]]1, X] /;
FreeQ[{a, b, c,d, e}, x] & NonzeroQ[a"2-b"2+c"2] && PositiveQ[a-Sqrt [br2-c"2]]
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m Derivation: Algebraic simplification
m Basis a+bCosh[z] +cSinh[z] =a-i2Vb%2-c2 Sinh[z+daArcTan[ic, b]]

m Rulelf a2-b2+c2 20 /\ - (a—\lbz—c2 >O),then

J\/a+b005h[d+ex] +cSinh[d+ex] dx —

2i+va+bCosh[d+ex]+cSinh[d+ex]

1 /x
EIIipticE[E (E_i (d+ex+1i ArcTan[ic, b])),

e \/ a+b Cosh[d+e x]+c Si nh[d+e x]

a-v b2-c2 b?-e?

m  Program code:

Int [Sgrt [a_. +b_. *Cosh[d_. +e_. *x_]+C_. *Sinh[d_. +e_. *x_11,x_Synbol ] : =
2%l xEl i pti cE[(Pi /2-1 » (d+exx+| *ArcTan[l xc, b]))/2,2/(1-a/Sqrt [b~A2-c"2]) 1=
Sqrt [a+bxCosh[d+exx]+C*Si nh[d+exx]1]/
(exSqrt [ (a+bxCosh[d+exx]+Cc*Si nh[d+exx])/ (a-Sqrt [b"2-c*2])1) /;
FreeQ[{a, b, c,d, e}, x] & NonzeroQ[a"2-b"2+c”2] && Not [PositiveQ[a-Sqgrt [br2-c"2]1]1]
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1
Va+bCosh[d+ex] +cSinh[d+eX]

d X

= Derivation: Algebraic simplification
m Basis a+bCosh[z] +cSinh[z] =a-2Vb%?-c? Sinh[z+daArcTan[ic, b]]

Rule: If a-+Vb2-c2 >0,then

J l J -
dx —
Va+bCosh[d+ex]+cSinh[d+ex] \/

a-i\b2-c2 Sinh[d+ex+iArcTan[ic, b]]

= Program code:

Int [1/Sqrt [a_. +b_. «Cosh[d_. +e_. xx_]+C_. #Sinh[d_. +e_. xx_]1, x_Synbol ] : =
Int [1/Sqrt [a-| *Sqrt [b~A2-c”2]%Si nh[d+e*x+| *ArcTan [l xc, b11], x] /;
FreeQ[{a, b, c,d, e}, x] & PositiveQ[a-Sqgrt [bAr2-c"2]]

= Derivation: Piecewise constant extraction and algebraic smplification

a+b Cosh[z]+c Sinh[z]
. a-\ b2-c2
= Basis 9, =0
Ya+b Cosh[z]+c Sinh[z]

m Basis a+bCosh[z] +cSinh[z] =a-2Vb%2-c2 Sinh[z+daArcTan[ic, b]]

» RuleIf a-+Vb?%-c? ;&0/\—- (a—\/bz—c2 >0),then

1
J dx —
va+bCosh[d+ex]+cSinh[d+eXx]

24 \/ a+b Cosh[d+e x]+Cc Si nh[d+e x]

a-4/ b2-c2

eva+bCosh[d+ex] +cSinh[d+eX]

1
EIIip'[icF[E (g—i (d+ex+1i ArcTan[ic, b])),

.\’ b2_C2

= Program code:

Int [1/Sqrt [a_. +b_. xCosh[d_. +e_. »x_]+C_. #Sinh[d_. +e_. #x_]1, x_Synbol | : =
2%l xEl l'i pticF[(Pi /2-1 » (d+exx+| *ArcTan[l xc, b])) /2, 2/ (1-a/Sqrt [b"2-c"2])]*
Sgrt [ (a+b*xCosh[d+exx]+C*Si nh[d+exx])/(a-Sqrt [br2-c"2])1/
(exSqrt [a+bxCosh[d+exx]+C*Si nh[d+exx]]) /;
FreeQ[{a, b, c, d, e}, x] & & NonzeroQ[a-Sqrt [b"2-c”2]] && Not [PositiveQ[a-Sqrt [b*"2-c"2]1]]
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f(a+bCosh[d+ex] +C Sinh[d+ex])"dx

m Reference: G&R 2.451.1 inverted witha? - b2 +¢c2 = 0

m Rulelf a2-b2+c2=0 A n>1,then

f(a+bCosh[d+ex] +cSinh[d+ex])"dx —

(c Cosh[d+ex] +bSinh[d+ex]) (a+bCosh[d+ex] +cSinh[d+ex])"?

+
en

a(2n-1)

j(a+bOosh[d+ex] +cSinh[d+ex])"!dx
n

= Program code:

Int [(a_+b_. *Cosh[d_. +e_. #x_]+C_. *Si nh[d_. +e_. #x_1)"n_, x_Synbol | : =
(cxCosh [d+exx]+b*Si nh[d+exx]) * (a+bxCosh [d+exXx]+C*Si nh[d+e*x])" (n-1)/ (exn) +
Di st [a* (2xn-1) /n, I nt [ (a+b*Cosh [d+e*x]+C*Si nh[d+exx])" (n-1),X]] /;

FreeQ[{a, b, c,d, e}, x] & & ZeroQ[a”2-b"2+c”"2] && Rational Q[n] && n>1

m Reference: G& R 2.451.1 inverted

m Rulelf a2-b2+c2#£0 A n> 1, then

j(a+bCosh[d+ex] +cSinh[d+ex])"dx —

(c Cosh[d+ex] +bSinh[d+ex]) (a+bCosh[d+ex] +c Sinh[d+ex])"?

+
en

1
—J(na2+(n—l) (b?-c?) +ab (2n-1) Cosh[d+ex] +ac (2n-1) Sinh[d+ex])
n

(a+bCosh[d+ex]+cSinh[d+ex])"?dx

= Program code:

Int [(a_+b_. *Cosh[d_. +e_. #x_]+C_. *Sinh[d_. +e_. *x_1)"n_, x_Synbol | : =
(cxCosh [d+exx]+b*Si nh[d+exx]) * (a+bxCosh [d+exXx]+C*Si nh[d+exx])" (n-1) / (exn) +
Di st [1/n,Int [ (n*xa”2+ (n-1) % (b"2-c"2) +axb* (2xn-1) *Cosh [d+e*x]+axC* (2xn-1) *Si nh [d+e*Xx])
(a+bxCosh [d+exx]+CxSi nh[d+exx])” (n-2), x1] /;
FreeQ[{a, b, c,d, e}, x] & NonzeroQ[a”2-b"2+c”"2] && Rational Q[n] && n>1
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1
(a+bCosh[d+ex]+cSinh[d+ex])"

d X

m Rulelf a2-b2+c2=0 A n< -1,then

j(a+bCosh[d+ex] +cSinh[d+ex])"dx —

(c Cosh[d+ex] +bSinh[d+eXx]) (a+bCosh[d+ex] +c Sinh[d+ex])"

+

ae (2n+1)

n+1
;j(a+b005h[d+ex] +c Sinh[d+ex])™!dx
a(2n+1)

= Program code:

Int [(a_+b_. *Cosh[d_. +e_. #x_]+C_. *Sinh[d_. +e_. *x_]1)"n_, x_Synbol | : =
- (c*Cosh[d+exx]+bxSi nh[d+exx]) » (a+bxCosh [d+exX]+C*Si nh[d+e*Xx])"n/ (a*ex (2xn+1)) +
Di st [(n+1)/ (a*(2*n+1)), I nt [ (a+bxCosh [d+e*x]+C*Si nh[d+exx]1)" (n+1), X]] /;

FreeQ[{a, b, c,d, e}, x] & ZeroQ[a”2-b"2+c"2] && Rational Q[n] && n<-1

m Reference: G&R 2.451.1 with n = -2

m Rule If a2 -b2+c2 ¢ 0, then

1
J- dx —
(a+bCosh[d+ex]+cSinh[d+ex])?
c Cosh[d+ex] +bSinh[d+eXx]

- +

e (a?-b?+c?) (a+bCosh[d+ex] +cSinh[d+ex])

a 1
dx
a2 -b2+c? J.a+bOosh[d+ex] +C Sinh[d+ex]

= Program code:

Int [1/(a_+b_. *Cosh[d_. +e_. #x_]+C_. #Sinh[d_. +e_. xx_])"2, x_Synbol ] : =
- (cxCosh[d+exx]+b*Si nh[d+exx]) / (ex (a"2-b"2+c"2) » (a+bxCosh[d+exx]+C*Si nh[d+exx])) +
Di st [a/ (a"2-b”2+c”2), I nt [1/ (a+bxCosh [d+exx]+CxSi nh[d+exx]), x]] /;

FreeQ[{a, b, c,d, e}, x] & NonzeroQ[a”2-b"2+c"2]
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» Reference: G&R 2.451.1 with n = -g

m Rule If a2 -b2+c? # 0, then

1
dx —
(a+b Cosh[d+ex] +cSinh[d+ex])3/?
2 (cCosh[d+ex] +bSinh[d+eXx])

- +

e (a?2-b?+c?) Va+bCosh[d+ex] +cSinh[d+ex]
1

— 2J-\/a+bCosh[d+eX]+CSinh[d+eX] dx
a‘-bc+c

= Program code:

Int [1/(a_+b_. *Cosh[d_. +e_. xx_]+C_. #Sinh[d_. +e_. »x_])"(3/2), x_Synbol | : =
-2% (cxCosh [d+exx]+b*Si nh[d+exx]) / (ex (a"2-b"2+c"2) *Sqrt [a+bxCosh[d+exx]+C*Si nh[d+exx]]) +
Di st [1/ (a”2-b”2+c”2), I nt [Sqrt [a+bxCosh[d+exx]+C*Si nh[d+exx]], X111 /;

FreeQ[{a, b, c,d, e}, x] & & NonzeroQ[a’2-b"2+c"2]

m Reference: G&R 2.451.1

m Rule If a2-b2+c2¢0/\n<-1/\n¢-2/\n;e—%,then

j(a+bOosh[d+ex] +cSinh[d+ex])"dx —

(c Cosh[d+ex] +bSinh[d+ex]) (a+bCosh[d+ex] +c Sinh[d+ex])"!

e (n+1) (a?-b2+c?) i

1

(n+1) (a?-b? +c?)

J((n+l) a-(n+2)bCosh[d+ex]-(n+2)cSinh[d+ex]) (a+bCosh[d+ex]+cSinh[d+ex])"™ dx

= Program code:

Int [(a_+b_. *Cosh[d_. +e_. #x_]+C_. *Si nh[d_. +e_. *x_]1)"n_, x_Synbol | : =
(cxCosh [d+exx]+b*Si nh[d+exx]) * (a+bxCosh [d+e*Xx]+C*Si nh[d+exx])" (n+1) / (e* (n+1) = (a"2-b"2+c"2)) +
1/ ((n+l) * (a”"2-b"2+c"2)) *
Int [ ((n+l)*a-(n+2) *xbxCosh[d+e*x]-(N+2) *C*Si nh[d+exx]) = (a+bxCosh [d+e*x]+C*Si nh[d+exx])" (n+1), X] /
FreeQ[{a, b, c,d, e}, x] & NonzeroQ[a”2-b"2+c”"2] && Rational Q[n] && n<-1 && n#-2 && n#-3/2
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J(A+ BCosh[d+ex] +CSinh[d+eX])
(a+bCosh[d+ex]+cSinh[d+ex])"dx

m Reference: G&R 2.451.3

m Rule If b2 -c¢2 = 0, then

—_ -

a+bCosh[d+ex]+cSinh[d+ex] 2a?
(bB-cC) (bCosh[d+ex] -cSinh[d+eXx])
+

JAA+BOosh[d+ex]+CSinh[d+ex]dl (2aA-bB+cC)x
X

2abce
(a? (bB+c C) -2aAb2+b? (bB-c C)) Log[a+b Cosh[d+ex] +c Sinh[d+ex]]

2a?bce

= Program code:

I nt [(A_. +B . xCosh[d_. +e_. xx_]+C . *Sinh[d_. +e_. *x_])/(a_+b_. *Cosh[d . +e_. xx_]+C_. *Sinh[d_. +e_. *X_]), X
(2xaxA-b*xB+cxC) xx/ (2xa"2) - (b*B-c*C)* (bxCosh[d+exx]-c*Si nh[d+exx])/ (2+xaxbxcxe) +
(a2 (b*B+Cc*C) -2xa*xAxb"2+b"2% (bxB-c*C) ) xLog [a+b*Cosh [d+exx] +C*Si nh [d+exX]]/ (2xa"2xbxCcxe) /;
FreeQ[{a, b,c,d, e, A B, C}, x] & & ZeroQ[b*2-c"2]

m Reference: G&R 2.451.3with B=0

Int [(A.. +C_. «Sinh[d_. +e_. »x_])/(a_+b_. xCosh[d_. +e_. xx_]+C_. #Sinh[d_. +e_. #x_1), x_Synbol | :
(2xaxA+Cc*C) *x/ (2xa”2) + CxCosh[d+exX]/ (2xaxe) - c*CxSinh[d+exx]/ (2xaxbxe) +
(an2xC-2xaxC*A-b"2xC) xLog [a+b*Cosh [d+exx]+C*Si nh [d+exX]]/ (2xa’2xbxe) /;

FreeQ[{a, b,c,d, e, A C}, x] && ZeroQ[b"2-c"2]

m Reference: G&R 2.451.3with C=0

Int [(A_. +B_. «Cosh[d_. +e_. xx_])/(a_+b_. xCosh[d_. +e_. xx_]+C_. #Sinh[d_. +e_. x_1), x_Synbol | :
(2xaxA-bxB) xx/ (2xa”2) - bxBxCosh[d+exx]/ (2xaxCxe) + BxSinh[d+exx]/ (2xaxe) +
(a"2xB-2xaxbxA+b"2xB) xLog [a+bxCosh [d+exx]+C*Si nh[d+exXx]]/ (2xa”2xCxe) /;

FreeQ[{a, b, c,d, e, A B}, x] && ZeroQ[b"2-c"2]
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» Reference: G&R 2.451.2with A (b?-c?) -a (bB-cC) =0
m Rulelf b2-¢c2#0 A A(b?2-c?)-a (bB-cC) =0,then

N

a+bCosh[d+ex]+cSinh[d+exX] b2 - ¢?
(cB-bC)Log[a+bCosh[d+ex] +cSinh[d+eXx]]

e (b?-c?)

J~A+BCosh[d+ex]+CSinh[d+ex]dl (bB-cC) x
X

= Program code:

I nt [(A_. +B . xCosh[d_. +e_. xx_]+C . *Sinh[d_. +e_. *x_])/(a_. +b_. *Cosh[d_. +e_. xx_]+C_. *Sinh[d_. +e_

(b*B-c*C) *x/ (b"2-c"2) - (c*B-bxC)=xLog[a+bxCosh[d+exXx]+C*Si nh[d+exx]]/ (ex(b"2-c"2)) /;
FreeQ[{a, b, c,d, e, A B, C}, x] & NonzeroQ[b”"2-c"2] && Zer oQ[Ax (b"2-c"2) -ax (bxB-c%C) ]

m Reference: G&R 2.451.2with B=0 and A (b2-c2) +acC=0

Int [(A_. +C_. *Sinh[d_. +e_. *x_1)/(a_. +b_. xCosh[d_. +e_. *x_]+c_. #Sinh[d_. +e_. xx_]), x_Synbol ]:
-C*Cxx/ (b"2-c"2) + bxCxLog[a+bxCosh[d+exx]+C*Sinh[d+exx]1]1/ (e* (b"2-c"2)) /;
FreeQ[{a, b,c,d, e, A C}, x] & & NonzeroQ[b"2-c"2] && Zer oQ[Ax (b"2-c"2) +axC*C]

m Reference: G&R 2.451.2with C=0 and A (b2-c2) -abB=0

Int [ (A_. +B_. *Cosh[d_. +e_. #X_1)/(a_. +b_. xCosh[d_. +e_. *x_]+c_. #Sinh[d_. +e_. xx_]), x_Synbol ]:
bxBxx/ (b"2-c”2) - cxBxLog[a+bxCosh[d+exx]+C*Sinh[d+exx]]/ (e*x(b"2-c"2)) /;
FreeQ[{a, b, c,d, e, A B}, x] & NonzeroQ[b"2-c"2] && Zer oQ[A* (b"2-c"2)-axbxB]

m Reference: G& R 2.451.2

m Rulelf b2-¢c22£0 A A(b?2-c?)-a (bB-cC) #0,then

X —

J~A+BCosh[d+ex] +CSinh[d+eXx] a
a+bCosh[d+ex]+cSinh[d+eXx]
(bB-cCx (¢cB-bC)Log[a+bCosh[d+ex]+cSinh[d+eXx]]

- +

b2 - ¢c2 e (b? -c?)

dx

A (b?-c?) -a (bB-cC) 1
b2 - ¢c2 ja+bCosh[d+ex]+cSinh[d+ex]

= Program code:

I nt [(A_. +B . xCosh[d_. +e_. xx_]+C_. *Sinh[d_. +e_. *x_])/(a_. +b_. *Cosh[d_. +e_. *x_]+C_. *Sinh[d_. +e_

(bxB-c%C) xx/ (b"2-c”2) - (cxB-bxC)=xLog[a+bxCosh[d+exx]+C*xSi nh[d+exx]]1/ (ex(b"2-c"2)) +
Di st [ (Ax (b"2-c”2) -ax (bxB-cxC)) / (b"2-c”2), Int [1/ (a+bxCosh[d+exx]+CxSi nh[d+exx]), x]] /;
FreeQ[{a, b,c,d, e, A, B, C}, x] & NonzeroQ[b”2-c”2] && Nonzer oQ[Ax (b"2-c”"2) -ax (bxB-cxC) ]

. *X_]),

. *X_]),
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m Reference G&R 2.451.2with B=0

Int [(A_. +C_. «Sinh[d_. +e_. »x_1)/(a_. +b_. xCosh[d_. +e_. xx_]+c_. *Si nh[d_. +e_. #x_1), x_Synbol | : =
-C*Cxx/ (b"2-c"2) + bxCxLog[a+b*xCosh[d+exx]+C*Si nh[d+exx]]/ (e*x (b"2-c"2)) +
Di st [ (Ax (b"2-c”2) +axCc*C) / (b"2-c”2), I nt [1/ (a+bxCosh[d+exx]+C*Si nh[d+exx]), x]] /;

FreeQ[{a, b, c,d, e, A C}, x] &% NonzeroQ[b”"2-c"2] && Nonzer oQ[Ax (b"2-c"2) +axC*C]

m Reference G&R 2.451.2with C=0

Int [ (A_. +B_. »Cosh[d_. +e_. »x_1)/(a_. +b_. xCosh[d_. +e_. xx_]+C_. *Si nh[d_. +e_. #x_1), x_Synbol | : =
bxBxx/ (b"2-c”2) - cxBxLog[a+bxCosh[d+exx]+Cc*Sinh[d+exx]]/ (ex(b"2-c"2)) +
Di st [ (Ax (b"2-c"2) -axbxB) / (b"2-c”*2), I nt [1/ (a+bxCosh[d+exx]+C*Si nh[d+exx]), x]] /;

FreeQ[{a, b, c,d, e, A B}, Xx] &% NonzeroQ[b”"2-c"2] && Nonzer oQ[Ax (b"2-c"2)-axbxB]

m Reference: G&R 2451.1with n=-2 and aA-bB+cC=0

m Rulelf a2-b2+c2#0 A aA-bB+cC=0,then

dx — -

(a+bCosh[d+ex]+cSinh[d+ex])?2 e (a2-b?+c?) (a+bCosh[d+ex]+cSinh[d+ex])

J- A+BCosh[d+ex] +CSinh[d+eX] cB-bC-(aC-cA) Cosh[d+ex] + (b A-aB) Sinh[d+eX]

= Program code:

I nt [(A_. +B . xCosh[d_. +e_. xx_]+C . *Sinh[d_. +e_. *x_])/(a_. +b_. *Cosh[d_. +e_. *x_]+C_. *Sinh[d_. +e_. *X_] )"
- (c*B-b*xC- (axC-c*A) *Cosh [d+exX] + (bxA-axB) *Si nh [d+exXx]) /
(ex (a”2-b"2+c”2) x (a+bxCosh [d+exx]+C*Si nh[d+exx])) /;
FreeQ[{a, b,c,d, e, A, B, C}, x] & NonzeroQ[a*2-b"2+c"2] && Zer oQ[axA-bxB+cxC]

m Reference: G&R 2.451.1with B=0, n=-2 and aA+cC=0

Int [(A_. +C_. *Sinh[d_. +e_. *x_1)/(a_. +b_. *Cosh[d_. +e_. *x_]+C_. *Sinh[d_. +e_. xx_])"2, x_Synbol ] :=
(b*C+ (a*C-c*A) xCosh [d+exx]-b*AxSi nh[d+exx]) / (ex (a"2-b"2+c"2) » (a+bxCosh [d+exX]+C*Si nh[d+exXx])) /;
FreeQ[{a, b,c,d, e, A C}, x] & NonzeroQ[a"2-b"2+c"2] && ZeroQ[axA+CcxC]

m Reference: G&R 2.451.1with C=0, n=-2 and aA-bB=0

Int [(A_. +B_. xCosh[d_. +e_. xx_])/(a_. +b_. *Cosh[d_. +e_. #x_]+C_. +Sinh[d_. +e_. #x_])"2, x_Synbol | : =
- (c*B+cxAxCosh[d+exx]+ (bxA-axB) *Si nh[d+exx]) / (ex (a"2-b"2+c"2) x (a+b*Cosh [d+exx]+C*Si nh[d+e*xx])) /;
FreeQ[{a, b, c,d, e, A B}, x] & NonzeroQ[a"2-b"2+c"2] && Zer oQ[axA-bxB]
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m Reference G&R 2451.1with n = -2

m Rulelf a2-b%2+c2#0 A aA-bB+c C#0,then

dx —

J‘ A+BCosh[d+ex] +CSinh[d+eXx]

(a+bCosh[d+ex]+cSinh[d+ex])?
cB-bC-(aC-cA) Cosh[d+ex] + (bA-aB) Sinh[d+eX]

e (a2-b?+c?) (a+bCosh[d+ex] +c Sinh[d+ex])

+

dx

aA—bB+CCJ‘ 1

a2 -b2+c? a+bCosh[d+ex]+cSinh[d+eX]

= Program code:

I nt [(A_. +B . xCosh[d_. +e_. xx_]+C_. *Sinh[d_. +e_. *x_])/(a_. +b_. *Cosh[d_. +e_. *x_]+C_. *Sinh[d_. +e_. *X_] )"
- (c*B-b*xC- (axC-c*A) *Cosh [d+exX] + (bxA-axB) *Si nh [d+exx]) /
(ex (a"2-b"2+c”2) x (a+bxCosh [d+exx]+C*Si nh[d+exx])) +
Di st [ (a*A-bxB+c*C) / (a"2-b"2+c”2), I nt [1/ (a+b*Cosh [d+exx]+C*Si nh[d+exX]), x1] /;
FreeQ[{a, b,c,d, e, A, B, C}, x] & NonzeroQ[a*2-b"2+c”2] && Nonzer oQ[axA-bxB+cxC]

m Reference: G&R 2.451.1with B=0 and n = -2

Int [(A. +C_. +Sinh[d_. +e_. xx_])/(a_. +b_. *Cosh[d_. +e_. #x_]+C_. +Sinh[d_. +e_. #x_])"2, x_Synbol | : =
(b*xC+ (a*C-cxA) *xCosh [d+exx]-bxAxSi nh [d+exx]) / (ex (a”"2-b"2+c"2) x (a+b*Cosh [d+e*xx]+CxSi nh[d+exx])) +
Di st [ (a*A+c*C) / (a”2-b"2+c"2), I nt [1/ (a+bxCosh[d+e*x]+C*Si nh[d+exx]1), X]] /;

FreeQ[{a, b,c,d, e, A C}, x] & NonzeroQ[a"2-b"2+c"2] && Nonzer oQ[axA+CxC]

m Reference: G&R 2.451.1with C=0 and n = -2

Int [(A_. +B_. xCosh[d_. +e_. xx_])/(a_. +b_. *Cosh[d_. +e_. #x_]+C_. +Sinh[d_. +e_. #x_])"2, x_Synbol | : =
- (c*B+cxAxCosh [d+e*x]+ (bxA-axB) *Si nh[d+e*x]) / (e* (a"2-b"2+c"2) x (a+b*Cosh [d+exx] +C*Si nh [d+exX])) +
Di st [ (a*A-bxB) / (a”2-b"2+c”2), I nt [1/ (a+bxCosh[d+exXx]+C*Si nh[d+e*x]1), X]] /;

FreeQ[{a, b, c,d, e, A B}, x] & NonzeroQ[a"2-b"2+c"2] && Nonzer oQ[axA-bxB]
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m Derivation: Algebraic simplification

(Ab-aB)

= Bass (A+Bz) (a+bz)" = g (a+bz)™t s L2

(a+bz)"
= RulelfbC-cB=0 A\ bA-aBz0 /\ (n=-§ \/a2-b2+c2=o),then
j(A+BCosh[d+ex]+CSi nh[d+ex]) (a+bCosh[d+ex]+cSinh[d+ex])"dx —

B _ bA-aB _
B.J-(a+bCosh[d+ex] +CSi nh[d+ex])”+1dlx+TJ(a+bOosh[d+ex] +C Sinh[d+ex])"dx

= Program code:

| nt [(A_. +B . *Cosh[d_. +e_. *x_]+C . *Sinh[d_. +e_. *x_])*(a_+b_. *Cosh[d_. +e_. *X_]+C_. *Sinh[d_. +e_. *x_] )’\n
Di st [B/b, I nt [ (a+b*Cosh[d+exx]+C*Si nh[d+e*x])" (n+1), X]] +
Di st [ (bxA-axB) /b, I nt [ (a+bxCosh [d+e*Xx]+C*Si nh[d+exx]1)"n, x]] /;

FreeQ[{a, b,c,d, e, A, B, C}, x] & ZeroQ[bxC-cxB] && Nonzer oQ[bxA-axB] && Rational Q[n] && (n==-1/2 || Zer

m Reference: G&R 2.451.1

m Rulelf a2-b2+c220 An<-1 An#-2then

j(A+BCosh[d+ex] +CSinh[d+ex]) (a+bCosh[d+ex]+cSinh[d+ex])"dXx —

(cB-bC-(aC-cA) Cosh[d+ex] + (bA-aB) Sinh[d+ex]) (a+b Cosh[d+ex] +c Sinh[d+ex])"!

e (n+1) (a?-b?+c?) '

1
(n+1) (a?-b?+c?)

j((n+l) (aA-bB+cC)-(n+2) (b A-aB) Cosh[d+ex] + (n+2) (aC-c A) Sinh[d+ex])

(a+b Cosh[d+ex] +c Sinh[d+ex])"™ dx

= Program code:

I nt [(A_. +B_. *Cosh[d_. +e_. *x_]+C_. *Sinh[d_. +e_. *x_])*(a_. +b_. *xCosh[d_. +e_. *x_]+C_. *Sinh[d_. +e_. *X_] )’\
(c*B-b*C- (a*C-cxA) xCosh [d+exXx ]+ (bxA-axB) *Si nh[d+exX]) * (a+b*Cosh [d+exXx]+C*Si nh [d+exX])" (n+1) /
(ex (n+l) % (a"2-b"2+c"2)) +
Di st [1/((n+1) % (a”2-b"2+c"2)),
Int [((n+1l) * (axA-b*B+CcxC) - (n+2) * (bxA-axB) *xCosh [d+exX] + (N+2) x (a*C-Cc*A) *Si nh[d+e*Xx]) *
(a+b*Cosh [d+exx]+C*Si nh[d+exx])" (n+1), Xx]] /;
FreeQ[{a, b,c,d, e, A B, C}, x] & NonzeroQ[a’2-b"2+c"2] && Rational Q[n] && n<-1 && n#-2
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m Reference G&R 2451.1with B=0

Int [(A_. +C_. *Sinh[d_. +e_. #x_])»(a_. +b_. »Cosh[d_. +e_. xx_]+c_. «Sinh[d_. +e_. xx_1)"n_, x_Synbol | : =
- (b*C+ (a*C-cxA) xCosh [d+exX]-b*AxSi nh [d+exx]) » (a+bxCosh [d+exx]+Cc*Si nh[d+e*x])" (n+1) /
(ex(n+l) x (a”2-b"2+c"2)) +
Di st [1/((n+1) % (a"2-b"2+c"2)),
Int [((nN+1) * (axA+C*C) - (N+2) *xbxAxCosh [d+exX]+ (N+2) * (a*C-Cc*A) *Si nh [d+exX]) *
(a+bxCosh [d+e*x]+C*Si nh[d+exx])” (n+1), x1] /;
FreeQ[{a, b, c,d, e, A C}, x] & NonzeroQ[a"2-b"2+c”"2] && Rational Q[n] && n<-1 && n#-2

m Reference: G&R 2.451.1with C=0

Int [ (A_. +B_. xCosh[d_. +e_. #x_])(a_. +b_. »Cosh[d_. +e_. xx_]+c_. «Sinh[d_. +e_. »x_1)"n_, x_Synbol | : =
(c*B+cxAxCosh[d+exx]+ (bxA-axB) *Si nh [d+e*x]) * (a+bxCosh [d+exx]+C*Si nh[d+exx]1)” (n+1) /
(ex(n+l)x (a”"2-b"2+c"2)) +
Dist [1/((n+1) * (a"2-b"2+Cc"2)),
Int [ ((n+l) % (axA-bxB) - (n+2) * (bxA-axB) *xCosh [d+exX] - (N+2) *C*AxSi nh[d+exX]) *
(a+bxCosh [d+exx]+CxSi nh[d+exx])" (n+1), x1] /;
FreeQ[{a, b, c, d, e, A, B}, x] & NonzeroQ[a"2-b"2+c"2] && Rational Q[n] && n<-1 && n#-2

m Reference: G& R 2.451.1 inverted

m Rulelf a2-b2+c2#£0 A n>O0,then

j(A+BCosh[d+ex] +CSinh[d+ex]) (a+bCosh[d+ex]+cSinh[d+ex])"dx —

(-Bc+bC+aCCosh[d+ex] +aBSinh[d+ex]) (a+bCosh[d+eXx] +c Sinh[d+ex])"

+
ae (n+1)

1

ﬁj(a (bB-cCyn+a’?A(n+1)+ (a®Bn-c (bC-cB)yn+abA(n+1)) Cosh[d+ex] +
a (n+

(a?Cn-b (bC-cB)n+acA(n+1)) Sinh[d+ex]) -
(a+b Cosh[d+ex]+cSinh[d+ex])"?!dx

= Program code:

I nt [(A_. +B . xCosh[d_. +e_. xx_]+C_. *Sinh[d_. +e_. *X_])* (a_+b_. *Cosh[d . +e_. xx_]+C_. *Sinh[d_. +e_. *x_] )"n
(-Bxc+b*C+axCxCosh [d+exx]+a*BxSi nh[d+exX]) x (a+bxCosh [d+exx]+CxSi nh [d+exx])"n/ (axex (n+1)) +
Di st [1/ (ax (n+1l)),
Int [ (ax (bxB-cxC)xn + a”2xAx (n+l) +
(a"2xBxn - cx (bxC-cxB)*n + axbxAx (n+1))*Cosh[d+exx] +
(a"2%Cxn - bx (bxC-cxB)*n + axCxAx (n+1))*Si nh[d+e*x]) *
(a+bxCosh [d+exx]+CcxSi nh[d+exx])” (n-1), Xx11 /;
FreeQ[{a, b,c,d, e, A, B, C}, x] & NonzeroQ[a"2-b"2+c”2] && Rational Q[n] && n>0
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m Reference G&R 2.451.1inverted withB = 0

Int [(A_. +C_. *Sinh[d_. +e_. #x_])»(a_+b_. xCosh[d_. +e_. »x_]+C_. *Sinh[d_. +e_. #x_])"n_, x_Synbol | : =
(b*C+a*CxCosh [d+e*Xx]) x (a+bxCosh [d+exXx]+CxSi nh[d+e*xx])"n/ (a*ex (n+1)) +
Di st [1/ (a*(n+1)),
Int [ (-a*C*Cxn+a”2xA% (n+1) -bx (C*Cxn-axAx (n+1)) xCosh [d+exXx]+ (a"2xCxn-b"2xCxn+axCcxAx (n+1))*Si nh[d+e
(a+b*xCosh [d+exx]+Cc*Si nh[d+exx])” (n-1), x11 /;
FreeQ[{a, b,c,d, e, A C}, x] & NonzeroQ[a*2-b"2+c”"2] && Rational Q[n] && n>0

m Reference: G&R 2.451.1 inverted with C = O

Int [(A_. +B_. »Cosh[d_. +e_. »x_])(a_+b_. «Cosh[d_. +e_. »x_]+C_. #Sinh[d_. +e_. »x_])"n_, x_Synbol | : =
(-Bxc+a*BxSi nh[d+exX]) * (a+b*Cosh [d+exx]+C*Si nh [d+exX])"n/ (a*xe* (n+1)) +
Di st [1/ (a* (n+1)),
Int [ (axbxBxn+a”2xAx (n+1) + (a"2xBxn+c"2xBxn+axbxAx (n+1)) *xCosh[d+exx]+C* (bxBxn+axAx (n+1)) *Si nh [d+e=*
(a+b*Cosh[d+exx]+C*Si nh[d+exx])" (n-1), x]1]1 /;
FreeQ[{a, b, c,d, e, A B}, x] & NonzeroQ[a*2-b"2+c”"2] && Rational Q[n] && n>0



