Integration Rules for (sin”j)”*m (A+B sin”k) (a+b sin”k)"™n

Integration Rules for
f(sinj(z))m (A+Bsin“@)(a+b sink(z))n dz when j? =1 /\ k2=1

Domain Map

jkm

Rule 4b
No

Legend:

The rule number in a colored region indicates the rule to use for integralsin that region.

The rule number next to a colored line indicates the rule to use for integrals on that line.

A whiteregion or line indicates thereis no rule for integralsin that region or on that line.

A solid black line indicates integrals on that line are handled by rulesin another section.

A dashed black line on the border of aregion indicates integrals on that border are handled by the rule for that region.
The arrow(s) following a rule number indicates the direction the rule drivesintegrands in the nxm exponent plane.

A ¢ following arule number indicates the rule transforms the integrand into a form handled by another section.

A red (stop) disk indicates the terminal rule to use for the point at the center of the disk.

A cyan disk indicates the non-terminal rule to use for the point at the center of the disk.



Integration Rules for (sin”*))”™*m (A+B sin”*k) (a+b sin”~k)™n

Integration Rules for
f(sinj(z))m (A +Bsin*(z))dz when j* =1 /\ k?=1

Rule a: jSin[c+dx]j (A+BSin[c+dx]7) dx

= Derivation: Algebraic expansion

m Rulea:If j2 =1,then

JSin[c+dx]j (A+BSin[c+dx]7)dx — Bx+AJSin[c+dx]j dx

= Program code:

Int [sin[c_. +d_. «x_1"j _. »(A_+B_. #sin[c_. +d_. xx_]"k_. ), x_Synbol | : =
Bxx + Dist [A Int [sin[c+d*x]"],X]] /;
FreeQ[{c, d, A B}, x] && OneQ[j *2] && Zer oQIj +k]



Integration Rules for (sin”*))”™*m (A+B sin”*k) (a+b sin”~k)™n

Ruleb: J(Si n[c+dx]j)m/2 (A+BSinfc+dx]7) dx

= Derivation: Algebraic expansion

= Rulebl:
1
jVSin[C+dX] (A+BGCsc[c+dx]) dx — AJ‘VSiI’][C+dX] dx +BJ~ dx
AVSin[c+dx]

= Program code:

Int [Sqrt [sin[c_. +d_. »x_11#(A_+B_. »sin[c_. +d_. #x_]"~(-1)), x_Synbol | : =
Di st [A, Int [Sgrt [sin[c+dxx]],X]] +
Dist [B Int [1/Sqrt [sin[c+d*x]],x]]1 /;

FreeQ[ {c, d, A, B}, x]

= Derivation: Piecewise constant extraction

m Bass 8, (f[z]™(1/f[z])™ =0

1

—  _toVf|[z 1/f[z].
Vfzl Vi/f[z] V [ ] V [ ]

= Note: For somestrangereason, Mathematica overly agressively evaluates

Ruleb2: If nf = 1, then

. i A+BSin[c +dx]
J\Csc[c+dx]”‘/2 (A+BSin[c+dXx]) dX — Sln[c+dx]”V2Csc[c+dx]”V2J dx
Sin[c+dx]m?2

= Program code:

Int [(sinfc_. +d_. #x_]"(-1))"m_#(A_. +B_. #sin[c_. +d_. »x_1), x_Synbol | : =
Di st [Sin[c+dxx]"mkCsc [c+dxx]"m | nt [ (A+BxSi n[c+d%x])/si n[c+d*x]"m x1] /;
FreeQ[{c, d, A, B}, x] && ZeroQ[m2-1/4]



Integration Rules for (sin”*))”™*m (A+B sin”*k) (a+b sin”~k)™n

Rules7 - 8: J(Si nfc+dx] )" (A+BSin[c+dx]¥) dx

m Derivation: Rule5witha =1,b=0and n =0
m Rule7:1f j2=k?=1 A j km< -1,then
ACos[c +dx] (Sin[c+dx]l')'mjk

J(Sin[c+dx]i)m(A+BSin[c+dx]k)dlx — +

d(j kms kj)

1 k+1

k+1
2

R k+3
J(Sin[c+dx]1) ‘k(B(jkm+ )+A(jkm+ * )Sin[c+dx]")d1x

j km+

= Program code:

Int [(sinfc_. +d_. #x_]7j _. ) m_#(A_+B_. »sin[c_. +d_. #x_]"k_. ), x_Synbol | : =
AxCos [C+d*xX]* (Si n[C+d*xX]"] )™ (M) xK) / (D= (j *k*me (k+1)/2)) +
Di st [1/ (] xkxm+ (k+1)/2),
Int [(sin[c+dxx]"] )™ (M) xK) *Si M[Bx (j *k*mi (K+1) /2) +A% (j *kxm+ (k+3) /2) xsi n[c+d*x ]k, X1, X]1]1 /;
FreeQ[{c, d, A, B}, x] & & OneQIj *2, k"2] && Rational Q[m] && j xkxnmk-1

= Derivation: Rule3b withn = 0
m Rule8: 1f j2=k?=1 Aj km>0 A n? #1,then
BCos[c+dx] (Sinfc+dx] )"

(Sin[c+dx]j)m(A+BSin[c+dx]k)dlx — - +
d (i kms 22)

1 k-1

. i k+1
li(Sin[c+dx]J)nHk (B(jkm+ )+A(jkm+ : )Sin[c+dx]k)d1x
j km+%

= Program code:

Int [(sin[c_ +d_. »x_17"j _. )"m_ » (A_+B_. »sin[c_. +d_. »x_]"k_. ), x_Synbol | : =
-BxCos [C+d*X]* (Si n[C+d*X]"j ) AV (d=* (j xkxme (k+1) /2)) +
Di st [1/ (] *k+ms (k+1)/2),
Int [(sin[c+dxXx]"j )™ (M-] xK) % (Bx (] *k*m+ (k=1) /2) +Ax (j *k*m+ (k+1) /2) *si n[c+dxx]"k), x]] /;
FreeQ[{c, d, A, B}, x] & & OneQIj *2, k"2] && Rational Q[m] && j xkxm>0 && nM2#1



Integration Rules for (sin”*))”™*m (A+B sin”*k) (a+b sin”~k)™n

Integration Rules for
[(A+Bsin“2)(a+b sink(z))n dz when k? =1

Rulec: J.(A+ BSin[c+dx]*) (a+bSin[c+dx]*) dx

= Derivation: Rule3awithm=0andn =1

= Rulec: If k2 = 1, then

j(A+BSin[c+dx]k) (a+bSin[c+dx]*) dx —

(4aA+bB (k+1))x 2bBCos[c+dx]Sin[c+dx]¥
4 d (k +3)

+(bA+aB) |Sin[c+dx]Kdx

= Program code:

I nt [(A_. +B . *sin[c_. +d_. »x_]"k_. )*(a_+b_. *Sin[c_. +d_. »x_1"k_. ), Xx_Synbol ] =
(4xaxA+b*Bx (k+1))*x/4 - (2xbx*BxCos [C+d*x]*Si n[c+dxx]"K)/ (d* (k+3)) + (bxA+axB)=xlnt [sin[c+d*x]"k, X]
FreeQ[{a, b, c, d, A B}, x] && OneQ[k"2]



Integration Rules for (sin”*))”™*m (A+B sin”*k) (a+b sin”~k)™n

. k
Ruled: J‘A+BS|n[c+dx] dx

a+bSin[c+dxik

m Derivation: Algebraic simplification

m Bass If bA-aB =0,then 282 _ E

a+bz

= Ruledl:If k=1 A bA-aB=0,then

J~A+BSin[c+dx]k g B x
a+bSin[c+dx]k b

= Program code:

Int [ (A_+B_. #sin[c_. +d_. »x_]1"k_. )/(a_+b_. xsin[c_. +d_. #x_]"k_. ), x_Synmbol ] : =
Bxx/b /;
FreeQ[{a, b, c,d, A B}, x] & OneQ[k"2] && ZeroQ[bxA-axB]

m Reference G&R 2.551.2

= Derivation: Algebraic expansion

A+Bz
a+b z

b A-aB

= Bass b (a+b z)

T b

m Ruled2:If a2-b%2#0 A bA-aB#0,then

A+BSin[c+dx] Bx bA-aB 1
J - dX — — + J - dx
a+bSin[c+dx] b b a+bSin[c+dx]
= Program code:
Int [(A_. +B_. #sin[c_. +d_. #x_]1)/(a_+b_. #sin[c_. +d_. #x_1), x_Synmbol | : =
Bxx/b + Dist [ (bxA-axB) /b, Int [1/(a+b*sin[c+dxx]),Xx]1] /;
FreeQ[{a, b, c,d, A B}, x] & NonzeroQ[a"2-b”2] && Nonzer oQ[bxA-axB]
m Derivation: Algebraic expansion
= Bass A+B/z : A _ (bA-aB)
a+b/z a a (b+az)
m Ruled3:If a2-b2#0 A bA-aB#0,then
A+BCsc[c +dx] Ax bA-aB 1
J dx —» — - J- _ dx
a+bCsc[c+dx] a a b+aSin[c+dx]

= Program code:

Int [ (A +B_. #sin[c_. +d_. #x_]1"(-1))/(a_+b_. »sin[c_. +d_. xx_]"(-1)), x_Synbol | : =
Axx/a - Dist [(bxA-axB)/a, I nt [1/ (b+axsin[c+dxXx]),Xx]1] /;
FreeQ[{a, b, c,d, A B}, x] & NonzeroQ[a"2-b”2] && Nonzer oQ[bxA-axB]



Integration Rules for (sin”*))”™*m (A+B sin”*k) (a+b sin”~k)™n

A+BSi d
Rulee: f +ooInierdx] g
Va+bSin[c+dx]

= Derivation: Algebraic expansion

. A+B B A-aB 1
s Bass =22 __ 24fa+bz +(b_a)_
YVa+bz b b YVa+bz

m Ruleelf a2-b2#0 A bA-aB#0,then

A+BSin[c+dx] B i bA-aB 1
J dx — BJ‘«/a+b8|n[c+dx] dx + j dx

Va+bSin[c+dx] b Ya+bSin[c+dx]

= Program code:

Int [(A_. +B_. »sin[c_. +d_. #x_1)/Sqrt [a_. +b_. xsin[c_. +d_. #x_11, x_Synbol | : =
Di st [B/b, Int [Sgrt [a+bxsi n[c+d*x]], Xx]] +
Di st [ (bxA-a%B) /b, I nt [1/Sqrt [a+bxsi n[c+d*Xx]1],X]1] /;

FreeQ[{a, b, c, d, A B}, x] & NonzeroQ[a”2-b"2] && Nonzer oQ[bxA-axB]



Integration Rules for (sin”*))”™*m (A+B sin”*k) (a+b sin”~k)™n

Rulef: J-(A+BCsc[c +dx]) (a+bCscc+dx])"?dx

= Derivation: Piecewise constant extraction

1

" Bass 9, —— - -0
Vfrzl Vb/f[z]
= Rulefl:
A+BCsc[c+dx] 1 B+ASin[c+dx]
j dx — f dx
Vb Csc[c +dx] VSin[c+dx] VbCsc[c+dx] A/Sin[c +dx]

= Program code:

Int [ (A_+B_. #sin[c_. +d_. »x_1"(-1))/Sqrt [b_. #sin[c_. +d_. »x_]"(-1)1, x_Synbol ] : =
Dist [1/(Sqrt [Sin[c+d*x]]*Sqrt [bxCsc [c+d*x]]), I nt [ (B+Axsin[c+d%x])/Sqrt [sin[c+d*x]], x]] /;
FreeQ[{b, c, d, A, B}, x]

= Derivation: Piecewise constant extraction

Vb+af[z]

D ————————— 0
Vf[z] Va+b/f [z]

= Basis 9,
= Rulef2: If a2-b2¢o/\bA-aB¢0/\n-§ez/\-2<n<1,then

j(A+BCsc[c+dx]) (a+bCsc[c+dx])"dx —

Vb+aSin[c+dx] J*(B+ASin[c+dx]) (b+aSin[c+dx])" g
X

VSinfc+dx] Va+bCsc[c+dXx] Sinfc+dx]n?

= Program code:

Int [ (AL +B_. #sin[c_. +d_. #x_]1"(-1))*(a_+b_. »sin[c_. +d_. #x_]" (-1))~n_, x_Synbol | : =
Di st [Sqrt [b+a*Si n[c+d*x]]/(Sqrt [Sin[c+d*x]]1*Sqrt [a+b*xCsc [c+d*x]]),
I nt [ (B+AxSi n[C+d*X])* (b+axsi n[c+dxx])"n/sin[c+d*x]" (n+1),X]] /;
FreeQ[{a, b, c, d, A B}, x] & NonzeroQ[a"2-b"2] && NonzeroQ[bxA-axB] && | ntegerQ[n-1/2] && -2<n<1l



Integration Rules for (sin”*))”™*m (A+B sin”*k) (a+b sin”~k)™n

J(A+ BSin[c+dx]¥) (a+bSin[c+dx]*)"dx

= Derivation: Algebraic simplification
» Bass If bA-aB=0,then (A+Bz) (a+bz)" = g (a+bz)mt

m Rulelf k2?=1 A bA=aB A n<0,then

n B n+
j(A+BSin[c+dx]k) (a+bSin[c+dx]*) dx — BJ\(a+bSin[c+dx]k) Lax

= Program code:

Int [ (AL +B_. »sin[c_. +d_. #x_]"k_. )=(a_. +b_. »sin[c_. +d_. «x_]1"k_. )*n_, x_Synbol | : =
Di st [B/b, I nt [ (a+bxsi n[c+dxx] k)" (n+1),x]]1 /;
FreeQ[{a, b, c,d, A B, n}, x] & OneQ[k”"2] && Zer oQ[bxA-axB] && Rational Q[n] && n<0



Integration Rules for (sin”*))”™*m (A+B sin”*k) (a+b sin”~k)™n

Rules17 - 18: J(A+BCsc[c+dx]) (a+bCsc[c+dx])"dx

m Derivation: Rule6withm=0andk = -1
m Rulel7:1f a2 -b2#0 A bA-aB#0 A n<-1,then
J(A+BCSC[C+dX]) (a+bCsc[c+dx])"dx —

b (bA-aB) Cot [c+dx] (a+bCsc[c+dx])"? 1
+
ad (n+1) (a?-b?) a (n+1) (a?-b?)

J(A (a®-b?) (n+1) -a (b A-aB) (n+1) Cscc+dx]+b (b A-aB) (n+2) Csc[c+dx]?)

(a+bCsclc+dx])"™?! dax

= Program code:

Int [(A_+B_. #sin[c_. +d_. »x_]1"(-1) ) » (a_+b_. #sin[c_. +d_. »x_1" (1) )"n_, x_Synbol | : =
bx (bxA-axB) *Cot [C+d*xX]* (a+b*Csc [c+d*x])” (n+1)/ (a*d* (n+1) x (a*2-b"2)) +
Di st [1/ (a* (n+1) % (a*2-b"2)),
I nt [Si m[Ax (a"2-b"2) % (n+1) - (a* (bxA-a*B) » (n+1) ) *si n[c+d*x]" (-1) +
(bx (bxA-a%B) * (N+2) ) *xSi n[C+d*X]" (-2), X] *
(a+b*si n[c+d*x]" (-1))" (n+1), x1] /;
FreeQ[{a, b, c, d, A B}, x] & NonzeroQ[a”2-b"2] && NonzeroQ[bxA-axB] && Rational Q[n] && n<-1

m Derivation: Rule3awithm=0andk = -1

m Rulel8: If a2-b%2#0 A n > 1,then

j(A+BCsc[c+dx]) (a+bCsc[c+dx])"dx —

bBCot [c+dx] (a+bCsc[c+dx])™1 1

+ - -
dn n

j(aZAn+(sz(n—l)+2aAbn+aZBn)Csc[c+dx]+b (bAn+aB(2n-1)) Csc[c+dx]?)

(a+bCsclc+dx])"2dx

m  Program code:

Int [ (A_+B_. #sin[c_. +d_. »x_]1"(-1) )= (a_+b_. #sin[c_. +d_. »x_]" (-1))"n_, x_Synbol ] : =
-b*BxCot [C+d*X]* (a+b*Csc [c+d*x])" (n-1)/(d*n) +
Di st [1/n,
Int [Si m[a”2xAxn+ (bA2xBx (n-1) +2xaxAxbxn+a”2xBxn) *si n[c+d*x]" (-1) +
(bx (bxAxn+axBx (2xn-1))) *Si n[C+d*Xx]" (-2), X]*
(a+bxsi n[c+d*x]” (-1))" (n-2),x]1]1 /;
FreeQ[{a, b, c, d, A B}, x] & NonzeroQ[a"2-b"2] && Rational Q[n] && n>1



Integration Rules for (sin”*))”™*m (A+B sin”*k) (a+b sin”~k)™n

Rules 15 — 16 J(A+BSi nic+dx]%) (bSinfc+dx]*)" ax

m Derivation: Rule10ainverted

» Rule15:1f k2 =1 A n < -1,then

n+1

N 2ACos[c+dx] (bSin[c+dx]¥)
(A+BSin[c+dx]¥) (bSin[c+dx]*) dax — +
bd (2n+k+1)

1

_— dx
b@2n+k+1)

J(B (2n+k+1) +A (2n+k+3) Sin[c+dx]¥) (bSin[c+dx]¥)™

= Program code:

Int [ (A_+B_. #sinfc_. +d_. »x_]"k_. )= (b_. #sin[c_. +d_. #x_]"k_. )"n_, x_Synbol | : =
2xAxCos [C+dxX]* (b*Si n[c+d*x] k)" (n+1) / (bxd* (2xn+k+1)) +
Di st [1/ (bx(2xn+k+1)),
Int [Si M[Bx (2xn+k+1) +Ax (2xn+k+3) *Si n[c+d*x ]k, X]* (bxSi n[c+d*x]1"k)” (n+1), x]] /;
FreeQ[{b, c, d, A B}, x] & OneQ[k”2] && Rational Q[n] &% n<-1

= Derivation: Rule3aor 3bwithm=0anda =0
m Rulel6:If k2 =1 A n> 0,then

. 2BCos[c+dx] (bSin[c+dx]k)"
J(A+BSin[c+dx]k) (bSin[c+dx]*) dx — - +
d (2n+k+1)

1

—J(bB(2n+k—l)+bA(2n+k+l) Sintc+dx1¥) (bSingc+dx1%)"" dx
2n+k+1

= Program code:

Int [ (A_+B_. #sin[c_. +d_. »x_]"k_. )= (b_. #sin[c_. +d_. #x_]"k_. )"n_, x_Synbol | : =
-2xBxCos [c+dxX]* (b*Si n[c+d*x]1 k) n/ (d* (2xn+k+1)) +
Di st [1/ (2xn+k+1),
Int [Si m[bxBx (2xn+k-1) +bxAx (2xn+k+1) *si n[C+d*X] Kk, X]* (bxsi n[c+d*x] k)" (n-1), Xx1] /;
FreeQ[{b, c, d, A B}, x] && OneQ[k"2] && Rational Q[n] && n>0



Integration Rules for (sin”*))”™*m (A+B sin”*k) (a+b sin”~k)™n

Integration Rules for
f(sinj(z))m (A+Bsin“2))(a+b sink(z))n dz when j2 =1 /\ k?=1

A+BSin[c +dx]
Sin[c+dx] (a+bSin[c+dXx])

Ruleg: f

m Derivation: Algebraic expansion

A+Bz _ A b A-aB

z (a+bz) ~ az a (a+bz)

= Bass
m Ruleg:If aB-b A # 0,then

A+BSin[c +dx] A 1 bA-aB 1
[ , a2 [ [— ax
Sin[c+dx] (a+bSin[c+dx]) aJ Sin[c+dx] a a+bSin[c+dx]

= Program code:

Int [ (A_+B_. #sinfc_. +d_. »x_]1)/(sin[c_. +d_. #x_]1«(a_+b_. #sinfc_. +d_. »x_])), x_Symbol | : =
Di st [A/a, I nt [1/sin[c+d*x], X]] -
Di st [ (bxA-axB) /a, I nt [1/ (a+bxsi n[c+d*x]), x]] /;

FreeQ[{a, b, c, d, A B}, x] & NonzeroQ[bxA-axB]



Integration Rules for (sin”*))”™*m (A+B sin”*k) (a+b sin”~k)™n

Sin[c+dx]™2 (A+BSin[c+dx]) dx
a+bSin[c+dx]

Ruleh: J.

= Derivation: Algebraic expansion

A+Bz
a+bz

b A-aB

= Bass b (a+b z)

T b

m Ruleh:If a2-b2#0 A bA-aB#0 A nf =1,then

Sinfc+dx]™2 (A+BSin[c +dx]) B r_ bA-aB Sin[c +dx]m2
J- dlx—»—JS|n[c+dx]m/2dlx+ f
a+bSin[c+dx] b a+bSin[c+dx]

= Program code:

Int [sinfc_. +d_. «x_]"m *(A_+B_. #sin[c_. +d_. «x_1)/(a_+b_. #sin[c_. +d_. »x_]), x_Synbol | : =
Di st [B/b, I nt [sin[c+d*x]"m X]] +
Di st [ (bxA-a%B) /b, I nt [si n[c+d*x] "/ (a+bxSi n[c+d*X]), x]] /;

FreeQ[{a, b, c, d, A B}, x] & NonzeroQ[a"2-b”2] && Nonzer oQ[bxA-axB] && ZeroQ[n'2-1/4]



Integration Rules for (sin”*))”™*m (A+B sin”*k) (a+b sin”~k)™n

d X

; i n/2
Rulei: J‘(A+BS|n[C+d>.<]) (a+bSin[c+dx])
Sin[c +dXx]

= Derivation: Algebraic expansion

m Rulei:If a2-b%2 #0 A n? = 1,then

j(A+BSin[C+dX]) (a+bSin[c+dx])n/2 4
X

Sin[c+dx]
(a+bSin[c+dx])n2

Bf(a+bSin[c+dx])”/2dx+Aj : dx
Sin[c+dx]

= Program code:

Int [(A_+B_. #sin[c_. +d_. »x_])(a_+b_. »sin[c_. +d_. «x_1)"n_/sin[c_. +d_. #x_],x_Synbol | : =
Di st [B, I nt [ (a+bxsi n[c+d*x])"n, x]] +
Di st [A, Int [ (a+b*si n[c+dxx])"n/sin[c+dxXx], X]] /;

FreeQ[{a, b, c,d, A, B}, x] & NonzeroQ[a"2-b"2] && ZeroQ[n"2-1/4]



Integration Rules for (sin”*))”™*m (A+B sin”*k) (a+b sin”~k)™n

. A+BSin[c +dx]
RU|€J.J dx
VSin[c+dx] VYa+bSin[c+dx]

= Derivation: Algebraic expansion

m Rulej:If a2-b2#0 A A-B #0,then

dXx —

J‘ A+BSin[c+dx]

A/Sin[c+dx] Ya+bSin[c+dx]
BJ~ 1+Sin[c+dx]

1
dx+(A—B)J dx
A/Sin[c+dx] Ya+bSin[c+dx] A/Sin[c+dx] VYa+bSin[c+dx]

= Program code:

Int [ (A_+B_. #sin[c_. +d_. »x_1)/(Sart [sin[c_. +d_. #x_]11+Sqrt [a_+b_. #sin[c_. +d_. xx_]1), x_Symbol ] : =
Bxlnt [ (L+sin[c+d*x])/(Sqrt [Sin[c+d*x]]*Sqrt [a+b*si n[c+d*x]]), X] +
(A-B) xInt [1/(Sqrt [sin[c+dxx]]*Sqrt [a+bxsin[c+d*x]11),X] /;

FreeQ[{a, b, c, d, A B}, x] & NonzeroQ[a”"2-b"2] && Nonzer 0oQ[A-B]



Integration Rules for (sin”*))”™*m (A+B sin”*k) (a+b sin”~k)™n

(A+BSin[c+dx]) Va+bSin[c+dx]
Ve+f Sin[c+dx]

Rulek:

= Derivation: Algebraic transformation

. A+ (b A+a B) z+b Bz?
= Bass (A+Bz)Va+bz = 2A(AaB 2:bBz
Va+bz

m Rulek:If a2-b2#0 A e?2-f2 #0,then

(A+BSin[c+dx]) Va+bSin[c+dx] aA+ (bA+aB)Sin[c+dx]+bBSin[c+dx]?2
j dx —)J dx

AVe+f Sin[c+dx] Va+bSin[c+dx] Ve+f Sin[c+dx]

= Program code:

Int [ (A_+B_. #sin[c_. +d_. »x_])*Sqrt [a_. +b_. #sin[c_. +d_. »x_11/Sqrt [e_. +f _. «sin[c_. +d_. #x_]1, x_Symbol ] :
Int [ (axA+ (bxA+axB) *Si n[c+d*xx]+bxBxsi n[c+d*x]"2) /(Sqrt [a+bxSi n[c+d*x]]1*Sqrt [e+f xsin[c+d*x]]), X] /;
FreeQ[{a, b,c,d, e, f, A B}, x] & NonzeroQ[a’2-b”2] && Nonzer oQ[e"2-f 2]



Integration Rules for (sin”*))”™*m (A+B sin”*k) (a+b sin”~k)™n

) A+BSin[c+dx]
Rulel.j dx
Sinfc+dx]%2+4a+bSin[c+dx]

= Note: Thisruleisnot essential, but producessimpler results.

J A-ASin[c+dx]
dx —
Sin[fc+dx]1%2+a+bSin[c+dx]

m Rulell: If a2 -b? # 0, then

2A+va+bSin[c+dx] Tan[%(c—§+dx)] 2 A Va+bSin[c+dx] 5
. X
ad+/Sin[c+dx] a AVSin[c+dx] (L+Sin[c+dx])

= Program code:

Int [(A_+B_. #sin[c_. +d_. »x_1)/(sin[c_. +d_. #x_1"(3/2)Sqrt [a_+b_. #sin[c_. +d_. »x_]1), x_Symbol ] : =
2xAxSqrt [a+bxSi n[c+dxx]]*Tan[ (c-Pi /2+dxx)/2]/ (axd*xSqrt [Sin[c+dxx]]) -
2xA/axl nt [Sgrt [a+bxsin[c+d*xx]1]1/(Sqrt [sin[c+d*x]]*(l+Sin[c+dxx])), x] /;

FreeQ[{a, b, c, d, A B}, x] & NonzeroQ[a"2-b"2] && Zer 0Q[A+B]

= Derivation: Algebraic expansion
= Note: Thisruleisnot essential, but produces simpler results.

m Rulel2:If a2-b%2#0 A A+B#0,then

A+BSin[c+dx]
j dx —
Sinfc+dx]1%2+4a+bSin[c+dx]
1 1-Sin[c+dx]
(A+B)J- d1X+Aj dx
A/Sin[c+dx] Va+bSin[c+dx] Sinfc+dx]1%2+a+bSin[c+dx]

= Program code:

Int [ (A_+B_. #sin[c_. +d_. »x_]1)/(sinfc_. +d_. #x_1"(3/2)«Sqrt [a_+b_. #sin[c_. +d_. xx_]1), x_Symbol ] : =
Di st [A+B, I nt [1/(Sqrt [Ssin[c+d*x]]*Sqrt [a+b*si n[c+d*X]]),X]] +
Di st [A, Int [(1-sin[c+d%x])/(Sin[c+d*x]”" (3/2)*Sqrt [a+bxsin[c+d*x]1]), x]] /;

FreeQ[{a, b, c, d, A, B}, x] & NonzeroQ[a”*2-b"2] && Nonzer oQ[A+B]



Integration Rules for (sin”*))”™*m (A+B sin”*k) (a+b sin”~k)™n

A+BSi d
Rulem:j +Bofnic +ax| dx

AVSin[c+dx] (a+bSin[c+dx])3/2

= Note: Thisruleisnot essential, but produces simpler results.
m Ruleml: If a2 - b2 # 0, then
A+ASin[c+dx]
ASin[c+dx] (a+bSin[c+dx])3?2
2A (a-b) VSin[c+dx] Tan[; (c-Z+dx)] 2A NasbSin[c+dx]
' J-«/m(l+8in[c+dx])

dx —

dx

ad(a+b) Va+bSin[c+dx] a (a+b)

= Program code:

Int [(A_+B_. #sin[c_. +d_. »x_]1)/(Sart [sin[c_. +d_. «x_11+(a_+b_. #sin[c_. +d_. #x_1)"(3/2)),x_Synbol | : =
2%xAx (a-b)*xSgrt [Sin[c+dxx]]*Tan[ (c-Pi /2+d*x) /2]/ (axd= (a+b) *Sqrt [a+b*Sin[c+dxx]1]) +
Di st [2xA/ (ax (a+b)), I nt [Sqrt [a+b*si n[c+dxXx]]1/(Sqrt [Sin[c+d*xXx]]* (1l+sin[c+dxx])),X]1] /;

FreeQ[{a, b, c, d, A B}, x] & NonzeroQ[a"2-b"2] && Zer 0Q[A-B]

= Derivation: Algebraic expansion
= Note: Thisruleisnot essential, but produces simpler results.

m Rulem21f a2-b2#0 A bA-aB#0 A A-B#0,then

A+BSin[c+dx]
j dx —
AV/Sin[c+dx] (a+bSin[c+dx])3/?
A-B 1 bA-aB 1+Sin[c+dx]
j dx - j dx
a-bJ./Snic+dx] Va+bSin[c+dx] a-b AV/Sin[c+dx] (a+bSin[c+dx])3/2

= Program code:

Int [ (A_+B_. #sinfc_. +d_. »x_]1)/(Sart [sin[c_. +d_. «x_]11+(a_+b_. xsinfc_. +d_. #x_1)"(3/2)),x_Synbol | : =
Di st [ (A-B) / (a-b),Int [1/(Sqrt [sin[c+dxx]]*Sqrt [a+bxsi n[c+d*x]1]), X]] -
Di st [ (bxA-axB)/ (a-b), Int [(1+sin[c+dxx])/(Sqrt [Sin[c+dxXx]]* (a+bxsin[c+dxx])"(3/2)),x1] /;
FreeQ[{a, b, c,d, A B}, x] & NonzeroQ[a"2-b"2] && NonzeroQ[bxA-axB] && Nonzer oQ[A-B]



Integration Rules for (sin”*))”™*m (A+B sin”*k) (a+b sin”~k)™n

(A+BSin[c+dx]) Va+bSin[c+dx]
Sin[c +dx]3/2

Rulen:

= Derivation: Algebraic expansion
= Note: Thisruleisnot essential, but producessimpler results.

m Rulen: If a2 - b2 # 0, then

J-(A+BSin[c+dx]) Va+bSin[c+dx]

Sin[c+dx]3/2

1
(b (A—B)+a(A+B))J dx +
vVSin[c+dx] Ya+bSin[c+dx]

J~aA— (aA-bB)Sin[c+dx]+bBSin[c+dx]?

dx

Sinfc+dx]1%2+4a+bSin[c+dx]
= Program code:

Int [ (A_+B_. #sin[c_. +d_. »x_])*Sqrt [a_+b_. »sin[c_. +d_. «x_11/sin[c_. +d_. »x_]1"(3/2),x_Synbol | : =

(b* (A-B) +ax (A+B) ) *I nt [1/(Sqrt [Sin[c+d*x]]1*Sqrt [a+b*si n[c+d*x]]), X] +

I nt [Si m[axA- (axA-bxB) *si n[c+d*x]+b*Bxsi n[c+d*X]"2, x]/ (Si n[c+d*x]”" (3/2)*Sqrt [a+b*si n[c+d*x]11), X] /;
FreeQ[{a, b, c,d, A B}, x] & NonzeroQ[a"2-b"2]



Integration Rules for (sin”*))”™*m (A+B sin”*k) (a+b sin”~k)™n

VSin[c+dx] (A+BSin[c+dx]) dx
(a+bSin[c+dx])32

Ruleo:

= Derivation: Algebraic expansion
= Note: Thisruleisnot essential, but produces simpler results.
m Ruleo:If a2-b2#0 A bA-aB#0,then

J~\/Sin[c+dx] (A+BSin[c+dx]) 4

(a+bSin[c+dx])3/2

X —

BJ~ 1+Sin[c+dx] 4 1 -aB+ (Ab-(a+b) B) Sin[c +dX] 4
— X + — X
bJ/Sinic+dx] Va+bSin[c+dx] bJa/Sinc+dx] (a+bSin[c+dx])3?

= Program code:

Int [Sqrt [sin[c_. +d_. «x_]1]*(A_+B_. sin[c_. +d_. #x_1)/(a_+b_. #sin[c_. +d_. +x_1)"(3/2), x_Synbol | : =

B/bxl nt [ (1+sin[c+d*x])/(Sqrt [Sin[c+d*Xx]]*Sqrt [a+bxsin[c+d*x]]1), X] +

Di st [1/b, I nt [Si m[-a*B+ (Axb- (a+b) *B) *si n[c+d*x], X]/ (Sqrt [sin[c+dxx]]=*(a+b*si n[c+d*x]1)" (3/2)),%x]] /;
FreeQ[{a, b, c,d, A B}, x] & NonzeroQ[a"2-b”2] && Nonzer oQ[bxA-axB]



Integration Rules for (sin”*))”™*m (A+B sin”*k) (a+b sin”~k)™n
Rulep: J(Si nfc+dx] )" (A+BSin[c+dx]*) (bSin[c+dx]¥)"dx

= Derivation: Algebraic simplification

= Rulepl:If k? =1 A me z, then
jSin[c+dx]m(A+BSin[c+dx]k) (bsinfc+dx1¥)"ax —

1
— | (A+BSin[c+dx]¥) (bSi n[c+dx]k)kmm dx
bkm

= Program code:

Int [sin[c_. +d_. #x_]"m.. »(A_+B_. #sin[c_. +d_. »x_]1"k_. ) » (b_. #sin[c_. +d_. »x_1"k_. )"n_, x_Synbol | : =
Di st [1/b”" (k«m), | nt [ (A+Bxsi n[c+d*x]"k) * (bxsi n[c+d*x]"k)" (kxm«n), x11 /;
FreeQ[{b, c,d, A B, n}, x] & OneQ[k"2] && | nteger Q[ m]

= Derivation: Piecewise constant extraction

\/bf[z]k =0
e

m Basis If j2 =1,thend,

. RuIep2:|fj2=k2=1/\m-%ez/\n-%ez/\n>o,then

J(Si n[c +dxJi )m(A+BSi nic+dx1*) (b Si n[c+dx]")nd1x —

b"> /b Sinfc +dx1k

i k
(\/Sin[c+dx]i )

JSi nic+dx] ™k (A+BSin[c+dx]¥) dx

= Program code:

Int [(sinfc_. +d_. #x_17j _. ) m_#(A_+B_. sin[c_. +d_. #x_]"k_. )*(b_#sin[c_. +d_. »x_1"k_. )"n_, x_Synbol | : =
Di st [b” (n-1/2)*Sqrt [b*Si n[c+d*x]"k]1/(Sqrt [Si n[c+d*x]"j 1)" (j *k),
Int [sin[c+d*x]" (j xm+k*n) * (A+Bxsi n[c+dxx]"k), x]]1 /;
FreeQ[{b, c, d, A B}, x] && OneQIj *2, k"2] && IntegerQ[m-1/2] && |ntegerQ[n-1/2] && n>0



Integration Rules for (sin”*))”™*m (A+B sin”*k) (a+b sin”~k)™n

= Derivation: Piecewise constant extraction
k
[\/f [zp )J
Vbf[zik

. RulepS:Ifj2=k2=1/\m-%ez/\n-%ez/\n<0,then

» Basis If j2 = 1, then 8, =0

J(Si n[c +dxJi )m(A+BSi nic+dx1*) (b Si n[c+dx]")nd1x —

j k

1 J
b"*z (\/ Sin[c+dx] )

\/bSinfc+dxik

Sinfc+dx] ™" (A+BSin[c+dx]*) dx

= Program code:

Int [(sinfc_. +d_. #x_]7j _. ) m_#(A_+B_. sin[c_. +d_. #x_]"k_. )*(b_#sin[c_. +d_. »x_1"k_. )"n_, x_Synbol | : =
Di st [b” (n+1/2) % (Sqrt [Sin[c+dxx]"j 1)" (J *k) /Sqrt [b*Si n[c+d*x] k],
Int [sin[c+d*x]" (j xm+k*n) * (A+Bxsi n[c+dxx]"k), x]]1 /;
FreeQ[{b, c, d, A B}, x] & OneQ[j "2, k"2] && IntegerQ[m-1/2] && | ntegerQ[n-1/2] && n<0



Integration Rules for (sin”*))”™*m (A+B sin”*k) (a+b sin”~k)™n
Ruleq: J(Si nfc+dx] )" (A+BGCsc[c+dx]) (a+bCsclc+dx])"dx

= Derivation: Algebraic simplification

m Ruleql:If j2=1 A a?-b2#0 A -1<ms1,then

dx

(Sinfc+dx1)™ (A+BCsclc +dx]) (Sinfc+dx1)" (B+ASin[c+dx])
J- dx —)j

a+bCsc[c+dx] b+aSin[c+dx]

= Program code:

Int [(sin[c_. +d_. #x_17%j _. )"m_. #(A_. +B_. #sin[c_. +d_. »x_]"(-1))/(a_+b_. »sin[c_. +d_. #x_1" (-1) ), x_Synbol ]
Int [(sin[c+d*x]"] )" mk (B+Axsi n[c+d*x])/ (b+a*si n[c+dxx]), X] /;
FreeQ[{a, b, c, d, A B}, Xx] & OneQ[j 2] && NonzeroQ[a"2-b"2] && Rational Q[m] && -1<mkl

= Derivation: Piecewise constant extraction

Vb+af[z]

— 0
Vf[z] Va+b/f [z]

= Bags 9,
= Ruleq2If a?-b?#0 A\ mez An-2ez /\ ((M=1 A-1<n<1) V (m=-1 A -2<n<0)),then

jSin[c+dx]”WA+BCsc[c+dx]) (a+bCsc[c+dx])"dx —

vVb+aSin[c+dx]

J-Sin[c+dx]””“1 (B+ASin[c+dx]) (b+aSin[c+dx])"dx
AV/Sin[c+dx] Ya+bCsc[c+dx]

= Program code:

Int [sin[c_. +d_. #x_]"m.. »(A_. +B_. #sin[c_. +d_. xx_]"(-1) )= (a_. +b_. »sin[c_. +d_. #x_]" (-1))~n_, x_Synbol | :
Di st [Sqrt [b+a*Sin[c+dxXx]]1/(Sqrt [Sin[c+d*x]]*Sqrt [a+b*xCsc[c+dxX]]),
Int [Sin[c+d*x]" (m-n-1) * (B+Axsi n[C+d*X]) * (b+axsi n[c+dxXx])"n, x]] /;
FreeQ[{a, b, c, d, A B}, x] & NonzeroQ[a"2-b"2] && IntegerQ[m] && | ntegerQ[n-1/2] &&
(Mm=1 && -1<n<1 || m=-1 && -2<n<0)



Integration Rules for (sin”*))”™*m (A+B sin”*k) (a+b sin”~k)™n

= Derivation: Piecewise constant extraction

Vb+af[z]

» Basis If j2 = 1,then o, .
[\/f [zl ] \/a+bf[z]-1

=0

. Ruleq3:|fj2=1/\az—bz;eo/\m—%ez/\n—%ez/\Osj m-n < 1, then

J(Sin[c+dx]i)m(A+BCsc[C+dX]) (a+bCsclc+dx])"dx —

Vb+aSin[c+dx]

i
ySin[c+dx]i +a+bGCsc[c+dx]

= Program code:

jSin[c+dx]j mn-1 B+ ASin[c+dx]) (b+aSin[c+dx])"dx

Int [(sinfc_. +d_. #x_17j _. ) m_#(A_. +B_. #sin[c_. +d_. #x_1" (1)) » (a_. +b_. »sin[c_. +d_. *x_]1" (-1) )*n_, x_Synb
Di st [Sqrt [b+a*Sin[c+dxx]1/((Sqrt [Sin[c+d*x]"] 1)”"] *Sqrt [a+bxCsc [c+d*Xx]]),
Int [sin[c+d*x]" (j *m-n-1) * (B+AxSi n[c+dxX]) % (b+axSi n[c+d*xx]1)"n, x]] /;
FreeQ[{a, b, c, d, A B}, xX] & OneQ[j *2] && NonzeroQ[a"2-b"2] &&
I nteger Q[m-1/2] && IntegerQ[n-1/2] && -1<n<l && 0<j *m-n<l



Integration Rules for (sin”*))”™*m (A+B sin”*k) (a+b sin”~k)™n

Ruler: J@c[c+dx]m(A+BSin[c+dx]) (a+bSin[c+dx])"dx

= Derivation: Piecewise constant extraction

» Bass 8, («/f (z] V1/f(z] ) =0
= Ruler: If m—%ez/\—1<m<2/\—2<n<1,then

J&c[c+dx]m(A+BSin[c+dx]) (a+bSin[c+dx])"dx —

(A+BSin[c+dx]) (a+bSin[c+dx])" 4
X

Sin[c+dx]™

A/Csc[c+dx] VSin[c+dx] J

= Program code:

Int [(sinfc_. +d_. #x_]"(-1))"m_#(A_. +B_. #sin[c_. +d_. xx_])*(a_+b_. »sin[c_. +d_. xx_1)"n_, x_Synbol | : =
Di st [Sqrt [Csc[c+dxx]]*Sqrt [Sin[c+dxx]],
I nt [ (A+B*si n[c+dxx]) % (a+b*si n[c+d*xx])"n/sin[c+d*x]"m x]] /;
FreeQ[{a, b, c,d, A B}, x] & IntegerQ[m-1/2] && Rational Q[n] && -1<nk2 && -2<n<1



Integration Rules for (sin”*))”™*m (A+B sin”*k) (a+b sin”~k)™n

Rules13-14: (Sin[c+dx] (A+BSin[c+dx]) (a+bSin[c+dx])"dx

m Derivation: Rulelawithj m=1andk =1
m Rulel3:1f a2-b2#0 A bA-aB#0 A n<-1,then
jSin[c+dx] (A+BSin[c+dx]) (a+bSin[c+dx])"dx —

a(bA-aB) Cos[c+dx] (a+bSin[c+dx])n? 1
bd (n+1) (a2 -b?) b (n+1) (a?-b?)

f(b (n+1) (bA-aB)+ (a®?B-abA(n+2) +b?B(n+1)) Sin[c+dx]) (a+bSin[c+dx])"" dx

= Program code:

Int [sin[c_. +d_. #x_]*(A_+B_. »sin[c_. +d_. xx_])«(a_+b_. #sin[c_. +d_. xx_])"n_, x_Symbol | : =
ax (bxA-axB) xCos [C+d*X]* (a+b*Si n[c+d*x])" (n+1) / (bxd* (n+1) = (a*2-b"2)) -
Di st [1/ (bx (n+1) % (a”2-b"2)),
Int [Sim[bx (n+1) * (bxA-a%B) + (a"2xB-axb*Ax (N+2) +b"2xBx (n+1) ) *si n[c+d*Xx], X] *
(a+bxsi n[c+d*x]1)" (n+1), x11 /;
FreeQ[{a, b, c,d, A B}, x] & NonzeroQ[a"2-b”2] && NonzeroQ[bxA-axB] && Rational Q[n] && n<-1

= Derivation: Rule14b withn = -1
m Note: Thisisan unnecessary special case of rule 14b, but it savesatrivial step.

= Rulelda: If bA-aB #0,then

X — + dx

a+bSin[c+dx] bd b

J~Sin[c+dx] (A+BSin[c+dx])dl BCos[c +d x] bA-aBJ- Sin[c+dx]

a+bSin[c+dx]

= Program code:

Int [sinfc_. +d_. #x_]*(A_+B_. #sin[c_. +d_. «x_]1)/(a_+b_. sin[c_. +d_. #x_1),x_Symbol | : =
-BxCos [c+d*x]/ (bxd) +
Di st [ (bxA-axB) /b, I nt [sin[c+d*x]/ (a+bxsi n[c+d*x]), x]] /;

FreeQ[{a, b, c,d, A B}, x] & NonzeroQ[bxA-axB]

s Derivation: Rule2withj m=1andk =1

s Ruleldb:If n> -1 A n # 1,then



Integration Rules for (sin”*))”™*m (A+B sin”*k) (a+b sin”~k)™n

jSin[c+dx] (A+BSin[c+dx]) (a+bSin[c+dx])"dx —

BCos[c+dx] (a+bSin[c+dx])"?!
bd (n+2)

+

1

—J(bB(n+l)—(aB—bA(n+2))Sin[c+dx]) (a+bSin[c+dx])"dx
b (n+2)

= Program code:

Int [sin[c_. +d_. »x_]1#(A_+B_. #sin[c_. +d_. #x_])«(a_+b_. #sin[c_. +d_. »x_])"n_, x_Symbol | : =
-BxCos [C+d*X]* (a+bxSi n[c+d*x])” (n+1) / (bxd* (n+2)) +
Di st [1/ (bx (n+2)), | nt [SiM[bxBx (n+1) - (a*B-bxAx (n+2))*si n[c+d*X], Xx]* (a+bxsi n[c+d*x])"n, x]1] /;
FreeQ[{a, b, c, d, A B}, x] & Rational Q[n] && n>-1 && n#l



Integration Rules for (sin”*))”™*m (A+B sin”*k) (a+b sin”~k)™n

Rules11-12:
J(Sin[c+dx]j)m(A+BSin[c+dx]") (a+bsSin[c+dx]*)dx j km<-1227

m Derivation: Ruledawithn = 1

= Rulell:If j2=k?=1 /\ a?-b2#0 \ bA-aB#0 /\jkm+<2#0 A jkms-1,then

J(Sin[c+dx]1)m(A+BSin[c+dx]k) (a+bSin[c+dx]*) dx —

aACos[c+dX] (Sin[c+dx]i)m+jk 1
+ .
d (i kms ) j kms <2
i Sy Mk . k+1 ) k +3 i 1 . K
J(S|n[c+dx]l) ((bA+aB) (ka+ J+(aA(]km+ )+bB(ka+ ))Sln[c+dx] dix

= Program code:

Int [(sin[c_. +d_. #x_]7j _. )"m_. »(A_+B_. #sin[c_. +d_. »x_1"k_. ) » (a_+b_. #sin[c_. +d_. »x_1"k_. ), x_Synbol | : =
axAxCos [C+dxX]* (Si n[C+d*x 1] )N (M) *xK) / (d* (] *k*mw (k+1) /2)) +
Di st [1/ (] xkxm+ (k+1)/2),
Int [(sin[c+d*X]"] )™ (M) %K) *
Si m[ (bxA+a*B) % (j *kxm (K+1) /2) + (a*Ax (] *K*m+ (k+3) /2) +b*Bx (j *k*m+ (k+1) /2)) »Si n[c+d*x]1"k, X1, x]1] /;
FreeQ[{a, b, c, d, A, B}, x] && OneQ[j "2, k"2] && NonzeroQ[a"2-b"2] &&
Rational Q[m] && j xkxm+ (k+1) /2#0 && j xkxme-1

m Derivation: Rule3awithn = 1

m Rulel2 If j2=k?=1 A a?-b?#0 AbA-aB#0 Ajkmx-1,then
J(Sin[c+dx]j)m(A+BSin[c+dx]k) (a+bSin[c+dx]*)dx —

bBCos[c+dx] (Sin[c+dx]!
- +

d(jkm+";3) jkm+";3

)rm-jk 1

) Cm ) k+3 ) k+1 ) k+3)
j(S|n[c+dx]J) (aA(ka+ )+bB[ka+ )+(bA+aB) (ka+ )S|n[c+dx]k dx

= Program code:

Int [(sinfc_ +d_. #x_]7j _. )"m_. » (A_+B_. #sin[c_. +d_. »x_1"k_. ) » (a_+b_. #sin[c_. +d_. »x_1"k_. ), x_Synbol | : =
-bxBxCos [C+dxX]* (Si n[C+d*x]"] )N (mk] k) / (d* (j *k*ms (k+3) /2)) +
Di st [1/ (j *k+m+ (k+3)/2),
Int [(sin[c+d*Xx]"] ) "mx
Si m[axAx (j *kxm+ (k+3) /2) +b*Bx (j *kxms (k+1) /2) + (bxA+a*B) * (j *k*mw (k+3) /2) xsi n[c+d*x]"k, X1, X1] /;
FreeQ[{a, b, c, d, A, B}, x] & OneQ[j "2, k"2] && NonzeroQ[a"2-b"2] &&
Rational Q[m] && | *kxne-1



Integration Rules for (sin”*))”™*m (A+B sin”*k) (a+b sin”~k)™n

Rules9-10: J‘Sin[c+dx]%l (A+BSin[c+dx1*) (a+bSin[c+dx]*)" ax

m Reference: G&R 2.551.1
= Derivation: Rule1b withj m= k2_1

m Rule9:1fk?=1 Aa?-b2#0 AbA-aB#0 A n<-1,then
k-1
JSin[c+dx]T(A+BSin[c+dx]k) (a+bSin[c+dx1¥)"ax —

(b A-aB) Cos[c+dx] Sin[c+dx]kz;1 (a+bSinfc+dx1¥
- +
d (n+1) (a2—b2)

1

(n+1) (a2-b?)

) n+1

)n+1

J-Sin[c»fdx]k?1 ((@aA-bB) (n+1) - (b A-aB) (n+2) Sin[c+dx]*) (a+bSin[c+dx]¥ dx

= Program code:

Int [ (A +B_. *sin[c_. +d_. «x_])*(a_+b_. #sin[c_. +d_. »x_1)"n_, x_Synbol | : =
- (bxA-axB) *Cos [C+d*xX]* (a+b*Si n[c+d*Xx])” (n+1) / (d* (n+1) * (a"2-b"2)) +
Di st [1/ ((n+1) % (a*2-b"2)),
I nt [Si m[ (axA-b%xB) % (n+1) - (bxA-axB) * (n+2) *si n[C+d*X], X]* (a+b*xsi n[c+d*x])”" (n+1), x]] /;
FreeQ[{a, b, c, d, A B}, x] & NonzeroQ[a”2-b"2] && NonzeroQ[bxA-axB] && Rational Q[n] && n<-1

Int [sin[c_. +d_. #x_]"(-1)*(A_. +B_. »sin[c_. +d_. «x_]1"(-1) ) = (a_+b_. #sin[c_. +d_. »x_1" (-1) )*n_, x_Synbol ] :
- (bxA-axB) xCot [c+d*xXx]* (a+bxCsc [c+d*xx])” (n+1) / (d* (n+1) x (a”2-b"2)) +
Di st [1/((n+1) % (a”"2-b"2)),
Int [sin[c+d*x]" (-1)=*
Si m[ (a*A-bxB) = (n+1) - (bxA-axB) * (N+2) *si n[c+d*X]" (-1), X]* (a+bxsi n[c+d*x]" (-1) )" (n+1), x1] /;
FreeQ[{a, b, c, d, A B}, x] & NonzeroQ[a"2-b"2] && NonzeroQ[bxA-axB] && Rational Q[n] && n<-1



Integration Rules for (sin”*))”™*m (A+B sin”*k) (a+b sin”~k)™n

m Reference: G&R 2.551.1 inverted
= Derivation: Rule3b withj m= k2_1

m Rulel0:I1f k2 =1 A a®2-b%2#0 An>0 A n#1,then
k-1
JSin[c+dx]T(A+BSin[c+dx]k) (a+bSin[c+dx1¥)"ax —

B Cos [C +d X] Sin[c+dx]%1 (a+bSinfc+dx]k)"
- +

d (n+1)

1 -1
N jSin[c+dx]kT (bBn+aA(n+1) + (@aBn+bA(n+1)) Sinfc+dx]¥) (a+bSin[c+dx]k)n-ld1x
+

n

= Program code:

Int [(A_. +B_. #sin[c_. +d_. #x_])*(a_. +b_. #sin[c_. +d_. »x_])"n_, x_Synbol | : =
-BxCos [C+d*Xx]* (a+b*Sin[c+dxx]1)~n/ (d*(n+1)) +
Di st [1/(n+1),
Int [Si m[bxBxn+axAx (n+1) + (a*Bxn+bxAx (n+1)) *Si n[c+dxx], X]* (a+b*si n[c+dxx])" (n-1),x1] /;
FreeQ[{a, b, c, d, A B}, x] & Rational Q[n] && n>0 && n#l

Int [sin[c_. +d_. «x_1" (-1)*(A_. +B_. #sin[c_. +d_. »x_]1" (-1) )= (a_+b_. »sin[c_. +d_. *x_1" (-1))"n_, x_Synbol ] :
-BxCot [C+d*X]* (a+bxCsc [c+d*xX])"n/ (d* (n+1)) +
Di st [1/(n+1),
Int [sin[c+d*x]" (-1)*
Si m[b*Bxn+axAx (N+1) + (a*Bxn+b*Ax (n+1) ) *si n[c+d*x]" (-1), X] * (a+b*si n[c+d*x]" (-1) )" (n-1), x1] /;
FreeQ[{a, b, c,d, A B}, x] & Rational Q[n] & n>0 && n#l



Integration Rules for (sin”*))”™*m (A+B sin”*k) (a+b sin”~k)™n

Rules1-6: J(Sin[c+dx]j)m(A+BSin[c+dx]k) (a+bSin[c+dx]*)" dx

m Derivation: Rulela, Ib or 6withb A-aB =10
= Derivation: Algebraic simplification
= BassIf bA-aB=0,thenA+Bz = (a+bz)
m Rulelf j2=k?=1 AbA-aB=0 A ns-1,then
j(Si nic +dxyl )m (A+BSin[c+dx]*) (a+bSin[c +dx]")nd1x —
n+1

B -
EJ(Sin[c+dx]l) (a+bSin[c+dx]*)" dx

= Program code:

Int [(sin[c_ +d_. x_17"j _. )"m_. (A . +B_. #sin[c_. +d_. »x_]"k_. )*(a_+b_. »sin[c_. +d_. #x_]1"k_. )"n_, x_Synbol
Di st [B/b, Int [ (sin[c+dxx]"] ) "mk (a+bxSi n[c+d*x] k)" (n+1),x]]1 /;
FreeQ[{a, b,c,d, A B, m}, x] & & OneQ[j "2, k"2] && ZeroQ[bxA-axB] && Rational Q[n] && n<0



Integration Rules for (sin”*))”™*m (A+B sin”*k) (a+b sin”~k)™n

m Derivation: RecurrencelwithA=0,B=A,C=Bandm=m-1
m RulelaIf j2=k?=1 A a?-b?#0 AbA-aB#0 Ajkm>1 A n<-1,then
J(Sin[0+dx]j)m(A+BSin[c+dx]k) (a+bSin[c+dx]k)nd1x —

n+l

a(bA-aB) Cos[c +dx] (Sin[c+dx]i)m K (a+bSin[c+dx]1¥)

bd (n+1) (a?-b?)

1 o
J(Sin[c+dx]1) 2k

b (n+1) (az—bz)

(a(bA—aB) (jkm+ )+b(bA—aB) (n+1) Sinfc+dx]*-

(b (aA-bB) (n+1) +a (b A-aB) (jkm+ ]]Sin[c+dx]2k

(a+bSi n[c+dx]'<)n+1
dx

= Program code:

Int [(sinfc_. +d_. #x_]7j _. ) m_#(A_. +B_. #sin[c_. +d_. »x_1"k_. ) » (a_+b_. #sin[c_. +d_. »x_]1"k_. )"n_, x_Synbol ]
ax (bxA-axB) xCos [C+d*X]* (Si n[C+d*X]"j )N (M-] *k) * (a+b*Si n[c+d*Xx] k)" (n+1) / (b*dx (n+1) » (a"2-b"2)) -
Di st [1/ (bx (n+1) % (a”2-b"2)),
Int [(Sin[Cc+d*xX]"j )N (M-2%] %K) *
Si m[ax (bxA-axB) * (j xk*m+ (k-3) /2) +bx (bxA-axB) * (n+1) *Si n[C+d*X ] k-
(bx (a*A-bxB) x (N+1) +a* (bxA-a*B) * (j xk*m+ (k-1) /2) ) xSi n[c+d*Xx]" (2xk), x]*
(a+bxsi n[c+d*x]1"k)” (n+1), x]1]1 /;
FreeQ[{a, b, c, d, A B}, x] & OneQJj "2, k"2] && NonzeroQ[a”*2-b"2] &% NonzeroQ[bxA-axB] &&
Rational Q[m n] && j *k+m>1 && n<-1



Integration Rules for (sin”*))”™*m (A+B sin”*k) (a+b sin”~k)™n

m Derivation: RecurrencelwithC =0
m Derivation: Recurrence6withA=0,B=A,C=Bandm=m-1

» Rulelb:If j2=k2=1 A a2-b2#0 AbA-aB#0 AO<jkm<l A n<-1,then
J(Sin[c+dx]j)m(A+BSin[c+dx]k) (a+bSin[c+dx]k)nd1x —

(b A-aB) Cos[c +dX] (Sin[c+dx]i)m(a+bSin[c+dx]'<)n+l

- +
d (n+1) (az—bz)
1 o
‘f(Sin[c+dx]J) T
(n+1) (a%-b?)
- k+3

[(bA—aB) (j k m+ )+(aA—bB) (n+1) Sin[c+dx]“- (b A-aB) (j Kman+ — ]Sin[c+dx]2"

(a+bSin[C+dx]")n+ld1x

= Program code:

Int [(sin[c_ +d_. »x_17j _. )"m_(A_. +B_. »sin[c_. +d_. #x_]"k_. )= (a_+b_. #sin[c_. +d_. xx_]"k_. )"n_, x_Symbol ]
- (bxA-axB) xCos [c+d*xXx] % (Si n[C+d*X]"] )"mk (a+b*Si n[c+d*x] k)" (n+1) / (d* (n+1) * (a*2-b"2)) +
Di st [1/((n+1) % (a”2-b"2)),
Int [(sin[c+dxXx]"] )™ (M-] *xK) *
Si m[ (bxA-axB) % (j xk*m+ (k-1) /2) + (a*A-b*B) * (n+1) *si n[c+d*x ] k-
(bxA-axB) » (j *kxmen+ (k+3) /2) xSi n[c+d*x]" (2xK), X]*
(a+bxsi n[c+d*x]1"k)" (n+1), x]]1 /;
FreeQ[{a, b, c, d, A B}, x] & OneQ[j "2, k"2] && NonzeroQ[a”2-b"2] && NonzeroQ[bxA-axB] &&
Rational Q[m n] && 0<j *kxmkl && n<-1



Integration Rules for (sin”*))”™*m (A+B sin”*k) (a+b sin”~k)™n

m Derivation: Recurrence2withA=0,B=A,C=Bandm=m-1

m Rule21f j2=k?=1 A a%-b2#0 Ajkm>1 A -1=<n<0,then

J(Sin[c+dx]j)m(A+BSi nic+dx]1¥) (a+bSin[c+dx]k)nd1x —

BCos[c+dx] (Sin[c+dx])™ k (a+bsi n[<:+dx]k)n+l
- +

bd (j kmens+ <2)

— j(Si n[c +dx]!
)

k-1
2
)) Sin[c+dx]2k) .
n

(a+bSin[c+dx]¥)
dx

1

)m-2j k .

b (j kmens+

[aB[jkm+ ]+bB(jkm+n+ )Sin[c+dx]k+

k-1
(bA(n+l)+(bA—aB) (j K m+ >

= Program code:

Int [(sin[c_ +d_. »x_17j _. )"m_«(A_. +B_. »sin[c_. +d_. #x_]"k_. )= (a_+b_. #sin[c_. +d_. xx_]"k_. )"n_, x_Symbol ]
-BxCos [C+d*X]* (Si n[C+dxX]"j )N (M-] xk) x (a+b*Si n[c+d*x] k)" (n+1) / (b*d* (j *kxmen+ (k+1)/2)) +
Di st [1/ (bx (j *kxmen+ (k+1)/2)),
Int [(sin[c+d*Xx]"j )N (M-2%] xK) *
Si m[axBx (j *k*mi (k-3) /2) +b*Bx* (j *k*msn+ (k-1) /2) *Si n[C+d*x ] k+
(bxAx (n+1) + (bxA-axB) » (j *k*m (k-1) /2) ) *Si n[c+d*x]" (2xK), X]*
(a+bxsi n[c+d*x]1"k)"n, x]]1 /;
FreeQ[{a, b, c, d, A B}, x] & OneQ[j "2, k"2] && NonzeroQ[a”2-b"2] && Rational Q[m n] &&
j *k*m>1 && -1<n<0



Integration Rules for (sin”*))”™*m (A+B sin”*k) (a+b sin”~k)™n

m Derivation: Recurrence3withA=aAB=bA+aB C=bBandn=n-1

m RuledaIf j2=k?=1 A a?-b?2#0 Ajkm2-1 Ajkmzl A n>1 then
J(Sin[c+dx]j)m(A+BSin[c+dx]k) (a+bSin[c+dx]k)nd1x —

bBCos[c+dx] (Sin[c+dx]i)rmj k (a+bSin[c+dx]'<)n'1
- +

d (j km+n+k+l)

— j(Si n[c+dx]i)m-
2

1

j km+n+

k+1 k-1
(a (aAn+(aA+bB) (j k m+ ))+(a (2bA+aB)+(a®B+2abA+b?B) (j km+n+ > ))

k+1
Sinfc+dx]¥+b (aB(n—1)+(bA+aB) (j km+n+ ])Sin[c+dx]2k] .

(a+bsi n[c+dx]")n_2
dx

= Program code:

Int [(sinfc_. +d_. #x_]7j _. )"m.. »(A_. +B_. »sin[c_. +d_. #x_]"k_. ) (a_+b_. »sin[c_. +d_. #x_]"k_. )"n_., x_Synbo
-bxBxCos [C+d*X]* (Si n[C+d*x]"] )™ (k] xK) * (a+b*Si n[c+d*x] k)™ (nN-1) / (d* (] *kxmen+ (k+1)/2)) +
Di st [1/ (] *kxmen+ (k+1) /2),
Int [(sin[c+d*X]"] ) mk
Si m[ax (axAxn+ (axA+b*B) % (] *kxm+ (k+1) /2)) +
(ax (2xbxA+axB) + (a"2xB+2xaxb*A+b"2xB) » (j *k*mn+ (k-1) /2) ) *Si n[c+d*X]" "k +
bx (axBx (n-1) + (bxA+axB) » (j *k*men+ (kK+1) /2) ) *Si n[C+d*X]" (2xK), X] *
(a+b*si n[c+d*x]"k)" (n-2),x]1]1 /;
FreeQ[{a, b, c, d, A B}, x] & & OneQ[j *2, k*2] && NonzeroQ[a’2-b”2] && Rational Q[m n] &&
j #kxme-1 && j xk+mtl && n>1



Integration Rules for (sin”*))”™*m (A+B sin”*k) (a+b sin”~k)™n

m Derivation: Recurrence2withA=aAB=bA+aB C=bBandn=n-1
m Derivation: Recurrence3withA=0,B=A,C=Bandm=m-1

= Rule3b:1f j2=k2=1 A a2-b220 Ajkm>0Ajkmzl A O<n<1,then
J(Sin[c+dx]j)m(A+BSin[c+dx]k) (a+bSin[c+dx]k)nd1x —

BCos[c+dx] (Sinfc+dx] )" (a+bSin[c+dx]¥)"
- +

d(j kmens+ &)

— j(Si nic+dxj )rTFj ‘.

1

j kms+n+

k-1 k-1

(aB(jan )+(aA+(aA+bB) (jkm+n+ ])Sin[c+dx]k+

k+1
(n (bA+aB)+bA(jkm+ ))Sin[c+dx]2k)-

(a+bsi n[c+dx]")n'1

dx

m  Program code:

Int [(sin[c_ +d_. »x_1"j _. )"m_. (A . +B_. #sin[c_. +d_. »x_]"k_. )= (a_+b_. »sin[c_. +d_. «x_]1"k_. )"n_., x_Symbo
-BxCos [C+d*Xx]* (Si n[C+d*X]"] ) "mk (a+bxSi n[c+d*x] k) n/ (d* (] *k*men+ (k+1)/2)) +
Di st [1/ (] *kxmen+ (k+1) /2),
Int [(sin[c+dxXx]"j )N (M-] xK) *
Si m[axBx (j *k*ms (k-1) /2) + (axA+ (axA+bxB) % (j *k*men+ (k-1)/2)) *si n[c+d*x] "k +
(nx (bxA+axB) +bxAx (j *kxmw (k+1) /2)) *si n[c+d*X]" (2xk), X]*
(a+bxsi n[c+d*x]1 k)" (n-1), x]]1 /;
FreeQ[{a, b, c, d, A B}, x] & OneQ[j "2, k"2] && NonzeroQ[a”2-b”"2] && Rational Q[m n] &&
j *k*m>0 && j xk*mgl && O<n<l



Integration Rules for (sin”*))”™*m (A+B sin”*k) (a+b sin”~k)™n

m Derivation: Recurrence4dwithA=aAB=bA+aB C=bBandn=n-1

m Ruleda If j2=k?2=1 A a%?-b2#0 Aj km<-1 A n>1,then
J(Sin[c+dx]j)m(A+BSin[c+dx]k) (a+bSin[c+dx]k)nd1x —

aACos[c+dX] (Sin[c+dx]1)rmj K (a+bSin[c+dx]k)”_1

+

d(j kms ";1)

1

——— [ (Sin[c+dx]!
j kme <2 J

)r’mjk.

k+1

k+1
(a((bA+aB) (jkm+ )—bA(n—l))+[a2A+(a2A+2abB+b2A) (jkm+ ))Sin[c+dx]k+

k+1
b(aAn+(aA+bB) (jkm+ ))Sin[c+dx]2k)-

(a+bsi n[c+dx]")n_2
dx

= Program code:

Int [(sin[c_. +d_. #x_]7j _. )"m.. »(A_. +B_. »sin[c_. +d_. #x_]"k_. )= (a_+b_. »sin[c_. +d_. #x_]"k_. )"n_, x_Synbol
axAxCos [C+dxX]* (Si n[C+d*x]1"] )" (M) *K) % (a+b*Si n[Cc+d*x] k)N (n=-1) / (d* (j *kxme (k+1) /2)) +
Di st [1/ (] xkxm+ (k+1)/2),
Int [(Sin[c+d*X]"] )™ (MH] %K) *
Si mlax ( (bxA+a*B) » (j xk*me (k+1) /2) -bxAx (n-1)) +
(@"2xA+ (" 2xA+2*xaxbxB+b"2xA) » (j xk*me (k+1) /2) ) *Si n[C+d*x ] k+
bx (axAxn+ (axA+b*B) * (j *kxmr (k+1) /2) ) xSi n[C+d*x ] (2xk), X]*
(a+b*si n[c+d*x]"k)" (n-2),x]1]1 /;
FreeQ[{a, b, c, d, A B}, x] & & OneQ[j *2, k*2] && NonzeroQ[a’2-b”2] && Rational Q[m n] &&
j *kxmk-1 && n>1



Integration Rules for (sin”*))”™*m (A+B sin”*k) (a+b sin”~k)™n

m Derivation: Recurrence4withC =0

= Ruledb:If j2=k2=1 A a2-b2#0 Aj km<-1 A O<ns1,then
J(Sin[c+dx]j)m(A+BSin[c+dx]k) (a+bSin[c+dx]k)nd1x —

ACos[c+dx] (Sinfc+dx])™ k (a+bSinfc+dx1k)"

+

d(j kms ";1)

1 o
j km+ =2

k+1
(aB(jkm+ )—bAn+

k+1 k+3
(aA+(aA+bB) (jkm+ ))Sin[c+dx]k+bA(jkm+n+ Sin[c+dx]2k)-

(a+bsi n[c+dx]")n_1
dx

= Program code:

Int [(sinfc_. +d_. #x_]7j _. )"m.. »(A_. +B_. »sin[c_. +d_. #x_]"k_. ) (a_+b_. »sin[c_. +d_. #x_]"k_. )"n_., x_Synbo
AxCoS [C+d*xX]* (Si n[C+d*xX]"] )™ (M) *xK) » (a+b*Si n[c+d*x]1 k) n/ (d* (j *kxmw (K+1) /2)) +
Di st [1/ (] xkxm+ (k+1)/2),
Int [(Sin[c+d*X]"] )™ (MH] %K) *
Si m[a*Bx (j *k*m+ (k+1) /2) -bxAxn+ (axA+ (a*xA+b*B) * (j *kxm+ (K+1) /2) ) *Si n[C+d*X ] K+
bxAx (j *kxmen+ (k+3) /2) *si n[c+dxx]" (2xk), X] *
(a+b*si n[c+d*x]"k)" (n-1), x]11 /;
FreeQ[{a, b, c, d, A B}, x] & & OneQ[j *2, k2] && NonzeroQ[a’2-b"2] && Rational Q[m n] &&
j *k*mk-1 && O<ns<1



Integration Rules for (sin”*))”™*m (A+B sin”*k) (a+b sin”~k)™n

m Derivation: Recurrence5withC =0

u RuIeS:Ifj2=k2=1/\az—bz;&O/\j km+k;l ;&O/\j kms—l/\—lsn<0,then
J(Sin[c+dx]j)m(A+BSin[c+dx]") (a+bSin[c+dx]k)nd1x —

ACos[c +dX] (Sin[c+dx]i)""j k (a+bSin[c+dx]")n+1

+

ad (j kms <L)

1 ) ) i K
—kd)J‘(Sln[c+dx]J)m” .

a(j km+ .

k+1
((aB—bA) (jkm+ )—bA(n+l)+

) k+3 ) ) k+3 )
aA(]km+ )Sln[c+dx]k+bA(ka+n+ )Sln[c+dx]2k
(a+bSinfc+dx]¥)"

dx

= Program code:

Int [(sinfc_. +d_. #x_]7j _. )"m.. »(A_. +B_. »sin[c_. +d_. #x_]"k_. )= (a_+b_. »sin[c_. +d_. #x_]"k_. )*n_, x_Synbol
AxCos [C+d*X]* (Si n[Cc+d*x]17] )N (M) *xK) % (a+b*Si n[c+d*x ] k)" (n+1) / (a*d* (j *kxm+ (k+1) /2)) +
Di st [1/ (a* (j *k*m+ (k+1)/2)),
Int [(Sin[c+d*X]"j )" (M+] *K) *
Si m[ (a*B-b*A) % (j *kxm (k+1) /2) -bxAx (N+1) +axAx (j *k*m+ (k+3) /2) »Si n[C+d*X] "k +
bxAx (j xk*men+ (k+1) /2+2) *si n[c+d*x]" (2xk), X] *
(a+bxsi n[c+d*x1°k)"n, x11 /;
FreeQ[{a, b, c, d, A B}, Xx] & OneQIj *2, k"2] && NonzeroQ[a"2-b"2] && Rational Q[m n] &&
j *keme (k+1) /220 && j *k*ms-1 && -1<n<0



Integration Rules for (sin”*))”™*m (A+B sin”*k) (a+b sin”~k)™n

m Derivation: Recurrence6withC =0

= Rule6 If j2=k2=1 A a2-b220 AbA-aB#0 Aj km<O A n<-1,then
J(Sin[c+dx]j)m(A+BSin[c+dx]k) (a+bSin[c+dx]k)nd1x —

b (b A-aB) Cos[c +dX] (Sin[c+dx]i)rmj K (a+bSin[c+dx]k)n+l

+

ad (n+1) (a?-b?)

1 o
J(Sin[c+dx]1) .
a (n+1) (a?-b?)
k+l)

(A (a®-b?) (n+1) -b (b A-aB) (j k m+

k+5
a(bA-aB) (n+1)Sin[c+dx]X+b (bA-aB) (j Km+n + )Sin[c+dx]2k)-

(a+bSi n[c+dx]'<)n+1
dx

= Program code:

Int [(sinfc_. +d_. #x_]7j _. )"m.. »(A_. +B_. »sin[c_. +d_. #x_]"k_. )= (a_+b_. »sin[c_. +d_. #x_]"k_. )"n_, x_Synbol
bx (bxA-axB) xCos [C+d*X]* (Si n[C+d*X]"] )™ (M+] *k) » (a+b*Si n[c+d*X] k)" (n+1) / (a*d* (n+1) * (a"2-b"2)) +
Di st [1/ (a* (n+1) % (a"2-b"2)),
Int [(sin[Cc+d*X]"j ) m&
Si m[Ax (a"2-b"2) % (n+1) -b* (bxA-a*B) » (j *k*ms+ (k+1) /2) -a* (bxA-a%B) * (n+1) *si n[c+d*x ] k+
bx (bxA-a%B) » (j *k«men+ (k+5) /2) *si n[c+d*x]" (2xk), X]*
(a+bxsi n[c+d*x]1"k)” (n+1), x]1]1 /;
FreeQ[{a, b, c, d, A B}, x] & OneQJj "2, k"2] && NonzeroQ[a”*2-b"2] &% NonzeroQ[bxA-axB] &&
Rational Q[m n] && j xk*mk0 && n<-1



