Integration Rules for Exponential Integral Functions

jEpr ntegral E[n, a+ b x] dx
= Bass 22 =-E, 2

= Rule

Explntegral E[n+1, a+bx]

JEXpl ntegral E[n, a+bx]dx — - -

= Program code:

Int [Explntegral E[n_,a_ . +b_. *x_1,x_Synbol ] : =
-Expl ntegral E[n+1, a+bxx]/b /;
FreeQ[{a, b, n}, x]



Integration Rules for Exponential Integral Functions

xMExpl ntegral E[n, a+bx] dx

m Derivation: Integration by parts
m Rulelf nez A n>0,then
fxmapl ntegral E[n, a+bx] dx —

x™L Expl ntegral E[n, a+bx] b
+

jx”‘*l Expl ntegral E[n-1, a+bx] dx
m+1 m+ 1

= Program code:

Int [x_“m. xExplntegral E[n_,a_ . +b . *x_],x_Synbol ] : =

XN (m+1) xExpl nt egral E[n, a+bxx]/ (m1) +

Di st [b/ (m:1), I nt [x* (m+1) xExpl nt egral E[n-1, a+b*x], x11 /;
FreeQ[{a, b, m}, x] && I ntegerQ[n] && n>0

m Derivation: Inverted integration by parts

m Rulelf nez A n>0,then

Jxmapl ntegral E[n, a+bx] dx —

xMExplntegral E[n+1, a+bx] m
- . +EJ.X”*1Epr ntegral E[n+1, a+bx] dx

= Program code:

Int [x_"m. xExplntegral E[n_,a_. +b_. *x_], x_Synbol ] : =
-x"mxkExpl nt egral E[n+1, a+bxx]/b +
Di st [nvb, I nt [x" (m-1) *xExpl ntegral E[n+1, a+bxx], x1] /;
FreeQ[{a, b, m}, x] && IntegerQ[n] && n<0



Integration Rules for Exponential Integral Functions

J.Expl ntegral Ei [a+bx]"dx

m Derivation: Integration by parts

= Rule

(a+bx) Explntegral Ei [a+bx] e¥PX
b b

jEXpl ntegral Ei [a+bx] dx —

= Program code:

Int [Explntegral Ei [a_.+b_. *x_1,x_Synbol ] : =
(a+bxx) *xExpl nt egral Ei [a+bxx]/b - E* (a+bxx)/b /;
FreeQ[{a, b}, x]

= Derivation: Integration by parts

= Rule

(a+bx) Explntegral Ei [a+bx]?
b

jEpr ntegral Ei [a+bx]2dx — Zjea*bx Expl nt egral Ei [a+bx] dx

= Program code:

I nt [Explntegral Ei [a_. +b_. *x_]172, x_Synbol ] : =
(a+bxx) xExpl ntegral Ei [a+b*x]1"2/b -
Di st [2, | nt [E* (a+b*x) *Expl ntegral Ei [a+bxx], x]] /;
FreeQ[{a, b}, x]



Integration Rules for Exponential Integral Functions

xMExpl ntegral Ei [a+bx]"dx

m Derivation: Integration by parts

s Rule If m+1 # 0, then

_ x™1 Explntegral Ei [a+bXx] b xM1 ga+bx
jxmapl ntegral Ei [a+bx] dx — - J dix
m+ 1 m+ 1 a+bx
= Program code:
Int [x_“m. xExplntegral Ei [a_. +b_. *x_], x_Synbol ] : =
x™ (mel) xExpl ntegral Ei [a+b*x]/ (m+l) -
Di st [b/ (m+1), | nt [x" (m+1l) *E" (a+b*Xx) / (a+b*x), x]11 /;
FreeQ[{a, b, m}, x] && Nonzer oQ[m+1]
= Derivation: Integration by parts
m RuleIf mez A m> 0,then
) x™1 Expl nt egral Ei [bx]?2 2 )
Jxmapl ntegral Ei [bx]2dx — - J-xmebX Expl nt egral Ei [bx] dx
m+1 m+ 1

= Program code:

Int [x_"m_. xExplntegral Ei [b_. *x_]72,x_Synbol ] : =

xN (m+1l) xExpl ntegral Ei [bxx]*2/(m+1l) -

Di st [2/ (me1), I nt [X*mxE" (bxX) *xExpl nt egral Ei [bxx],x1] /;
FreeQ[b, x] && I ntegerQ[m] && m>0

= Derivation: Iterated integration by parts
m RuleIf mez A m> 0,then

x™1 Explntegral Ei [a+bx]? ax™Explntegral Ei [a+bx]?
+

fxmapl ntegral Ei [a+bx]2dx —
m+ 1 b (m+1)

am

b (m+1)

2

m+1

Jxmea"bx Expl ntegral Ei [a+bx] dx - Jx”*l Expl ntegral Ei [a+bx]?dx

= Program code:

Int [x_“m_. xExpl ntegral Ei [a_+b . *x_]72,x_Synbol ] : =

x"N (m+1) xExpl nt egral Ei [a+b*x]"2/ (m+1) +

axx "mxExpl nt egral Ei [a+b*x]"2/ (b* (m+1)) -

Di st [2/ (m+1), | nt [X "mxE" (a+b*x) xExpl nt egral Ei [a+bxx], Xx]] -

Di st [a*nV (bx (m+1)), I nt [x* (Mm-1) xExpl nt egral Ei [a+b*x]1"2,x]1] /;
FreeQ[{a, b}, x] & IntegerQ[m] && m-0



Integration Rules for Exponential Integral Functions

= Derivation: Inverted integration by parts
m Rulelf mez A m< -2,then

bx™2Explntegral Ei [a+bx]? x™!Explntegral Ei [a+bx]?
+

fxmapl ntegral Ei [a+bx]2dx —
a (m+1) m+ 1

2b b (m+2)

_ Jx"‘*l e®PX Explntegral Ei [a+bx]dx -
a (m+1)

_— Jx”‘*l Expl ntegral Ei [a+bx]2dx
a (m+1)

= Program code:

(» Int [x_"m.xExplntegral Ei [a_+b_. *x_]172,x_Synbol ] : =
bxx” (m+2) xExpl nt egral Ei [a+b*x]172/ (ax (m:l)) +
XN (m+1) xExpl nt egral Ei [a+b*x]"2/ (m+1l) -
Di st [2xb/ (a*x (Mm+1)), I nt [x" (Mm+1) xEN (a+bxXx) *Expl nt egral Ei [a+b*x], x]] -
Di st [b* (m+2) / (a* (m+1)), | nt [x" (m+1) *xExpl nt egral Ei [a+b*x]"2,Xx]] /;
FreeQ[{a, b}, x] & IntegerQ[m] && nNk-2 =)



Integration Rules for Exponential Integral Functions

e®*PX Explntegral Ei [c +dXx] dx

m Derivation: Integration by parts

= Rule

e®PX Explntegral Ei [c+dx] d [ePX gf+dx

- — dx
b b c+dx

jea*bx Explntegral Ei [c+dXx] dx —

= Program code:

Int [E*(a_. +b_. #x_) «Expl ntegral Ei [c_. +d_. »x_], x_Synbol | : =
E™ (a+b*x) xExpl ntegral Ei [c+d*x]/b -
Di st [d/b, I nt [E* (a+b*x) *E" (C+d*X) / (C+d*X), X]1] /;
FreeQ[{a, b, c,d}, x]
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XxMe?*PX Expl nt egral Ei [c +d Xx] dX

m Derivation: Integration by parts
s RuleIf mez A m> 0,then

. xMe2*bX Expl nt egral Ei [c +dX]
xMe®*PX Expl ntegral Ei [c +dXx] dX — . -

d Xmea+b>< ec+d>< m
- j—d dx - - Jx"*l e X Expl ntegral Ei [c+dXx] dx
C+dX

= Program code:

Int [x_"m.. «E" (a_. +b_. »x_) «Expl ntegral Ei [c_. +d_. »x_], x_Synbol | : =
X mxE" (a+bxXx) *Expl ntegral Ei [c+d*x]/b -
Di st [d/b, | nt [X*mxE" (a+b*x) *E" (C+d*Xx) / (C+d*X), X]] -
Di st [nvb, I nt [x" (m-1) *xE" (a+b*x) *Expl ntegral Ei [c+d*x], Xx]] /;
FreeQ[{a, b,c,d}, x] & IntegerQ[m] && m>0

= Derivation: Inverted integration by parts
m RuleIf mez A m< -1,then

x™1 ga+bx Expl ntegral E [c +dX]

Jxmea*bx Expl ntegral Ei [c +dX] dX —
m+ 1

dx

d J\mel ea+bx ec+dx b
c+dx m+ 1

jx”‘*l e X Explntegral Ei [c+dx] dx
m+ 1

m  Program code:

Int [x_"m_«E" (a_. +b_. »x_) *Expl ntegral E [c_. +d_. #x_], x_Symbol ] : =
XN (mel) *EN (a+b*x) *Expl ntegral Ei [c+d*x]/ (m+l) -
Di st [d/ (mel), I nt [X™ (M+1) *EN (a+bxx) *EN (C+dxX) / (C+d*Xx), X]] -
Di st [b/ (mel), I nt [X™ (m+1) *EN (a+bxx) *Expl ntegral Ei [c+d*x], Xx]] /;
FreeQ[{a, b,c,d}, x] & IntegerQ[m] && nk-1



