Integration Rules for Inverse Tangent Functions

ArcTan[a x]" dx

= Reference: G&R 2.822.1, CRC 443, A& S4.4.60
m Derivation: Integration by parts

= Rule

Log[1 +a?x?]
J-ArcTan[ax] dx — x ArcTan[aX] - ——M

2a
= Program code:
Int [ArcTan[a_. *x_], x_Synbol ] : =
Xx*ArcTan [axx] - Log[l+a"2xx"2]1/(2%a) /;
FreeQ[a, x]
= Derivation: Integration by parts
m Rulelf nez A n>1,then
x ArcTan[a x]"1
chTan[ax]”dlx —>xArcTan[ax]”—anj dx
1+a2x2

= Program code:

Int [ArcTan[a_. *x_]”n_, x_Synbol ] : =

X*ArcTan [a*x]"n -

Di st [a*n, | nt [Xx*ArcTan [a*x]” (n-1) / (1+a”2xx"2), x1] /;
FreeQ[a, x] && IntegerQ[n] && n>1



Integration Rules for Inverse Tangent Functions

XMArcTan[a x]" dx

m Derivation: Iterated integration by parts
m Rulelf nez A n>0,then

ArcTan[ax]" x2ArcTan[ax]"
+

2 a2 2

n
JxArcTan[ax]“dlx — —2—jNCTan[ax]”'1dx
a

= Program code:

Int [x_*ArcTan[a_. *x_]”n_.,x_Synbol ] : =
ArcTan [axXx]"n/ (2xa"2) + x"2xArcTan[axx]"n/2 -
Di st [n/ (2%a), | nt [ArcTan[a*xx]” (n-1),x]]1 /;
FreeQ[a, x] && I ntegerQ[n] && n>0

= Derivation: Iterated integration by parts

m Rulelfnez A n>0 A m>1,then

x™L ArcTan[ax]" x™! ArcTan[ax]"
J-xmArcTan[ax]”dlx — + -
a? (m+1) m+1
n m-1
S fx”*l ArcTan[ax]"tdx - ——— J-x”*2 ArcTan[a x]" dx
a (m+1) a? (m+1)

= Program code:

Int [x_“m xArcTan[a_. *x_]1"n_.,x_Synbol ] : =
XN (m-1) *Ar cTan [a*x]"n/ (a"2% (M+1)) + X (m+l)xArcTan[a*xx]*n/ (m1l) -
Di st [n/ (ax (m+1)), I nt [x* (m-1) *ArcTan[a*x]” (n-1), x]] -
Dist [(m-1)/(@*2%(m+1l)), I nt [x*(Mm-2)*ArcTan [a*x]"n, x]] /;

FreeQ[a, x] && IntegerQ[n] && n>0 && Rational Q[m] && m>1
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= Derivation: Integration by parts

m Rulelf nez A n> 1, then

21

-aXx

]

dx — 2ArcTan[ax]“ArcTanh[1-
X

ArcTan[ax]" 21 ArcTan[ax]"! ArcTanh[1 -
j— ]—Zan
| —ax

1+a?x?
= Program code:

Int [ArcTan[a_. #x_]"n_/x_, x_Synbol | : =
2xArcTan [axx]"nxArcTanh [1-2«| / (| —a*x)] -

Di st [2xaxn, | nt [ArcTan [a*x]” (n-1) *xArcTanh [1-2x] / (| -axx) ]/ (1+a"2%xx"2),x]] /;
FreeQ[a, x] && I ntegerQ[n] && n>1

= Derivation: Integration by parts

m Rulelf nez A n > 0,then

ArcTan[ax]" ArcTan[ax]" ArcTan[ax]"1
j—dx_,-—+anj dx
x2 X x (1+a?x?)
= Program code:
Int [ArcTan [a_. #x_]"n_. /x_"2,x_Symbol | : =
-ArcTan [a*Xx]*n/X +
Di st [a*n, | nt [ArcTan [a*x]" (n-1) / (X% (1+a"2%xx"2)),x]] /;
FreeQ[a, x] && I ntegerQ[n] && n>0
m Derivation: Inverted iterated integration by parts special case
m Rulelf nez A n>0,then
ArcTan[ax]" a? ArcTan[ax]" ArcTan[ax]" an (ArcTan[ax]"?
J— dx — - - + — dx
x3 2 2 x2 2 x2

= Program code:

Int [ArcTan[a_. #x_]"n_. /x_"3, x_Synbol | : =
-an2xArcTan [a*x]1"n/2 - ArcTan[axX]"n/ (2xX"2) +
Di st [axn/2, I nt [ArcTan [a*xx]” (n-1) /x"2,X]1] /;

FreeQ[a, x] && IntegerQ[n] && n>0

dx
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= Derivation: Inverted iterated integration by parts
m Rulelfnez A n>0 A m< -3, then

x™L ArcTan[ax]” a?x™3 ArcTan[ax]"
jxmArcTan[ax]“dx — + -
m+1 m+1

an aZ (m+3)

Jx“lNcTan[a x1"tdax - Jx“chTan[a x1" dx

m+1 m+ 1

= Program code:

Int [x_“m xArcTan[a_. *Xx_]"n_.,x_Synbol ] : =
XN (mel) *ArcTan [a*x]*n/ (mkl) + a”2xx" (M+3) *ArcTan [a*x]1n/ (m+l) -
Di st [a*n/ (m+1), | nt [Xx* (mel) *Ar cTan [axx]” (n-1), X]] -
Di st [a”2% (m+3) / (m+1), | nt [x» (Mk2) *Ar cTan [axx]2n, x]1 /;

FreeQ[a, x] && IntegerQ[n] && n>0 && Rational Q[m] && nk-3
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ArcTan[a x]"
d X

c +dX
= Derivation: Integration by parts
» Rulelf a2c?+d?=0 A nez A n>O0,then
2 . 2
ArcTan[ax]" ArcTan[ax]"Log[——] apn (CArcTan[ax]"!Log[——=-]
—_— dX — - + —
c+dx d d 1+a?x?

= Program code:

Int [ArcTan[a_. #x_]"n_. /(c_+d_. »x_), x_Synbol | : =

-ArcTan [axx]*nxLog[2%C/ (C+d*x)]/d +

Di st [axn/d, | nt [ArcTan [a*x]” (n-1) xLog[2%C/ (C+d*X) ]/ (1+a”2xx"2),x]1] /;
FreeQ[{a, c, d}, x] && ZeroQ[a’2xc"2+d"2] && IntegerQ[n] && n>0

dx
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XxMArcTan[a x]"

d X
c +dX
= Derivation: Integration by parts
» Rulelf a2c?+d?=0 A nez A n>O0,then
2 - 2
ArcTan[ax]" ArcTan[ax]“Log[Z—ﬁ] an ArcTan[ax]”lLog[Z—C+d°X]
—  dXx — - — dx
X (C+dx) c c 1 +a?x?
= Program code:
Int [ArcTan[a_. #x_]"n_. /(x_x(c_+d_. #x_)), x_Synbol | : =
ArcTan[a*x]"nxLog[2-2xC/ (C+d*Xx)]/C -
Di st [axn/c, | nt [ArcTan[a*x]" (n-1) xLog[2-2%C/ (C+d*Xx)]/ (1+a"2xx"2),x]1] /;
FreeQ[{a, c, d}, x] && ZeroQ[a’2xc"2+d"2] && IntegerQ[n] && n>0
= Derivation: Integration by parts
m Rulelf a2¢c2+d2=0 Anez A n>O0,then
2 - 2
ArcTan[a x]" ArcTan[ax]"Log[2- =] 4 (CArcTan[ax]"'Llog[2- =]
—_— dX — - — dx
cx+dx? c c 1+a?x?

= Program code:

Int [ArcTan [a_. «x_]1"n_. /(c_. »x_+d_. #x_"2), x_Synbol ] : =

ArcTan [a*x]”nxLog[2-2%C/ (C+dxX)]/C -

Di st [a*n/c, | nt [ArcTan [a*Xx]" (n-1) xLog [2-2%C/ (C+d*X) ]/ (1+a”2xx"2),x]1] /;
FreeQ[{a, c,d}, x] && ZeroQ[a’2xc"2+d"2] && | ntegerQ[n] && n>0
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m Derivation: Algebraic simplification
» Bass —=— == - c

c+d x d " d (c+d x)

m Rulelf a2¢c?2+d2=0 Am>0 A nez A n>0,then

J-xmArcTan[ax]“ c J‘X”*lArcTan[ax]“
dx

1
dx — ajx”” ArcTan[a x]" dx - m

c+dX c+dx

= Program code:

Int [x_"m_. «ArcTan[a_. #x_1"n_. /(c_+d_. #x_), x_Synbol | : =
Di st [1/d, | nt [X" (m-1) *ArcTan [a*x]”n, x]] -
Di st [c/d, | nt [X" (m-1) *ArcTan [a*x]~n/ (c+d*Xx), X]] /;
FreeQ[{a, c,d}, x] && ZeroQ[a’2xc"2+d"2] && Rational Q[m] & & m>0 && I ntegerQ[n] && n>0

= Derivation: Algebraic simplification

" Basis —— = = -
c+d X [

dx
c (c+d x)

m Rulelf a2c?+d?>=0 A m<-1 Anez A n>O0,then

xMArcTan[ax]" 1 d rx™L ArcTan[ax]"
j dx — —jxmArcTan[ax]“dlx——J dx
c+dX c c c+dx

= Program code:

Int [x_"m_«ArcTan [a_. »x_]"n_. /(c_+d_. #x_), x_Symbol ] : =
Di st [1/c, | nt [X*"mkArcTan [a*x]”n, X]] -
Di st [d/c, | nt [X" (m+1) *ArcTan [a*Xx]”n/ (c+d*Xx), X]] /;
FreeQ[{a, c,d}, x] && ZeroQ[a’2xc"2+d"2] && Rational Q[m] && nmk-1 && IntegerQ[n] && n>0
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ArcTan[a x]"

dXx
c +dx?

= Derivation: Reciprocal rulefor integration

m Rule If d = a2 c, then

dx —

J- 1 Log[ArcTan[a x]]
(c +dx2) ArcTan[ax] ac

= Program code:

Int [1/((c_+d_. »x_"2)*ArcTan[a_. #x_]), x_Symbol ] : =
Log[ArcTan [axx]]/ (a*c) /;
FreeQ[{a, c,d}, x] && ZeroQ[d-a"2xcC]

= Derivation: Power rulefor integration

m Rulelf d=a2c A n#-1,then

X —
c +dx? ac (n+1)

J~Ar cTan[ax]" ArcTan[a x]"*?
— a4

= Program code:

Int [ArcTan [a_. #x_]"n_. /(c_+d_. #x_"2), x_Synbol | : =
ArcTan [a*Xx]" (n+1) / (a*Cx (n+1)) /;
FreeQ[{a, c,d, n}, x] & ZeroQ[d-a"2xc] && NonzeroQ[n+1]
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= Derivation: Algebraic expansion

. X | 1
[ ] 1 = - -
Bass: 1+a2 x2 a (1+a2 ><2) a (I -ax)

m Rulelf d =a?c A n > 0,then

J-x ArcTan[ax]"

c+dx?

= Program code:

XxMArcTan[a x]"

dx

—

c +d x?2

| ArcTan[ax]"?

d(n+1)

Int [x_sArcTan[a_. «x_1~n_. /(c_+d_. #x_"2), x_Synbol | : =
-l *xArcTan [a*x]” (n+1) / (d*(n+1)) -
Di st [1/ (a%*c), I nt [ArcTan[a*x]”n/ (I —a*x), Xx]1] /;

FreeQ[{a,c,d}, x] & ZeroQ[d-a”"2xc] && Rational Q[n] && n>0

= Derivation: Algebraic expansion

. 1 | |
» Basis: =- 4
X (l+a2 X2) 1+a? x X (I +ax)

m Rulelf d =a2c A n > 0,then

ArcTan[a x]"
j— ax

X (c+dx2)

= Program code:

Int [ArcTan[a_. #x_]"n_. /(x_«(c_+d_. #x_"2)), x_Synbol | : =

-l *ArcTan[a*x]" (n+1)/(Cx(n+1)) +
Di st [l /c, I nt [ArcTan[a*x]n/ (X* (| +a*x)), x1] /;
FreeQ[{a,c,d}, x] && ZeroQ[d-a”"2xc] && Rational Q[n] && n>0

| ArcTan[ax]"?!

1

ac

ArcTan[ax]"

| —ax

ArcTan[ax]"

c (n+1)

i

X (I +ax)

dx
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= Derivation: Algebraic expansion

s Bass 1 - _ al + |
x (1+a% x2) 1+a2 x2 x (I +ax)

m Rulelf d =a2c A n > 0,then

— - + — dx

cx+dx3 c(n+1) c

jArcTan[ax]”dl | ArcTan[ax]"*? IJArcTan[ax]“
—  dx

X (I +ax)

= Program code:

Int [ArcTan [a_. #x_]1"n_. /(c_. »x_+d_. #x_"3), x_Synbol | : =
-l *xArcTan [axx]” (n+1) / (Cx(n+1)) +
Di st [I /c, I nt [ArcTan[axx]"n/ (X% (| +a*x)), x]]1 /;
FreeQ[{a, c,d}, x] & ZeroQ[d-a"2xc] && Rational Q[n] && n>0

= Derivation: Algebraic expansion

; x? 1
n : = = -
Bass c+d x? d

c
d (c+d x?)

m Rulelf d=a%2c A m>1 A n>0,then

jxmArcTan[ax]“ c J*X”*ZArcTan[ax]”

1
dx — 5 jxmchTan[ax]“dx— 5

c +dx?2 c +d x2

m  Program code:

Int [x_"m_*ArcTan [a_. »x_]"n_. /(c_+d_. #x_"2), x_Synbol | : =
Di st [1/d, | nt [X" (m-2) *ArcTan [a*x]”"n, x]] -
Di st [c/d, | nt [X" (m-2) *ArcTan [axx]"n/ (C+d*x"2),X]] /;
FreeQ[{a, c,d}, x] && ZeroQ[d-a"2xc] && Rational Q({m n}] & & m1 && n>0

m Derivation: Algebraic expansion

1 _1 dx?
c

c+d x?

= Bass c (c+d x2)

m Rulelf d=a%c A m<-1 A n>O0,then

dx — — |xMArcTan[ax]"dx - —

dx

J‘XmArcTan[ax]“ 1J~ dJXWZNCTan[aX]nd
X

Cc

c+dx? c c +d x?2

= Program code:

Int [x_"m_«ArcTan[a_. #x_]"n_. /(c_+d_. #x_"2), x_Synbol | : =
Di st [1/c, | nt [X*mxArcTan [a*x]”n, X]] -
Di st [d/c, | nt [X" (m+2) *Ar cTan [axx] n/ (C+d*x"2), X]] /;
FreeQ[{a, c,d}, x] && ZeroQ[d-a"2xc] && Rational Q[{m n}] && nmk-1 && n>0
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= Derivation: Integration by substitution

: m A CT " Tan[ArcT ™A CT n
= Bass Ifme zora » 0, =&cfaniax)’  TantircfaniaxllZAcTaniaxi’ 5 ArcTan[ax]

1+a2 x? amt

m Ruelfd=a2c Amneg A (n<0Vne¢z) A (mez\ a>0),then

dx —
c +d x2 a™lc

XxMArcTan[ax]"
j Subst [JX” Tan[x]Mdx, X, ArcTan[ax]]

m  Program code:

Int [x_"m_. *ArcTan [a_. #x_]1"n_/(c_+d_. #x_"2), x_Synbol | : =
Di st [1/ (a” (m+1) %C), Subst [I nt [x*nxTan[x]"m X1, X, ArcTan [a*x]]] /;
FreeQ[{a, c,d}, x] & ZeroQ[d-a"2xc] && Rational Q[{m n}] && (n<0 || Not [I ntegerQ[n]]) && (I ntegerQ[m]

m Derivation: Integration by substitution

. m n
= Bass xMArcTan[a x] _ é (Tan[ArcTan[ax]]

1+a? x? a

)mArcTan [ax]"8xArcTan[a x]

m Ruelfd=a?c Amneg A (n<0Vne¢z) A - (mezV\ a>0),then

XMArcTan[ax]" 1 Tan[x]\™
J dx — —— Subst [Jx” (—) dx, X, ArcTan[ax]]
c+dx2 ac a

= Program code:

Int [x_"m_. «ArcTan[a_. #x_]1"n_/(c_+d_. #x_"2), x_Synbol | : =
Di st [1/ (axc), Subst [I nt [X"nx(Tan[x]/a)"m x], x, ArcTan[a*x]11] /;
FreeQ[{a, c,d}, x] && ZeroQ[d-a"2xc] & Rational Q[{mn}] &% (n<0 || Not [IntegerQ[n]]) && Not [I nteger Q[
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ArcTan[ax]" ArcTanh[u] dx
c +dx?

= Derivation: Algebraic simplification

m Basis ArcTanh[z] = %Log[l+z] —%Log[l—z]

= Ruleifd=a?c A n>o A (u?= (1-|f;X)2 \ - (1-|ix)2),then

ArcTan[ax]" ArcTanh[u] 1 rArcTan[ax]"Log[l +u] 1 rArcTan[ax]"Log[l-u]
J. dXx — —j d]X—E‘J- dx

c +dx? c +dx? c +dx?

= Program code:

Int [ArcTan[a_. #x_]"n_. xArcTanh [u_]/(c_+d_. xx_"2), x_Synbol ] : =
Di st [1/2, I nt [ArcTan [axx]*nxLog[1+u]/ (C+d*x"2),Xx]] -
Di st [1/2, I nt [ArcTan[a*x]"nxLog[1-u]/ (c+d*x"2),Xx]1] /;
FreeQ[{a, c,d}, x] && ZeroQ[d-a"2xc] && Rational Q[n] && n>0 && (ZeroQ[u 2-(1-2x| /(I +axx))"2] || ZeroQII
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ArcT np
cTan[ax]" Log[u] dx

c +d x?2

= Derivation: Integration by parts

21
| +ax

2
-RuIe:Ifd:azc/\n>O/\(1-u)2=(1_ ),then

ArcTan[a x]" Log[u] | ArcTan[ax]" PolyLog[2, 1-u] nl ArcTan[ax]"1 Pol yLog[2, 1-u]
j dx — dx

c +dx? 2ac 2 c +dx?

m  Program code:

Int [ArcTan [a_. #x_]1"n_. xLog[u_]/(c_+d_. #x_"2), x_Synbol | : =
| *xArcTan [axx]"n%Pol yLog [2, 1-u]/ (2%xa*C) -
Di st [n*l /2, I nt [ArcTan [a*Xx]” (n-1) *Pol yLog [2, 1-u]/ (c+d*x"2),X]] /;
FreeQ[{a, c,d}, x] && ZeroQ[d-a"2xc] && Rational Q[n] && n>0 && Zer oQ[ (1-u)"2-(1-2xl / (I +axx))"2]

m Derivation: Integration by parts

21
| -ax

2
s Ruelfd=a?c An>0 A (1-u)? = (1- ) , then

+ — dx
c +dx2? 2ac 2 c +dx?

J‘ArcTan[ax]”Log[u] a | ArcTan[ax]" Pol yLog[2, 1-u] nl ArcTan[ax]"! Pol yLog[2, 1-u]
X — -

= Program code:

Int [ArcTan [a_. #x_]"n_. xLog[u_]/(c_+d_. #x_"2), x_Synbol | : =
-1 *xArcTan [a*x]”nxPol yLog [2, 1-u]/ (2*axC) +
Di st [n*l /2, I nt [ArcTan [a*Xx]” (n-1) *Pol yLog [2, 1-u]/ (c+d*x"2),X]] /;
FreeQ[{a, c,d}, x] && ZeroQ[d-a"2xc] && Rational Q[n] && n>0 && Zer oQ[ (1-u)"2-(1-2xl / (I —axx))"2]
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ArcTan[ax]" Pol yLog[p, u] dx

c +d x?2

= Derivation: Integration by parts

» Ruelfd=a?c An>0 A u2= (1- Ifa'x)z,then
ArcTan[a x]" Pol yLog[p, u]
J- dx —
c +dx?

| ArcTan[ax]" PolyLog[p+1, u]l] nl ArcTan[ax]"! PolyLog[p +1, u] 4
+ X
2ac 2 c+dx?

= Program code:

Int [ArcTan [a_. #x_]"n_. «Pol yLog [p_, u_1/(c_+d_. #x_"2), x_Synbol | : =
-1 *ArcTan [ax*x]”nxPol yLog [p+1, u]l/ (2*axCc) +
Di st [n*l /2, I nt [ArcTan [a*x]" (n-1) =xPol yLog [p+1, u]/ (c+d*x"2),x1] /;
FreeQ[{a, c,d, p}, x] & ZeroQ[d-a"2xc] && Rational Q[n] && n>0 && ZeroQ[u"2-(1-2xl / (I +axx))"2]

m Derivation: Integration by parts

2
n Rule:lfd:azc/\n>0/\u2=(1— 2! ),then

| -ax

X —

J-Ar cTan[ax]" Pol yLog[p, u] d
c +d x?2

| ArcTan[ax]" Pol yLog[p+1, u] nl ArcTan[ax]"! Pol yLog[p+1, u] a
X

2ac 2 c+dx?

= Program code:

Int [ArcTan [a_. #x_]"n_. «Pol yLog [p_, u_1/(c_+d_. #x_"2), x_Synbol | : =
| *ArcTan [a*x]*nxPol yLog [p+1, u]/ (2*axc) -
Di st [n*l /2,1 nt [ArcTan [a*x]” (n-1) xPol yLog [p+1, u]/ (c+d*x"2), x11 /;
FreeQ[{a, c,d, p}, x] & ZeroQ[d-a"2xc] && Rational Q[n] && n>0 && Zer oQ[ur2- (1-2xl / (I —a*x))"2]
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ArcCot [ax]MArcTan[a x]"

dx
c +d x?2
m Rule If d = a2 c, then
J- 1 d -Log[ArcCot [ax]] +Log[ArcTan[a x]]
X —
(c +dx2) ArcCot [ax] ArcTan[ax] ac ArcCot [ax] +ac ArcTan[aX]

= Program code:

Int [1/(ArcCot [a_. xx_]1+ArcTan [a_. #x_]1*(c_+d_. #x_"2)),x_Synbol | : =
(-Log [ArcCot [axx]]+Log[ArcTan[a*Xx]])/ (axCxArcCot [axX]+axCxArcTan [a*Xx]) /;
FreeQ[{a, c,d}, x] && ZeroQ[d-a"2xcC]

= Derivation: Integration by parts

m Ruelfd=a?c Amnez A 0<n=mthen

dx —

J-ArcOot [ax]M™ArcTan[a x]"

c +d x?

dx

+

ArcCot [ax]™! ArcTan[ax]" n J‘ArcCot [ax]™! ArcTan[ax]"!
ac (m+1) m+1

c+dx?

= Program code:

I nt [ArcCot [a_. #x_]"m.. »ArcTan [a_. »x_]"n_. /(c_+d_. *X_"2), x_Synbol | : =
-ArcCot [a*x]” (m+1) *xArcTan [a*x]”n/ (a*C*x (M+1)) +
Di st [n/ (m+1), I nt [ArcCot [a*Xx]” (m+1) *ArcTan [a*x]” (n-1) / (C+d*x"2), X]] /;
FreeQ[{a, c,d}, x] && ZeroQ[d-a"2xc] && IntegersQ[mn] &% O<nzm
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(c +dx2)mArcTan[ax]”d1x

m Rulelf d =a2c A ¢ > 0,then

21 ArcTan[a x] ArcTan[_'l“'ax] i Pol yLOg[Z, _iV1+l ax ] iPOIyLOQ[Z, iVisl ax
J_NCTa”[aX] dx ViTax Vit ax Vioax
—_ - + -
4 c+dx? awvece avc a+c

= Program code:

Int [ArcTan[a_. #x_]1/Sqrt [c_+d_. xx_"2], x_Symbol | : =
-2%| *ArcTan [a*x]+ArcTan [Sqrt [1+] *a%xx]/Sqrt [1-] *a*x]]1/ (a*Sqrt [Cc]) +
| *Pol yLog [2, -| *Sqrt [1+] xaxx]/Sqrt [1-1 xa*x]]/ (a*Sqrt [c]) -
| *Pol yLog [2, | *Sgrt [1+] xa*xx]/Sqrt [1-] xaxx]]/ (a*Sqrt [c]) /;
FreeQ[{a,c,d}, x] && ZeroQ[d-a"2xc] && PositiveQ[c]

A/ 1+a2 x? =0

c +c a? x?

m Bass: 9,

m Rulelf d=a%c A - (c > 0),then

ArcTan[ax] V1+a?x? ArcTan[ax]
dx —
‘\/C+dX2 ‘\,C+dX2 \/1+a2x2

= Program code:

Int [ArcTan[a_. #x_]1/Sqrt [c_+d_. «x_"2], x_Synbol | : =
Sgrt [1+a”2%x72]1/Sqrt [c+d*Xx"2] |l nt [ArcTan [a*x]/Sqrt [1+a”2%x"2], x] /;
FreeQ[{a, c,d}, x] && ZeroQ[d-a"2xc] && Not [PositiveQ[c]]

m Rule If d = a2 c, then

ArcTan[a X] 1 X ArcTan[a x]
2
(c+dx?) ac/c+dx? cc+dx?

= Program code:

Int [ArcTan[a_. #x_]1/(c_+d_. »x_"2)~(3/2), x_Synbol | : =
1/ (a*c*xSgrt [c+d*Xx"2]) +
Xx*ArcTan [axx]/ (cxSgrt [c+dxx"2]) /;

FreeQ[{a, c,d}, x] && ZeroQ[d-a"2xcC]
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m Rulelf d =a%c A n > 1,then

ArcTan[ax]" nArcTan[ax]"! x ArcTan[ax]" ArcTan[ax]"2
_— — dX — + -n (n-1) dx
(c+d x2)3/2

(c+dx2)3/2 ac/c+dx? cc+dx?

®  Program code:

Int [ArcTan [a_. «x_]1"n_/(c_+d_. xx_"2)"(3/2), x_Synbol | : =
nxArcTan [a*x]” (n-1) / (a*C*Sqrt [C+d*x"2]) +
x*ArcTan [axx]"n/ (c*Sqrt [C+d*x"2]) -
Di st [nx(n-1), I nt [ArcTan [a*x]” (n-2) / (c+d*x"2)" (3/2),x1] /;
FreeQ[{a, c,d}, x] && ZeroQ[d-a"2xc] && Rational Q[n] && n>1

m Rulelfd=a%2c An<-1 A n#-2then

JArcTan[ax]”
- dx —
(C +dX2)3/2

ArcTan[ax]"?! X ArcTan[a x]"*2 1 J\Ar cTan[a x]"+2

- dx
(n+1) (n+2) (C+dX2)3/2

ac (n+1l)yc+dx? c(n+1) (n+2)\yc+dx?

= Program code:

Int [ArcTan[a_. #x_]"n_/(c_+d_. #x_"2)"(3/2),x_Synbol | : =

ArcTan [a*x]” (n+1) / (axC* (n+1) *Sgrt [C+d*Xx"2]) +

X*ArcTan [a*x]" (n+2) / (Cx (N+1) * (N+2) *Sqrt [C+d*xx"2]) -

Dist [1/((n+1)*(n+2)), I nt [ArcTan[a*Xx]" (n+2) / (C+d*x"2)" (3/2),Xx1] /;
FreeQ[{a,c,d}, x] & ZeroQ[d-a"2xc] && Rational Q[n] && n<-1 && n#-2

m Rulelf d =a?2c A m> 0,then

j(c +d xz)mArcTan[ax] dx —

c+dx2)" x (c +dx2)"ArcTan[ax] 2¢cm
- ( ) + ( ) + j(c+dx2)mlNcTan[ax]dx
2am(2m+1) (2 m+1) 2m+1

= Program code:

Int [(c_+d_. #x_"2)"m_. *ArcTan[a_. xx_], x_Synbol | : =
—(C+d*X"2) AV (2%a*Mk (2%Mel)) +
X% (C+d*X"2) meAr cTan [a*X]/ (2xm+1l) +
Di st [2xC*nm/ (2«mk1), I nt [ (C+d*x"2)" (m-1) xArcTan [a*x], X]] /;
FreeQ[{a, c,d}, x] && ZeroQ[d-a"2xc] && Rational Q[m] && m>0
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m Rulelf d=a%c /\m< -1 /\ m;t-;,then

J\(c +dx2)mArcTan[ax] dx —

(c+dx2)rlml x(c+dx2)m*lArcTan[ax] 2m+3

+ j(c+dx2)m1ArcTan[ax]dlx
4ac (m+1)2 2¢c (m+1) 2¢c (Im+1)

= Program code:
Int [(c_+d_. #x_"2)"m »ArcTan[a_. #x_], x_Symbol | : =
(C+d*X"2)N (mrl) / (d%axCx (Mkl)"2) -
X% (C+d*X"2)" (mkl) *ArcTan [axX]/ (2%C* (Mm1)) +

Di st [ (2xm+3) / (2%Cx (M+1)), I nt [ (C+d*x"2)” (mk1l) *Ar cTan [axX], X]] /;
FreeQ[{a, c,d}, x] && ZeroQ[d-a"2xc] && Rational Q[m] && mk-1 && m¢-3/2

" Rule:lfd:azc/\m<—1/\m¢-g /\n>1,then

J(C +d xz)mArcTan[ax]n dx —

n (c+dx2)m+1 ArcTan[ax]"™! x (c+dx2)rmlArcTan[ax]n

- +
4ac (m+1)? 2c (m+1)
2m+3 nn-1
- j(c+dx2)mlNcTan[ax]”dx- ¥J~(C+dxz)mArcTan[ax]”'2 dx
2c (m+1) 4 (m+1)2

= Program code:

Int [(c_+d_. #x_"2)"m_ »ArcTan[a_. #x_]"n_, x_Symbol | : =

Nx (C+d*x"2)" (mkl) *ArcTan [a*X]" (N-1) / (4*xa*Cx (Mm+1)"2) -

X% (C+d*Xx"2)N (Mm+1) *ArcTan [a*xX] N/ (2%Cx» (m1l)) +

Di st [ (2%«m+3) / (2%Cx (M+1)), I nt [ (C+d*x"2)” (mk1l) *ArcTan [axx]”n, X]] -

Di st [nx(n-1)/ (4% (M+1)"2), I nt [ (c+d*x"2) "mkArcTan [a*xx]" (n-2),Xx]1] /;
FreeQ[{a,c,d}, x] && ZeroQ[d-a"2xc] && Rational Q[{m n}] && nx-1 && m¢-3/2 && n>1
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Derivation: Integration by parts

Rule If d=a?c A m<-1 A n< -1,then

J(c +dx2)mArcTan[ax]“d1x —

(c+d x2)rml ArcTan[ax]™! 2a (m+1)

jx (c +dx2)mArcTan[ax]n+l dx
ac (n+1) n+1

Program code:

Int [(c_+d_. #x_"2)"m_»ArcTan[a_. #x_]"n_, x_Symbol | : =

(C+d*x"2)"N (mr1l) xArcTan [axx]” (n+1) / (a*C* (n+1)) -

Di st [2%xa* (m+1) / (n+1), I nt [X* (C+d*X"2) mkAr cTan [a*x]" (n+1), X]] /;
FreeQ[{a, c,d}, x] && ZeroQ[d-a"2xc] && Rational Q[{m n}] && nk-1 && n<-1

Derivation: I ntegration by substitution
Basis: (1 +a2x2)MArcTan[ax]" = i Sec[ArcTan[ax]]? (™Y ArcTan[ax]" 8, ArcTan[ax]

Rulelfd=a?c Amne@ Am<-1 A (n<0V ne¢z) A (mez V c>0),then
m

c
j(c+dx2)mNcTan[ax]”dx — — Subst [Jx“ Sec[x]? (™D gx, x, ArcTan[ax]]
a

Program code:

Int [(c_+d_. #x_"2)"m_»ArcTan [a_. xx_]"n_, x_Symbol | : =
Di st [cAnm/a, Subst [I nt [x*n*Sec [X]" (2% (m+1)), X1, X, ArcTan[axXx]]1] /;
FreeQ[{a, c,d}, x] && ZeroQ[d-a"2xc] && Rational Q[{m n}] && nk-1 & & (n<0 || Not [I ntegerQ[n]]) && (Il nt el

a? c,D[Cm;— ‘“dxz, x] =0

1+a? x?

Basis: If d

Rulelf d =a?c A m neQ/\m<—1/\ (n<0Vngz /\m—%ez/\—-(c>0),then

1
c™z /¢ +dx?
\/1+a2x2

J(c +dx2)mArcTan[ax]n dx — (1+a? xz)mArcTan[ax]n dx

Program code:

Int [(c_+d_. #x_"2)"m_ »ArcTan[a_. #x_]"n_, x_Symbol | : =
cA(m-1/2)*Sqrt [c+d*xx"2]/Sqrt [1+a”2xx 2] %l nt [ (1+a"2xx"2) "mxArcTan [a*x]"n, X] /;
FreeQ[{a, c,d}, x] && ZeroQ[d-a"2xc] && Rational Q[{m n}] && nk-1 & & (n<0 || Not [I ntegerQ[n]]) && I ntege
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x™ (c +dx2)pArcTan[ax]”d1x

m Derivation: Integration by parts
m Ruelfd=a2c Ape@ An>0 A p¢#-1,then

(c+dx2)p+lArcTan[ax]n n

j(c +dx2)p ArcTan[ax]"?! dx

Jx (c+dx2)pArcTan[ax]”d1x — >3 T -3 T
(p+1) a(p+1)

= Program code:

Int [x_x(c_+d_. #x_"2)"p_. *ArcTan[a_. xx_]"n_., x_Synbol | : =

(C+d*x"2)N (p+1) xArcTan [a*x]”n/ (2xdx (p+1)) -

Di st [n/ (2%ax (p+1)), I nt [ (c+d*x"2)"pxArcTan [a*x]” (n-1), x1] /;
FreeQ[{a, c,d}, x] && ZeroQ[d-a"2xc] && Rational Q[{n, p}] & n>0 && p#-1

m Rulelf d=a%c A p e Q,then

x (c+dx?)P x(c+dx2)p+l 1 (1+(@2p+3)a®x?) (c+dx?)P
! ax - - +_J
ArcTan[a x]? acArcTan[ax] a

dx

ArcTan[a x]

= Program code:

Int [x_*(c_+d_. »x_"2)"p_. /ArcTan[a_. *x_1"2, x_Synbol | : =

-X* (C+d*x"2)" (p+1) / (a*xCxArcTan [a*xX]) +

Dist [1/a,Int [(1+(2%p+3) *a”2%xx"2) x (C+d*x"2)"p/ArcTan [a*x], Xx]1] /;
FreeQ[{a, c,d}, x] && ZeroQ[d-a"2xc] && Rational Q[p]

» Rulelfd=a?c An<-1An#-2then

Jx ArcTan[ax]"
dx —
(c+dx2)2
x ArcTan[a x]"+! (1-a%x?) ArcTan[ax]"? 4 x ArcTan[a x]"+2
ac(n+1) (c+dx?) d(n+1) (n+2) (c+dx2) (n+1) (n+2)

(c+dx?)?
= Program code:

Int [x_»ArcTan[a_. »x_]"n_/(c_+d_. #x_"2)"2, x_Symbol | : =

Xx*ArcTan [axx]” (n+1l) / (a*xC* (N+1) x (C+d*x"2)) -

(1-an2xx"2) xArcTan [a*X]” (N+2) / (A% (N+1) * (N+2) » (C+d*x"2)) -

Di st [4/ ((n+1) % (n+2)), | nt [x*xArcTan [a*x]” (nN+2) / (C+d*x"2)"2,Xx]1] /;
FreeQ[{a, c,d}, x] && ZeroQ[d-a"2xc] && Rational Q[n] && n<-1 && n#-2
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= Derivation: Integration by parts

m Ruelfd=a?c Ammn, 2pez A m<-1 An>0A m+2p+3=0,then
Jxm (c+dx2)pArcTan[ax]"dlx —

x™L (¢ +dx2)"! ArcTan[ax]"  an
( ) - Jx”‘*l (c+dx2)pArcTan[ax]“'1 dx
c (m+1) m+ 1

= Program code:

Int [x_"m_ «(c_+d_. x_"2)"p_. *ArcTan[a_. xx_]"n_., x_Synbol | : =
XN (Mel) % (C+d*xx"2) N (p+1) *ArcTan [a*Xx]”n/ (C* (m+1l)) -
Di st [a*n/ (m+1), | nt [X" (M+1) = (C+d*Xx"2) pxArcTan [a*x]" (n-1),X]] /;
FreeQ[{a, c,d}, x] && ZeroQ[d-a"2xc] && IntegersQ[mn, 2xp] && nk-1 && n>0 && Zer oQ[M+2xp+3]

m Derivation: Integration by parts

m Ruelfd=a2c Amn, 2pez A n<-1Am+2p+2=0,then

Jxm (c+dx2)pArcTan[ax]"d1x —

xm (c+dx2)p"lArcTan[ax]n+1 m

- Jx”"l (c+dx2)pArcTan[ax]n+l dx
ac (n+1) a(n+1)

= Program code:

Int [x_"m_(c_+d_. #x_"2)"p_. »ArcTan [a_. #x_]"n_., x_Synbol | : =
X Mk (C+d*Xx"2) " (p+1) *ArcTan [a*x]” (n+1) / (a*C* (n+1)) -
Di st [nV (a* (n+1)), I nt [X" (M-1) % (C+d*Xx"2)"p*xArcTan [a*x]" (n+1), X]] /;
FreeQ[{a, c,d}, x] && ZeroQ[d-a"2xc] && IntegersQ[m n, 2xp] && n<-1 && Zer oQ[M+2xp+2]
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= Derivation: Algebraic expansion

; x2 1
u . = = -
Basis: c+d x? d

c
d (c+d x?)

m Ruelfd=a?c Ammn, 2pez A m>1 An#-1 A p<-1,then
2\P 1 2 2\ P+l
Jxm (c+dx?)" ArcTan[ax]"dx — EJ-X”* (c+dx*)™" ArcTan[ax]"dx -

c
afxmz (c +dx2)pArcTan[ax]”d1x

= Program code:

Int [x_"m_ «(c_+d_. *x_"2)"p_=ArcTan[a_. #x_]"n_., x_Synbol | : =
Di st [1/d, | nt [X" (M-2) % (C+d*Xx"2)" (p+1) *ArcTan [a*x]"n, X]] -
Di st [c/d, | nt [X" (M-2) % (C+d*Xx"2)"p*ArcTan [axx]"n, x]1] /;
FreeQ[{a, c,d}, x] && ZeroQ[d-a"2xc] && IntegersQ[mn, 2xp] && m>1l && n#-1 && p<-1

= Derivation: Algebraic expansion

] iS: =
Basis c+d x?

1 1 dx?
c c (c+d x?)

m Ruelfd=a?c Ammn, 2pez Am<0 An#-1 A p<-1,then

1 . d
jxm (c+dx2)pArcTan[ax]"dlx — —jxm (c+dx2)p Y ArcTan[ax]" dx - —Jx’“*z (c+dx2)pArcTan[ax]“d1x
c c

= Program code:

Int [x_"m_ (c_+d_. «x_"2)"p_=ArcTan[a_. #x_]"n_., x_Synbol | : =
Di st [1/c, I nt [X*mk (C+d*xx"2)" (p+1) *ArcTan [a*Xx]"n, Xx]] -
Di st [d/c, I nt [X" (M+2) % (C+d*Xx"2) p*xArcTan [a*xx]1"n, x]] /;
FreeQ[{a, c,d}, x] && ZeroQ[d-a"2xc] && |ntegersQ[mn, 2xp] && nk0 && n#-1 && p<-1
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= Derivation: Integration by parts

m Ruelfd=a?c Ammn, 2pez A m<-1 An>0 A m+2p+3#0,then

5 x™1 (¢ +dx2)p+lArcTan[ax]n
x™(c+dx?)" ArcTan[ax]"dx — -

c (m+1)

an aZ (m+2p+3)

fxm*l (c+d x2)p ArcTan[ax]" ! dx - jx”‘*z (c+d x2)p ArcTan[a x]" dx

m+1 m+1

= Program code:

Int [x_"m (c_+d_. x_"2)"p_. *ArcTan[a_. xx_]"n_., x_Synbol | : =
XN (mel) x (C+d*x"2) " (p+1l) *xArcTan [axX]*n/ (C* (M+l)) -
Di st [a*n/ (m+1), | nt [X* (Mkl) * (C+d*xx"2) pxArcTan [axX]” (n-1), x]] -
Di st [a"2% (M2%p+3) / (ML), I nt [X® (M+2) % (C+d*xX"2) pxAr cTan [axX]™n, X]1] /;
FreeQ[{a, c,d}, x] & ZeroQ[d-a"2xC] && IntegersQ[mn, 2xp] && nk-1 && n>0 && Nonzer oQ[M+2xp+3]

= Derivation: Integration by parts

m Ruelfd=a?c Ammn, 2pez A n<-1 A m+2p+2¢0,then

x™ (c +d x"')p+1 ArcTan[a x]"?!

Jxm(c+dx2)pArcTan[ax]”dlx—> N -
ac (n+1)

m a(m+2p+2)

jx”*l (c+d x2)p ArcTan[a x]™! dx - jx"‘*l (c+d xz)p ArcTan[a x]™! dx

a(n+1) n+1

= Program code:

Int [x_"m_. «(c_+d_. #x_"2)"p_. »ArcTan [a_. #x_]1"n_., x_Synbol | : =
X M (C+d*x"2) " (p+1) *ArcTan [axX]” (n+1) / (a*Cx (n+1)) -
Di st [nV (ax (n+1)), I nt [X* (M-1) * (C+d*x"2) pxArcTan [a*x]" (n+1), X]] -
Di st [ax (Mk2xp+2) / (n+1), I nt [X™ (M+1) * (C+d*x"2) pxArcTan [a*x]" (n+1), x1] /;
FreeQ[{a, c,d}, x] && ZeroQ[d-a"2xc] && |IntegersQ[mn, 2xp] && n<-1 && Nonzer oQ[M+2xp+2]
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= Derivation: Integration by substitution

m Basis Ifmezora>0,(e+fxM (L+a2x2)? ArcTan[ax]" =
alm (eam+f Tan[ArcTan[ax]]1™ Sec[ArcTan[ax]]1% ®*1) ArcTan[ax]" 8xArcTan[a x]

m Ruelfd=a?2c Amn pe@ Ap<-1A (N<0Vne¢ez) A (pezV c>0) A (mezV a>D0),then

cP

j(e+f x™) (c+dx2)pArcTan[ax]”d1x —
ar’ml

Subst [Jx“ (ea™+f Tan[x]™ Sec[x]1? ?®*) dx, x, ArcTan[a x]]

= Program code:

Int [(e_. +f_. #»x_"m_. ) (c_+d_. #x_"2)"p_xArcTan[a_. »x_]1"n_, x_Synbol | : =
Di st [cAp/a” (m+1), Subst [I nt [Expand [x"nxTri gReduce [Regul ari ze [ (exam«f *Tan [x] m) *Sec [X]" (2% (p+1)), X]
FreeQ[{a,c,d, e, f}, X] & ZeroQ[d-a*2xc] &% Rational Q[{m n, p}] &% p<-1 && (n<0 || Not [I ntegerQ[n]]) &&

m Derivation: Integration by substitution

Tan[ArcTan[aXx]]

. Basis:xm(1+a2x2)pArcTan[ax]”=%( a

)mSec[ArcTan[ax]]2 (P+1) ArcTan[a x]" 8x ArcTan[a x]

m Ruelfd=a?2c Amneg Ap<-1A(N<0Vne¢gz) A (pezVc>0) A-(mezV a>O0),then
cP

fxm (c+d xz)p ArcTan[ax]"dx — — Subst [jx” (Tan[x] /a)™Sec[x]? ®*D dax, x, ArcTan[a x]]
a

= Program code:

Int [x_"m_. «(c_+d_. xx_"2)"p_=ArcTan[a_. xx_]"n_, x_Synbol | : =
Di st [cAp/a, Subst [I nt [x"nx (Tan[x]/a)"mkSec [Xx]" (2% (p+1)), X1, X, ArcTan[a*x]]] /;
FreeQ[{a, c,d}, x] && ZeroQ[d-a"2xc] && Rational Q[{mn, p}] && p<-1 & (n<0 || Not [I ntegerQ[n]]) && (Int

azc,D[L ‘“dxz, x] =0

m Bass Ifd =
 1+a2 x2
m Rulelfd=a?c A m neQ/\p<—1/\ (nN<0Vn¢ez) /\p-%ez/\-a(c>0),then

1
cPz \/c+dx2
‘\/1+a2 x2

Jxm(c+dx2)pArcTan[ax]”dx — x™ (1 +a? xz)pArcTan[ax]"dlx

= Program code:

Int [x_"m_. «(c_+d_. #x_"2)"p_%ArcTan [a_. xx_]"n_, x_Synbol | : =
cN(p-1/2)*Sqrt [c+d*xx"2]/Sqrt [1+a”2xx"2] *| nt [X mk (L+a"2xx"2) pxArcTan [axX]"n, X] /;
FreeQ[{a, c,d}, x] && ZeroQ[d-a"2xc] && Rational Q[{mn, p}] && p<-1 & & (n<0 || Not [I ntegerQ[n]]) && Int
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ArcTan[a + b x"] dx

= Reference: G&R 2.822.1, CRC 443, A& S4.4.60
m Derivation: Integration by parts

= Rule

(a+bx) ArcTan[a+bx] Log[l+ (a+bx)?]
b ) 2D

jArcTan[a+bx] dx —

= Program code:

Int [ArcTan[a_+b_. *x_], x_Synbol ] : =
(a+bxx) *ArcTan[a+bxx]/b - Log[l+ (a+bxx)"2]/(2xb) /;
FreeQ[{a, b}, x]

m Reference: G&R 2.822.1, CRC 443, A& S4.4.60
= Derivation: Integration by parts
= Rule If n € @, then
Xn

JArcTan[a+bx”]d1x —>xArcTan[a+bx“]—an dx
1+a?2+2abx"+b2x2"

= Program code:

Int [ArcTan[a_+b_. *x_"n_1],x_Synbol ] : =

X*Ar cTan [a+b*x"n] -

Di st [b*n, I nt [X"n/ (1+a”2+2%xaxbxx n+b"2xX" (2xn)), X111 /;
FreeQ[{a, b}, x] & Rational Q[n]
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XxMArcTan[a + b x"] dx

Derivation: Algebraic expansion

Basis: ArcTan[z] = %iLog[l-iz] -%iLog[lniz]

= Rule

| Log[l-1 a-1 bx"] I Log[l+Il a+1 bx"]
dx — —J le——j dx
2 X 2 X

J-Ar cTan[a +b x"]
X

= Program code:

Int [ArcTan[a_. +b_. »x_"n_. 1/x_, x_Synbol | : =
Dist [I /2, I nt [Log[1l-] xa-| xbxx"n] /X, X]] -
Dist [l /2, Int [Log[1l+] xa+| xbxx"*n]/x, X111 /;

FreeQ[{a, b, n}, x]

Reference: G& R 2.851, CRC 456, A& S 4.4.69

= Derivation: Integration by parts

Rulelfm ne@ A m+1#0 A m+1#n,then
x™L ArcTan[a+bx"] bn J-

XN
dx

JmecTan[a+bx”] dx —
m+1 m+ 1

l+a2+2abx"+b2x2n

= Program code:

Int [x_"m_. xArcTan[a_+b_. *x_"n_. ], x_Synbol ]

XN (mel) *Ar cTan [a+b*x"n]/ (m+1)
Di st [bxn/ (m+1), I nt [X® (men) / (1+a”2+2xaxbxx "n+b"2xx" (2%n)), x1] /;

FreeQ[{a, b}, x] & Rational Q[{m n}] && mr1#0 && mk1#n
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ArcTan[a + b x]" dx

= Derivation: Integration by substitution

m Rulelf nez A n> 1, then

1
JNcTan[a+bx]”dx — ESubst [jArcTan[x]”dlx, X, a+bx]

= Program code:

Int [ArcTan[a_+b_. *x_]”n_, x_Synbol ] : =
Di st [1/b, Subst [I nt [ArcTan [x]”"n, X], X, a+b*x]1] /;
FreeQ[{a, b}, x] && IntegerQ[n] && n>1



Integration Rules for Inverse Tangent Functions

XxMArcTan[a + b x]" dx

= Derivation: Integration by substitution

m Ruelfmnez A m>0 A n> 1, then

1
JmecTan[a+bx]”dx — —18ubst U-(x—a)mArcTan[x]“dlx, X, a+bx]
bml-

= Program code:

Int [x_"m_. xArcTan[a_+b_. *x_1”"n_, x_Synbol ] : =
Di st [1/b” (m+1), Subst [I nt [ (x-a)*mxArcTan[x]"n, X1, X, a+bxx1] /;
FreeQ[{a, b}, X] & & IntegersQ[mn] & & m>0 && n>1



Integration Rules for Inverse Tangent Functions

ArcTan[a + b x]
dXx

c +dx"

= Derivation: Algebraic simplification
L] BasisArcTan[z]=%iLog[1—iz]—%:‘1Log[1+iz]
m Rulelfnez A -~ (n=2Ad=b?c),then

ArcTan[b x] | Log[l-1 bx] | Log[l+] bx]
j—dlx - _j— J—dlx

dx - —
c+dxn 2 c+dx" 2 c+dx"

= Program code:

Int [ArcTan [b_. #x_1/(c_+d_. #x_"n_. ), x_Synbol ] : =
Di st [I /2, I nt [Log[1-] *b*x]/ (C+d*Xx"n), x]] -
Di st [I /2,1 nt [Log[1+] *b*x]/ (C+d*x"n), x]1] /;
FreeQ[{b, c,d}, x] & IntegerQ[n] &% Not [n==2 && Zer oQ[d-b"2xC]]

m Derivation: Algebraic simplification
m Basis ArcTan[z] = %iLog[l-iz] - %iLog[lniz]

m Ruelfnez A - (n=1Aad-bc =0),then

dx

J-ArcTan[a+bx] | J-Log[l—la-lbx]d] | J-Log[1+la+lbx]
— X = —
2 2

dx —
c+dx" c+dx" c+dx"

= Program code:

Int [ArcTan[a_+b_. #x_1/(c_+d_. #x_"n_. ), x_Synbol | : =
Dist [I /2,1 nt [Log[1l-] xa-] *xb*xx]/ (C+d*x”*n), x]1] -
Dist [l /2, Int [Log[1l+] xa+| xbxXx]/ (c+d*x"n), x]1] /;
FreeQ[{a, b,c,d}, x] & IntegerQ[n] && Not [n==1 && ZeroQ[axd-bxc]]



Integration Rules for Inverse Tangent Functions

m
u ArcTan [—] d X
a+ b x"
= Derivation: Algebraic simplification
m Basis ArcTan[z] = ArcCot [%]
= Rule
c m a bxh,m
juArcTan[—] dx — uArcCot[—+ dx
a+bxn c c

= Program code:

Int [u_. »ArcTan[c_. /(a_. +b_. »x_~n_. )]*m_., x_Synbol | : =
I nt [uxArcCot [a/Cc+bxx*n/c1"m x] /;
FreeQ[{a, b, c, n, m}, X]



Integration Rules for Inverse Tangent Functions

f [x, ArcTan[a + b Xx]] dx
1-(a+bx)?

= Derivation: Integration by substitution

» Basis -l = f [Tan[ArcTan[z]]] ArcTan’[z]

1+z

m Basisr +sx+t x2=-

s2-4r t ( (s+2tx)2)
4t s2-4rt

m Basis 1+ Tan[z]? = Sec[z]?

= Rule

f [x, ArcTan[a+bXx]] 1 a Tan([x]
J dx — — Subst [Jf [——+—, x] dx, X, ArcTan[a+bx]]
1+ (a+bx)? b b b

= Program code:

| f [ShowsSt eps,

Int [u_*v_"~n_.,x_Synbol ] : =

Modul e [ {t np=I nver seFuncti onCf Li near [u, X1},

ShowStep ["", "I nt [f [X, ArcTan[a+bxx]1]/ (1+ (a+bxx)”"2), x1",

"Subst [I nt [f [-a/b+Tan[x]/b, X1, X1, x, ArcTan [a+b*x]]/b", Hol d [
Di st [ (-Di scri m nant [v, x]/ (4xCoefficient [v, Xx,2]))"n/Coefficient [tnp[[1]],X, 1],
Subst [I nt [Regul ari ze [Subst For | nver seFuncti on [u, t np, x]*Sec [Xx]" (2% (n+1)), x1, X1, X, tnmplll11 /;
Not Fal seQ[tnmp] && Head [tnp]===ArcTan && Zer oQ[Di scri m nant [v, x]*tnp[[1]]”*2+D[v, x]1*21] /;

SinplifyFlag & QuadraticQ[v, x] & |IntegerQ[n] &% n<0 && NegQ[Di scri m nant [v, x]] &% MatchQ[u, r_. »f _™

Int [u_*v_"n_.,x_Synbol ] : =
Modul e [ {t np=I nver seFuncti onCf Li near [u, X1},
Di st [ (-Di scri m nant [v, x]/ (4xCoefficient [v, Xx,2]))”n/Coefficient [tnp[[1]],X, 1],
Subst [I nt [Regul ari ze [Subst For | nver seFuncti on [u, t mp, x]*Sec [x]” (2% (n+1)), x], X1, X, tmpll /;
Not Fal seQ[t mp] && Head [tnp]===ArcTan && ZeroQ[Di scri m nant [v, x]*tnp[[1]]”*2+D[v, x]*21] /;
Quadrati cQ[v, x] & IntegerQ[n] && n<0 && NegQ[Di scri m nant [v,x]] & MatchQ[u,r . xf _~w_ /; FreeQ[f, x]



Integration Rules for Inverse Tangent Functions

JAr cTan[a + bf“dx] dx

m Derivation: Algebraic simplification
m Basis ArcTan[z] = %iLog[l-iz] - %iLog[lniz]

= Rule

| |
chTan[a+bf°+dx]dx — E~J-Log[l—l (a+bf°+dx)]dlx—EJ.Log[1+l (a+bferdx)] ax

= Program code:

Int [ArcTan[a_. +b_. «f _~(c_. +d_. »x_)], x_Synbol | : =
Dist [I /2,1 nt [Log[1l-] xa-] xbxf”~ (c+d*x)], x]] -
Dist [l /2,1 nt [Log[1l+] xa+] xb*f " (c+d*x)], x]] /;

FreeQ[{a, b, c,d, f}, x]



Integration Rules for Inverse Tangent Functions

x™ArcTan[a + be+dX] dx

m Derivation: Algebraic simplification
m Basis ArcTan[z] = %iLog[l-iz] - %iLog[lniz]

m RuleIf mez A m> 0,then

I I
JXmNcTan[be*dx]dx - EJXmLog[l—l (a+bfc+dx)]dlx_EJ'xmLog[ln (a+bferdx)] dx

= Program code:

Int [x_"m_. «ArcTan[a_. +b_. »f _"(c_. +d_. »x_) ], x_Symbol | : =
Di st [l /2, I nt [X*"mkLog[1-] xa-] xb*f " (c+d*x)], x]] -
Dist [l /2, I nt [X*mkLog[1+] *a+] xb*f " (c+d*xx)], x]] /;
FreeQ[{a, b,c,d, f}, x] &k |IntegerQ[m && m-0



Integration Rules for Inverse Tangent Functions

v ArcTan[u] dx

m Derivation: Integration by parts
m Rule If uisfreeof inversefunctions, then

X Ox U

1 +u?

dXx

~J-ArcTan[u] dx — X ArcTan[u] -J

= Program code:

Int [ArcTan[u_1], x_Synbol ] : =

X*ArcTan[u] -

I nt [Regul ari ze [x*D[u, x]/ (1+u”2), x1, X1 /;
I nver seFuncti onFreeQ[u, x]

= Derivation: Integration by parts

m Rule If m+1 # 0 A uisfreeof inversefunctions, then

J-mA T g x™L ArcTan[u] 1 x™L g, u
x™ArcTan[u] dx — - f
m+ 1 m+ 1 1+u2

= Program code:

Int [x_“m.*ArcTan[u_], x_Synbol ] : =
XN (m+l) *ArcTan [u] / (m+1) -
Di st [1/ (m+1), I nt [Regul ari ze [X" (m+1) *D[u, x]/ (1+u”2), x1, X1]1 /;
FreeQ[m x] && NonzeroQ[m+1] && | nverseFunctionFreeQ[u, X] &&
Not [Functi onOf Q[x” (mk1l), u, x]] &&
Fal seQ[Power Vari abl eExpn [u, m1, X]1



Integration Rules for Inverse Tangent Functions

= Derivation: Integration by parts
m Rule If uisfreeof inversefunctions, let w = jv dx, if wisfreeof inversefunctions, then

Wy U

1+u?

dx

jv ArcTan[u] dX — wWArcTan[u] —f

= Program code:

Int [v_*ArcTan[u_], x_Synbol ] : =
Modul e [ {w=Bl ock [ {ShowSt eps =Fal se, St epCounter =Nul | }, Int [v,Xx]1},
wxArcTan[u] -
I nt [Regul ari ze [wxD[u, x]/ (1+u”2), x1, X1 /;
I nver seFuncti onFreeQ[w, x11 /;
I nver seFuncti onFreeQ[u, x] &&
Not [Mat chQ[v, x"m_. /; FreeQ[m x]1]] &&

Fal seQ[Functi onCf Li near [vxArcTan[u], x]]



